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A B S T R A C T

In this work, we propose and computationally investigate a monolithic space–time multirate
scheme for coupled problems. The novelty lies in the monolithic formulation of the multi-
rate approach as this requires a careful design of the functional framework, corresponding
discretization, and implementation. Our method of choice is a tensor-product Galerkin space–
time discretization. The developments are carried out for both prototype interface- and volume
coupled problems such as coupled wave-heat-problems and a displacement equation coupled
to Darcy flow in a poro-elastic medium. The latter is applied to the well-known Mandel’s
benchmark and a three-dimensional footing problem. Detailed computational investigations and
convergence analyses give evidence that our monolithic multirate framework performs well.

1. Introduction

This work is devoted to space–time coupled problems with a monolithic numerical solution using different temporal meshes,
e.g. different time step sizes for each subproblem. Such schemes using different time meshes for the subproblems are known as
multirate approaches. Multirate schemes are well-known specifically in ordinary differential equations [1–4], porous media where
Darcy flow and geomechanics couple [5–11], phase-field fracture porous media [12–14], Stokes–Darcy coupling [15], wave equation
and Richardson equation [16], advection equations [17], and coupled flow and transport [18]. In [19,20], the coupling of heat and
wave and thermoelasticity was investigated, and therein the time meshes are selected using a posteriori error control using the
dual-weighted residual method [21].

To the best of our knowledge, in all these studies, partitioned approaches, e.g. [5,6,12] or one-way coupling techniques [18] were
employed. This is reasonable since here multirate iterative coupling procedures allow using different programming codes for the
subproblems and employing multirate schemes can yield very efficient numerical solution methods. On the other hand, monolithic
methods are well-known for their robustness, and if preconditioners are available, they can also be more efficient than partitioned
approaches. Such a monolithic scheme with a focus on the temporal scales (not yet multirate though) for a challenging coupled
problem, namely fluid–structure interaction, was proposed in [22].

The governing model and discretization are based on space–time schemes [23–29] in which both the temporal and the spatial
parts are discretized with Galerkin finite elements. Specifically, in this work we are interested in tensor-product space–time finite
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element discretizations. Here, for efficiency reasons, the problems are solved on time-slabs (for the terminology time-slab; see
[30,31]), e.g. (0, 𝑇1), (𝑇1, 𝑇2),… , (𝑇𝑙−1, 𝑇𝑙), where 𝑇𝑙 ∶= 𝑇 , rather than the entire time interval (0, 𝑇 ).

The key objective of this work is to design and computationally investigate a space–time multirate framework in which the
coupled system is treated in a variational-monolithic fashion. Therein, the coupling can be of interface type or achieved via
volume coupling. An example for interface coupling is fluid–structure interaction [32,33] and an example for volume coupling
are porous media equations [34] or phase-field fractured porous media [35]. Our proposed concepts can deal with both situations.
In order to develop and analyze our concepts, we however concentrate on prototype settings in the interface couplings such as a
(linear) heat-wave equation system and a linearly coupled poro-elasticity problem, the so-called Biot equations [36–40]. One of
the main tasks is to design functional frameworks and corresponding space–time discretizations for such multirate formulations.
Here, the key is the correct prescription of coupling conditions within the function spaces and their resulting discrete forms and
the corresponding implementation. To the best of our knowledge such monolithic space–time multirate frameworks are novel. The
systems are substantiated with various numerical tests for spatial 1d heat-wave equations, spatial 2d heat-wave equations, and the
Biot system solved on the Mandel benchmark problem and a spatial 3d footing problem. The performances are evaluated in terms
of goal functionals, their accuracy, and the cost complexity in terms of the required space–time degrees of freedom.

The outline of this paper is as follows. In Section 2, the monolithic space–time methodology is introduced for abstract coupled
problems. Next in Section 3, our two model problems are introduced, namely the interface-coupled heat-wave system, and secondly,
the volume-coupled poro-elasticity problem. In Section 4 five numerical tests are conducted. Finally, in Section 5, our work is
summarized.

2. Monolithic space–time multirate methodology

Let 𝑊1,𝑊2,𝑊3 and 𝑉1, 𝑉2, 𝑉3 be Banach spaces, and 1 ∶ 𝑊1 ↦ 𝑉 ∗
1 and 2 ∶ 𝑊2 ↦ 𝑉 ∗

2 are possibly nonlinear spatio-temporal
operators,  ∶ 𝑊3 ↦ 𝑉 ∗

3 is the interface coupling operator, where 𝑉 ∗
𝑖 , 𝑖 = 1, 2, 3 denote the dual spaces of 𝑉𝑖, 𝑖 = 1, 2, 3. In more

detail, the differential operators 1,2, act between time-dependent Sobolev spaces. In the following, we consider the abstract
interface coupled multiphysics problem first in strong form, i.e., the operator formulations

1(𝑢1) = 𝑓1 in 𝛺1 × 𝐼, (1a)

2(𝑢2) = 𝑓2 in 𝛺2 × 𝐼, (1b)

(𝑢1, 𝑢2) = 0 in 𝛤 × 𝐼, (1c)

ith 𝑢1 ∶ 𝛺̄1 × 𝐼 → R𝑑1 , 𝑢2 ∶ 𝛺̄2 × 𝐼 → R𝑑2 , and the abstract volume coupled multiphysics problem

1(𝑢1, 𝑢2) = 𝑓1 in 𝛺 × 𝐼, (2a)

2(𝑢1, 𝑢2) = 𝑓2 in 𝛺 × 𝐼, (2b)

ith 𝑢1 ∶ 𝛺̄ × 𝐼 → R𝑑1 , 𝑢2 ∶ 𝛺̄ × 𝐼 → R𝑑2 , and 𝑑1, 𝑑2 ∈ N depending on whether the solution fields are scalar-valued (𝑑𝑖 = 1) or
ector-valued (𝑑𝑖 > 1). Herein, 𝑓1 ∶ 𝛺1 × 𝐼 → R𝑑1 , 𝑓2 ∶ 𝛺2 × 𝐼 → R𝑑2 are sufficiently regular right hand side functions. Additionally,
hese problems need to be completed by suitable initial and boundary conditions. The temporal domain is denoted by 𝐼 ∶= (0, 𝑇 )
nd the spatial domain 𝛺 ⊂ R𝑑 with 𝑑 ∈ {1, 2, 3} decomposes for the interface coupled problem into the disjoint subdomains 𝛺1
nd 𝛺2 with common interface 𝛤 ∶= 𝛺̄1 ∩ 𝛺̄2.

emark 2.1. The methodology proposed in this paper can also be applied to multiphysics problems that contain both interface
nd volume coupling.

Choosing a suitable continuous spatial function space 𝑉 (𝛺) = 𝑉 1(𝛺1)×𝑉 2(𝛺2) for which the interface conditions are well-defined
r 𝑉 (𝛺) = 𝑉 1(𝛺) × 𝑉 2(𝛺), we define the space–time function space 𝑋(𝐼, 𝑉 (𝛺)) as

𝑋(𝐼, 𝑉 (𝛺)) ∶= 𝐿2(𝐼, 𝑉 (𝛺)) ∩𝐻1(𝐼, 𝑉 ∗(𝛺))

with the dual space of 𝑉 (𝛺) being denoted as 𝑉 ∗(𝛺) = 𝐿(𝑉 (𝛺),R). We briefly notice that with the abstract notation at the beginning,
we have in this work 𝑊1 × 𝑊2 = 𝑉1 × 𝑉2 ∶= 𝑋(𝐼, 𝑉 (𝛺)). Thus, for the abstract interface and volume coupled problems, we get a

continuous spatio-temporal variational formulation: Find 𝑈 ∶=
(

𝑢1
𝑢2

)

∈ 𝑋(𝐼, 𝑉 (𝛺)) such that

𝐴(𝑈 )(𝛷) = 𝐹 (𝛷) ∀𝛷 ∶=
(

𝛷1
𝛷2

)

∈ 𝑋(𝐼, 𝑉 (𝛺)). (3)

The weak space–time formulations of two model problems for interface and volume coupling will be described in Section 3. We
notice that 𝑉 (𝛺) is specified below and we also refer the reader to the literature for more details on the continuous level function
spaces for parabolic problems [23] and the wave equation [26]. The latter is represented as mixed-in-time formulation in (3) with

𝑋(𝐼, 𝑉 (𝛺)) ∶= {𝑈 | 𝑈 ∈ 𝐿2(𝐼, 𝑉 (𝛺)), 𝜕𝑡𝑈 ∈ 𝐿2(𝐼, 𝐿2(𝛺)), 𝜕𝑡𝑡𝑈 ∈ 𝐿2(𝐼, 𝑉 (𝛺)∗)}.

The corresponding isometric isomorphic function spaces for the displacements and velocities are:
𝑢 2 1 2 2 ( ∗)
2

𝑋(𝐼, 𝑉 (𝛺)) ∶= 𝐿 (𝐼, 𝑉 (𝛺)) ∩𝐻 (𝐼, 𝐿 (𝛺)) ∩𝐻 𝐼, (𝑉 (𝛺)) ,
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Fig. 1. Example for possible temporal meshes  1
𝑘 , 

2
𝑘 , 

fine
𝑘 and  coarse

𝑘 .

𝑋(𝐼, 𝑉 𝑣(𝛺)) ∶= 𝐿2(𝐼, 𝐿2(𝛺)) ∩𝐻1 (𝐼, (𝑉 (𝛺))∗
)

,

𝑋(𝐼, 𝑉 (𝛺)) ∶= 𝑋(𝐼, 𝑉 𝑢(𝛺)) ×𝑋(𝐼, 𝑉 𝑣(𝛺)).

For the porous media function spaces all details are given in Section 3.2.
In the following, we will use the notation

(𝑓, 𝑔) ∶= (𝑓, 𝑔)𝐿2(𝛺) ∶= ∫𝛺
𝑓 ⋅ 𝑔 d𝑥, ((𝑓, 𝑔)) ∶= (𝑓, 𝑔)𝐿2(𝐼,𝐿2(𝛺)) ∶= ∫𝐼

(𝑓, 𝑔) d𝑡,

⟨𝑓, 𝑔⟩𝛤 ∶= ⟨𝑓, 𝑔⟩𝐿2(𝛤 ) ∶= ∫𝛤
𝑓 ⋅ 𝑔 d𝑠, (⟨𝑓, 𝑔⟩)𝛤×𝐼 ∶= (𝑓, 𝑔)𝐿2(𝐼,𝐿2(𝛤 )) ∶= ∫𝐼

⟨𝑓, 𝑔⟩𝛤 d𝑡,

(𝑓, 𝑔)𝛺𝑖
∶= (𝑓, 𝑔)𝐿2(𝛺𝑖) ∶= ∫𝛺𝑖

𝑓 ⋅ 𝑔 d𝑥, ((𝑓, 𝑔))𝛺𝑖×𝐼 ∶= (𝑓, 𝑔)𝐿2(𝐼,𝐿2(𝛺𝑖)) ∶= ∫𝐼
(𝑓, 𝑔)𝛺𝑖

d𝑡,

or 𝑖 ∈ {1, 2}. In this notation, 𝑓 ⋅ 𝑔 represents the Euclidean inner product if 𝑓 and 𝑔 are scalar- or vector-valued and it represents
he Frobenius inner product if 𝑓 and 𝑔 are matrices.

