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1 Introduction

In recent years remarkable progress has been made in the quest for a string theoretic

description of the standard model of particle physics. In particular we now have hundreds of

explicit models whose low energy matter spectra are potentially realistic — containing the

standard model particles and no chiral exotics — in several classes of string constructions;

heterotic smooth Calabi-Yau compactifications [1], heterotic orbifold compactifications [2],

Gepner models [3], free fermionic constructions [4], D-brane models [5], F-theory [6] (see [7–

10] for some recent reviews). It is now essential to go beyond the particle content, and

consider the low energy effective field theory that describes their phenomenology. Toroidal

orbifold compactifications are attractive in this respect, as the corresponding action can at

least in principle be computed explicitly, via the string CFT [11, 12], which is free.

A first question one asks is which couplings in the action are allowed to be non-

vanishing. The topic of selection rules for non-vanishing superpotential couplings in het-

erotic orbifold compactifications was revisited recently in [13]. By studying the correspond-

ing L-point correlation functions, an apparently forgotten rule [14–16] was identified, and

a new rule discovered. These Rules 4 and 5 arise from the properties of the worldsheet

instantons that can mediate couplings.
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We seek in the present paper to understand the stringy nature of R-symmetries in

heterotic orbifold compactifications. It has generally been assumed that this issue is well

understood for factorizable orbifolds [17, 18], but not understood at all for non-factorizable

orbifolds [19, 20]. We provide a derivation of the R-charge conservation law from the

orbifold CFT, for factorizable and non-factorizable orbifolds, with prime ordered and non-

prime ordered twists. We restrict our present analysis to compactifications without discrete

Wilson lines. This is because the effect of discrete Wilson lines on the string couplings

has not yet been worked out, since a consistent action description in this case is not

known [21–23].

We show that the R-charge conservation law also emerges due to properties of the

worldsheet instantons, with symmetries in the orbifold geometry leading to symmetries

amongst the worldsheet instantons wrapping the orbifold space. For non-factorizable orb-

ifolds, we find charge conservation laws which correspond to non-R symmetries, as well as

some R-charge selection rules. At the same time, we also encounter a new stringy rule,

which we may call Rule 6, which applies in some orbifolds to some couplings. Its origin

is similar to that of charge conservation and Rule 4, arising due to symmetries among

worldsheet instantons.

Our results on the R-charge conservation agree with the current literature for the

prime factorizable orbifolds, but for the non-prime case we find a non-trivial contribution

to the conserved R-charges from the γ-phase, which has previously been unnoted. As

a consequence, some couplings that are forbidden by the old R-charge conservation are

actually non-vanishing. This is particularly important, as a favourite choice for Orbifolders

constructing potentially realistic orbifold compactifications [2, 18, 24–30] has been non-

prime orbifolds like T 6/Z6−II . Another observation that differs from the current picture is

that factorizable orbifolds do not always lead to three independent R-charge conservation

laws, with one associated to each plane. In fact, planes for which the orbifold twist is

non-prime turn out to all contribute to a single R-charge conservation law.

The paper is organized as follows. In section 2, we provide a brief review of the orbifold

setup and outline how string selection rules can be derived from the string correlation

functions. We build upon this discussion in section 3, first considering the discrete Lorentz

symmetries enjoyed by the orbifold geometry, and then deriving directly from the CFT

the charge conservation laws and Rule 6 for factorizable and non-factorizable orbifolds. In

section 4, we turn to Rule 4. Finally, in section 5, we provide a summary of our results, and

discuss their significance. In an appendix we give a more detailed classification of orbifold

automorphisms, for future reference.

2 Orbifold CFT review

Let us begin by briefly describing the orbifold geometry and associated conformal field

theory [11, 12], which provides the setting for our discussion. In this section, we introduce

the orbifold and the string states that emerge when heterotic string theory is compactified

on the orbifold. Then we describe the basic ingredients of the corresponding worldsheet

conformal field theory, in particular the vertex operators and correlation functions. Finally,

we review how the correlation functions can be used to derive string coupling selection rules,

referring to [13] for more details.

– 2 –



J
H
E
P
0
5
(
2
0
1
3
)
0
7
6

Point group Twist vector

Z3 (1, 1,−2)/3

Z4 (1, 1,−2)/4

Z6−I (1, 1,−2)/6

Z6−II (1, 2,−3)/6

Z7 (1, 2,−3)/7

Z8−I (2, 1,−3)/8

Z8−II (1, 3,−4)/8

Z12−I (4, 1,−5)/12

Z12−II (1, 5,−6)/12

Table 1. All ZN point groups and twist vectors for 6D orbifolds leading to N = 1 SUSY [31, 32].

2.1 Orbifold geometry, the space group and conjugacy classes

A ZN orbifold is constructed by dividing R6 by a six-dimensional lattice Λ in order to obtain

a torus, and subsequently modding out by some ZN automorphism. The ZN automorphism

is called the point group P , and defining the space group S as S = Λ o P , we can thus

describe the orbifold as T 6/P or R6/S [31, 32].

We call the generator of P the twist, θ, and it is convenient to diagonalize it, using

complex coordinates to describe the torus and writing θ as:

θ = diag
(
e2πıv1 , e2πıv2 , e2πıv3

)
. (2.1)

The vector v = (v1, v2, v3) is referred to as the twist vector. The orbifold geometry has

a number of special points that are fixed under the action of the point group and torus

lattice shifts. We denote with f (k) a point fixed under θk, that is f (k) = θkf (k) + λ, for

some λ ∈ Λ. Thus we can associate to each fixed point a space group element g = (θk, λ)

or g = (θk, (1− θk)f (k)).

We consider compactifications of the heterotic string theory on this orbifold geometry.

The requirement of N = 1 supersymmetry in four dimensions then restricts the ZN point

group to nine possibilities1 listed in table 1.

We will see that the properties of the orbifold compactification depend strongly on

whether the order N of the point group is prime or non-prime. Given a point group, several

underlying torus lattices may be possible [33–36], the only requirement being that the

group of lattice automorphisms contains ZN. Orbifolds may then also be classed according

to whether or not the underlying torus lattice factorizes into three orthogonal complex

planes. If so, the orbifold is called factorizable, although this is rather a misnomer as it

is only the underlying torus that is factorizable, whereas the orbifold is not (T 2/ZN1) ×
(T 2/ZN2)× (T 2/ZN3).

The string states on the orbifold satisfy closed string boundary conditions that incor-

porate a non-trivial local monodromy:

Xi(e2πız, e−2πız̄) = (θkX)i(z, z̄) + λi ≡ (gX)i(z, z̄) , (2.2)

1In addition there are nine ZN × ZM orbifolds, for which we could make an analogous discussion. More

sophisticated orbifold constructions have also been considered for instance in ref. [33].
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with Xi, i = 1, 2, 3, the complex coordinates of the string in the target orbifold space,

and z, z̄ the complex worldsheet coordinates. When k = 0 we call the states untwisted,

otherwise they are twisted, in the k-th twisted sector. A twisted state is associated, via

eq. (2.2), not just to a single space group element g, but with an entire conjugacy class of

the space group, where
{
hgh−1 |h ∈ S

}
is the conjugacy class of g [11].

For prime orbifolds, the conjugacy classes are in one-to-one correspondence with the

fixed points of P and are given by
{

(θk, λ+ (1− θk)Λ)
}

, with the translation part running

over some coset of the torus lattice Λ. For non-prime orbifolds, it may happen that a point

f fixed under θk is not fixed under θ. We can then consider its orbit Of as {θrf ; 0 ≤ r < l},
for l the smallest integer such that θlf = f + λ. In other words, two points fixed under

θk that are different on the torus may be connected by θ, in which case both correspond

to the same conjugacy class and are equivalent in the orbifold. The conjugacy classes are

then given by:
l−1⋃

r=0

{
(θk, θrλ+ (1− θk)Λ)

}
, (2.3)

with higher twisted sectors generically corresponding to a union of cosets. It follows that

for non-prime orbifolds, the physical states in the k-th twisted sector are in general linear

combinations of states located at several θk fixed points [35–37]. Labelling states by their

associated fixed points we construct the physical states |ψ〉 as

|ψ〉 = |f〉+ e−2πıγ |θf〉+ · · ·+ e−2πı(l−1)γ |θl−1f〉 , (2.4)

with the possible γ-phases given by γ = p/l, p = 0, 1, . . . , l − 1. The geometric part of

the string state is thus constructed to be an eigenstate of the θ twist, with eigenvalue

given by e2πıγ .

So far we have presented the action of the ZN point group on the bosonic coordinate

fields Xi, but modular invariance requires the twist to act non-trivially on the other com-

ponents of the heterotic string. In particular, excluding Wilson lines, the twist is embedded

into the gauge group with the gauge degrees of freedom transforming as XI → XI +2πV I ,

I = 1, . . . , 16, where V I is called the gauge shift vector.

The physical string states must be invariant under the total ZN transformation. We

will show this in more detail below, in terms of the corresponding vertex operators.

2.2 Vertex operators and correlation functions

The physical states in the string Hilbert space correspond to fields or operators in the orb-

ifold CFT. To compute the low energy effective field theory, we are interested in the vertex

operators describing the emission of massless fields, in the limit of zero 4D momentum.

For a twisted bosonic field, this is given by:2

V−1 = e−φ
3∏

i=1

(∂Xi)N
i
L (∂X̄i)N̄

i
L eıq

m
shH

m
eıp

I
shX

I
σi(k,ψ) , (2.5)

2We omit normalization and cocycle factors, as they are not important for our purposes.
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whilst for a twisted fermionic field it is

V−1/2 = e−φ/2
3∏

i=1

(∂Xi)N
i
L (∂X̄i)N̄

i
L eıq

(f)m
sh Hm

eıp
I
shX

I
σi(k,ψ) . (2.6)

Each has a number of contributions, corresponding to the various degrees of freedom carried

by the heterotic string. The right-moving worldsheet fermions have been bosonized to the

fields Hm(z̄), m = 1, . . . , 5, and they carry an H-momentum given by qsh = q + kv for the

twisted spacetime bosonic states, with q a weight on the vector lattice of SO(10), and kv

the shift induced by the orbifold twist. The H-momentum for the spinor representation is

written as q
(f)
sh , and is related to that in the vector representation by:

qsh = q
(f)
sh + (1, 1, 1, 1, 1)/2 . (2.7)

The left-moving worldsheet bosonic gauge fields correspond to XI(z), I = 1, . . . , 16, which

carry a similarly shifted gauge momentum, psh = p + kV , where p is a vector in the

E8 × E8 lattice. Massless states may be excited via some number, N i
L, N̄ i

L, of left-moving

holomorphic and anti-holomorphic bosonic oscillators. We have also introduced a scalar

field, the superconformal ghost φ, with the subscript on V indicating the superconformal

ghost charge.

