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Comprehensive experimental validation under wide range of loading scenarios.
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A B S T R A C T

The phase field method has gathered significant attention in the past decade due to its
versatile applications in engineering contexts, including fatigue crack propagation modeling.
Particularly, the phase field cohesive zone method (PF-CZM) has emerged as a promising
approach for modeling fracture behavior in quasi-brittle materials, such as concrete. The
present contribution expands the applicability of the PF-CZM to include the modeling of
fatigue-induced crack propagation. This study critically examines the validity of the extended
PF-CZM approach by evaluating its performance across various fatigue behaviors, encompassing
hysteretic behavior, S-N curves, fatigue creep curves, and the Paris law. The experimental
investigations and validation span a diverse spectrum of loading scenarios, encompassing pre-
and post-peak cyclic loading, as well as low- and high-cyclic fatigue loading. The validation
process incorporates 2D and 3D boundary value problems, considering mode I and mixed-modes
fatigue crack propagation. The results obtained from this study show a wide range of validity,
underscoring the remarkable potential of the proposed PF-CZM approach to accurately capture
the propagation of fatigue cracks in concrete-like materials. Furthermore, the paper outlines
recommendations to improve the predictive capabilities of the model concerning key fatigue
characteristics.

1. Introduction

In various engineering structures, from highway and railroad bridges to airport pavements and offshore structures, the inherent
vulnerability to fatigue-induced failure continues to be a critical challenge. This phenomenon, characterized by the progressive
propagation of cracks due to cyclic loading, has been studied in detail as it poses a significant concern to the integrity and durability
of these essential infrastructures [1–5].
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Nomenclature

𝛥𝐾IC amplitude of the critical stress intensity factor
𝛥𝐾I amplitude of stress intensity factor
𝛥𝑁 increment of load cycles
𝓁 internal length scale
𝑎1, 𝑎2, 𝑎3 parameters controlling the degradation function
𝐺f fracture energy
𝛼(𝑡) accumulation variable
𝛼T fatigue damage threshold
�̄�(𝑡) accumulated history variable
𝛥𝑎 increment of crack length
𝛥 Laplacian operator
𝛿 variation operator
𝛾(𝜙,∇𝜙) crack surface density function
�̂�(𝜙) geometrical function of the PF-CZM
C fourth order elastic stiffness tensor
S fourth order compliance tensor
𝝈 stress tensor
𝜺 strain tensor
𝐛∗ body forces
𝐊𝐮 stiffness matrix related to displacement
𝐊𝜙 stiffness matrix related to phase field variable
𝐧 outwards unit normal vector
𝐧 outwards unit normal vector of 
𝐧 outwards unit normal vector of 
𝐑𝐮 residual vector related to displacement
𝐑𝜙 residual vector related to phase field variable
𝐭∗ applied tractions
𝐮 displacement
 localization band
 accumulated dissipative part due to fracture
 stored energy density
 history field variable of the driving force
min minimum value of the fracture driving force
 sharp crack
 thermodynamic driving force
∇ gradient operator
𝛺 reference configuration of a cracking solid
𝜕 external boundary of the localization band
𝜕𝛺 external boundary of 𝛺
𝜕𝛺t external boundary of 𝛺 were tractions are applied
𝜕𝛺u external boundary of 𝛺 with prescribed displacements
𝜙 phase field parameter
𝜓 stored energy density
𝜓0 initial stored energy density
�̃� effective stress tensor
�̃�1 first principal effective stress
𝜉 coefficient of the geometrical function
𝑎 crack length
𝑏, ℎ, 𝐿 width, height and length of the beam
𝑏0, ℎ0 width and depth of the notch
𝐶,𝑚 constants of Paris law
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𝑐0 scaling parameter
𝐸0 Young’s modulus
𝐹 applied force
𝑓 (�̄�) fatigue degradation function
𝑓t tensile strength
𝐹u ultimate force
𝑔(𝜙) degradation function
𝑘0 initial slope of the softening regime
𝑘f parameter controlling fatigue damage accumulation
𝐿0 span of the beam
𝑁 number of cycles
𝑁 f number of cycles to fatigue failure of individual loading range
𝑝 exponent controlling the degradation function
𝑆max upper level of the loading range
𝑆min lower level of the loading range
𝑡 pseudo time
𝑊 work density function
𝑤 crack opening displacement
𝑌 conjugate energy release rate associated with the crack phase field
CMOD crack mouth opening displacement
CMSD crack mouth sliding displacement
CTOD crack tip opening displacement
DIC digital image correlation
HETVAL heat flux subroutine
SDVs solution dependent state variables
UMAT user material subroutine

Over the past few decades, this challenge has motivated researchers to perform extensive experimental studies on fatigue crack
ropagation in normal and high-strength concrete. These studies include various loading configurations, including mode I, mode II
nd mixed modes [2,6–10]. The fatigue crack propagation rate is usually evaluated in the scope of the Paris law [11], while the
atigue life is often characterized by Wöhler/S–N curves [12,13]. However, it should be noted that these simple empirical approaches
ave limited applicability and are insufficient for predicting fatigue behavior at the structural level or under scenarios with complex
oading conditions [14,15].

Therefore, a comprehensive analysis of cyclic and fatigue behavior, especially in relation to crack propagation in concrete
tructures under a wider range of load configurations is of significant importance. This requires the development and application
f advanced numerical tools to realistically model the fatigue fracture phenomenon and enable an in-depth analysis [16,17]. This
s essential not only for a deep understanding of this intricate process but also as a basis for an economical and reliable design of
oncrete structures subjected to fatigue loading.

In recent decades, many researchers have adopted the cohesive zone modeling (CZM) approach to model the process of crack
ropagation in concrete under cyclic loading (e.g., [18–24]). However, it is important to recognize that these models tend to
epresent fatigue crack growth as a one-dimensional mechanism. As a result, their applicability in capturing realistic fatigue-induced
egradation is limited for more general loading configurations, such as mode II and mixed mode fracture conditions [25,26].

To better capture a wide range of loading configurations, several macro-scale continuum models have been developed by many
uthors (e.g., [27–29]). In these, fatigue damage is derived by a strain measure, such as total strain [30,31], plastic strain [32], or
umulative strain measure [25,33–36]. These models have demonstrated the ability to effectively capture the main aspects of fatigue
egradation in quasi-brittle materials. However, the sensitivity of the numerical results to the finite element size (mesh sensitivity)
n simulations involving strain localization due to softening is an issue associated with such local continuum models [37]. Therefore,
hese approaches have to be combined with appropriate regularization techniques such as the crack band approach [38] or non-local
pproaches of integral- and gradient-type [39–41].

The self-regularized phase field method (PFM) has attracted tremendous attention in the past decade, as the crack paths can be
utomatically determined as a part of the solution [42,43]. This approach shows remarkable capabilities in capturing complicated
rack phenomena that include aspects such as crack nucleation, branching, and coalescence [44–46]. In particular, the scope extends
o various fracture types ranging from brittle to ductile and quasi-brittle behavior [47–51]. Moreover, specific failure surfaces can be
asily integrated into the formulation of the variational phase field method, as shown in [52,53]. For these reasons, PFM has been
sed in various applications, such as multi-physics problems [54–56], micromechanics [57,58], porous media [59], and hydrogen
3
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Fig. 1. Key characteristics of cyclic and fatigue behavior of concrete based on experimental observations, including the following abbreviations: force (𝐹 ), crack
mouth opening displacement (CMOD), upper level of the loading range (𝑆max), number of cycles (𝑁), number of cycles to fatigue failure (𝑁 f ), crack length (𝑎),
and stress intensity factor (𝐾).