.1. Discretization in time and space

Let the common coarse mesh

 coarse
𝑘 ∶=

{

𝐼coarse
𝑚 ∶= (𝑡coarse

𝑚−1 , 𝑡coarse
𝑚 ) ∣ 1 ≤ 𝑚 ≤ 𝑀coarse}

e a partitioning of time, i.e. 𝐼 = [0, 𝑇 ] =
⋃𝑀coarse

𝑚=1 𝐼coarse
𝑚 , from which the temporal meshes  1

𝑘 and  2
𝑘 for the subproblems originate

nd are being created by local refinement. Consequently,

 1
𝑘 ∶=

{

𝐼1𝑚 ∶= (𝑡1𝑚−1, 𝑡
1
𝑚) ∣ 1 ≤ 𝑚 ≤ 𝑀1}

nd

 2
𝑘 ∶=

{

𝐼2𝑚 ∶= (𝑡2𝑚−1, 𝑡
2
𝑚) ∣ 1 ≤ 𝑚 ≤ 𝑀2}

re also partitionings of time for the individual subproblems, i.e.

𝐼 = [0, 𝑇 ] =
𝑀1
⋃

𝑚=1
𝐼1𝑚 =

𝑀2
⋃

𝑚=1
𝐼2𝑚,

ith 𝑀 𝑖 being the number of temporal elements for the solution variable 𝑢𝑖. Additionally, we define by

 fine
𝑘 ∶=  1

𝑘 ∩  2
𝑘 ∶=

{

𝐼1𝑚 ∩ 𝐼2𝑚 ∣ 𝐼1𝑚 ∈  1
𝑘 , 𝐼

2
𝑚 ∈  2

𝑘
}

he common fine temporal mesh. These definitions can be visualized by the example in Fig. 1.
Then as an intermediate step for discontinuous in time function spaces, we introduce the broken continuous level function space

𝑋̃(( 1
𝑘 , 

2
𝑘 ), 𝑉 (𝛺)) ∶=

{(

𝑢1
𝑢2

)

∈ 𝐿2(𝐼, 𝐿2(𝛺)𝑑1+𝑑2 )
|

|

|

|

|

𝑢𝑖|𝐼 𝑖𝑚
∈ 𝑋(𝐼 𝑖𝑚, 𝑉

𝑖(𝛺)), 𝐼 𝑖𝑚 ∈  𝑖
𝑘 , 𝑖 ∈ {1, 2}

}

,

with the property 𝑋(𝐼, 𝑉 (𝛺)) ⊂ 𝑋̃(( 1
𝑘 , 

2
𝑘 ), 𝑉 (𝛺)). which allows for discontinuities of the solution between temporal elements of

1
𝑘 and  2

𝑘 . By introducing jump terms between temporal elements, we can then define an abstract discontinuous spatio-temporal

ariational formulation: Find 𝑈 ∶=
(

𝑢1
𝑢2

)

∈ 𝑋̃(( 1
𝑘 , 

2
𝑘 ), 𝑉 (𝛺)) such that

𝐴̃(𝑈 )(𝛷) = 𝐹 (𝛷) ∀𝛷 ∶=
(

𝛷1
𝛷2

)

∈ 𝑋̃(( 1
𝑘 , 

2
𝑘 ), 𝑉 (𝛺)).

e can thus define semi-discrete continuous Galerkin (cG) and discontinuous Galerkin (dG) in time function spaces by

𝑋cG(𝑟)
𝑘 (( 1

𝑘 , 
2
𝑘 ), 𝑉 (𝛺)) ∶=

{(

𝑢1
)

∈ 𝐶(𝐼, 𝐿2(𝛺)𝑑1+𝑑2 )
|

|

|𝑢𝑖|𝐼 𝑖 ∈ 𝑃𝑟(𝐼 𝑖𝑚, 𝑉
𝑖(𝛺)), 𝐼 𝑖𝑚 ∈  𝑖

𝑘 , 𝑖 ∈ {1, 2}
}

,

3

𝑢2 |

|

𝑚
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Fig. 2. We show a snapshot of a block matrix which is solved in every time-step of the coarse mesh  coarse
𝑘 . The off-diagonal entries correspond to the coupling

conditions. We emphasize that this sketch formally represents both interface-coupling and volume-coupling. In interface-coupling, 𝐵1 and 𝐵2 represent cross
terms associated to the interface trial and test functions, while in volume-coupling, domain cross terms are contained in 𝐵1 and 𝐵2. Specific examples of 𝐵1 and
𝐵2 are provided in Section 3.

and

𝑋dG(𝑟)
𝑘 (( 1

𝑘 , 
2
𝑘 ), 𝑉 (𝛺)) ∶=

{(

𝑢1
𝑢2

)

∈ 𝐿2(𝐼, 𝐿2(𝛺)𝑑1+𝑑2 )
|

|

|

|

|

𝑢𝑖|𝐼 𝑖𝑚
∈ 𝑃𝑟(𝐼 𝑖𝑚, 𝑉

𝑖(𝛺)), 𝐼 𝑖𝑚 ∈  𝑖
𝑘 , 𝑖 ∈ {1, 2}

}

.

Here, 𝑃𝑟(𝐼𝑚, 𝑌 ) is the space of polynomials of order 𝑟, which map from the time interval 𝐼𝑚 into the space 𝑌 . Finally, we
eplace the continuous spatial function space 𝑉 (𝛺) = 𝑉 1(𝛺) × 𝑉 2(𝛺) by conforming finite element subspaces 𝑉 1

ℎ (
1
ℎ ) ⊂ 𝑉 1(𝛺)

and 𝑉 2
ℎ (

2
ℎ ) ⊂ 𝑉 2(𝛺), where we define 𝑉ℎ ∶= 𝑉ℎ(ℎ) ∶= 𝑉 1

ℎ (
1
ℎ ) × 𝑉 2

ℎ (
2
ℎ ). Then the fully discrete function spaces are

𝑋cG(𝑟)
𝑘

(

( 1
𝑘 , 

2
𝑘 ), 𝑉ℎ(ℎ)

)

⊂ 𝑋cG(𝑟)
𝑘 (( 1

𝑘 , 
2
𝑘 ), 𝑉 (𝛺)),

and

𝑋dG(𝑟)
𝑘

(

( 1
𝑘 , 

2
𝑘 ), 𝑉ℎ(ℎ)

)

⊂ 𝑋dG(𝑟)
𝑘 (( 1

𝑘 , 
2
𝑘 ), 𝑉 (𝛺)).

Note that in this work we restrict ourselves to spatial meshes  1
ℎ and  2

ℎ that are constant in time, but with a few minor modifications,
this framework can be extended to dynamical spatial meshes which change for each coarse temporal element 𝐼𝑚 ∈  coarse

𝑘 .

2.2. Temporal multirate tensor-product space–time FEM

Using the different temporal meshes, the space–time discrete variational formulation reads: Find 𝑈𝑘ℎ ∈ 𝑋dG(𝑟)
𝑘

(

( 1
𝑘 , 

2
𝑘 ), 𝑉ℎ(ℎ)

)

such that

𝐴̃(𝑈𝑘ℎ)(𝛷𝑘ℎ) = 𝐹 (𝛷𝑘ℎ) ∀𝛷𝑘ℎ ∈ 𝑋dG(𝑟)
𝑘

(

( 1
𝑘 , 

2
𝑘 ), 𝑉ℎ(ℎ)

)

or a dG(𝑟) time discretization. For a continuous-in-time formulation, the discrete variational formulation is: Find 𝑈𝑘ℎ ∈ 𝑋cG(𝑟)
𝑘

(

( 1
𝑘 ,

 2
𝑘 ), 𝑉ℎ(ℎ)

)

such that

𝐴(𝑈𝑘ℎ)(𝛷𝑘ℎ) = 𝐹 (𝛷𝑘ℎ) ∀𝛷𝑘ℎ ∈ 𝑋dG(𝑟−1)
𝑘

(

( 1
𝑘 , 

2
𝑘 ), 𝑉ℎ(ℎ)

)

,

ut in the following we will only consider discontinuous time discretizations since the FEM discretization for cG(𝑟) is analogous to
he dG(𝑟) case. Assuming that the PDE is linear, the bilinear form on the left side of this equation can be decomposed into

𝐴̃(𝑈𝑘ℎ)(𝛷𝑘ℎ) = 𝐴1(𝑈1
𝑘ℎ)(𝛷

1
𝑘ℎ) + 𝐴2(𝑈2

𝑘ℎ)(𝛷
2
𝑘ℎ) + 𝐵1(𝑈2

𝑘ℎ)(𝛷
1
𝑘ℎ) + 𝐵2(𝑈1

𝑘ℎ)(𝛷
2
𝑘ℎ),

here 𝐴1 and 𝐴2 are bilinear forms for the subproblems and 𝐵1 and 𝐵2 are bilinear forms containing the coupling terms. Here, we
mphasize that 𝐵1 and 𝐵2 can include both interface couplings or volume couplings. This should not be confused with the operator
that has been introduced for interface couplings in (1) only, but does appear implicitly in the volume coupled problem (2) as well

cf. Section 3). To transition from a standard time marching scheme to this approach, for each time slab one has to build a matrix
hown in Fig. 2. Block 𝐴1 represents all the unknowns in the first system without the coupling contributions. 𝐴2 is a similar block
ith all of the unknowns for the second systems. In 𝐵1 we have the coupling conditions from the first system and therefore the test

unctions align with 𝐴1 and the trial functions correspond to 𝐴2. In 𝐵2 we have the coupling conditions of the second system.
From a mathematical–numerical viewpoint, it is convenient to work with the space–time form directly by using tensor-product

pace–time finite elements as in [18,28,41]. The core idea is that a space–time FEM basis can be created by taking the tensor-product
4

f the spatial and the temporal finite element basis.



Journal of Computational and Applied Mathematics 446 (2024) 115831J. Roth et al.

f
M
s
b

b

W
U
w
c
f

a
o

a

i
i
a
s

W
c
f

I

T


Remark 2.2. Using suitable finite element trial and test spaces, many time marching schemes can be interpreted as variants of
Galerkin time discretizations, e.g. the backward Euler method is equivalent to a dG(0) time discretization under certain assumptions
or the quadrature formulae [42,43]. Similarly, the Crank–Nicolson method can be interpreted as a variant of the cG(1) scheme.
oreover, we notice that the Fractional-Step-𝜃 scheme can be formulated as a Galerkin scheme [44]. Therefore, the tensor-product

pace–time FEM ansatz includes these time marching schemes as special cases. Additionally, we explicitly describe the multirate
ackward Euler time discretization in Appendix A and demonstrate it at an example in Appendix B.

