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Abstract

We prove that the Blaschke locus has the structure of a finite dimensional smooth man-
ifold away from the Teichmiiller space and study its Riemannian manifold structure
with respect to the covariance metric introduced by Guillarmou, Knieper and Lefeuvre
in Guillarmou et al. in (Ergod Theory Dyn Syst 43:974-1022, 2021). We also identify
some families of geodesics in the Blaschke locus arising from Hitchin representations
for orbifolds and show that they have infinite length with respect to the covariance
metric.
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1 Introduction

Classical Teichmiiller theory is a rich field which involves the interplay of tools from
analysis, geometry and topology. One beautiful theorem dating back to the early twenti-
eth century states that the Teichmiiller space is a finite dimensional smooth contractible
manifold (see for example [54], [1], [60]). Among many different proofs of this fact,
one approach, due to Fischer and Tromba ( [20]), is based on global analysis and
Riemannian geometry, by viewing the Teichmiiller space as a space of isotopy classes
of hyperbolic metrics on a closed connected oriented surface S with genus 4 > 2.
Many other interesting results can also be obtained from this Riemannian geometrical
characterization: for example, the Weil-Petersson metric on the Teichmiiller space is
Kihler and has negative sectional curvature (see e.g. [57, Section 5]).
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In this note, we will explore properties of a finite dimensional subspace of the
space of isotopy classes of negatively curved metrics that contains the Teichmiiller
space, using this Riemannian geometrical approach. Given a complex structure J
on S and a holomorphic cubic differential with respect to J, one can lift them to a
universal cover S of § and produce a parametrization f : S — R3 of a hypersurface
of special type arising from affine differential geometry, called a hyperbolic affine
sphere (see [41], and also Sect. 5.1). A hyperbolic affine sphere in R? is a surface of
constant negative affine mean curvature (see Sect.5.1). It comes naturally equipped
with an affine invariant Riemannian metric which descends to a uniquely determined
negatively curved metric on S in the conformal class of J, called a Blaschke metric. We
denote the space of Blaschke metrics on S by M* and the space of smooth hyperbolic
metrics on S by M_1. A hyperbolic metric 0 € M_; on § is a special case of a
Blaschke metric: in this case, the hyperbolic affine sphere determined by the complex
structure corresponding to o and the zero cubic differential can be taken to be the
hyperboloid model of hyperbolic space; the descended Blaschke metric is exactly the
hyperbolic metric o. Therefore, upon taking quotients by Dy, the space of smooth
diffeomorphisms isotopic to the identity, the Teichmiiller space 7 (S) = M_/Dy is
contained in the space M5B /Do, which we call the Blaschke locus.

Our work is in two directions: the first goal is to understand the topology and
regularity of the Blaschke locus, which is finite dimensional. The second is to study
some of its Riemannian geometric properties with respect to a Riemannian metric
constructed in [24] on the space of isotopy classes of negatively curved metrics which
restricts to the Weil-Petersson metric on 7 (S).

1.1 Structure of the Blaschke Locus and Relation to Higher Teichmiiller Theory.

Our first result is concerned with the topology and smooth structure of M5 /Dy. The
proof follows the spirit of Tromba’s proof of the fact that the Teichmiiller space is a
smooth manifold ( [57, Corrolary 2.4.6]).

Theorem A (Theorem 5.20, Theorem 5.17) The Blaschke locus MPB /Dy is a con-
tractible space. Moreover, it has the structure of a smooth manifold of dimension
1694 — 17 away from the Teichmiiller space T (S).

To motivate our interest in the Blaschke locus and the idea behind the proof of
Theorem A, we now further explain the relation between the Blaschke locus and Teich-
miiller space, from a different point of view. For this, we start with a brief exposition
of closely relevant objects—the Hitchin components. Classically, besides viewing the
Teichmiiller space 7 (S) as a space of (equivalence classes of) Riemannian metrics of
constant negative curvature (or hyperbolic structures) on S, one can also view it as a
space of (equivalence classes of) Riemann surface structures (complex structures) on
S or as a connected component of the space of (conjugacy classes of) representations
of m1(S) into PGL(2, R). The Hitchin component H,(S), as an important example
of higher rank Teichmiiller spaces (see [59] for a survey), generalizes 7 (S) from the
representation theory viewpoint and is a connected component of the space of (conju-
gacy classes of) representations from 1 (S) into PGL(n, R) for n > 2. Whenn = 2,
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the Teichmiiller space 7 (S) coincides with H(S) and embeds into all other Hitchin
components H,,(S). When n = 3, a complex analytical counterpart of H3(S) was
discovered independently by Loftin [39] and Labourie [32] in analogy to the view-
point of 7 (S) as spaces of Riemann surfaces. Let Q3(S) be the vector bundle over the
Teichmiiller space 7 (S) whose fiber over a complex structure (or, more accurately, an
equivalence class of complex structures) is given by the vector space of holomorphic
cubic differentials on S, which by the Riemann-Roch theorem is finite dimensional (cf.
(2.2)). They showed that there exists a mapping class group equivariant homeomor-
phism between the Hitchin component H3(.S) and the holomorphic cubic differentials
vector bundle Q3(S). One can then ask whether there is a natural Riemannian geomet-
rical generalization of the Teichmiiller space 7 (S). As hinted previously, the Blaschke
locus M8 /Dy as a space of negatively curved Riemannian metrics, even though not
in bijection to H3(S), plays this role. Modulo an S action on the vector bundle Q3(S)
(which identifies a holomorphic cubic differential ¢ with ¢>*%¢ for any 6 € [0, 1)),
using the holomorphic data Q3(S) as a bridge, one obtains the following mapping
class group equivariant homeomorphisms

omeo omeo

Ha(8)/8" 2 03(8)/8" B MmE Dy, (1.1)

where the S! action on H3(S) is simply obtained by pullback of the S' action on
03(9).

The above three objects are generalizations of 7 (S) from different viewpoints
(representation theoretic, complex analytic and Riemannian geometrical respectively).
A more detailed characterization of them and their relations will be described in Sect. 5.
In particular, the first homeomorphism is proved and implied from [39] and [32]. The
second bijection is first shown in [46]. We explain the second homeomorphism in
Proposition 5.19. These identifications will be crucial for the proof of Theorem A.

1.2 The Covariance Metric in the Blaschke Locus

As mentioned before, we also study the Riemannian geometry of the Blaschke locus
MB /Dy with respect to the covariance metric G(-, ) introduced by Guillarmou,
Knieper and Lefeuvre ( [24]).! This metric extends the Weil-Petersson metric from
the Teichmiiller space (viewed as the space of isotopy classes of hyperbolic metrics)
to a Riemannian metric on the space of isotopy classes of metrics of variable nega-
tive curvature, using techniques originating from the study of the X-ray transform on
closed Anosov manifolds ( [23], [25]). In our case, starting with the simple observation
that the extended mapping class group is a subgroup of the group of isometries for
the covariance metric (Proposition 4.12), the mapping class group equivariant homeo-
morphisms from H3(S)/S! to M5 /Dy in (1.1) allow us to identify certain families of
covariance metric geodesics in M2 /Dy arising from special orbifold Hitchin repre-
sentations (Sect.2.3). Briefly, let a two-dimensional orbifold Y be given as a quotient
of a Riemann surface X; (with underlying smooth surface structure S) by a finite
diffeomorphism group 2. One can then associate to Y a special one-parameter family

! This Riemannian metric is referred to as the pressure metric in [24].
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of representations in H3(S), denoted by H3(Y), as a fixed point set of the group action
of ¥ on H3(S), with £ understood as a subgroup of the extended mapping class group
(see Sect.3.2). We show

Theorem B (Lemma 6.5, Theorem 6.7) Let Y be a non-orientable orbifold of nega-
tive Euler characteristic with orientation double cover YT given by a sphere with 3
cone points of respective orders mi; > 3, my > 3 and m3 > 4. Then H3(Y)/Z, is
homeomorphic to a half line and embeds as a geodesic (unparametrized) in M? /Dy
with respect to the covariance metric G (-, -), where the Z> action on H3(Y) is induced
from the St action on H3(S).

These geodesics, which are homeomorphic to half lines, have starting points in Teich-
miiller space 7 (S) and eventually leave all compact sets of M5 /Dy (see Theorem
6.11). We further proceed in Sect. 6.2 to estimate their covariance metric lengths. We
show in Corollary 6.5,

Theorem C (Corollary 6.5) The covariant metric geodesics in M® /Dy corresponding
to H3(Y)/Z; given in Theorem B have infinite length.

In fact, our proof works more generally for any curve in M? /Dy parametrized by a
ray starting from 7 (S) in a fixed fiber of the bundle Q3(S)/S', using identification
(1.1),

Corollary D (Theorem 6.12) Let o be a hyperbolic metric on S and g be a nonzero cubic
differential which is holomorphic with respect to the complex structure determined by
o. Then the curve {[g:]}1>0 C MB/DO, where g; C M?B satisfies Wang’s equation
(5.4) with cubic differential \/tq, has infinite length with respect to the covariance
metric.

It remains as a question whether there are candidates for finite covariance metric
length paths leaving all compact sets of M5 /Dy but not in the Teichmiiller space
T (S). In general, incomplete paths in moduli spaces indicate meaningful geomet-
ric phenomena. For instance, in the Teichmiiller space 7 (S), Wolpert exhibits some
incomplete paths for the Weil-Petersson metric in [61]. These are paths realizing
“pinched Riemann surfaces”.

In the Appendix 1 we end with some further estimates for the covariance metric in
MZB Dy. An explicit formula (Proposition A.5) for the covariance metric G(-, -) at a
point in 7 (S) with tangent vectors corresponding to a direction tangential to the fiber
of 03(8)/S Ui given as a direct application of [26, Lemma A.1, Remark A.2]. We
hope that this formula can be further simplified in the future.

1.3 Outline of the Proofs

We briefly discuss our proofs of the main theorems in the sequel. Both for regularity
results and the study of the covariance metric in M2 /Dy, an important tool used in
our investigation is a single partial differential equation, called Wang’s equation (5.4).
It underlies the second identification (1.1) and has natural connection to Blaschke
metrics and the theory of affine differential geometry.

For regularity results, the ideas are as follows:
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e The proof of the smoothness of the Blaschke locus M? /Dy relies on constructing
smooth charts for it away from 7 (§), and is modeled on the construction of charts
for the Teichmiiller space outlined in [57, Section 2.4]. There, the key observation is
that the finite dimensional space of transverse traceless (= divergence free and trace
free) symmetric two tensors with respect to a fixed hyperbolic metric can be locally
identified with a slice of smooth hyperbolic metrics inside the Hilbert manifold
of hyperbolic metrics of fixed Sobolev regularity. This slice locally parametrizes
T (S), thus providing a natural local coordinate for it. For us, the coordinates for
the Blaschke locus are constructed via local identification with the vector bundle
of holomorphic cubic differentials over those slices for 7 (S).

e The link between local slices for the bundle of holomorphic cubic differentials and
local slices for the space of Blaschke metrics, viewed as a subset of the Banach
manifold of negatively curved metrics of CX¢ regularity, is given by Wang’s equa-
tion (5.4). It allows us to produce smooth diffeomorphisms between those slices,
by means of the implicit function theorem and the inverse function theorem for
Banach spaces.

To study the covariance metric in M? /Dy, we use a mixture of global geometry
concerning mapping class groups actions and local estimates using tools from partial
differential equations:

e The equivariance of the homeomorphisms in (1.1) with respect to the mapping
class group action allows one to preserve the fixed point sets of actions of certain
subgroups of it on the different spaces. By showing that the covariance metric is
extended mapping class group invariant, some one-dimensional fixed points sets
arising from geometric symmetry in the Hitchin components pull back by (1.1) to
geodesics in the Blaschke locus. Then, analytical tools can be applied.

e To estimate the lengths of the geodesics above, Wang’s equation is again a key,
together with some standard techniques from the theory of partial differential equa-
tions. These include the existence of supersolutions and subsolutions for Wang’s
equation, previously obtained by Loftin (Proposition 6.9), and some maximum
principle arguments.

1.4 Structure of the Article

The article is organized as follows. In Sect. 2, we recall some fundamental results from
Teichmiiller theory and Weil-Petersson geometry. We then introduce Higgs bundles,
Hitchin components and Hitchin maps. We also include a short discussion on orbifolds
and orbifold representations. Section3 is devoted to explaining the actions of the
extended mapping class group on various mathematical objects from different areas.
This will play an important role in the proofs of Sect. 6. Section 4 contains an exposition
on the covariance metric introduced in [24] in the space of negatively curved metrics.
We also show in this section that the covariance metric is extended mapping class
group invariant. In Sect. 5, we introduce Blaschke metrics, the Blaschke locus, and
explain the identification (1.1). We also discuss some important results concerning
the regularity and topology of Blaschke locus. In Sect. 6, we prove some results about
geodesics in the Blaschke locus with respect to the covariance metric and estimate
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their lengths. Finally, we end with some further estimates for the covariance metric in
the Blaschke locus near the Teichmiiller space 7 (S) in Appendix 1.

2 Preliminaries

This section develops the background material we will need in later sections. A reader
familiar with this material may skip it. We begin in Sect.2.1 with an exposition on
the classical Teichmiiller space and the Weil-Petersson metric. Then in Sect.2.2, we
introduce some basics on Higgs bundles and Hitchin components. We conclude with
a discussion of orbifolds and orbifold representations in Sect.2.3.

2.1 Teichmiiller Space and Weil-Petersson Metric

In this subsection, we will discuss Teichmiiller space from the viewpoint of Rieman-
nian geometry, initiated by Tromba and Fischer [20].

Let S be a closed orientable smooth surface of genus ¢ > 2. We denote by M
the space of smooth Riemannian metrics on S, by M_ the subspace of negatively
curved smooth Riemannian metrics, and by M _ the subspace of hyperbolic metrics
on S. We also denote by D be the diffeomorphism group of S, by DT the group of
orientation preserving diffeomorphism on S (when S is given an orientation), and by
Do the normal subgroup of D consisting of smooth diffeomorphisms isotopic to the
identity.

Definition 2.1 The Teichmiiller space, denoted as 7 (S), is the quotient space
M_1 /Dy, where the right action of Dy on M_; is given by

M_1 x Dy - M_q,
(0,9) = Yo.

We denote the equivalence class of 0 € M_; by [o] € M_1/Dy.

Equivalently, the Teichmiiller space 7 (S) is the space of (oriented) complex struc-
tures on S up to Dy-action. According to another viewpoint, the Teichmiiller space
7T (S) is a connected component of the representation space Hom(rr1 (S), PGL(2, R))/
PGL (2, R). This will be discussed in Sect.2.2.

Remark 2.2 'We remark that with Definition 2.1 above, the Teichmiiller space does not
“see” the orientation on S, in the sense that if 1 is an orientation reversing isometry for
ametric o, then [y *0] = [0] € 7(S). When 7 (S) is viewed as the space of oriented
hyperbolic structures modulo Dy, which is a point of view often taken in the literature
(see e.g. [42]), if ¢y : S — § is an orientation reversing isometry for a hyperbolic
metric o and & is the positively oriented hyperbolic structure that o determines, then
the hyperbolic structure obtained by pulling back the charts of & by ¥, mod Dy, is an
element of the Teichmiiller space of S, where S has the opposite orientation from S.

Given a Riemann surface X; with complex structure J, we denote by K; the
canonical line bundle associated to X, which is the (1, 0)-part of the complexified
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cotangent bundle 7*X § = C ®gr T*X ;. Further, we denote by HY(X,;, K j’) the
space of J-holomorphic differentials of order d, and by H%(X 1, K [d”) the space of
their Dy-equivalence classes. Explicitly, if ¢ € Dy, the J-holomorphic differential
q € H(X,, K%) and the ¥*J-holomorphic differential ¥*q € H(Xy+,, K;j )
represent the same point in H%(X 71, K [d”), denoted as [¢g]. The action of the groups
D and Dy on complex structures and holomorphic differentials will be explained in
detail in Sect. 3. It is well known that the cotangent space of the Teichmiiller space 7 ()
at [o] can be identified with the space of quadratic differentials H O(X 1, K [2”) on
the Riemann surfaces X[ 7] = (S, [J]) where [J] is associated to the (Dp-equivalence
class of) hyperbolic metrics [o]. An extensively studied Riemannian metric on the
Teichmiiller space 7 (S), defined using holomorphic quadratic differentials, is the
following Weil-Petersson metric.