Modeling of fatigue crack propagation using PFM has been recently addressed by many authors. In this context, a fatigue
degradation function is introduced in [62,63] that effectively reduces the fracture toughness of the material due to the externally
applied repeated loads. This was achieved by introducing an energy accumulation variable that takes into account the structural
loading history. A unified framework was introduced in [64] to account for fatigue crack propagation in brittle and ductile soils
by considering elasto-plastic material behavior. A similar approach was recently published in [65,66], where nonlinear kinematic
and isotropic hardening were considered. Further advancements in phase field modeling targeting both brittle and ductile fatigue
failure can be explored in [67–71].

Recently, the phase field cohesive zone model (PF-CZM) developed by Wu [72] has been successfully used for modeling quasi-
brittle materials such as concrete and showed precise capture of crack propagation in concrete under monotonic loading, covering
a wide range of stress configurations in 2D and 3D applications [73]. This approach was able to capture the concrete size effect and
represents a promising approach for modeling crack propagation in quasi-brittle materials, as shown in [74–77].

The objective of this work is to introduce a phase-field-based modeling approach for the simulation of fatigue crack propagation
in quasi-brittle materials. A primary novelty lies in the extension of the (PF-CZM) approach, which is specifically tailored to the
simulation of cyclic and fatigue crack propagation in concrete. Another key aspect of this work is the systematic and comprehensive
experimental validation based on experimental programs that include several loading scenarios [8,15]. This validation includes
a critical evaluation of the applicability of the extended (PF-CZM) model over a wide range of loading scenarios. This includes
pre-peak and post-peak cyclic loading as well as low- and high-cycle fatigue scenarios. The comprehensive experimental validation
demonstrates the robustness and adaptability of the proposed approach. To the best of our knowledge, such an extension of the
PF-CZM and the application of the method to quasi-brittle materials with systematic and comprehensive experimental validation
has not been explored in previous literature. In this context, we would like to elucidate and highlight the advancements that our
work brings to this field making the contribution to the unified modeling of low-cycle fatigue (LCF) and high-cycle fatigue (HCF)
in concrete. Fig. 1 provides a visual summary of the key fatigue aspects considered in the current study.

The paper starts with the formulation of the regularized phase field cohesive zone approach including the extension to fatigue
loading in Section 2. Numerical implementation aspects of the presented approach are briefly described in Section 3. The numerical
studies of fatigue crack propagation covering mode I and mixed modes, including the comparison with experimental results, are
shown and described in Sections 4, 5, and 6. Finally, a critical evaluation of the presented approach based on the main fatigue crack
propagation aspects in concrete is summarized in Section 7.

2. Phase field regularized cohesive zone framework

The phase field formulation for quasi-brittle materials like concrete, which extends the classical phase field model for brittle
fracture by including general geometric and energetic functions in line with [72–74], is introduced in this section. We consider a
reference configuration of a cracking solid 𝛺 ⊂ R𝑛(𝑛 ∈ [1, 2, 3]), with an external boundary 𝜕𝛺 ⊂ R𝑛−1 with outwards unit normal 𝐧
(Fig. 2a). The localization band denoted by  ⊆ 𝛺 encompasses the crack , and its external boundary is represented by 𝜕 with
outwards unit normal vector denoted as 𝐧. Assuming small strains 𝜺(𝐮), in order to quantify both the energy stored in the material
and the dissipation, a split of the work density function 𝑊 into energetic and dissipative parts is defined as:

𝑊 (𝐮, 𝜙) = ∫𝛺
𝜓[𝜺(𝐮), 𝑔(𝜙)] d𝑉 + ∫

𝐺f 𝛾(𝜙,∇𝜙) d𝑉 (1)

where the first term (𝐮, 𝜙) = ∫𝛺 𝜓[𝜺(𝐮), 𝑔(𝜙)] d𝑉 is the stored energy density and the second term (𝜙,∇𝜙) = ∫ 𝐺f 𝛾(𝜙,∇𝜙) d𝑉
is the accumulated dissipative part due to fracture [78]. The function 𝑔(𝜙) represents the degradation function and 𝛾(𝜙,∇𝜙) is the
crack surface density function. Here, 𝜙 represents the scalar phase field parameter, which varies between 0 (indicating undamaged
material) and 1 (representing fully damaged material), and 𝐺 is the material fracture energy.
4
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𝛼

Fig. 2. A cohesive zone-based phase field description of fracture and fatigue: (a) cracking solid with a sharp crack and phase field regularization; (b) geometrical
function of the phase field cohesive zone model for varied coefficient 𝜉; (c) fatigue degradation function for several values of the fatigue damage accumulation
parameter 𝑘f ; (d) energetic degradation function of the phase field cohesive zone model for varied internal length scale 𝓁, varied exponent 𝑝 and varied
coefficient 𝜉, with fixed material properties of 𝐺f = 100 J∕m2, 𝐸0 = 30 000 MPa, and 𝑓t = 3 MPa.

2.1. Geometric crack surface density function

The crack surface density function is defined using the crack phase field 𝜙 and its gradient ∇𝜙

𝛾(𝜙,∇𝜙) = 1
𝑐0

[ 1
𝓁
�̂�(𝜙) + 𝓁|∇𝜙|2

]

(2)

with the scaling parameter 𝑐0 being introduced to ensure that the fracture energy is reproduced [72], defined as

𝑐0 = 4∫

1

0

√

�̂�(𝛽)𝑑𝛽 (3)

where 𝓁 is the internal length scale regularizing the sharp crack and �̂�(𝜙) is a geometrical function which must satisfy the following

�̂�(0) = 0, �̂�(1) = 1 (4)

In the phase field cohesive zone model [72] the geometrical function is given by

�̂�(𝜙) = 𝜉𝜙 + (1 − 𝜉)𝜙2 (5)

The shape of the geometrical function is shown in Fig. 2b for varied values of the coefficient 𝜉. By considering the suggested value
in [72] of 𝜉 = 2, the geometrical function reads

�̂�(𝜙) = 2𝜙 − 𝜙2 (6)

which differs from conventional phase field models, which commonly employ either the linear �̂�(𝜙) = 𝜙 or the quadratic function
̂ (𝜙) = 𝜙2 to describe brittle fracture.

2.2. Energetic degradation function for cohesive cracks

To describe the degradation of the initial strain energy during the evolution of the crack phase field, a monotonically decreasing
energetic function satisfying the following properties shall be defined [79].

𝑔′(𝜙) < 0, 𝑔(0) = 1, 𝑔(1) = 0, 𝑔′(1) = 0 (7)
5
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The degradation function is determined using the analysis presented in [80], following a general form that will be specified as

𝑔(𝜙) =
(1 − 𝜙)𝑝

(1 − 𝜙)𝑝 +𝑄(𝜙)
(8)

with

𝑄(𝜙) = 𝑎1 𝜙 + 𝑎1 𝑎2 𝜙2 + 𝑎1 𝑎2 𝑎3 𝜙3 (9)

where the parameters 𝑎1, 𝑎2, 𝑎3, 𝑝 can be determined based on the chosen cohesive law that governs the material softening behavior.
Considering an exponential cohesion law that represents the stress 𝜎 as a function of the opening displacement 𝑤, it can be expressed
as follows:

𝜎(𝑤) = 𝑓t exp(−
𝑓t
𝐺f
𝑤) (10)

with an initial slope of the softening regime given as

𝑘0 = −
𝑓t 2

𝐺f
(11)

where 𝑓t , 𝐺f are the tensile strength and the fracture energy of the material, respectively. The material parameters 𝑎1, 𝑎2, 𝑎3, 𝑝
according to [72] can be given as follows

𝑎1 =
2𝐸0𝐺f

𝑓t 2
⋅
𝜉
𝑐0𝓁

(12)

𝑎2 =
1
𝜉

[

(−
4𝜋𝜉2

𝑐0

𝐺f

𝑓t 2
𝑘0)2∕3 + 1

]

− (𝑝 + 1) (13)

𝑎3 =

⎧

⎪

⎨

⎪

⎩

0 𝑝 > 2
1
𝑎2

[

1
𝜉
(
𝑐0𝑤c 𝑓f
2𝜋𝐺f

)2 − (1 + 𝑏)
]

𝑝 = 2
(14)

Based on fitting data the parameter 𝑝 should be set to be > 2. A value of 2.5 is selected in all studies in the current work. Considering
the suggested value of 𝜉 = 2, we substitute this value into (Eq. (5)). Accordingly, through the integration described in (Eq. (3)) we
btain the result of 𝑐0 = 𝜋. By substituting these values into (Eq. (12) - Eq. (14)), the parameters 𝑎1, 𝑎2, 𝑎3 are obtained as

𝑎1 =
4𝐸0𝐺f

𝜋𝓁𝑓t
2
, 𝑎2 = 25∕3 − 3, 𝑎3 = 0 (15)

here 𝐸0 is the Young’s modulus of the described material. The shape of the described degradation function is illustrated in Fig. 2d,
onsidering different values of the internal length scale 𝓁, the exponent 𝑝 and the coefficient 𝜉.

