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The ringdown signal emitted during a binary black hole coalescence can be modeled as a linear
superposition of the characteristic damped modes of the remnant black hole that get excited during the
merger phase. While checking the consistency of the measured frequencies and damping times against
the Kerr BH spectrum predicted by general relativity (GR) is a cornerstone of strong-field tests of gravity,
the consistency of measured excitation amplitudes and phases have been largely left unexplored. For a
nonprecessing, quasicircular binary black hole merger, we find that GR predicts a narrow region in the
space of mode amplitude ratio and phase difference, independently of the spin of the binary components.
Using this unexpected result, we develop a new null test of strong-field gravity which demands that the
measured amplitudes and phases of different ringdown modes should lie within this narrow region
predicted by GR. We call this the amplitude-phase consistency test and introduce a procedure for
performing it using information from the ringdown signal. Lastly, we apply this test to the GW 190521
event, using the multimodal ringdown parameters inferred by Capano et al. [arXiv:2105.05238]. While
ringdown measurements errors for this event are large, we show that GW190521 is consistent with the
amplitude-phase consistency test. Our test is particularly well suited for accommodating multiple loud
ringdown detections as those expected in the near future, and can be used complementarily to standard
black-hole spectroscopy as a proxy for modified gravity, compact objects other than black holes, binary

precession and eccentricity.

DOI: 10.1103/PhysRevLett.130.021001

Introduction.—A binary black hole (BBH) ringdown is
the gravitational-wave (GW) signal emitted as the remnant
black hole (BH) formed during a BBH coalescence
relaxes towards a stationary configuration [1-4]. The
Kerr metric [5-8] in Einstein’s general theory of relativity
(GR) uniquely describes this final state. The ringdown
phase is modeled as the evolution of perturbations (set up
during the pre-merger stage) on the Kerr metric of the
remnant BH. The GW signal emitted is well approximated
as a linear superposition of countably infinite quasinormal
modes (QNMs), i.e., exponentially damped sinusoid modes
with discrete characteristic complex frequencies, which are
the eigenvalues of the radial and angular Teukolsky’s
equations [9-12]. Each mode is characterized by its
frequency f,,,, damping time 7;,,, excitation amplitude
Ajn, and phase ¢;,,,,, where the integers (/, m) identify the
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angular dependence of the mode, whereas n = 0, 1,2, ... is
the overtone number [see Eq. (2) for details].

While the frequencies and damping times are solely
determined by the remnant’s mass and spin, the perturbation
condition setup prior to ringdown phase regulate the mode
excitation, namely, the amplitudes and phases. For a BBH
coalescence, there is an intrinsic relation between the initial
binary’s parameters and the perturbation condition setup for
ringdown, which determine the magnitude of A;,,,,, and ¢;,,,,,.
QNM amplitudes (i.e., excitation factors) account for space-
time’s geometry during merger, providing the initial data for
ringdown perturbations. GW ringdown models implicitly
incorporate this into A,,,,,, and ¢,,,,,,- We can estimate A;,,,,, and
¢y using numerical relativity (NR) simulations [13-16]
corresponding to a set of BBH masses and spins. Thus,
ringdown allows us to check two key predictions of GR in the
strong-field regime—i(a) the consistency of measured QNM
spectrum in the ringdown to the expected Kerr spectrum and,
(b) the compatibility of measured mode excitation factors
with the prediction obtained from NR BBH coalescences in
GR, i.e., consistency with (pre-)merger nonlinear dynamics.

While the former is the focus of a traditional BH
spectroscopy, here we concentrate on the latter prospect
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and devise a novel test of GR called the ringdown
amplitude-phase consistency (APC) test. The APC test is
based on the observation that, after a suitable normaliza-
tion, only a narrow region in the mode amplitude-phase
space is allowed for a BBH ringdown in GR. However,
the BBH ringdown amplitudes and phases in modified
GR [17-21] need not be constrained to lie in this region.
We also expect a similar situation when the components of
binary system are not Kerr BHs [22] (e.g., in neutron-star or
more exotic boson-star [23-26] coalescences) within GR.
Note that in both these scenarios, the remnant can still be a
Kerr BH; so while it could pass the standard BH spectros-
copy tests, the QNM amplitudes and phases can provide a
way to distinguish the event from a GR BBH coalescence
based on the nature of the merger.