Definition 2.3 The Weil-Petersson metric is a cometric on 7 (S) defined by

9192

(g1, [q21),,, (0 ]) = Re/ 7(1”0,

Xy

where [o] € 7(S) and [¢1], [¢2] are holomorphic quadratic differentials with respect
to [J] and o, J, q1, g2 are representatives picked from their equivalence classes so
that g1, g» are holomorphic with respect to J.

Itis well known that the Weil-Petersson metric is Kdhler ([2]) and negatively curved
([3],[57], [62]). The isometry group of the Weil-Petersson metric is the mapping class
group [42]. Also, although the Weil-Petersson metric is not complete ( [9], [61]), it
exhibits many nice properties of complete negatively curved metrics (see [61], [63]).
In Sect.4.6 we will discuss a different interpretation of the Weil-Petersson metric
(Theorem 4.16).

2.2 Hitchin Components and Hitchin Map

In this subsection, using Higgs bundles techniques, we introduce the Hitchin compo-
nent, which is a connected component of the representation space

Rep(m1 S, PGL(n, R)) := Hom(w; S, PGL(n, R))/PGL(n, R),
for n > 2, as a generalization of the classical Teichmiiller space 7 (S).
2.2.1 Higgs Bundles, Hitchin Components and Hitchin Sections
In this subsection, n > 2 is an integer. The discussion here holds for much wider
classes of groups, but for our purposes we will restrict to the group G = PGL(n, R).
Let sl(n, R) = so(n, R) ® sym®(n, R) be the Cartan decomposition of sl(n, R),
where sym®(n, R) is the set of n x n symmetric matrices of trace zero. Denote

sym®(n,C) = sym®(n,R) ® C. The following definition is a special case of [4,
Definition 3.14].
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Definition 2.4 A PGL(n, R)-Higgs bundle on a Riemann surface X ; is a pair (£, ¢),
where

e & is a holomorphic Lie algebra bundle with typical fiber sl(n, C) and structure
group PO(n, C),

e ¢ € HYX;; K; ® adsymo(n,(C) (£)) is a holomorphic section, called the Higgs
field.

Here by ady,,0,c)(€) we mean the bundle of symmetric adjoint endomorphisms of
£, i.e. endomorphisms of £ locally of the form adg : sl(n, C) — sl(n, C) for some
& € sym®(n, C).

The space of gauge equivalence classes of PGL(n, R)-Higgs bundles with some
“good” conditions forms the moduli space of PGL(n,R)-Higgs bundles, denoted
by Mpiges (PGL(n, R)). (The “good” conditions are polystablity conditions for the
Higgs bundles. One can find an introduction in [5], for example.)

Suppose that the holomorphic vector bundle £ has holomorphic structure d¢ and is
equipped with a Hermitian metric H. Recall that the Chern connection Ay of £ is the
unique connection that is compatible with H and satisfies A(;}l = dg. The following
is important.

Theorem 2.5 (Hitchin [29], Simpson [53]) Let (£, ¢) be a polystable PGL(n, R)-
Higgs bundle and let H be a Hermitian metric on €. A connection D = Ay +¢+¢*H
on (€, ¢, H) is flat if and only if the following Hitchin equation is satisfied,

Fa, + g, 9*1=0, (2.1)

where Fyu,, is the curvature of the connection Ap. Moreover, the holomorphic vector
bundle £ admits a Hermitian metric H satisfying the Hitchin equation if and only if
(€, @) is polystable.

We will come back to a special case of the Hitchin equation (Eq. (5.4)), which is of
central importance for this note, in Sect.5.1.

Hitchin [30] further introduces the Hitchin component using Higgs bundles and the
Hitchin section. We briefly discuss the Hitchin components and the Hitchin section here
and refer the reader to section 2 of [5] for a more comprehensive exposition. Let gc be
sl(n, C) and let g be sl(n, R) which is a split real form fixed by an antilinear Lie algebra
involution t of gc. Given a principal 3-dimensional subalgebra s = span{x, e, ¢} of
sl(n, C) consisting of a semisimple element x and regular nilpotent elements e and e
with commutation relations

[x,e] =e, [x,e] = —e, [e, e] = x,

the Lie algebra sl(n, C) decomposes into a direct sum of irreducible subspaces under
the adjoint representation of s:

n—1
sl(n. C) = P vi.
i=1
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We take ey, - - - , e,—1 as the highest weight elements of Vi, --- , V,,_1, where e} = e.
Another decomposition is

n—1
sin. O = @ o
d=—n+1

where g((cd ) is the subspace of sl(n, C) on which ady acts with eigenvalue d. Associated
to this decomposition is a natural Lie algebra bundle

n—1
d
Ecan = @ g((c) ®K;i’
d=—n+1

This is a common choice of the holomorphic bundle £ in Definition 2.4. With this
defined, we can introduce the Hitchin section in the setting of M pgqs (PGL(2, R)).

n .
Definition 2.6 A Hitchin section s; is a map from QBZHO(XJ, K') to Muiges
1=
n .
(PGL(n, R)) defined as follows: for ¢ = (g2, ¢3,--- . qn) € @ H(X}, Ki), the
=2
image s;(q) is a Higgs bundle &.,, with its Higgs field ¢(q) € HY X, K; ®
ady0(n,c)(Ecan)) given by

p(q) =e+qrer +qzex+ - quen—1.

Hitchin in [30] shows that any Higgs bundle in the image of the Hitchin section
s has the associated flat connection D (Theorem 2.5) with holonomy in PGL(n, R)
(See [4, Section 3]). This leads to the following important definition of the Hitchin
component:

Definition 2.7 ([30]) When n > 2, the Higgs bundles in the image of the Hitchin
section s; are stable and have holonomy in PGL(n, R). Moreover, the corre-
sponding representations form a connected component of the representation space
Rep(m1 S, PGL(n, R)). This connected component is homeomorphic to a Euclidean
space of dimension (2¢4 — 2) (n? — 1) and is called the Hitchin component, denoted
as H, (S).

An element in H,(S) is a conjugacy class of representations, called a (conju-
gacy class of a) Hitchin representation. Given a representation p, we denote its
conjugacy class by [p]. When n = 2, the Hitchin section exactly parametrizes the
Teichmiiller space, i.e., one has H3(S) = 7(S). When n > 2, one can choose a
principal 3-dimensional subalgebra s = s[(2, C) of the form s = span{x, e, ¢} which
is T-invariant, and it induces an inclusion sl(2, R) < sl(n, R). This induces a group
homomorphism k¢ from PGL(2, C) =~ Int(sl(2, C)) to PGL(n, C) =~ Int(sl(n, C))
(see [4, Section 2.2]). By restricting the groups respectively to PGL(2, R) and
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PGL(n, R), one obtains the principal representation k : PGL(2, R) — PGL(n, R)
and an embedding of the Teichmiiller space 7 (S) in the Hitchin component H,, ().
In other words, the principal representation « sends [pg] € 7 (S) to [p] = [k o po] €
H,, (S). We often call [p] = [k o pp] (a conjugacy class of) Fuchsian representations
of H,,(S) and the space of conjugacy classes of Fuchsian representations is called the
Fuchsian locus of H,(S).

Remark 2.8 We note that in the literature, the Hitchin component is usually defined as
acomponent of Hom(m; S, PSL(n, R))/PSL(n, R) ([30], [32]). In this note, we define
H,,(S) up to PGL(n, R) conjugacy (to work with orbifolds and orientation reversing
maps). The differences between these definitions are further discussed in Remark 2.15.

2.2.2 Hitchin Map

The holonomy maps of flat connections D associated to Higgs bundles in the images of

n

Hitchin section s induce a homeomorphism Hj : @ H O(X 5, K 5) — H,(S). This
i=2
map describes a parametrization of the Hitchin component H,,(S) by holomorphic
differentials and is often called the Hitchin parametrization. However, one drawback
of the Hitchin parametrization is that it depends on a specific choice of complex
structure J. In particular, it breaks the invariance with respect to the mapping class
group action, which will be extensively discussed in Sect.3. An attempt towards a
mapping class equivariant construction is the following, due to Labourie [33]. Let
01 (S) denote the vector bundle over the Teichmiiller space 7 (S) whose fiber over
X [J] is

Qu(S)| ;= H' X, Ky @ -+ @ HO (X1, K{'p. 2.2)
Then consider the Hitchin map H defined as

H: 0,(S) — Ha(S)
([J’q3s"' sqn])'_) HJ(qu3"" ’qu)'

Here J is arepresentative of the equivalence class [ /] and g; are i-th order differentials
holomorphic with respect to J that are representatives from [g; ]. The image of H; is
obtained by taking holonomy of the flat connection D associated to the Higgs bundle
s7(0, g3, - - - ) (Recall Definition 2.6).

Remark 2.9 The vector space HYX,;, K 5) can be identified with the space
HO(X (1, Kf Jp)- Via the map Hy, the holonomy defined using the flat connection
associated to ([J, g3, - - - , gn]) induces representations well defined up to conjuga-
tion.

The Hitchin map is always a surjective mapping class group equivariant map. A
natural question to ask is whether the Hitchin map is a homeomorphism. A recent
result from Sagman and Smille ( [S0]) shows that it fails to be injective and therefore
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not a homeomorphism when n > 4. However, in this note we will only focus on the
case n = 3, for which the homeomorphism result is well known.

Theorem 2.10 ( [39, Theorem 2], [32, Theorem 1.0.2]) The Hitchin map
H: 03(S) — H3(S)

is a mapping class group equivariant homeomorphism, where the mapping class group
actions on Q3(S) and on H3(S) (as outer automorphism group action) are the left
actions which will be explained in Sect. 3.

Remark 2.11 Tt will be useful for later to remark that the bundle Q, (S) over 7 (S),
with the latter viewed as M _1/Dy and with the fiber over each [o] consisting of
holomorphic differentials with respect to the positively oriented complex structure
determined by [o], has the natural C* topology (which is the quotient topology
descended from the C*° topology of objects without taking quotients by the Dy action).
For holomorphic differentials, the C* topology is equivalent to the compact open
topology due to Weierstrass’ Theorem. Therefore a sequence of pairs of hyperbolic
metrics and holomorphic differentials {(o%, gx)}x>0 converges to a pair of hyperbolic
metric and holomorphic differential (o, ¢) if the hyperbolic metrics o} converge to o
in C* topology and the lifts of holomorphic differentials gy, to the universal covers D
converge uniformly on compact subsets of D to the lift of g.

2.3 Orbifolds and Orbifolds Representations
2.3.1 Orbifolds

An orbifold is a space that is locally modeled on R” modulo finite group actions. In the
special case that all of these finite groups are trivial, we obtain a manifold. Otherwise,
orbifolds have singularities. For a general introduction on orbifolds, we refer the reader
to [56, Chapter 13]. Much of the presentation in this subsection follows [4, Section
2]. We restrict our discussion to n = 2. Let Y be a closed connected smooth orbifold
of dimension 2. There are three types of singularities of Y

(1) p is a cone point of order m: there is a neighborhood of p that is isomorphic to
R?/7Z,, where Z,, acts on R? by rotation.

(2) p is amirror point: there is a neighborhood of R?/Z, where Z, acts by reflection
in the y-axis.

(3) p is acorner reflector of order n: there is a neighborhood of p that is isomorphic
to R?/D,, where D,, is the dihedral group of order 21, with presentation

(a,b:a*=b>=(ab)" =1).
For a 2-dimensional orbifold Y, we will denote by k the number of cone points (of
respective orders my, - - - , my) and by [ the number of corner reflectors (of respective

orders ny, - - - , n;). We will also denote by Y the orbifold universal cover of Y. The
orbifold fundamental group is denoted by m1(Y), which is defined to be the group of
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deck transformations of the universal cover Y. We say Y orientable if its underlying
topological space |Y| is orientable and if Y has only cone points as singularities. The
Euler characteristic of an orbifold Y is defined as

k l
1 1 1
M) =x(Yp=Y d-——)—=> (1-—).
X X — m; 2j=1 n;

We will assume in this note that ¥ has negative Euler characteristic: x (Y) < 0. We
say that a 2-dimensional orbifold is a good orbifold if it has some covering orbifold
which is a surface. Every orbifold of negative Euler characteristic is a good orbifold. It
can be seen as a quotient of a closed orientable surface and has a presentation defined
as follows:

Definition 2.12 A presentation of a closed connected orbifold Y is a triple (S, Z, ¢),
where S is a smooth closed connected orientable surface, X is a finite subgroup of D
and ¢ is an orbifold isomorphism ¢ : ¥ — S§/X. We then write Y ~ [S/X], with ¢
ignored.

Remark 2.13 1If X; = (S, J) is a Riemann surface and X acts on X ; by holomorphic
or anti-holomorphic maps, then ¥ = Y inherits the “complex structure” from X ; and
we denote it as ¥ =~ [X;/X]. For nonorientable orbifolds, these are called orbifold
dianalytic structures. Precisely, an orbifold dianalytic structure on Y is an orbifold
complex structure on its orientable double cover YT with Z/27Z action given by an
anti-holomorphic involution, see [4, Section 5.1].

2.3.2 Hitchin Representations for Orbifolds

Thurston studied the space of hyperbolic structures on a closed 2-orbifold Y of neg-
ative Euler characteristic [56, Chapter 13]. This is called the Teichmiiller space of Y,
denoted as 7 (Y). Similarly to the case of closed surfaces, by taking the holonomy
representations of hyperbolic structures on Y, this space of hyperbolic structures on
Y is identified with a connected component of the representation space

Rep(m;Y, PGL(2, R)) := Hom(r; Y, PGL(2, R))/PGL(2, R).

Similarly to the closed surface case, one can define Fuchsian representations and the
Fuchsian locus for orbifolds using the principal representation ¥ : PGL(2, R) —
PGL(n, R). A (conjugacy class of) representations [p] : m1Y — PGL(n, R) is called
a (conjugacy class of) Fuchsian representations if there exists [pg] € 7 (Y) such that
[p] = [k o pol. The space of (conjugacy class of) Fuchsian representations is called
the Fuchsian locus of Rep(m1Y, PGL(n, R)).

The Hitchin component of the orbifold Y is defined using Fuchsian representations.

Definition 2.14 The Hitchin component of Y, denoted as Hit(;r1 Y, PGL(n, R)), is
the connected component of Rep(mY,PGL(n, R)) := Hom(mY,PGL(n, R))/
PGL(n, R) that contains the Fuchsian locus. An element in Hit(;t1Y, PGL(n, R))
is called a Hitchin representation.
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Remark 2.15 ( [4, Remark 2.5]) If Y is orientable (for instance if Y = S is a closed
orientable surface), then any Fuchsian representation of 71 (Y) is in fact contained in
Hom(z; Y, PSL(n, R)). It may happen that there are two Hitchin components (for
example, when n is even) if we consider such representations up to PSL(n, R)-
conjugacy. These representations in two connected components are related by an
inner automorphism of PGL(n, R). Therefore PGL(n, R)-conjugacy identifies these
components. On the other hand, when Y is nonorientable, the images of Fuchsian
representations of 71 (Y) are in PGL(n, R) (and may not be able to be restricted to
PSL(n, R)).

3 Mapping Class Group Actions

We give an exposition on how the extended mapping class group acts on various
mathematical objects.

