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Abstract

This thesis presents the development and characterisation of an optomechanical
system (OMS) with the aim to be part of an all-optical coherent quantum noise
cancellation scheme (CQNC), as proposed by Tsang & Caves in 2010. The goal of such
a CQNC experiment is to enhance the sensitivity of conventional optomechanical
displacement and force detectors. Their sensitivity limit is described by a trade-off
between shot noise and quantum backaction noise, forming the standard quantum
limit of interferometry. This thesis explores the fundamental principles of CQNC and
investigates the potential benefits of modifying the mechanical oscillator’s dynamics
in the OMS through dynamical backaction using a second beam. The findings
suggest that such modifications may be advantageous in the resolved sideband
regime. Further investigations are needed due to the vast parameter space involved.
However, as shown in previous studies and recapitulated within this thesis, even
without a cooling beam quantum backaction noise suppression within an all-optical
CQNC experiment is feasible.

The experimental setup for an all-optical CQNC involves a shot noise limited
probe beam. To achieve this condition, a filter cavity is used to suppress laser ampli-
tude noise. The results indicate that the amplitude noise in transmission is shot noise
limited above frequencies of 1 MHz at a power of 1 mW, making this stabilisation
scheme suitable for a CQNC experiment.

The main focus of this thesis is the development and characterisation of the
optomechanical system, one subsystem of the CQNC experiment. The work fo-
cused on achieving and measuring a high optomechanical coupling strength (g)
between light and a silicon nitride membrane representing the mechanical oscillator.
Thus, experimental investigations are conducted to determine the optimal position
within the optomechanical system where the coupling strength is highest. However,
measurements at cryogenic temperatures, necessary for quantum backaction noise
limitation, could not be performed due to technical challenges. The operation of the
optomechanical oscillator in a cryogenic environment remains a pending task.

Nevertheless, two experiments of the optomechanical system are successfully
performed at room temperature and low pressure (10~7 mbar). Both experiments,
an optomechanically induced transparency (OMIT) experiment and a dynamical
backaction (DBA) experiment provide relevant values. The measurements reveal that
the membrane used in the experiments is unsuitable for all-optical CQNC due to its
quality factors and coupling strength, which do not meet the quantum backaction
cooperativity requirement. To improve precision in extracting quality factors and
achieve higher sensitivity, a ring-down measurement is recommended for future
investigations. Also, once measurements at cryogenic temperature are feasible, tech-
niques like displacement calibration and quantum noise thermometry for accurate
temperature measurements have to be established.

In conclusion, the developed optomechanical system holds promise for realising
all-optical CQNC once optomechanical oscillators with higher quality factors are
used, and cryogenic temperature operation becomes feasible. The thesis also touches
upon strategies to surpass the standard quantum limit (SQL) and cancel quantum
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backaction noise using an all-optical CQNC scheme with an effective negative mass
oscillator. Further characterisation and investigation of the positive mass oscillator
are conducted to advance the implementation of all-optical CQNC.

Keywords: coherent quantum-noise cancellation, standard quantum limit, op-
tomechanical induced transparency, dynamical backaction, quantum backaction
cooperativity
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Kurzfassung

Diese Arbeit prasentiert die Charakterisierung und Entwicklung eines optomecha-
nischen Systems (OMS) mit dem Ziel, Teil eines kohdrenten Quantenrauschunter-
driickungs (CQNC) -Experimentes zu werden. Die grundlegende Idee hierfiir wurde
bereits 2010 von Tsang & Caves vorgeschlagen. Das Ziel eines solchen CQNC-
Experiments ist es, die Empfindlichkeit konventioneller optomechanischer Kraft- und
Langendetektoren zu erhohen. IThre Empfindlichkeit wird durch einen Kompromiss
zwischen quantenmechanischem Riickwirkungsrauschen und Schrotrauschen be-
schrieben. Das Zusammenspiel beider Rauscharten bildet das Standard-Quantenlimit
der Interferometrie.

Diese Arbeit untersucht die grundlegenden Prinzipien von CQNC sowie die mog-
lichen Vorteile einer Modifikation der Dynamik des optomechanischen Systems durch
Verwendung eines zusitzlichen Strahles. Die theoretische Betrachtung legt nahe, dass
Modifikationen, hervorgerufen durch den zuséatzlichen Strahl, nur im Bereich des
aufgelosten Seitenbandes (resolved sideband regime) vorteilhaft sein konnen. Weitere
Untersuchungen sind aufgrund des umfangreichen Parameterbereichs erforderlich.
Fritheren CQNC Studien zeigten, dass selbst ohne einen zusitzlichen Stahl, eine
Unterdriickung des quantenmechanischen Riickwirkungsrauschens innerhalb eines
CQNC-Experiments moglich ist.

Der experimentelle Aufbau des CQNC Experiments beinhaltet einen
Schrottrausch-begrenzten Laserstrahl. Um einen solchen Strahl zu erzeugen,
wird eine Filterkavitdt verwendet, um das Amplitudenrauschen des Lasers zu
unterdriicken. Die Messergebnisse zeigen, dass das Amplitudenrauschen des
Laserstrahles, aufgrund der Filterkavitit, oberhalb einer Frequenz von 1 MHz bei
einer Leistung von 1 mW schrottrauschbegrenzt ist. Daher ist diese Filterkavitat
zur Unterdriickung von Amplitudenrauschen hinsichtlich der Anforderung fiir ein
CQNC Experiment geeignet.

Das Hauptaugenmerk dieser Arbeit liegt auf der Charakterisierung und Ent-
wicklung des optomechanischen Systems, da dieser ein Teilsystem des CQNC-
Experiments ist. Die Arbeit konzentriert sich darauf, eine hohe optomechanische
Kopplungsstarke zwischen Licht und einer Siliziumnitridmembran als mechanischem
Oszillator zu erreichen. Aus diesem Grund wurden experimentelle Untersuchungen
durchgefiihrt, um die Position der Membran im optomechanischen System zu be-
stimmen, an der die Kopplungsstarke am hochsten ist. Messungen bei kryogenen
Temperaturen, die fiir die Begrenzung des quantenmechanischen Riickwirkungsrau-
schens erforderlich sind, konnten aufgrund technischer Herausforderungen nicht
umgesetzt werden. Der Betrieb des optomechanischen Oszillators in einer kryogenen
Umgebung bleibt daher eine offene Aufgabe.

Dennoch wurden zwei Experimente mit dem optomechanischen System erfolg-
reich bei niedrigem Druck (10~7 mbar) und Raumtemperatur durchgefiihrt. Beide
Experimente, das eine Experiment zur optomechanisch induzierten Transparenz
(OMIT) und das andere Experiment zur dynamischen Riickwirkung (DBA), lieferten
relevante Werte. Die Messungen zeigen jedoch, dass die fiir die Experimente ver-
wendete Membran aufgrund ihrer Giitefaktoren und Kopplungsstéarke nicht fiir ein



CQNC-Experiment geeignet ist. Um die Genauigkeit der Messung von Giitefaktoren
zu verbessern und eine hohere Empfindlichkeit zu erreichen, wird fiir zukiinftige
Untersuchungen der Membranen eine Ring-Down-Messung empfohlen. Auflerdem
miissen, sobald Messungen bei kryogenen Temperaturen moglich sind, Techniken
zur genauen Temperaturmessung etabliert werden.

Zusammenfassend hat das entwickelte optomechanische System das Potenzial,
ein Teilsystem fiir ein CQNC-Experiment zu werden, sofern optomechanische Oszil-
latoren mit hoheren Giitefaktoren verwendet werden und der Betrieb bei kryogenen
Temperaturen moglich wird. Weiterfithrende Charakterisierungen und Untersuchun-
gen des Oszillators mit positiver Masse werden durchgefiihrt, um die Umsetzung
von all-optischem CQNC voranzutreiben.

Schlagworter: kohdrente Quantenrauschunterdriickung (CQNC), Standard-
Quantenlimit (SQL), optomechanisch induzierte Transparenz (OMIT), dynamische
Riickwirkung (DBA), Quantenriickwirkungkooperativitat
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Chapter 1

Introduction

Our everyday lives are governed by measurements of distances and lengths. These
fundamental physical quantities play a crucial role in our daily activities, e.g. in
navigation. Taking GPS as an example, these measurements have to take into ac-
count relativistic corrections for useful accuracy. Additionally, the groundbreaking
interferometric distance measurement between satellites, capable of sensing earth’s
gravitational field, has enabled precise gravimetric surveys [Tap+19].

In the microscopic world of quantum physics, lengths and their measurements
also play a fundamental role. Here, quantum mechanical fluctuations impose a limit
on the achievable accuracy. This is impressively exemplified in ground based inter-
ferometric gravitational wave detectors such as Advanced LIGO (aLIGO) [Bui+20].
Here, gravitational waves were directly detected for the first time in 2015 [Abb+16],
which ushered in a new era of astrophysics. Achieving this unprecedented level of
precision in length measurements is not without challenges. Even if all classical noise
sources are diminished, one major obstacle is the presence of quantum backaction
noise, where the act of measurement itself introduces disturbances into the system
being observed.

Fundamentally, aLIGO interferometrically measures the distance between a
Michelson interferometer’s free-falling end mirrors (test masses) [Saul7]. When
the limiting technical noise sources are sufficiently reduced, the system is inherently
susceptible to quantum noise, which manifests as quantum shot noise and quantum
backaction noise. Together, these two noise sources form the standard quantum limit
(SQL) of interferometry, which limits the sensitivity of current second-generation
gravitational wave detectors in most of their detection band [Bui+20]. Quantum
shot noise is described by the Poissonian photon statistic of the coherent state of
the employed interferometric laser light source. This coherent state, with inherent
uncorrelated fluctuations, leads, due to the random arrival of photons at the detector,
to the detection of quantum shot noise. To minimise relative shot noise, one can
increase the laser power. However, this results in more uncorrelated photons being
reflected by the mirrors, causing random momentum transfer and mirror movement
due to quantum radiation pressure (shot) noise. Hence, both shot noise and quantum
radiation pressure noise stem from the quantum nature of light'. While increasing
optical power reduces relative shot noise, it amplifies quantum radiation pressure
noise as photons randomly interact with mirrors. This causes a quantum backaction,
on the light field due to the restoring force on the mirrors.

In conclusion, higher power reduces relative shot noise but increases radiation
pressure noise. The trade-off between shot and quantum backaction noise leads to the
standard quantum limit (SQL) for optimal displacement sensitivity, assuming these
noise sources are uncorrelated. It is worth noting that both quantum backaction and
quantum shot noise are clear manifestations of the Heisenberg uncertainty principle.

"Weiss already pointed out the quantum backaction noise contribution in 1972 [Wei72]
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While quantum shot noise can be readily observed, detecting quantum radiation
pressure noise has proven challenging [PPR13].

In treating the SQL, correlations between quantum shot noise and quantum
backaction noise are not accessed. However, the correlation between quantum shot
noise and quantum backaction noise can be addressed and used to reach sub-SQL
performance [DKM19]. For example, one way to surpass the SQL is by utilising
ponderomotive squeezing [Nie+17]%, which arises from the correlation between shot
noise and quantum backaction noise (induced by optomechanical interaction). Also,
a different technique, frequency-dependent squeezing, allows to effectively mitigate
both shot noise at high frequencies and quantum radiation pressure noise at low
frequencies simultaneously [McC+20; Jun+22].

In general, there are also other strategies to surpass the sensitivity of the SQL. For
example, achieving a system within a negative mass frame [TC12; PH15] counteracts
the quantum backaction noise and leads to backaction evasion. One such approach
involves creating a system within a negative mass frame [TC12; PH15], which can
effectively reduce or cancel quantum backaction noise. This negative mass frame was
realised by preparing a spin ensemble within a magnetic field. Through coupling
light to both the effective negative and positive mass frames in an optomechanical
setup, quantum backaction cancellation was observed [Moe+17].

This thesis explores an approach to cancel quantum backaction noise, utilising an
all-optical coherent quantum noise cancellation (CQNC) scheme. Unlike previous
work by Moeller et al. [Moe+17], this scheme incorporates an optical cavity with a
beam splitter process and a two-mode conversion process, suggested by Tsang and
Caves [TC10], creating an effective negative mass oscillator. A sketch of a possible
all-optical CQNC realisation is depicted in Figure 1.1.

positive mass oscillator effective negative mass oscillator

optomechanical cavity ancilla cavity

) meter cavity
q‘\ input coupler waveplate

—_—
; W I
micro-mechanical pump
oscillator PPKTP

FIGURE 1.1: Proposed cascaded scheme for an all-optical CQNC experiment. The left
cavity has an optomechanical device and forms the positive mass oscillator. The
right cavity acts as an effective negative mass oscillator. It contains a wave-plate
coupling two optical modes of orthogonal polarisations (beamsplitter process) and
a non-linear (PPKTP-crystal) exemplifying the two-mode process.

The all-optical coherent quantum noise cancellation (CQNC) experiment shown
in Figure 1.1 comprises a positive mass oscillator within a cavity, subject to quantum
radiation pressure noise. The output field from this optomechanical cavity is directed
to an effective negative mass oscillator, formed by another cavity with a waveplate and
a two-mode conversion process. The waveplate acts as a beam splitter, combining
fields of different polarisations. The aim of the negative mass oscillator is to mimic
the behaviour of the positive oscillator but with an opposite direction, leading to the
effective cancellation of quantum backaction noise.