A key virtue of this test is that it does not require
information from the inspiral phase other than the binary
extrinsic parameters. It is therefore particularly well suited
for massive BBHs, where the inspiral is short and the
parameter estimation of the binary intrinsic parameters
(e.g., the mass ratio and spins) is uncertain, jeopardizing the
accuracy of inspiral-merger-ringdown (IMR) consistency
tests [27]. GW190521 is one such event [28]. It is also the
only event that has been reported to show presence of
measurable subdominant angular-mode parameters [29].
Furthermore, the parameter estimation for this event yields
a primary component mass lying in the pair-instability
supernova BH mass gap. This could be an indication for
exotic alternatives [30-32] and the data do not exclude
some of these possibilities. Thus, while our main scope is to
devise the APC test in general, we find GW190521 a
particularly interesting test bed because if such exotic
scenarios are possible, they can affect the QNM amplitudes
and phases and manifest as a violation of this null test.

Amplitude-phase space of a BBH ringdown.—Our aim
here is to show that the mode amplitude-phase space
corresponding to a BBH ringdown in GR is constrained
to a narrow region. For this, we must first extract the
amplitudes and phases of several modes by fitting the NR
simulation as a function of BBH masses and spins. While
we mostly focus on nonprecessing, quasicircular BBHs for
simplicity, later on we shall also discuss the effect of spin
misalignment and eccentricity.

We use the dominant (I = m =2, n =0) mode as a
baseline and work with the intrinsic (independent of sky
position, distance, polarization ) amplitude ratio and
phase difference defined as
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respectively [33]. 6¢;,,,,, 1s defined such that it removes the
degeneracy between ¢,,,,, and the coalescence phase ¢ (see
Supplemental Material [34] and Ref. [35]). The ringdown
waveform can be analytically written down as
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where S;,,,(1,¢) are the spin two-weighted spheroidal
harmonics. For simplicity, we approximate them to spheri-
cal harmonic functions [36] and as discussed later, this
introduces a systematic error no larger than 1% for spinning
remnants with a; < 0.9 and for the modes considered in
this Letter. For quasicircular BBH mergers, AR and 6¢,,,,,
are functions of the binary mass ratio ¢ = m;/m, > 1 and
spins. We fit for AR and &¢;,,, modewise for a set of 142
nonprecessing and noneccentric NR simulations from
the SXS catalog [37] (other catalogs [38,39] are considered
in the Supplemental Material [34]). Our simulation set is
the same used to calibrate the SEOBNRv4HM model [40]
and spans ¢ € [1,10] and the z component of the
spins  y1, € [-0.9,0.9]. We fit for the (I,m,n)€
{(3,3,0),(2,1,0),(4,4,0)} modes and provide ready-
to-use analytical fits as a function of ¢ and a post-
Newtonian motivated effective spin  pheno(q. 115 42)
whose explicit form depends on the mode under consid-
eration [34] and Ref. [41]. In the nonspinning limit, these
fits are consistent with those obtained in [40,42-45], while
they correct the results given in [46] for the phase differ-
ence. We refer the reader to Supplemental Material [34] for
further details.

The shaded bands in Fig. 1 marks off the region in the
(AR . S¢1n) space allowed by GR BBH ringdowns as
obtained by fitting the amplitudes and phases to our NR
dataset using Eq. (2). The dashed curves correspond to
212 =0, wherein AR~ and 6¢,,, parametrically depend
only on g. The shaded region around the dashed curve
quantifies the effects of nonzero y, ;. Given the parity and
polarization conventions of the odd or even m modes used
in the SXS waveforms, we plot mod(5¢;,,,,, z) for the (2, 1,
0) and (3, 3, 0) modes and mod(5¢,,,,,,, 27) for the (4, 4, 0)
mode (see Supplemental Material [34]). For the (3, 3, 0)
mode, we find that the GR admissible region in the
(AR 5¢iu) space is remarkably narrow. This happens
because the effects of the progenitor spins are small for the
(3, 3, 0) mode. Indeed, S¢bs39 € [2.68,7] and A% €
[0,0.42] for our entire dataset. The latter range of values
observed for the amplitude ratio A%, is about a factor of 2
larger than what was observed in the inspiral regime [42].
This shows that higher harmonics are more excited during
the highly dynamical merger and ringdown regimes.
However, the effect of nonzero y;, on AR ~and 5¢,,, is
substantial for the (4, 4, 0) mode and (2, 1, 0) mode; this
leads to a less-constricted GR-permissible region for these
modes. The small bump of the (2, 1, 0) shaded area
originates from restricting the amplitude A%, to be positive
at small mass ratio and positive spin (see Ref. [47] and the
Supplemental Material [34]).
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FIG. 1. The regions of the (AR .5¢;,,) plane allowed for

