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Abstract. Let G be a compact Lie group acting smoothly on a smooth, compact manifold M, let P €
w™(M; Ey, E1) be a G-invariant, classical pseudodifferential operator acting between sections of two G-
equivariant vector bundles E; — M, i =0, 1, and let a be an irreducible representation of the group G. Then
P induces amap 4 (P) : H(M; Ey)q — H’~""(M; E1) o between the a-isotypical components. We prove that
the map 74 (P) is Fredholm if, and only if, P is transversally a-elliptic, a condition defined in terms of the
principal symbol of P and the action of G on the vector bundles E;.
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1. Introduction

We let G be a compact Lie group acting smoothly on a smooth, compact riemannian manifold
M. There is no loss of generality to assume that M is endowed with a G-invariant metric. Let
w™(M; Ey, E1) be the space of order m, classical pseudodifferential operators acting between
sections of two G-equivariant vector bundles E; — M, i = 0,1, and let @ be an irreducible
representation of the group G. Then P € ¢ (M; Ey, E;)€ induces, by G-invariance, a map

mq(P): H (M; Eo)q — H™ " (M; E1)q D

between the a-isotypical components of the corresponding Sobolev spaces of sections. In this
short note, we obtain necessary and sufficient conditions for 7, (P) to be Fredholm. Fredholm
operators are important in many applications to PDEs and geometry. Our result generalizes to
the case of compact Lie groups the results of [3,4], which dealt with finite groups. We assume the
reader is familiar with [3] and here we just explain the main differences from the case of finite
groups.
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1.1. Notation.

In order to state our main result, we need to set up some notation, some of which is classical
and some of which was already introduced in [3, 4]. If G acts on X, we let X G be the set of fixed
points of G, we let G be the stabilizer of a point x € X (in G), and, finally, we let Xz be the set
of points whose stabilizer is conjugated to H. Also, as usual, G denotes the set of equivalence
classes of irreducible G-modules (or representations, agreeing that all our representations are
strongly continuous). In general, if T : Vj — V; is a G-equivariant linear map of G-modules and
ae G, welet

q(T): Voo = Via )

denote the induced G-linear map between the a-isotypical components of the G-modules V;, i =
0,1. Since P is G-invariant, its principal symbol o, (P) belongs to €°°(T* M ~ {0}; Hom(Ey, El))G,
where m : T*M — M is the cotangent bundle projection. Let G¢ and G, denote the isotropy
subgroups of { € Ty M and x € M, as usual. Then Gy < Gy acts linearly on the fibers Ey, and
E1x. Let g denote the Lie algebra of G. Then any Y € g defines a canonical vector field Yy on M.
Let the G-transverse cotangent space of M be given by

TEM = {E€ T*"M|V Y €, (&, Yu (&) =0}, 3)

as in [2]. As usual, S* M denotes the unit cosphere bundle of M. Let S* M:=S*Mn T* M denote
the set of unit covectors in the G-transverse cotangent space TEM. The group G acts on {G¢ | ¢ €
T* M} by g-Gg := Ggg = gGr g~ . For p € Gy define g-p € Gg¢ by (g p)(h) =p(g ' hg),forall he Gge.
The characterization of Fredholm operators can be reduced to each component of the orbit space
M/G, and therefore we can and will assume M/G to be connected. Under this hypothesis there
exists a minimal isotropy subgroup K such that any isotropy subgroup of G acting on M contains
a subgroup conjugated to K and the set of points M, with stabilizer conjugated to K is an open
dense submanifold Mg, of M called the principal orbit bundle of M, see [9].