.3. Constitutive relations

The stored energy density can be given as

𝜓[𝜺(𝐮), 𝑔(𝜙)] = 𝑔(𝜙)𝜓0(𝜺) (16)

where 𝜓0(𝜺) is the initial strain energy density given as

𝜓0(𝜺) =
1
2
𝜺 ∶ C ∶ 𝜺 = 1

2
�̃� ∶ S ∶ �̃� (17)

here C is the elastic stiffness, S is the compliance, and �̃� is the effective stress tensor given as

�̃� = C ∶ 𝜺 (18)

The apparent stress tensor can be then defined as

𝝈 =
𝜕𝜓[𝜺(𝐮), 𝑔(𝜙)]

𝜕𝜺
= 𝑔(𝜙) �̃� = 𝑔(𝜙)C ∶ 𝜺 (19)

The conjugate energy release rate associated with the crack phase field can be obtained as

𝑌 = −
𝜕𝜓[𝜺(𝐮), 𝑔(𝜙)]

𝜕𝜙
= −𝑔′(𝜙) (20)

where  represents the initial (undamaged) elastic strain energy, which can be written as

 = 𝜓0(𝜺) (21)

Note that the minus sign in (Eq. (20)) is included to ensure a non-negative value of the conjugate energy release rate, similar to the
classical continuum damage models, e.g., [33,81,82].
6
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2.4. Governing equations and damage evolution law

Taking into account the constitutive relations described above and considering the first variation of work density function
Eq. (1)) with respect to the primal kinematic variables 𝜙 and 𝐮, we can write

𝛿𝑊 (𝐮, 𝜙) = 𝛿(𝐮, 𝜙) + 𝛿(𝜙,∇𝜙) (22)

where 𝛿 denotes the variation. The variation of the stored energy density is given as

𝛿(𝐮, 𝜙) = ∫𝛺

(

𝜕𝜓
𝜕𝜺

∶ ∇sym𝛿𝐮 +
𝜕𝜓
𝜕𝜙

𝛿𝜙
)

d𝑉 = ∫𝛺
(𝝈 ∶ ∇sym𝛿𝐮 − 𝑌 𝛿𝜙) d𝑉 = ∫𝛺

[

𝝈 ∶ ∇sym𝛿𝐮 + 𝑔′(𝜙) 𝛿𝜙
]

d𝑉 (23)

he variation of energy dissipation 𝛿 can be obtained as

𝛿(𝜙,∇𝜙) = ∫
𝐺f 𝛿𝛾(𝜙,∇𝜙) d𝑉 ≥ 0 (24)

where the variation of the crack density function is obtained as

𝛿𝛾(𝜙,∇𝜙) = 1
𝑐0

[ 1
𝓁
𝛼′(𝜙)𝛿𝜙 + 2𝓁∇𝜙 ⋅ ∇𝛿𝜙

]

(25)

The variation of the work density function can be then written as

𝛿𝑊 (𝐮, 𝜙) = ∫𝛺

[

𝝈 ∶ ∇sym𝛿𝐮 + 𝑔′(𝜙) 𝛿𝜙
]

d𝑉 + ∫
𝐺f 𝛿𝛾(𝜙,∇𝜙) d𝑉 (26)

In line with [72,83,84], the local force balances can be derived by applying Gauss’s divergence theorem and the statement that
(Eq. (26)) must hold for any kinematically admissible variations of the virtual quantities. The coupled field equations are therefore
given as follows,

∇ ⋅ 𝝈 + 𝐛∗ = 𝟎 in 𝛺 (27)

𝑔′(𝜙) + 𝐺f𝛿𝜙𝛾 ≥ 0 in  (28)

It should be noted that (Eq. (28)) represents the damage evolution law. The variation of the crack surface density function 𝛿𝜙𝛾 is
obtained as

𝛿𝜙𝛾 = 𝜕𝜙𝛾 − ∇ ⋅ 𝜕∇𝜙𝛾 =
1
𝑐0

[ 1
𝓁
𝛼′(𝜙) − 2𝓁𝛥𝜙

]

(29)

with 𝛥𝜙 denoting the Laplacian 𝛥𝜙 = ∇ ⋅∇𝜙. By substituting (Eq. (29)) into (Eq. (28)) and considering (Eq. (19)), the coupled field
equations can be rewritten as follows

∇ ⋅ [𝑔(𝜙) �̃�(𝐮)] + 𝐛∗ = 𝟎 (30)
𝐺f
𝑐0

[ 2
𝓁
(1 − 𝜙) − 2𝓁𝛥𝜙

]

= −𝑔′(𝜙)(𝐮) for �̇� > 0 (31)

These field equations are supplemented by the following Neumann boundary conditions
{

𝝈 ⋅ 𝐧 = 𝐭∗ on 𝜕𝛺t

∇𝜙 ⋅ 𝐧 = 0 on 𝜕
(32)

where 𝜕𝛺t is the part of 𝜕𝛺 where the tractions are applied.
Two approaches are available for solving the discretized forms of the above field equations. The first one involves a monolithic

scheme, where both 𝐮 and 𝜙 are simultaneously solved. The second option is a staggered scheme, which employs an alternate
minimization strategy. For further details, see e.g., [66,85]. In the current study, the staggered scheme was used in all numerical
simulations described in the following sections.

2.5. Fracture driving force and irreversibility

As evident from the constitutive relation and the conjugate energy release rate presented above in Section 2.3, they demonstrate
symmetry in response to tension and compression. Consequently, the material is susceptible to compressive fracture as well. To
address the above issue, the following ad hoc modified effective driving force  is used, as introduced in [86]:

 = 1
2𝐸0

⟨�̃�1⟩
2 (33)

where �̃�1 is the first principal stress and ⟨⋅⟩ defines the Macaulay brackets (i.e. ⟨𝑥⟩ = max (𝑥, 0)). It should be noted that the
redefinition of the driving force  leads to a hybrid isotropic/anisotropic formulation [87], which results in a loss of variation
consistency, as described in [88]. However, this formulation is necessary in the current study to retain the isotropic constitutive
7

relation and at the same time allow the representation of asymmetric tension/compression behavior.
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Considering the damage to be an irreversible process (i.e. �̇� ≥ 0), a history field variable  is introduced ensuring that the
following condition is always met

𝜙𝑡+𝛥𝑡 ≥ 𝜙𝑡 (34)

where 𝜙𝑡+𝛥𝑡 represents the phase field variable in the current time increment, while 𝜙𝑡 is the phase field variable in the previous
increment. This history variable must satisfy the Kuhn–Tucker conditions

 − ≤ 0, ̇ ≥ 0, ̇ ⋅ ( −) = 0 (35)

onsequently, the history field for a current time step 𝑡, over a total time 𝜏, can be written as follows:

 = max
𝑡∈[0,𝜏]

(𝑡) (36)

t should be noted that, in line with [89], a minimum value of the fracture driving force is defined as

min =
𝑓t 2

2𝐸0
(37)