BBHs in GR for various modes. They are estimated by fitting
the parameters (AR  3¢,,,) in Eq. (2) to 142 nonpreces-
sing waveforms, covering the parameter space ¢ € [1, 10] and
X12 € [—0.9,0.9]. Given the parity of the odd or even m modes,
we plot mod(8¢;,,,, ) for the (2, 1, 0) and (3, 3, 0) modes and
mod (8¢, 27) for the (4, 4, 0) mode. The dashed blue curves
within each region correspond to the nonspinning limit.

The ringdown APC test.—All nonprecessing, quasicir-
cular BBH ringdown governed by GR must have AR
and 6¢;,,, within in the GR permissible region on the
(AR . S¢1n) space, i.e., measurements of AR —and 5¢,,
must lie within the shaded bands in Fig. 1. We use this to
devise our APC null test of strong gravity wherein we check
if the measured mode amplitudes and phases in a ringdown
signal lie in the narrow GR permissible region. Practically,
one can check whether the posterior distributions of the
estimated AR~ and 8¢, have significant support in the
allowed region. Since all quasicircular BBH mergers must
satisfy this constraint, the test is naturally extendable to
incorporate a population of observations.

Note that while implementing this test, it is crucial to
account for the uncertainty in the ringdown start time with
respect to the global peak time 7, i.e., the time at which the
strain amplitude |h(z ) 2 imn| maximizes [46,48,49].
Estimating the time ¢/ = at which each |#;,,,| mode peaks
from NR fits, we can shift each mode by Ar = ¥ — 1},

with #5,, < ¢ , [46,50]. This induces a correction:

At
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Notice that the 7,,, are comparable for all the modes
studied here. For example, for a BH with asz.SS

(consistent with GW190521 [28,29]) 7330/7220 ~ 0.986,
T440/7220 ~ 0974, and 7210/7:220 ~0.956. Here a
conservative choice A7~ 10M translates to a ~(1,2,3)%
correction for the amplitude of the (3,3,0), (4,4,0), (2,1,0)
modes, respectively; this is well below the current statistical
uncertainties [29]. This conservative choice corresponds
to A1~ 2(thy, — thy) & (tho — thy) [46] and so sets a
conservative upper bound on At.

A similar correction needs to be accounted for the
intrinsic  phase, ¢@,,,(”) = @pun(thry) + @punAt. Using
Eq. (1), this translates to

5¢lmn(tp) = 5¢lmn(t§2()) + (%

W0 — a’lmn> At (4)
Since ;,,, & (1/2)wyq for I = m modes (note that this is
an exact result in the eikonal / = m > 1 limit [11,51]), the
phase correction induced by At is #10% and ~20% for the
(3,3,0) and (4,4,0) mode, respectively, when we assume
At = 10M (see Supplemental Material [34]). This is a
conservative choice for the (3,3,0) mode as At < 5M [46];
here we expect a systematic uncertainty no larger than 4%.
Therefore, for the / = m modes, the NR phase fits can be
compared to the measured posteriors inference as

SPinn (17) R 81y (150)

However note that for the (2,1,0) mode the last term in
Eq. (4) yields a non-negligible uncertainty.

Application on GW190521.—We exemplify our test on
GW190521, the only GW event with reported subdominant
angular mode in the ringdown [29]. The total signal-to-
noise ratio (SNR) of this event is p =~ 14, of which p ~ 12
comes solely from the ringdown phase. This is a conse-
quence of large total source mass of this binary system
M = 151f1279MO [28] and the system is a convenient
choice to demonstrate a proof-of-concept of the APC test.

In Fig. 2, we first mark the GR-permissible region
obtained by the NR fits as a gray band. Note that this
region also accounts for the following uncertainties: the 1o
deviations on the best fit results, the ~1% and ~4%
uncertainties on AX;, and ¢33 caused by ambiguity in
ringdown start time, and the errors due to approximating
the spheroidal harmonics as spherical harmonics. Next, we
project the 67% and 95% credible regions of the measured
posterior distribution for A%, and ¢33, from [29] on to the
(A, 5¢p330) space. The posteriors obtained by assuming
that ringdown has GR predicted Kerr QNM spectrum
corresponds to the orange contour whereas the blue contour
corresponds to the case where the QNM frequencies and
damping times are allowed to vary freely. Interestingly, this
more agnostic assumption does not deteriorate the con-
fidence region significantly. The black dot-dashed contour
provides the 95% credible region obtained by fixing the
polarization angle y to the maximum likelihood value