3.1 Extended Mapping Class Group Action on Riemannian Metrics

Let S be a closed orientable smooth surface of genus & > 2 as in Sect.2.1. Recall
that M_ denotes the space of negatively curved smooth Riemannian metrics on S, on
which the diffeomorphism groups D, D (when S is oriented), and Dy act by pullback.
The extended mapping class group is given by the quotient group Mod™® (S) := D/ Dy.
Two smooth diffeomorphisms fi and f> represent the same point in Mod* (S) if and
only if f] is smoothly isotopic to f>. In other words, the extended mapping class
group Mod*(S) is the group of isotopy classes of elements in D. When S is given
an orientation, we also denote by Mod(S) = D /Dy the mapping class group which
is the group of isotopy classes of all orientation-preserving smooth diffeomorphisms
of S. The mapping class group Mod(S) is an index 2 subgroup of Mod*(S). Given
Y € D, we denote by [¢/] the induced element in Mod* (S). The action of D on M _
by pullback induces an action of Mod*(S) on the quotient space M _ /Dy. This space
will be discussed further in Sect. 4.4. Note that this action of Mod*(S) is a right action
on M_/Dy. To be consistent with the outer automorphism group action introduced
in the next subsection, people also often use the induced left action of Mod®(S) on

M_ /Dy given by []-[g] = [(¥ ) *g].
3.2 Extended Mapping Class Group Action on Hitchin Components
3.2.1 Outer Automorphism Group
The outer automorphism group Out(mr1S) is defined as the quotient
Out(m1S) = Aut(mr1S)/Inn(m1 S),
where Aut(sr1.S) is the group of automorphisms of 771 S and Inn(7r1 ) denotes the group

of all inner automorphisms: for any h € m1 S, the associated inner automorphism is
defined by
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Iy, -m S — mS,

g hgh_l.

By the Dehn-Nielsen-Baer Theorem [19, Theorem 8.1], the extended mapping class
group Mod*(S) is isomorphic to the outer automorphism group Out(r; S). There is a
natural left action of Out(r1S) on H,, (S). Given a representation p € H,,(S) and any
Y € Out(mryS), define

Yop=poy .

This action preserves the Hitchin component H,,(S) (see the paragraph after Lemma
2.8 in [4]). As the extended mapping class group Mod*(S) is identified with the group
Out(7r; S), we obtain a natural action of Mod* () on the Hitchin component H, (S).
In particular, this action on H>(S) = 7 (S) corresponds to the left extended mapping
class group action on M_1 /Dy by (inverse) pullback defined in Sect.3.1.

3.2.2 Outer Automorphism Group and Orbifolds

In Sect.2.3, we presented a 2-dimensional closed connected smooth orbifold Y of
negative Euler characteristic as a quotient of a closed orientable surface S by a finite
subgroup ¥ < D. This implies the existence of a short exact sequence:

l->mS—->mY—> X — 1.

In particular, 1S is a normal subgroup of 71 Y of finite index and ¥ ~ 1Y /7 S.

The finite group & < D yields a subgroup £ < Mod*(S) which is isomorphic to a
subgroup of Out(sr1 S) by the Dehn-Nielsen-Baer Theorem. Because Out(sr; S) acts on
the Hitchin component H,, (S) from the left by (inverse) precomposition, one obtains
an action of ¥ on H, (S). We will denote by FixyH,, (S) the fixed locus of the action
3. The following theorem from [4] about the relation between Hitchin representations
for orbifolds and the outer automorphism group action on 7, (S) will be important
later:

Theorem 3.1 ([4, Theorem 2.12]) Given a closed connected 2-orbifold of nega-
tive Euler characteristic Y and a presentation Y >~ [S/X], the map p +— plzs
induces a homeomorphism j : Hit(mY,PGL(n,R)) — FixgH,(S) between
Hit(sr, Y, PGL(n, R)) and the X -fixed locus in H,,(S).

3.3 Extended Mapping Class Group Action on Holomorphic Differentials

In this subsection, we first explain how the extended mapping class group acts on the
space of sections of holomorphic differentials in general. Then we focus on surface
diffeomorphisms that are holomorphic or antiholomorphic with respect to a certain
complex structure, and discuss the extended mapping class group action they induce.
This will naturally lead to an exposition on the equivariant structure of Hitchin fibration
from [4, Section 4.1].
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Given a complex structure J € C°°(S; End(T'S)), a diffeomorphism ¢ € D acts
on J from the right as: (y*J)y = (d¥ Dy © Jy(x) o d¥x. In particular, we say
¥ is holomorphic with respect to J if ¥*J = J; We say v is anti-holomorphic with
respect to J if ¥*J = —J. Upon taking a quotient by Dy action, one obtains an
action of the extended mapping class group Mod*(S) = D/Dy on isotopy classes of
complex structures.

The action of ¢ € D naturally induces a left action of ¥ on all powers of the
canonical bundles K f, denoted by «ky . Let X; = (S, J) be the Riemann surface with
the complex structure J. We can define an action of ¥ on a holomorphic section
s e HO(Xy, Kjl) by ¥*s := K¢_1 o s o ¥ as illustrated by the following diagram:

d “v d
KI//*J —> KJ

T;//*s ’ Ts
(S, y*J) — (8, J)

More explicitly, for p € Sand v € (TX g* J)(l*o), we have

W s)(p)(v, -+, v) =s@(P)(dY @), -, dy(v)).

Here dyr denotes the complexified differential dvr : T, X g* ;= Ty X S: The pull

back ¥ *s is a holomorphic section on H O(X g, K i* 7 After taking Dy quotient,
we obtain a right Mod*(S) action on (Dp-equivalence classes of) holomorphic d-
differentials. Often, we also use the induced left action by inverse pull back given by
[¥]-[s] = [y~ 1)*sl.

Now we focus on diffeomorphisms that are either holomorphic or antiholomorphic
with respect to a fixed complex structure J and explain their actions on holomorphic
differentials. Suppose that X is a finite subgroup of D. We fix an orientation for S and
a X-invariant Riemannian metric g on S. Denote by J = J, the complex structure
associated to g. Then a map ¢ € X is holomorphic with respect to J if it preserves
the orientation of S; otherwise, it is anti-holomorphic. The bundle isomorphism «
from Ky« to K; defined before induces a bundle automorphism 7y, : K; — Kj.
More explicitly, when v is orientation preserving, we let Ty, = «y,, which is clearly
a bundle automorphism. When v is orientation reversing, given § = (p, w) € K ji Ips
welet Ty € = Kw_f Since ky maps the bundle Ky+(_ sy to K_j and ¢ *(—J) = J,itis
also clear in this case that 7y, : K; — K is a bundle automorphism. This introduces
an action of 7y on all tensor powers K jl. The definition of the 7y action here then
coincides with the 7y action in [4, Section 4.1].

The family 7 = (ty)yex forms a X-equivariant structure of the holomorphic
bundle K f in the following sense:
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(1) For all y € X, the following diagram commutes (i.e. 7 o Ty = ¥ o ),

T
K¢ —— K¢

Al
(S, J) — (S, J)

where 7 : K ;’ — (S, J) is the projection. (The map y* will be explained in the
next paragraph.)
(2) The bundle map ty is fiberwise C-linear if v is holomorphic with respect to J
and fiberwise C-antilinear if ¢ : X — X is anti-holomorphic with respect to J.
3) tig = IdK§ and Ty, y, = Ty, Ty,.

Note that since ¥ and 1y are simultaneously holomorphic or anti-holomorphic, the
composition 7y o s o ! is again a holomorphic section in H%(X;, K¢). We will
denote this (left) action by ¥4 - s = Ty 050 ¥~! to emphasize that this is an
automorphism and distinguish it from the pull back action ¥ *s and its induced left
action ¥ - s = (¥ ~1)*s by inverse pull back.

In general, suppose X ; is a Riemann surface with complex structure J so that the
finite group X acts on X ; by holomorphic or anti-holomorphic maps. Then ¢y €
acton H(X, Kj) as an automorphism 4 : HO(X;, Kjl) - H%Xy, K?). The
following Proposition in [4] will be important later.

Proposition 3.2 ([4, Lemma 4.3]) Under the above assumptions, the Hitchin
n .

parametrization Hy : HO(X;, K')) — Hu(S) is L-equivariant and induces a
i=2

homeomorphism

Fixz (D HO(X,. K})) ~ Fixg M, (S)
i=2

for any integer n > 2.

4 Covariance Metric on the Space of Negatively Curved Riemannian
Metrics

In this section, which follows closely [24, Section 2], we will define the covariance
metric introduced there on the space of negatively curved metrics. The material here
works for n-dimensional Riemannian manifolds with Anosov geodesic flows, though
we only discuss it in the setting that we are interested in, namely that of a closed
orientable smooth surface S with genus ¢ at least 2.
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4.1 Function Spaces

If M is a closed manifold, we will denote by D'(M) := (C*°(M))’ the space of
distributions, and by H*(M) the Sobolev space of order s € R. The latter can be
defined as

H (M) := {u € D'(M) | (1 — Ag))*?u € L (M)},

where Ag, denotes the negative Laplace-Beltrami operator of a fixed Riemannian
metric go and Lz,o (M) is the space of square integrable functions with respect to the

probability measure induced by the volume density dvg, of go, i.e. with respect to

d . o . L
Wg"’{%). An alternative useful characterization of H* (M) for integer k > 0 is given

H (M) = {u € D'(M)|Vy -+ Vyuu € L2 (M), 0<m <k, foranyV; e X(M)},

where X (M) denotes smooth vector fields on M. A choice of go induces an inner
product

(u, V)33 oy = ((1 = Ag)*Pu, (1 — Ago)‘v/zw%(m = (1= Ag)"u. )12 ().

making H* (M) into a Hilbert space (the last equality follows by self-adjointness). In
our applications, M will typically be either S or 'S ¢, Where T's ¢ 18 the unit tangent
bundle with respect to a Riemannian metric g on S. Whenever we write L3(T! Sg), it
will be understood that the measure used to define the L? inner product and norm is
the Liouville measure of g normalized to have total mass 1, denoted by ,uf,. Notice

that if f € C°°(S) and 7y : Tng — S is the natural projection we have

1
Py d;&:—/ dv,.
/Tlsg 0fds Area(S, g) sf ¢

For k € Ng and @ € (0, 1), we will also make use of Holder spaces
CH (M) := {u e CK(M)|Vy - -- Vi € C*(M), forany V; € X(M)}

where

o _ 0,x _ 0 |”(x) - “()’)|
C*(M) =C**M) ={uecC’(M)| jipy) —distgo(x, ) < oo}.

Upon fixing a norm, C** (M) becomes a Banach space. Spaces of sections of smooth
vector bundles with Sobolev or Holder regularity are defined using local trivializations.
We remark that for both Sobolev and Holder spaces, a different choice of background
metric go does not change the spaces themselves, and different choices of metrics
result in equivalent norms.

@ Springer



145 Page 18 of 54 X. Dai, N. Eptaminitakis

4.2 The N9 and Variance Operators

For the rest of this discussion, fix a negatively curved metric g on S. In [23], an operator
I8 : HS(T'! Sg) —> H™F (7! S, ) is constructed using microlocal tools. Whenrestricted
to f € C°°(T1Sg) satisfying the mean zero property (that is, (f, 1>L2(Tlsg) =0), it
is given by

M : C(T'S,) — D/(T'Sy),

T
(Hgf’ f/> = TleOO/T<f O¢ta f/>L2(Tlsg)dt.

Here ¢, is the geodesic flow of g on T'! S, and the convergence of the integral on the
right hand side is guaranteed by exponential decay of correlations for ¢; (see [37]).

From another perspective, 18 is related to the Variance and Covariance, arising
from the Thermodynamic formalism.

Definition 4.1 The variance of f € C®(T!'S ) which is of mean zero with respect to
ué is defined as

Var(f, pug) = lim —[ </ f(¢t(X))dt) dpg (x)

T—oo T

and the covariance of two /,Lé‘ -mean zero functions fi, f» € C®(T'S ¢) is given by

Cov(fi, o) = lim — /T . ( / f1(¢z(x))dt> ( / fz(cbz(X))dt) duut ).

A crucial factis thatif f € C oo(r! S, ) is of mean zero, one can use the ¢;-invariance
of the Liouville measure ,ug; to obtain

(M8 f, f) = Var(f, ug); 4.1)

A proof can be found in [49, Proposition4]. Note that (4.1) is always nonnegative.
Similarly, one can check that (I18 f1, f2) = Cov(fi, f2, /Lé) if f1, f» are of mean
Zero.

The following Theorem is proved by Guillarmou in [23]. We state it in our setting:

Theorem 4.2 ( [23, Theorem 1.1], [22, Section 4A]) For all s > 0, the operator
I8 : 'H‘Y(Tng) — H_S(Tng) is bounded and self-adjoint and satisfies the following
properties:

(1) TI8 is positive in the sense that (1% f, f) > 0 for all real-valued f € H* (T Se).
(2) If f and X8 f belong to H‘”(Tng), then TI8 X8 f = 0, where X8 is the geodesic
vector field on T Sg.
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3)If f € HS(Tng) with (f, 1)L2(Tlsg) = 0, then TI8 f = 0 if and only if there
exists a solution w € HS(Tng) to the cohomological equation X8w = f, and
w is unique modulo constants.

(4) TI81 = 0.

(5) If f € H5(T'S,), then (I8 f, 1) = 0.

These properties of T18 are important for introducing the covariance metric from
[24, Section 2]. In particular, the fact that [181 = 0 allows one to use (4.1) to make
sense of I18 for all C°°(T1Sg): once one notices that I18 f = TI8(f — (f, 1)L2(715g)),
the following is immediate.

Lemma 4.3 The operator T18 : COO(Tng) — D/(Tng) is given by

T
(T8 f, f') o= Tlimw/T(Pg(f) o dr. )2 r1s,dt,

where Py : C°°(Tng) — C°°(Tng) is the projection operation defined by
Pe(f):=f = {f. Darisy-

4.3 Symmetric tensors on a Surface S

We denote by S, (S) the space of smooth symmetric m-tensors on § (and we use
Sﬁ,’a(S) when we need C*¢ regularity). If f € S,,,(S) andm € No = {0,1,2,...},
we denote by 7, f € C>°(T'S) the map 7, f (x, v) := fx(v,---,v). Sox, converts
a symmetric m-tensor to a function on the tangent bundle 7'S. A Riemannian metric g
naturally induces a scalar product (-, -) on S, (S) (see for example [22, Section 2A1]).
The formal adjoint of 7, is given by declaring

(f, ”m*h>L§(S) = (T[:;Lf’ h)LZ(Tlsg),

where f € S,,(S) and h € C®(T'S,).

Fix a smooth Riemannian metric g on S for the rest of this discussion. We denote
by D, the symmetrization of the covariant derivative with respect to the Levi-Civita
connection V. One has the following relation [22, Lemma 2.3] between the geodesic
vector field X8 on T'1S ¢ and the operator Dy,

X8y =mp  Dyg. 4.2)

The formal adjoint of D, is the negative of the divergence operator on symmetric
m-tensors, i.e. D; 1= —1trg oVg : 5,4 (S) = S,u—1(S). Note that the negative Laplace-
Beltrami operator on functions is given by Ag = —Dy Dy.

We will be mostly interested in symmetric 2-tensors, either smooth or of Holder
regularity, and for those, the following L2-orthogonal decompositions will be useful.
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Any tensor f € Sg’“(S) can be decomposed uniquely as a sum
f=Dgx+v, (4.3)

where x € S]fH’a(S) and v € Sg’“ (S) satisfies Dfv = 0. The component Dy x is
often called the potential part of f, whereas the divergence free component v is called
solenoidal. Another helpful decomposition of f € S];’“ (S) is the one into a conformal
and a frace free part with respect to g:

f=n+ 1.

where f1 = %(trg f)g is conformal to g and f, = f — %(trg f)g is trace free.