For efficiency reasons the variational problem does not need to be solved all-at-once on the space–time cylinder 𝛺 × 𝐼 , but will
e solved forward in time on space–time slabs

𝑆𝑚 ∶= 𝛺 × 𝐼𝑚, 𝐼𝑚 ∈  coarse
𝑘 .

e then have one temporal element for one subproblem and 𝑛 ≥ 1 temporal elements for the other subproblem on a given slab 𝑆𝑚.
sing this tensor-product space–time FEM discretization, it is fairly straightforward to assemble terms of the variational formulation
ith trial and test functions from the same subproblem, i.e. the blocks 𝐴1 and 𝐴2 in Fig. 2. However, the blocks 𝐵1 and 𝐵2 with

oupling between the subproblems are more complicated, since they require the evaluation of temporal intervals with trial and test
unctions that belong to different temporal triangulations. We discuss this problem by considering the interface coupling condition
(𝑢1, 𝑢2) = 𝑢1 − 𝑢2 = 0 in 𝛤 × 𝐼 . Using penalization to enforce the interface conditions through the weak formulation, we need to be
ble to assemble terms of the sort 𝛾(⟨𝑢2 − 𝑢1, 𝜙1⟩) with 𝛾 > 0 for the linear system. Note that the only difficulty lies in the assembly
f (⟨𝑢2, 𝜙1⟩). Plugging in the tensor-product space–time finite element ansatz

𝑢1(𝑥, 𝑡) =
#DoF( 1

ℎ )
∑

𝑖ℎ=1

#DoF( 1
𝑘 )

∑

𝑖𝑘=1
𝑈1
𝑖ℎ ,𝑖𝑘

𝜙1,(𝑖ℎ)
ℎ (𝑥)𝜙1,(𝑖𝑘)

𝑘 (𝑡),

𝑢2(𝑥, 𝑡) =
#DoF( 2

ℎ )
∑

𝑖ℎ=1

#DoF( 2
𝑘 )

∑

𝑖𝑘=1
𝑈2
𝑖ℎ ,𝑖𝑘

𝜙2,(𝑖ℎ)
ℎ (𝑥)𝜙2,(𝑖𝑘)

𝑘 (𝑡)

nd assuming that 𝜙1(𝑥, 𝑡) = 𝜙1,(𝑗ℎ)
ℎ (𝑥)𝜙1,(𝑗𝑘)

𝑘 (𝑡) for some 𝑗ℎ, 𝑗𝑘 ∈ N, the integral (⟨𝑢2, 𝜙1⟩) can be rewritten as

(⟨𝑢2, 𝜙1⟩) =
#DoF( 2

ℎ )
∑

𝑖ℎ=1

#DoF( 2
𝑘 )

∑

𝑖𝑘=1
𝑈2
𝑖ℎ ,𝑖𝑘

⋅
(

∫𝛤
𝜙2,(𝑖ℎ)
ℎ (𝑥)𝜙1,(𝑗ℎ)

ℎ (𝑥) d𝑥
)

⋅
(

∫𝐼
𝜙2,(𝑖𝑘)
𝑘 (𝑡)𝜙1,(𝑗𝑘)

𝑘 (𝑡) d𝑡
)

. (4)

The spatial integrals over the interface 𝛤 can be easily evaluated with most FEM packages. In particular, the evaluation of the
nterface integral can be found in step-46 of the deal.II [45,46] tutorials. Therefore, it only remains to be discussed how the temporal
ntegrals ∫𝐼 𝜙

2,(𝑖𝑘)
𝑘 (𝑡)𝜙1,(𝑗𝑘)

𝑘 (𝑡) d𝑡 can be computed, unless the finite element library supports non-matching one dimensional meshes
nd finite element evaluations. As we have previously mentioned, we assume that the temporal meshes are hierarchical on each
lab with

{𝐼𝑚} =  1
𝑘 ∩ 𝐼𝑚 or {𝐼𝑚} =  2

𝑘 ∩ 𝐼𝑚.

.l.o.g. we assume that the first case holds, i.e. {𝐼𝑚} =  1
𝑘 ∩𝐼𝑚, and the second temporal mesh is finer than the first mesh. Then, we

an express the temporal basis functions 𝜙1,(𝑗)
𝑘 on the coarser temporal mesh  1

𝑘 ∩ 𝐼𝑚 as linear combinations of the temporal basis
unctions 𝜙2,(𝑙)

𝑘 on the finer temporal mesh  2
𝑘 ∩ 𝐼𝑚, i.e. there exist coefficients 𝑟𝑗𝑙 ∈ R with

𝜙1,(𝑗)
𝑘 (𝑡) =

#DoF( 2
𝑘 ∩𝐼𝑚)

∑

𝑙=1
𝑟𝑗𝑙𝜙

2,(𝑙)
𝑘 (𝑡) ∀𝑡 ∈ 𝐼𝑚.

nserting this into the temporal integral in (4) from before, we have

∫𝐼𝑚
𝜙2,(𝑖𝑘)
𝑘 (𝑡)𝜙1,(𝑗𝑘)

𝑘 (𝑡) d𝑡 =
#DoF( 2

𝑘 ∩𝐼𝑚)
∑

𝑙=1
𝑟𝑗𝑘𝑙 ∫𝐼𝑚

𝜙2,(𝑖𝑘)
𝑘 (𝑡)𝜙2,(𝑙)

𝑘 (𝑡) d𝑡.

his means that the temporal integrals can be computed by evaluating the temporal basis functions on the finer temporal mesh
2
𝑘 and then restricting it from the left or the right to the coarser temporal mesh  1

𝑘 . Additionally, we explain this procedure at a
concrete example. We consider the temporal decompositions  1

𝑘 = {(𝑎, 𝑏)} and  2
𝑘 = {(𝑎, 𝑎+𝑏2 ), ( 𝑎+𝑏2 , 𝑏)} and dG(1) basis functions

(see Fig. 3).
For this example, the matrix corresponding to the term (⟨𝜙2, 𝜙1⟩) is thus given by

(

𝑀𝑘𝑅
𝑇 )⊗𝑀ℎ, (5)

where ⊗ denotes the Kronecker product, i.e. for 𝐴 ∈ R𝑚×𝑛 and 𝐵 ∈ R𝑝×𝑞 we have

𝐴⊗ 𝐵 ∶=
⎛

⎜

⎜

𝐴11𝐵 ⋯ 𝐴1𝑛𝐵
⋮ ⋱ ⋮

⎞

⎟

⎟

∈ R𝑚𝑝×𝑛𝑞 .
5

⎝𝐴𝑚1𝐵 ⋯ 𝐴𝑚𝑛𝐵⎠
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Fig. 3. Example of dG(1) basis functions on the temporal meshes  1
𝑘 and  2

𝑘 .

urthermore, we have the spatial interface mass matrix

𝑀ℎ =
{

∫𝛤
𝜙2,(𝑗)
ℎ (𝑥)𝜙1,(𝑖)

ℎ (𝑥) d𝑥
}

1≤𝑖≤#DoFs( 1
ℎ ), 1≤𝑗≤#DoFs( 2

ℎ )
,

he temporal mass matrix on the finer mesh

𝑀𝑘 =
{

∫𝐼
𝜙2,(𝑗)
𝑘 (𝑡)𝜙2,(𝑖)

𝑘 (𝑡) d𝑡
}

1≤𝑖,𝑗≤4
,

nd

𝑅 =

(

1 1
2

1
2 0

0 1
2

1
2 1

)

,

hich is the restriction matrix from the fine temporal basis 𝛷2
𝑘 to the coarse temporal basis 𝛷1

𝑘, i.e.

𝛷1
𝑘 = 𝑅𝛷2

𝑘.

This procedure can then also be extended to other temporal discretizations  1
𝑘 and  2

𝑘 , as well as other types of cG(𝑟) or dG(𝑟) time
discretizations, and is possibly already contained in most FEM libraries with multigrid capabilities.

Remark 2.3. Although the interface coupling matrix in (5) has been depicted as a tensor-product of a spatial and a temporal
matrix, this is not actually performed in our implementation. Instead, the local space–time matrices are being assembled with the
finer temporal basis and the restriction matrix is being applied prior to the distribution of the local contributions to the global
matrix. This could possibly be applicable to a matrix-free space–time implementation as well and is also required for e.g. nonlinear
problems when the system matrix cannot be formulated as the linear combination of tensor-products of temporal and spatial finite
element matrices.

Remark 2.4. Since we are using finite elements in time, we can evaluate the solution at any time 𝑡 ∈ 𝐼𝑚 by evaluating the
temporal basis functions at this given time 𝑡. In particular, this allows the extension of this procedure to nonlinear problems, where
after linearization with a Newton scheme one needs to assemble linear problems with temporally varying coefficients that depend
on the current iterate.

Remark 2.5. We also notice that a conceptionally similar approach has been proposed for ODEs in [1–3] and some single non-
coupled PDEs [47]. Therein, the temporal basis is not obtained by restriction (as we do), but using the integration quadrature
points.

The method provides flexibility and allows for discretization of different terms using separate time methods. Although the size
of the system significantly increases, one does not require any subcycling to resolve coupling conditions. Moreover, the resulting
scheme is fully implicit which is highly desirable for stiff systems of equations [48,49]. We solve the space–time linear system
monolithically with the direct solver UMFPACK [50], but the monolithic system could also be decoupled on the solver level and
solved as a partitioned scheme with some iterative solver or some multigrid method; e.g., [51].

3. Model problems in strong forms and weak space–time forms

To prepare the numerical tests considered in Section 4, we formulate two abstract model problems and derive their weak space–
time formulations. First, we work with an interface coupled heat and wave equation as in [19]. Next, we derive the space–time
6

weak form for poroelasticity similar to [7,52].
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3.1. Interface coupling: heat and wave equation

We couple the heat and wave equation across a common interface, which serves as a prototypical example for fluid–structure
nteraction since we couple a parabolic and a hyperbolic problem across an interface. Consequently, we name the different
ubdomains ‘fluid’ and ‘solid’.

.1.1. Strong form
The wave equation is being solved in the solid domain 𝛺𝑠 by finding displacement 𝑢𝑠 ∶ 𝛺̄𝑠 × 𝐼 → R and velocity 𝑣𝑠 ∶ 𝛺̄𝑠 × 𝐼 → R

such that

𝜕𝑡𝑣𝑠 − 𝜆𝛥𝑥𝑢𝑠 − 𝛿𝛥𝑥𝑣𝑠 = 𝑔𝑠 in 𝛺𝑠 × 𝐼,

𝜕𝑡𝑢𝑠 = 𝑣𝑠 in 𝛺𝑠 × 𝐼,

𝑢𝑠 = 𝑣𝑠 = 0 on 𝛺𝑠 × {0},

𝑢𝑠 = 𝑣𝑠 = 0 on 𝛤 𝑠
𝐷 × 𝐼,

𝜆𝜕𝑛𝑠𝑢𝑠 + 𝛿𝜕𝑛𝑠𝑣𝑠 = 0 on 𝛤 𝑠
𝑁 × 𝐼,

where 𝜆, 𝛿 ∈ R+ and 𝑔𝑠 ∶ 𝛺̄𝑠 × 𝐼 → R is a sufficiently smooth right hand side. For the (strong) damping term 𝛿𝛥𝑥𝑣𝑠 and its
mathematical influence, we refer the reader to [53]. The heat equation is being solved in the fluid domain 𝛺𝑓 by finding velocity
𝑣𝑓 ∶ 𝛺̄𝑓 × 𝐼 → R such that

𝜕𝑡𝑣𝑓 − 𝜈𝛥𝑥𝑣𝑓 + 𝛽 ⋅ ∇𝑥𝑣𝑓 = 𝑔𝑓 in 𝛺𝑓 × 𝐼,

𝑣𝑓 = 0 on 𝛺𝑓 × {0},

𝑣𝑓 = 0 on 𝛤 𝑓
𝐷 × 𝐼,

𝜕𝑛𝑓 𝑣𝑓 = 0 on 𝛤 𝑓
𝑁 × 𝐼,

with 𝜈 ∈ R+, 𝛽 ∈ R𝑑 and 𝑔𝑓 ∶ 𝛺̄𝑓 × 𝐼 → R is a sufficiently smooth right hand side. Similar to the mesh motion PDE in the Arbitrary
Lagrangian Eulerian formulation of fluid–structure interaction, we harmonically extend the solid deformation 𝑢𝑠 to the fluid domain
by finding the displacement 𝑢𝑓 ∶ 𝛺̄𝑓 × 𝐼 → R such that

−𝛥𝑥𝑢𝑓 = 0 in 𝛺𝑓 × 𝐼,

𝑢𝑓 = 0 on 𝛤 𝑓
𝐷 × 𝐼,

𝜕𝑛𝑓 𝑢𝑓 = 0 on 𝛤 𝑓
𝑁 × 𝐼.