For successful coherent quantum noise cancellation, two conditions must be
satisfied. Firstly, ensuring that both oscillators are equally coupled to the light field

2Originally described by [BM67].
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is essential, allowing their random motion to be imprinted with equal efficiency
to the light field. Secondly, their susceptibility should have equal magnitudes but
opposite signs to achieve noise cancellation. As former group members have already
explored the feasibility and parameter range for the all-optical CQNC experiment
[Wim+14; Stel9; Sch+22; Sch23], this thesis focuses on the positive mass system,
which needs to fulfil the specific requirements detailed in [Sch+22]. The thesis will
also provide a brief introduction and will discuss the potential for improvement by
additional cooling of the positive mass oscillator. Subsequently, the focus is directed
towards conducting the initial characterisation and investigation of the positive mass
oscillator. This investigation involves measurements of key parameters for CQNC,
such as the coupling strength ¢ and mechanical properties of the mechanical oscillator
in use. To be more precise, these parameters are derived from two experiments: an
optomechanically induced transparency experiment and another experiment utilising
dynamical backaction.

Structure of the thesis

Chapter 2 introduces relevant basic building blocks and paves the way for a descrip-
tion of optomechanical interaction and its consequences. Therefore it starts with the
classical description of light, including modulation techniques and optical resonators.
After this, the quantisation of the electromagnetic light field and the mechanical
harmonic oscillator will be explained, revealing that also the electromagnetic field is
described by a harmonic oscillator. After this, optomechanical coupling of these two
oscillators is introduced, which leads to the classical optomechanical consequences,
such as dynamical backaction, and to quantum mechanical consequences resulting in
the standard quantum limit (SQL). With this background, the effect of ponderomotive
squeezing will be explored, followed by a brief outline of the CQNC experiment
and its requirements. At the end of the chapter, a technique using sideband cooling
induced by an additional beam to improve the CQNC experiment is shown.

Chapter 3 is devoted to generating shot noise limited light, a basic premise for
a successful CQNC experiment. Also, the generation of a second beam, different in
frequency, will be explored. This thesis uses this beam for calibration purposes or to
apply sideband cooling to the optomechanical oscillator.

Chapter 4 first introduces the mechanical oscillator, a silicon-nitride (SiN) mem-
brane, utilised in this work. Followed by the description of the SiN membrane, the
optomechanical setup, and a Fabry-Pérot cavity in which the membrane is embedded
will be discussed. As the membrane is close to one end mirror of the cavity, the
investigated setup is named membrane-at-the-edge (MatE)-setup [Dum+19]. The
investigation contains inferring the membrane position at which the coupling be-
tween the membrane and the intracavity field is highest. This is followed by an
optomechanically induced transparency (OMIT) experiment used to measure rele-
vant parameters of the MatE setup, especially the coupling strength between the light
and the membrane. Also, an experiment utilising the effect of dynamical backaction
is used to measure the coupling strength.
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Chapter 2

Measuring with light

This chapter introduces the thesis’s relevant building blocks and paves the way for a
description of optomechanical interaction and its consequences.

First, the classical properties of light and modulation techniques are explored
in Section 2.1.1. Based on this, a Mach-Zehnder-Interferometer (Section 2.1.3) is
introduced to measure the phase-modulation depth.

This description is followed by a discussion of Fabry-Pérot cavities , a specific
type of cavity configuration used primarily throughout this study (Section 2.1.4).
Within this description the properties and filter characteristics Fabry-Pérot cavities
are discussed.

The classical description of the light is finished with an explanation of the Fabry-
Pérot cavity. Section 2.2 introduces the quantum mechanical description of light. Thus,
Section 2.2 explains the quantisation of the electromagnetic field and reveals that an
electromagnetic field is described as a harmonic oscillator. Two utilised detection
schemes within this thesis are presented in Section 2.3 to measure the quantum nature
of light. After discussing these detection schemes, the basic theory of mechanical
oscillators is briefly discussed in the classical and quantum regimes (Section 2.4).

By introducing these two oscillators, namely the electromagnetic field and the
mechanical oscillator, Section 2.5 discusses their interaction. Therefore, the equations
of motion for a canonical’ optomechanical system are derived; this canonical system
is described by a Fabry-Pérot cavity, with an end mirror treated as the mechanical
oscillator. Once the equations of motion for the optomechanical system are derived,
classical phenomenons like static bistability (Section 2.5.1), dynamical backaction
(Section 2.5.2) and the optomechanically-induced transparency (OMIT) (Section 2.5.5)
effect are theoretically described.

After discussing these classical effects, the output spectrum of the optomechanical
system is treated quantum mechanically (Section 2.5.7). Within this quantum me-
chanical treatment, it is shown that by the measurement itself, noise is introduced to
the measurement. As this introduced noise acts back on the measurement, it is called
quantum backaction noise. Section 2.5.7 discusses the requirement to be sensitive
to this noise source. This discussion is followed by introducing the standard quan-
tum limit (SQL). It is shown (Section 2.5.7) that the SQL describes the displacement
sensitivity of a conventional phase readout of an optomechanical cavity bounded by
quantum backaction and imprecision noise. Fortunately, SQL is not a fundamental
limit, as there is no obligation to perform a phase measurement for displacement
detection. Hence, an effect which can be used to surpass the SQL is ponderomotive
squeezing, explained in Section 2.5.8. Due to ponderomotive squeezing, the signal-to-
noise ratio of the measurement can be increased if the noise reduction outweighs the
accompanied signal loss.

ICanonical - "simplest representative of a class".
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However, ponderomotive squeezing only causes an improvement of the displace-
ment sensitivity below the SQL in a small frequency band. To surpass the SQL in
a broad frequency range, Section 2.6 briefly discusses an all-optical coherent quan-
tum noise cancellation experiment, which was theoretically investigated by former
colleagues in detail [Sch+22; Ste19; Wim+14]. This experiment is the primary motiva-
tion to investigate suitable optomechanical systems in Chapter 4. It will be shown
that with an ideal all-optical CQNC experiment, the SQL is surpassed by means of
backaction noise cancellation at all frequencies except the resonance frequency of the
mechanical oscillator. Nevertheless, due to mismatches and losses affecting the ideal
CQNC experiment, Section 2.6.4 presents a primary idea to improve the non-ideal
CQNC experiment.

The chapter concludes with an overview of the CQNC experiment. In the subse-
quent chapters (Chapter 3 and Chapter 4), the focus shifts to discussing the experi-
mental setup, where the investigation and enhancement of noise properties in both
light and optomechanical systems take place.

2.1 Classical description of light

Before describing the quantum mechanical aspects of light, this section introduces
its classical behaviour and consequences, e.g., interference and phase modulation
(Section 2.1). After the theoretical description, it will be explained how modulations
and interferences are achieved and measured within this thesis by mainly two types
of interferometers (Section 2.1.2) .

The starting point for describing light and its propagation is a set of coupled par-
tial differential equations, the so-called Maxwell equations. For an isotropic and
insulating medium, the solution of the Maxwell equations is an electric field vector
consisting of discrete modes j given by [Ors16; WMO08]

1/2
E(r,t)=i)_ () [ajuj(r)e’i“’it — aj*ul’z(r)ei“’it} , (2.1)

with € being the electric permittivity, wj the mode frequency in angular unit and
a; the dimensionless complex amplitude. The factor u(r) (in units of m?/2) con-
tains the information about the polarisation & and the spatial mode profile of an
electromagnetic plane wave is given by

u(r) = L7/ 2t/ (2.2)

with L being the side length of a cubic volume V, k being the wave vector, and &"
a unit polarisation vector. Equation (2.1) will later also be the starting point for the
quantum mechanical description of light in Section 2.2%. For now, without loss of
generality, a single mode plane wave with angular frequency wy propagating in
z-direction and a = |a|e~ % is assumed, where ¢ describes an arbitrary phase offset
of the electromagnetic field. Under these assumptions, the electric field can be written

as
E(z,t) = Egcos(kz — wot + ¢)) = Egh(e kz—wot+0)) (2.3)

with Eg = 4/ 2;’)“‘}0 |a| being the amplitude of the classical electromagnetic wave.

2Quantization is done by interpreting a and a* as operators, a — 4 and a* — a'.
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Important notational remark

Henceforth within this thesis, a slightly different representation is used for the classi-
cal description of the field, namely,

E'(z,t) = Ege{(kz=wot+g0) (2.4)

Comparing this notation with Equation (2.3) reveals that only the real part of E'(z, t)
is a meaningful physical quantity. However, transformations of an electric field are
more convenient to calculate with the help of the complex representation E’. The
usage of the "amplitude-phase" description E = Ejcos(¢) is impractical because
any transformations are non-linear in phase ¢ due to the cos function[DK12]. The
following chapters use the unprimed version of Equation 2.4 for simplicity. Again,
the reader should keep in mind that only the real part of this is a meaningful physical
quantity.

Optical power

The intensity of the light field is given by the magnitude of the Poynting vector S
[Bon+16]
€pC

IS| = TE(% (14 cos(wot)) (2.5)

which reduces, to due the bandwidth BWpp of standard photodetectors3, to

€oC
S| = —-E5 (2.6)
with the unit % Usually, what is measured is defined as the integral of the intensity
|S| over a certain area A, defined as

p— / IS|dA = %/EOE;;dA. 2.7)

Often and also in this thesis, the calculation of the light power P is without loss of
generality done slightly differently, via

P = EoEf. (2.8)

The reasoning is that the integration over the area A in Equation (2.7) is done by a
measurement with a photodiode so that Equation (2.8) is sufficient to calculate the
light power®.

Modulation techniques

Two modulation techniques are widely used in this thesis and will be explained
in this subsection. Experimentally, this thesis uses phase modulation to generate
sidebands for two purposes. First, it is used to generate sidebands to create an
error signal. Second, it generates a frequency-shifted beam (Section 3.2) as a filter
cavity filters one generated sideband from its phase-modulated carrier. The other
modulation technique is amplitude modulation which is herein used to explain and

3Used laser light frequency wg = 27 - 282 THz is much higher as the bandwidth BWpp < 100 MHz.
“For ease of notation the factor <5 is neglected in Equation (2.8).
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measure amplitude noise properties. Both modulation techniques are explained in
the following based on [Bon+16].

2.1.1 Phase modulation

A phase-modulated electromagnetic wave is given by
E(Z, t) = Eoei(uJoH—ﬁCos(wmodf))e—ikz (29)

where B is the modulation index and w4 is the modulation frequency. Because
the phase modulation does not affect the position z we set without loss of generality
z = 0 in the following derivations .

Equation (2.9) can be expanded by using the Jacobi-Anger identity [FAS66; DK12]

pimeos(@) _ Zil]o(m)eij‘p , (2.10)
]

with Jo being the so-called Bessel functions of the first kind [Kol+95] defined as

(2.11)

and plotted in Figure 2.1. With these Bessel functions, Equation (2.9) can be written as

E(t) = Eoe' ) Y~ il Jo(B)e!"“moat (2.12)

|=—o0

The solution for a small modulation index (8 < 1) will be investigated to see how the
modulation changes the electric field. This solution is given by [Bon+16]

E(t) = Eoe™" (Jo(B) — if1(B)e™most 4 ify (B)eiemet) (2.13)

with
Ja(B) = (=1)'Jo(B).- (2.14)

As one can see in Equation (2.13) two additional sidebands with frequency £wmoq
away from the carrier frequency wy are generated.

Small modulation sidebands in this thesis are generated to create a Pound-Drever-
Hall error signal [Dre+83; Bla0O1]. In contrast, higher modulation indices (used in 3.2)
are used in conjunction with a filter cavity to create a sideband solely oscillating at
frequency —wmod OF +Wmed. In the latter case, a modulation index of roughly p ~ 1.8
is applied to enhance the first order sideband maximally® and suppress the carrier. In
contrast, any other orders are additionally decreased in amplitude (Figure 2.1).

5From which the filter cavity filters out one sideband.
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0.5 i

Ji(m)

05 1 1 1 1 1 1 1 1 1
FIGURE 2.1: Bessel functions of the first kind for k €[0,4].

2.1.2 Amplitude modulation

As explained in the introduction of this subsection, amplitude modulation is used
within this thesis to explain noise sources. For example, the current noise of a laser
diode could lead to amplitude noise and mask the quantum noise in detection, named
shot noise® (Section 2.2). Slightly different from phase modulation, an amplitude-
modulated electromagnetic wave can be written as

E(z,t) = Eg(1 4 1 cos(Qpmeq ) )~ k2~ wot+¢0)

= Egeilkz=wot+0) (1 %eiﬂmodt + %e—iﬁmodt)

(2.15)

where m and (o4 are the modulation index and frequency. Comparing amplitude
modulation with phase modulation (Equation (2.12)) shows that amplitude mod-
ulation always creates only two sidebands. Also, Equation (2.15) shows that for
active elements like lasers, sidebands at £(),,,q are generated without reducing the
amplitude of the carrier.

This differs from amplitude modulation caused by a passive element (like acousto-
optic modulators). For the sake of completeness, amplitude modulation induced by
passive elements is described by

E(z,#) = Eo(1 = 5 (1 = c08(Qppaq) Je Km0 +)
= E 7i(szw0t+¢0) 1— ﬂ m iOmodt m —iQmodt X 2.1
e ( 5t + ¢ ) (2.16)

In this case, energy is transferred from the carrier to the sidebands, which reduces
the amplitude of the carrier while sidebands are created. Hence, due to energy
conservation, m is between 0 and 1.