4.4 The Space M _ /Dy

Here we summarize some useful facts found in [24, Section 2.3]. Recall that in Sect. 2.1,
we defined M as the space of smooth Riemannian metrics on a closed orientable
smooth surface S of genus ¢4 > 2 and M_ as the open subspace (in the C* topology)
of negatively curved Riemannian metrics. The space M is a smooth Fréchet manifold
whose tangent space at g € M can be naturally identified with the space S;(S) of
smooth symmetric 2-tensors. Since M _ is an open subset of M in the C*° topology, it
has the same tangent space. The group Dy of smooth diffeomorphisms isotopic to the
identity is a Fréchet Lie group ( [28, Section 4.6]) and acts on M on the right by pull
back. This action is smooth and proper on M ( [16], [17]). Moreover, for negatively
curved metrics, this action is free [21]. By Ebin’s slice theorem (see [17], [11]), for
any go € M_, there exists a neighborhood U of go in M_, a neighborhood V of
Id € Dy, and a Fréchet submanifold WV of M_ containing go such that

WxV—U,
N 4.4)
(&)~ Y7g
is a diffeomorphism of smooth Fréchet manifolds and such that
TgyW = {v € S2(8)| Dy v = 0}. 4.5)

Because the tangent space of the orbit space g - Dy C M_ at g consists of elements
of the form Ly g for Y € X(S), the fact that %,Cyg = Dg(Yb) implies that it consists
exactly of the potential symmetric 2-tensors. Therefore, Ty, VW and Ty, (g - Do) are
mutually orthogonal with respect to the Léo inner product. For g near go, one has
T W N Ty(g - Do) = {0}. Since the action of Dy on M_ is proper and free, together
with the diffeomorphism property of (4.4), a neighborhood of [g] in M_ /Dy can be
identified with a neighborhood of g in W. The set M _ /Dy therefore inherits from W
the structure of a Fréchet manifold with its tangent space at [go] identified with (4.5).

We will also make use of the space ME of Che negatively curved metrics, where

k € Nis large and @ € (0, 1), which is a Banach manifold with T, M** = S5%(S)
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at each g. The group DSH’O‘ of Ck+1.¢ diffeomorphisms isotopic to the identity acts
continuously, freely and properly on M5 but not smoothly (see [57]). Thus we
cannot use the quotient manifold theorem to give M’i’“/DgH’“ the structure of a
smooth manifold. However, we note that the DSH’“ orbit through any C* metric in
M*® is a smooth submanifold of the latter with tangent space at go consisting of the
C*k@ potential symmetric 2-tensors with respect to go.

With all these understood, we can proceed to introduce the covariance metric on
the space of negatively curved metrics in the next subsection.

4.5 The Covariance Metricon M _ /Dy

To construct the covariance metric ( [24]) on M _ /Dy, we first produce a bilinear form
G on M_ and on M*% Tt might be tempting to think that 72, o I1¢ o 75 induces a
positive definite symmetric bilinear form on T, (M_/Dy) by Theorem 4.2. However,
even though I18 is positive (Theorem 4.2), positive definiteness of the bilinear form
associated with o, o I18 o ng‘ does not follow (see Remark 4.11). To tackle this
problem, the authors in [24] consider the operator

I3 :Sm(S) — S,,°°(S),
My 0 = (T8 + 1@ D1k,

where the operator 1 ® 1 : C°°(T]Sg) — C°°(T1Sg) projects a function f €
COO(Tng) onto its mean (f, 1>L2(Tlsg) and S,,%°(S) := (Sw(S))’. The operator I,
can be thought of as an analog of the normal operator of the X-ray transform, defined
on a compact manifold with boundary having sufficiently good geometric properties,
which averages the X-ray transform of a tensor field over all geodesics passing through
a point (see for example [48]). On the closed surface (S, g), the X-ray transform is
defined as

1 L(c)
I - Sw(S) > £2(0),  f > Iif(o) = m/ﬂ T f (@ (2))dt,  (4.6)

where C denotes the set of closed orbits of the geodesic flow and in (4.6) a closed orbit
c of primitive length L(c) is parametrized as ¢;(z), where t € [0, L(c)] and z € c. The
fact that on S the space of all geodesics does not have a manifold structure necessitates
the more complicated construction of IT§;, compared to the normal operator.

Now one can define a bilinear form on T, M_ as follows:

Definition 4.4 Define a bilinear form G,(:, -) on T M _ by
Gg(hy, h2) == <H§h1, h2>L§(s)

forhj € TeM_ =~ Sy(S)and j =1,2.
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Lemma 4.5 The bilinear form G, (-, ) satisfies

Gy(h, hy = Var(Po (u3h). ) + (w5, 1) o i .

forg e M_and h € T, M_, where Var is the variance defined in Definition 4.1.
Proof We have
Gg(h, h) = (TI5h, h>L§(S)
= (Hgﬂikh, ﬂ;h) + <7T;h, l)LZ(TISg)<7T;h’ I)LZ(TISg)
= (Hg(Pg(T[;h)), ﬂ;l’l) + (T[;I’l, 1>L2(T15g) (ﬂ;l’l, 1>L2(Tlsg)
(by Lemma 4.3)

= (Hg(Pg(T[;h)), Pg(ﬂ.’;h)) + (T[ikh, 1>L2(T15g) (JT;}I, 1>L2(T1Sg)‘
(By Theorem 4.2(5).)

The result follows immediately because the first term coincides with Var (P, (5h), ,uéL, ).
O

Corollary 4.6 The bilinear form G, (-, -) also satisfies

Gy(h1, h) = Cov(Py(mihy). Pe(w3ha), ub) + (mihi 1) 2 is,y (w5, 1) 2,
= COV(Pg(T[;h]), ﬂ;hz, Mi;) + (T[;h], 1>L2(T1Sg) (ﬂ;hz, 1>L2(T1Sg)'

Proof For a proof, see [14, Corollary 2.21 and Definition 2.22]. O

Proposition 4.7 The bilinear form G,(-, -) is defined on the Banach manifold M-Ee
for fixed large k and o € (0, 1) and is C*¥=3 there, in the sense that for any smooth
local sections hy, hy € C*°U; Sg’a(S)), where U C M5 is an open neighborhood
of a metric g, the function

U—>R, g Gglhi(g), ha(g)) 4.7

is Ck=3. Similarly, if U € M_ and hy, hy € C®°U; Sa(S)) with hy, hy : ME* —
Sg’“(S) smooth for all k, then (4.7) is smooth on U.

Proof We will use the expression in Corollary 4.6, which also makes sense on ./\/llﬁa,

as the following proof shows. For Y C M5 and fori = 1, 2, consider the map (see
[24, Section 1.2] for the last equality)

Fi(g) U - R,

1
*p _ *p L _ .
g (myhi(g), 1>L2(Tlsg) = /TIS nzh,(g)dug = Arca(S. ) /Strgh,(g)dvg.

8
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The integral factor can be written locally in coordinates x!,x? in the form

2

/ Z 2" (hi(g))sy/det(g)dx. Since for all s, = 1,2, the maps g > g*' and

s,t=1
g > +/det(g) are smooth into CX(S), so is the integrand. Then the integral defines
a bounded linear map from C k’“(S) (actually even from C 0(8)) into R, so the com-
position is smooth. The area is given locally by [ /det(g)dx, so it is also smooth in
g. So the maps F; and their product are smooth.

Then we show that g — Cov(Pg(m5h1(g)), Pe(yha(g)), ué) is Ck=3. From the
thermodynamic formalism, we know (see e.g. [47, Proposition 4.11], [14, Remark
2.25]) that

Cov(Pg(5h1(g)),
IP(—J¢ + sm3hi(g) + tiha(g), X2)
dtas S:l:()'

Py(m5ha(8)), py) =

(4.8)

Here P(-, X¥) is the pressure function with respect to the geodesic flow of g (see
e.g. [47]), which is determined by the geodesic vector field X8 e Xk~Le(T8)
xk-1 (T S) (note that this inclusion is smooth). The Liouvile measure /,LL is the equi-
librium state of —J', where J, is the unstable Jacobian of the geodesic flow generated
by X8 ([7, Section 4 and Section 5]). The pressure is real analytic in the first com-
ponent (see [47, Proposition 4.8], [44, page 377]). By (4.8) and polarization, to show
that g — 37P(0, X8)(5h1(g), m5ha(g)) is C*—3, it suffices to show that

f(t.g) :==Pnthy(g). X*) : R x M 5> R
is C¥~1. Since we know
U g m5hj(g) € CEUTS) and U3 g X8 e XN(TS)

are smooth, from [10, Theorem C(a)] one knows that upon fixing ¢t = 7o, the map
P(tomyha(g), X&) is C*respectto g. Since varying ¢ does not change the background
flows and corresponding subshifts of finite type [10, Lemma 5.1], the proof of [10,
Theorem C] (page 110) can be adjusted to show that P(tm}'h2(g), X¥) is jointly ck-1
for both parameters ¢t and g from the real analytic dependence of the pressure on the
first component. O

It is important for our purposes that the bilinear form G (-, -) is positive definite
on To M_ NkerDy:

Lemma 4.8 [[24, Lemma 2.1]] Given h € TeM_ N kerD;f, then
Gg(h,h) = 0.

Moreover, G4 (h, h) = 0 if and only if h = Q.
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Another important criterion for the bilinear form G (-, -) to descend to M_ /Dy is the
following Lemma

Lemma4.9 Suppose hy = Dgyp € Ty M~ is a potential tensor with p € S1(S). Then
Gg(hi,h2) =0

for any hy € S>(S).

Proof We write
(l'l§h1, hZ)Lg,(S) = (l'[gn;‘(Dgp), ﬂfhz) + (ﬂf(DgP), 1)L2(Tlsg)<772*h27 1)L2(T15g)-

By equation (4.2) and Theorem 4.2, we know that 7} D, p = X87{ p and that Xé7{ p
is in the kernel of the I1¢ operator. Also (7} Dgp, D2ais,) = (p D§7T2*1>L§,(S)’ o)

since M1 = %g and D; = —Tr, Vg, we conclude that G4 (hy, hy) = 0. O
Now we are able to introduce the Riemannian metric from [24].

Proposition 4.10 ( /24, Proposition 3.9]) The bilinear form G produces a Riemannian
metric on the quotient space M_ /Dy, called the covariance metric. Given [g] €
M _ /Dy, we denote the covariance metric at [g] by G[g1(-, -).

Proof The proof of this Proposition can be found in [24, Proposition 3.9] and we only
repeat it for its importance. For a fixed gg € M_, we identify a neighborhood of
[go] € M_/Dy with a slice W C M_ (a Fréchet submanifold) passing through
go- We verify positive definiteness. For g € W near go, let & € T, W. Since we can
decompose h = Lyg + h’, where Y € X(S) and D;h/ = 0, by Lemma 4.9 we obtain
Ggy(h,h) = Gg(h', h') = 0 with equality exactly when i’ = 0, by Lemma 4.8. If
h' = 0, the fact that T, )W N {Lyg|Y € X(S)} = {0} yields & = 0. We notice that the
argument does not depend on which slice WW we use to identify M_ /Dy by Lemma
4.9. S0 Gg) (-, -) is a well-defined Riemannian metric on the quotient space M _/Dy.

O

Remark4.11 From the proof of Lemma 4.9, we notice that (II873h, mjh) =
Var (P, (mt5h), Mé) also descends to a bilinear form on M_/Dy. However it is not
positive definite and therefore does not give a Riemannian metric on M_ /Dy. For
example, consider a family of conformal metrics {g;};cr € M_ given by g, = tg
for some g € M_. Since h = g9 = g is divergence free (and therefore not a
potential tensor), we have dmaq_h = drwpag_g € T4y (M /Dp) is nonzero (where
Tpm_ 2 Mo — M_/Dy is the quotient map). But Py(w5h) = Py(nyg) = 0, so
(Mémyh, wyh) = 0.

Next we show that the extended mapping class group is an isometry subgroup of
the covariance metric. Recall that the action of D on M_ by pullback induces a right
action of the extended mapping class group Mod® (S) on the space M_/Dy. In the
following proposition, if [¥] € Mod*(S), we write this action as Oy : M_/Dy —
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M_/Dy, [g] = Oy (gD = [¥*g]. Then 6y is smooth with smooth inverse (note
that Mod®(S) is discrete and [g] — [¥*g] is smooth, as one can see by writing [g]
and [y *g] in terms of slices W and ¥ *W as in (4.4)). It is actually an isometry with
respect to the covariance metric Gg (-, -).

Proposition 4.12 (Isometry subgroup) The covariance metric is invariant under the
extended mapping class group action on M7~ /Dy. In other words, the extended
mapping class group is an isometry subgroup of the covariant metric. Explicitly,
given [g] € M_/Dy and 71\1' € Tigi(M_/Dy), for j = 1,2, and an element
[¥] € Mod®(S), we have

Goyyy(1e) (dOpy ik, dOpyiha) = Gy (hy, o).

Proof First observe that if 72 € Tiy(M_/Dp) and h € Te M _ satisfies dopg_h = n
forsome g € [g], thend6y h = dmaq_(f*h),forany ¢ € [/]. Indeed, let g; € M_
be a curve with h = %g, |t=0, so that %[g,]|t=0 — %. Then

~ d d
dOyh = E(Qllﬁ]([gf]))L:o = EJTM,(l/f*gt)‘t:O =dap_(Y*h).

This and the definition of the covariance metric imply that it suffices to show
Gyrg(Y h1, Yy hy) = Gg(hy, h2) (4.9)

for hj € TgM_ satisfying dmag_hj = iz\j and ¥ € D, since in that case we have

Gig)(h1, 1) = Gg(h1, ha) = Gyeg(W*h1, ¥*ha) = Gayy (g1 (@011, dOpy o).
(4.10)

Note here that the & ; are determined by 71\] up to the addition of a tensor field which
is vertical with respect to the quotient map, that is, a potential tensor. The validity of
(4.10) is independent of the choice of ; by Lemma 4.9.

To show (4.9), recall that

1T
Gg(h], h2) = lim —f <Pg(ﬂ;h1) Od)t, ”;h2>L2(T1S )dt
T—oo T J_1 8

+(n5h, Di2is,) (w3 ha, D21,

where P (75h1)(x) = m5hi(x) — (w5hy, 1) 2 Se)- The Liouville probability mea-
sures of g and Y *g are related by pushforward, i.e., M@* g = /- 1)*,%%, where
vl Tng — TISII,* ¢ 1s the induced diffeomorphism by . Also, by the naturality of
the Levi-Civita connection, the geodesic flows ¢ and ¢;’0 "8 of g and Y * g respectively
are related by conjugation by ¥, thatis, ¢/ ¢ = ¢~ o¢f o : T!Syrg — T'Syx,.
A simple change of variable then yields (4.9). O

@ Springer



145 Page 26 of 54 X. Dai, N. Eptaminitakis

Remark 4.13 Although we have only shown the above theorem for the right pull back
action of the extended mapping class group on M _ /Dy, it naturally also holds for its
induced left action introduced in Sect.3.1.

4.6 The Special Case of 7 (S)

Fischer and Tromba [20], using Riemannian geometry and non-linear analysis, reprove
the classical result that 7(S) = M_;/Dy is a C™ finite dimensional contractible
manifold. Its tangent space at [c] € M_1/Dy is isomorphic to

S3TT($) = {h € $2(9)| tro h =0, Dyh =0}, “.11)

where o € [o]. More specifically, given op € M_j and k > 1, ¢ € (0, 1), one
can construct a local slice S ¢ M_; C /\/lk_‘lx passing through oy, identified with

a neighborhood of [og] € M_1/Dy, so that TS = SgO’TT(S) (see [57, Theorem
2.4.2] and Sect. 5.3)2. Moreover, for h € T, S the decomposition (4.3) holds with v €
Sg’TT (S). The space SZ’TT (S) is related to holomorphic data on the Riemann surface
X j, where J is the complex structure determined by o and a choice of orientation:

Theorem 4.14 ( [20, Theorem 8.9]) For o € M_y, there is a canonical isomorphism
between the spaces HO(XJ, K%) and Sg’TT(S), given by q — Re(q). Thus by the

Riemann-Roch theorem, the space Sg’TT(S) is of real dimension 694 — 6.

One can then simplify the formula of the covariance metric when restricting to the
Teichmiiller space 7 (S) = M_1/Dy and show that it restricts to a scale of the Weil-
Petersson metric there.

Corollary 4.15 On Teichmiiller space T (S), the covariance metric at [c] € T(S)
satisfies

G[o](ﬁ, h) = Var(5h, nl),

where h € Ti\T(S), o € [0] and h is the lift of h in S5 (S).