Furthermore, the interface conditions are given by

𝜆𝜕𝑛𝑠𝑢𝑠 + 𝛿𝜕𝑛𝑠𝑣𝑠 + 𝜈𝜕𝑛𝑓 𝑣𝑓 = 0 on 𝛤 × 𝐼,

𝑢𝑓 = 𝑢𝑠 on 𝛤 × 𝐼,

𝑣𝑓 = 𝑣𝑠 on 𝛤 × 𝐼.

In the differential equations above, we assume homogeneous Dirichlet boundary conditions on 𝛤 𝑓
𝐷 resp. 𝛤 𝑠

𝐷 and homogeneous
Neumann boundary conditions on 𝛤 𝑓

𝑁 ∶= 𝜕𝛺 ⧵ (𝛤 𝑓
𝐷 ∪ 𝛤 ) resp. 𝛤 𝑠

𝑁 ∶= 𝜕𝛺 ⧵ (𝛤 𝑠
𝐷 ∪ 𝛤 ). Looking back at the notation in (1), we have

𝑢1 ∶= 𝑈𝑓 ∶= (𝑢𝑓 , 𝑣𝑓 ), 𝑑1 = 2 and otherwise replace the index 1 by the letter ‘f’ for the fluid domain, i.e. □1 ∶= □𝑓 . Similarly,
e have 𝑢2 ∶= 𝑈𝑠 ∶= (𝑢𝑠, 𝑣𝑠), 𝑑2 = 2 and otherwise replace the index 2 by the letter ‘s’ for the solid domain, i.e. □2 ∶= □𝑠. For

spatio-temporal operators we have

1(𝑢1) ∶=
(

𝜕𝑡𝑣𝑓 − 𝜈𝛥𝑥𝑣𝑓 + 𝛽 ⋅ ∇𝑥𝑣𝑓
−𝛥𝑥𝑢𝑓

)

,

2(𝑢2) ∶=
(

𝜕𝑡𝑣𝑠 − 𝜆𝛥𝑥𝑢𝑠 − 𝛿𝛥𝑥𝑣𝑠
𝜕𝑡𝑢𝑠 − 𝑣𝑠

)

,

or the right hand sides we have

𝑓1 ∶=
(

𝑔𝑓
0

)

,

𝑓2 ∶=
(

𝑔𝑠
0

)

,

nd for the Dirichlet and Neumann interface coupling operators we have

𝐷,𝑢(𝑢1, 𝑢2) ∶= 𝑢𝑓 − 𝑢𝑠,

𝐷,𝑣(𝑢1, 𝑢2) ∶= 𝑣𝑓 − 𝑣𝑠,

𝑁 (𝑢1, 𝑢2) ∶= 𝜆𝜕𝑛𝑠𝑢𝑠 + 𝛿𝜕𝑛𝑠𝑣𝑠 + 𝜈𝜕𝑛𝑓 𝑣𝑓 .
7



Journal of Computational and Applied Mathematics 446 (2024) 115831J. Roth et al.

i

3

f

Herein, 𝑛𝑓 is the fluid normal vector, 𝑛𝑠 is the solid normal vector and 𝜕𝑛𝑔 ∶= ∇𝑥𝑔 ⋅ 𝑛 is the normal derivative of a function 𝑔.
The spatial function spaces [19] are given by

𝑉𝑓 (𝛺𝑓 ) =
(

𝐻1
0,𝛤 𝑓

𝐷
(𝛺𝑓 )

)2
,

𝑉𝑠(𝛺𝑠) =
(

𝐻1
0,𝛤 𝑠

𝐷
(𝛺𝑠)

)2
,

𝑉 (𝛺) = 𝑉𝑓 (𝛺𝑓 ) × 𝑉𝑠(𝛺𝑠),

.e. they consist of one time weakly differentiable functions that vanish on the Dirichlet boundary 𝛤 𝑓
𝐷 resp. 𝛤 𝑠

𝐷.

.1.2. Weak space–time form
Integrating the strong formulation over time and multiplying by a test function, we get the discontinuous in time weak

ormulation:
Find 𝑈 ∈ 𝑋̃

(

( 𝑓
𝑘 ,  𝑠

𝑘 ), 𝑉 (𝛺)
)

such that

𝐴̃(𝑈 )(𝛷) = 𝐹 (𝛷) ∀𝛷 ∈ 𝑋̃
(

( 𝑓
𝑘 ,  𝑠

𝑘 ), 𝑉 (𝛺)
)

. (6)

The bilinear form and right hand side read

𝐴̃(𝑈 )(𝛷) = 𝐴1(𝑈𝑓 )(𝛷𝑓 ) + 𝐴2(𝑈𝑠)(𝛷𝑠) + 𝐵1(𝑈𝑠)(𝛷𝑓 ) + 𝐵2(𝑈𝑓 )(𝛷𝑠),

𝐴1(𝑈𝑓 )(𝛷𝑓 ) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
(𝜕𝑡𝑣𝑓 , 𝜙

𝑣𝑓 )𝛺𝑓
+ 𝜈(∇𝑥𝑣𝑓 ,∇𝑥𝜙

𝑣𝑓 )𝛺𝑓
+ (𝛽 ⋅ ∇𝑥𝑣𝑓 , 𝜙

𝑣𝑓 )𝛺𝑓
+ (∇𝑥𝑢𝑓 ,∇𝑥𝜙

𝑢𝑓 )𝛺𝑓
d𝑡

+
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
−𝜈⟨𝜕𝑛𝑓 𝑣𝑓 , 𝜙

𝑣𝑓
⟩𝛤 − ⟨𝜕𝑛𝑓 𝑢𝑓 , 𝜙

𝑢𝑓
⟩𝛤 +

𝛾𝜈
ℎ
⟨𝑣𝑓 , 𝜙

𝑣𝑓
⟩𝛤 +

𝛾
ℎ
⟨𝑢𝑓 , 𝜙

𝑢𝑓
⟩𝛤 d𝑡

+
𝑀𝑓−1
∑

𝑚𝑓=1
([𝑣𝑓 ]𝑚𝑓

, 𝜙
𝑣𝑓 ,+
𝑚𝑓

)𝛺𝑓
+ (𝑣+𝑓,0, 𝜙

𝑣𝑓 ,+
0 )𝛺𝑓

,

𝐴2(𝑈𝑠)(𝛷𝑠) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
(𝜕𝑡𝑣𝑠, 𝜙𝑣𝑠 )𝛺𝑠

+ 𝜆(∇𝑥𝑢𝑠,∇𝑥𝜙
𝑣𝑠 )𝛺𝑠

+ 𝛿(∇𝑥𝑣𝑠,∇𝑥𝜙
𝑣𝑠 )𝛺𝑠

+ (𝜕𝑡𝑢𝑠, 𝜙𝑢𝑠 )𝛺𝑠
− (𝑣𝑠, 𝜙𝑢𝑠 )𝛺𝑠

d𝑡

−
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
𝛿⟨𝜕𝑛𝑠𝑣𝑠, 𝜙

𝑣𝑠
⟩𝛤 d𝑡

+
𝑀𝑠−1
∑

𝑚𝑠=1
([𝑣𝑠]𝑚𝑠

, 𝜙𝑣𝑠 ,+
𝑚𝑠

)𝛺𝑠
+ ([𝑢𝑠]𝑚𝑠

, 𝜙𝑢𝑠 ,+
𝑚𝑠

)𝛺𝑠
+ (𝑣+𝑠,0, 𝜙

𝑣𝑠 ,+
0 )𝛺𝑠

+ (𝑢+𝑠,0, 𝜙
𝑢𝑠 ,+
0 )𝛺𝑠

,

𝐵1(𝑈𝑠)(𝛷𝑓 ) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
−
𝛾𝜈
ℎ
⟨𝑣𝑠, 𝜙

𝑣𝑓
⟩𝛤 −

𝛾
ℎ
⟨𝑢𝑠, 𝜙

𝑢𝑓
⟩𝛤 d𝑡,

𝐵2(𝑈𝑓 )(𝛷𝑠) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
𝜈⟨𝜕𝑛𝑓 𝑣𝑓 , 𝜙

𝑣𝑠
⟩𝛤 d𝑡

and

𝐹 (𝛷) = ((𝑔𝑓 , 𝜙
𝑣𝑓 ))𝛺𝑓×𝐼 + (𝑣0𝑓 , 𝜙

𝑣𝑓 ,+
0 )𝛺𝑓

+ ((𝑔𝑠, 𝜙𝑣𝑠 ))𝛺𝑠×𝐼 + (𝑣0𝑠 , 𝜙
𝑣𝑠 ,+
0 )𝛺𝑠

+ (𝑢0𝑠 , 𝜙
𝑢𝑠 ,+
0 )𝛺𝑠

,

where

𝑈 ∶= (𝑢𝑓 , 𝑣𝑓 , 𝑢𝑠, 𝑣𝑠), 𝛷 ∶= (𝜙𝑢𝑓 , 𝜙𝑣𝑓 , 𝜙𝑢𝑠 , 𝜙𝑣𝑠 ).

3.2. Volume coupling: poroelasticity

3.2.1. Strong form
The governing equations for poroelasticity read [34,54]: Find pressure 𝑝 ∶ 𝛺̄× 𝐼 → R and displacement 𝑢 ∶ 𝛺̄× 𝐼 → R𝑑 such that

𝜕𝑡(𝑐𝑝 + 𝛼(∇𝑥 ⋅ 𝑢)) −
1
𝜈
∇𝑥 ⋅ (𝐾(∇𝑥𝑝 − 𝜌𝑔)) = 𝑞 in 𝛺 × 𝐼,

−∇𝑥 ⋅ 𝜎(𝑢) + 𝛼∇𝑥𝑝 = 𝑓 in 𝛺 × 𝐼,

with the stress tensor

𝜎(𝑢) ∶= 𝜇(∇𝑥𝑢 + (∇𝑥𝑢)𝑇 ) + 𝜆(∇𝑥 ⋅ 𝑢)𝐼.