The twist fields σ(k,ψ) serve to implement the non-trivial monodromy (2.2) observed

for the bosonic string coordinates Xi(z, z̄). For the prime orbifolds there is a one-to-one

correspondence between the twist fields and fixed points, but for non-prime orbifolds it is

helpful to construct them as [38, 39]:

σ(k,ψ) =
l−1∑

r=0

e−2πırγσ(k,θrf) , (2.8)

with σ(k,θrf) being viewed as auxiliary twist fields. Note that, as far as quantum properties

go, the auxiliary twist fields σ(k,θrf) with various θrf are indistinguishable. Also, untwisted

fields, which have k = 0, are included in our discussion by taking σi(k,f) → 1.

The quantum numbers of the physical massless states should fulfill the masslessness

conditions and orbifold projection conditions. Under the twist, the complete state associ-

ated with the space group element g = (θk, λ) acquires a phase:

∆(k, e2πıγ) = e2πı[(NL−N̄L).v+psh.V−qsh.v+γ− k
2 (V 2−v2)] , (2.9)

so ∆(k, e2πıγ) = 1 for physical states.

With the vertex operators at hand, we are ready to consider the correlation func-

tions. We are interested in string tree-level L-point correlation functions of the kind

〈VFVFVB . . . VB〉, as this is enough to identify allowed terms in the holomorphic super-

potential of the low energy effective field theory. To cancel the background ghost-charge,

which is 2 on the worldsheet sphere, we have to introduce L−3 picture-changing operators

– 5 –
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into the correlation function, taking 〈V−1/2V−1/2V−1V0 . . . V0〉 with

V0 =
3∑

j=1

(
eıq

j m
0 Hm

∂̄Xj+e−ıq
j m
0 Hm

∂̄X̄j
)

×
3∏

i=1

(∂Xi)N
i
L (∂X̄i)N̄

i
L eıq

m
shH

m
eıp

I
shX

I
σi(k,ψ). (2.10)

Thus, for higher order couplings, with L > 3, additional H-momenta q1
0 = (0, 0, 1, 0, 0),

q2
0 = (0, 0, 0, 1, 0) and q3

0 = (0, 0, 0, 0, 1) need to be introduced, as well as right-moving

oscillators, which we count by N i
R, N̄ i

R.

2.3 String selection rules

We now review how string coupling selection rules can be derived from the string correlation

functions [11–13]. In particular, in this section we recall the space group selection rule,

gauge invariance, H-momentum conservation and Rule 5, referring the reader to [13] for

more details. In the following sections we will turn to the main topic of the paper; R-

charge conservation and a new stringy rule, as well as Rule 4, in factorizable and non-

factorizable orbifolds.

Since the orbifold CFT is free, the L-point correlation functions factorize into several

parts, each giving rise to a certain condition for non-vanishing couplings. The twist fields

lead to the so-called space group selection rule, which takes the form (α = 1, . . . ,L):

L∏

α=1

[gα] = (1, 0) , (2.11)

where [gα] represents some element of the conjugacy class of the space group element gα.

The space group selection rule includes the point group selection rule,
∑L

α=1 kα = 0 mod N

for the ZN orbifold. In terms of the explicit space group elements, it can be written as3

(1− θkL)(θrLfL + τL) + θkL(1− θkL−1)(θrL−1fL−1 + τL−1) + . . .

. . .+ θkL+kL−1+···+k2(1− θk1)(θr1f1 + τ1) = 0 , (2.12)

for some integers 0 ≤ rα < N and some τα ∈ Λ. Thus we see that the space group selection

rule restricts the combinations of fixed points that can enter a coupling.

Next we have the momentum conservation conditions. The conservation of gauge

momentum: ∑

α

psh = 0, (2.13)

leads to gauge invariance. Instead, conservation of H-momentum implies that all terms in

the correlation function vanish except for those satisfying:

N i
R = 0, N̄ i

R =
∑

α

qishα − 1 . (2.14)

3In a slight abuse of notation, throughout the text we use θ to denote both the generator of P and the

Coxeter element of the lattice Lie algebra, which gives the action of the point group on the basis vectors of

the lattice. The meaning should however be clear from the context.
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Note that for higher order couplings, H-momentum conservation is automatically satisfied

after imposing the point group selection rule, but must be considered to fix the number

of right-moving oscillators in the correlation function. We will comment on H-momentum

conservation for three-point couplings below.

After applying the momentum conservation, the non-trivial part of the general corre-

lation function takes the form [13–16, 40]:

F =
3∏

i=1

〈(∂Xi)N
i
L (∂X̄i)N̄

i
L (∂̄X̄i)N̄

i
Rσi(k1,ψ1) · · ·σi(kL,ψL)〉 , (2.15)

where we have factorized it into 2D components, and from now on N i
L, N̄ i

L, like N̄ i
R, refer

to the total number of oscillators appearing in the correlation function. Notice moreover

that for the higher twisted sectors, we can write the correlation function for physical states

as a sum of several auxiliary correlation functions, each involving the auxiliary twist fields,

weighted by the γ-phases [11, 41, 42]:

F =

l1∑

r1=0

· · ·
lL∑

rL=0

e−2πır1γ1−···−2πırLγL ×
3∏

i=1

F iaux , (2.16)

where

F iaux = 〈(∂Xi)N
i
L (∂X̄i)N̄

i
L (∂̄X̄i)N̄

i
Rσi(k1,θr1f1) · · ·σi(kL,θrLfL)〉 . (2.17)

To make further progress, it is helpful to split the bosonic coordinates into the solutions

to their classical equations of motion, ∂∂̄Xi
cl = 0, and their quantum fluctuations:

Xi(z, z̄) = Xi
cl(z, z̄) +Xi

qu(z, z̄) . (2.18)

The auxiliary correlation functions similarly split as:

F iaux =

N iL∑

s=0

(
N iL
s

) N̄ iL∑

t=0

(
N̄ iL
t

) N̄ iR∑

u=0

(
N̄ iR
u

)∑

Xi
cl

e−S
i
cl(∂Xi

cl)
N iL−s (∂X̄i

cl)
N̄ iL−t (∂̄X̄i

cl)
N̄ iR−u

×
∫
DXi

que
−Siqu(∂Xi

qu)s (∂X̄i
qu)t (∂̄X̄i

qu)uσi(k1,θr1f1) · · ·σi(kL,θrLfL) , (2.19)

where
(
N iL
s

)
and so on are the binomial coefficients and the classical action is given by

Sicl =
1

8π

∫
d2z

(
|∂Xi

cl|2 + |∂X̄i
cl|2
)
. (2.20)

Moreover, for the quantum part of the correlation functions to be non-vanishing, the num-

ber of holomorphic and anti-holomorphic indices have to match [12], s = t+u. Thus, in fact:

F iaux =

N̄ iL∑

t=0

N̄ iR∑

u=0

(
N iL
t+ u

)(
N̄ iL
t

)(
N̄ iR
u

)∑

Xi
cl

e−S
i
cl(∂Xi

cl)
N iL−t−u (∂X̄i

cl)
N̄ iL−t (∂̄X̄i

cl)
N̄ iR−u

×
∫
DXi

que
−Siqu(∂Xi

qu)t+u (∂X̄i
qu)t (∂̄X̄i

qu)uσi(k1,θr1f1) · · ·σi(kL,θrLfL) , (2.21)

where the non-zero contributions in the sums over t and u satisfy t+ u ≤ N i
L.
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The classical solutions represent worldsheet instantons stretching between the fixed

points involved in the auxiliary couplings, and can be written as [11, 41–44]:

∂Xi
cl(z) =

L−Mi−1∑

l=1

ail h
i
l(z), (2.22)

∂̄Xi
cl(z̄) =

Mi−1∑

l′=1

bil′ h̄
′i
l′(z̄), (2.23)

(no summation over i), plus their complex conjugates:

∂̄X̄i
cl =

(
∂Xi

cl

)∗
,

∂̄Xi
cl =

(
∂X̄i

cl

)∗
. (2.24)

Here, the integers Mi are given by Mi =
∑L

α=1 kiα, and we have defined kiα = kα v
i mod 1,

such that 0 < kiα ≤ 1 in (2.22), and 0 ≤ kiα < 1 in (2.23). Any untwisted strings present

in the coupling do not alter these instanton solutions.

The basis functions hil(z), h̄
′i
l′(z̄) are determined by the local monodromy condi-

tions (2.2), and the requirement that the classical action converges [43, 44]. It can happen

that the only way to satisfy these conditions is with a vanishing solution ∂Xi
cl = 0 or

∂X̄i
cl = 0. In particular, at least three twisted strings in a given plane are required for a

non-trivial worldsheet instanton to exist in that plane. This implies Rule 5 or the forbidden

instanton rule, which imposes the following conditions on the oscillator numbers [13]:

holomorphic instantons forbidden: N i
L ≤ N̄ i

L + N̄ i
R

anti-holomorphic instantons forbidden: N i
L ≥ N̄ i

L

no instantons allowed: N i
L = N̄ i

L + N̄ i
R , (2.25)

and simplifies further the expression (2.21) for the correlation function. In detail, for

holomorphic instantons forbidden, the auxiliary correlation functions in the i-th plane take

the form:

F iaux =
(

N̄ iL
N iL − N̄

i
R

)∑

Xi
cl

e−S
i
cl(∂X̄i

cl)
N̄ iL−N

i
L+N̄ iR (2.26)

×
∫
DXi

que
−Siqu(∂Xi

qu)N
i
L (∂X̄i

qu)N
i
L−N̄

i
R (∂̄X̄i

qu)N̄
i
Rσi(k1,θr1f1) · · ·σi(kL,θrLfL) ,

for anti-holomorphic instantons forbidden, we have:

F iaux =

min(N̄ iR,N
i
L−N̄

i
L)∑

t=0

(
N iL
N̄ iL + t

)(
N̄ iR
t

)∑

Xi
cl

e−S
i
cl(∂Xi

cl)
N iL−N̄

i
L−t(∂̄X̄i

cl)
N̄ iR−t (2.27)

×
∫
DXi

que
−Siqu(∂Xi

qu)N̄
i
L+t (∂X̄i

qu)N̄
i
L (∂̄X̄i

qu)tσi(k1,θr1f1) · · ·σi(kL,θrLfL) ,

and for no instantons allowed:

F iaux =

∫
DXi

que
−Siqu(∂Xi

qu)N
i
L (∂X̄i

qu)N̄
i
L (∂̄X̄i

qu)N̄
i
Rσi(k1,θr1f1) · · ·σi(kL,θrLfL) . (2.28)
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To obtain further selection rules, the coefficients al, bl′ in the worldsheet instanton

solutions will be important. These are determined by the global monodromy conditions

(the quantum part instead feels only the local monodromy) [11, 41, 42, 45, 46]:
∫