6Shot noise will be explained later in Section 2.2.
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Theory of used interferometers

In this section, the Mach-Zehnder interferometer, which measures tiny phase fluc-
tuations, will be explained. The theory of a Fabry-Perot interferometer follows this
description. The Fabry-Perot interferometer is a key element in this thesis. It will be
used for an optomechanical force sensor and a filter cavity to suppress noise or filter
out one phase modulated sideband.

2.1.3 Mach-Zehnder-interferometer

As stated in the previous section, phase modulation is mainly used in this thesis
to create a Pound-Drever-Hall [Bla0O1] error signal or to create a single sideband
oscillating at wg + ()poq. Additionally, in Section 4.3.1, phase modulation sidebands
are used for an optomechanically induced transparency (OMIT) experiment. A signal
proportional to the modulation strength 8 is needed in this OMIT experiment and
measured with a Mach-Zehnder-interferometer (MZI). Therefore, this section explains
the specific principle of the MZI used in Section 4.3.1. More specifically, it will be
shown that an MZI locked on mid-fringe converts a phase modulation, induced in
one arm, into an amplitude modulation at the output of the MZI.

v phase shifter ':| piezo mirror

FIGURE 2.2: Principle layout of the Mach-Zehnder-interferometer used in the experi-
ments consisting of three beamsplitters, two photodetectors, a phase shifter, and a
piezoelectric actuated mirror.

The MZI used for the OMIT measurement is depicted in Figure 2.2. It consists of
three beam splitters BS; with splitting ratios R; : Tj (j € (1a, 1b,2)), one phase shifter
introducing a phase shift A¢, one mirror, whose displacement Ax can be actively
controlled via a piezoelectric actuator, and two photodetectors PD; at its output. This
MZI scheme slightly differs from usual textbook versions (like in [BR19]) in which
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usually two mirrors and two beam splitters are used”.

This difference is because the MZI described in this section monitors the phase
modulation strength B of a light field Eeyp sent to another experiment. For this
purpose, the MZI depicted in Figure 2.2 needs a pick-off for light, which is ensured
by the additional beam splitter BSy,.

Including the additional beam splitter, the electromagnetic fields of the MZI shown
in Figure 2.2 are given by

Ein(z,t) = Ege~i(kz=wot) | (2.17a)

Ei(z,t) = Eg\/RigRype (et +49) (2.17b)

En(z,t) = Egiy/Tiae {(KETA0—wot) (2.17¢)

Eexp(2z,1) = Eg/Rya Type (F @0t +49) (2.17d)

Ei(z,t) = \/»EH (z,t —|—z\/T2EI (z,t), (2.170)
\/mEoe i(k(z40x)—wot) \/mEoe i(kz—wot+A)

= z\/TzEH (z,t) + \FEI (z,t), (2179

/TlaTZEOe i(k(z+Ax)—wot) + /RlaR]bRZEOe k(z— (Uot+A(P)

Due to energy conservation, the splitting ratio of any beam splitter has to fulfil
R] + T] + (5]35]. =1 (2.18)

with (j € (1a,1b,2)) and 535]. describing losses®. For the lossless case (5]35]. = 0) the
output power P, (i = 1,2) is calculated as

Py = Ei(z,t)(Ex(z,1))* = |Ei(z,1)?
— p2 (R2T1a + RiaRypTs + 21/R1aR 1y R T1aTs cos(kAx — A¢)>

P2 = Ez(Z, t)(Ez(Z, t))* = |E2(Z, t)|2
= p2 (RleaRlb + T1aTs — 2¢/RiaRipRo T1a T3 cos(kAx — A¢)) )

(2.19)

with Py = |Ep|?. In the experiment we set Ry = Ry, - Ryp = Ti, to ensure that the
power of field E; and Eyj interfering at the beam splitter BS; are the same. Hence in
the actual experiment (Section 4.3.1), power beam splitters are replaced by %-wave
plates in conjunction with a polarising beam splitter, to employ tunable beamsplitters.
Additionally, the splitting ratio of beamsplitter BS, is set to Ry = T,. With these
assumptions, the output power P; » becomes

Pl = 2R1R2P0 (1 + cos (kAx — A¢))

P, = 2R1RyPy (1 — cos (kAx — Ag)) . (2.20)

Figure 2.3 shows the output power P;, of the MZI with A¢ = 0, lossless beam

splitters (T, = 1 — R;), R1a = 135, Rip = 135 and Ry = 3°.

"The transfer between this scheme and the one in [BR19] can be done via Ry, = 1 and Ry}, + Ty = 1.

8For sake of clarity in Figure 2.2 dps; is omitted for beamsplitter description.

Values approximately like in OMIT experiment (Section 4.3.1) where Py, ~ 2mW, Pexp ~ 1mW and
PI = PH ~ 500}1W
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FIGURE 2.3: Power P; and P, at the output of the MZI (depicted in fig.2.2) over
displacement Ax with A¢p =0, R15 = %, Ry, = 15T5' Ry, = % and T; — R; = 1. The
vertical dashed lines indicate the distance between two consecutive minima and
maxima measured by one photodiode PD;, whereas the green line indicates the
mid fringe.

As it can be seen in Figure 2.3, the output power P, is linear in small variations
of Ax (Ax = A/4 +nA/2 with n € N) at mid-fringe. For an MZI at locked on mid-
fringe '” introduced phase modulations A¢ = B cos(Qmeqt) with small modulation
depths (B < 1) are transduced to amplitude modulations at the output. The phase
modulation in Figure 2.2 is introduced through a phase shifter. With this the measured
power P, at the output reads'! 2

Py ~ 2R1R3 (1 + B cos(Wmoat) )

1 1 2( B cos(wWmod )) (2.21)
Py &~ 2R1Ry (1 — B cos(Wmodt)) -

Similarly, the phase-modulated electric field Ecx, sent to the experiment remains

unaffected by the MZI measurement and is still given by Equation 2.17d. Hence the
modulation depth S of the light sent to the experiment can be deduced by the MZI.

Eexp(z,t) = Eg/Rya Type (@0t FBcos(@moat)) (2.22)

A plot of the output powers P; ; calculated in Equation 2.21 for an MZI locked on
mid-fringe, with an induced phase modulation of A¢ = cos(wmeqt) can be seen in
Figure 2.4. In this figure, the reflectivities R; are the same as in Figure 2.3.

10Accomplished by piezoelectric actuated mirror.
Heos(Z — x) = sin(x)).
12Small angle approximation: sin(x) & x, for x < 1.
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FIGURE 2.4: Power P; at the output of the mid fringe locked MZI (kAx = A/4)
over time t measured by PD; for different phase modulation strengths g with
wWmod/ (271) = 500kHz. As in Figure 2.3 the reflectivity and transmissivity are
given by Ry, = 13—0, Rip = %, Ry, = % and R; + T; = 1. The green line indicates
the mid-fringe.

Figure 2.4, together with Equation (2.21) reveals that the described MZI locked
on mid-fringe converts a phase modulation A¢ = B cos(wmedt), induced in one arm,
into an amplitude modulation at the output of the MZI. Moreover, the amplitude of
the output power P at the output is proportional to the induced phase modulation.
Even more important (for the OMIT experiment (4.3.1)), it has been shown that the
measured amplitude of the P ; is also proportional to the phase modulation depth
of the field Eeyp sent to the experiment.

2.1.4 Fabry-Pérot cavity

Optical resonators are a crucial element for optomechanical experiments, like
the coherent quantum noise cancellation experiment in Section 2.6.2. On the one
hand, Fabry-Pérot cavities can be used as filters to generate shot noise-limited light
(Section 3.1), and on the other hand, they serve as a component for optomechanical
systems to amplify the coupling between light and mechanical devices (Section 2.5).
For these reasons, optical resonators, especially the Fabry-Pérot cavity resonators,
are an essential part of this work, and therefore, their characteristics are introduced
within this Section.
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(R,T)) E1 = (R, T,)

in

E

refl ‘ 2 2 ‘

FIGURE 2.5: principle layout of a Fabry-Pérot cavity consisting of two mirrors M;
with power reflectivity R; and transmittivity T;. The distance between the mirrors
is given by the length L.

A sketch of a Fabry-Pérot cavity and the electromagnetic fields can be seen in
Figure 2.5. The electromagnetic fields depicted in Figure 2.5 can be written as [BR19;
Bon+16]

Ey = iy/TiEim + /RiE2, (2.23a)
E} = e *E,, (2.23b)
Eout = ivVT2E}, (2.23¢)
E; = VR:Ef, (2.23d)
Ey = e *E,, (2.23¢)
Eret = VRiEin +iy/TiE}, (2.23f)

with Ry, and T, describing the power reflectivity and transmissivity of the mir-

ror M, and L being the cavity length. As in Equation (2.18), the reflectivity and
transmissivity have to fulfill R; 4+ T; + é; = 1, where J; accounts for losses induced by
mirror i (e.g., by absorption). From the field Equations (2.23) the intracavity power
Py = |E1|? is deduced as

|E1]* T
2T 7 2ikL
|Ein| 1 — /RiRpe? (2.24)

T;
1+ RyRy — 24/RiRy cos(2kL)

Two examples of the intracavity power |E; (2kL)|?

arg(E.en) are shown in Figure 2.6.

together with the reflected phase
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FIGURE 2.6: Intracavity Power P; / P, over 2kL, for different mirror reflectivity R;.
The free spectral range FSR and the linewidth x are also visualized.

The behaviour of the reflected phase will be used in Section 4.2.1 to explain the
resonant behaviour of a Fabry-Pérot cavity with a thin low reflective membrane
inside. Figure 2.6 also showcases two important cavity parameters, namely the free
spectral range (FSR) and the cavity linewidth (defined as FWHM). These parameters
will be introduced in the following. As depicted in Figure 2.6 the distance between
consecutive resonances defines the FSR. From Equation (2.24) and evidenced by
Figure 2.6 the maximum circulating power |E®|? is reached when the cosine in the
denominator satisfies the resonant condition

cos(2kL) =1. (2.25)

This condition can be achieved either by altering the length L or by changing

k= - 27Tf st via the laser frequency fiaser- For a fixed length L, the resonant
ond1t1on is fulfllled when the frequency fj,scr satisfies the relation

fres =nc/2L =n-FSRs,, (2.26)

with n € IN and FSRs, = ¢/2L describing the free spectral range in the frequency
domain'®.

On the other hand, for a fixed laser frequency f,ser, On can show that the resonant
condition is fulfilled if the length L is equal to

A
Lies = an =n-FSR,, (2.27)

with FSR) = Alase‘ and again with n € IN. Correspondingly to Equation (2.26) FSRs,
describes the spacmg between consecutive resonances, but in the spatial domain.
Besides the FSR, the other important parameter is the linewidth «, which describes
the leakage rate of the intracavity field. In this thesis, x is defined as the full-width
half maximum (FWHM) and describes the frequency at which the circulating power

13FSR;, is defined within this thesis in non-linear units.
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|E1 |2 becomes half its maximum:

K

[Er(fres £ 5)* = 5|1 (fre) (228)

N\"—‘

Together with the round-trip time trr = 2& and the coupling rates associated with
mirror 1 and 2

= == (2.29)
the leakage rate x can be written as

T+ Ty + 61+ 82 + Sjoss
TRT (2.30)
= K1 + K2 + Kioss

where )55 and xo¢s describes additional losses not associated with mirrors, such as
absorption.

Filter characteristic of a Fabry-Pérot cavity

To describe the filter characteristics used in Section 3.1 and Section 3.2 of the Fabry-
Pérot cavity or a ring cavity, the time evolution E; (¢) will be calculated. For this, the
intracavity field E; (trr) on the time scale of a round-trip Tzt is used, which is given
by [Wil12]

Ei(t+trr) = iv/TiEin(t) + v/ RiRoe* Eq (1) (2.31)
Assuming a laser frequency wy = 271 flaser close to the cavity resonance we,y and

introducing the detuning A
A = Weav — Wy (2.32)

the time evolution E;(t) is calculated as '*
El(t + TRT) —E; (t)
TRT

~ (ZA—§>E1+

- (zA - §> E + \/% (2.33¢)

The Fourier transformation of the equation yields

|Ex(w)

Eqi(t) (2.33a)

Q

Whe (2.33b)
TRT

— K1
C(k/2)2+ (A+Q)

5| Ein(Q)?/ & - (2.34)

To calculate the transmitted output field E,y¢, Equation (2.34) has to be multiplied by
T», which results in

Eow(@)P= 22 1 g ()P
' (K/Z) 14+ (A )2 (235)
= (Kle) |xLp (@) Ein(w)|?

HAlso high mirror reflectivities are assumed Ry p =<1 = /1 -Tip =~ 1— %
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Here x1p(w') = 1/(1 —i434) describes a low pass filter with respect to the frequency
w’ = A + w with the corner frequency given by « /2. These filter characteristic of the
cavity is used within this thesis to suppress laser amplitude noise (Section 3.1 or to
filter out one sideband of a phase modulated beam to generate a light field solely
oscillating at a wp + wmeq (Section 3.2). In both cases, a critically coupled cavity is
desirable (x/2 = k1 = xp,) which results in

1

| Eout|* = 72’Ein(w)|2 (2.36a)
1+ (442)

= [xtp(«)|?|Ein(w)|?. (2.36b)

The advantage of a critically coupled cavity is that the carrier at resonance A = wWeay —
wp = 0is completely transmitted at w = 0. At the same time, unwanted sidebands at
frequency w > 0 are suppressed because of the low pass filter characteristic. For now,
the introduced characteristics and features of optical resonators are sufficient, and
more details for interested readers should refer to [BR19; Bon+16].