A rigorous mathematical analysis of this problem from poroelasticity can be found in [55], and this coupled system of equations is
also known as Biot system [36–40].
8
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A

T

a

Framing this in the notation in (2), we have 𝑢1 ∶= 𝑢, 𝑑1 ∶= 𝑑 and otherwise replace the index 1 by the letter ‘u’ for the
displacement u, i.e. □1 ∶= □𝑢. In the same fashion, we have 𝑢2 ∶= 𝑝, 𝑑2 = 1 and otherwise replace the index 2 by the letter
‘p’ for the pressure, i.e. □2 ∶= □𝑝. For the spatio-temporal operators we have

1(𝑢1, 𝑢2) ∶= 𝜕𝑡(𝑐𝑝 + 𝛼(∇𝑥 ⋅ 𝑢)) −
1
𝜈
∇𝑥 ⋅ (𝐾(∇𝑥𝑝 − 𝜌𝑔)),

2(𝑢1, 𝑢2) ∶= −∇𝑥 ⋅ 𝜎(𝑢) + 𝛼∇𝑥𝑝,

and for the right hand sides we have

𝑓1 ∶= 𝑞,

𝑓2 ∶= 𝑓.

Assuming homogeneous Dirichlet boundary conditions for the displacement on 𝛤𝐷 and inhomogeneous Neumann/traction boundary
conditions

𝜎(𝑢) ⋅ 𝑛 = 𝑡

on 𝛤𝑁 = 𝜕𝛺 ⧵ 𝛤𝐷, the spatial function spaces are given by

𝑉𝑢(𝛺) =
(

𝐻1
0,𝛤𝐷

(𝛺)
)𝑑

,

𝑉𝑝(𝛺) = 𝐻1(𝛺),

𝑉 (𝛺) = 𝑉𝑢(𝛺) × 𝑉𝑝(𝛺).

We notice that according to the boundary conditions adopted in Sections 4.4 and 4.5, these function spaces need to be refined by
implementing further Dirichlet conditions on certain parts, while Neumann conditions arise naturally in the weak forms as usual.

3.2.2. Weak space–time form
We can now derive the space–time variational formulation for this problem. By integration by parts we get the variational

formulation: Find 𝑈 ∶= {𝑢, 𝑝} ∈ 𝑋 (𝐼, 𝑉 (𝛺)) such that

𝑐((𝜕𝑡𝑝, 𝜙𝑝)) + 𝛼((𝜕𝑡(∇𝑥 ⋅ 𝑢), 𝜙𝑝)) + 𝐾
𝜈
((∇𝑥𝑝,∇𝑥𝜙

𝑝)) = ((𝑞, 𝜙𝑝)) +
𝐾𝜌
𝜈

((𝑔,∇𝑥𝜙
𝑝)),

((𝜇(∇𝑥𝑢 + (∇𝑥𝑢)𝑇 ) + 𝜆(∇𝑥 ⋅ 𝑢)𝐼,∇𝑥𝜙
𝑢)) − 𝛼((𝑝𝐼,∇𝑥𝜙

𝑢)) + 𝛼(⟨𝑝𝑛, 𝜙𝑢
⟩)𝛤top×𝐼 = ((𝑓, 𝜙𝑢)) + (⟨𝑡, 𝜙𝑢

⟩)𝛤top×𝐼

∀𝛷 ∶=
(

𝜙𝑢

𝜙𝑝

)

∈ 𝑋 (𝐼, 𝑉 (𝛺)).

ccounting for the discontinuities in time, we thus need to solve the problem:
Find 𝑈 ∈ 𝑋̃

(

( 𝑢
𝑘 , 

𝑝
𝑘 ), 𝑉 (𝛺)

)

such that

𝐴̃(𝑈 )(𝛷) = 𝐹 (𝛷) ∀𝛷 ∈ 𝑋̃
(

( 𝑢
𝑘 , 

𝑝
𝑘 ), 𝑉 (𝛺)

)

. (7)

he bilinear form and right hand side read

𝐴̃(𝑈 )(𝛷) = 𝐴1(𝑢)(𝜙𝑢) + 𝐴2(𝑝)(𝜙𝑝) + 𝐵1(𝑝)(𝜙𝑢) + 𝐵2(𝑢)(𝜙𝑝),

𝐴1(𝑢)(𝜙𝑢) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
(𝜇(∇𝑥𝑢 + (∇𝑥𝑢)𝑇 ) + 𝜆(∇𝑥 ⋅ 𝑢)𝐼,∇𝑥𝜙

𝑢) d𝑡,

𝐴2(𝑝)(𝜙𝑝) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
𝑐(𝜕𝑡𝑝, 𝜙𝑝) + 𝐾

𝜈
(∇𝑥𝑝,∇𝑥𝜙

𝑝) d𝑡 +
𝑀𝑝−1
∑

𝑚𝑝=1
𝑐([𝑝]𝑚𝑝

, 𝜙𝑝,+
𝑚𝑝

) + 𝑐(𝑝+0 , 𝜙
𝑝,+
0 ),

𝐵1(𝑝)(𝜙𝑢) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
−𝛼(𝑝𝐼,∇𝑥𝜙

𝑢) + 𝛼⟨𝑝𝑛, 𝜙𝑢
⟩𝛤top d𝑡,

𝐵2(𝑢)(𝜙𝑝) =
∑

𝐼𝑚∈ fine
𝑘

∫𝐼𝑚
𝛼(𝜕𝑡(∇𝑥 ⋅ 𝑢), 𝜙𝑝) d𝑡 +

𝑀𝑢−1
∑

𝑚𝑢=1
𝛼([∇𝑥 ⋅ 𝑢]𝑚𝑢

, 𝜙𝑝,+
𝑚𝑢

) + 𝛼(∇𝑥 ⋅ 𝑢
+
0 , 𝜙

𝑝,+
0 ).

nd

𝐹 (𝛷) ∶= ((𝑞, 𝜙𝑝)) +
𝐾𝜌
𝜈

((𝑔,∇𝑥𝜙
𝑝)) + ((𝑓, 𝜙𝑢)) + (⟨𝑡, 𝜙𝑢

⟩)𝛤top×𝐼 + 𝛼(∇𝑥 ⋅ 𝑢
0, 𝜙𝑝,+

0 ) + 𝑐(𝑝0, 𝜙𝑝,+
0 ),

where

𝑈 ∶= (𝑢, 𝑝), 𝛷 ∶= (𝜙𝑢, 𝜙𝑝).

A derivation of a multirate time stepping scheme for this space–time formulation using Section 2.2 can be found in Appendix B.
9
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Fig. 4. Analytical solution for the 1+1D heat and wave equation problem (solid in upper half and fluid in lower half of the images).

4. Numerical tests

For verification of our multirate framework, we perform numerical tests on five different coupled problems. For the first three
numerical tests, we perform computations for interface coupled heat and wave equations in 1+1D and 2+1D. For the 1+1D problem,
we construct a manufactured solution and for the 2+1D problem, we use Configurations 2.1 and 2.2 from [19] with a transport
term in the heat equation and a damping term in the wave equation. As the fourth numerical test, we consider Mandel’s problem
[56–60], a poroelasticity benchmark problem in 2+1D, as an example of volume coupled problems. In the fifth numerical test, we
extend to a 3+1D poroelasticity footing problem [61].

The time marching codes (Section 4.1 only) have been implemented in FEniCS [62] and the space–time FEM codes have been
written in deal.II [45,46].

4.1. 1+1D heat and wave equation

As the first numerical test, we consider a one-dimensional problem where we couple the heat and wave equation, cf. Section 3.1.
The time interval is 𝐼 ∶= (0, 4), the spatial domain for the heat equation – the fluid domain – is 𝛺𝑓 ∶= (0, 2) and the spatial domain
for the wave equation – the solid domain – is 𝛺𝑠 ∶= (2, 4). The interface is given by 𝛤 ∶= 𝛺̄𝑓 ∩ 𝛺̄𝑠 = {2}. To further simplify the
model problem from Section 3.1, we leave out the transport term in the heat equation and the damping term in the wave equation,
i.e. 𝛽 = 0 and 𝛿 = 0. For our test we choose the parameters in the PDEs to be 𝜈 = 0.001 and 𝜆 = 1000. The penalty parameter 𝛾
for the Dirichlet interface conditions is 1000. The boundaries are defined as 𝛤 𝑓

𝐷 = {0}, 𝛤 𝑠
𝑁 = {4} and the variational formulation is

shown in (6). We prescribe the analytical solution as

𝑢𝑠(𝑥, 𝑡) = 𝑡2 ⋅ cos
(

𝜋(𝑥 − 2)
2

)

∀(𝑥, 𝑡) ∈ 𝛺𝑠 × 𝐼,

𝑢𝑓 (𝑥, 𝑡) = 𝑡2 ⋅ 𝑥
2

∀(𝑥, 𝑡) ∈ 𝛺𝑓 × 𝐼,

and the velocities

𝑣𝑠(𝑥, 𝑡) = 2𝑡 ⋅ cos
(

𝜋(𝑥 − 2)
2

)

∀(𝑥, 𝑡) ∈ 𝛺𝑠 × 𝐼,

𝑣𝑓 (𝑥, 𝑡) = 2𝑡 ⋅ sin
(𝜋𝑥

4

)

∀(𝑥, 𝑡) ∈ 𝛺𝑓 × 𝐼,

which are shown in Fig. 4.
The right hand side functions are

𝑔𝑠(𝑥, 𝑡) = 2 cos
(

𝜋(𝑥 − 2)
2

)

+
𝜋2𝑡2𝜆 cos( 𝜋(𝑥−2)2 )

4
∀(𝑥, 𝑡) ∈ 𝛺𝑠 × 𝐼,

𝑔𝑓 (𝑥, 𝑡) = 2 sin
(𝜋𝑥

4

)

+
𝜋2𝑡𝜈 sin( 𝜋𝑥4 )

8
∀(𝑥, 𝑡) ∈ 𝛺𝑓 × 𝐼.