Proof We have (m5h, D)z2eris,) = Area(s, o)~ fs trs h dvy, = 0 (see [24, Section
1.2]). Since h € Sg’TT(S), one concludes that '/ is of mean zero. O

Combining the above discussions, we obtain:

Theorem 4.16 ( [44, Theorem 1.5], [8], [34, Theorem 6.3.1]) Given he 1117 (S),

consider the lift h € Sg’TT(S) given by the real part of a holomorphic quadratic
differential g (Theorem 4.14). Then

Gio1(h, ) = Var(R(q), uL) = Cllq), [q))wr([o])

2 In [57], the slice S is a submanifold of the Hilbert manifold M?* | of hyperbolic metrics with fixed
Sobolev regularity, though the proofs work similarly in the Holder case.
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Here R(q) = n;(Re(q)) € C®(T'Sy, R). The constant C only depends on the
topology of S.

5 The Blaschke Locus in M _ /Dy

This section discusses the Blaschke locus M2 /Dy. In Subsection 5.1, we introduce
some basic concepts from affine differential geometry. Then in Subsection 5.2, we
introduce the Blaschke locus and discuss its relation with the holomorphic vector
bundle Q3(S) (Subsection 2.2). We then investigate regularity of the Blaschke locus
M5B /Dy in Subsection 5.3 in the spirit of Tromba [57], finishing with a discussion on
the topology of the Blaschke locus in Subsection 5.4. Wang’s equation (5.4) will be
the key for our study in this and the next sections.

5.1 Affine Differential Geometry and Blaschke Metrics

In this subsection we give a brief introduction on affine spheres and Blaschke metrics.
Those are objects arising from affine differential geometry, which is the study of affine
differential invariants, namely differential properties of hypersurfaces of R”*! which
are invariant under all volume preserving affine transformations. Standard references
for affine differential geometry are [41] and [45]. The space of Blaschke metrics,
which include hyperbolic metrics as special examples, will be the object of study in
what follows.

A basic construction in affine differential geometry associates to a hypersurface L
of R*t! a transverse vector field & m L, the affine normal vector field, which is an
affine differential invariant. An affine sphere is a hypersurface L whose affine normal
lines are concurrent at a point, the center. We outline here the construction of an affine
sphere in the special case of R? and its associated affine differential invariants. Let L
be a hypersurface in R3. A choice of a transverse vector field & : L — R3 yields a
decomposition R? = T,L @ (§(p)) for any p € L, where (§(p)) stands for the line
spanned by &(p). This allows one to decompose the standard flat affine connection D
on R into tangential part V and normal part as follows,

DxY = VxY 4+ g(X, Y)§, (5.1
Dx¢ = —B(X) + 1(X)§, (5.2)

where X and Y are tangent vector fields to L and B = B is an endomorphism of T'L.
Observe that V is a torsion-free connection on 7' L, so g is a symmetric 2 tensor. By
restricting to the case where L is strictly convex and £ points towards the convex side of
the surface L, we can assume g is positive definite. Further, by imposing the conditions
T =0anddet(&, X1, X 2)2 = 1 for any g-orthonormal frame (X1, X7), one determines
a unique transversal vector field £ on L, which is an affine differential invariant and
is called the affine normal of L. The endomorphism B is then called the affine shape
operator. Moreover, one can check that the vector field £ being concurrent to a point is
equivalent to the affine shape operator B being a nonzero multiple of identity: B = H I
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for some constant H € R \ {0}, the affine mean curvature. We will focus on the case
where H = —1, in which case L is a hyperbolic affine sphere.’

We will need two other affine differential invariants associated to the affine sphere
L. One of them is the affine second fundamental form g, which is symmetric and
positive definite. It yields a Riemannian metric which is an affine differential invariant
on L, called the Blaschke metric. The second is a cubic form A on 7L known as
the Pick form: it is given by taking the difference V — V&, where V¥ denotes the
Levi-Civita connection of the Blaschke metric, and lowering an index via g. If we use
the conformal class of the Blaschke metric to regard L as a Riemann surface, then the
Pick form A is the real part of a cubic differential ¢ = §(z)dz> on L, which is called
the Pick differential.

The map f = & : L — R3 provides an immersion of L into R if the integrability
conditions for the structure equations (5.1) and (5.2) are satisfied.* Written in com-
plex coordinates z determined by the conformal class of the Blaschke metric g, the
integrability conditions (see [41, Section 5]) for f are the following partial differential
equations,

q: =0, (5.3)
K(g) = —1+2lql}. (5.4)

The first equation (5.3) simply requires the Pick differential ¢ to be holomorphic.
The second equation (5.4) is an second order partial differential equation in g, where

2
K (g) denotes the Gaussian curvature of g and |g |§ = 'z—'} is the pointwise g norm of

the holomorphic cubic differential g. It is called Wang’s equation in the affine sphere
literature [58]. This equation is of key importance in this note.

Proposition 5.1 ( [38]) Wang’s equation (5.4) admits a unique smooth solution given
a holomorphic cubic differential g on a compact Riemann surface.

An interesting aspect of affine sphere theory is its connection with Higgs bundle theory
introduced in Sect. 2.2. Wang’s equation can be viewed as a special case of the Hitchin
equation for a PGL(3, R) Higgs bundle: let J be a complex structure on S and denote
by o the hyperbolic metric associated to J. Let ¢ be a holomorphic cubic differential
with respect to the complex structure J. The Hitchin equation (2.1) for the Higgs
bundle 57 (0, 2¢) in fact reduces to a single scalar equation, which is Wang’s equation
(5.4) on § associated to (J, q) (see for example [32, Section 9] and [36, Section 6.2]).

Returning to the closed oriented surface S with genus ¢4 > 2 we started with, we
denote S its universal cover. The punchline of the whole discussion is the following
important Theorem.

Theorem 5.2 ( [58, Theorem 3.1, Theorem 3.5]) Given a complex structure J on S, any
holomorphic cubic differential g on Xj = (S, J) determines a complete hyperbolic

3 By applying a translation, one can always assume that the center of the hyperbolic affine sphere is the
origin.

4 While f(L) is the immersed affine sphere we obtain through this construction, we often abuse notation
and call L the affine sphere.
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affine sphere f : S — R3 that admits discrete and properly discontinuous subgroup
action in SL(3, R) so that the quotient topologically is S. Its Blaschke metric is given
by the solution of Wang’s equation on S which descends to S. Conversely, any complete
hyperbolic affine sphere f : S — R3 that admits a discrete and properly discontinuous
subgroup action in SL(3, R) with quotient topologically given by S defines a complex
structure J given by the conformal class of its Blaschke metric and a holomorphic
cubic differential q with respect to this complex structure on S.

Remark 5.3 A last remark that we want to make about the affine sphere theory is its
relation with hyperbolic geometry and Teichmiiller theory. In the special case in which
the holomorphic cubic differential g = 0, Wang’s equation reduces to the classical
curvature equations for metrics of constant curvature —1. Therefore a hyperbolic
metric is a special example of a Blaschke metric. In these cases, the affine spheres
obtained are universal covers of hyperbolic surfaces viewed in the hyperboloid model
as mentioned in the introduction.

5.2 The Blaschke Locus M8/ D,

In this section, we define the Blaschke locus first as a set and then study its manifold
structure.

Definition 5.4 We define M? to be the space of Blaschke metrics on S. The quotient
space of M? up to Dy-action is denoted by M5B /Dy, called the Blaschke locus.

The Blaschke locus M5 /Dy is a subset of the space M _ /Dy due to the following
Proposition:

Proposition 5.5 ( [15, Theorem 5.1], [46, Lemma 3.3]) Any Blaschke metric g is
strictly negatively curved, i.e. K(g) < 0.

Fix a choice of orientation on S. Denote by J (o) the complex structure determined
by o and the orientation. Let

03(9) = || H'Xiw0). KJ o)) (5.5)
oceM_,

viewed as a subset of M _1 x S3(8)C, where the superscript C denotes complexification
and X ;) = (S, J(0)) is the Riemann surface with the complex structure J (o). Let

g: 038 > M c M_ (5.6)

be the map that assigns to a pair (o, ¢) the solution of Wang’s equation (5.4) on
the Riemann surface X ;). Now Dy (or DF) act on Q3(S) and M_; in a natural
way from the right by pullback (and similarly from the left by inverse pullback).
Consider the equivalence relation on 03(S) given by (o, q) ~ (0’, ¢’) if and only if
for some ¥ € Dy, one has o’ = Y*o and ¢’ = ¥*g. We henceforth identify Q3(S)
with Q3(S)/D0 by viewing Q3(S) as a bundle over M_; /Dy, for a fixed choice of
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orientation. With some abuse of notation we denote elements in Q3(S) by either (o, q)
or (J,q) = (J(0), q). This is allowed because positively oriented complex structures
are in one-to-one correspondence with hyperbolic metrics.

Proposition 5.6 The map g is equivariant with respect to the action of ¥ € DT by
pullback: y*@(J, q)) = §(1/f*(J, q)). Similarly, it is equivariant with respect to the
left action of D on Q3(S) and MP by inverse pullback. Thus after taking a quotient
by the Dy action, we obtain a well defined mapping class group equivariant map

g: 03(5) - ME/D,.

Proof Denoting g = g(J, q), we need to verify that K (y*g) = —1 + 2|1p*q|2w*g. By
uniqueness, this will imply that v * g is the solution of Wang’s equation (5.4) associated
to the pair ¥ *(J, ¢). Since ¥ is an isometry between ¥ *g and g, we know

K@*g) = v*K(g) = ¥*(—1+2[ql}).

It now suffices to show that W*qlzw*g = I/f*|6]|§ on S. Let z be conformal coor-
dinates with respect to J and write z = v (w), with w conformal coordinates
with respect to ¥*J. Then if g = ¢“@dzdz and ¢ = f(z)dz>, we have y*g =
VN7 fdw|Pdwdw and Y*q = f (Y (w))(dz/dw)3>dw?, so that locally

Vgl = 1f W )P/ V D = y*|q]7.

This is a local computation but we have invariantly defined global objects on both
sides, so we have the claim. O

Remark 5.7 Since the solution of Wang’s equation corresponding to (J, ¢) is the same
as the one corresponding to (—J, g), the proof of Proposition 5.6 shows that if one
views g as a map from the bundle of holomorphic cubic differentials over all complex
structures (not necessarily positively oriented), then it is also equivariant with respect
to the action of D by pullback and inverse pullback, so it descends to an extended
mapping class group equivariant map when taking Dy quotients. This point of view
will not be needed or used in the sequel, except briefly in the proof of Lemma 6.6.

Besides the Dy action on Q3(S), there is also a natural action of S! on Qg(S)
which is given by ¢*"? . (0, q) = (0, €¥"?). From now on, we will write elements
in Q3(S)/S1 as (o, {(q)) for the class of (o, q) € 03(S). Because the S! action on
03(S) commutes with the Dy action on Q3(S), it descends to an action on Q3(S).
Moreover, the map g is constant on the orbits of this action as seen from (5.4). Thus
by Proposition 5.6, the maps g and g descend to a map

g0 03(8)/8' — MB/Dy.

The following proposition, whose proof we include for its importance, shows that the
map g, is bijective.
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Proposition 5.8 ( [46, Proposition 4.1]) Suppose that [(0},q;)] € Q3(S), for j =
1,2, and that [g;] = g([(0}, q;)]) are the associated Blaschke metrics. Then [g2] =
[¢1] if and only if [(02, g2)] = [(o1, > q1)] for some 6 € [0, 1).

Proof The “if” direction follows from Propositions 5.1 and 5.6. For the converse,
suppose that [g;] = [g2], which implies that g1 = ¥ *g> for some ¢ € Dy. For
J =1,2, write g; = e"io; for suitable smooth functions u ;. Then

eloy = Y¥(eay) = eV M2y on,

which shows that o1 and ¢ *o7 are hyperbolic metrics in the same conformal class and
thus equal. We now show that g; = e?"!%y*¢, for some 6 € [0, 1), which will imply
the claim. Since g; = ¥* g2, from Wang’s equation 5.4 we have

lg1l, = ¥*(q213,) = [V @215, = ¥ 23, -

Therefore, if we write g1 = f] (z)a’z3 and Yy*gr = fo (z)dz3 in conformal coordinates
with respect to the complex structure J(g1), where f; is holomorphic for j = 1, 2, we
see that | f1| = | f>| pointwise. If f] or f5 is identically zero then they both are and we
are done. Else, writing f> = A f], where A : S — S! is a meromorphic function, we
conclude that A € S must be a constant. Thus g1 = ¢**?*g, for some 0 € [0, 1)
and we obtain the claim. O

5.3 Smoothness of the Blaschke Locus M2 /D,

Our goal in this subsection is to prove Theorem 5.17, namely that the Blaschke locus
M3B /Dy has the structure of a finite dimensional smooth manifold away from the
Teichmiiller space 7 (S) = M_;/Dy. Our strategy is based on the construction of
smooth charts for 7 (S) as outlined in [57] (see also Subsection 4.6). Briefly, one can
construct local compatible smooth charts for the Blaschke locus M5 /Dy using the
smooth manifold structure of Q3(S).

Throughout, k is a large integer and o € (0, 1). The superscript k, o will indicate
that the relevant space of functions or sections of a bundle have Holder regularity of
this order. The following theorem collects the results in [57, Chapter 2] regarding the
smooth manifold structure of Teichmiiller space. It is stated in terms of C*¢ instead
of Sobolev regularity, with the proof being the same as in the Sobolev case.

Theorem 5.9 Let o9 € M_j. There exists a smooth local submanifold S Of./\/lli(lx of
dimension 69 — 6 passing through oy which contains only C* metrics and satisfies
T6yS = SgO’TT(S) (see (4.11)). Moreover, when S is sufficiently small, the map

Os: 8 x DM - MM (0, 9) > Yo, (5.7)

is a diffeomorphism onto its image. The slices S locally parametrize T (S) = M_1/Dy
(that is, each S does not contain two distinct metrics in the same Dy orbit) and
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define smoothly compatible charts, giving T (S) the structure of a smooth manifold of
dimension 6 — 6, homeomorphic to ROV,

A local slice for 7 (S) through a metric o9 € M_; in Theorem 5.9 is constructed
via the Poincaré map

aor MES o MR

which takes a metric to the unique hyperbolic metric in its conformal class. More
specifically, A defines a smooth diffeomorphism between a neighborhood of 0 in
$50TT(S) and S, given by writing S 3 o = A(og + h), where h € S377(S) is
sufficiently small. Since SgO’TT(S) is a 6¢ — 6 dimensional vector space consisting

of smooth tensor fields, we can write & in terms of a basis {hj}?il_6. Smallness of

g i . i
h = ZS’.’;] ®ain ;j means exactly smallness of the coefficients a”.

Remark 5.10 We remark that different choices of k, « (for k sufficiently large) result
in equivalent topologies underlying the smooth structures induced by the slices in
Theorem 5.9. To see this, one can express o € S in terms of a basis for SgO’TT(S) via

the Poincaré map. Explicitly, if in S we have 0,, = A(0p + Z?ifﬁ a,];hj) "X =
Moo + Z?Zfﬁ al’h j) in the C*¢ topology, we have a,{ "2 aJ for all Jj, therefore

on "= o in C*™ topology as well. Moreover, since 7 (S) is homeomorphic to R6¥
with respect to the topology induced from any /\/lli‘]y and there exist no exotic smooth
structures on R? for d # 4, the smooth structures obtained for 7'(S) by means of
Theorem 5.9 are equivalent for all values of k, «.

Recall that we defined the space Q3(S) in (5.5) as a space of holomorpI}ic cubic
differentials with respect to varying Riemann surfaces. Since the projection Q3(S) —
M_ is Dp-equivariant, we obtain a well defined surjective map

p Q38 = T(9).

Each fiber of p naturally carries the structure of a complex vector space of dimension
5(¢ —1). Itis known that Q3(S) is a smooth vector bundle (it is actually holomorphic,
see for example [6]) over a contractible space, so it is globally trivial. Its topology was
discussed in Remark 2.11. Below we discuss an identification of Q3(S) with slices in

03(S).