1.2. The a-principal symbol and a-ellipticity

Let E = Ey @ Ey and Qu(E) := {(§,p) € S;M x G | Ep # 0}. Then
oS : QuE)— |J  Hom(Eog,, Eigp)%,
€P)EQM(E) (4)
oS (P)(E,p) = mp(0m(P)(&) € Hom(Egep, E1ep) %, &€ (SEM)y,
is the G-principal symbol 0, (P) of P. (Here we have used that E, = E; for any ¢ € T M, by the
definition of the pullback 7*(E) of E — M to T*M.) If A and B are compact groups, if H is a

subgroup of both A and B, and if Hompy(a, §) #0, then a € Aand Be B are said H-associated [4].
Let us fix a minimal isotropy group K c G for M and let

QY (E) == {(&,p) €Qu(E)|Ig€G, 8- p and a are K-associated} . 5)

In the definition of the space Qf, (E) above, it is implicit that the group element g € G is such that
Kcg-Ge.

Definition 1. The a-principal symbol 0% (P) of P isc%,(P) := U%(P”Q?W(E). We shall say that P €
W™ (M; Ep, E)© is transversally a-elliptic if its a-principal symbol a%,(P) is invertible everywhere
on its domain of definition.

The transversal 1 -ellipticity is related with transversal ellipticity on (singular) foliations [1,7,8].
We can now formulate our main result.
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Theorem 2. Let meR, P € ¢ (M;Ey, E1)° and a € G. Then
mq(P): H (M; Eg)g — H*™(M; E1)q
is Fredholm if, and only if P is transversally a-elliptic.

For G finite, our main result was proved before [3, 4]. This is the first paper that deals with
the non-discrete case. As far as the statement of the result goes, the case non-discrete is different
from the discrete case in that SEM # S*M, in general. The proof in the non-discrete case, is,
however, significantly different from the one in the discrete case. Extending our results to the case
of compact Lie groups is motivated, in part, by questions in Index Theory and also by the recent
preprint [6] and the reference therein. The techniques used in this paper to obtain Fredholm
conditions are related also to the ones in [16], used for G-opeators, and the ones in [5], used for
complexes of operators. See also [8,12, 14, 15].

We thank Matthias Lesch, Paul-Emile Paradan, and Elmar Schrohe for useful discussions.

2. Background material

This section is devoted to background material and results. The reader can find more details
in [3,4]. We concentrate only on the material that is significantly different from the discrete case,
for which we refer to [3]. There is no loss of generality to assume that M/G is connected (recall
that G is a compact Lie group acting by isometries on the compact Riemannian manifold M).

One of the main differences in the non-discrete case is that we need two versions of induction.
Let H c G be a closed subgroup and V be an H-module, we define, as usual, the continuous
induced representation by

co-Ind% (V) := €(G, V) = {fe€(G,V)|f(gh™) =hf(g)}. 6)

Assume that V is a Hilbert space and that the representation is unitary. Then we let the hilbertian
induced representation L*- Indg(V) be the completion of ¢y- In%g(V) with respect to the induced
Hilbert space norm. Then G acts by left translation on cp-Ind7; (V) and L2- Indfl(V). Frobenius
reciprocity holds for both types of induction and that is used in the proof.

Let us summarize two important properties of the G-transversal spaces T;M and S;; M.

Lemma3. Let H be a closed subgroup of G and S be a H-manifold. Then T;(Gxy S) = Gx gy Tj;S.
If M| G is connected with minimal isotropy group K, then S{ M(x) is dense in S M and T M also
has K as minimal isotropy group.

Proof. Let us show that K is a minimal isotropy group for T M. We only need to show that there
is ¢ € T ;M such that G, = K and that, for all { € T M, a conjugate of K will be contained in G.
Since (x,0) € T(*;M it follows that G,0) = K for all x € M(x, with G, = K. Now let (x,¢) € TéM and
identify T*M and TM via the Riemannian metric. We have G, ) = G4, 1¢), for any A € R* since
the action of G is given on T M by the differential of the action on M. Replacing ¢ by A¢, we can
assume that ¢ is in the domain of the Riemannian exponential map exp, : TxM — M. Since the
exponential map exp, identifies (Gx-equivariantly) a small neighborhood Uy, c (TgM), with a
slice Sy at x € M, we get that G(y,¢) = Gexp () N Gx- But the slice theorem also implies that G, = G
for any y € Sy therefore Gy = Gexp, (¢)- Now since K is minimal for M, it follows that there is
g€ Gsuchthat g-K < Gexp &) = Gx,6)- g

Let
Ay = €(S;M;End(E)).
and A§, := €(S;, M;End(E))°.