2.6. Extension to fatigue loading

To address material degradation under fatigue loading, we follow the concept proposed in [90], where the fatigue degradation
function is directly incorporated at the level of Griffith’s energy balance, employing the notion of state-dependent fracture toughness.
This approach has also been adopted in the context of functionally graded materials [91] and toughness reduction due to
embrittlement [92]. By adhering to this concept, the strong form of the second coupled field equation (Eq. (31)) is modified as
follows:

𝑓 (�̄�(𝑡)) 𝐺f
𝑐0

[ 2
𝓁
(1 − 𝜙) − 2𝓁𝛥𝜙

]

= −𝑔′(𝜙) for �̇� > 0 (38)

where 𝑡 is the pseudo-time, �̄�(𝑡) is the accumulated history variable. The function 𝑓 (�̄�(𝑡)) defines the fatigue degradation function,
which has the following properties

𝑓 (�̄�(𝑡) ≤ 𝛼T) = 1, 𝑓 (�̄�(𝑡) > 𝛼T) ∈ [0, 1]

𝑓 ′(�̄�(𝑡)) ≤ 0 in 0 ≤ 𝑓 (�̄�(𝑡)) < 1 (39)

The proposed function in [63] is used in the present study given as

𝑓 (�̄�(𝑡)) =

⎧

⎪

⎨

⎪

⎩

1 if �̄�(𝑡) ≤ 𝛼T
(

2 𝛼T
�̄�(𝑡) + 𝛼T

)2
if �̄�(𝑡) > 𝛼T

(40)

here the 𝛼T is the threshold that controls the initiation of fatigue damage, which is defined as

𝛼T =
𝐺f
𝑘f 𝓁

(41)

Here, 𝑘f is the material parameter that controls the rate of fatigue damage accumulation and, consequently, the fatigue life of the
material. It should be noted that other fatigue degradation functions can be used as discussed in [64,93]. The shape of the described
fatigue degradation function is shown in Fig. 2c for varied values of parameter 𝑘f .

Considering the fatigue hypothesis introduced in [63,94], the accumulated history variable �̄�(𝑡) can be defined as

�̄�(𝑡) =

{

∫ 𝑡0 |�̇�| d𝑡 if 𝛼�̇� ≥ 0 (loading stage)
0 if 𝛼�̇� < 0 (unloading stage)

(42)

Where 𝛼 is the accumulation variable that has been chosen in line with [66] as 𝛼(𝑡) = [1 − 𝜙(𝑡)]2 𝜓0(𝑡). It should be noted that
he choice of this accumulation variable in the context of the presented PF-CM approach here is done arbitrarily to demonstrate
he generality of the presented approach; however, other forms of the accumulation variable 𝛼(𝑡) can also be chosen, such as
(𝑡) = 𝑔(𝜙(𝑡)) 𝜓0(𝑡). Also other specific functions that distinguish between elastic and plastic parts of the strain energy, as discussed
n [64,68], as well as other accumulation strategies, as described in [95], can be employed.

. Numerical implementation aspects

The phase field cohesion zone framework discussed in Section 2 is efficiently implemented within the finite element software
BAQUS using a user materials subroutine (UMAT) at the integration point level and builds on the concepts introduced in [52,89].
his implementation takes advantage of the equivalence between the heat transfer law and the phase field balance equation
Eq. (38)), as visualized in Fig. 3 and discussed below.
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Consider a solid with thermal conductivity 𝑘, specific heat 𝑐𝑃 , and density 𝜌. When subjected to a heat source 𝑟, the temporal
evolution of the temperature field 𝑇 is governed by the following balance law:

𝑘 ∇2𝑇 − 𝜌𝑐𝑃
𝜕𝑇
𝜕𝑡

= −𝑟 (43)

In a steady-state condition, this simplifies to 𝜕𝑇 ∕𝜕𝑡 = 0, and the balance law becomes:

𝑘 ∇2𝑇 = −𝑟 (44)

The analogy between this elliptic partial differential equation and the phase field evolution law is evident, with the temperature
ield serving as the phase field (𝑇 ≡ 𝜙). To highlight this analogy further, the phase field balance equation (Eq. (31)) can be

reformulated as, considering the historical variable :

𝛥𝜙 = ∇2𝜙 =
𝑐0

2𝓁𝑓 (�̄�)𝐺f
𝑔′(𝜙) + 1

𝓁2
(1 − 𝜙) (45)

Assuming a unit thermal conductivity 𝑘 = 1, we can define the heat flux due to internal heat generation as:

𝑟 = −
𝑐0

2𝓁𝑓 (�̄�)𝐺f
𝑔′(𝜙) − 1

𝓁2
(1 − 𝜙) (46)

For the computation of the Jacobian matrix, it is necessary to define the rate of change of heat flux 𝑟 with respect to temperature

𝜕𝑟
𝜕𝜙

= −
𝑐0

2𝓁𝑓 (�̄�)𝐺f
𝑔′′(𝜙) + 1

𝓁2
. (47)

The application of the heat transfer analogy in ABAQUS can be easily accomplished by utilizing the user material (UMAT) and
eat flux (HETVAL) subroutines. This approach allows for implementation at the integration point level, taking advantage of built-in
isplacement-temperature elements like the ABAQUS CPE4T type, suitable for 4-node bilinear quadrilateral elements. At integration
oint level in ABAQUS, the subroutines receive strain and phase field values (temperature) that are interpolated from nodal solutions
or a specific element. The user material subroutine (UMAT) is first called in each integration point loop and enables the calculation
f the material stiffness tensor C and the stress tensor 𝝈 from the strain tensor. The current value of the phase field is then used to
ake into account the damage degradation of these tensors. The accumulated history variable and the fatigue degradation function
re then calculated. The driving force is stored in solution-dependent state variables (SDVs), enforcing irreversibility, as well as
he fatigue degradation function. The updated SDV values are transferred to the heat flux subroutine (HETVAL), which is used to
ransfer the current value of the history field  and fatigue degradation function 𝑓 (�̄�). In the HETVAL subroutine, the internal heat

flux 𝑟 (Eq. (46)) and its derivative with respect to temperature (phase field) (Eq. (47)) are defined, considering the fatigue degraded
fracture energy. This process is repeated for each integration point so that ABAQUS can construct element stiffness matrices and
residuals, resulting in the assembly of the global system of equations as shown in Fig. 3a.

Within the utilized staggered solution scheme, an alternative minimization approach, namely of the single-pass type, is used for
the sequential solving of the displacement subsystem, 𝐊𝐮 𝐮 = 𝐑𝐮, and the phase field subsystem, 𝐊𝜙 𝜙 = 𝐑𝜙. The residual and the
stiffness matrix for the phase field subsystem are constructed considering the historical field from the previous increment 𝑡. In
ther words, the history field remains frozen during the entire iterative process, as illustrated in Fig. 3b. It is important to note
hat the fatigue degradation function and the accumulated history variables are handled in a similar manner to the history field
ariable, which is omitted in Figs. 3b for simplicity. The utilized subroutines, complete with usage instructions and a demonstrative
xample, have been made accessible to the reader and can be found in [96]. For more comprehensive insights into the ABAQUS
mplementation, please refer to [83,89]. Additionally, it is worth noting that an alternative approach for implementing the phase
ield model in ABAQUS involves utilizing the user element subroutine (UEL), a method demonstrated by several authors such
s [85,97–99].

. Mode I crack propagation

To evaluate the validity of the phase field cohesive zone approach presented in Section 2, this section focuses on numerical
imulations that examine the propagation of mode I cracks within concrete. These simulations cover scenarios involving monotonic,
yclic, and fatigue loading.