Γp

dz∂Xi
cl +

∫

Γp

dz̄∂̄Xi
cl = νip,

∫

Γp

dz∂X̄i
cl +

∫

Γp

dz̄∂̄X̄i
cl = ν̄ip , (2.29)

where Γp represent all possible net zero-twist closed loops enclosing the twist fields. There

will be L-2 independent such loops, which we can take to be those encircling the fixed

point fp clockwise np times followed by the fixed point fp+1 counterclockwise mp times,

where npkp = mpkp+1 mod N, with np,mp the smallest integers satisfying this property,

and p = 1, . . . ,L− 2. The vectors νip are then elements of the corresponding cosets of the

torus lattice:

νp = (1− θnp kp)(fp+1 − fp + λ) , λ ∈ Λ . (2.30)

Note that the (L− 1)-th loop is not independent from the others, as the sum of all L− 1

loops can be pulled around the worldsheet sphere and shrunk to zero, giving the space

group selection rule. However, this provides a consistency constraint that may further

restrict the coset vectors νip. For example, for the 3-point couplings it turns out that the

coset vectors are restricted to [41, 42]:

ν1 =
(

1− θn1 k1
)(

f2 − f1 − τ2 + τ1 + (1− θk1+k2)(1− θgcd(k1,k2))−1λ
)
, λ ∈ Λ , (2.31)

where τ1,2 are the torus lattice vectors that appear in the space group selection rule (2.12)

and gcd stands for greatest common divisor. Finally, we can solve the global monodromy

conditions for the coefficients ail, b
i
l′ . Defining the period matrices as:

W i l
p =

∫

Γp

dzhil(z), l = 1, . . . ,L−Mi − 1,

W i (L−Mi−1+l′)
p =

∫

Γp

dz̄h̄′
i
l′(z̄), l′ = 1, . . . ,Mi − 1 , (2.32)

it follows that ail, b
i
l′ are particular linear combinations of the coset vectors

{
νip
}

:

ail = νip(W
−1)i pl ,

bil′ = νip(W
−1)i p

L−M i−1+l′
. (2.33)

Notice that the fixed point dependence lies only in the coset vectors νip, as the period

matrices depend only on the twisted sectors involved.

We are now ready to derive more selection rules, which arise due to the symmetries

amongst the worldsheet instanton solutions. To this purpose, we use eqs. (2.21) and (2.27)

to show that, when holomorphic instantons are allowed in the i-th plane, the auxiliary

correlation functions can always be written in the form:

F iaux =
∑

Xi
cl

e−S
i
cl(∂Xi

cl)
N iL−N̄

i
L−N̄

i
R f (|∂Xi

cl|2, ∂Xi
cl∂X̄

i
cl) 〈σi(k1,θr1f1) . . . σ

i
(kL,θ

rLfL)〉 , (2.34)
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where the explicit expression for f (|∂Xcl|2, ∂Xi
cl∂X̄

i
cl) follows from eqs. (2.21) and (2.27),

and depends on the classical solutions as written, and we use the shorthand

〈σiθr1f1 . . . σiθrLfL〉 for the quantum part of the correlation function. Similarly, when holo-

morphic instantons are forbidden in the i-th plane, it follows from eqs. (2.26) and (2.28)

that we can write the auxiliary correlation functions as:

F iaux =
∑

Xi
cl

e−S
i
cl(∂X̄i

cl)
−N iL+N̄ iL+N̄ iR 〈σi(k1,θr1f1) . . . σ

i
(kL,θ

rLfL)〉 . (2.35)

It is important to observe that the classical solutions depend on the fixed points to which the

participating auxiliary twist fields are associated. In detail, since the basis functions hil, h
i′
l′

are determined by the local monodromy, they depend only on the twisted sectors involved

in the coupling, and not the fixed points. Instead, the coefficients ail, b
i
l′ are determined by

the global monodromy, and so do depend on the fixed point positions. If the fixed points

involved in two couplings are related by the orbifold twist, then so will be the coefficients

ail, b
i
l′ and hence also the classical solutions. Notice also that given two classical solutions,

∂Xi
cl 1, ∂Xi

cl 2 related by θ, then |∂Xi
cl 1|2 = |∂Xi

cl 2|2 and ∂Xi
cl 1∂X̄

i
cl 1 = ∂Xi

cl 2∂X̄
i
cl 2.

3 R-charge conservation, the γ-phase and a new stringy rule

Our purpose is now to use what we have learned to study the origin and structure of the

R-charge conservation laws. R-charge conservation in orbifold compactifications has been

understood from two related perspectives [14–18]. Since Lorentz symmetries distinguish

between bosons and fermions, one expects any discrete Lorentz symmetries in the internal

space that survive the orbifold compactification to lead to a discrete R-charge conservation

law in the four dimensional effective field theory. On the more technical side, the R-charge

conservation law has been derived from the general structure of the string correlation

functions, as a consequence of the H-momentum conservation condition and the plane by

plane twist invariance that is observed in factorizable prime orbifolds [13].

We now refine these arguments, considering carefully the various classes of ZN orbifolds,

prime, non-prime, factorizable, non-factorizable. In doing so, we find that the relation

between Lorentz symmetries in the orbifold geometry and R-symmetries in the low energy

effective field theory can be more subtle than previously assumed. Also, the R-charges

of higher twisted states in non-prime orbifolds have a non-trivial contribution from their

γ-phase. Moreover, for certain orbifolds we find an additional selection rule whose string

origin is similar to that of the R-charge conservation law. This rule, which we may call

Rule 6, depends however on the relative properties of the states in a coupling, and hence

does not have a simple field theoretical interpretation.

3.1 Orbifold automorphisms

To begin with, we are interested in the symmetries of the internal space of the string

compactification, that is the orbifold T 6/ZN. Thus we are looking for the subgroup of the

torus lattice automorphism group that respects the point group and moreover leaves the

conjugacy classes of the fixed points invariant. We focus on the Lorentz transformations
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that are discrete rotations. In the appendix, we discuss more generally the symmetries of

the orbifold geometry.

When the underlying torus lattice is factorizable, the action of the orbifold twist θ can

be decomposed into discrete rotations acting plane by plane, (θ1, θ2, θ3), and the fixed points

can be decomposed as a direct product of fixed points in the three planes, f (k) = g1⊗g2⊗g3,

with (θi)
kgi = gi (up to lattice identifications) for f (k) in the k-th twisted sector. We can

then immediately identify discrete rotational symmetries. First, notice that for a plane with

prime order twist, θigi = gi for all the twisted sectors. Then, there are three different cases:

(i) All planes have prime order twists. In this case, all the fixed points are fixed under

the orbifold twist plane by plane:

θif
(k) = f (k), i = 1, 2, 3, for all f (k) . (3.1)

So we have the discrete symmetries generated by θ1, θ2 and θ3. An example of this

case is T 6/Z3.

(ii) Only one plane is non-prime. Here, all fixed points are fixed under the prime plane

rotations, say θ2, θ3. Moreover, considering the non-prime rotation, say θ1, we have:

θ1f
(k) = θ1g1 ⊗ g2 ⊗ g3

= θ1g1 ⊗ θ2g2 ⊗ θ3g3

= θf (k)

' f (k) . (3.2)

where the last ' indicates equivalence of the fixed points up to the conjugacy class.

So we have again the symmetries, θ1, θ2 and θ3. Here, an example is T 6/Z6−II .

(iii) Two planes are non-prime. Again, all the fixed points are fixed under the prime

plane rotation, say θ3. Moreover, they are invariant under the combined action of the

non-prime rotations, say θ1θ2 since:

θ1θ2f
(k) = θ1g1 ⊗ θ2g2 ⊗ g3

= θ1g1 ⊗ θ2g2 ⊗ θ3g3

= θf (k)

' f (k) . (3.3)

In this case, the symmetries are generated by θ1θ2 and θ3. An example is T 6/Z6−I .

There is one more case to be considered. The Z4 orbifold, with twist vector

v = 1
4(1, 1,−2), has only two kinds of twisted sectors, θ, θ2 (plus their conjugates). There-

fore, all the fixed points are fixed under θ2, and this holds plane by plane for the factoriz-

able orbifold:

(θ)2f (k) = (θ1)2g1 ⊗ (θ2)2g2 ⊗ (θ3)2g3 = g1 ⊗ g2 ⊗ g3 = f (k) ⇒ (3.4)

(θ1)2f (k) = f (k) , (θ2)2f (k) = f (k) . (3.5)
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Lattice Twist Orbifold Automorphisms

Z4 SU(4)⊗SU(4) 1
4(1, 1,−2) θ, (θ1)2

Z6−II SU(6)⊗SU(2) 1
6(1, 2,−3) θ

Z7 SU(7) 1
7(1, 2,−3) θ

Z8−I SO(5)⊗SO(9) 1
8(2, 1,−3) θ, (θ1)2

Z8−II SO(8)⊗SO(4) 1
8(1, 3,−4) θ, θ3

Z12−I SU(3)⊗F4
1
12(4, 1,−5) θ, θ1

Z12−II F4⊗SO(4) 1
12(1, 5,−6) θ, θ3

Table 2. Orbifold automorphisms for some non-factorizable or partially factorizable orbifolds built

on Lie lattices, counting independent discrete rotational symmetries that preserve the conjugacy

classes, and labeling them with their generators. We refer to [35, 36] for details of the torus lattice,

orbifold twist and fixed points.

Thus there will be an additional symmetry generated by (θ1)2 or (θ2)2 (these are not in-

dependent).

For orbifolds whose underlying torus lattice and orbifold twist are partially factorizable

on one complex plane, a similar analysis can be made. For the non-factorizable orbifolds,

the twist does not act plane by plane, and we cannot decompose the fixed points as a direct

product of fixed points in the three planes. We may still ask what are the discrete rotational

symmetries of the orbifold geometry, that is which elements of the Cartan subalgebra of

SO(6) leave the torus lattice and fixed point conjugacy classes invariant. We have performed

a computer scan for such orbifold automorphisms in several explicit examples, with results

given in table 2. In most cases, the only symmetry is the point group itself, but notice

that for the Z4 and Z8−I orbifolds, the fixed points are such that they enjoy an additional

Z2 symmetry generated by (θ1)2. A similar computer scan for the factorizable orbifolds

revealed that the list of possible symmetries given in (i)–(iii), is exhaustive.

In what follows, we show how these symmetries in the orbifold geometry affect the

string couplings. For smooth, field theoretical compactifications, we know that Lorentz

symmetries of the compact manifold give rise to R-symmetries in the low energy effective

field theory, and that the 4D R-charges descend from the 10D Lorentz representations.