C. R. Mathématique — 2021, 359, n°9, 1135-1143
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Remark 4. Recall that a two-sided ideal I c A of a C*-algebra A is called primitive if it is the
kernel of a non-zero, irreducible *-representation of A. By Prim(A) we shall denote the set of
primitive ideals of A, called the primitive ideal spectrum of A, see [10] for more details. For any
o€ AI(\;4 and (¢, p) € Qp(E) (see Equation 2), we define

Tg,p)(0) :=7p(0(8)) =0 (E)lE,, - @)

Then the map y : Qu(E) — Prim(Ag[) given by x(¢,p) = ker(m( ) induces a bijection o :
QuE)/IG — Prim(Ag/[), see [4] for a detailed proof, which applies mutatis mutandis by replac-
ing §* M with S;M and T with G. See also [11]. Let us recall briefly the ideas of the proof. The
map € (S}, M)G — AY, given by f — fIdg allows to see € (S M)¢ < A§, as a central subalge-
bra. If 7 : AG — $(H) is an irreducible representation of Ay , then 7[(‘6(5* M)6) ﬂ(AG ) =
{T € L(F), Tn(a) =n(a)T, ¥V ac AS } By Schur’s lemma, it follows that n(cﬁ(S* MG = CIde,
because n(Idg) # 0. Therefore, ﬂl%(S*M)c is a multiple of a character of <€(S* M)G which cor-
responds to an orbit G¢. Let evge be the evaluation map at the orbit of {. Now notice that
End(Eg)Gf AS I ker(evge) A, and that End(E;)% = @End(E¢,)%, where the direct sum is over
pE Gg such that p < E¢. But now Schur’s lemma for group representations implies that End(Efp)G

is isomorphic to the simple algebra My, (C), where k, is the multiplicity of p in E¢. It follows that 7
corresponds modulo the previous 1dent1ﬁcatlons to the projection onto M, (C), for some p € Gg
such that p c E;. In other words, we can associate to 7 an element (¢, p) € Q M (E). The element
(&, p) € Qp(E) is not unique (it depends on the point ¢ € G¢), but it is unique modulo the action
of G. Therefore this associates to ker(r) the element G(¢, p) € Qp(E)/G and defines our desired
bijection (which is even a homeomorphism).

3. Primitive ideals and the proof of the main theorem

Let W(M , E) (respectively F(M , E)) be the norm closure of the algebra y°(M; E) (respectively,
w~ ' (M; E)) of classical, order zero (respectively, order —1) pseudodifferential operators on M, a
compact manifold. Let K be our fixed minimal isotropy group, let & € G, and let 7, the restriction
morphism to the a-isotypical component L?>(M;E), of L?>(M;E), see Equation (2). As for the
discrete case, the most important (and technically difficult) part of the proof is the identification
of the quotient 7, (0 (M; E)®) /7o (w1 (M; E)G)._ L

As in [2], the map €(S* M;End(E))¢ — m4 (w0 (M; E)®)/mq (w1 (M;E)€) descends to a surjec-
tive algebra morphism

RE: A, = €(SEM;End(E)C — 10 (WO (M, B)) /4y~ (M, E)©).
Since the map ,@%I is surjective, the question of determining the quotient algebra

HQ(W(M,E)G/T[“(F(M;E)G) is equivalent to the question of determining the ideal
ker(Z$,) AG . In turn, this ideal will be determined by solving the following problem:

Problem 5. Let AG =6(S; * M;End(E))®, as before. Identify the closed subset
E%(E) := Prim(AS,/ ker(%5)) < Prim(AS).
We notice that if P is a G-invariant pseudodifferential operator then n,(P) is Fredholm if,
and only if, the image by %Y, of its principal symbol is invertible, by an equivariant version of
Atkinson’s theorem [3,4]. We next determine which ker(ﬂ(g,p)) belongs to Z*(E), for (&, p) € Qp(E).