4.1.1. Monolithic multirate backward Euler results
To compare the discrete solutions with the analytic ones, we define

𝐽 (𝑈 − 𝑈𝑘ℎ) = ‖𝑈 − 𝑈𝑘ℎ‖𝐿2(𝐼,𝐿2(𝛺))=
√

‖𝑈𝑓 − 𝑈𝑓,𝑘ℎ‖
2
2 2 + ‖𝑈𝑠 − 𝑈𝑠,𝑘ℎ‖

2
2 2 .
10

𝐿 (𝐼,𝐿 (𝛺𝑓 )) 𝐿 (𝐼,𝐿 (𝛺𝑠))
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Table 1
Errors for fully uniform time-stepping.
| coarse

𝑘 | | 𝑓
𝑘 | | 𝑠

𝑘 | | 𝑓
𝑘 | ∶ | 𝑠

𝑘 | 𝜂𝑓𝑘ℎ 𝜂𝑠𝑘ℎ 𝜂𝑘ℎ EOC

25 25 25 1:1 1.78 ⋅ 10−2 3.73 ⋅ 10−2 4.14 ⋅ 10−2 –
50 50 50 1:1 8.78 ⋅ 10−3 1.90 ⋅ 10−2 2.10 ⋅ 10−2 0.98
100 100 100 1:1 4.46 ⋅ 10−3 9.77 ⋅ 10−3 1.08 ⋅ 10−2 0.96
200 200 200 1:1 2.57 ⋅ 10−3 5.16 ⋅ 10−3 5.76 ⋅ 10−3 0.91
400 400 400 1:1 1.93 ⋅ 10−3 2.96 ⋅ 10−3 3.52 ⋅ 10−3 0.71

Table 2
Errors for one refinement in the fluid domain.
| coarse

𝑘 | | 𝑓
𝑘 | | 𝑠

𝑘 | | 𝑓
𝑘 | ∶ | 𝑠

𝑘 | 𝜂𝑓𝑘ℎ 𝜂𝑠𝑘ℎ 𝜂𝑘ℎ EOC

25 50 25 2:1 2.40 ⋅ 10−2 3.86 ⋅ 10−2 4.54 ⋅ 10−2 –
50 100 50 2:1 1.14 ⋅ 10−2 1.98 ⋅ 10−2 2.29 ⋅ 10−2 0.99
100 200 100 2:1 5.45 ⋅ 10−3 1.03 ⋅ 10−2 1.17 ⋅ 10−2 0.97
200 400 200 2:1 2.72 ⋅ 10−3 5.53 ⋅ 10−3 6.16 ⋅ 10−3 0.93

Table 3
Errors for one refinement in the solid domain.
| coarse

𝑘 | | 𝑓
𝑘 | | 𝑠

𝑘 | | 𝑓
𝑘 | ∶ | 𝑠

𝑘 | 𝜂𝑓𝑘ℎ 𝜂𝑠𝑘ℎ 𝜂𝑘ℎ EOC

25 25 50 1:2 8.98 ⋅ 10−3 2.10 ⋅ 10−2 2.28 ⋅ 10−2 –
50 50 100 1:2 5.06 ⋅ 10−3 1.04 ⋅ 10−2 1.16 ⋅ 10−2 0.97
100 100 200 1:2 3.33 ⋅ 10−3 5.21 ⋅ 10−3 6.18 ⋅ 10−3 0.91
200 200 400 1:2 2.65 ⋅ 10−3 2.80 ⋅ 10−3 3.86 ⋅ 10−3 0.68

We similarly define specific contributions as

𝐽𝑓 (𝑈 − 𝑈𝑘ℎ) = ‖𝑈𝑓 − 𝑈𝑓,𝑘ℎ‖𝐿2(𝐼,𝐿2(𝛺𝑓 )),

𝐽𝑠(𝑈 − 𝑈𝑘ℎ) = ‖𝑈𝑠 − 𝑈𝑠,𝑘ℎ‖𝐿2(𝐼,𝐿2(𝛺𝑠)).

In the following tables, we will analyze the errors denoted by

𝜂𝑘ℎ ∶= 𝐽 (𝑈 − 𝑈𝑘ℎ), 𝜂𝑓𝑘ℎ ∶= 𝐽𝑓 (𝑈 − 𝑈𝑘ℎ), 𝜂𝑠𝑘ℎ ∶= 𝐽𝑠(𝑈 − 𝑈𝑘ℎ).

In Tables 1–3 we show the results for the one-dimensional model problem. We consider three cases, fully uniform time-stepping,
set-up with one refinement in time in the fluid domain only, and a similar configuration where only the time-steps in the solid

omain are refined. For all of the simulations, the space mesh remains unchanged and only the time meshes are refined. We use a
ather coarse space mesh with 100 cells only. To illustrate how the error is decomposed into different parts, we show the values of
𝑓
𝑘ℎ, 𝜂𝑠𝑘ℎ as well as 𝜂𝑘ℎ. In Table 1 we collect the numbers for fully uniform time-stepping. We can clearly see linear convergence of
he error expected for the backward Euler time-stepping scheme. Only on higher refinement levels does the convergence rate slightly
eteriorate due to the space mesh’s coarseness. We can notice that the contributions from the solid problem dominate. In Table 2
e once refine the time-steps in the fluid domain while leaving the time-steps in the solid domain unchanged. Unsurprisingly, this

hange does not lead to a decrease in the overall error. In Table 3 we instead refine the solid time steps which leads to a desirable
esult in a reduction of the overall error. In both cases of partial refinement, the error contributions from the unrefined subproblems
lightly increase.

.1.2. Tensor-product space–time FEM results
For the space–time finite element discretization, we use a Galerkin discretization with dG(1) in time and linear finite elements

n space. For this numerical test, we use a penalty parameter 𝛾 = 1000, an initial coarse temporal mesh with | coarse
𝑘 | = 4 temporal

lements and 10 spatial degrees of freedom each for fluid and solid. To test the performance of temporal multirate space–time FEM,
e uniformly refine the fluid or solid temporal mesh up to 8 times. This means that e.g. for each 1 solid temporal element we
ave 256 fluid temporal elements. The initial mesh is being refined uniformly in space and time. To measure the convergence, we
ompute the error between the analytical solution 𝑈 and the finite element solution 𝑈𝑘ℎ using the quantity of interest

𝐽 (𝑈 − 𝑈𝑘ℎ) = ‖𝑈 − 𝑈𝑘ℎ‖𝐿2(𝐼,𝐿2(𝛺)).

Using a finer fluid temporal mesh, we get the convergence plot in Fig. 5. Therein, we observe that using a finer temporal mesh
or the fluid in comparison to the solid does not improve the error between the finite element and the analytical solution. Moreover,
n Fig. 5(b) we observe that the error in the solid domain 𝐽𝑠 (thick lines) is almost an order of magnitude larger than the error in
he fluid domain 𝐽𝑓 (dashed lines).

Repeating the same convergence tests again for a finer solid temporal mesh, the results are shown in Fig. 6. Here, we observe
hat using a finer temporal mesh for the solid in comparison to the fluid greatly reduces the error between the finite element and
11

he analytical solution. In particular, comparing 1:1 and 1:4 temporal meshes, we observe that the error on the coarsest grid is four
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Fig. 5. Convergence plots for the 1+1D heat and wave equation problem with a finer fluid temporal mesh and uniform refinement in space and time.

times lower when the temporal mesh of the solid is finer and we then get also optimal convergence rates. Using even finer temporal
meshes, e.g. 1:16, further reduces the error but going beyond that, i.e. 1:64 and 1:256, almost does not improve the finite element
solution anymore. Another explanation of these observations is given in Fig. 6(b), where we decompose the error into its fluid and
solid parts. For the 1:1 temporal mesh, the error in the solid domain 𝐽𝑠 (thick lines) is almost an order of magnitude larger than
the error in the fluid domain 𝐽𝑓 (dashed lines). For the 1:4 temporal mesh, both lines are close to each other, which signifies that
the error in the fluid and solid domain are of the same order of magnitude. Then for the 1:16 temporal mesh and finer meshes, the
error in the fluid domain is between one and two orders of magnitude larger than the error in the solid domain. Hence, for this
problem configuration it seems optimal to use four times as many solid temporal elements as fluid temporal elements.

In Fig. 7, we show an example of a space–time FEM solution on the coarsest spatial and temporal meshes. Here, the temporal
mesh of the solid, shown in the upper half of the space–time domain, is four times as fine as for the fluid, which is plotted in the
lower half of the space–time domain. Additionally, we visualize the error to the analytical solution and we observe especially in the
velocity error that a discontinuous time discretization has been used.

In Fig. 8, we now visualize the temporal evolution of the continuity of the displacement and the velocity at the interface of the
space–time finite element solution from Fig. 7. Due to the different number of temporal elements for fluid and solid, we cannot
expect a perfect match between the solutions at the interface. Nevertheless, the solid and the fluid displacement almost coincide.
The solid and the fluid velocity are not too different either, but here we again observe the jumps in the solid solution between the
temporal elements.

4.2. 2+1D heat and wave equation with fluid source term

As the second numerical test, we again consider a coupled heat and wave equation from Section 3.1 but now in two spatial
dimensions. For this we use Configuration 2.1 from [19]. The time interval is 𝐼 ∶= (0, 1), the spatial domain for the heat equation –
12
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t

Fig. 6. Convergence plot for the 1+1D heat and wave equation problem with a finer solid temporal mesh and uniform refinement in space and time.

he fluid domain – is 𝛺𝑓 ∶= (0, 4) × (0, 1) and the spatial domain for the wave equation – the solid domain – is 𝛺𝑠 ∶= (0, 4) × (−1, 0).
The interface is given by 𝛤 ∶= 𝛺̄𝑓 ∩ 𝛺̄𝑠 = (0, 4) × {0}. For our test we choose the parameters in the PDEs to be

𝜈 = 0.001, 𝛽 =
(

2
0

)

, 𝜆 = 1000, 𝛿 = 0.1.

As right hand sides we choose

𝑔𝑠(𝑥, 𝑡) = 0,

𝑔𝑓 (𝑥, 𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑒−
(

(𝑥1−
1
2 )

2+(𝑥2−
1
2 )

2
)

if 0 ≤ 𝑡 ≤ 0.1,
0 else,

i.e. we only have a source term in the fluid domain. The boundaries are defined as 𝛤 𝑓
𝐷 = (0, 4) × {1}, 𝛤 𝑓

𝑁 = {0, 4} × (0, 1),
𝛤 𝑠
𝐷 = {0, 4} × (−1, 0), 𝛤 𝑠

𝑁 = (0, 4) × {−1} and the variational formulation is shown in (6).
From this subsection on, we only employ the space–time finite element discretization (but not anymore the time marching

schemes) in which we use a Galerkin discretization with dG(1) in time and linear finite elements in space. For this numerical test,
we use as penalty parameter 𝛾 = 1000, a spatial mesh with 80 spatial cells in the 𝑥-direction and 20 spatial cells in the 𝑦-direction,
and an initial coarse temporal mesh with | coarse

𝑘 | = 50 temporal elements. To test the performance of temporal multirate space–time
FEM, we uniformly refine the fluid or solid temporal mesh up to 4 times. This means that e.g. for each 1 solid temporal element we
have 16 fluid temporal elements. The initial mesh is being refined uniformly only in time. To measure the convergence, we consider
the quantity of interest

𝐽 (𝑈 ) = 𝜈‖∇ 𝑣 ‖

2 ,
13

𝑘ℎ 𝑥 𝑘ℎ 𝐿2(𝐼,𝐿2(𝛺𝑓 ))
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Fig. 7. Space–time FEM solution for the 1+1D heat and wave equation problem with 4 solid temporal elements per 1 fluid temporal element.

Fig. 8. Temporal evolution at the interface of the space–time FEM solution for the 1+1D heat and wave equation problem with 4 solid temporal elements per
1 fluid temporal element.

and compare with the reference value 𝐽 (𝑈 ) ∶= 2.48587692 ⋅ 10−4 from a simulation with 50,000 temporal elements.
Using a finer fluid temporal mesh, we get the convergence plot in Fig. 9. Therein, we observe that using a finer temporal mesh

for the fluid in comparison to the solid greatly reduces the error between the finite element quantity of interest and its reference
value. These improvements are greatest for 1:1, 2:1 and 4:1 temporal meshes. Even finer fluid temporal meshes have only marginal
benefit, since although they initially reduce the error in the goal functional, on finer temporal meshes there are minor differences
between the 4:1 and 16:1 temporal meshes.