.1. Experimental program

We follow the test program by Baktheer and Becks [15] on notched concrete beams as it encompassed a wide range of loading
onditions [100].

eometry, material properties, and measurement techniques. The three-point bending tests employed notched beam specimens with
cross-section height (ℎ) of 200 mm and a beam width (𝑏) of 100 mm. The dimensions of the beam length and span were

roportionally adjusted based on the beam height, as shown in Fig. 4. The notch depth (ℎ0) was established at ℎ∕6, while the
otch width (𝑏0) was set to 8 mm. The concrete used in this study falls under the concrete strength class C60, according to [101].
uring testing, the crack tip opening displacement (CTOD) was measured using linear differential transformers (LVDT). In addition

o the LVDT measurements, a 3D digital image correlation (DIC) measurement system was used in selected tests to measure crack
9

ropagation during cyclic and fatigue loading.
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Fig. 3. Implementation concept of the PF-CZM approach: (a) flow chart of the subroutine for implementing a coupled deformation-phase field model utilizing
the analogy to heat transfer, (b) flowchart for the solution of the phase field at each integration point for a given increment using a staggered scheme.

Fig. 4. Test setup and geometry of the notched three-point bending tests of concrete (mode I crack propagation).

Table 1
Description of the loading scenarios used in the experimental program.

Loading scenario Description Purpose Figure

LS1 Monotonic loading Studying the monotonic behavior

LS2 Post-peak cyclic loading Providing detailed information of unloading and reloading
behavior in the post-peak regime

LS3 Pre-peak cyclic with
step-wise increased loading

Providing detailed information of unloading and reloading
behavior in the pre-peak regime

LS4 Fatigue loading with
constant amplitudes

Studying the low- and high-cycle fatigue behavior under
constant amplitudes

It should be noted that the first and second loading scenarios are displacement control tests, controlled by crack tip opening displacement (CTOD) over time,
while the third and fourth loading scenarios are force (F) control tests, displayed through applied loading cycles

Loading scenarios. The test campaign involved a series of loading scenarios to investigate the cyclic flexural and fatigue properties
of concrete. These scenarios are outlined in Table 1 and serve as the basis for a systematic calibration and validation protocol for
10
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Fig. 5. Monotonic and post-peak cyclic response of concrete under mode I crack propagation: (a) experimental response (including three monotonic tests (LS1)
and one cyclic test (LS2)); (b) simulated response; (c) experimental crack path at failure under post-peak cyclic loading (LS2); (d) crack phase field propagation
under post-peak cyclic loading (LS2) plotted at the first four load cycles.

numerical models predicting fatigue crack propagation in concrete. The first loading scenario (LS1) presents a typical monotonically
increasing loading pattern controlled by the crack tip opening displacement (CTOD). The second loading scenario (LS2) describes
a cyclically increasing pattern for the upper and lower loading levels, as outlined in Table 1, which is controlled by the CTOD.
This scenario includes five unloading cycles and provides detailed insight into the post-peak loading and unloading response. The
third scenario (LS3) involves cyclic loading controlled by the applied load, encompassing a maximum of 100 cycles. The upper
load level starts at 𝑆max = 0.50 and incrementally increases by 𝛥𝑆 = 0.05, spanning 10 cycles within each load level as indicated in
Table 1. The lower load level remained constant at 𝑆min = 0.10. This loading scenario allows a detailed evaluation of the loading and
unloading response at the fatigue relevant subcritical load levels before the peak in accelerated form. The fourth loading scenario
(LS4) incorporates the conventional fatigue loading scenario with constant amplitudes. Two different load ranges were investigated,
characterized by upper levels of 𝑆max = 0.70 and 𝑆max = 0.85. The lower load levels were accordingly set at 𝑆min = 0.05.

4.2. Numerical simulations

The three-point bending tests in the experimental program, including the four loading scenarios, were simulated using the Phase
field cohesive zone (PF-CZM) approach. The material parameters for the simulations included Young’s modulus (𝐸0), Poisson’s ratio
(𝜈), tensile strength (𝑓𝑡), fracture energy (𝐺𝑓 ), and the fatigue parameter 𝑘𝑓 . The tensile strength and the fracture energy have been
calibrated to fit the monotonic response (LS1), while the parameter 𝑘f has been calibrated based on the fatigue tests (LS4).

Extensive verifications have shown that the length scale parameter 𝓁 has a negligible effect on global responses and crack patterns
as long as it remains sufficiently small, e.g., [72,84,102]. Mesh-objective results were obtained by ensuring that the characteristic
finite element length was five times smaller than the phase field length scale 𝓁 [103]. A value of 𝓁 = 2.5 mm was deliberately chosen
based on the recommendations in [72,73], which is appropriate for effective simulation of crack propagation in concrete. A plane
stress state is assumed for the 2D model of the notched beam. To ensure accurate representation, a fine mesh is used especially near
the notch. Triangular elements with a size of 0.5 mm are used in this mesh configuration. The entire beam is discretized with a total
of 8741 elements. The boundary conditions in the 2D model were applied directly to the nodes, with fixed horizontal and vertical
displacements for the node at the bottom left corner of the beam and a fixed vertical displacement for the node at the bottom right
corner. The load was applied in the middle of the beam cross-section from the top through a steel plate with a width of 15 cm and
a height of 10 cm and elastic material behavior.

Monotonic behavior. The material parameters were calibrated to obtain a reasonable fit of the monotonic response, which has the
following values: Young’s modulus 𝐸0 = 30000 MPa, Poisson’s ratio 𝜈 = 0.2, tensile strength 𝑓t = 4.8 MPa and fracture energy
𝐺f = 0.03 N/mm. The numerically obtained response is shown in Fig. 5b, which represents the load-CTOD curve. The experimental
results are shown in Fig. 5a, plotted for three performed tests. It is worth noting that a better fit can also be achieved by modifying
the degradation function to follow the Cornelissen softening law [104], which provides more flexibility in controlling the softening
branch, as discussed in [72]. Nevertheless, the calibrated response can be considered acceptable and appropriate for a quasi-brittle
material such as concrete, since the focus of the paper is on the cyclic and fatigue response using the phase field cohesion zone
approach.

Post-peak cyclic behavior. To evaluate the validity of the PF-CZM for reproducing the post-peak cyclic response, a comparison of
the experimental response and simulation is shown in Figs. 5a and b, respectively. It is essential to acknowledge that the PF-
CZM is a pure continuum damage-based model, and therefore, it cannot capture the experimentally observed irreversible crack
opening. It should be noted that irreversible crack opening refers to the unclosed crack due to the rough surface of the developed
crack, as experimentally observed once the force reaches zero level. To address this limitation in cyclic behavior, an extension
of the model is required, possibly incorporating plasticity, as seen in general formulations of the phase field method for ductile
fracture [64,68,105,106]. Another aspect of the cyclic behavior of concrete is the hysteretic loops. The current formulation of the
11
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Fig. 6. Mode I crack propagation in concrete under pre-peak step-wise cyclic loading: (a, d) load-CTOD response obtained experimentally and from simulation,
respectively; (b, e) growth of CTOD at the upper and lower load levels with the corresponding stiffness degradation obtained experimentally and from simulation,
respectively; (c) experimental crack propagation at four stages during the cyclic response measured with DIC; (f) corresponding numerical phase field crack
propagation including the numerically obtained strain field for the third stage.

approach presented considers a pure damage model with the Marigo fatigue hypothesis [94] (see Section 2), which allows for
accumulation of damage during the loading phase. It is also assumed that the hysteretic loops cannot be captured in the current
form of the model, as shown in Fig. 5b.

It should be noted that such limitations of the current formulations of the PF-CZM can be improved by incorporating plasticity
with kinematic hardening and considering a different fatigue hypothesis that links the dissipative processes of damage and plasticity,
as shown in [33,34,107,108]. That enables the accumulation of the plastic strains under constant amplitude cyclic loading, which is
known as the ratcheting mechanism. This mechanism has been successfully introduced within the phase field approach in the unified
framework for low and high cycle fatigue proposed in [68]. The experimentally derived crack propagation is shown in Fig. 5c for
a test performed under the LS2 loading scenario. Besides, the numerical representation of the phase field crack propagation during
cyclic loading is shown in Fig. 5d, specifically for the first four loading cycles.