ViI=m. (5)
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FIG. 2. Ringdown APC test applied to GW190521. The
amplitude ratio A%, and the phase difference S¢33 obtained
by various parameter estimations done on the data are compared
to the GR allowed region in the (A%, 6¢b339) space (shaded gray
area). The solid and dashed contours, respectively, represent the
67% and 95% credibility contours obtained by Bayesian para-
meter estimation. The orange and blue contours correspond to the
posteriors obtained by fixing the GR QNM spectrum and
allowing deviations from the Kerr QNMs, respectively. The
black dot-dashed contour provides the 95% credible region
obtained as in [29] but fixing the polarization to the maximum
likelihood value (y = 0) given by the IMR analysis [52]. The red
dot-dashed contour provides the 95% credible region for the NR
injection SXS:0258 consistent with GW190521 and with SNR
p = 30. The cyan cross corresponds to the (A%, 5¢pa3) fit to
the maximum likelihood waveform obtained using the
NRSur7dg4 [56] waveform approximant, which includes pre-
cession and binary parameters consistent to GW190521 [57].

estimated from the full IMR analysis in [52]. This is similar
to fixing right ascension and declination as done in [29]
(see Refs. [53-55] for a discussion on fixing these
parameters in BH spectroscopy tests). Estimating the
polarization angle independently helps to break the degen-
eracy between y and 6¢y,,,. ¥ can be estimated from the
inspiral-merger regime, while the intrinsic dependence of
0P mn 0N g and yppen, arises in the ringdown phase (see the
Supplemental Material [34]).

Lastly, we inject the NR waveform SXS:0258 into
Gaussian noise at SNR p =30 for a three-detector
(LIGO-Hanford, LIGO-Livingston and Virgo) configura-
tion and perform a parameters estimation using the PyCBC
inference library [58]. This numerical waveform has
parameters compatible with GW190521 [59]) but has been
injected with twice the SNR of GW190521 to estimate the
quality of the test achievable in the case of higher SNR
events. The red dot-dashed contour in Fig. 2 denotes the
95% credible region obtained for this case. We perform
the parameter estimation at t=t"415 ms (see the
Supplemental Material [34]). We note that, as expected,
the confidence region shrinks and the test is significantly
more accurate with higher SNR.

We presented the main result of applying APC to
GW19021 in Fig. 2. We find that the 1o credible interval
obtained in [29] has a substantial support in the gray GR-
permissible region marked on the (AX . 5¢;,.) space.
Therefore, we conclude that the mode amplitude and
phases measured in GW19021’s ringdown are compatible
with the GR BBH predictions and this event passes the
APC test.

Discussion.—The APC test provides a novel strategy for
testing GR using the ringdown mode excitations. NR
waveforms of BBH mergers give accurate empirical rela-
tions between AR and &¢;,,, as functions of the binary’s
mass ratio and spins. We found that only a narrow strip in
the (AR . 5¢,,.,) space is admissible for ringdown modes
of quasi-circular BBHs within GR. We build the APC test
based on this feature and present a proof-of-concept
implementation of this test on GW190521. We find that
the 1o posterior distributions of AR~ and 6¢,,, obtained
in [29] for this event has substantial support in the GR-
permissible region, showing that GW190521 passes the
APC test. Furthermore, we verify that the combined
modelling uncertainties for the (3,3,0) mode are well below
the statistical uncertainties of the current GW observations.
Overall, for the (3,3,0) mode the total systematic errors
accumulated from the fit, ringdown start time, and spheri-
cal-harmonic approximation may reach a value ~13% for
both AR and 8¢, (see Supplemental Material [34]). For
GW190521, the marginalized 1o statistical uncertainties on
these quantities are ~100%—much larger than the system-
atic deviations accumulated from our fit uncertainties.
While this holds for any / = m mode, the phase fits of
[ # m modes are non-negligibly affected by the shift of the
peak time; this makes [ # m modes not optimal for the
proposed implementation of the test. However, the situation
might change for louder detections as those routinely
expected in the third-generation era [60,61], in which case
systematic errors of the fit might limit the accuracy of the
APC test, unless the quality of NR waveforms improves.
On the other hand, the measurements of the polarization
angle y (which is degenerate with the phase difference
O¢,) and of other binary’s intrinsic parameters are
expected to improve as more interferometers are added
to the network, or through an electromagnetic counterpart,
and will anyway improve with third-generation detectors,
therefore allowing for a more accurate test.