Lemma5.11 Let o9 € M_y and let S be a slice in ./\/lk_‘lx passing through og as in
Theorem 5.9. We can identify Q3(S) locally near a point [ (o9, q)] with a slice

S :=| | H'X (o). K3 (o) (5.8)
oeS

over S.
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Proof Given [(o,q)] € Q3(S) near [(0p, go)] and the unique o € [o] lying in S,
there exists a unique g € HO(XJ(O-), Ki(g)) such that (o, g) € [(o, ¢)]. Indeed, if
(0,q) = ¥*(o, q’) for ¥ € Dy, then because the Dy-action is free on M_;, we have
that o = Y *o implies ¢ = id. O

Using the identification described in Lemma 5.11 we can obtain trivializations for
S< viaa smooth global trivialization ¢ of Q3(S), thus giving each slice S < a smooth
bundle structure so that the projection (o, g) — o is smooth. That is, if we let

Tgo 189 = 150(89) C 03(8) and 75 :S — ws(S) CT(S) (5.9)

be the respective Dy quotient maps and ¢g : Q3(S) — 7 (S) X C3%~5 be a smooth
global trivialization for Q3(S), then

&S = (7T§] xid)o¢gomge ;SQ 5> S x CS%—S

is a (global) smooth trivialization for S Q Using it, we can write a smooth local
frame {(o, qZ((T))}EZI_S for the fiber of O3(S) over o € S, by choosing a frame
{[(o, q¢ (a))]}zfl_5 for the bundle Q3(S) and considering the unique representatives
of [(o, g¢(0))] over the slice S. Then we can express an element g(o) of S Q as
q(o) = Zgifs blqg (o), b* € C. Moreover, such a section g (o) is smooth when
viewed as a map into Sé‘(S)C, for any k > 0. This follows from the construction in
[6, Theorem II], where it is shown that for each element f (z)dz> € 03(95) |To lifted to
the universal cover I (the unit disk), where 19 € 7 (S), one has f(z) = F(z, tp) for
some jointly holomorphic function F(z, t), with respect to the complex structure on
D x T (S), and the fact that S is a smooth chart for 7 (S).

It follows by Theorem 5.9 that for two slices S and S’ with U := ng(S)Nrs (S') #
@, there exists a smooth map Vs g : ngl(U) — ng/l(U) which maps 0 € S
to the unique o’ € S’ such that [c] = [0']. One has ¥s s/(0) = Yro, where
Yo =m0 ®§,1 (o) with ® g as in (5.7) and 5 the projection onto the second factor.

(A priori, V¥, € DSH’“, but because the slices S, S’ consist of smooth metrics, it is
actually smooth, see the proof of [57, Theorem 2.3.1].) Thus we similarly obtain a
map

Uss: 82> 8 (0.9) > o yiq). (5.10)

and one checks that ¢g o \i/g,g/ o égl (0,b) = (Vs.5/(0), b), and therefore ‘113,3/ is
smooth.

In what follows we construct charts for the Blaschke locus M2 /Dy, away from
the Teichmiiller space 7 (S), using the map g in (5.6). Similarly to the approach in
[57], we will use the C*¢ topology for M g /Dy to give it a smooth structure, although
the metrics we are interested in are actually smooth. The key for the construction is
Wang’s equation (5.4). We will now write this equation slightly differently. Consider
the logarithmic density u of a Blaschke metric g given by g = g(0, ¢) = "0
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Then Wang’s equation (5.4) is equivalent to the following semilinear elliptic partial
differential equation for u:

2
—2u lq|

Asu =2e" —4e 3
o

-2 5.11)

Equation (5.11) has a unique smooth solution « for any given (o, gq) € Q3(S) (Recall
Proposition 5.1).

Lemma5.12 Ler S€ C 03(S) be a slice as in (5.8). Then the map §|39 182
M5 s smooth.

Proof Writing g = e"o, where u satisfies (5.11), it suffices to show that the map
(0,q) — u(o, q) € CH%(S) is smooth on S<. Define a map F : 82 x cko(§) —
Ck‘z""(S) by

F((0,9),u) = Agu — 2¢" +4e 3 +2.

—2u @
o
Then u(o, gq) is given implicitly by F((o, q), u(o,g)) =0
We claim that the map F is smooth. The smoothness of the map S x C*%(S) >
(o, u) = Agu € CK=22(S) follows from the coordinate expression (with summation
convention)

okt
2deto

Agu = o2, u + do* dou + a (det o) dgu.

The map CK*(S) 3 u > e* € Ck “(S) is smooth because the exponential map is

smooth. Finally, the map (o, g) — Izl is seen to be smooth by expressing g(o) =
5{4_5 b*qi (o) in terms of an orthonormal frame, where b* € C, and noting that

|fI| ZbkaQk(U)QZ(U)

We then show the partial derivative 8,4F|((U o Cke(S) — CK22(S) is an
isomorphism. Computing the derivative of F' with respect to u at a fixed (o, g) gives

2
o F V= Aysv—2e"v — 8¢ v=(Ay —2e" -8 _2”|q|3)

—2u ﬁ
(@.9).0) o3

We observe that P := 8, F| = A, —2¢"~ ge el che(s) — Ch2e(s)

is a bounded linear operator. It has trivial kernel: if v € cka(s) satisfies Pv = 0 we
have, by the divergence theorem,

2
(e + 82 L) Pl

0= (Pv, U)L%(S) = —||dv||ig<5) - |
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implying that v = 0. To see that it is surjective, consider w € CK=2%(8) c H*2(S).
Since P is self-adjoint with respect to the Lg inner product, it has index 0 as an operator
P H*(S) = H*2(S) (see [52, Theorem 8.1]) and thus it is surjective since it is
injective. So there exists v € Hk(S) so that Pv = w € Ck_Q’“(S), and by elliptic
regularity we see that v € Ccke(S). Since BMF|((U D) = P : CkY(S) > Ck-2a(8)
is a continuous bijection between Banach spaces; it is an isomorphism by the open
mapping theorem. Since S < is a finite dimensional manifold, by the Banach manifold
implicit function theorem (see, e.g. [35, Theorem 1.5.9]), the function u = u(o, gq) is
smooth and therefore g(c, ) = ¢*“>% o is smooth. O

We now continue our discussion involving the § I action on Q3 (S) and Q3(S)
mentioned in Sect.5.2. The S! action on Q3(S) restricts to an action on each slice
S<, and the identification map wge is equivariant with respect to it. Moreover it is
smooth, proper and free on §9 =89 \ O and on Q3(S) := Q3(85) \ O (where O is
the zero section, which is canonically identified with 7 (S)). We obtain

Corollary 5.13 The respective quotients Q3 (8)/S' and S2*/S* are smooth manifolds
of real dimension 1694 — 17.

The following viewpoint of Q3(S)/S ! will be used in later proofs.

Remark 5.14 Since the Dp and S actions on Q3(S) commute with each other, we can
identify Q3(S)/S! = ((03($\0)/S") /Dy, that is, with the S' quotient taken before
the Dy quotient.

Next we show in Lemma 5.15 below that §| o+ descends to a map on § o /8!

which is an immersion into /\/l]fa. Recall that, as in the finite dimensional case, a C¥
map f : E; — E, between C* Banach manifolds is an immersion if for all z € E;
there exists an open neighborhood Z of z such that f | , induces a C* diffeomorphism
of Z onto a submanifold of E»; equivalently, if for every z € Ej it has injective
differential with image that splits (see [35]). The latter condition means that df |Z has
closed range Ran(df |Z) and there exists a closed Banach space B C Ty(;)E> which
is complementary to Ran(d f ‘Z); this condition is satisfied automatically when E is
finite dimensional.

We remind our reader of our different notations g, g, g, gy: the tilde is used for
maps before the Dy quotient and the subscript 0 is used for maps after taking the S!
quotient.

Lemma 5.15 (Injective differential) Let (09, qo) € Q;(S) = Qg(S)\O and consider
a slice 82 .= S n Q?(S) containing it, where 89 is as in (5.8) with S a slice
around og as in Theorem 5.9. Suppose that for X € T(xy,40)S S« one has

r k+1, L~
8 (g X = Do X € SITH(S), g0 == &(00. 0),

where g is viewed as a map into M5 and Dy, is the symmetric differential (see
Sect.4.3). Then X is tangent to the St orbit through (o9, qo) in 89 and so it
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projects under the quotient map to the zero vector in T(s,, (40)) (S Q* /SYY. Therefore, the
descended map g, : S Ox /St — M has injective differential at (09, (qo)) whose
image splits. The map g is an immersion from a sufficiently small neighborhood U
of (00, (q0)) € SQ*/S1 into M. The image V := goU) is a 169 — 17 dimen-
sional submanifold of M consisting of smooth Blaschke metrics and satisfying
T,V N Tgo’g,“’“ = {0} for g € V, where O];rl’a is the Dg+]’°‘-0rbit through g.

Proof By means of a trivialization for S¢ we can identify X € T(69,40)S < with a
pair (h'T, v), where 7T e T5,S = SgO’TT(S) and v € R1%9~10_ Consider a curve
a; = (01,q1) 1 (—€,€) — S with ag = (00, q0) and @9 = (KT, v). We write
u(o, q) for the smooth solution of (5.11) for given (o,q) € S Q*, and we also write
uy = u(oy), uy = %ut, so that gg = 8(00, go) = €"°0p. By our hypothesis,

d
Dgyx = g(o,, a0, = (e“(“f Woy)| g = h"T + e igop.  (5.12)
Taking the L (S) inner product of equation (5.12) with h”7,

"I [ dvg, + (gotio, k') 12 (5) = (Dot h' 1)1z (5) = 0.

(5.13)

Area(S 80) /

Since we are in dimension two, the tensor 277 is trace free and divergence free
with respect to any metric that is conformal to o¢, in particular with respect to go.
So the second and third term of (5.13) vanish. We conclude that A77 = 0 and so
10go = Dy, x.

We now apply the X-ray transform Iégo on both sides of the equation itggo = Dy, X -
Since Ifo (Dgox)(c) = 0 for every x € S]f+l’“(S) and for every closed orbit ¢ of the
geodesic flow of go (see [24]), we have

L(c)

1 L) , , 1 ) ‘
= m/o io(y (s)g(y'(s), y'(s))ds = mfo i (y (5))ds = I1§° (ko) (c),

where the orbit ¢ is parametrized as (y (s), y'(s)) : [0, L(c)] — TgIOS . By [27, The-
orem 3.6], I(‘;”O is injective on a compact Riemannian surface (S, go) with go € M_
(also see [12] for the higher dimensional case), therefore iy = 0.

In summary, (h"", v) = (0, v) and dul, (W' v) = du|, (0,v)=0.So

ap = &0, where @; is of the form &; = (oy, ¢;), and j—tu(&t) }t=0 = 0. Differentiating
Wang’s equation (5.4) along &; and using that iz9 = 0, we find that

d . q10:q: + 41 0:q; ~ 0:q:  0:q;
0= liilgy| =" 5 | _ =lol | Z +=]|_,
t t=0 8 t=0 qt q: t=0
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Note that g, are all holomorphic cubic differentials with respect to J = J(ayp), so ;3—(’)

is a family of meromorphic functions with respect to J. So the above equation implies

that the meromorphic function 8t(g—(’))| —o on S is purely imaginary, and therefore

constant. We conclude that 9;g;|;—=0 = Aigo, 2 € R, which precisely characterizes

elements in the tangent space of the S' orbit through o = ¢o. Thus we have the

claim. It is immediate now that dEO}T( (S9*/s1) is injective. Moreover, its image
90)-40)

splits because T(gy,¢0)(S Q°/s1) is finite dimensional. Thus g, is an immersion at
(00, {(q0)), and thus also in a sufficiently small neighborhood of it by definition of an
immersion, with its image being a submanifold of M"® which consists of smooth
Blaschke metrics.

For the last statement, recall that 7
2-tensors. So

O];.Jrl’“ consists exactly of potential symmetric

TV N T, O = {0}, (5.14)

by the first statement of the lemma. This implies that the same holds for a sufficiently

small neighborhood of g¢. To see this, consider a smooth nonvanishing section Y (g)

of TV ¢ TMM® = Sg’“(S). Then by (5.14) we have ||7ker,» Y (g0)llcke > 0, where

80

Trker . denotes the orthogonal projection with respect to the decomposition (4.3). This
8

is because the potential tensor fields are precisely those which are annihilated by

Tker e - The operator myer D is a bounded operator on Sg’“ (S) as a pseudodifferential
80 8

operator of order 0, and it depends continuously on the metric g in a C* neighborhood

of go (see for example the proof of [24, Lemma 2.2]). Therefore, ||mker o+ Y (@)llcha is

8

nonzero for g in a neighborhood of gg, which implies 7,V N T, Ol;,H "% = {0} near g.

O

Recall that our final goal is to construct smooth charts for the Blaschke locus
M5B /Dy away from 7(S). In Lemma 5.15 we constructed slices V in M? ¢ Mhe
In the following lemma, we show that if } are taken sufficiently small, then they locally
parametrize M5B /Dy.

Lemma 5.16 If the slice V in Lemma 5.15 is taken to be sufficiently small, then each
point of V corresponds to exactly one orbit of Dy.

Proof Let g; = et@iai g, e V, i = 1, 2, be two metrics in the same Dy orbit, that
is, g2 = Y*g| for some ¥ € Dy. From (22D 5y = y* (1@ 1), it follows
that both 07 and *o are hyperbolic metrics in the same conformal class, so it must
be the case that oo = y*oy. Since o1, 0o € S and both are in the same Dy orbit, we
conclude that o1 = 07 by Theorem 5.9. So iy = id by freeness of the Dy action. Thus
81 = &2. O

We now state our main theorem in this section.

Theorem 5.17 Away from the Teichmiiller space T (S) = M_1/Dy, the Blaschke
locus MB /Dy has the structure of a smooth manifold of real dimension 164 — 17.
Moreover, the map g : Q;‘(S)/S1 — (MEBDO\T (S) is a diffeomorphism.
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Proof At this point, for each metric gg € M5B we have constructed a local slice V
containing it and consisting of smooth Blaschke metrics. A slice corresponding to go
is constructed as the image under g, of a neighborhood U C S<*/S" of g '(go), and
via a trivialization of S* we have U = S x R 11 We have also shown that if V is
sufficiently small, it is in bijective correspondence with the Dy orbits passing through
it. So V parametrizes MEB /Dy near [go]. To show that the slices V together with the
corresponding maps g, 1.V — U define smooth charts, we have to show that they
are smoothly compatible.

Write 7 : MB — MB /Dy for the natural projection with respect to the Dy
quotient. Note that this map is a bijection onto its image when restricting to each slice
V. So we can set

Fyimg(V) > U=S xR o] g (9),
where g is the unique element in V with g € [g]. We want to show that if V = gy ()

and V' = g,(U") are different slices whose images 7p(V), 75()) have nonempty
overlap, then the change of charts Fy» o 7y, ': U — U’ is smooth where it is defined.

Here U’ C (S')<*/S is a chart over a different slice S’. To this end, write

Fyr o Fy, o, {q)) = Py ([ 9D0)).
Now because [g] = [¢*®{o] € mp(V) N wp(V'), there exists a unique element
@4 Ng" € V' such that [¢%© 4 Dg'] = [¢(®{@)g]. Therefore, there exists an

element ¥ = ¥ (V,V’, [g]) € Dy such that @) g = Y (e @eg). So we
have

@' (q") = Fy o Fyy (0. (q) = 8y ' (¢"790") = By (v (" o)) e U
In other words, (o, {¢’)) is the unique element in ¢/’ such that

O ) gt (D) ) — V)

Now o’ and v/*o are both hyperbolic metrics in the same conformal class. Therefore
o’ = ¢¥*o. So by the freeness of the Dy action on M_| we see that ¥y = 1/, is unique
and is determined only by the pair o and o’. In other words, it does not depend on {g).
This implies that

u(o’, (q") = ¥i(ulo, (q) = u(o’,{g") =u@}(o, (@)
=u(c’, ¥ {(q) = (¢) =viq)

by injectivity of the map (g) — u(o, (q)) for each o. Therefore by (5.10),
(', (q') = Fyr o F, (0, (q) = ¥} (0. () = (Wio, (Vi) = (Vs.5(0, q)).
Hence Fyr o Fy, !is smooth.
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The second statement is a consequence of Lemmas 5.12 and 5.15 by taking & C
SQ*/S1 as a chart for Q;‘(S)/S1 near [(0p, {(g0))] and V = gy(U) as a chart for
M3B /Dy near [go] = [¢"00g] = g0([(00, (g0))]). Then since g, is an immersion
at (09, (go)), it is a diffeomorphism onto its image upon shrinking I/ if necessary.
Thus g : Q;(S)/S1 — (MB/D)\T (S) is a local diffeomorphism. Because it is
bijective (Proposition 5.8), it is in fact a global diffeormorphism from Q3%(S)/S Tto
(MB /Do) \ T(S). O

Corollary 5.18 The quadratic form G (-, -) defined in Sect. 4 defines a C*° Riemannian
metric on (M8 /Do) \ T (S).