This intuition has always been applied also to orbifold string compactifications, but has

been worked out explicitly only in some special cases. In particular, we should check how

the twisted sectors, which emerge only after the orbifold compactification and are localized

in the orbifold geometry, transform under the effective R-symmetry. For example, referring

to the expression for the vertex operator eq. (2.5), if we were to suppose naively that the

only components of the string that transform under the 6D Lorentz transformation are Xi

and H i, with ∂Xi → e2πıvi∂Xi, ∂X̄i → e−2πıvi∂X̄i and H i → H i−2πvi under the Lorentz

rotation θi, we would infer that the picture-independent R-charges, Ri = qish −N i
L + N̄ i

L,

should be conserved [17]. However, we would not recover in general the required trans-
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2
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0

e  /21

e  /22

θθ

Figure 1. Fixed point structure for the various twisted sectors of the T 2/Z6 orbifold. Note that

the fixed points in blue are related by the orbifold twist, so they are equivalent in the orbifold space.

formation under the full orbifold twist4 θ1θ2θ3 = θ. To identify the R-symmetry in the

effective field theory, including the R-charges carried by twisted fields, we have to look at

the explicit expressions for the correlation functions.

3.2 A 2D illustrative example

It will be useful to have a simple 2D example in mind, before considering the general 6D

case. As the prime orbifolds follow straightforwardly, we present a non-prime example,

T 2/Z6 on a G2 lattice (see figure 1). We focus for simplicity on the 3-point couplings,

where the explicit form of the worldsheet instanton solutions mediating the couplings is

known completely.

We describe the G2 lattice with basis vectors, e1, e2. The Z6 twist acts in the lattice

basis as

θe1 = −e1 − e2, θe2 = 3e1 + 2e2 , (3.6)

and the fixed points for the first, second and third twisted sectors are:

f (1) = 0 ,

f (2) = 0, e2/3, 2e2/3 ,

f (3) = 0, e2/2, e1/2,
e1 + e2

2
. (3.7)

Thus the physical states |ψ(k)〉 for the k-th twisted sector are (see eq. (2.4)):

|ψ(1)〉 = |0〉 ,
|ψ(2)〉 = |0〉, |e2/3〉+ e−2πıγ(2) |θ(e2/3)〉 ,
|ψ(3)〉 = |0〉, |e1/2〉+ e−2πıγ(3) |θ(e1/2)〉+ e−4πı γ(3) |θ2(e1/2)〉 , (3.8)

with γ(2) ∈ {1/2, 1} and γ(3) ∈ {1/3, 2/3, 1}.
4The same can be said for untwisted charged matter, as the orbifold twist acting in all planes together

θ1θ2θ3 = θ, should be embedded into the gauge sector.
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Consider for example a coupling between physical states of type θ2θ2θ2, say:

|ψ(2)
1 〉|ψ

(2)
2 〉|ψ

(2)
3 〉 = |0〉

(
|e2/3〉+ e−2πıγ2 |θ(e2/3)〉

) (
|e2/3〉+ e−2πıγ3 |θ(e2/3)〉

)
, (3.9)

where we suppressed the twisted sector label to lighten the notation, so that γ
(2)
α = γα.

The coupling is thus given by a sum of auxiliary couplings, weighted by the γ-phases, and

differing only in the positions of the fixed points. Applying the space group selection rule

to each auxiliary coupling:

(1− θk3)f3 + θk3(1− θk2)f2 + θk3+k2(1− θk1)f1 ∈
3⋃

α=1

(1− θkα)Λ , (3.10)

one finds that the auxiliary couplings |0〉|e2/3〉|e2/3〉 and |0〉|θe2/3〉|θe2/3〉 vanish.

Now we are ready to consider the correlation functions. For a θ2θ2θ2 coupling only the

holomorphic worldsheet instanton solutions are non-vanishing. After applying the H- and

gauge-momentum conservation and Rule 5, the correlation function can be non-vanishing

provided NL ≥ N̄L, and the non-trivial part of each auxiliary correlation function takes

the form (see eq. (2.34)):

Faux =
∑

Xcl

e−Scl(∂Xcl)
NL−N̄L〈σ(θ2,f1)σ(θ2,f2)σ(θ2,f3)〉 , (3.11)

with the notation:

〈σ . . . σ〉 =

∫
DXque

−Squ∂Xqu . . . ∂X̄qu . . . σ . . . σ , (3.12)

for the quantum part. The quantum part constitutes a global factor for all the auxiliary

correlation functions, as it does not depend on the positions of the fixed points, but only,

via the local monodromy, to which twisted sectors they belong [11, 36, 38, 39]. We are

interested instead in the classical contribution, and in particular in the sum over worldsheet

instanton solutions, which depends on the fixed points at which the twisted strings are

localized.

The sum over classical solutions corresponds to a sum over lattice coset vectors,

which for our couplings |0〉|e2/3〉|θe2/3〉 and |0〉|θe2/3〉|e2/3〉 are given, respectively, by

(see eq. (2.31)):

ν1 = (1− θ2)(e2/3− 2e1 − e2 + Λ), (3.13)

ν2 = (1− θ2)(2e2/3− e1 − e2 + Λ) . (3.14)

Notice that these are related by a θ-twist, θν1 = ν2, as they must be since the fixed points

are related by θ {0, e2/3, θe2/3} = {0, θe2/3, e2/3}. Moreover, it is easy to check that the

sets of vectors ν1 and ν2 each have a Z3 rotation symmetry, generated by θ2, as they must

since θ2 {0, e2/3, θe2/3} = {0, e2/3, θe2/3} and θ2 {0, θe2/3, e2/3} = {0, θe2/3, e2/3}.
We can use these relations to combine the auxiliary correlation functions:

F = e−2πıγ3
∑

Xcl

e−Scl(∂Xcl)
NL−N̄L〈σ(θ2,0)σ(θ2,e1/3)σ(θ2,θe1/3)〉

+e−2πıγ2
∑

Xcl

e−Scl(∂Xcl)
NL−N̄L〈σ(θ2,0)σ(θ2,θe1/3)σ(θ2,e1/3)〉 , (3.15)
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finding an overall factor:

F ∼ e−2πıγ3
(

(1)NL−N̄L + (ω2)NL−N̄L + (ω4)NL−N̄L
)

+e−2πıγ2
(

(ω)NL−N̄L + (ω3)NL−N̄L + (ω5)NL−N̄L
)

= (ω)−6γ3
(

1 + ωNL−N̄L−6
∑
α γα + ω2(NL−N̄L−6

∑
α γα) + ω3(NL−N̄L−6

∑
α γα)

+ω4(NL−N̄L−6
∑
α γα) + ω5(NL−N̄L−6

∑
α γα)

)
, (3.16)

with ω = e2πı/6, where we recall that NL is shorthand for
∑

αNLα, and γ2,3 are shorthand

for γ
(2)
2,3 so that γ2,3 ∈ {1/2, 1}. From the first line of eq. (3.16), by using the geometric

series, it follows that correlation functions are vanishing unless:

3∑

α=1

NLα − N̄Lα = 0 mod 3 , (3.17)

where we have reinstated the indices in the oscillator numbers. Similarly, from the second

line of eq. (3.16), we require:

3∑

α=1

NLα − N̄Lα − 6γα = 0 mod 6 , (3.18)

for non-vanishing correlation functions. Notice that the above conditions (3.17), (3.18) are

not independent in the simple case under consideration, but we will see below 6D examples

where the analogous conditions are independent.

Couplings of the kind θθ2θ3 can be analysed in a similar way. Consider for example

the coupling:

|0〉
(
|e2/3〉+ e−2πıγ2 |θ(e2/3)〉

) (
|e1/2〉+ e−2πıγ3 |θ(e1/2)〉+ e−4πı γ3 |θ2(e1/2)〉

)
. (3.19)

This time, the space group selection rule allows each of the auxiliary couplings. The non-

trivial part of the auxiliary correlation functions are:

Faux =
∑

Xcl

e−Scl(∂Xcl)
NL−N̄L〈σ(θ,f1)σ(θ2,f2)σ(θ3,f3)〉 , (3.20)

with the sum over lattice coset vectors for |0〉|e1/3〉|e1/2〉, |0〉|e1/3〉|θe1/2〉,
|0〉|e1/3〉|θ2e1/2〉, |0〉|θe1/3〉|e1/2〉, |0〉|θe1/3〉|θe1/2〉, |0〉|θe1/3〉|θ2e1/2〉, given respectively

by:

ν1 = (e1/3 + e1 + 2Λ) ,

ν2 = (e1/3 + 2Λ) ,

ν3 = (e1/3− e1 + e2 + 2Λ) ,

ν4 = (2e1/3 + e1 + e2 + 2Λ) ,

ν5 = (2e1/3 + e2 + 2Λ) ,

ν6 = (2e1/3− e1 + e2 + 2Λ) . (3.21)
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We observe that

ν1 → ν5 → ν3 → ν4 → ν2 → ν6, (3.22)

under the θ twist, as must be since the fixed points are related as:

{0, e1/3, e1/2} → {0, θe1/3, θe1/2} →
{

0, e1/3, θ
2e1/2

}

→ {0, θe1/3, e1/2} → {0, e1/3, θe1/2} →
{

0, θe1/3 θ
2e1/2

}
. (3.23)

Then we find the correlation function can be written with an overall factor:

F ∼
(

(1)NL−N̄L + e−2πıγ3(ω4)NL−N̄L + e−4πıγ3(ω2)NL−N̄L + e−2πıγ2(ω3)NL−N̄L

+e−2πıγ2−2πıγ3(ω)NL−N̄L + e−2πıγ2−4πıγ3(ω5)NL−N̄L
)

∼
(

1 + ωNL−N̄L−6
∑
α γα + ω2(NL−N̄L−6

∑
α γα) + ω3(NL−N̄L−6

∑
α γα)

+ω4(NL−N̄L−6
∑
α γα) + ω5(NL−N̄L−6

∑
α γα)

)
, (3.24)

and hence the correlation functions are vanishing unless:

3∑

α=1

NLα − N̄Lα − 6γα = 0 mod 6 . (3.25)

Finally, we can make a similar analysis for the θθθ4 couplings, with the result:

3∑

α=1

NLα − N̄Lα = 0 mod 3 , (3.26)

3∑

α=1

NLα − N̄Lα − 6γα = 0 mod 6 , (3.27)

where again the two conditions are not independent.

In summary, we find that the symmetries relating the orbifold fixed points lead to

symmetries among the worldsheet instanton solutions, which imply that all couplings are

vanishing unless
3∑

α=1

NLα − N̄Lα − 6γα = 0 mod 6 . (3.28)

If we combine this selection rule with the H-momentum conservation condition5 (2.14), we

can write it as an R-charge conservation law:

∑

α

Rα = 1 mod 6 with Rα = qshα −NLα + N̄Lα + 6γα . (3.29)

Importantly and not to be missed, the γ-phases contribute non-trivially to the R-charges.