2.2 Quantum mechanical description of light

In this section, the quantum mechanical properties of light will be introduced. The
starting point is the electric field given in Section 2.1. For the sake of simplicity, the

electric field is given by a plane wave propagating in z-direction and results in '°
hoy \V? 0 ‘
— 2 ) kz—cw;t * —i(kz—w;it
FE = j <260V> [ajeitemet) — gre=ilia=y) (2.37)

with V = L3. The following overview of the quantisation of the electromagnetic field
Equation (2.37) and its properties is based on [GK04; WMO08]. The quantisation of the
electromagnetic field is accomplished by converting the dimensionless amplitude a
into mutually adjoint operators

*

ot (2.38)

El]' — aj , a
for which are commutation relations

[4,a0] = [a],8)] =0, |4, a].*,] =& . (2.39)
In the following, the summation over j will be omitted because, in the experiments in
this thesis, a monochromatic laser source is used and can be approximated by a single-
mode source. With this and Equation (2.38) in mind the electric field Equation (2.37)
changes to

o . hiwy 12 A~ i(kz—wot) st —i(kz—wot)
E(z,t) =i <2€0V> [ae —dje (2.40)

with wy being the laser frequency in angular units. Also the Hamiltonian of an
electromagnetic field is given as[Ors16]

H= % / (eoE? + poH?) dr, (2.41)

15y(r) — u(x) = L=3/2¢ikx,
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with poH describing the magnetic field'®. The Hamiltonian is rewritten with the
commutation relation (Equation (2.38)) as

. 1
A = hwy <ﬁ*a + 2) (2.42)

where now H describes an energy operator associated with the total energy of the
system.

2.2.1 Eigenstates and energy of quantised field

To make sense of the Hamiltonian operator H given in Equation (2.42), one can look
at the energy eigenvalue Equation [GK04]

H|n) = hwy (ﬁ*ﬁ%— ;) |n) = En |n)
o (2.43)
= hwy <n—|—2 |n) = En|n) .

The eigenvalue Equation (2.43) relates the so-called number- or Fock state |1) to an
eigenvalue E, consisting of n photons, where 7 is the number operator defined as
fi = a'4. Together with the commutation relation (Equation (2.38)) one can show that
[GKO04]

H(a" |n)) = (En + hawy) (" [n)) (2.44)

and
H(a|n)) = (En — hawo) (4 |n)). (2.45)

These equations reveal that the creation operator 4" creates a new eigenstate 4 |n)
with raised energy E, + fiwp while the annihilation operator 4 creates an eigenstate
a |n) with lower energy E, — fiwg. Lower energy levels can be reached by using the
annihilation operator 4@ multiple times. Because the lowest energy cannot be negative,
there must be a ground state |0) that satisfies the following condition [GK04]

H(a"0)) = (En + haw) |n) (a7 |n)) (2.46)

from which 4 |0) = 0 follows. So the eigenvalue problem of the groundstate |0) is
given by

. 1 1

H0)) = hwo (ﬁ*fz + 2> |0) = Ehwo |0) (2.47)

and defines the lowest energy eigenvalue Eg = 3hiw of the vacuum state. In general
the energy E, is given by

1
En = huwy <n + 2) , neN. (2.48)

For completeness, the eigenstates |n) are the Fock number with a defined photon
number n and are calculated as'”

At\n
a
In) = b% 0) . (2.49)
16For Completness: yoﬁ = % <£‘:{}>1/2 e xk (ﬁei(kz_“’ot) — ﬁj*e_"(kz_“’ﬂt)) [Ors16].

7Follows from the normalisation (n|n) = 1.
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2.2.2 Coherent state

For an operator 0 acting on a state |x) the expectation value is defined as (x), =
(x]6]x). As the expectation value (n|E(x,t)|n) = 0 of the number state |n) equals 0,
the number state is not representative to resemble the classical field. A state which

solves this issue is the coherent state |a) which is constructed as [GK04]

i Y |n) (2.50)

where « is the eigenvalue satisfying
ale) =ala) . (2.51)

With a = |a|e”, the state |«) has a non-vanishing expectation value for the electric
field operator E(x, t)

(a|E(x, t)|a) = ||y f 2 sin (wot — kr — 6) (2.52)
€()V

which by comparing with Equation (2.3) looks like the classical electromagnetic field
18, Tt is also apparent that a is related to the classical amplitude of an electromagnetic
field. Because of

i = (a|it|a) = |a|?, (2.53)

|a| also describes the square root of the average photon number 7 of the field.
Note also that the fluctuations of the electric field AE is given by

AE = \/<ﬁ2(x,t)> —(E(x, 1)) = (21‘:?/) ' (2.54)

and hence is independent of the amplitude strength «. Importantly, the fluctuations of
a coherent state |«) are the same as of the number state |z = 0)'°. So, the fluctuations
of the coherent state are the same as the fluctuations of the so-called vacuum state
|n = 0) with energy "42 (according to Equation 2.48). This result also manifests in
the fact that a coherent state |a) can be constructed by displacing the vacuum state
|0) via a displacement operator D (&) [GK04; WMO08]

R 1 O g
la) = D(a)|0) =e Tlaf? Z = |n), (2.55)
n=0 .
with L
D(a) = gl —o'd (2.56)

The phase space representation is most suitable to visualise the construction of a
coherent state |«) via the displacement of the vacuum |0). For this purpose, the next
chapter introduces quadrature operators, which are used for moving into phase space
representations.

BFor g — ¢' — Z.
19Equation (2.50) reveals that |& = 0) = |1 = 0).
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2.2.3 Quadrature operators and squeezed states

The amplitude quadrature X; and the phase quadrature X, are defined as®

Xlleﬁ(am*), Xzzij@(a—a*) (2.57)

fulfilling the commutation relation
(X1, X2] = i. (2.58)

Rewriting the Hamiltonian (Equation(2.42)) with the optical quadratures X; and X,

as
A th

A== (X+X%3). (2.59)
and comparing it with the Hamiltonian of a quantum mechanical oscillator
(Equation 2.82) suggests that the amplitude and phase quadrature X; and X, are
associated with a position and momentum operator.

Evaluating the fluctuations of the quadrature operators acting on the vacuum state
|0) or on the coherent state |«) reveals that these fluctuations are equal and given by

[GKO4]
1

7

Together with the commutator relation of Equation (2.58) the Heisenberg relation

AXy = AXp = (2.60)

1
AXIAXy > 5 (2.61)

can be derived. As can be seen by inserting Equation (2.60) into equation (2.61), both
the vacuum state |0) and the coherent state |a) describe a minimum-uncertainty state
with AX1AX, = 3.
Minimum-uncertainty states with AX; # AX; are called squeezed states. A possible
representation of vacuum and squeezed states is in Figure 2.7a and 2.7b depicted
phase space representation [BR19]. Analogously to Equation (2.57), one can also
measure the variance of a state in an arbitrary quadrature X? that is rotated by an
angle 6

oo _ 1 <A —if | At ie)

X 7 ae " 4+a'e"v). (2.62)
In the phase space representation, an arbitrary quadrature is visualised by a rotated
new coordinate system in Figure 2.7c. In this coordinate system, rotated by 6, one
can measure the associated phase and amplitude quadrature fluctuations AXY and
AX$. The concept of showing the quadrature states in phase space representations
will be used in Section 2.5 to visualise effects induced by optomechanical interaction.
It is especially used in Section 2.6.2 to explain the effect of coherent quantum noise
cancellation more intuitively. The next section aims to explain the detection scheme,
that are used to measure the quadratures and it fluctuations.

20For this reason X; and X; are also called sin- and cos-quadrature as in [DK12].
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X1 X1 = ’ &(

Xz
; /
\ °
5 2
\\' / b\/\
AX, AX; (c) Squeezed state as in Figure
(@) Vacuum state satisfying (b) Squeezed vacuum satisfying 2.7b together with by 6 rotated
Heisenberg relation (Equation Heisenberg relation (Eqaution coordinate system to visualise
(2.61)) with AX; = AXp. (2.61)) with AX, > AXy arbitrary quadratures.

FIGURE 2.7: Phase-space representation of (a) a vacuum state, (b) squeezed vacuum
state and (c) a squeezed state in an arbitrary quadrature.

2.3 Detection schemes

The work this thesis covers mainly makes us of two detection schemes, the direct
detection, and the homodyne detection scheme. In order to describe these schemes
the light field is linearised as

a— a4, .69
at — o +oat, '

with a being the mean complex amplitude corresponding to the classical amplitude
of the electromagnetic field. With this linearisation, the variance of the quadratures
can be expressed as

(2.64)

2.3.1 Direct detection

In the case of direct detection with a single photodetector, the photocurrent I(¢) is
proportional to the number 7 of detected photons®!

I(t) < a(t) = (a +a(t)) (a* +oa*(1))

' (2.65)
~ % + V2a6 Xy (t)

with 6X; = % and « being real. Equation (2.65) reveals that only the amplitude

quadrature fluctuations §X; and no phase quadrature information is accessible by
using a direct detection scheme. Typically, the measured photocurrent I(t) is trans-
formed into a voltage and fed to a spectrum analyser to obtain a power spectrum.
This spectrum is the equivalent of the measured variance A?Xy, but in the frequency

21For a strong field a > 4 fluctuations as 54754 are negligible.
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domain. Using the Fourier Transformation?’ the measured variance V(w) of the
coherent state (Equation (2.50)) is expressed as

V(w) o222 ((6%1)7) . (2.66)

Dividing the quadrature fluctuation §X; into quantum and classical amplitude fluc-
tuations leads to %

I(t) ~ <rx <1+m§t)> +a> (zx* <1+ m(zt)> +a+)

ol m<f>+m<t>> 0 (2.67)
~ |+ 7 ( 7 +\/§hm5X1(t) .
’shot noise’

5X1,classica1

So, in direct detection, the detected power P = |I()|? has three contributions.
The first one is the mean power P = |a|?; the second one contains classical amplitude
quadrature fluctuations 5X1,c1assica124 and the third contribution describes quantum
mechanical amplitude quadrature noise. The quantum quadrature fluctuations §X;
are named shot noise.

In Section 3.1 the direct detection scheme is used to measure the amplitude
quadrature noise to investigate at which frequency w the noise is limited by shot
noise. In the later discussed experiment, quantum mechanical effects should be
investigated. Hence the classical amplitude noise contribution 5)?1, dassical Should be
much lower than the quantum mechanical shot noise. According to Equation (2.65)
this can be achieved by increasing the light power. However, lower power is needed
for the presented experiments and most optomechanical experiments. To achieve
a shot noise limited beam, a cavity can be used as it can be treated as low pass be-
haviour (Section 2.1.2), which suppresses classical amplitude noise above a particular
frequency w, which is defined by the cavity linewidth «.

2.3.2 Balanced homodyne detection

As seen in Section 2.3.1, the direct measurement of light with one photodiode is only
susceptible to the amplitude quadrature X;. The restriction to amplitude quadrature
measurements can be overcome with the homodyne detection method that allows for
phase or amplitude quadrature measurements. The derivation of homodyne detection
is referred to [WMO08]; for further detailed derivations, the theses by Mehmet [Meh12]
and Vahlbruch [Vah08] is recommended. As depicted in Figure 2.8 a signal field Es
and local oscillator (LO) field E; o (the LO is not measuring the signal) of the same
frequency wy

(2.68)

hewo \ V2 ; ;
E"LO — < 0 ) [ﬁLoez(kxfwot) o ﬁ{oefz(kxfwot)}

22Definiton of used Fourier transformation and spectral density is given in Appendix A and B.
2(lassical amplitude fluctuations can be written as a — a(1 + @) with m(t) < « describing
classical noise processes with amplitude m(t) (compare Equation 2.15).

24For example, induced by current noise of the laser.
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Uhomo o< Ihomo

X a
é\lLO

<6

FIGURE 2.8: Balanced homodyne detection scheme. The signal field 45 is combined by
a 50%:50% beamsplitter with an intense local oscillator field d; . After combining
each field 4_ and 4 is measured with a photodetector PD_ and PD_, respectively.
Finally, the difference between both currents is taken in an analogue way. The
depicted phase shifter changes the phase 6 between the local oscillator and signal
and thereby defines the quadrature measurement (see text).

are combined on a 50:50 beamsplitter. The fields propagating towards the photodi-
odes are given as

1/2
B ( hiwg > [ﬁ_ei(kx—wot) _ ﬁj'e—i(kx—wot)} ,

2:"/ 1 (2.69)
with 1
iy = 7 (4s £ ar0) - (2.70)
In the following the linearised fields
ds — ag + dds, @71

aLo — (OéLo + (SﬁLo) ef ,

are used, with a; being the mean amplitude, 44; the corresponding fluctuations, and ¢
the phase difference between the signal and local oscillator field. With this one finds
for the difference photocurrent f,,om(t) detected by PD_ and PD .,

Thomo x I — L =a%a, —ata_

. . (2.72)
= \fZ(xSXﬁO + \fZaLOXS’ 9 + 2agn1 0 cos

where the definition of an arbitrary quadrature rotated by an angle 6 (Equation 2.133)
has been used. The angle 6 is also called homodyne angle. The two following
conditions

XLo > A&s, (2.73a)
ao0Xg? > asAfy, (2.73b)
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have to be fulfilled to ensure that the measured photocurrent is dominated by the
signal quadrature X5 one seeks to measure. The Variance Viomo(w) is derived as in
Section 2.3.1 via the Fourier transformation as

Vhomo(w) = afo ((6X8)?) . (2.74)

2.4 Mechanical oscillators

This section explores the theory of mechanical oscillators coupled to a light field in
optomechanical experiments. It begins by introducing the classical description of
harmonic oscillators and their modelling in relation to the thermal environment. The
subsequent part establishes the quantum mechanical description of these oscillators.