3.1. Calculation on the principal orbit bundle

Let us consider first arbitrary (¢, p) € Q M, (E). By tensoring with a*, we can assume thata = 1 €
G, the trivial representation. (This reduction is justified in Theorem 13.)

C. R. Mathématique — 2021, 359, n° 9, 1135-1143
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Remark 6. One of the advantages of assuming a = 1 = 1 is the following simplification:
* G§
by (B = {€ 16 | € S5 Mo, B #0}.
Indeed, this is because if @ = 1, then, in the Equation (5) defining Q}/I(K) (E), we have K = g Gg,
and hence p = 16, and Eéc‘t #0.

Let xp := (¢) € M(x). There is no loss of generality to assume that G, = K. Let U < (Tg M), =
(TC’;M)XO be a slice at xp, let W = Gexp,, (U)=G/KxU be the associated tube around xp, and let

neEy and fe 62U, fxo)=1. @)

We have (S U)y, = Sy, U, since we have assumed xj := 7(¢) € M(x). Hence ¢ € S} U. We define
then s, € <€C°°(W;E)G and e; € € (W)G by sn(gexpy, (») := f(y)gn and er(gexpy, (1) = e’t<3”f),
t € R. That is, they are the functions on W extending the functions y — f(y)n and y — e"®%
defined on U < Ty, U = (TxU) x, by G-invariance via W = Gexp,, (U). Let us notice that, if we let
(DI% denote the Frobenius isomorphism, then s, := ®IG<(fn) and e; = q)g(e’“"a). Recall the map
x:Qm(E) — Prim(AI%) of Remark 4. Using oscillatory testing techniques, see, for instance [13,17],
and Remark (6), we obtain.

Proposition 7. Assume that0 #1n € Effo (recall that Kxy = xo). Then, for every P € 1//0 (M; E), we
havelim,_.o, P(e;sp)(x0) = 0o(P)(E)n. In particular, if P € wO(M; E)C, then

lim 73 (P)(ers) (x0) = 00(P)()n =: m(e,1) (G0 (P)n.
Consequently, ker (1,1)) € E' (E). Equivalently, x(Q,  (E)) < E(E).
Above M x,, we also have the opposite inclusion.
Theorem 8. We have )((QII\Ld(K) (E)) ==4E)n Prim(Af/I(K)), and hence
= = . " G
Zg(B) := EN(B)nPrim(Af; ) = {ker (T@16) 1 § € SGMx), E* #0).
Proof. Proposition 7 states that x(Q%/I(K) (E)) < =L(E). This gives hence the inclusion

1
X (QM(K)

xS, p) :=ker(m ) € E(])l (E). By definition, this means:

(B) < E%(E). To prove our result, we need to prove the opposite inclusion. Let

e ((,p)eQm(E)and € SZ,M(IQ and, most importantly,

* 7o et =0-
We need to prove that (£, p) € Q}/I(K) (E). As before, by replacing ¢ with a suitable conjugate g¢, we
can assume that G¢ = K and therefore we need to prove that Ef #0and p =1g. Since x:=n(¢) €
M x,, we can replace M with a tube W around x with contractible slice U on which E is trivial. We
shall prove by contradiction that Ef # 0. Indeed, if 0 = Ef = EY, then L*(W; E)“ = 0, by Frobenius
reciprocity, and hence ker(@&,) = Agv. This is, however, not possible since ker(@&,) c ker(ﬂ/@y o)