Notice that in our simple 2D example, the orbifold geometrical symmetry under dis-

cussion is nothing more than the orbifold twist symmetry itself, and yet we are led to

5A priori, for the 3-point couplings, we must still impose H-momentum conservation as an independent

selection rule, see comment below eq. (2.14), and a further comment in what follows.
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conditions that are in general independent of the orbifold projection condition, the 2D

version of eq. (2.9), which reads:
∑

α

NLα − N̄Lα + 6γα = 0 mod 6 , (3.30)

after application of gauge and H-momentum conservation and the space group selection

rule.6 The orbifold projection condition, eq. (3.30), is satisfied automatically for any com-

bination of physical states. In contrast, the R-charge conservation law, eqs. (3.28) or (3.29),

follows from the structure of the correlation function, and is due to the relations between

fixed points or worldsheet instantons. For prime orbifolds, where there is no need to build

the physical states via the γ-phase, the R-charge conservation law is identical to the orb-

ifold twist invariance condition in 2D. They also happen to be identical for the Z4 case,

since there we always have γ ∈ {0, 1/2}, so that γ ' −γ. However, they are independent

in general.

3.3 The general 6D case

With our simple 2D example in mind, let us now consider the general 6D case, where we

can have additional symmetries beyond the point group, as enumerated in subsection 3.1.

A general L-point coupling between physical states,

|ψα〉 =

lα−1∑

r=0

e−2πı rγα |θrfα〉 , (3.31)

can be written as a sum of auxiliary couplings, weighted by the γ-phases:

〈ψ1 . . . ψL〉 =

l1−1∑

r1=0

· · ·
lL−1∑

rL=0

e−2πı(r1γ1+···+rLγL)〈θr1f1 . . . θ
rLfL〉 , (3.32)

where we recall that lα is the smallest integer such that θlαfα = fα + λ, and γα = pα/lα
for some integers pα in the range 0, 1, . . . , lα − 1.

In order to avoid being distracted by clutter, let us assume to begin with that holo-

morphic instantons are allowed in all planes. We will see by the end of the section that the

general case follows straightforwardly. As we discussed in section 2.3 and eq. (2.34), the

non-trivial part of the correlation function, which depends on oscillators and twist fields,

takes the form:

F ∼
l1−1∑

r1=0

· · ·
lL−1∑

rL=0

e−2πı(r1γ1+···+rLγL)
3∏

i=1

∑

Xi
cl

e−S
i
cl(∂Xi

cl)
(N iL−N̄

i
L−N̄

i
R) f

(
|∂Xi

cl|2, ∂Xi
cl∂X̄

i
cl

)

×〈σ(k1,θr1f1) . . . σ(kL,θ
rLfL)〉 , (3.33)

when holomorphic instantons are allowed, where again note that the classical solutions

depend on the fixed points {θr1f1, . . . , θ
rLfL} in each auxiliary correlation function. We

may now use this expression, and the relations among the fixed points and corresponding

classical solutions, to derive selection rules.

6The sum of the vacuum phases is always trivial, as can be shown via modular invariance and the space

group selection rule [19].
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3.3.1 Factorizable orbifolds

The orbifolds T 6/Z3, T 6/Z4, T 6/Z6−I and T 6/Z6−II may be constructed on factorizable

lattices. For these factorizable orbifolds, we can rewrite eq. (3.33) as:

F ∼
l1−1∑

r1=0

· · ·
lL−1∑

rL=0

e−2πı(r1γ1+···+rLγL)
3∏

i=1

∑

Xi
cl

e−S
i
cl(∂Xi

cl)
(N iL−N̄

i
L−N̄

i
R) f

(
|∂Xi

cl|2, ∂Xi
cl∂X̄

i
cl

)

×〈σi
(k1,θ

r1
i g1 i)

. . . σi
(kL,θ

rL
i gL i)

〉 . (3.34)

Now, let us suppose that some planes, j, have prime ordered twists. Then all the fixed

points are θ-invariant in j, that is, θjgα j = gα j for all α. It follows that the correlation

function factorizes in prime planes:

F ∼
∏

j

∑

Xj
cl

e−S
j
cl(∂Xj

cl)
(N jL−N̄

j
L−N̄

j
R) f

(
|∂Xj

cl|2, ∂X
j
cl∂X̄

j
cl

)
〈σj(k1,g1 j) . . . σ

j
(kL,gL j)

〉

×
l1−1∑

r1=0

. . .

lL−1∑

rL=0

e−2πı(r1γ1+···+rLγL)
∏

i 6=j

∑

Xi
cl

e−S
i
cl(∂Xi

cl)
(N iL−N̄

i
L−N̄

i
R) f

(
|∂Xi

cl|2, ∂Xi
cl∂X̄

i
cl

)

×〈σi
(k1,θ

r1
i g1 i)

. . . σi
(kL,θ

rL
i gL i)

〉 . (3.35)

Moreover, from the observations at the end of section 2.3, it can be seen that the classical

solutions
{
∂Xj

cl

}
to be summed over are related by θj twists:

θj : ∂Xj
cl 1 → ωj∂X

j
cl 1 = ∂Xj

cl 2 , with ωj = e2πı/Nj , (3.36)

where Nj is the order of the twist θj . The sum over classical solutions thus leads to an

overall factor:

F ∼
(

(1)(N jL−N̄
j
L−N̄

j
R) + (ωj)

(N jL−N̄
j
L−N̄

j
R) + · · ·+ (ω

(Nj−1)
j )(N jL−N̄

j
L−N̄

j
R)
)
, (3.37)

which implies a selection rule for the prime planes:

∑

α

N j
Lα − N̄

j
Lα − N̄

j
Rα = 0 mod Nj . (3.38)

Subsequently, the non-vanishing correlation functions are invariant under the orbifold twist

acting independently in the prime planes, which corresponds to a Lorentz symmetry in the

orbifold geometry, as we saw in subsection 3.1. This is the familiar ZNj twist invariance

condition for prime planes, and combining with H-momentum conservation (2.14), it leads

to the R-charge conservation law

∑

α

Rjα = 1 mod Nj , with Rjα = qjshα −N
j
Lα + N̄ j

Lα . (3.39)

To make further progress for the non-prime planes, consider a general coupling be-

tween some number L1 of twisted sectors associated with l1 up to LL twisted sectors

with lL, and take K the lowest common mutiple of l1, . . . , lL, so θKfα = fα + λ for all
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the associated fixed points fα. The number of auxiliary couplings is lL1
1 × · · · × lLL

L ,

and these can be divided into (lL1
1 × · · · × lLL

L )/K sets, each with K elements whose

fixed points are related by powers of θ up to K − 1. For example, for a θ2θ2θ2 cou-

pling in a Z6 orbifold, we have {{f1, f2, f3} , {θf1, θf2, θf3}}, {{f1, f2, θf3} , {θf1, θf2, f3}},
{{f1, θf2, f3} , {θf1, f2, θf3}} and {{θf1, f2, f3} , {f1θf2, θf3}}. If one element of a set is

allowed by the space group selection rule, then all its elements are allowed. The classical

solutions corresponding to the auxiliary correlation functions will be similarly related, so

for example, for {f1, f2, f3} and {θf1, θf2, θf3} we have, respectively,

∂Xcl = (∂X1
cl, ∂X

2
cl, ∂X

3
cl) and θ∂Xcl = (e2πıv1 ∂X1

cl, e
2πıv2 ∂X2

cl, e
2πıv3 ∂X3

cl) . (3.40)

Recall from subsection 3.1 that we cannot factorize the θ-twist plane by plane for non-

prime planes.

Moreover, since all the fixed points are invariant under θK, it follows that the classical

solutions corresponding to each auxiliary correlation function are related by powers of θK,

up to7 (θK)
N
K
−1. For the θ2θ2θ2 example, this corresponds to an additional Z3 symmetry,

generated by θ2. We can write this θK symmetry among the classical solutions plane by

plane (cf. eq. (3.5)), and thus the sum over classical solutions leads to an overall factor:

Faux ∼
∏

i 6=j

(
(1)(N iL−N̄

i
L−N̄

i
R) + (ωi)

(N iL−N̄
i
L−N̄

i
R) + · · ·+ (ω

(Ni

K
−1)

i )(N iL−N̄
i
L−N̄

i
R)

)
, (3.41)

with ωi = e2πı K

Ni . Therefore, in each of the planes with non-prime twist Ni, we have

the condition: ∑

α

N i
Lα − N̄ i

Lα − N̄ i
Rα = 0 mod

Ni

K
. (3.42)

Next let us combine all the auxiliary correlation functions. We need the relations

amongst the classical solutions, but also amongst the γ-phase weightings. Consider for

example an auxiliary coupling, with fixed points {θr1f1, . . . , θ
rLfL} that are related to the

{f1, f2, . . . , fL} by some twist θs. We have seen that the classical solutions mediating the

first coupling are related to the second by a rotation θs, and that there are K such couplings,

with s = 0, . . . ,K− 1. Now, the integer s is related to the integers rα as θrαfα = θsfα + λ

for all α, that is s− rα = mlα with integer m. Thus, the γ-phase weighting factor can be

written as

e−2πı(r1γ1+···+rLγL) = e−2πıs
∑
α γα , (3.43)

where we have used that γα is an integer multiple of 1/lα. Moreover, as we discussed above,

if the fixed points {f1, f2, . . . , fL} are all invariant under θK, then the classical solutions in

each auxiliary coupling have a θK symmetry. These do not come with γ-phases weighting

their relative contributions, but we can use K = mlα with integer m for all α, to insert

factors of 1 = e−2πıK
∑
α γα .

Let us now apply all these relations to simplify the non-prime part of the full correlation

function (3.35). We may put together the classical solutions from each set of auxiliary

7Notice that since all the lα divide N, by prime factorization so does their lowest common multiple K.
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correlation functions that are related by 1, θ, . . . , θK−1, and moreover from within each

auxiliary correlation function itself, which are related by 1, θK, . . . , (θK)
N
K
−1. Combined, the

classical solutions are all related by 1, θ, . . . , θN−1. Taking care of the γ-phase weightings,

one thus finds that the correlation function can be written with an overall factor:

F ∼
∏

i 6=j

∑

|Xi
cl|

N−1∑

n=0

e−S
i
cl(|∂Xi

cl|ωn)Nvi(N iL−N̄
i
L−N̄

i
R) e−2πı n

∑L
α=1 γα , (3.44)

where ω = e2πı/N, and we have split the sum over classical solutions into a sum over phases

and lengths. From here one concludes immediately that correlation functions vanish unless:

∑

α

(∑

i 6=j
Nvi

(
N i
Lα − N̄ i

Lα − N̄ i
Rα

)
−Nγα

)
= 0 mod N . (3.45)

This rule holds for all couplings, and putting together with H-momentum conserva-

tion (2.14), it can be expressed as an R-charge conservation law:

∑

α

Rα =

(∑

i 6=j
Nvi
)

mod N with Rα =
∑

i 6=j
Nvi

(
qishα −N i

Lα + N̄ i
Lα

)
+ Nγα , (3.46)

Observe that the correct R-charge for non-prime planes is summed over the non-prime

planes, and has a non-trivial contribution from the γ-phase.