Classical description

One example of a mechanical oscillator is a pendulum oscillating in one direction x,
described by its equation of motion[Dem08]

Fext(t)

X+ ymX 4+ wh X = -

(2.75)
Here Foy: is any external force, ym the damping and wr, the resonance frequency of
the system. 7, is also identified as the mechanical linewidth of the resonator. In
Fourier space, the equation of motion 2 reads

Fext(w)

- (2.76)

X(w) = xa(w)

with
1

2.77
w2 — w? 4 iwym) @77)

X (w) = (
being the classical mechanical susceptibility to an external force Fey; of the mechanical
oscillator.

Quantum mechanical description

The classical Hamiltonian of an undamped harmonic oscillator with is given by

mwn X2  P?

H= —
2 2m

(2.78)

with X being the position and P being the momentum. The quantisation is done by
converting the position and momentum into operators by requiring [Q, P| = ifi. As
for the quantization of the light field, dimensionless operators can be defined as

A

X

fm = , 2.79
n 279
. p

Pm = xzpfﬁ (2.80)

2 Definition of Fourier transform in Appendix A.
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with the mechanical zero point fluctuation

h
xzpf = W . (281)

Their commutation relation is [£m, fm| = i. With these transformations the quantum
mechanical Hamiltonian can be written as

N 1 PP |
A = Shwm (22, + p2) = hwm <b*b + 2) (2.82)

with the phonon annihilation and creation operators b = (£m + ipm) /v/2 and
bt = (fm — ipm) /V/2. Equation (2.82) reveals by comparison with Equation (2.59)
why amplitude and phase quadratures X; and X, of light are associated with the
position and momentum of a mechanical oscillator. Furthermore, using the same
procedure for the phonon operators as for the photon operators in Section 2.2 entails
that the ground state energy of the mechanical oscillator is given by thm

To include damping to the mechanical oscillator, the Quantum-Langevin equa-

tions are used to obtain the following equations of motion

fm = wmﬁm (283)
f}m - _wmfm - ')’mﬁm + V 'Ymﬁext (2-84)

where the scaled force operator is defined following [Sch+22], as For =
Fext/ \/Iimymwm, in units of Hz'?. In general ]:"ext = ]:"th + f"other + ﬁsignal
consists of a thermal noise contribution Fy,, other noise sources Fy,er and the signal
force ﬁsignal. Assuming Eother = 0 entails that a signal force Fiignal can be inferred by
measuring the momentum p,, if it is not masked by thermal noise ﬁth. Solving the
equation of motion in the Fourier domain®® yields

£m (W) = /Ymxm(w) Fext (2.85)

with
Wm

Am(w) = PR —_— (2.86)

representing the (scaled) mechanical susceptibility to an external force Foy; of the
mechanical oscillator. One important figure of merit of the mechanical oscillator is
the quality factor
Wm
Q=—, (2.87)
Ym
which essentially describes the ratio of initially stored energy and energy dissipated
per cycle. With the definition of the power spectral density given in Appendix B, the
symmetrised? position power spectral density Sz _ ¢, (w) of a is written as
S_fm/fm (CU) = 'Ym|Xm(w)|2§ﬁ Xt/]:—ext ((U) (288)

€

with Sz » (w)being the (symmetrised) force power spectral density.

26 d ;
a%lw

27Symmetrised spectra are denoted by a bar, e.g. 5(w) (Appendix B).
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Based on [BM15; Cle14; Chel9] a small outline of the coupling of thermal noise to
a mechanical oscillator, described by the Quantum fluctuation-dissipation theorem,
will be given.

Quantum Fluctuation-Dissipation Theorem

In the Markovian limit?®, the (symmetrised) power spectral density?’ of a thermal
Brownian noise with®°[BM15; Cle14; Che19]

S fp (@) =2 (A +1) (2.89a)
S fo B (—W) = 2710 (2.89b)

is given by’

- St s (W) + Sz £ (—w) 1
S]:—th/]:-th (w) = Fe 2 F = 2(7n + E) ’ (2.90)

where iy, = h . It is worth noting that the asymmetry of the positive and nega-
tive frequency components in Equation (2.89) can be used to calibrate the thermal
occupancy fiy, of the mechanical oscillator[Qiu+20] as*?

; n(@) S (=)
fim(w) = S8 = thrt . (2.91)
in (W) = St pn(w) Sz 7 (W) =Sz 2 (—w)
In this thesis experiments are carried out in the high-temperature limit kBT > 1%,
for which . i
S —BY ~2BY
St 7 (W) = Zthn +1~2 — (2.92)

By Parseval’s theorem the variance (£2)) of the displacement is connected to the
position spectral density S¢_ ¢ (w) and results using Equation (2.88) in**

o _ dw = dw
82\ 2
()= [ Stutn(@) e = [ Im(@)PS5, 5, (@50 @99)
keT
= fig, +1/2 ~ % (2.94)

or in the dimensionful case

= dw kBT

(%) = e | Stntul@) 50 ™ 2.95)

Equation (2.95) is remarkable, because it reveals that from a position spectral density
Sz, %, (W) the temperature T of the oscillator can be inferred.

28Vanishing correlation time, absence of memory effects [AKM14].

29See Footnote 27.

0 (Fn(t), Fn(t')) = 271y, due to the definition of the scaled force operator ' = Fext/ \/fimymwm.

31Here, the semi-classical regime in that bath fluctuations are dominated by thermal noise ;;’q%‘-‘ < lis
treated [BM15].

2[xm(@)* = [xm(-w) .

3Bwm/(2m) ~1MHz and T = 4K or 300K.

34Detailed calculation of the integral can be found in appendix B.1 of [Sch09].
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The following section explains how the (symmetrised) position spectral density
Ss..2., (W) is measured by utilising light and what kind of consequences arise from
this measurement.

2.5 Optomechanical interaction of light and mechanics

In this chapter, the focus is on the introduction of various classical effects, as well as
the quantum mechanical consequences resulting from optomechanical interaction.
After introducing a canonical optomechanical system and its equations of motion,
they will be used to explore several consequences that arise due to optomechanical
coupling.

Firstly, the phenomenon of static bistability is presented in Section 2.5.1. Static
bistability refers to the classical effect where the optical field exhibits two stable
states in response to the mechanical oscillator’s displacement. The optical intensity
can remain in either of these states until a certain threshold is reached, leading to a
bistable behaviour.

Dynamic backaction is another classical effect discussed in Section 2.5.3. Dynami-
cal backaction occurs when the motion of the mechanical oscillator induces changes
in the optical field. This interaction between the mechanical and optical degrees of
freedom leads to a mutual influence, resulting in a modification of their dynamics,
such as sideband cooling.

The chapter then proceeds to introduce optomechanically induced transparency
(OMIT - Section 2.5.5). This effect enables the manipulation of the transmission
properties of the optical field through the control of the mechanical motion, leading
to enhanced transparency or opacity. This thesis uses the OMIT feature to investigate
the optomechanical system parameters (4.3.1).

In addition to these classical effects, the quantum mechanical consequences of
optomechanical interaction are explored (Section 2.5.7). One such consequence is
the standard quantum limit (SQL), which represents a sensitivity bound for conven-
tional measurements of the position of the mechanical oscillator [Mas+19]. The SQL
arises from quantum noise associated with the measurement process and imposes
limitations on the achievable measurement precision. In this section the quantum
backaction cooperativity Cqpa, an important figure of merit for optomechanical sys-
tems, will be introduced. Essentially it describes the ratio of the quantum backaction
and thermal decoherence rate.

Lastly, the Section 2.5.8 discusses the concept of ponderomotive squeezing. Pon-
deromotive squeezing allows for the suppression of quantum noise in a specific
frequency range, surpassing the limitations imposed by the SQL. This technique
utilises the coupling between the optical and mechanical degrees of freedom to
manipulate the quantum fluctuations of the mechanical oscillator’s position.

As the SQL is only surpassed in a specific frequency band, a coherent quantum
noise cancellation scheme 2.6 based on [Sch+22; Wim+14; Ste19; Sch23]*® will be
discussed in Section 2.6, as such an experiment leads to a broadband sensitivity
enhancement. The CQNC scheme is also the main motivation to develop the op-
tomechanical system, which will be experimentally characteriszed in chapter 3.2.
Additionally, an enhanced CQNC scheme, incorporating an additional beam to in-
duce optomechanical sideband cooling, will be theoretically explored in Section 2.6.4.
The additional beam could improve sensitivity, as it can be used to accomplish the
requirements given by the ideal CQNC discussion given in Section 2.6.2.

35[Sch23; Ste19] are Ph.D. theses associated to the papers [Sch+22; Wim+14].
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FIGURE 2.9: Optomechanical cavity with resonance frequency wcay and intracavity
photon number 44 driven from the left by the laser field 4" with frequency wp. On
the right, an optomechanical oscillator with resonance frequency wm and linewidth
¥m, which changes its position X due to the radiation pressure force is depicted
as a suspended mirror. The coupling of the intracavity field and the mechanical
oscillator is described by the coupling strength g. Also depicted are the linewidths
of the corresponding mirrors «; and the overall decay rate «x of the intracavity field.

Figure 2.9 shows a Fabry-Pérot cavity with a suspended end mirror. This end
mirror serves as the mechanical oscillator (therefore, it is drawn with an attached
spring), while the input mirror is fixed. As described in Section 2.1.4 x; describes
the linewidth of associated mirrors i (Equation(2.30)). The Hamiltonian He,y of the
intracavity light field is given

N

ey = hweay (X)ata (2.96)

and depends implicitly on the position X through the resonance frequency weay (as in
the classical case (Section 2.1.4)). By linearising weay by Weay (X) = weav(0) + awg‘i%(X)X

the intracavity Hamiltonian H,y becomes

+hGXata, (2.97)

>

HAeay = hweay (X)aT8 = hweay (X)at

with G = awC§§<(X) introducing the optomechanical coupling of the light field 4 and
the mechanics (position X). Hence the last term in Equation (2.97) is interpreted as
the interaction Hamiltonian Hj,; and is rewritten in dimensionless quantities as

A t

Hine = g0 a%m . (2.98)

Here
go = zepf (2.99)

is the vacuum optomechanical coupling strength [AKM14]. With this, the complete
Hamiltonian Hgys of the optomechanical system depicted in Figure 2.9 is given by

Hiys = Heav + Aimect + Hint + Haive (2.100)
where ' ' .
Harive = ihaj™(aTe "0t + geiot) (2.101)

describes the input field, which drives the optomechanical interaction. By using
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the unitary transformation H — UHU' + i¢X U with U(t) = exp (iwota'a), the
Hamiltonian can be written in a frame rotatlng with the laser frequency wy as®

~ h .
ARt = nRata + “2"“ (%m + Pm) + gohdtazm + iha™ (4t + 4) (2.102)
where A = weay — wp is the detuning between the cavity resonance frequency Acay
and the impinging laser and a{" = ,/Pi"xy / (hwy) with PI" being the power of drive

field ai". The time evolution of the operators can be modelled by inserting the
Hamiltonian Hys into the Heisenberg-Langevin equations [GZ10; BM15]%

. K v A A Aln Aln

b=— [E +i(A+ ngm)} 4+ /KLAT + \/KRAR (2.103a)
b = (2.103b)
Pm = —WmEm — YmPm — 08" 8 + /FmFext (2.103c)

where, as in Equation (2.30) the leakage rate is given by x = xy, 4 kg + Kjoss With
K r) describing the coupling rates of the left or right mirror My r and xj,ss describing
additional losses, while the operator a( L) describes fields (coherent or vacuum field)
coupling in from the left (L) or right (R) mirror.

Based on the Heisenberg-Langevin equations, classical phenomena arising in
optomechanical systems, like static bistability (Section 2.5.1) and dynamical back-
action (Section 2.5.2) will be explained. Additionally, quantum mechanical conse-
quences of the Heisenberg-Langevin equations, namely the Standard quantum limit
(Section 2.5.7) and ponderomotive squeezing (Section 2.5.8) will be introduced. At
the end of the theoretical description, the mentioned effects will be used to motivate
and explain the coherent quantum noise cancellation scheme in Section 2.6.4.