Performing the same convergence test for a finer solid temporal mesh, the results are shown in Fig. 10. Here, we observe that
using a finer temporal mesh for the solid in comparison to the fluid does not improve the error in the quantity of interest. This was
14
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Fig. 9. Convergence plot for the 2+1D heat and wave equation problem with a finer fluid temporal mesh and uniform refinement in time.

Fig. 10. Convergence plot for the 2+1D heat and wave equation problem with a finer solid temporal mesh and uniform refinement in time.

o be expected since we only have a non-zero right hand side in the fluid domain and thus the solution behavior is mainly dictated
y the heat equation.

.3. 2+1D heat and wave equation with solid source term

As the third numerical test, we again consider a two-dimensional coupled heat and wave equation, but here we use Configuration
15

.2 from [19]. The computational space–time domain and the physical parameters are the same as in Section 4.2. The only difference
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Fig. 11. Convergence plot for the 2+1D heat and wave equation problem with solid source term with a finer fluid temporal mesh and uniform refinement in
ime.

s that we now have a solid source term in the wave equation. More concretely, as right hand sides we now choose

𝑔𝑓 (𝑥, 𝑡) = 0,

𝑔𝑠(𝑥, 𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑒−
(

(𝑥1−
1
2 )

2+(𝑥2+
1
2 )

2
)

if 0 ≤ 𝑡 ≤ 0.1,
0 else.

We employ a space–time finite element discretization with dG(1) in time and linear finite elements in space for this numerical test.
The simulations are performed on a coarse space mesh consisting of 80 spatial cells in the 𝑥-direction and 20 spatial cells in the
-direction, and an initial coarse temporal mesh with | coarse

𝑘 | = 50 temporal elements. To test the performance of temporal multirate
pace–time FEM, we uniformly refine the fluid or solid temporal mesh up to 4 times. To measure the convergence, we consider the
uantity of interest

𝐽 (𝑈𝑘ℎ) = 𝜆‖∇𝑥𝑢𝑘ℎ‖
2
𝐿2(𝐼,𝐿2(𝛺𝑠))

,

nd compare with the reference value 𝐽 (𝑈 ) ∶= 7.14276824 ⋅ 10−4 which is taken from computations on a fine temporal mesh with
0,000 temporal elements.

Using a finer fluid temporal mesh, we get the convergence plot in Fig. 11. Therein, we observe that using a finer temporal mesh
or the fluid in comparison to the solid does not improve the error in the quantity of interest. This was to be expected since we only
ave a non-zero right hand side in the solid domain and thus the solution behavior is mainly dictated by the wave equation.

Performing the same convergence test for a finer solid temporal mesh, the results are shown in Fig. 12. Here, we observe that
sing a finer temporal mesh for the solid in comparison to the fluid greatly reduces the error in the quantity of interest. Instead
f refining the temporal mesh uniformly for both fluid and solid, we can also refine the temporal mesh only for the solid and get
imilar results for our quantity of interest.

.4. 2+1D Mandel’s problem

Next, as an example for volume coupled problems, we consider Mandel’s problem [35,52,56,58,59,63–65], which is a benchmark
rom poroelasticity from Section 3.2, and more recently also for nonlinear poroelasticity [60]. This problem has also been solved by
ecoupled multirate schemes in [5–7,66]. Therein, one observes the so-called Mandel–Cryer effect [57] of a non-monotonic pressure
volution: first increasing pressure, followed by decreasing pressure. Let 𝛺 ∶= (0m, 100m) × (0m, 20m) with boundaries as shown in
16

Fig. 13.
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Fig. 12. Convergence plot for the 2+1D heat and wave equation problem with solid source term with a finer solid temporal mesh and uniform refinement in
time.

Fig. 13. Domain for Mandel’s problem.

The initial and boundary conditions are given by

𝑝(⋅, 0) = 𝑝0(⋅) = 0 in 𝛺 × {0},

𝑢(⋅, 0) = 𝑢0(⋅) = 0 in 𝛺 × {0},
𝐾
𝜈
∇𝑥𝑝 ⋅ 𝑛= 0 on 𝜕𝛺 ⧵ 𝛤right × 𝐼, (No flow condition, homogeneous Neumann)

𝜎(𝑢) ⋅ 𝑛 = −𝑡𝑒𝑦 on 𝛤top × 𝐼, (Traction condition, inhomogeneous Neumann)

𝑝 = 0 on 𝛤right × 𝐼, (Constant zero pressure, homogeneous Dirichlet)

𝜎(𝑢) ⋅ 𝑛= 0 on 𝛤right × 𝐼, (Traction free, homogeneous Neumann)

𝑢𝑦 = 0 and 𝜕𝑦𝑢𝑥 = 0 on 𝛤bottom × 𝐼, (Confined conditions, mixed Dirichlet/Neumann)

𝑢𝑥 = 0 and 𝜕𝑥𝑢𝑦 = 0 on 𝛤left × 𝐼. (Confined conditions, mixed Dirichlet/Neumann)

The parameters for Mandel’s problem are summarized in Table 4.
We employ a space–time finite element discretization and a Galerkin discretization with dG(0) in time for this numerical test. In

space, we use quadratic finite elements for the displacement 𝑢 and linear finite elements for the pressure 𝑝.
For this numerical test, we use a fixed spatial mesh with 16 spatial cells in the 𝑥-direction and 16 spatial cells in the 𝑦-direction.

As a reference solution, we solve the Mandel with dG(0) elements and 500,000 temporal elements for displacement and pressure.
17

The solution at the bottom boundary is shown in Fig. 14.
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Table 4
Parameters in Mandel’s problem.
Parameter Value

M 1.75 × 107 Pa
c 1/M
𝛼 1 Pam
𝜈 1 × 10−3 m2 s−1

K 1 × 10−13 m2

𝜌 1 kgm−3

𝑡 1 × 107 Pam
𝑔 0
𝑞 0
𝑓 0
𝜇 1 × 108

𝜆 2
3
× 108

Fig. 14. Reference solution on the bottom boundary (𝛤bottom) for the Mandel problem.
18
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Fig. 15. Convergence plot for the Mandel problem with a finer displacement temporal mesh and uniform refinement in time.

To validate the efficiency of our proposed multirate methodology, we use the quantity of interest

𝐽 (𝑈𝑘ℎ) = ∫𝐼 ∫𝛤bottom

𝑝𝑘ℎ(𝑥, 𝑡) d(𝑥, 𝑡),

and compare with the reference value 𝐽 (𝑈 ) ∶= 8.718831 ⋅ 1013 from the simulation with 500,000 temporal elements.
For the convergence studies, we employ an initial coarse temporal mesh with | coarse

𝑘 | = 1250 temporal elements and then
uniformly refine the displacement or pressure temporal mesh up to 4 times. This means that e.g. for each displacement temporal
element we have 16 pressure temporal elements.

Using a finer displacement temporal mesh, we get the convergence plot in Fig. 15. Here, we see that using a finer temporal mesh
for the displacement in comparison to the pressure does not improve the error in the quantity of interest and the error is identical
for all temporal meshes in the first five significant digits. This is not surprising, since the constitutive equation for the displacement
is a quasi-stationary problem and the quantity of interest only measures a pressure boundary integral over time. Therefore, one can
expect only refinement of the temporal mesh of the pressure to lead to an error reduction.

In Fig. 16, we run the same convergence test for a finer temporal mesh for the pressure. Now, it pays off using a finer temporal
mesh for the pressure than for the displacement. Not only do we have linear convergence of the error under uniform refinement of
both temporal meshes, but also for the refinement ratio of pressure to displacement. More concretely, the error roughly halves when
going from 1:1 to 1:2, going from 1:2 to 1:4, etc. This shows that instead of using conventional time stepping schemes, which rely
on the same temporal mesh for displacement and pressure, we can get the same error reduction by only increasing the number of
space–time degrees of freedom for the pressure and using a fixed number of space–time degrees of freedom for the displacement. This
multirate scheme is particularly cost-effective when the displacement requires high-order spatial finite elements than the pressure,
e.g. as in the case of Taylor–Hood elements.

4.5. 3+1D footing problem

In this final numerical example, a three-dimensional footing problem inspired by [61] is studied as another test for poroelasticity,
i.e. for volume coupling. Let 𝛺 ∶= (−32m, 32m) × (−32m, 32m) × (0m, 64m) and 𝐼 ∶= (0 s, 5 000 000 s) with boundaries as shown in
Fig. 17.

The initial and boundary conditions are given by

𝑝(0) = 𝑝0 = 0 in 𝛺 × {0},

𝑢(0) = 𝑢0 = 0 in 𝛺 × {0},
𝐾
𝜈
∇𝑥𝑝 ⋅ 𝑛 = 0 on 𝜕𝛺 ⧵ 𝛤bottom × 𝐼, (No flow condition, homogeneous Neumann)

𝜎(𝑢) ⋅ 𝑛 = −𝑡𝑒 on 𝛤 × 𝐼, (Traction condition, inhomogeneous Neumann)
19

𝑧 compression
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T

Fig. 16. Convergence plot for the Mandel problem with a finer pressure temporal mesh and uniform refinement in time.

Fig. 17. Domain for 3D footing problem.

𝜎(𝑢) ⋅ 𝑛 = 0 on 𝛤top ⧵ 𝛤compression × 𝐼, (Traction-free, homogeneous Neumann)

𝑝 = 0 on 𝛤bottom × 𝐼, (Constant zero pressure, homogeneous Dirichlet)

𝑢 = 0 on 𝛤bottom × 𝐼, (Fixed displacements, homogeneous Dirichlet)

𝜎(𝑢) ⋅ 𝑛 = 0 on 𝛤wall × 𝐼, (Traction-free, homogeneous Neumann)

he material parameters as listed in Table 4 (Section 4.4) are used again.
We employ a space–time finite element discretization and a Galerkin discretization with dG(0) in time for this numerical test. In

space, we use Taylor–Hood elements, namely quadratic finite elements in space for the displacement 𝑢𝑘ℎ and linear finite elements
for the pressure 𝑝𝑘ℎ are employed. The spatial mesh is fixed, it comprises 8 spatial cells in each direction i.e., an isotropic mesh
with 14,739 DoFs for displacement and 729 DoFs for pressure. As a reference solution, we solve the 3D footing problem with dG(0)
in time and 50,000 temporal elements for displacement and pressure. As a quantity of interest, we use the time-integrated pressure
acting at the compression boundary i.e.,

𝐽 (𝑈𝑘ℎ) ∶= ∫𝐼 ∫𝛤compression

𝑝𝑘ℎ d𝑥 d𝑡,

and compare with the reference value 𝐽 (𝑈 ) ∶= 1.207538 ⋅ 1014 from the simulation with 50,000 temporal elements.
20
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Fig. 18. Convergence plot for the 3+1D footing problem with a finer pressure temporal mesh and uniform refinement in time.

For the convergence studies, we employ an initial coarse temporal mesh with | coarse
𝑘 | = 125 temporal elements and then

niformly refine the pressure temporal mesh up to 4 times. This means that e.g. for each displacement temporal element we
ave 16 pressure temporal elements. For this numerical example, we only consider the case of a finer pressure temporal mesh
han displacement temporal mesh, since this was the case where we observed the largest error reduction for Mandel’s benchmark
roblem. Moreover, for more displacement temporal elements efficient iterative solvers should be used, whereas we use a direct
olver for the linear system of equations in this numerical example.