Pre-peak cyclic behavior. The response under pre-peak cyclic loading (LS3) simulated with the presented PF-CZM approach compared
to the experimental results is shown in Fig. 6. Ten load increments per cycle were used in this simulation and all other fatigue
simulations. Since the applied loads in cyclic and fatigue experiments are relatively slow and controlled, all cyclic and fatigue
simulations are assumed to be quasi-static, where the inertial effects are neglected, in line with several fatigue simulations presented
in the literature [25,63,109]. Furthermore, the presented version of the model is considered to be time-independent, where creep
and loading rate effects are not considered. Such an extension of the model will be possible by incorporating viscoelasticity and
viscoplasticity behavior into the presented approach, however, this is beyond the scope of this study.

The calibrated parameters from the monotonic response were used in this simulation (i.e. 𝐸0, 𝜈, 𝑓t , 𝐺f ). The fatigue parameter 𝑘f
was calibrated based on the loading scenario LS4, as described in the next sections. The predicted response shown in the second row
of Fig. 6 failed after 74 load cycles, while the test failed after 86 load cycles, which can be considered acceptable. The shape of the
load-CTOD response shown in Fig. 6d agrees reasonably well with the experimental response shown in Fig. 6a. The corresponding
fatigue creep curves at upper and lower load levels plotted in solid lines are shown in Fig. 6b and f for the experimental and
numerical results, respectively. The resulting stiffness decrease is shown in dashed lines (Figs. 6b, e).

To demonstrate the accuracy of the PF-CZM approach in capturing crack propagation, the phase field crack diagrams are shown
in Fig. 6f at four stages during the fatigue life. It can be seen that the onset of crack growth corresponds to 94% of the fatigue life.
Then, the crack propagates to the middle of the beam height at failure. Similar observations have been recorded in the experiment
monitored with digital image correlation [15,110]. These evaluated results are shown in Fig. 6c. For comparing the strain field in the
numerical simulation with the DIC-recorded strain field, Fig. 6f displays a numerically obtained strain field plot in the longitudinal
direction at the stage that corresponds to 98% of the fatigue life, and shows quantitatively similar results to the experimentally
recorded values.

It is important to highlight that, except for the disparity in crack opening values at the lower load levels 𝑆min, the PF-CZM model
demonstrates remarkable consistency with the experimental results in predicting pre-peak cyclic behavior. This robust agreement
underscores the significant potential of the PF-CZM approach in accurately depicting fatigue crack propagation under a wide range
of loading conditions.

Fatigue behavior. Concrete behavior under typical fatigue loading with constant amplitudes (LS4) has been simulated, encompassing
two distinct loading ranges. The higher load range has an upper level of 𝑆max = 0.85, while the lower load range is characterized
12
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Fig. 7. Fatigue response of concrete under mode I crack propagation: (a, b) load-CTOD response obtained experimentally and from simulation, respectively;
(c, d) growth of CTOD at the upper load level obtained experimentally and from simulation, respectively; (e) S–N curve (experimental results and numerical
results); (f) numerical results of the crack growth rate (Paris law); (g) phase field crack propagation during fatigue life; (h) contours of maximum principal
stress during fatigue life.

by an 𝑆max = 0.70. Notably, both of these load ranges share an identical 𝑆min = 0.05. The comparison between the numerical
and experimental results is presented in Fig. 7. Within this comparison, we examine the numerical and experimental load–CTOD
responses in Figs. 7a and b, respectively. Additionally, the corresponding fatigue creep curves are illustrated in Figs. 7c and d. It
can be seen that the numerical results exhibit less crack opening displacement throughout the fatigue life in comparison to the
experimental results, especially for the lower load range with 𝑆max = 0.70. This discrepancy can be attributed to the inherent
limitations of purely damage-based models, which are unable to capture irreversible crack opening displacement. Similar to the
previously discussed issues with hysteretic loops in this section, addressing the accumulation of plastic deformations during cyclic
behavior (i.e. the ratcheting mechanism) in combination with hardening effects will enhance the accurate representation of fatigue
creep curves.

The calibrated S–N curve, featured in Fig. 7e, is presented with the parameter 𝑘f set to 0.01. It is important to emphasize that
further refinement in calibration is attainable by reducing the parameter 𝑘f , resulting in extended fatigue life, particularly for the
load range characterized by 𝑆max = 0.70. These results demonstrate the applicability of the presented approach to capture the
high-cycle fatigue behavior in quasi-brittle materials. This has been achieved by combining the PF-CZM with a appropriate damage
accumulation hypothesis. However, it should be noted that in the case of very high-cycle fatigue up to several million load cycles,
the integration of the presented approach into a multiscale approach might be necessary, where the connection to the lower scales
can be established in order to detect and trigger (nano-micro) defects and their influence on the macroscale fatigue behavior.

It is worth noting that the adjustments of the fatigue accumulation parameter 𝑘f have no bearing on the obtained fatigue life
within the upper loading ranges, where 𝑆max ≥ 0.85. This issue is vividly illustrated through a parametric study, as showcased in
Fig. 8. Eight simulations were conducted, spanning both load ranges at 𝑆max = 0.70 and 𝑆max = 0.85, incorporating four distinct
values of 𝑘f . The results reveal that the fatigue life at 𝑆max = 0.70 is subject to precise control through the parameter 𝑘f , as depicted
in Fig. 8a, along with the corresponding fatigue curves, as evidenced in Fig. 8b.

However, an intriguing observation emerges when examining the four simulations at 𝑆max = 0.85: their fatigue lifetimes remained
identical. This phenomenon underscores the fact that the fatigue life at this particular load level remains impervious to alterations in
the fatigue degradation function. This anomaly can be attributed to the inherent characteristics of the fatigue degradation mechanism
at higher load levels, where the dominance of damage processes prevents complete development. This phenomenon, as discussed
in [63], results from the proximity of the nucleation and unstable crack growth phases, inhibiting the establishment of stable
crack growth. Fortunately, this limitation can be effectively circumvented by adopting alternative fatigue hypotheses, as explored
in [34,82,111], allowing for precise control over the S–N curve.

To visualize the simulated fatigue crack propagation, the phase field crack evolution from the simulation at 𝑆max = 0.85 and
𝑘f = 0.01 is shown in Fig. 7g. Additionally, the corresponding maximum principal stress contours are provided in Fig. 7h. For a
comprehensive evaluation of the ability of the presented PF-CZM approach to capture the Paris law [11], the crack growth rate from
13
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Fig. 8. Parametric study for varied value of the fatigue damage accumulation parameter 𝑘f : (a) S–N curves; (b) CTOD growth during fatigue life captured at
he upper load level.

he same simulation with 𝑆max = 0.85 is meticulously analyzed, as illustrated in Fig. 7f. Here, 𝛥𝐾I represents the amplitude of the
stress intensity factor, which is calculated following the methods explained in [1,16]. The measurement and evaluation of the crack
length increment at each loading cycle was carried out manually in the presented example shown in Fig. 7f. Automated approaches
such as those presented in [85] should be used in future work. As evident from Fig. 7f, the plotted data points fit remarkably
well along a single line, aligning with the principles of the Paris law. This alignment is consistent with numerous experimental
observations on concrete specimens, as corroborated in studies such as [1,6,112]. It should be noted that within the experimental
program used to study mode I fatigue propagation in Fig. 7 no specific results on the behavior of the Paris law were provided.
Therefore, only the numerical results are shown in Fig. 7f.

5. Mixed mode I+II crack propagation

To assess the validity of the phase field cohesive zone approach presented in Section 2 under more complex loading configura-
ions, numerical simulations focused on the propagation of mixed mode I+II cracks in concrete are presented in this section. These

simulations involve monotonic and fatigue loading.