2.5.1 Static bistability

This section, based on [Lor15; Hof15], explains the phenomena of static bistability,
which limits the optomechanical sideband cooling (which will be introduced in
Section 2.5.2). For this, the classical equation of motion of the optomechanical system
will be written by replacing the operators in Equation (2.103) with their average
values

b= [Z i (B+ go (¥m)) | &+ VALl (2.104a)
(¥m) = Wm (Pm) (2.104b)
(Pm) = —@Wm (Xm) = Ym (Pm) + v/ Tm (Fext) — gola|? (2.104¢)

where the average field amplitudes are defined as (4;) = a; and ocil? =0.
Using (Fext) = (Xm) = (Pm) = 0, the steady-state solution for the position (xp,) and

36 Also called interaction picture.
37 A more detailed description based on the same normalisations used in this thesis is given in Section
2.3.1 of [Stel9].
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the classical intracavity field («) reads

v=— )/E ain (2.105a)
5+i(A+go(xm))
(Xm) = _golaf®. (2.105b)
m Wm

Substituting Equation (2.105b) into (2.105a) results in

K x5 80 80 2 in
Z + A - ZAwimncav + wirznncav Neav = KL”L (2.106)
with n1¢ay = ||? the photon number of the intracavity field and 7" the photon flux of
the driving/input field*®. Equation (2.106) reveals that the intracavity photon number
Neayv is connected to the input field n;" via a third-order polynomial. For negative
detuning A (blue-detuned)® the cubic function is monotonically increasing. In a
certain positive detuning range and for specific input powers (o< n7"), static bistability
occurs, which is depicted in Figure 2.10.

FIGURE 2.10: Intracavity photon number ncy for A = fx (dashed grey line - without
bistability) and A = %K (coloured solid line - with bistability) against the cavity
drive xp ni™. The black solid shows where Equation (2.106) has one stable solution,
whereas the blue solid line shows regions where two stable solutions exist, and
hence bistability appears. The red dashed line represents a third unstable solution
between two stable inflection points.

Specifically, static bistability appears for a particular detuning regime in which
Equation (2.106) has three possible solutions (the solid line in Figure 2.10). To see for
which detuning A the bistability behaviour sets in, one should consider the inflection

38niL“[Hz].
PN = Wecav — Wo.
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points™

493w, £ \/g‘éwrzn(émz — 3x2)
685

which reveal that real solutions exists only for 4A? > 3x2. Conversely, if

3
A> \/;K, (2.108)

then the bistability regime can be accessed. An even more sophisticated analysis

Heav =

(2.107)

shows that only two of the three solutions of Equation (2.106) are stable for A > \/g K
[Hof15]. The input power at which bistability can be observed is given by41

pinonset 5, (2.109)

- 3\@g§KL'

As mentioned in the beginning, within this thesis, the regime of static bistability is not
accessed. However, it is mentioned since it limits to sideband cooling. Optomechan-
ical sideband cooling, a consequence of dynamical backaction, is explained in the
following section as it is used experimentally in Section 4.3.2 to deduce the coupling
strength g.

Coherent optomechanical interactions

In this chapter, the introduction of several classical effects and the quantum mechani-
cal consequences of optomechanical interaction are presented.

Firstly, the phenomenon of dynamical backaction is discussed. Dynamical back-
action refers to the classical effect where the motion of the mechanical oscillator
influences the behaviour of the optical field. This interaction results in a modification
of the dynamics of both the mechanical oscillator and the optical field.

Additionally, the concept of optomechanical induced transparency is introduced.
This classical effect arises from the coupling between the mechanical oscillator and
the optical field. It leads to changes in the transmission properties of the optical field,
allowing for the control and manipulation of light based on mechanical motion.

Furthermore, the chapter delves into the quantum mechanical consequences of
optomechanical interaction, focusing on two key aspects. The first is the standard
quantum limit (SQL), which sets a fundamental sensitivity bound for measuring
certain physical quantities, such as the position of the mechanical oscillator. The
SQL arises due to quantum noise inherent in the measurement process and imposes
limitations on the precision with which such quantities can be measured.

Lastly, the chapter explores the concept of ponderomotive squeezing, which is
a quantum mechanical effect resulting from optomechanical interaction. Pondero-
motive squeezing enables the suppression of quantum noise in a specific frequency
range, thereby enhancing the precision of measurements beyond the limitations im-
posed by the SQL. This technique utilises optomechanical coupling to manipulate the
quantum fluctuations of the mechanical oscillator’s position.

aod(ant)

dncay

41To see this evaluate Equation (2.107) for A= \/g x and insert solution in Equation (2.106).
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Throughout this chapter, these classical effects and quantum mechanical conse-
quences are discussed in detail, shedding light on their significance and implications
in the field of optomechanics.

2.5.2 Dynamical backaction and sideband cooling

To compute the dynamics of the optomechanical system, the equations of motion
(Equation (2.103)) are again considered. This time the operators are linearised via
4 — a+ 64 and £ — (Xm) + £m where small fluctuations 64 and £y, are defined and
added to the steady state solutions. Substituting the linearised operators together
with the steady solutions (Equation (2.105b)and (2.105a)) into the equation (2.103)
results in

b = — (g(m — i) 68 — igotm|ale” + \/RLA + /R, (2.110a)
J;em = wmﬁm/ (2110b)
lém = —Wm¥Am — ')/m}am + ’)’mﬁext + go|zx| (E_igl’i + €i9ﬁ+) , (2.110c¢)

where A = A + go (¥ ). From these equations the amplitude quadrature Xom and
phase quadrature Yy, of the intracavity field (see Equation (2.59)) are deduced as

A K

Xom = =5 Xom + A¥om + VKLXGh 1 + VKR Xgm R/ (2.111a)
Yom = _gYom — AXom — %m + /KL XomL + VERXI &, (2.111b)
Xm = WmPm, (2.111¢)
Pm = —WmEm — YmPm + v ImFext — §Xom , (2.111d)

with the light enhanced coupling strength given by

d
g = V2g0a = V2Gx et = ﬁ%xngx, 2.112)
where go = G, is used (Equation (2.99)) and the intracavity amplitude a is given
in Equation (2.105a). Thus, the coupling strength g is proportional to the intracavity
steady state amplitude «. The intracavity amplitude is connected to the input power
ai" via (Equation (2.105a))

KL in
=V , 2.113
Erin't (2.113)

Typically, these equations are solved in the frequency domain. The Fourier trans-
form*? yields

iwXom(w) = _gﬁom(w) + A¥om () + /5L Agrln,L(w) + \/axg;nR(w) , (2114a)
LA K~ A A in \in
iwYom(w) = _Eyom(w) — AXom(w) — g¥m(w) + VKL Yom L(w) + VERYom r (@) ,
(2.114b)
iWwxkm (W) = WmPm(w), (2.114¢)
iWpm (W) = —WmEm (W) = YmPm(W) + v/ FmFext(w) — §Xom(w) . (2.114d)
©d

7 — iw of Equation (2.111).
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Combining these equations, it follows that

fm = Xm(w) (VTmFext(@) — §Xom(w)) , (2.115a)
Rom(@) = Xphase(w) ((\/EYQ,;,L + /KR Aé,f;llR) . gaem) (2.115b)
+ Xampl () (VRLK S+ VRS ) (21150

Yom (@) = —Xphase(@) (\/E)zg;m + \/axg;nx) (2.115d)
+ Xampt (@) (VR i1+ VRV r — G ) (2115¢)

where xm(w) is the mechanical susceptibility defined in (Equation (2.86)) and the
cavity phase quadrature phase ™~ and amplitude quadrature susceptibility Xphase (w)**
are defined as

A
Xphase (W) = , (2.116)
phese A+ (5 +iw)?
riw
Xampl (@) 2 (2.117)

T A (5 tiw)

Equation (2.115a) shows that the position £, experiences an additional force, besides
the external force Fey, namely the quantum radiation pressure force Fy,q = — gX0m45.
By inserting Equation (2.115c) into Equation (2.115a) the position %y, is written as

fm (@) = Xetr(@) (VImFe+ fa) (2.118)

with the effective susceptibility

Wm
w2, — w? 4 iwym + L(w)’

Xefi(w) = (2.119)

and the quantum noise fq

f q = 8Xphase (\/ KLY L+ VAR Ag&,R) + &Xampl (\/ KLXI L+ VR Aiﬂn,R) . (2.120)

Equation (2.119) contains also X (w) which describes the modification due to the
radiation pressure force and is given by

Z(w) = _gzwm?(phase<w) . (2121)

Comparing equation (2.118) to Equation (2.115a), it follows that radiation pres-
sure in addition also alters the position %y, which is expressed by the L(w) in

43 Xphase Totates the phase quadrature Yom (w) into amplitude quadrature Xom(w) (see Equation
(2.115)).

44 Xampl (w) rotates the amplitude quadrature Xom (w) into phase quadrature Yom (w) (see Equation
(2.115)).

BFrad = 72 = go (w4 6a") (@ + 52) = ¢Xom.
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Equation (2.118). The resulting susceptibility x.(w) can be rewritten as

Wm
W2, + 2wmbwm — w? + iw (Ym + Topt)
Wm
W — W2 + iw et

Xeff(w) =
(2.122)

with the effective resonance frequency wey = wm + 6w and the effective op-
tomechanical damping Vet = Ym + Fopt(w). Here the frequency shift éwm, and the
linewdith change T'opt(w) are given by

R(E(w
Sdwm(w) = (ZaEm»
— _gzwm A—w n A+ w
dom \ (A—w)?2+5  (A+w)?2+5 )7 (2.123a)
L 8 Bmwm  (Btwm)
S \A-wmPty (Atwm)?+
S(E(w
Lopt(w) = (a()))
_ g2wm K B K
4w \(A—w)2+ KTZ (A +w)?+ %2 (2.123b)
~ &

g’ K B K
4 \(A—wn)?+ S (Atwm)?+%)°

In the last line of Equation (2.123a) and (2.123b) a weak laser drive (¢ < x) was
assumed for which it is valid to calculate the optical spring effect /(2 and the optome-
chanical damping rate I'opt at the unperturbed resonance frequency w = wm [AKM14].
A simulation of dwm, and I'opt for the sideband resolved (wm > x) and unresolved
(wm < «) regime is given in Figure 2.11. Moreover, a real measurement of this effect,
which is used to extract the coupling strength g, can be seen in Section 4.3.2.1.

46For wm < wm resonance condition changes: (wm + (Swm(w))z =~ wrzn + 2wmdwm.
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FIGURE 2.11: Dynamical backaction (Equation (2.123)) in the unresolved (upper panel)
and resolved (lower panel) sideband regime. For the unresolved sideband regime
k = 2wy was used, whereas for the resolved sideband regime « = 0.2wn, was
used. Apart from this both plots are simulated with g/ (271) = 50kHz, wm / (277) =
1MHz.

The modification, as depicted in Figure 2.11, of the mechanical parameters arises
from the fact that a movement of the mechanical oscillator changes the intracavity
field which in turn acts back via radiation pressure on the mechanical oscillator
position*”. Therefore, the process is called dynamical backaction. One effect related
to dynamical backaction, specifically due to the broadening of the effective linewidth
Yeff, is called optomechanical sideband cooling. This effect will be discussed in more
detail in the following Section 2.5.3.

2.5.3 Optomechancial sideband cooling

As seen in Equation (2.119), the position £, is not only affected by thermal noise
but also under the effect of quantum fluctuations fq due to the optomechanical
interaction. If the system is treated classically ( fq = 0), the mean variance (£m)
of the optomechanical coupled oscillator is derived in the same manner as for the
uncoupled mechanical oscillator in Equation (2.95). Hence, the position variance
(#2.) of an mechanical oscillator experiencing optomechanical interaction is given by

o _ dw 0 - dw  kgT,

22\ _ 2 kB leff

#) = [ Stusn(@) e = [ (@) S, 5, (@) 50 ~ 8 2124)
with 7 ’y

Tp=—"2T=—"2 T, 2.125

eff Yeff r opt + Tm ( )

In the red-detuned regime, A > 0, the (optomechanical) damping rate increases (see

Figure 2.11), leading to an effective cooling of the mechanical oscillator as Ty <

T. The minimal effective temperature for a given coupling strength ¢ that can be

reached corresponds to the maximum value of I'qpt. This maximum is reached at?8

47Two harmonic oscillators - the light field and the mechanical oscillator are coupled.

48 4Lopt _
dA ‘A:Aopt =0.
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(Equation (2.123b))

k  w? 1 1
Aopt =\~ + 5 *+¢ (k% + 4x2w2, + 16w2,)2 . (2.126)

For the unresolved sideband (URSB: wy, < x) the maximum is reached at

AURSB _ 2127
Opt 2\@ ( )

and for the resolved sideband (RSB: wy, > «) at

AP = W .- (2.128)
Because one also often works with a resonance-tuned cavity (A = 0), it is worth
mentioning that the mechanical susceptibility xm, in this case, remains unchanged
as I'opt = 0 and dwp, = 0. For the blue-detuned regime, A < 0, the optomechanical
damping rate I'opt is negative and leads to a decrease of the effective linewidth
Yetf- Ultimately, in the blue-detuned regime, the effective optomechanical damping
rate 7.¢ can become zero or negative, leading to parametric instability. Finally, it
should be mentioned that more intuitively optomechanical cooling and heating can
be understood as an effect that is generated due to the phase retardation of the
intracavity field, causing the radiation pressure force and the mechanical oscillator
motion [AKM14]. So far, optomechanical sideband cooling (A > 0) is a consequence
of classical dynamical backaction. Taking the quantum mechanical noise fq into
account leads even for A = 0 to displacement noise of the mechanical oscillator
due to quantum radiation pressure noise. This effect can be considered as a heating
process that causes an increase of the phonon occupation number given in the tuned
case (A = 0) by

1
et = 71+ 5 + | Cefe] - (2.129)

2
with [Cert| = £ Z}F -, which will be derived in Section 2.5.7. For completeness,
m KT w

the quantum radiation pressure noise limits the minimal occupation attainable in an

optomechanical system *’ to [AKM14]

h Ym + ﬁ?nropt
TYm + I—‘opt

ng =

(2.130)

Here 715, describes the minimum occupation number due to quantum backaction
given by

o (wm AP+ (5)
m —4Awy '

Equations (2.129)-(2.131) reveal that the mechanical oscillator is not only coupled to a
thermal bath but also in addition to an optical bath due to the measurement process.
Thereby, the optomechanical coupling sets the lower bound for the final occupation
number reachable in an optomechanical system.