Using a finer pressure temporal mesh, we get the convergence plot in Fig. 18. We make similar observations as for Mandel’s
roblem, which, on the one hand, was to be expected since we use the same equations. On the other hand, the extension from 2D
in space) to 3D is a major step as all formulations need to be extended correspondingly, which requires all the programming code
including implementations and debugging) to be modified to 3D. Thus, our findings indicate the correctness of our implementations
nd robustness of our approach independently of the spatial dimension. Again in more detail, when refining both temporal meshes
niformly, we observe linear convergence of the error in the quantity of interest. Similarly, when just refining the pressure temporal
esh, we observe linear convergence of the error in the quantity of interest. This motivates the usage of monolithic temporal
ultirate schemes especially for poroelasticity, since we can get the same error reduction by only increasing the number of temporal

lements for pressure and using a fixed temporal mesh for displacement in our numerical examples.

. Conclusions and outlook

In this work, we proposed a monolithic space–time multirate framework for interface-coupled and volume-coupled problems. One
irst objective was a mathematical abstract formalism that allows to consider both interface-coupled and volume-coupled problems.
s such model problems, an interface-coupled heat-wave system and a volume-coupled poro-elasticity problem were taken. The

unction spaces and tensor-product Galerkin finite element discretization were designed to treat the multirate idea in a monolithic
ashion. Here, classical continuous finite elements were employed for the spatial discretization, while the temporal approximation
as based on discontinuous finite elements. The concepts and numerical realization were discussed in great detail in Section 2. Five
umerical tests for different spatial dimensions were conducted in which the multirate schemes were computationally analyzed in
etail. Here, goal-functionals were adopted in order to study specific quantities of interest. Overall, the performances were excellent.
o far, the different time meshes were given a priori. A future extension is to determine the time meshes by an error estimator;
ee also [1] for early work in this direction applied to ODEs. We have already used goal functionals as quantities of interest in
he current paper. Consequently, goal-oriented a posteriori error estimates will be a natural choice to obtain such time meshes.
inally, our abstract formalism, corresponding algorithms, and implementation were designed in such a way that they allow for
uture extensions to nonlinear problems.

ata availability
21

Data will be made available on request.
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ppendix A. Monolithic multirate backward Euler scheme

In this section, we will discuss how time marching approaches can be used and extended to solve multirate in time formulations
f multiphysics problems. We will explain the methodology with an example of the backward Euler scheme: Find 𝑈𝑘ℎ ∈

𝑋dG(0)
𝑘

(

( 1
𝑘 , 

2
𝑘 ), 𝑉ℎ(ℎ)

)

such that

𝐴̃(𝑈𝑘ℎ)(𝛷𝑘ℎ) = 𝐹 (𝛷𝑘ℎ) ∀𝛷𝑘ℎ ∈ 𝑋dG(0)
𝑘

(

( 1
𝑘 , 

2
𝑘 ), 𝑉ℎ(ℎ)

)

.

From the definition of our time mesh structure, we have  coarse
𝑘 ⊂  1

𝑘 , 
2
𝑘 ⊂  fine

𝑘 . We use this hierarchy to establish a method that
borrows from both standard time marching methodology as well as space–time approach. Let us assume some fixed 𝐼𝑛−1, 𝐼𝑛, 𝐼𝑛+1 ∈
 coarse
𝑘 . Since the temporal meshes  1

𝑘 and  2
𝑘 originate from the common coarse mesh through adaptive refinement, for each coarse

element 𝐼𝑛 we can find elements 𝐼1𝑛1 ,… , 𝐼1𝑛𝑁1
𝑛
∈  1

𝑘 and 𝐼2𝑛1 ,… , 𝐼2𝑛𝑁2
𝑛
∈  2

𝑘 such that

𝐼𝑛 =
𝑁1

𝑛
⋃

𝑁=1
𝐼1𝑛𝑁 =

𝑁2
𝑛

⋃

𝑁=1
𝐼2𝑛𝑁 . (A.1)

Our approach is based on simultaneously solving all of the equations given by the partition (A.1) while using the last available
solution from 𝐼𝑛−1 with respect to either  1

𝑘 or  2
𝑘 as the initial value. The time interpolation necessary to compute coupling

conditions at temporal hanging nodes, i.e. degrees of freedom that are contained in  1
𝑘 and not in  2

𝑘 or vice versa, is given by

𝑢̄𝑖
|

|

|𝐼𝑛
∶= 1

|𝐼𝑛| ∫𝐼𝑛
𝑢𝑖 d𝑡 for 𝑖 ∈ {1, 2}.

ppendix B. Derivation of a time-stepping scheme for the Mandel problem

In the following, we will derive by hand the time-stepping scheme for the Mandel problem with one displacement temporal
lement and two pressure temporal elements. Other multirate time-stepping schemes can be derived in a similar fashion. For this
e take the variational formulation (7) of the Mandel problem, remove the terms in the right hand side function which are zero

or the Mandel problem and only consider a time step 𝐼𝑚 = (0, 𝑘). For the displacement, we have only the temporal element (0, 𝑘)
nd for the pressure we have the temporal elements (0, 𝑘2 ) and ( 𝑘2 , 𝑘). For dG(0) in time we then have the ansatz

𝑢(𝑡) = 𝑢1 ⋅ 𝜒(0,𝑘)(𝑡)
⏟⏟⏟
=∶𝜙𝑢,(1)𝑘

,

𝑝(𝑡) = 𝑝1 ⋅ 𝜒(0, 𝑘2 )
(𝑡)

⏟⏞⏟⏞⏟
=∶𝜙𝑝,(1)𝑘

+𝑝2 ⋅ 𝜒( 𝑘2 ,𝑘)
(𝑡)

⏟⏞⏟⏞⏟
=∶𝜙𝑝,(2)𝑘

,

here 𝜒𝐼𝑘 (⋅) denotes the temporal indicator function of the temporal element 𝐼𝑘. We introduce the spatial matrices (and vector)

𝐾𝑝 =
{𝐾

𝜈
(∇𝑥𝜙

𝑝,(𝑗)
ℎ ,∇𝑥𝜙

𝑝,(𝑖)
ℎ )

}#DoFs( 𝑝
ℎ )

𝑖,𝑗=1
,

𝑀𝑝 =
{

𝑐(𝜙𝑝,(𝑗)
ℎ , 𝜙𝑝,(𝑖)

ℎ )
}#DoFs( 𝑝

ℎ )

𝑖,𝑗=1
,

𝛴𝑢 =
{

(𝜎(𝜙𝑢,(𝑗)
ℎ ),∇𝑥𝜙

𝑢,(𝑖)
ℎ )

}#DoFs( 𝑢
ℎ )

𝑖,𝑗=1
,

𝐹 𝑢 =
{

⟨−𝑡𝑒𝑦, 𝜙
𝑢,(𝑖)
ℎ ⟩𝛤top

}#DoFs( 𝑢
ℎ )

𝑖=1
,

𝐵𝑢𝑝 =
{

−𝛼(𝜙𝑝,(𝑗)
ℎ 𝐼,∇𝑥𝜙

𝑢,(𝑖)
ℎ ) + 𝛼⟨𝜙𝑝,(𝑗)

ℎ 𝑛, 𝜙𝑢,(𝑖)
ℎ ⟩𝛤top

}#DoFs( 𝑢
ℎ ),#DoFs( 𝑝

ℎ )

𝑖,𝑗=1
,

𝐵𝑝𝑢 =
{

𝛼(∇𝑥 ⋅ 𝜙
𝑢,(𝑗)
ℎ , 𝜙𝑝,(𝑖)

ℎ )
}#DoFs( 𝑝

ℎ ),#DoFs( 𝑢
ℎ )

𝑖,𝑗=1
.

22
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N

Using these spatial matrices, the time stepping scheme for one displacement temporal element and two pressure temporal elements
is given by

(𝜙𝑢,(1)
𝑘 , 𝜙𝑢,(1)

𝑘 )𝐼𝑚𝛴
𝑢𝑢1 +

{

(𝜙𝑝,(𝑗)
𝑘 , 𝜙𝑢,(1)

𝑘 )𝐼𝑚
}2

𝑗=1
⊗𝐵𝑢𝑝

(

𝑝1
𝑝2

)

= (1, 𝜙𝑢,(1)
𝑘 )𝐼𝑚𝐹

𝑢,

{

(𝜙𝑝,(𝑗)
𝑘 , 𝜙𝑝,(𝑖)

𝑘 )𝐼𝑚
}2

𝑖,𝑗=1
⊗𝐾𝑝

(

𝑝1
𝑝2

)

+
(

1 0
−1 1

)

⊗𝑀𝑝
(

𝑝1
𝑝2

)

+
(

1 0
)

⊗𝐵𝑝𝑢𝑢1 =
(

1 0
)

⊗𝐵𝑝𝑢𝑢0 +
(

1 0
)

⊗𝑀𝑝𝑝0.

ow we evaluate all temporal integrals from above

(𝜙𝑢,(1)
𝑘 , 𝜙𝑢,(1)

𝑘 )𝐼𝑚 = 𝑘,

(𝜙𝑝,(𝑖)
𝑘 , 𝜙𝑝,(𝑗)

𝑘 )𝐼𝑚 = 𝑘
2
𝛿𝑖𝑗 ,

(𝜙𝑝,(𝑗)
𝑘 , 𝜙𝑢,(1)

𝑘 )𝐼𝑚 = 𝑘
2
,

and arrive at the block linear system

⎛

⎜

⎜

⎜

⎝

𝑘𝛴𝑢 𝑘
2𝐵

𝑢𝑝 𝑘
2𝐵

𝑢𝑝

𝐵𝑝𝑢 𝑘
2𝐾

𝑝 +𝑀𝑝 0
0 −𝑀𝑝 𝑘

2𝐾
𝑝 +𝑀𝑝

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑢1
𝑝1
𝑝2

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝑘𝐹 𝑢

𝐵𝑝𝑢𝑢0 +𝑀𝑝𝑝0
0

⎞

⎟

⎟

⎠

.

In the space–time methodology from Section 2.2 the matrix has the same content, but the coupling blocks
(

𝐵𝑝𝑢

0

)

and
(

𝑘
2𝐵

𝑢𝑝 𝑘
2𝐵

𝑢𝑝
)

are being computed by first assembling the temporal integrals with the finer temporal basis, i.e. we have
(

𝐵𝑝𝑢 0
−𝐵𝑝𝑢 𝐵𝑝𝑢

)

and
(

𝑘
2𝐵

𝑢𝑝 0
0 𝑘

2𝐵
𝑢𝑝

)

.

Using the restriction matrix

𝑅 =
(

1 1
)

,

we then have
(

𝐵𝑝𝑢 0
−𝐵𝑝𝑢 𝐵𝑝𝑢

)(

1
1

)

=
(

𝐵𝑝𝑢

0

)

and
(

1 1
)

(

𝑘
2𝐵

𝑢𝑝 0
0 𝑘

2𝐵
𝑢𝑝

)

=
(

𝑘
2𝐵

𝑢𝑝 𝑘
2𝐵

𝑢𝑝
)

.
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