5.1. Experimental program

The test campaign presented in [8,113] has been considered for the assessment of the PF-CZM approach, as it covers a reasonable
range of parameters under fatigue loading. The test specimens were notched beams subjected to three-point bending loading. These
beams featured a cross-section height (ℎ) of 160 mm, a beam width (𝑏) of 80 mm, and a span length (𝐿0) of 640 mm. The notch,

ith a depth (ℎ0) of 80 mm and a width (𝑏) of 2 mm, was strategically positioned at a distance of 160 mm from the mid-span
ross-section, as illustrated in Fig. 9. The concrete used in these beams had a compressive strength of 44.24 MPa. During testing,
wo critical parameters were meticulously monitored. The crack mouth opening displacement (CMOD) and the crack mouth sliding
isplacement (CMSD) were measured using linear variable differential transformers (LVDT). Additionally, a digital image correlation
ystem was employed to record and analyze the evolving crack patterns. Within this test program, the analysis focused exclusively
n monotonic loading (LS1) and fatigue loading (LS4) scenarios. The fatigue tests encompassed five distinct loading ranges, with
max values of 0.90, 0.85, 0.80, 0.75, and 0.70, while maintaining a consistent lower load level (𝑆min) of 0.05.

5.2. Numerical modeling

Monotonic behavior. To ensure an accurate representation of the material response under monotonic loading conditions, the model
was calibrated using data from monotonic tests. The objective was to achieve a close fit with the experimental load–CMOD and
load-CMSD curves, as illustrated in Figs. 10a and b, respectively. The calibrated material parameters included a tensile strength (𝑓t)
of 2.8 MPa and a fracture energy (𝐺f ) of 0.09 N/mm. The Young’s modulus and Poisson’s ratio were set to 30 000 MPa and 0.2,
respectively. The length scale parameter 𝓁 was chosen equal to 2.5 mm consistent with the simulations of mode I crack propagation
described in Section 4.2. The 2D model assumed a plane stress condition. Similarly to the simulations in Section 4.2, the boundary
conditions were applied directly to the nodes–fixed horizontal and vertical displacements for the node at the bottom left and a fixed
vertical displacement for the node at the bottom right. The load is applied in the center of the beam from the top with a 15 cm 𝑥
10 cm steel plate.

To evaluate the performance of the PF-CZM approach, the numerically predicted crack propagation path is visualized at three key
stages during monotonic loading in Fig. 10d. This visualization is accompanied by the range of experimentally observed crack paths,
as shown in Fig. 10c. It is noteworthy that the crack path predicted by the PF-CZM approach closely aligns with the experimentally
14

observed crack path, indicating the capability of the model to reproduce the concrete behavior under monotonic loading conditions.
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Fig. 9. Test setup and geometry of the notched three-point bending tests of concrete (mixed mode I+II crack propagation) [113].

Fig. 10. Monotonic response of concrete under mixed model I+II crack propagation (experimental results vs. simulation); (a) load–CMOD curve (b) load-CMSD
curve; (c) experimentally observed crack path; (d) numerically obtained phase field crack path plotted at three load stages.

Fatigue behavior. To assess the validity of the presented PF-CZM approach for a wide range of loading parameters, simulations of
the concrete under mixed mode I+II fatigue crack propagation with four loading ranges have been considered in the study shown
in Fig. 11. The loading ranges with 𝑆max of 0.75, 0.80, 0.85 and 0.90 are considered. The lower load level 𝑆min has a value of 0.05
for the four loading ranges. The left part of Fig. 11 shows the obtained CMOD and CMSD growth during fatigue life compared to
the experimental results presented in [8,113].

Remarkably, the numerical responses obtained for all four simulated loading ranges exhibit a very good agreement with the
experimentally recorded data regarding crack opening and sliding, specifically CMOD and CMSD. This robust agreement reaffirms
the capability of the PF-CZM approach to effectively model fatigue crack propagation under mixed mode I+II loading, demonstrating
its versatility over a wide spectrum of loading parameters. The shape of the crack opening growth during fatigue life, as reproduced
by numerical simulations, exhibits a characteristic ‘‘S’’ shape. It demonstrates a rapid increase in the initial and final phases, while a
linear increase is observed in the middle phase, consistent with previous findings [8]. Furthermore, the PF-CZM approach correctly
captures the increase in slope observed in the CMOD and CMSD curves during the middle phase with rising values of 𝑆max. It should
be noted that the hysteretic behavior of the simulations shown in Fig. 11 was very similar to the mode I simulations shown in Fig. 7b,
so these curves are not shown in this section.

In the right part of Fig. 11, a comparison is presented between the numerically obtained crack paths and the experimentally
monitored range of crack paths at the point of fatigue failure. This comparison showcases the capability of PF-CZM approach in
predicting mixed mode I+II fatigue crack propagation. It is worth noting that the phase field of the crack propagation is depicted
during the last load cycle, just before a significant deformation increase induced by fatigue failure. As a result, the crack propagates
to the middle of the concrete ligament during this final load cycle. In contrast, the visual representation of experimental crack
propagation pertains to specimens that have already undergone complete failure.
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Fig. 11. Mixed mode I+II crack propagation under fatigue loading (simulations vs. experimental results presented in [113]): (a, e, h, k) CMOD growth during
fatigue life for varied 𝑆max; (b, f, i, l) CMSD growth during fatigue life for varied 𝑆max; (c, g, j, m) crack propagation path at fatigue failure.

Fig. 12. (a) S–N curves (experimental and numerical results for varied 𝑘f ); (b) CMOD and CMSD growth during fatigue life for varied values of 𝑘f and 𝑆max.
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For the calibration of the fatigue accumulation parameter 𝑘f , the experimentally determined S–N ranges depicted in Fig. 12a
re considered. Three different values of the parameter 𝑘f are evaluated. A reasonable fit of the fatigue life can be achieved with

a value of 𝑘f = 0.01, as demonstrated in Fig. 12a. It is essential to note that loading ranges exceeding 𝑆max = 0.85 are primarily
governed by damage, and the fatigue life cannot be regulated through the fatigue degradation function, as discussed in Section 4.2.

To achieve full flexibility to match experimentally observed S–N curves, particularly in the high-cycle fatigue regime, the recently
introduced fatigue accumulation strategy by Golahmar et al. [95] can be utilized and integrated into the PF-CZM framework.
Furthermore, this strategy enables the definition of an endurance limit for the fatigue response and provides a flexible way of
incorporating the effect of the mean load on the S–N curves.

Fig. 12b presents the corresponding CMOD and CMSD growth during the fatigue life for the loading ranges with 𝑆max = 0.80 and
𝑆max = 0.75. Notably, with an increased value of the parameter 𝑘f , the slope of the middle phase of the CMOD and CMSD curves
experiences an increase.

6. Mixed mode I+III 3D crack propagation

In order to assess the capabilities of the presented PF-CZM approach in simulating fatigue crack propagation within 3D
applications characterized by complex crack topologies, an example involving a three-dimensional beam with a slanted notch under
uniaxial tension is presented in this section.

The geometry of the beam with an inclined notch rotated by 45◦ is shown in Fig. 13. It is important to emphasize that the
dimensions of the beam for this illustrative example were deliberately chosen to be as small as possible. The choice is primarily
motivated by the goal of minimizing computational costs since there is no experimental data on concrete beams that have been
subjected to such tests.

Both monotonic and fatigue simulations have been conducted, as illustrated in Figs. 14 and 15. The phase field length scale for
these simulations was set to 0.5 mm, while the material parameters were selected as follows: 𝐸0 = 30000 MPa, 𝜈 = 0.2, 𝑓t = 3.0 MPa,
𝐺f = 0.1 N/mm, and 𝑘f = 0.01. Tetrahedral elements were employed to discretize the 3D beam, with a refined mesh near the notch
having an element size of 0.05 mm. The total number of elements used in the 3D model was 85 230. The boundary conditions with
fixed displacements in all three directions were applied directly to the left side of the 3D notched beam, as shown in Fig. 13, while
the load was applied to the entire right side.