So far, the change of the mechanical occupation number 7 due to quantum ra-
diation pressure noise and the effect of dynamical backaction on the mechanical
oscillator dynamics (Equation (2.123)) has been introduced. The following section
deals with the measurement of these effects. For this purpose, the next chapter is

(2.131)

“YMore precisely, this description is only valid in the weak drive regime (g < «).
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devoted to calculating the output spectra of the cavity, which can be measured, for
example, with a homodyne detector (Section 2.3.2). After this, the Standard quantum
limit (SQL) will be introduced, and a technique to surpass it, named ponderomotive
squeezing will be discussed.

2.54 Input-output relation

The output spectrum of the optomechanical system can be calculated with the help of
the input-output relations [GZ10]

XU = /K Xom — X1 (2.132a)
Youts = Vi Yom — Yam,i - (2.132b)

Here, the subscripti € R, L defines on which side the output is taken.

In experiments, the output can be measured under different quadrature angles 6°
with a homodyne detector. For arbitrary quadrature angles 6 the output is described
as (derived from Equation (2.62))

R0t = Xomt cos(0) + Yom'; sin(6), (2.133)
XG out YG out

and entails that for § = Z the output phase quadrature Yo, and for 6 = 0 the output

om,1

amplitude quadrature ngfl is measured, while at other angles 6 the measured output

quadrature X/° e’out is a combination of the output phase and amplitude quadrature

Yggl and XOUtl. As shown in Figure 2.7c the arbitrary quadrature £%°% is also
visualised in a coordinate system rotated by 6 in that the rotated phase and amphtude

quadrature is given by X%0ut = Rout. co5(0) + Yout sin(f) and

om,i om,1
an‘:‘jt X0t cos(0+ %) + YU sin(6+ 7).
In the upcoming section, the focus W111 be on explaining the classical effect of
optomechanical induced transparency. This effect will be discussed before delving
into the detailed calculation and description of the output spectra, as outlined in

Sections 2.5.7 and 2.5.8.

2.5.5 OMIT

This section is devoted to the effect of optomechanically induced transparency
(OMIT), first proposed in [Sch09] and first demonstrated in [Wei+10]. The effect that
led to the name OMIT will become apparent by the end of this section. OMIT gener-
ally describes how a detuned optomechanical system converts a phase-modulated
input field into its amplitude quadrature. In this thesis, the OMIT effect is used as a
relatively quick and convenient way to characterise the key parameters (x, A, Wm, Ym
and g) of the optomechanical system in use.

Hence for an OMIT experiment, the drive input field a;">" is a phase modulated
beam with a small modulation depth B and tunable modulat1on frequency wp and is

in51

S0Quadrature angle 6 is the phase between the local oscillator and output field (see Section 2.3.2).
51As depicted in 2.9 the left (L) port of the optomechanical cavity is the input for the drive.
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given by (Equation (2.13))

lx}?ezwot N alnel(a](]t+‘35in(wpt)) (2.134a)
Déflelwgt |:1 + é ( elwpt —iwp ):| /632/— —m —I—(SDC (2.134Db)

2
sain — ginP ( iwpt _ iwpt> ' (2.134c)

Within the OMIT section dai" is called probe beam, while &I describes the pump field
as it drives the optomechamcal interaction. Compared to quantum effects, the probe
light is considerably large, and hence any fluctuations are described classically®?. In
Equation (2.110), the intracavity field « was chosen as real. Therefore the transduction
of the detuned cavity is lumped to the input field by an effective phase, from which
(see Equation (2.105a))

. (A + &
& Aty , (2.135a)
A%+ (3)?
. (A+5)
sai™(w) — u&x}f‘(w), (2.135b)
A%+ (3)?

follows. By inserting Equation (2.134) and (2.135a) into the equations of motion in
Equation (2.110) the mechanical motion xm (w) and the intracavity field fluctuations
da(w) are calculated as

X (W) = = Xm(w)§Xom(w), (2.136a)

= ; M in 2
Sa = oy o (\/ﬁ T Sa™ (w) zgxm> (2.136b)

_ | Xcav (0 )| _ c
~ o () (Vi 22 @) — ign() ) (21360)

CaV

where the cavity susceptibility

1

Xeav(w) = m

is used. From Equation (2.136a)-(2.136c) the intracavity amplitude quadrature fluctu-

da(w)+dat (—w) 53

ations 0 Xom = are deduced as

V2
6Xom = \/El_c(]\cj()w)&ocf‘(w), (2.137)
i 0) e (0)
€@ = (el E= e (XD (2138)
and )
M(@) = 18 m(@) (cav (@) = Koo (~0)) (2.139)

52Th_e " is dropped as classical quantities are treated.
Bsain (w) = — (6ai"), (—w) (see Equation (2.136c)).
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Equation (2.137) reveals that the OMIT response of the optomechanical system to
input phase modulated input light is described by two contributions. The first
contribution C(w) in Equation (2.138) describes the transduction of the input phase
modulation 64" into intracavity amplitude fluctuations Xom by the cavity. The
second contribution M(w) in Equation (2.139) describes the mixing of the phase
quadrature into the amplitude quadrature induced by the mechanical oscillator. Both
contributions, C(w) and M(w), are a sum of Xcav(£w) as the signal consists of the
two sidebands respectively. However, to get access to the intracavity amplitude
fluctuations 6 X,m one typically measures the amplitude quadrature in transmission.
Using the input-output relation (Section 2.5.4) the (classical) amplitude quadrature
fluctuations 0X3' in transmission, leaking out at the right (R) port (see Figure 2.9),
are derived as

SXgmR = VKR Xom = \/@\/El_c(]\i}?w) tiin,Lg (6(w ~+ wp) 4+ 6(w — wp)) -

FT of 6" (w) (Equation(2.134c))

(2.140)
Equation (2.140) describes how phase modulation of the input field ai" is transduced
to the output quadrature fluctuation 6Xi  and reveals °* that for a measurement
the detected quadrature §X94¢: has to be demodulated at w = wp.

om,R

Multi-mode OMIT

Before a theoretical picture of the OMIT response is shown, a short comment on
the mechanical contribution M(w) will be given. As the mechanical oscillator used
within this thesis exhibits different independent mechanical resonances (Section 4.1),
the contribution of M(w) is rewritten as

M(w) = % (Xeav(@w) = Xeav(— Zgz Xm,i(w (2.141)

Here g; describes the optomechanical coupling to the i-th resonance given by X i(w).
In the following, three mechanical resonance frequencies are considered for a visual
representation of OMIT.

In Figure 2.12 the broad OMIT response in transmission is depicted55 , whereas
Figure 2.13 shows the response in the vicinity of a mechanical resonance frequency
wm;i = wi,1. Also depicted in these figures is the phase response, which is also be
measured during the OMIT experiment presented in Section 4.3.1.

54Revealed by the J-function.
55Choice of resonance frequency wy,; = wj; is motivated by the used mechanical oscillator in the
experiment (Section 4.1).
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FIGURE 2.12: Broadband OMIT magnitude 1 Xgr‘;tR | and phase response arg(6XSut ).

The red line indicates the cavity response C(w) without a mechanical oscillator. In
contrast, the blue line represents the full response with the multi-mode mechanical

features visible wq 1/ (271) = 500kHz, w1/ (27) = %wl,z and wy/(271) = 2w 5.
Other parameters are: g;/(27r) = 20kHz, x/(2r) = 2MHz, A/(27) = 5 and

Ym/ (27) = 3Hz.

From the OMIT response in a broad frequency range (w >> «) one can identify the
resonance frequencies wj ;. This broad response is used to deduce the detuning A and
the linewdith «x of the optomechanical system. Additionally, an enhanced view of the
response near one mechanical resonance is depicted in Figure 2.13.



Chapter 2. Measuring with light 41

FIGURE 2.13: Enhanced view of the OMIT magnitude §X°%, and phase response

om,R
arg(éXoutR) near the mechanical resonance frequency wy; = 500 kHz. The red line
indicates the cavity response C(w) without a mechanical oscillator. In contrast,
the blue line represents the full OMIT response at the mode mechanical resonance
frequency w1/ (27) = 500kHz. A dip-peak feature due to OMIT appears and is
clearly visible near the resonance wj ; (more information in the text). Parameters
as in Figure 2.12.

It is visible that the feature in Figure 2.13 constitutes a peak and a dip structure. A
theoretical reason for the peak-dip feature lies in the fact that T=M(w) Can be written

as [Chel9]

1- M

1 _ Xeff(w)
T~ M@) ~ xm(@) -
eff

The peak corresponds to the effective mechanical resonance frequency, Weif = WYy,

resulting from the optomechanical coupling of the detuned pump beam &;". The dip
occurs at the bare mechanical resonance frequency, wym = wi,1. Having the dip at
the mechanical resonance frequency indicates that the phase-modulated sidebands
do not affect the amplitude quadrature (6X3% ; = 0) in transmission. This implies
transparency of the cavity to a phase- -modulated input field. This effect is known
as "Optomechanical Induced Transparency" (OMIT). Examining, the peak-dip fea-
ture allows for the measurement of mechanical properties (wm and ym) and the
optomechanical coupling strength g.

In summary, while the broad cavity OMIT response C(w) (see Figure 2.12) pro-
vides information about the optical properties, a closer examination of the OMIT
response near a mechanical resonance enables the determination of mechanical prop-
erties and the coupling strength g.

The remaining part of this theory section will explore quantum (opto)mechanical
aspects. In doing so, it comprehensively discusses all optomechanical effects utilised
within the context of this thesis. Subsequently, Section 2.5.6 is devoted to the general
formalism of the optical output spectrum, which is computed using the input-output
outlined in Section 2.5.4. This analysis leads to the derivation and discussion of
the corresponding spectral densities for displacement and force. After the general
description of the output spectra has been given, two specific cases are discussed
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in Section 2.5.7 and 2.5.8. These cases pertain to the standard quantum limit (SQL)
and the manifestation of ponderomotive squeezing—an outcome of optomechan-
ical coupling that can be used to surpass the SQL. At the end of the theory part,
Section 2.6 provides a brief introduction to coherent quantum noise cancellation
(CQNC). This scheme facilitates a broadband enhancement in sensitivity compared
to the SQL, thereby serving as the primary motivation behind the construction of the
optomechanical system discussed in the experimental part of this thesis (Part II).

2.5.6 Output spectrum of the system

In the following, the symmetrised™ output spectrum, deduced from a quadrature
measurement is calculated for a lossless single-sided cavity (k. = x”’) at the left
output (denoted by "L"). Also, within the rest of the thesis the definition of com-
mutation relations in Fourier space and the definition of spectral densities, given in
Appendix A and B, are used.

With the input-output relations and the intracavity field solutions for Xom and

Yom (Equation (2.115c) and (2.115e)) the output quadrature spectrum 54 R0 oo (w)®
of Equation (2.133) is given by [Che19]*’
SXG out )(‘9 OUt( ) " + fransfer _xm/xm( ) + Sgo%r( ) (2143)

om,L’““om,L

The following will explain the three different noise contributions of the output spectra,
seen in Equation (2.143). The first contribution describes the shot noise of the mea-
sured output light field (3). The second describes the transduction of the mechanical

oscillator displacement Sz, ¢ (w) via tgrfnsfer(w) to the optical output quadrature
Xfr;“it The displacement noise spectrum S;_ . (w) is calculated as

St (@) =|Xett(w)]? (ZFéBA(w)) (2.144a)

+ Y| Xt (@) *S 2, 2, (W) (2.144b)

+ Ym|Xert (@) [*S 2 7 (w). (2.144c¢)

slg/ Slg

Here the first contribution of the displacement noise spectrum Sg_ ¢ (w)®
(Equation (2.144a)) shows that the displacement £y, is driven by quantum backaction

noise described by the quantum backaction rate

2
% (Ixphase (@) P + [Xampi (@) ?) (2.145)

A2+ & 42
= . Rl 5 : (2.146)
4 A4+2A2(%_w2)+(%_’_w2>2

I'dpa(w) =

‘OQN H}‘OQ
s}

56From now only symmetrised spectra (denoted by the bar) are calculated (definition in Appendix B).

57Thereby xR + kioss = 0 see definition of x (Equation 2.30).

BFor (later) readability function parameters are sometimes written as superscripts (e.g.
S;ej;‘tl,/\?(f;“f(w 0,A) — Si—ﬁout 200 oul( ) OF firansfer (@, 0, 8) — tgr/aAnsfer)-

%Spectras and transduction factors dlffer slightly from [Che19] due to different normalisations within
this thesis.

0By rewriting Equation (2.144) one can identify the total external noise spectral density as

GA ZrQBA( w) . . . .
s2 7 }_m(a)) = @A L5, P, ]:th( w)+ 854 FuePug (w), which contains an additional external noise

contribution (QWL) due to radiation pressure (shot) noise, indicated by the superscript A.
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The second part (Equation (2.144b)) describes the intrinsic noise which is given by®!