We shall prove, again by contradiction, that p = 1. Let us hence assume that 1x # p € K. Let

p, be the projection onto the isotypical component corresponding to p in End(E:)X ~ End(E)X.
We have p,, # 0, since (¢, p) € Qp(E). Recall that Cl)g denotes the induction map. Let f € €:°(U)
be equal to 1 near x and extend f p, to a G-invariant element G = @I(é(fpp) € €°(M;End(E))C
¥O(M, E)¢ via W = Gexp(U) with principal symbol 0¢(Q) =: § = Qom € A, := €°(M;End(E))°.
Let P € €°°(Mx); End(E))¢ = €°°(S},Mx); End(E))€ be the projection defined by

P(y) = Pig,» Y€ My, 9)

that is, P(y) € End(E) ) is the projection onto the vectors fixed by G), the stabilizer of y. It has the
property that P is the identity on L?(M; E)“ and QP = 0 € €™ (Mx); End(E)). We have

M0 (@ = Mg 0 (00(Q) = f@@)pple, = pp and m1(Q) := Qlzape = QPl2 e =0.

C. R. Mathématique — 2021, 359, n° 9, 1135-1143
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Therefore, @%(Z]’) =m1(Q) + ﬂn(F(M; E)) = 0 but 7 ) (d)g(fpp)) # 0, which contradicts our
assumption that 7 ¢ ) |ker@}4 ) =0.Hence p =1k. O

3.2. Calculation for singular (¢, p)

We now consider (¢, p) € Qs (E) such that x := 7($) € M. A lot of work in this subsection will be
devoted to finding the right definitions of the § and Q used in the previous subsection and still
satisfying the relations 7 p)(§) = pp, G = 09(Q), but, this time, PQ =0.

3.2.1. The symbol q and a distinguished neighborhood of (, p).

We first consider the construction of §. We could construct g to satisfy 7 4 (§) = p, using a
tubular neighborhood of ¢ in §* M, but we need ¢ to satisfy a few other properties in order to be
able to construct Q in the next subsection. Assume K < G¢. Let us then define succesively

Fr:={peGs| pcEcand X #£0}, px:= Y pp, and egx = Idg, —pk. (10)
PeF

(In particular, px € End(Eg)Gf .) To construct the right g, we restrict to a tubular neighoborhood
of x := m(¢). Let then H be a closed subgroup of G and let V be a vector space on which H
acts by isometries. Let W = G x g V and assume that E = G x g (V x E') for some H-module E’.
Let (£, p) € Qw(E) be our fixed element. If 7({) =: x = [¢,0] € Gxyg V = W, then & = [¢,0,v*] €
S*W = Gxg (VxS;W), with v € S{W. We have that H acts on S;W. We construct then g
first on the sphere S;W to be H-invariant and to coincide with e; x # 0 at { by using an H-
tubular neighborhood of v* in S§W and call this function p. The main properties of p are thus
that p € €°(S:W)H and p(v*) = e k. Then we extend p to V x SiW to be constant in the V-
direction. Since this extension (still called p) is H-invariant, we can further extend p to S*W =
G x g (V x St W) to be G-invariant. Finally, § := fp € €°(S*W; End(E))G, where f € €°(W)C is
such that f(x) = 1, which defines also an element of €2°(S* M; End(E))G if the support of f is
small. Recall the projection P € €°° (M K);End(E))G, P(y) = p1,,, of Equation (9).

Lemma9. Let (¢, p) € Qu(E) withK c G: and pX = 0. Then
(i) 7¢,p(q) =pp#0.
(i) 716G =0, forallé € S* M.
(i) PG=qP=0o0nS*My).
(iv) Let Vi =1{({,p) e Qu(E) | n((,ﬁ)(éf) # 0}. Then x(V3) is an open neighbourhood of x(&, p) in
Prim(AgI) and x(Vz) N E(I)L (E) = @. In particular, x(&,p) ¢ E(])l (E).