Notice that with at most one non-prime plane, the condition (3.42) follows automat-

ically after imposing the R-charge conservation law or (3.45). However, when there are

two non-prime planes, the condition (3.42) becomes an independent selection rule, which

we may call Rule 6 or the coset vector selection rule. Since this condition depends on

the relative properties of the twisted sectors involved in the couplings, namely the lowest

common multiple of the twisted sectors (or their conjugates), it cannot be interpreted as a

conventional symmetry like R-symmetry in the 4D theory. It is however a stringy selection

rule, coming from the symmetries in the fixed points or worldsheet instantons.

To complete our analysis, so far in deriving the rules we assumed for simplicity that

holomorphic instantons were allowed in every plane. In general, holomorphic instantons

may be forbidden in some (or all) planes, in which case the correlation functions also

include factors of the form eq. (2.35). The classical solutions to be summed over in the

correlation functions are related by the θ twist as follows. For {f1, f2, f3} and {θf1, θf2, θf3}
we have, respectively,

∂Xcl = (∂X1
cl, ∂X

2
cl, ∂X

3
cl) ,

∂X̄cl = (∂X̄1
cl, ∂X̄

2
cl, ∂X̄

3
cl) , (3.47)

and

θ∂Xcl = (e2πıv1 ∂X1
cl, e

2πıv2 ∂X2
cl, e

2πıv3 ∂X3
cl) ,

θ∂X̄cl = (e−2πıv1 ∂X̄1
cl, e

−2πıv2 ∂X̄2
cl, e

−2πıv3 ∂X̄3
cl) . (3.48)
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From here, it follows that the selection rules in the general case take the same form found

above, eqs. (3.39), (3.42), (3.46).

Finally, we have already discussed how H-momentum conservation is not a selection

rule for higher order couplings. Following an analogous proof to that found in [13], it

can be shown that even for three-point couplings, it is sufficient to impose R-charge con-

servation and the point group selection rule, to ensure that H-momentum conservation is

automatically satisfied.

We are now ready to put all we have learned together, to write down the instanton

rules for some representative examples. We refer to [35, 36] for details on the torus lattices,

twist actions and fixed points.

T 6/Z3 on SU(3) × SU(3) × SU(3) lattice. Since this is a prime orbifold, there is no

need to build the physical states via the γ-phases. The correlation function factorizes into

all three complex planes, and the R-charge conservation laws are as expected [14–16]:

∑

α

Riα = 1 mod 3 with Riα = qishα −N i
Lα + N̄ i

Lα , i = 1, 2, 3 . (3.49)

Notice that, for the prime factorizable orbifold, we have an R-charge condition for each

plane. The sum of the three conditions is equivalent to the orbifold projection condition,

which is automatically satisfied for all possible combinations of states.

T 6/Z4 on SO(4)×SO(4)×SO(4) lattice. Only the third plane is prime, allowing us

to factorize the correlation function there. The R-charge conservation law is:

∑

α

Rα = 2 mod 4 , with Rα =

2∑

i=1

(
qishα −N i

Lα + N̄ i
Lα

)
+ 4γα , (3.50)

∑

α

R3
α = 1 mod 2 , with R3

α = q3
shα −N 3

Lα + N̄ 3
Lα (not independent) , (3.51)

and moreover

∑

α

R1
α = 1 mod 2 , with R1

α = q1
shα −N 1

Lα + N̄ 1
Lα , (3.52)

∑

α

R2
α = 1 mod 2 , with R2

α = q2
shα −N 2

Lα + N̄ 2
Lα (not independent) , (3.53)

since all states are twisted under either θ or θ2.

T 6/Z6−I on G2×G2×SO(4) lattice. Again, only the third plane is prime, and so the

correlation function in general only factorizes there. The R-charge conservation laws are:

∑

α

R3
α = 1 mod 3 , with R3

α = q3
shα −N 3

Lα + N̄ 3
Lα , (3.54)

∑

α

Rα = 2 mod 6 , with Rα =
2∑

i=1

(
qishα −N i

Lα + N̄ i
Lα

)
+ 6γα . (3.55)
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Moreover, for couplings involving only θ, θ2 (and untwisted) sectors, we have the ad-

ditional stringy Rule 6:
∑

α

N 1
Lα − N̄ 1

Lα − N̄ 1
Rα = 0 mod 3 , (3.56)

∑

α

N 2
Lα − N̄ 2

Lα − N̄ 2
Rα = 0 mod 3 (not independent) , (3.57)

and for couplings involving only θ, θ3 (and untwisted) sectors, we have:
∑

α

N 1
Lα − N̄ 1

Lα − N̄ 1
Rα = 0 mod 2 , (3.58)

∑

α

N 2
Lα − N̄ 2

Lα − N̄ 2
Rα = 0 mod 2 (not independent) . (3.59)

As these rules are coupling dependent, they cannot be interpreted as a charge conservation

law and symmetry in the low energy effective field theory.

T 6/Z6−II on G2 × SU(3) × SO(4) lattice. This orbifold has only one non-prime

plane, and hence the correlation function factorizes fully as in the Z3 case. There are three

independent R-charge conservation laws:
∑

α

R1
α = 1 mod 6 with R1

α = q1
shα −N 1

Lα + N̄ 1
Lα + 6γα , (3.60)

∑

α

R2
α = 1 mod 3 with R2

α = q2
shα −N 2

Lα + N̄ 2
Lα , (3.61)

∑

α

R3
α = 1 mod 2 with R3

α = q3
shα −N 3

Lα + N̄ 3
Lα . (3.62)

The γ-phase contributes non-trivially to the R-charges of the non-prime plane. The con-

ditions are independent of the orbifold projection condition.

3.3.2 Non-factorizable orbifolds

As we observed in subsection 3.1, for the non-factorizable orbifolds the twist does not act

plane by plane. However, by definition, the fixed points are invariant under, or related by,

the twist acting in all the planes at the same time. Moreover, in some cases, we found

additional symmetries that leave the fixed points invariant.

Let us first consider the consequences of the orbifold twist symmetry in both the

prime and non-prime cases. For the prime cases, this leads only to the orbifold projection

condition, which is satisfied by all possible combinations of physical states. Thus we have

no R-charge conservation law or Rule 6 for the non-factorizable, prime orbifolds. However,

for the non-prime orbifolds, the orbifold twist does give rise to additional selection rules.

The derivation is exactly analogous to the factorizable case, but now, as the twist does not

act plane by plane, all the planes must be taken together.

In detail, consider a coupling between twisted sectors that are all fixed under θK.

The set of classical instanton solutions ∂Xcl for each auxiliary function enjoys the discrete

symmetry generated by θK, with

θK∂Xcl = (e2πıKv1 ∂X1
cl, e

2πıKv2 ∂X2
cl, e

2πıKv3∂X3
cl) , (3.63)
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but now it cannot be written plane by plane as in eq. (3.41). Instead, each auxiliary

correlation function has an overall factor:

Faux ∼
(

(1)
∑3
i=1 Nvi(N iL−N̄

i
L−N̄

i
R) + (ω)

∑3
i=1 Nvi(N iL−N̄

i
L−N̄

i
R) + . . .

. . . +(ω(N
K
−1))

∑3
i=1 Nvi(N iL−N̄

i
L−N̄

i
R)
)
, (3.64)

with ω = e2πıK
N . From this expression the condition:

3∑

i=1

Nvi(N i
L − N̄ i

L − N̄ i
R) = 0 mod

N

K
, (3.65)

immediately follows.

Now, in a similar way, by putting together the classical solutions from all the auxiliary

correlation functions, we can derive a Q-charge conservation condition:

∑

α

Qα = 0 mod N , with Qα =

3∑

i=1

Nvi
(
qishα −N i

Lα + N̄ i
Lα

)
+ Nγα . (3.66)

Using the twist vectors given in table 1, and the relation between H-momentum in the

spinor and vector representations (2.7), one sees that the charges Qα are the same for

bosonic and fermionic superpartners. Hence, the charges Qα do not correspond to R-

charges. However, their conservation does constitute a non-trivial coupling selection rule,

independent of the orbifold projection condition, and corresponding to a symmetry in the

low energy effective field theory.

Finally, one can use the relation γαK = integer to show that the condition (3.65) is

always satisfied once the charge conservation law (3.66) is imposed, so Rule 6 is trivial for

the non-factorizable orbifolds.

Let us then give some examples, including some orbifolds whose underlying lattice and

twist action is partially factorizable.

T 6/Z7 on SU(7) lattice. This orbifold is both non-factorizable and prime, and hence

we expect no Q- or R-charge selection rule and no Rule 6.

T 6/Z6−II on SU(6) × SU(2) lattice. This orbifold is non-factorizable, but it is non-

prime. Hence, we derive an Q-charge conservation rule:

∑

α

Qα = 0 mod 6 , with Qα =

3∑

i=1

6vi
(
qishα −N i

Lα + N̄ i
Lα

)
+ 6γα , (3.67)

which is different to the orbifold projection condition.

T 6/Z8−II on SO(8)×SO(4) lattice. This orbifold is partially factorizable, as both the

underlying lattice and orbifold twist can be factorized on the third complex plane, where

the twist is prime order 2. Thus we obtain the R-charge conservation rules:

∑

α

Rα = 4 mod 8 , with Rα =

2∑

i=1

8vi
(
qishα −N i

Lα + N̄ i
Lα

)
+ 8γα , (3.68)

∑

α

R3
α = 1 mod 2 , with R3

α = q3
shα −N 3

Lα + N̄ 3
Lα . (3.69)
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We can write down the rules for the T 6/Z12−I orbifold on SU(3)× F4 and T 6/Z12−II
on F4 × SO(4) analogously.

Now let us consider the additional Z2 Lorentz symmetry, generated by (θ1)2, which we

observed in subsection 3.1 for the Z4 orbifold on SU(4)× SU(4) and the Z8−I orbifold on

SO(5) × SO(9). In detail, this Z2 acts in the first complex plane, and leaves all the fixed

points invariant up to lattice shifts. Consequently, the worldsheet instanton solutions for

each auxiliary correlation function will enjoy the same symmetry, and this leads to an R-

charge conservation law. Then, we can write the selection rules for these orbifolds as follows.