Proof We saw in Proposition 4.10 that Gg)(:, -) defines a Riemannian metric on
M _ /Dy, so in particular on the Blaschke locus. Since the slices V we constructed are
smooth charts for M2 /Dy and they are also finite dimensional smooth submanifolds
of ./\/llfa, we conclude by Proposition 4.7 that G, restricts to a C*=3 quadratic form
on each slice. Thus it is a C¥—3 metric on M5 /Dy away from 7 (S). Notice however
that since by Theorem 5.17 the map g, : Q;‘(S)/Sl — (MB/DO\T (S) is a diffeo-
morphism regardless of the space M5 of which MB was viewed as a subset, we
see that we can choose the k arbitrarily large, concluding that the metric G4 (-, -) on
M5B /Dy is smooth away from 7 (S). O

5.4 Topology of the Blaschke Locus

The results of the previous section allow us to elaborate on the topological structure
of the Blaschke locus.

Proposition 5.19 The quotient space Q3(S)/S' is homeomorphic to M /Dy, when
the two spaces are endowed with quotient topologies resulting from C* topologies.

Proof Themapg, : 03(S)/S I M3B /Dy is bijective by Proposition 5.8, and we will
first show that it is continuous. Each slice S parametrizing Q3(S) carries the smooth
structure (and topological structure) of Q3(S), see Remark 2.11, and we showed in
Lemma 5.12 that the map g : S Q — MM s smooth, so in particular continuous
(note that the smoothness also works at the zero section). This is true for any &, o, so

~

8 : SC — M_ is continuous. Therefore, writing g locally as
g=mpoBomgh  m50(S?) C 03(S) > MP/Dy c M_/Dy

(see (5.9)), we see that it is continuous. Since g is constant on the orbits of the st
action on Q3(S), the descended map g, : Qg(S)/Sl — MB/DO is continuous.
We then show that gal : MB/Dy — (Q3(S)/S! is continuous. Suppose that

(g/] ey [g] € MPB /Dy with the quotient topology of M_/Dy. Then we can
consider lifts g; = e¢"/o; of [g;] to aslice W C M _ about alift g = ¢o € M_ of
[g] as in Section 4.4, which converge to g in C*°. Here 6, 0 € M_j. Then we have

thato; = A(g;) I A(g) = o in C*°, where A is the Poincaré map. Now fix a large
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integer k, and « € (0, 1). The o; do not necessarily lie in a slice S C Mk_‘f through
o as in Theorem 5.9, but for such a slice there exist diffeomorphisms ¥,; € Do such
that’ w;“j oj € 8. Moreover, ¥, depend continuously on o; in the CK1. topology.
Sosince o; — o € S, it follows that y,; — id in Cck+la Therefore, W:/ gj —> gin
C*, and we have )»(K”:jgj) = W;j)»(gj) € S and

g ([g)) =8 ' (e =We & (N1 =& ' ;g

Thus we may replace our assumption that g; — g in C*° with the assumption g; — g
in Ck¢ where oj = A(g;) € S converge to o = A(0) in Ck2_ and we want to show
that [, ' (g))] — [, '(&)] =: [(0, (g))]. As already mentioned in Remark 5.10,
S30; —>oin Ck@ actually implies that oj — o in C*.

So now we would like to show that {g;) — (g) in SQ/SI. Notice that by Wang’s
equation (5.4), for any ¢, g such that g; = 8(0;, g;), 8 = 8(0, q), one has |g; |§; —
|q|§ in C¥=2¢ and therefore in particular in C°. Moreover, since g j =é'io j —

g = ¢o and 0; — o in C° we conclude that u; — u in C°. Therefore, |qj|<27j

. 3 . .
e3“1|q‘/|§j — gl =e “|q|§, in C. In particular, fs |q.,'|(2,jdvgj - [y lq|12dv, . Now

—
@.are [ v, (5.15)
s O

is a continuous Hermitian inner product on the fibers of S Q, so we can choose a
local orthonormal frame {g, (o)}gfl_ > with respect to it and write g; = ), bg Ge(oj),
g =Y ,b'u(o) for b, bf. € C. Then

Jj—>00
S = [l dve, "5 [ laRdve = Y
s s
¢ 14

In particular, the sequence b; = (i, ..., b?gfs ) € C39-5 s bounded, and for any
limit point b € C3¥ =3 of it, the cubic differential §(o) = Y, b*G¢ (o) is holomorphic
with respect to the conformal structure determined by o and satisfies |§|[2, = |q|[2,.
If ¢ = 0, then we have b = 0, and thus q; — q.1If g # 0, then the ratio g /q
defines a meromorphic function on (S, J(o)), and since 1d/q1* = |c}|§/|q|§ =1,it
has values in S!. This implies that it is constant, and therefore g = e ieq, 6 €[0,1).
We conclude that {(g;) — (g)inS < in the ! quotient topology originating from C°,
which is equivalent to the one originating from C*°. Therefore, [(c}, (g;))] converges
to [(a, (g))]in Q3(S)/S". O

Using Proposition 5.19, we now have:

Theorem 5.20 M?Z /Dy is a 169 — 17 dimensional connected contractible space.

SA priori, ¥ ; are only CkH*“, but because o j are all smooth and the slice S consists of smooth metrics,
they are actually smooth, see the proof of [57, Theorem 2.3.1].
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Proof Each fiber of Q3(S)/S! is isomorphic to C"/S', where n = 54 — 5, by the
Riemann-Roch Theorem. Taking away 0 from C", we have the following homeomor-
phism (actually diffeomorphism),

(C"\ {0})/S" —> (0, 00) x CP"!,

<(Z1’ T, Zn)) [ (|(Z1s Tt Zn)‘» LZ19 ) ZVLJ)
Here ( . > denotes the equivalence class for the S 1 action that identifies (1,22, "+, 2n)
with ¢27i? (21,22, -+ ,2n) forany 6 € [0, 1) and L . J denotes the equivalence class

for projective lines in C”.

Therefore C"/S! is homeomorphic to the cone given by ([0, 00) X (CP"’l) [~
The relation “ ~ " glues {0} x CP"~! to a single point and is trivial otherwise. A
deformation retraction of ([O, 00) X (CP"_I)/N to a point is given by f;({(r, x)}) =
{(d = tr,x)} € ([0,00) x CP"1)/~. Here r € [0,00), x € CP"~! and {(r, x)}
denotes the equivalence class of (r, x) in ([0, o) X (CP"’l)/N. Since M8 /Dy is
homeomorphic to Q3(S)/S! and Q3(S) is a trivial vector bundle over the contractible
space 7 (S), we conclude that M® /Dy is homeomorphic to the product space of 7 (S)
and ([0, o) x CP"~1)/_. The result follows. O

Remark 5.21 The proof of Theorem 5.20 shows that M? /Dy is topologically the
product of 7 (S) with a cone having as base the compact manifold CP"~!. This
implies that it can be viewed as a wedge or “manifold” with edges in the sense of
[51, p.266], with the difference that here the edge 7 (S) is not a closed manifold. It
would be interesting to know whether the covariance metric actually behaves like (a
conformal multiple of) an edge-type metric near 7 (S) (see [43, §2]), though we have
not pursued this.

We conclude with the relation between the Blaschke locus M /Dy and the Hitchin
component H3(S). The following corollary is an immediate consequence of Theorem
2.10 and Proposition 5.19.

Corollary 5.22 The S' action on Q3(S) induces a S' action on H3(S) by the Hitchin
map H : Q3(S) — H3(S). Denote the quotient space by H3(S) /S' and the descending
map by Hy : Q3(S)/S' — H3(S)/S". Then the composition

:=gooHy' : H3(8)/S" — ME/Dy
is a mapping class group equivariant homeomorphism, where the mapping class group

actions on H3(S)/S' (as outer automorphism group action) and on M® /Dy are the
left actions introduced in Sect. 3.

6 Geodesics in ME /Dy

We will study some families of geodesics with respect to the covariance metric in the
Blaschke M2 /Dy. In Sect. 6.1, we identify some geodesics in M B /Dy leaving all

@ Springer



145 Page 42 of 54 X. Dai, N. Eptaminitakis

compacts sets, using the Hitchin orbifold representations introduced in Sect. 2.3, and
we estimate their lengths with respect to covariance metric in Subsection 6.2.

6.1 Geodesics in the Locus M58/ Dy

Throughout this section, we fix a presentation Y >~ [S/X] of an orbifold Y, where
Y is a finite subgroup of the diffeomorphism group D of the surface S. Moreover,
we assume that ¥ = Y; descends from a Riemann surface X; = (S, J) so that
Y >~ [X;/X]. In [4], the orbifolds of negative Euler characteristic with 1-dimensional
Hitchin components are classified. These are non-orientable orbifolds. In particular,
for Hit(sr1 Y, PGL(3, R)), one has

Proposition 6.1 ( [4, Theorem 6.5]) Let Y be a non-orientable orbifold of negative
Euler characteristic. Then we have dim Hit(mr1Y, PGL(3, R)) = 1 if and only if the
orientable double cover Y of Y satisfies one of the following:

(1) YV is a sphere with 4 cone points of respective orders m; = my = m3 = 2 and
my > 4.

(2) YT is a sphere with 3 cone points of respective orders m; > 3, my > 3 and
m3 > 4.

By Theorem 3.1, the space Hit(m;Y, PGL(3,R)) is homeomorphic to the one-
dimensional space H3(Y) := FixyH3(S). Among the examples of orbifolds ¥ =~
[X /%] given in Proposition 6.1, there are examples of H3(Y) C H3(S) which are
parametrized by a single holomorphic cubic differential. These are

Proposition 6.2 [ [4, Theorem 5.5, Theorem 6.6]] Suppose dim H3(Y)=1 and H3(Y)
is parametrized by a single non-vanishing cubic differential, then Y™ must be a sphere
with 3 cone points of respective orders my > 3, mp > 3 and m3 > 4.

Remark 6.3 The Teichmiiller space 7 (Y1) for the orbifolds Y in Proposition 6.2
(spheres with 3 cone points) is of dimension 0 (see [56, Corollary 13.3.7]). Therefore
Y™, which is the orientable double cover of Y, has a unique complex structure and

Y also inherits a unique “complex structure”, presented as ¥ = Y; ~ [X;/X] (see
Remark 2.13).

From now on, we restrict our interest to orbifolds ¥ = Y; for which H3(Y)
is one dimensional and is parametrized by a single non-vanishing holomorphic
cubic differential. Recall that elements in ¥ act on X; as holomorphic or anti-
holomorphic maps and Y ~ [X;/X]. For Y arising from Proposition 6.2, the vector
space Fixy H O%x,;, K 3) is trivial. So in these cases, we have a homeomorphism

Fixs H 0(X 5, K 3) Ié’ ‘H3(Y) given by the Hitchin parametrization (recall Proposi-
tion 3.2). Because H3(Y) is a real one-dimensional subspace of H3(S), the vector
space Fixs H'(X;, K3) = {g € H(X,,K}) | ¥* - q = q. V¢ € T} is also real
one-dimensional. It is formed by the real span of a single holomorphic cubic differ-
ential g.
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To further consider the counterpart of H3(Y) in MB /Do, we need to discuss the S 1
3 )
action on H3(Y) and Fixs H(X 7, K3) € @@ HO(X,, K') (recall Sect. 5.2). We first

1=
need the following lemma which allows us to identify the Hitchin parametrization H;
and the Hitchin map H on some special fibers:

Lemma 6.4 For any complex structure J, when restricting to H*(X ;, K 3), the com-
position of the inverse of the Hitchin map H ~1and the Hitchin parametrization Hy

3
H™' o Hy : @ H (X, K) — H3(S) > 03(S)
i=2

satisfies
1 _
H™" o Hylpox, x3) = dlgox,.k3)-

where HO(XJ, K;) is identified with HO(X[J], K[SJ]).

Proof The Hitchinmap H : Q3(S) — H3(S) is ahomeomorphism and H([(/, ¢)]) =
Hj (0, q) for any representative (J, g¢) in [(J, q)] € Q3(S). Equivalently, one has that
H'o H;(0,9) =[(J,q)] € H (X[, Kﬁ”) is the identity map. o

Regarding to the S! action on H3(Y) with Y = Y, arising from Proposition 6.2,
we have

Lemma 6.5 The S' action on H3(S) induces a two-to-one identification on 'H3(Y)
except at Hj(0). The quotient of H3(Y) by the Z action induced from the S Uaction,
denoted by H3(Y)/Zy, is homeomorphic to Ry = [0, 00).

Proof The Hitchin parametrization H; is X-equivariant and is a homeomor-
phism between Fixy H(X, K;) and H3(Y) by Proposition 3.2. After identifying
Fixg HO(X;, K3) with Fixs H*(X(}, K{;)) and H; with H by the previous lemma,
the S! action on Q3(S) induces a Z; action on Fixz H(X,;, K3) = spang(q) C

3 )

b HO(X,, K',). Moreover, this Z; action identifies g with —tg for any t € R/{0}.
i=2
The identification is trivial when + = 0. We obtain that the quotient H3(Y)/Z; is
homeomorphic to the half line R = [0, 00). O

With what we have obtained, we are able to show the following lemma. It suggests
that the half line given by H3(Y)/Z, provides a (unparametrized) geodesic in M5 /Dy
via the map ® : H3(S)/S' — MZB /Dy defined in Corollary 5.22.

Lemma 6.6 The set ®(H3(Y)/Z2) C MPB Dy is a fixed point set of the group action
of =, where © < D is identified with a finite subgroup of Mod™ ().
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Proof If ¢+ € X is orientation-preserving, then the fact that every point in
O (H3(Y)/Z>) is fixed by [ ] follows from Corollary 5.22 and the definition of H3(Y).
Otherwise, if ¥ € X is orientation-reversing, then it is an anti-holomorphic map with
respect to X ;. We have y*q € HO(X_y, KEJ) for g € HO(X,, K;). Notice that

O(H3(Y)/Z2) = gy o Hy' (H3(Y)/Z2) = g0<Fix>;HO(X 7, Kﬁ)/zz), by Lemma

6.4. For g € Fixy HO(X;, K;), the fact that 1//A - q = q implies, by the discussion in
Subsection 3.3,

@p*q:K‘;loqow:rWlquI/f=(1/fA)71'CI:@

Together with the observation that the solution of equation (5.4) is invariant under
the complex conjugation z — 7z and ¢ — ¢, we obtain [V ]*g,([(J, (g)]) =
g ([(—=J, @)D = go(J,{(q))]). Here we made use of Remark 5.7. So [¢] -

g0(L(J, (DD = [¥ " T*go(L(J, (gD = go(L(J, {g))]) and go([(J, (g)]) is a fixed
point of the induced left action of X. O

We further have

Theorem 6.7 Let Y be a non-orientable orbifold of negative Euler characteristic with
orientation double cover Y given by the cases in Proposition 6.2. Then H3(Y)/Z,
embeds as a (unparametrized) geodesic in MPB /Dy with respect to the covariance
metric G (-, *).