Proof. (i). Let us notice first that p, € End(Eg)Gs‘ = End(E")% is non zero because ¢&,p) €
Qu(E) implies that p < Eg, by definition. Let us prove (i). Since pX =0 we get that p ¢ Fr (see
Equation 10). Therefore, for any p’ € F¢, p,p, = 0. This gives that

ﬂ(E.P)(a) = ﬁ(f)Pp =€,KkPp = Pp— Z Pp'Pp = Pp = IdEfp EEnd(Egrp).
p’€F5

(ii). In view of the support of g and its G-invariance, this relation reduces to e; xp1, =0on V
(see Equation 10). The relation e¢ x p1, = 0 is valid because Ef = @preFé (Efpr)K and therefore

PKP1g = Plg-
(iii). The relation (iii) is just another formulation of (ii) since P(y) = p1, on V(x).

(iv). It is standard that the set y(Vj) is open, see for example [3]. By Theorem 8, Eg (Elw) =
{ker(m¢,16,)), ¢ € SG Wi, Efc #0} and then (ii) implies (iv). O

C. R. Mathématique — 2021, 359, n°9, 1135-1143
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3.2.2. Density of_0 in=!

Lemma 10. Assume that (&, p) € Qp(E) is such that x (&, p) ¢ E(])l (E) and that K < G¢. Then
(i) pX =0, and hence, in particular, )((Q%,I(E)) = E(])l (E) = )((Q}/I(m (E)) and
(i) thereis Q € y°(M;E)C such thatoo(Q) = § andn1(Q) =0 (i.e,, Q = 0 on L*(M; E)©).

Proof. (i). We already showed in Theorem 8 that :(1)L (E) = )((Q (E)) Since ker(m ¢, ) is maxi-
mal (because A Ayl ker(m,p) = End(E¢,)% = Mi(C), due to the fact that p € Gg), the assumption
that y(¢,p) ¢ :[]} (E) implies that there is o € AM such that 7, (0) = Idg,, and the assoc1ated
neighbourhood VU ={mn,p") € Qu(E) |ﬂ(n o (0) # 0} does not 1ntersect _(I)L (E).Hence (¢ 1)(0) =

for all ({,1) € Q (E) Let us assume, by contradiction, that pX # 0 and let {,, € S* M) be a
sequence converglng to ¢, which exists by Lemma 3. Let us then write o ({},)| B = cr(( Wl Efp &
U(Cn”(fig))h for n large enough. Since (E¢p)X < Eg{( and a(fn)lEéK =7, 1)(0) =0, we obtain that

IdEfp = n¢,p (0) =limo((y)] Egp vanishes on (Efp)K # 0, which is a contradiction. The relation

)((Q (B)) = =1 (E) follows by combining what we have just proved with Lemma 9 (iv). The rest
follows from E, (E) x(Q L(K) (E)).

(ii). Since the problem is local, we can assume that M = W := G xg V, as in the previous
subsection. Using the compactness of G/ H, let us cover it with finitely many contractible local
charts D; and let ((p?) be a partition of unity subordinated to this covering {D;}. Let x : W :=
G xpg V — G/H be the projection and Y; := x~1(D;). Then Y; is a finite covering of W and
Ely, = Y; x E; is trivial. Let y; € €:°(D;) be such that y;¢; = ¢;. We extend trivially the partition
of unity ¢; and the functions y; to W by replacing, for instance, ¢; with ¢; ox. Each Y; identifies
with an open subset of a vector space Z;. Then let y; € €°°(Z") be such that ¢ (0) = 0if [n| <1/2
and w(n) = 1 whenever || = 1. For any order zero classical symbol ae SO (YixYix ZF) on Y; and
any s € €:°(Y;, E), we let

Op(a)s(y) := (2n)7dimwf f e' V=AM q(y, z,m) s(z)dzdn.
zZrJZz;

We shall use this construction for a;(y,z,n) := x; Vv, (n)ﬁ(y, IZI)X’(Z) to obtain Q; := Op(a;),
where we have regarded (y,n) € Y; % Z! =T"Y; < T*W. Next we define Q := }¥; ¢;Q;¢; and
Q:=Av(Q) := Jc gQg 'dg. Then Q is an order zero, G-invariant pseudodifferential operator on
W with principal symbols g because the average map commutes with the principal symbol map.