T 6/Z4 on SU(4) × SU(4) lattice. The torus lattice and orbifold twist cannot be fac-

torized onto the three complex planes in this example. Therefore, a Q-charge conservation

law emerges from the non-prime orbifold twist:

∑

α

Qα = 0 mod 4 , with Qα =
3∑

i=1

4vi
(
qishα −N i

Lα + N̄ i
Lα

)
+ 4γα . (3.70)

Meanwhile, the additional Z2 symmetry, generated by (θ1)2, enjoyed by all the fixed points

leads to an R-charge conservation law:

∑

α

R1
α = 1 mod 2 , with R1

α =
(
q1
shα −N 1

Lα + N̄ 1
Lα

)
. (3.71)

T 6/Z8−I on SO(5)×SO(9) lattice. Here, although the torus lattice and orbifold twist

can be factorized in the first complex plane, as the twist in that plane is non-prime, the

correlation function does not factorize. Therefore, a Q-charge conservation law emerges

from the orbifold twist:

∑

α

Qα = 0 mod 8 , with Qα =
3∑

i=1

8vi
(
qishα −N i

Lα + N̄ i
Lα

)
+ 8γα . (3.72)

Again, the additional Z2 symmetry generated by (θ1)2 leads to an R-charge conserva-

tion law: ∑

α

R1
α = 1 mod 2 , with R1

α = q1
shα −N 1

Lα + N̄ 1
Lα . (3.73)

4 Rule 4 in factorizable and non-factorizable orbifolds

Finally, we should reconsider Rule 4 for the factorizable and non-factorizable, prime and

non-prime orbifolds. The usual statement of Rule 4 for factorizable orbifolds is as fol-

lows [14–16]. When all the twisted states in a coupling lie at the same fixed point in a

given plane, the symmetries relating the worldsheet instanton solutions are the full torus

lattice automorphisms, which may be larger than the orbifold twist Ni. This leads to an

additional constraint for the non-vanishing couplings:

∑

α

N i
Lα − N̄ i

Lα − N̄ i
Rα = 0 mod Mi , (4.1)
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where Mi is the order of the torus lattice ZMi automorphism group in the i-th plane. In the

light of our previous discussion, this version of Rule 4 holds for factorizable prime planes.

For non-prime planes in factorizable orbifolds, it must be checked that the twisted fields are

at the same fixed point in all the auxiliary couplings allowed by the space group selection

rule. In that case, every auxiliary coupling has the ZMi symmetry in the i-th plane, so

Rule 4 again applies as above, and is generally stronger than the R-charge conservation

condition (3.45), even when the order of the torus lattice automorphisms matches that of

the point group.

For the non-factorizable orbifolds, when all twisted fields are at the same fixed point in

each allowed auxiliary coupling, 6D torus (sub)lattice automorphisms such as the orbifold

twist8 θ, are observed in each auxiliary correlation function. Thus, we are lead to the

condition (for all fields at the same fixed point in all auxiliary correlation functions):

3∑

i=1

∑

α

Nvi(N i
Lα − N̄ i

Lα − N̄ i
Rα) = 0 mod N , (4.2)

which is independent of the orbifold projection condition for non-prime orbifolds, and hence

constitutes a non-trivial selection rule there.

Moreover, every torus lattice has a Z2 symmetry, that is, the lattice vectors always

come in pairs {λ,−λ}. Thus we obtain the additional condition (again, for all fields at the

same fixed point in all auxiliary correlation functions):9

3∑

i=1

∑

α

(N i
Lα − N̄ i

Lα − N̄ i
Rα) = 0 mod 2 . (4.3)

For example, for the Z7 orbifold on an SU(7) root lattice, we have

3∑

i=1

∑

α

(N i
Lα − N̄ i

Lα − N̄ i
Rα) = 0 mod 2, (4.4)

whereas for a Z6−II orbifold on an SU(6)× SU(2) lattice we have:

3∑

i=1

∑

α

6vi(N i
Lα − N̄ i

Lα − N̄ i
Rα) = 0 mod 6 , (4.5)

3∑

i=1

∑

α

(N i
Lα − N̄ i

Lα − N̄ i
Rα) = 0 mod 2 . (4.6)

Finally, we should note that as Rule 4 applies only to some couplings, in fact depending

on the relative distance between the twisted strings in the orbifold space, it cannot be

interpreted as a conventional symmetry in the low energy effective field theory [17].

8In contrast, for couplings involving twisted fields at different fixed points in non-prime orbifolds, the

orbifold twist symmetry is observed in the correlation function only after putting all the auxiliary correlation

functions together. The consequences of this symmetry were discussed in section 3.3.2.
9Note that the torus lattice has the ZN symmetry and the Z2 symmetry, but this does not necessarily

imply it has a Z2N symmetry nor that Z2 ⊂ ZN for N even!
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5 Conclusions

In this paper we have derived string coupling selection rules for T 6/ZN orbifolds. Our

method builds on that used in [13], but we now consider the various classes of orbifolds,

with the torus lattice Λ factorizable and non-factorizable, and the orbifold twist θ of prime

and non-prime order. We have found corrections to the old R-charge conservation rule for

factorizable orbifolds, studied selection rules for non-factorizable orbifolds, and identified

a new stringy selection rule that we call Rule 6.

Couplings between twisted strings generically have classical contributions from world-

sheet instantons stretching between the fixed points and wrapping the orbifold geometry.

In computing the coupling strength, or corresponding correlation function, we have to sum

over all such possible classical solutions. The set of possible instanton solutions, which are

proportional to vectors lying on particular cosets of the torus lattice, enjoys some symme-

try. This symmetry often leads some couplings to vanish. In particular, we can write down

some instanton selection rules, which turn out to constrain the number of oscillators that

can appear in non-vanishing couplings.

One of these instanton selection rules is the well-known R-charge conservation law.

Actually, R-charge conservation is usually understood in terms of discrete Lorentz sym-

metries that survive the orbifolding. In particular, in [14–17], it was understood that the

factorizable T 6/Z3 orbifold’s geometry is invariant under the orbifold twist acting indepen-

dently in each of the planes. It turns out that the allowed couplings are similarly invariant

under such independent twists, which correspond to symmetries among the set of world-

sheet instantons. Thus one is lead to a twist invariance condition, which, put together with

H-momentum conservation, leads to a conserved R-charge. In this way, discrete Lorentz

symmetries in the orbifold geometry, which distinguish between bosons and fermions, lead

naturally to discrete R-symmetries in the low energy effective field theory describing the

compactification.

This intuition was subsequently applied to all factorizable orbifolds. Hence the current

consensus is that in factorizable orbifolds, there is a twist symmetry acting independently

plane by plane, which leads to an R-charge conservation condition in each of the three

planes,
∑

αR
i
α = 1 mod Ni, with R-charges given by Riα = qishα − N i

Lα + N̄ i
Lα and Ni

the order of the orbifold twist in the i-th plane. Then it remained to understand possi-

ble R-charge conservation laws in non-factorizable orbifolds. By carefully considering the

derivation of the R-charge conservation rule from the orbifold CFT, however, we find the

old R-charge conservation law to hold only for the prime, factorizable orbifold.

More generally, one has to take care when assigning the conserved R-charges to the

string states. The string orbifold compactification includes twisted sectors, which are

localized at the fixed point singularities and emerge only due to the compactification.

As a consequence, intuition gained from field theoretic smooth compactifications has to

be checked in string orbifold compactifications. Indeed, it is not clear how the twisted

states transform under the orbifold twist acting independently in each plane. Therefore,

to identify the R-charge conservation law for allowed couplings, we have to consider the

consequences of the orbifold’s geometrical symmetries in the correlation functions, and in

particular in the worldsheet instanton solutions.
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For non-prime orbifolds, the higher twisted sectors are attached to fixed points that

are not necessarily θ-invariant. Physical states are then built up using linear combinations

of twisted strings attached to different fixed points in the same conjugacy class, whose

constant coefficients are powers of e−2πıγ , with γ the γ-phase [37]. The geometrical part

of the state is then a θ-eigenstate, with eigenvalue e2πıγ , and only the complete state

is θ-invariant. Correlation functions between physical states are then sums of auxiliary

correlation functions between states at particular fixed points, weighted by the γ-phases.

Consequently, the sum over instanton solutions is also weighted by the γ-phases. The twist

relations among the fixed points do lead to symmetries among the instanton solutions,

and these symmetries in the geometry do lead to R-charge conservation laws, but the

conserved R-charges are different to those found in the literature. In particular, the γ-

phase contributes non-trivially to the charges, and an independent R-charge conservation

law is obtained only for prime planes in factorizable orbifolds, whereas non-prime planes

all contribute to a single R-charge conservation.

At this point, it may be useful to recall the rather convoluted history of the γ-phase in

orbifold selection rules. For several years it was believed that non-vanishing couplings must

satisfy the so-called γ-rule, which stated that the sum of the γ-phases must be trivial [18,

36]. Then, in [47] it was emphasised that the γ-rule is in fact automatically satisfied by

all couplings between physical states, after imposing gauge invariance and the R-charge

conservation rule. Careful derivation of the selection rules from the CFT tells a different

story. R-charge conservation and H-momentum conservation constrain the sum of the

γ-phases to be trivial for three-point couplings between massless ground states, that is,

couplings that do not involve oscillators. However, there is no independent γ-rule, and in

general R-charge conservation poses weaker constraints on the γ-phase.

A similar analysis can be made for non-factorizable orbifolds. As the twist does not act

plane by plane, there are in general no independent twist symmetries. For prime orbifolds,

the 6D twist symmetry that relates the worldsheet instanton solutions is automatically

satisfied for all possible couplings, and thus there is no corresponding selection rule. For

non-prime orbifolds, the weighting of the worldsheet instanton solutions by the γ-phases in

the correlation function leads to a single charge conservation law, where again, the γ-phases

contribute to the charges, and now the corresponding symmetry is one that commutes

with supersymmetry. Moreover, in some special cases, the worldsheet instantons for non-

factorizable orbifolds enjoy a further Z2 symmetry in one complex plane, which leads to

an R-charge conservation law.

Additional symmetries in the worldsheet instanton solutions can lead to more selection

rules, which constrain the oscillator numbers. An example of this is already known; Rule 4

or the torus lattice selection rule [13–16]. This occurs for couplings with all twisted fields at

the same fixed point, in which case the symmetry among the worldsheet instanton solutions

is enhanced from the twist symmetry to the full torus lattice symmetries. This applies, in

different forms, for factorizable and non-factorizable, prime and non-prime orbifolds. We

have also found another such rule for the factorizable non-prime orbifolds, with two non-

prime planes, which we may call Rule 6 or the coset vector selection rule. When the lowest

common multiple, K, of the twisted sectors in a given coupling is less than the order N of
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the point group, the worldsheet instanton solutions enjoy an additional symmetry, of order

N/K. We summarize our results with table 3. In table 4, we compare the number of allowed

trilinear couplings in a T 6/Z6−II model,10 applying the presently used selection rules with

old R-charges, the presently used selection rules with correct R-charges, and the presently

used selection rules with correct R-charges plus Rules 4, 5 and 6. Observe that many

couplings that were ruled out by the old R-charge conservation law are actually allowed.

The question that comes to the mind of all Orbifolders is now: what is the relevance

of the string selection rules for phenomenology? We expect the charge conservation laws

to be associated with symmetries in the low energy effective field theory. However, such

an interpretation seems more challenging for Rules 4 and 6, as they apply only to some

kinds of couplings, depending on the relative properties of the participating twisted strings.