Monotonic behavior. Fig. 14a presents the obtained monotonic load–displacement response of the 3D beam. In Fig. 14b, the 3D
phase field crack at the final loading stage can be observed. During the simulation, the crack initiated from the pre-existing notch,
and as the applied load increased, a noticeable rotation of the crack surface was observed. These results effectively capture the
anticipated behavior of crack propagation, where the crack gradually re-positions itself to align perpendicular to the direction of
maximum principal stress.

Fig. 14c offers a top view of the phase field crack at various heights below the notch. The crack initiates from the 45◦ slanted
notch and then twists over the height of the beam until it returns to its initial position at the 45◦ slanted notch. In Fig. 14d, a three-
dimensional perspective of the crack surface and its progressive propagation throughout the monotonic loading can be explored. This
visualization presents the crack evolution across five distinct load stages, providing a comprehensive depiction of its development.

Fatigue behavior. To simulate the 3D crack propagation topology under fatigue loading, two simulations were conducted, encom-
passing both displacement control and load control scenarios, as summarized in Fig. 15. A similar virtual experiment was recently
conducted by Kristensen et al. [114] to test accelerated phase field fatigue techniques. In the displacement control simulation, the
3D phase field crack propagation at fatigue failure is depicted in Fig. 15a. The loading scenario maintains a constant amplitude with
an upper displacement level of 0.095 mm and a lower level of 0.005 mm. For further insight into the 3D crack propagation during
the fatigue life, a perspective view at different load cycles is provided in Fig. 15b.

Conversely, the fatigue response under load control is demonstrated in the load control simulation. Here, the constant amplitude
as an upper load level of 156.6 kN and a lower load level of 8.7 kN. The cyclic load–displacement behavior obtained is shown
n Fig. 15d. The displacement is measured at the point in the upper right corner of the beam. This response is represented by the
isplacement growth extracted at the upper load level and is shown in Fig. 15e. The corresponding phase field crack at the last
oading cycle is presented in Fig. 15c. In contrast to the previous 2D cases described in Sections 4.2 and 5.2, this specific example
ould not be simulated with a simplified 2D idealization due to the complexity of the crack behavior and the lack of out-of-plane
ymmetry. The results achieved with the PF-CZM approach clearly demonstrate its capability to capture the intricate crack topology
nder both monotonic and fatigue loading conditions.

. Critical evaluation and suggestions for further model improvement

The numerical examples of fatigue crack propagation in concrete presented in the previous sections allow a critical evaluation
f the PF-CZM approach presented with respect to the following key fatigue characteristics (as summarized in Table 2):

-N curves. The results from the simulations of both mode I and mixed mode I+II crack propagation demonstrate that the PF-
17
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Fig. 13. Geometry of the notched 3D beam under uniaxial tension (mixed mode I+III crack propagation).

Fig. 14. 3D numerical example under monotonic loading: (a) load–displacement curve; (b) corresponding phase field crack propagation at failure; (c) damage
profiles at various heights below the notch; (d) 3D view of the crack surface at five load stages.

the fatigue hypothesis used, struggles to accurately predict fatigue life. This results in shorter fatigue life predictions compared
to experimental data (as evident in Fig. 7e). A potential solution to this issue could involve exploring alternative fatigue damage
hypotheses (e.g., [34]) or fatigue accumulation strategy (e.g., [95]) that allow for better calibration of S–N curves in both low- and
high-cycle regimes. Furthermore, for very high cycle fatigue, spanning millions of load cycles, the integration of this approach into
a multiscale framework might become essential. Such integration will enable the establishment of connections to lower scales and
thus the detection and triggering of defects at the nano-micro level and the understanding of their impact on fatigue behavior at
the macro level [115–117].

Paris law. The analysis of crack growth rates, as shown in Fig. 7f, indicates that the PF-CZM approach is capable of reasonably
capturing the concept of the Paris law. Similar observations align with findings by other researchers in the field of phase field
modeling, strengthening the credibility of this capability (e.g., [62–64,118]). Further quantitative evaluation of the numerically
calculated Paris law via the PF-CZM approach for fatigue crack propagation tests in concrete is still to be carried out in the future.

Hysteretic loops. Due to the purely damage-based formulation and the fatigue damage hypothesis chosen, the PF-CZM approach
presented is not inherently capable of reproducing the hysteretic loops in cyclic response. Achieving this would require consideration
of elasto-plastic behavior in the cracked material, incorporating kinematic hardening, and adapting alternative fatigue damage
hypotheses, that allow the accumulation of plastic deformations during the cycle, i.e. a ratchet mechanism, as demonstrated in
previous studies (e.g., [34,68]).

Fatigue creep curves. The presented simulations of mode I and mixed mode I+II crack propagation clearly reveal the PF-CZM ability
to reproduce the characteristic shape of fatigue creep curves. This includes accelerated growth in the initial and final phases, as
well as linear and moderate growth in the intermediate phase (Fig. 11). A more accurate representation of fatigue creep curves can
be achieved through the incorporation of the ratcheting mechanism, as shown in [34,68].
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Fig. 15. 3D numerical example under fatigue loading: (a) phase field crack propagation under displacement control fatigue loading at failure; (b) 3D view
of the crack surface at several loading cycles; (c) phase field crack propagation under load control fatigue loading plotted at failure; (d) load–displacement
response obtained numerically under fatigue loading; (e) corresponding fatigue creep curve.

Table 2
Evaluation of PF-CZM approach in terms of key fatigue characteristics.

Fatigue aspect PF-CZM approach Suggestion for improvement

S-N curves ✓| ✗ Considering other fatigue damage hypothesis or
other damage accumulation strategy

Fatigue creep curves ✓ Including the accumulation of plastic deformations,
i.e. ratcheting mechanism

Hysteretic loops ✗ Including plasticity with kinematic hardening as
well as ratcheting mechanism

Paris law ✓ –

Complex fatigue crack propagation ✓ –

✓: can be accurately capture; ✗: cannot be captured; ✓| ✗: can be captured, but with certain limitations.

Complex fatigue crack propagation. As substantiated by numerous researchers, one of the principal strengths of the phase field
approach lies in its proficiency for representing complex crack propagation phenomena. The presented outcomes across 2D and
3D examples subjected to fatigue loading further underscore this inherent capability of the PF-CZM methodology.

In summary, the critical evaluation highlights the potential of the PF-CZM approach and provides valuable insights into its
current limitations. By exploring alternative fatigue damage hypotheses and incorporating aspects like elasto-plasticity and kinematic
hardening, further refinements can enhance the predictive accuracy of the model and broaden its applicability to a wider range of
fatigue scenarios.

8. Conclusions

The presented PF-CZM approach, employed for modeling fatigue crack propagation in quasi-brittle materials like concrete,
demonstrates remarkable validity when compared to experimental data. The critical evaluation, conducted across diverse loading
scenarios and the examination of multiple fatigue characteristics, highlights its potential to realistically predict fatigue crack
growth. This approach features reproduction of the classic S-shape of fatigue creep curves and effective modeling of complex crack
propagation as observed in both 2D and 3D examples under fatigue loading. Nevertheless, certain challenges remain. In particular,
the fitting of S–N curves in the low fatigue cycle region and the lack of hysteretic loops in the PF-CZM formulation need further
improvement. The remedies proposed in this study provide a way to improve the capabilities of the method. In summary, the
PF-CZM approach offers very promising capabilities for predicting fatigue crack growth in concrete. Addressing these limitations
will provide a comprehensive and reliable tool for fatigue crack propagation analysis in quasi-brittle materials.
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