Let us prove now that Q|2 e = 0. By density, it is sufficient to show that Qs(y) = 0 for
¥ € Wiy and s € €°(W, E)G. By Lemma 9 (iii), we have for ye WixynY;, ze Y;, and n € Zl.* that
Pa;(y,z,m) =0.Thus for any s € €:°(Y;, E) and y € Y; n W k), we obtain that P(y)Q; (s)(y) = 0. Thus
we get that PQ(s) =0 on L2(W;E) = LZ(W(K);E). Using the average map, we obtain

0 = [AV(PQ(9))] () = PO [AV(Q)s] (1) = P((Qs)(y), Y yeWi.

It follows that PQ = 0 on L?(W; E). Since Q(L*(W; E)%) c L>(W; E)© and PP acts as the identity on
L2(W;E)®, we obtain that Q(L*(W; E)®) = PQ(L*(W;E)°) = 0. O

Theorem 11. The set Z1(E) := Prlm(AG / ker(% ) c Prlm(A ) associated to the ideal ker(% )

of AS, :=€(S;; M;End(E))© is the closure in an(A ) of the set :}} (E):= ZY(E) n Prim(A M(K))

Proof. Since = (E) is closed, it is enough to show that, if ker(me p)) € _(I)l (E), then ker(m ¢ ) ¢
=1 (E) We may assume that K< G;and M =G xpy V as before From Lemma 10 (i), we know that
pX = 0. Furthermore Lemma 10(11) glves that there is Q € w°(M; E)® such that 0¢(Q) = § and
Ty (@) 0 on L2(M; E)°. Therefore, Uo(Q) qge ker(% ). Slnce, T p) (@) #0byLemma 9 (i), 7w, 0)
does not vanish on ker(% ), which means that ker(ﬂ(g ) €2 L(p). O
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Combining the previous results, we obtain the desired determination of the set Z! (E) and
hence of the kernel of the morphism %3,

Proposition 12. We have Z'(E) = E} (E) = x(Qy,(E)), and hence xo : Q},(E)/G — EL(E) is a
bijection.

The form of the main result given in the introduction is then obtained from the following
sequence of equivalences (which was referred to as “reduction to a = 1”). The last equivalence of
the following theorem was shown for finite groups in [3, Proposition 5.9].

Theorem 13. The following statements are equivalent:

(1) 7y (P) is Fredholm;

(i) mq (P ®Idy+) is Fredholm;
(iii) P®Idy~ is transversally 1 -elliptic;
(iv) P is transversally a-elliptic;

(v) Forall& € (S;M)X the linear map

Tm(P)(x,8) ®Idg~ : (Ex® @)X — (Ey @ a™)*
is an isomorphism.

Sketch of the proof. The equivalence of (i) and (ii) is an elementary, direct operator theory
argument. The equivalence of (ii) and (iii) is the difficult part of the statement and it is what we
have proved for the most part of this note. The equivalence of (iii) and (iv) is an elementary, direct
representation theoretic argument. Finally, (iii) = (v) by the definition of 1-transverse ellipticity.
Let h € G¢ be such that h-K < G¢. Then h~! willmap E¢to Ep-1; and E?'K to E}If_, ¢ The invertibility

of the G-invariant symbol o ,,(P) on E?'K (and hence on each Egg with "X # 0) will follow
therefore from its invertibility on Ef_l Iz Thus (v) = (iii). O
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