Thus, intriguingly, it would seem that Rules 4 and 6 correspond to “stringy miracles” from

the point of view of a 4D observer. The same can be said for Rule 5.

So far, we have only considered models without discrete Wilson lines, whereas all

promising models use discrete Wilson lines to reduce the gauge group and the number

of generations. In the presence of discrete Wilson lines, new so-called shift γ-phases ap-

pear [19, 20, 49]. It would be important to work out their role in the string couplings.

Meanwhile, the selection rules we have computed are for couplings in the holomor-

phic superpotential of the low energy effective field theory. After moduli stabilization, an

effective superpotential emerges, which also has contributions from the Kähler potential.

In [13, 50], one can find a special case of an effectively holomorphic matter coupling that

is allowed in the effective superpotential, but forbidden by Rules 4 and 5 in the truely

holomorphic superpotential. Without a better understanding of the Kähler potential [51],

we cannot write down the allowed couplings in the effective superpotential.

Another interesting issue is to study anomalies for the R-symmetries that we have

found. Such a study on R-symmetry anomalies has been performed for the standard R-

charge conservation law in factorizable orbifolds in [52]. It would be important to reconsider

such studies taking into account our results such as the inclusion of the γ phases. We would

also like to understand further the role of selection rules in the matching between orbifold

compactifications and their Calabi-Yau blowups [53, 54].

We close our discussion by writing down an algorithmn to compute the allowed L-

point couplings for a ZN orbifold. We present here the selection rules for the factorizable

orbifolds, but the non-factorizable case follows analogously from the main part of the paper

and table 3. The rules can be applied as follows:

1. Gauge invariance:
∑

α psh = 0.

2. Space group selection rule:
∏
α[(θkα , λα)] = (1, 0).

3. H-momentum conservation: This does not restrict the allowed couplings, but allows one

to determine the right-moving oscillator numbers as N̄ i
R =

∑
α q

i
shα − 1.

10We computed the spectrum of this model using the orbifolder [48]. Then we developed a code to

compute the couplings implementing Rule 4, Rule 5, Rule 6 and the correct R-charge selection rules.
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R/Q-charge Conservation

Factorizable, prime
∑

αR
i
α = 1 mod Ni, i = 1, 2, 3

with Riα = qishα −N i
Lα + N̄ i

Lα

Factorizable, non-prime
∑

αR
j
α = 1 mod Nj , j = prime planes

with Rjα = qjshα −N
j
Lα + N̄ j

Lα,
∑

αRα = (
∑

i 6=j Nvi) mod N

with Rα =
∑

i 6=j Nvi(qishα −N i
Lα + N̄ i

Lα) + Nγα

Non-factorizable, prime none

Non-factorizable, non-prime
∑

αQα = 0 mod N

with Qα =
∑3

i=1 Nvi(qishα −N i
Lα + N̄ i

Lα) + Nγα ,
∑

αR
i
α = 1 mod Ni/n, for (θi)

n automorphism

with Riα = qishα −N i
Lα + N̄ i

Lα

Rule 4 for all twisted sectors at same fixed point

Factorizable, prime N i
L − N̄ i

L − N̄ i
R = 0 mod 2Ni, i = 1, 2, 3

Factorizable, non-prime N i
L − N̄ i

L − N̄ i
R = 0 mod Ni, i = 1, 2, 3

Non-factorizable, prime
∑3

i=1(N i
L − N̄ i

L − N̄ i
R) = 0 mod 2

Non-factorizable, non-prime
∑3

i=1 Nvi(N i
L − N̄ i

L − N̄ i
R) = 0 mod N

∑3
i=1(N i

L − N̄ i
L − N̄ i

R) = 0 mod 2

Rule 6 with K = lcm(l1, . . . , lL)

Factorizable, prime none

Factorizable, non-prime N i
L − N̄ i

L − N̄ i
R = 0 mod Ni/K, for two non-prime i

Non-factorizable, prime none

Non-factorizable, non-prime none

Table 3. R/Q-charge conservation, Rule 4 and Rule 6 for the various T 6/ZN orbifolds, with T 6

factorizable or non-factorizable, and N prime or non-prime. We write the order of the orbifold

twist in plane i as Ni. For N non-prime, Ni may be prime or non-prime. We use NLα, N̄Lα for the

oscillator numbers of each state, andNL, N̄L, N̄R for the total number of oscillators in the correlation

function. The fixed points to which the twisted states are attached satisfy θlαfα = fα + λ, with lα
the smallest such integer, and lcm stands for lowest common multiple. Untwisted states may also

participate in the couplings. The rules for the partially factorizable orbifolds are similar, and can

be found explicitly in the text.

4. Rule 5 or forbidden instanton selection rule: Check whether holomorphic and anti-

holomorphic instantons in the i-th plane are allowed. Non-trivial holomorphic solutions

exist if and only if 1 +
∑

α(−1 + kiα) < 0 (where 0 < kiα ≤ 1). Non-trivial anti-

holomorphic solutions exist if and only if 1 +
∑

α(−kiα) < 0 (where 0 ≤ kiα < 1). If

– 29 –



J
H
E
P
0
5
(
2
0
1
3
)
0
7
6

Used Rules Correct R-charges All Rules

Number of couplings 96 156 132

Table 4. Comparison of the number of allowed trilinear couplings between twisted fields in a

T 6/Z6−II model, applying the presently used selection rules (gauge invariance, the space group

selection rule and R-charge conservation) with old R-charges, the presently used selection rules

with correct R-charges, and the presently used selection rules with correct R-charges plus Rules 4,

5 and 6 (Rule 6 is in fact not independent for T 6/Z6−II). The gauge shift vector defining the model

is V I = ( 1
3 ,− 1

2 ,− 1
2 , 0, 0, 0, 0, 0,

1
2 ,− 1

6 ,− 1
2 ,− 1

2 ,− 1
2 ,− 1

2 ,− 1
2 ,

1
2 ), with gauge group SO(10)× SU(2)×

SU(2)× SO(14)×U(1)2.

both holomorphic and anti-holomorphic solutions are vanishing, then we require N i
L =

N̄ i
L + N̄ i

R. If holomorphic instantons are allowed, but anti-holomorphic instantons are

vanishing, then N i
L ≥ N̄ i

L. If instead only anti-holomorphic instantons are allowed, then

N i
L ≤ N̄ i

L + N̄ i
R.

5. R-charge conservation: Applies when instanton solutions are allowed in the plane i.

For planes j with prime ordered twist Nj , we have N j
L − N̄

j
L − N̄

j
R = 0 mod Nj . For

non-prime planes, we have
∑

i 6=j Nvi(N i
L − N̄ i

L − N̄ i
R)−N

∑
α γα = 0 mod N.

6. Rule 6 or coset vector selection rule: Applies when two planes i 6= j are non-prime,

and when instanton solutions are allowed in the non-prime planes. For couplings with

K < N, for K the lowest common multiple of the twisted sectors (or their conjugates),

we have N i
L − N̄ i

L − N̄ i
R = 0 mod Ni

K .

7. Rule 4 or torus lattice selection rule: Applies when instanton solutions are allowed in

the planes i. When all twisted sectors are at the same fixed point in plane i for every

auxiliary coupling, we have N i
L − N̄ i

L − N̄ i
R = 0 mod Mi where Mi is the order of the

torus lattice automorphism group in plane i.
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A A classification of orbifold automorphisms

In this appendix we present a more general discussion of the orbifold automorphisms. As we

saw in the paper, a crucial point is that the instanton solutions are related to the fixed points

by means of the coset vectors. We are thus interested in symmetries that respect the fixed

points of the orbifold. Since the symmetries of the fixed points can be related to the lattice

automorphisms, we take this group as the starting point of our exploration. This discrete

group is a subgroup of the Lorentz group in the compact six dimensional space. Given

that the Lorentz symmetry is the only one which makes a distinction between bosons and

fermions, the members of Aut(Λ) which happen to survive the orbifold identifications seem

suitable to explain the presence of discrete R-symmetries in the low energy effective theory.

In order to classify the elements of Aut(Λ), we define certain subgroups, as displayed

in figure 2. The biggest subgroup, A ⊂ Aut(Λ) is the group of automorphisms that respect

the point group P ,

A =
{
% ∈ Aut(Γ) | % θk%−1 ∈ P, ∀ θk ∈ P

}
. (A.1)

Clearly any vector in the compact dimensions will transform under the elements of Aut(Λ).

Consequently the action of any % ∈ A on a space group element h = (θk, λ) ∈ S is given by

%(h) = (% θk%−1, %λ) . (A.2)

Note that A is constructed in such a way that it preserves the structure of the conjugacy

classes. That is, given two space group elements g1, g2 which belong to the same conjugacy

class [g], any transformation % ∈ A will preserve the network of identifications, i.e. %(g1) ∼
%(g2) ∈ [%(g)]. We define further the subgroups

B =
{
% ∈ A | [%, θk] = 0, ∀ θk ∈ P

}
, (A.3)

C =
{
% ∈ B | ∀ zf fixed point of S, ∃h ∈ S s.t. %zf = hzf

}
, (A.4)

D =
{
% ∈ C | det(%) = 1

}
, (A.5)

where B is the subgroup of symmetries which map between conjugacy classes of the same

twisted sector. C is defined as the subgroup of automorphisms which preserve all the

conjugacy classes of the space group, i.e. [%(g)] = [g], and D contains all elements in C

which belong to SO(6). It is easy to show, that these subgroups fulfill

D C C CB CA , (A.6)

and hence it makes sense to define the corresponding quotient groups E = C/D, F = B/C

and G = A/B.
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Aut(Γ)

A =
{
̺ ∈ Aut(Γ) | ̺ϑ̺−1 ∈ P, ∀ϑ ∈ P

}
G = A/B

B = {̺ ∈ A | [̺, ϑ] = 0, ∀ϑ ∈ P}

F = B/C

C = {̺ ∈ B | ∀zf fixed point of S, ∃h ∈ S s.t. ̺zf = hzf}

D = {̺ ∈ C | det(̺) = 1}E = C/D

Figure 2. The subgroup A of the automorphism group of the six dimensional lattice allows for a

decomposition into the subgroups B, C and D, as defined in eqs. (A.3), (A.4) and (A.5). Provided

the normalcy relations between them, one can construct the quotients E, F and G which allow for

a simpler interpretation given their reduced number of elements.

The elements in G = A/B are symmetries which exchange space group elements of

different twisted sectors, whereas the elements of F = B/C map between inequivalent fixed

points within the same twisted sector. The group E = C/D contains all reflections in O(6)

which commute with the point group and map all conjugacy classes of the space group to

themselves. These quotient groups are very interesting objects to study but the discussion

of their implications in the string theory is beyond the scope of this work. In the main

text we restricted to elements of group D because they commute with the point group,

leave all fixed point conjugacy classes invariant and can be written in terms of the Cartan

generators of SO(6).
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