We have focused on quasicircular binaries with aligned
spins, although we can extend a similar concept to build a
more generic test. In the Supplemental Material [34] we
show that the effect of eccentricity on the fits of d¢s3q
(A§30) is non-negligible only when e 2 0.3 (e = 0.6).
Therefore, the current implementation of the test is robust
to mild eccentricities. By comparing the posterior distri-
bution for A%, shown in Fig. 2 to the eccentricity fits, we
have obtained a mild bound of ¢ < 0.9 at the 95% level on
the eccentricity of GW19052 [62]. Note also that several
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works using the full IMR analysis on GW190521 have
reported a moderately high effective precession spin
parameter [63], y, = 0.687023 (although waveform sys-
tematics and prior choices significantly affect the posterior
estimates of this event [57]). Interestingly, when we fit for
8¢330 and AR, corresponding to the maximum likelihood
waveform including precession [56], we notice that the
effect of precession for GW190521 is within the measure-
ment errors for this event. However, the best fit is margin-
ally outside the gray shaded area (corresponding to the
nonprecessing scenario) in Fig. 2. Because of the large
statistical error, the systematic effect of neglecting the spin
precession does not affect GWI190521 significantly.
Therefore, we can use GW190521 as a proof of concept
for the APC test, and future louder events could be used to
constrain the binary precession independently from ring-
down measurements only. A detailed examination of the
effects of precession in the ringdown is an involved
problem and requires a dedicated study.

Interpretation and extensions.—As with any null-
hypothesis consistency test, its violation suggests a depar-
ture from the adopted baseline assumptions, and so a
violation of the null-test could have various origins. We
spell out the viable interpretation when an event does not
pass the APC test—(a) Most conservatively, it might be
evidence for mis-modelling the signal, e.g., presence of
strong spin precession or large eccentricity in the BBH.
(b) It could be because the observed ringdown is not BH
coalescence; note this does not preclude the remnant from
being a standard Kerr BH. We expect the coalescence of
massive neutron stars, boson stars [23-26], and other exotic
compact objects [22] to produce QNMs consistent with
Kerr BHs in GR. However, the QNM amplitudes and
phases can be different from GR as the merger dynamics
could be modified, these will therefore fail the APC test
while being consistent with a traditional Kerr BH spec-
troscopy. (c) Finally and most radically, it could be because
the underlying coalescence dynamics is not governed by
GR. Disentangling these possibilities calls for a generali-
zation of our fits to incorporate features like precession and
eccentricity, louder ringdown detections, and detecting a
population of them. For instance, if the violation of the test
were due to not including eccentricity or precession in our
fits, out of a population of ringdowns only a subgroup
would be violating it. However, if GR dynamics were under
question, there could be a ubiquitous violation of the test. In
this context, although measurement errors are large, it is
relevant that GW190521 passes the APC test. It would be
interesting to assess whether this is in tension with
alternative explanations for this event, e.g., a Proca star
merger [30], by fitting the ringdown amplitudes and phases
for Proca star merger waveforms and performing Bayesian
model selection between the two hypotheses [30].

While we focused on the ringdown signal with
prior knowledge of the binary’s extrinsic parameters

(estimated either from the IMR analysis or from another
independent sky localization), a variant of this test would
be to estimate the initial binaries parameters with ringdown
and check for consistency with IMR analysis. In principle
one could invert the Afmn(q’)(pheno) and 5¢Zmn(q7)(pheno)
relations to infer an estimate of the mass ratio (and spins)
from the QNM excitations. However, owing to the
mild dependence of &¢;,,, on the binary parameters the
quality of this test is expected to be rather poor. A more
promising avenue is to neglect the phases and use only the
amplitude ratios of several subleading QNMSs. We discuss
this in the Supplemental Material [34]. This is interesting
for GW190521-like systems where the short signal dura-
tion and low SNR in the premerger part leads to con-
troversial and model-dependent inference on the binary
parameters [52,57,64,65]. Also, higher sensitivity at low
frequency (as expected for third-generation detectors) will
improve this test significantly (see also [66] for a con-
ceptual framework in this direction). Overall, the APC test
provides an excellent arena to complement standard BH
spectroscopy tests in the strong-gravity regime, especially
for the next-generation detectors.
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