Proof By Proposition 6.2 and Lemma 6.5, the set ® (H3(Y)/Z,) is homeomorphic to
ahalf line R, in M /D,. By Lemma 6.6, the set & (H3(Y)/Z,) is pointwise fixed by
the action of the group ¥ < Out(m;S) = Mod*(S). Because Mod® (S) is a subgroup
of isometries of the covariance metric G(-, -) on M?B /Dy and a one dimensional
connected subset pointwise fixed by a subgroup of isometries must be a geodesic
(see [31, Theorem 5.1]), we conclude that H3(Y)/Z, embeds as a (unparametrized)
geodesic in M5 /Dy. O

6.2 Infinite Length Geodesics

In this subsection, we estimate lengths of certain families of curves in the Blaschke
locus M2 /Dy with respect to the covariance metric; some of them are geodesics, as
mentioned in the last part of Sect. 6.1. Specifically, fix a complex structure J on S and
leto € M_; be the corresponding hyperbolic metric. Let g be a nonzero holomorphic
cubic differential with respect to J and consider the curve {g, = ¢"'o : t > 0} C MBEB,
where, as in (5.11), for each ¢ > 0 the logarithmic density u; satisfies

Agu; = 2e" — 4te

2
—2”t@ -2. (6.1)
(o2

With g; = "0, (6.1) is equivalent to Wang’s equation (5.4) given by K, = —1 +
2|\/?q|§1. Our goal is to estimate the length of the curve {[g;]};>0 C MEB /Dy. We
start with some preliminaries.
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6.2.1 Some Estimates for Blaschke Metrics

The following Lemma benefits from communication with Michael Wolf.

Lemma 6.8 The logarithmic density u; of the Blaschke metric g; is monotone increas-
ing with respect to the parameter t when t > Q.

Proof This is proved more generally in [13, Proposition 4.1]. For completeness, we
include a proof for the case we need. Taking a time derivative of (6.1), we find that

2
—2u, lq|
—-

Aoy :2( w g go-2ulal” )u, de
-

(6.2)
By elliptic regularity, equation (6.2) implies that i, € C*°(S). We prove that ii; > 0
for all # > 0. Suppose that this is not the case for some ¢ > 0, so that for this ¢ one has
iy (p) < 0fora p on S where the minimum of #, is attained. Consider the operator
L = — A, + 2¢". We rewrite equation (6.2) as

2
—2uy |q|

Lu; = 4e —5 (1 = 2tay). (6.3)

Inasmall neighborhood U of p, we have (1—2¢1,) > 0, which implies that Lz, |U > 0.
So by the strong maximum principle [18, Section 6.4, Theorem 4(ii)], #, is constant
on U. If u; g = 0, then ¢ = 0 on U, and thus everywhere, which contradicts our
assumption. If on the other hand i, | < 0, then the left hand side of (6.3) is negative
on U whereas the right hand side is non-negative, and this is a contradiction. O

We will need the following result, due to Loftin:

Proposition 6.9 ( [39, Proposition 4.02]) If u; satisfies equation (6.1) with respect to
the hyperbolic metric o and the holomorphic cubic differential q for t > 0, then

0 <u <log (R(mgx {”53'2 D)

where R(a) is the largest positive root of the polynomial py(x) = 2x3 — 2x* — 4a.

Lemma 6.10 The polynomial p,(x) = 2x3 — 2x% — 4a has a unique positive root

2
provided a > 0, and if we set x; as the positive root of x> — x* — ZmSax {”ULJ } we

1/3
lim S = | 2 max ﬂ /
t—o0 t1/3 S o3 ’

Proof The fact that the polynomial p,(x) has a unique positive root for a > 0 is clear
if a = 0. If a > 0, we know that a real root exists and any real root x, satisfies
xg (x4 — 1) = 2a. Thus a real root x, satisfies x, > 1. Taking the derivative, we find

have
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that p/, (x4) > 0. Therefore there cannot be more than one positive real roots, because
between any two roots for which p/, > 0 there has to be at least one more root and p,

2
has at most three real roots in total. Write b = 2 III?.X { M—L} > 0; we look for x > 0
o2

satisfying x3 — x2 — bt = 0, for t > 0 large. Set z = x/1'/3 and s = r~1/3. Notice
that (x, t) — (z,s) is a bijection on (0, o) x (0, 00), so x3 — x% — bt = 0 with x,
t > 0 exactly when

F(z,s) =20 —z7>s—b=0, z, s>0.

The function F satisfies F(b1/3, 0) = 0 and is smooth near (z, s) = (b1/3, 0). Since
9. F(b'/3,0) = 3b%/3, by the implicit function theorem we conclude that in a neigh-
borhood of (b!/3,0), the equation F(z,s) = 0 holds if and only if z = f(s) for a
smooth function f defined in a neighborhood of s = 0. Denoting by x; the positive
solution of x3 — x2 — bt = 0,

P AT —1/3\ _ 1: _ 11/3
Ml = A S0 = I F6) =07

O

Loftin proves the following result regarding the asymptotic behavior of the Blaschke
metrics g; when t — oo (see also [55, Theorem 3.8]).

Theorem 6.11 ( [40, Proposition 1]) The family of Blaschke metrics g; given by

. . . 2 . .
equation (6.1) degenerates to the singular flat metric |q|3 associated to the cubic
differential q (up to some scaling) in the following sense: when t — oo, we have

_1 1 2
t73g, — 23|q|3,
uniformly on every compact subset of the complement of the zeros of q in S.

6.2.2 Length Estimates

The following proposition shows that any curve in the space M? /Dy corresponding
to a ray in a fixed fiber of the bundle Q3(S) has infinite length with respect to the
covariance metric.

Theorem 6.12 Let o be a hyperbolic metric on S and q be a nonzero cubic differential
which is holomorphic with respect to the complex structure determined by o and an
orientation. Then the projection {[g:1}i>0 C MB/DQ of the curve g; = {e"' 0 };>0 C
MPB where u; satisfies equation (6.1), has infinite length with respect to the covariance
metric.

Proof By Lemma 4.9, for given class [g] € M_/Dy, the norm of an element h e
Ti41(M_/Dp) withrespect to the covariance metric is given by G4 (h, 1) 172 where g is
arepresentative in [g], h € Tg M _ isalift of fz, and Gg (-, -) is the bilinear form defined
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in Definition 4.4. Thus the length of the segment y7 := {[g,] : t € [0, T]} € MB /Dy
is given by

T
Lon) = [ G 0. a0

We will show that
Tlem L(yr) = o0.
To simplify notation, we denote h; := 9;(g;). We have, according to Definition 4.4,
G (s h) = T8y, ) 2 i,y = (M85 he, w5 he) + (1, w5 ho) 2 s, 1P

Note that h; = 1,g;. Since w5h,(v) = 75 (11, 8,)(v) = 7§ (1,)(v) forv € Tngt, we
have®

G, (hy, hy) = (M8 iy, wieg) + (1, 7 i) 2, )|

(1, 40} 1250 )
Area(S, g)?

)

> (L 7gii) s, )2 =
where the inequality follows by Theorem 4.2. Note that above we wrote (-, -)L2(5,dug,)
= Area(S, g){ )12 (s)-

We now examine i, in more detail. Since our manifold is two dimensional, we have
Ay = e"' A, thus from (6.2) it follows that

2 2
. Ry
Ag ity = (2 +814 ) iy — 419 (6.4)
8i 8i

Now integrate (6.4) over S with respect to the g, area form: by the divergence
theorem, [ Ag,ii;dvy, = 0 and therefore

2 2
t

<<2+8—|q3| )u,,1> =4<@, 1> .
8 L2(S,dvg,) 8 L2(S,dvg,)

The curvature of g; is given by K,, = ZI‘Z—‘; — 1 (recall equation (5.4)), therefore
t

, g1
((6 4+ 4K )iy, 1>L2(S,dvg,) = 4< 3 ! '
gt LZ(S,dUg,)

dodvg

6 Recall that the Liouville measure is of total mass 1, so locally d u,é = JrArea(Sg)
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Using the fact that #; > 0 (by Lemma 6.8) and that K, < 0 (by Proposition 5.5), we
find
{1y, 1) o (14 2Ky i 1) 2<|Q|2 >
U, L1L2(S,dvg,) = 2 8e Ut LI L2(S,dvg) = 2\ 730 .
St 2073 L VR R
6.5)

We now seek for a lower bound for the right hand side. Since dv,, = e*'dv,, we have

2 2 1 2
<|q_|% ’1> :/efzu’@dvc Sy e
81 LZ(S,dUgt) S g Xy JS O

the inequality is by Proposition 6.9, where x; is the positive root of the polynomial

2
3 —x2-2 mSax {”GLJ } Thus by Lemma 6.10, there exists a positive constant Cy »

and Ty > 0 depending on C, , such that for t > Tj one has

lg|? 23
<—3, 1 > Cyot 3.
81 L2(S,dvy,)

On the other hand, we have Area(S, g;) < Dqt% 42| x (S)] (see [46, Lemma 3.4])
where D, is a positive constant depending only on g and x (S) is the Euler character-
istic of S. Combining this with equation (6.4) and equation (6.5), and adjusting Ty if
necessary, we can find a positive constant C(']’ - so that for t > T,

VGe (hi hy) = C 17

Hence we obtain, for T > T,

T
4, T
L(VT)ZL()/TO)'FC[]’U/ 7t " 3% .
To

O

Corollary 6.13 The geodesics Hz(Y) given in Theorem 6.7 have infinite length with
respect to the covariance metric.

Acknowledgements The authors would like to thank Kiril Datchev, Dan Fox, Gerhard Knieper, Qiongling
Li and Gabriele Viaggi for helpful discussions, and Alex Nolte for the reference [6]. We would also like
to thank the referee for carefully reading the manuscript and providing constructive feedback. X. Dai
was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)-Project-ID
281071066-TRR 191 and by the DFG under Germany’s excellence strategy exc 2181/1 - 390900948 (the
Heidelberg structures excellence cluster).

Funding Open Access funding enabled and organized by Projekt DEAL.

@ Springer



The Covariance Metric in the Blaschke Locus Page 49 of 54 145

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: Some Further Estimates for the Covariance Metric in
ME Dy

We collect in this appendix some estimates for the covariance metric in the Blaschke
locus M®/Dy. One first interesting question is to understand the behavior of the
covariance metric G (-, -) at the Fuchsian locus 7 (S) ¢ M%/Dy. Given [o] € T(S),
we know that this metric restricts to a scalar of the Weil-Petersson metric on 7517 (S);
However, the behavior of the covariance metric G(-, -) at [o'] on directions that are
transverse to Fuchsian locus 7°(S) in M® /Dy remains unclear.

Our first estimate is along directions tangential to the family of equivalence classes
of Blaschke metrics {[g/]};>0 C MZB /Dy that lifts to the curve given by {g, = e/ o :
t > 0} ¢ M?% described by equation (6.1), so that o is a representative in the class
[o']. These represent vectors tangential to fiber directions of the bundle Q3(S)/S".

Proposition A.1 Let o be a hyperbolic metric on S. Fix a holomorphic cubic differ-
ential q with respect to the complex structure corresponding to o and an orientation.
Suppose ,}?O € Tig)M— /Dy is a vector that lifts to ho := 0;(g:)|1=0 € To M_, where
{g:}i>0 are solutions of equation (6.1) with go = o. Then

G[a](h\o, ho) = B lgll3.

72| x (S)

where ||q |5 is the L? norm of q with respect to inner product (5.15) and x (S) is the
Euler characteristic.

Proof By Lemma 4.9, the computation can be lifted to M2, and we just need to
estimate G, (ho, ho). Recall that

Go (ho, ho) = Var(Po (w3 ho), u5) + (m3ho, Vs, -

The first part, which equals (I1° 7} hq, 75 ho), is nonnegative (Theorem 4.2). We esti-
mate the second part. Note that g; = ¢“’ o and ho = ugo. From equation 6.4, we
have

(Ay — 2)itg = —4lq12,
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SO

(m3ho, Vp2is,) = le 75 (— 4Ae — 27 (Ig12)) w5 0dut

=/ w5 (=400 =27 (Ig15))dns .
TS,

Since —(A, —2)~! is a self-adjoint positive operator and —(A, —2)~1(1) = 2, we
obtain

1
(m3ho, D2,y = Area(S. o) / 4g12(— (Ag —2)71(D)dv,

— 2
n|X(S)|/|q| (S)|||q||g,

using the Gaufl-Bonnet theorem. This gives the conclusion. O

The inequality can be strengthened to strict inequality because of the following two
lemmas.

LemmaA.2 Suppose g € M_ and h € Sy(S) is conformal to g, then
(M8 75 h, Tyh) =0
if and only if h = Cg, where C is a constant.

Proof Let’s assume h = fg, with f € C°(S). If suffices to show that
(Mg f, g f)=0

is equivalent to f being a constant function. The proof for this is similar to the proof
for [22, Lemma 4.6]. Let A = (1 — Ag)'/2, where Ag is the (negative) Laplace-
Beltrami operator with respect to the Sasaki metric on TS ¢ then for any m, s € R,
AS : H™(T'Sg) — H™*(T'S,) is an invertible bounded self-adjoint operator. So
by Theorem 4.2, the composition A ~25T18 : H*(T'! Sg) = H* (7! S¢) is bounded for
s > 0. Moreover, we know from equation (4.1) and Theorem 4.2,

(A72Xl_lg7'rgf/, 7[8(](./>Hs(]‘lsg)
= (Hgﬂ'gf/, 7T6kf/>L2(Tlsg) > 0 for all f/ (S Hg(S),

so A">TI¢ is also positive on HS(TISg). It follows that A~2TI¢ is self-adjoint
on H* (T S¢), and as such it has a self-adjoint square root R which is bounded on
H*(T'S,), with the property A>T1¢ = R?> = R*R. Thus,

0= <ngT(>)kf’ 7T(Tf)LZ(Tng) = <A_2Sl_lgn(>)kf’ 7T(>)kf>H-V(T1Sg) = ”Rnf)kf”'?_[r(j'lsg)
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Thus our hypothesis implies that TT18x} f = T18 (Pg(y f)) = O (recall that I181 = 0
and Py(ng f) = nj f — (5 fs 1)12(r1s,))- Then by Theorem 4.2, there exists w €

HY(T'S,) such that XSw = Pe(nf f), where X is the geodesic vector field on
T! S, . Therefore, for every closed orbit ¢ of the flow of X¢, parametrized as ¢.(z) :
[0, L(c)] —> T'S,,

L(c)

1 L(c) . 1 .
0= m/o (P (g S (P (2))dr = M/o 7y (f = (f. 1)L§(S))(¢,(Z))d
I = Ig(f —{f, 1)L§(5))(C). (.6)

By the injectivity of the X-ray transform for negatively curved metrics ( [27]), f =
(f, 1>L§,(S)’ 1.€., a constant. |

Lemma A.3 The solution u; of equation (6.2)
2 2
t
Agily = <2e“’ + e~ —|q3| ) il — de™ 2 @
o o
cannot be constant for any t > 0 unless g = 0.

Proof We prove the claim by contradiction. Suppose it; = ¢; and ¢ # 0. Recall that
g: = "o satisfies

2 2
81 8t

This yields:

lq? lq? 2¢;
(4—8tc) o =2¢, = =L |
PE ! @ (4—8ic)

This is impossible for any + > 0, because ¢ is nonzero and the left hand side only
vanishes at the finite zeros of ¢, while the right hand side is constant. This yields the
claim. O

Corollary A.4 Fix a holomorphic cubic differential q with respect to the complex
structure corresponding to the hyperbolic metric o and an orientation. Suppose
lg:] € MB /Dy lifts to the solutions {g;} of equation (6.1) and ;1\, € T[g[]./\/lB/Do
lifts to hy = 90,(g;). Then

(I8 75 hy, 5 hye) > 0.

In particular, this implies

Gio1(ho, ho) > gl

1
72| x ()2
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Proof Since g, = ¢"'o and h; = 1,g;, the first statement follows from Lemma A.2
and Lemma A.3. The second statement is a special case at t = 0 combined with
Proposition A.1. O

It would be desirable to obtain a concise explicit formula for Gq (fz\o, ;z\o) men-
tioned above. We conclude with a partial answer to this question following from [26].
It would be of interest to know whether the formula below can be further simplified.

Proposition A.5 Under the same assumptions of Proposition A.1, we have

G[a](ﬁo, o) =

P(/4-Or1/4+L) Siglal? o @>
<4r(3/4—z:)r(3/4+£)( Bt 5 (Fhe 124 12(s)
- 4
+ 7'[2|X(S)|2 ||‘1||a,

where I (-, -) is the Euler Gamma function and L = %\/—Ao(l — Py) — 1/4, where
Py is the orthogonal projector onto ker A, .

Proof The proof is a direct application of [26, Lemma A.1, Remark A.2] combined
with Proposition A.1. O
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