Shee(@) = Ymlxes(@)*S 7, 7, (w), (2.147)
with the thermal noise defined as (see Equation (2.90))
= 1 ksT 1
Statn =2\t 5 ) =250 T35 (2.148)

Equation (2.148) in conjunction with Equation (2.144b) reveal, that the oscillator at
zero temperature and in absence of any other noise is driven by its intrinsic zero
point fluctuations. Even more important, the last contribution (Equation (2.144c))
of the noise spectrum Sz, ¢, (w) contains the spectrum S FugFug (w) of the force to be
measured.

The initially mentioned transduction factor fianster(w) is calculated as

trrtor (@) = Timeas (R{&(w) — p(w)e?®}) (2.149)
with
_ g
I'meas = i (2.150)
¢(w) =1 (Ixeav (@) + [Xeav(—w) *) (2.151)
(W) = 26 Xeav (@) Xeav (—w)* (2.152)

and the cavity susceptibility Xcav(w)

1

A=) (2.153)

Xeav(w) = Xampli(w) - iXphase(w) =

The third contribution in Equation (2.143), Scor(w), of the output spectrum

S peou poou(w) arises due to correlation between imprecision noise® and the
om,L

om,L”

displacement fluctuations caused by quantum backaction noise. With the definition

g(w) = 21 (|Xcav(w)’2 - |Xcav(_w)|2) (2.154)

the spectrum of the correlation reads

Stene () = Tmeas (R{xerr}S{(@)e™} + S {xarr}R{G(@)}) - (2.155)

Inspecting Equation 2.143 shows, that the measured quadrature spectral density

Sfe bout phout (w) is calibrated into a displacement spectral density by
om,L’““om,L
5 g (@)
_ . X ,out’Xf),out
S)(ei,\ﬁ?)r;lnfer(w) — om,L’““om,L . (2.156)

0,A
transfer (w)

As the name suggests, from S J(?iﬁ?)r;infer(w) the position spectral density S;, z of the

mechanical oscillator is inferred.

61 S_iAmr(w) depends on A as x.s(w) is a function of A (see Equation (2.122) - (2.123)).

The term imprecision noise will be introduced in the next section.
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In conjunction with Equation (2.85), the inferred displacement spectral density

(9 A) infer (w)m

S ;i:i)m’mfer( ) is calibrated to an inferred force spectral density S as

=(0,A),inf sS4
S—(@,AA),infer(w) _ J(?m,f)mm - (CU) — Xgn(‘nit X‘iﬁl{‘t (w) (2.157)
')’m|Xeff|2 0. ( )’)’m‘)(efflz

transfer

Within this section the general description of the optical output quadrature spectral

density 54 oout goo Out( ) (Equation (2.143)) of an optomechanical system and how to

om,L”
infer its dlsplacement and and force spectral density S( &) mfer( ) and S( A) mfer(w)

(Equation (2.156) and (2.157)) were discussed. Hence, in the next two subsection,

the quadrature spectral density S% oout oo k,ut( ) (Equation (2.143)) for two distinct

om,L

cases, namely Scorr(w) = 0 and Sgcﬁr #0 Wlll be investigated. For these two cases

(0 A) 1nfer( (0, A) 1nfer(

the inferred displacement S w) and force sensitivity S w) will also

be derived. The derivation for SCO%r(w) = 0 will lead to the standard quantum limit
(SQL) and the definition of the quantum backaction cooperativity Copa (Section 2.5.7),
while the derivation for S¢orr # 0 will lead to ponderomotive squeezing (Section 2.5.8).

2.5.7 Quantum backaction cooperativity Coga and standard quantum limit

To deduce the displacement spectrum Sz, s conventionally a measurement of
the phase quadrature Y(‘)’I‘I‘f’L 0 = 71/2)% for a cavity tuned to resonance (A = 0)
is performed. The reasoning is that under these settings, the information of the
displacement %, is solely in the output phase quadrature Yo, 1 (as seen from
Equation (2 114b)). The restriction A = 0 and 6 = 7 leads to a vanishing correlation

term (SCorr 2 A= 0( ) = 0) in Equation (2.143).
Thereby, the spectral density of the phase quadrature output

Syout Yout (w) SXGQut X9out(w)

om,L”"om,L om,L’““om,L
reads

Siom o, (@) = 5+ fombin (@) (@) P (2T858,(«) + 1{S 7, 7, + S, 2, (@)}

om,L’"om,L Slg sug
(2.158)
1 » [ Gom(w) - -
- E + Gom(CU) |Xm(w>| < 2 + ym{s-}ih/ﬁth + Sﬁsig/]:-sig(w)}
(2.159)
where the optomechanical measurement strength
6=2A=0, | 9 1
Gom(W) = fromfer (W) =8 K— 5 (2.160)
T +w
3For improved readability S(e A) mfer( ) = def SET )fmfer(w).
®4For § = 7 a measurement of the phase quadrature Yg;t,L follows, as Xflglit — Yg;ﬁtL

(Equation (2.133)).



Chapter 2. Measuring with light 45

and the quantum backaction rate (for a tuned cavity A = 0)

852 (w) = GO“;L(“’), (2.161)

have been introduced. As explained in Section 2.5, the displacement spectral density

. =T A= .
is transferred via f, 2t 0 (w) to the measured output optical quadrature. Therefore,
from the optical phase quadrature gyomL yout (w) the measured displacement spectral

density SMer for a tuned cavity is calculated as (see Equation (2.156))%°

Xm,Xm
S_AAf)out "90ut(w) 5_4:0 ~ ((U)
sinf __ &(8,8)infer AL om, Yo You
Stmtm (W) = S5 ¢ (w)‘ ors2 = GXT(L&J) — 9:§T§ (2.162a)
S transfer gfg/ 2 transfer ( )
~0=2 A=0 A
= Simp (@) + (@) PS50 (w) (2.162b)

— 1 2 A=0 = ~
= m + | xm(w)] <2rQBA(w) + 'Ym{sf—thlj:—th + Sz ]:—sig(w)}) ,

sigs

(2.162¢)
with the imprecision noise S_f;pg’A:O(w), generally defined as
_ 1
S (W) = —g5——— (2.163)
’ Zf transfer (w)

Sorting Equation (2.162) into noise and signal contribution leads to the displacement
noise spectral density $3°%¢ (w)® given by

=noi 1 Gom (W) 1
Stoge(w) = 2Com(@) + \Xm(w)ﬁ% + [xm (@) | 2m (7 + 52 (2.164)

N

Sﬁthrf_th
—9=%,A=0 2 aA=0 2 kBT 1
=Simp (@) + [xm (@) PSgea (@) + [xm (@) [27m { 2 ==+5 | (2.165)
m
S S (@)

where the backaction noise is generally given by

Stoba(w) = 2T3pa (w) - (2.166)
Without backaction noise (Sqpa(w) = 2Igpa(w) = 0), the imprecision noise
S_Q:%’Azo(w) remains and fundamentally limits the achievable precision of the

imp

0,A 1
mp ( ) 2fter,aAn'sfer ((U)

So, the displacement noise spectral density S;‘:}f; (w) given in Equation (2.164)
reveals that measuring with light adds noise to the imprecision noise Simpr(a)).

Thereby, the measurement itself adds noise to the intrinsic noise S_iAnt:rO(w)W of the

optomechanical system. Therefore S is named imprecision noise.

5For S_%_:Oﬁ (w) in Equation ((2.162b)) see footnote 60.
exts/ ext

66 : . Cnoise def =(6,A)noise
Remark to the notation: S)?m,)?m (w) = Sfm,a?m (w) 0mr/2
A=0

675A=0(() (definition in Equation (2.147)) is proportional to |xm(w)? as X550 (w)]? = |xm(w)]?

(see Section 2.5.2).
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system, and hence the added noise spectral density §§i‘,ﬂ£m(w)68 for A = 0 and
0 = /2 is defined as (see Equation (2.165))

S50 (@) = S5O0 (@) — S’ (w)

=A— =0=7,A=0
= SqAbaO (w) + Simp2 ((,U) .

(2.167)

Before taking a closer look at the minimisation of the added noise spectral den-
sity, an important figure of merit for quantum optomechanical force sensors, the
so called quantum backaction cooperativity Copa and the effective optomechanical
cooperativity |Ceff|, will be derived.

Quantum Backaction Cooperativity Copa

From the displacement noise S_;‘:f;i it is straightforward to see that an optome-
. . .. . . . FA=0 =
chanical system is limited by quantum backaction noise if S gba (w) > Sz 7

(Equation (2.165)). This condition leads to quantum backaction cooperativity

S_CAﬂfaO(w =0) _ ¢2h
S KkBT

Coa = Q>1, (2.168)

FinFin
which is the ratio of the optomechanical measurement strength to the thermal deco-
herence rate. With respect to the Cqpa, quantum backaction limited sensors can be
ensured by a stronger decoupling of the mechanical oscillator from the thermal bath
(increasing Q = %‘), by decreasing the temperature T and/or increasing the light
enhanced coupling strength g.

Remark On Effective Phonon Number #.¢

Rewriting Equation (2.164) with the effective optomechanical cooperativity
|Ceff(w)| = GZ‘;E:J)@ and S_ffh,]:'th =2(i + %) to

_r)oi§e 1

fnfm (CU) = m + Z’Ym’Xm(CU) ’2 <77l + % + |Ceff(w) |> (2169)

Tleff

reveals that on resonance, the mechanical oscillator is heated due to quantum radia-
tion pressure noise, as stated in Section 2.5.3. Equation (2.169) shows that the phonon
number is effectively altered due to the optomechanical interaction and is given by
flott = 71+ 5 + |Cett(w)]-

Standard Quantum Limit

As seen in Equation (2.167) the added displacement noise spectral density S_zi‘iem is

: : . . G=%,A=0 i
described by an interplay between imprecision 5;, .’ (w) and quantum backaction

. = def =
%8Remark to the notation: S;j%m(w) = Sg:ﬁ?)n"add(w)‘ 9—rt/2"
A=0
2
%For direct comparison of |Cegs| = % # given in Section 2.5.3:

Gom Eq.(2.160) o2
|Coft(w)| = Sopl) PHET g% 1

4'Ym 4’Ym %_,_wz'
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noise $5-%(w)

gba
539 (w) = 85 547 (w@) + (@) 2550 (w) (2.170a)

= ZGi(a)) + Ixm(w)lzG"mz(w) (2.170b)

= A 2 @) P ) (21700

The spectral noise density S_aa?i(ai?m (w) and the resulting interplay of the noise contri-

butions is depicted in Figure 2.14 for different coupling strength ¢. Together with
Equation (2.170) and Figure 2.14, it is evident that for a weak coupling strength ¢
or measurement strength Gom (w) imprecision noise dominates, whereas for strong
coupling strengths g or measurement strength Gom(w) the backaction noise is the
dominant noise source measured at the output.

FIGURE 2.14: left: added displacement noise §§‘?ﬁ1‘%m (w) for different light-enhanced
coupling strengths g together with the standard quantum limit S_gglgm
right: added force noise S_;_fld}_(w) for different light-enhanced coupling strengths g

together with the standard quantum limit S5 of force sensing.

Parameters for both graphs are: x/(271) = 2MHz, A = 0Hz, wy/ (271) = 800 kHz
and ym/(27) = 3Hz.

For a fixed coupling strength ¢ and for frequencies below the mechanical res-
onance frequency (w < wm), quantum backaction noise’’ dominates because the
susceptibility of xm of the mechanical oscillator to driving noise is constant for fre-
quencies far below wp,. For frequencies above the mechanical resonance w > wp, im-
precision noise dominates because the susceptibility of the oscillator to the quantum
radiation pressure noise decays with 1/(w?). Near and at the mechanical resonance,
the added displacement noise increases as the mechanical oscillator becomes more

70Quantum radiation pressure noise transfers momentum to the mechanical oscillator, which causes
a displacement and by that quantum backaction noise onto the light field.
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susceptible to amplitude fluctuations. The minimum added displacement sensitiv-
ity S;Sf}?m (w) for a given coupling strength ¢ is reached at a particular frequency at
which the imprecision and backaction noise contributions are equal. Minimising
S;i%m (Equation (2.170)) with respect to Gom by Gom(w) = |xm(w)| ™! leads to the
displacement standard quantum limit

S22 (@) = xm(w)]. (2.171)

£m,fm
. . . al dd . .
The corresponding added force noise spectral density ij, ﬁ(w) depicted on the _l‘lght
in Figure 2.14 is derived by multiplying the displacement noise spectral density S§°2°

(BEquation (2.164)) with 7! [xm(w)| 2 as 7!
S_S;%(w) = Y [xm(w)| " (2.172)

The force standard quantum limit S_;QJ;((U) in Figure 2.14 shows that the optomechan-
ical system is most sensitive to weak signals at the mechanical resonance frequency
wm. With this, the section devoted to deriving and explaining the displacement and
force standard quantum limit is completed. The following two sections will focus on
surpassing the standard quantum limit.

In the scheme presented in Section 2.5.8, the restriction of setting the quadrature
angle 6 = 7 is lifted, leading to a sub-SQL sensitivity within a certain frequency
band.

The second approach, presented in this thesis (Section 2.6), explains the theory of a
coherent quantum noise cancellation experiment which was first suggested by [TC10].
The concept of this approach is to cancel the quantum backaction noise gf{;() (w) so

that the imprecision noise S_f;p%’AZO in Equation (2.170) can be made arbitrarily small,
causing a broadband sub-SQL sensitivity.

SQL
= WS’E(‘T"(E;;?Z can be inferred from Equation (2.157).

"IRelation 5?9;{_ (w)
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2.5.8 Ponderomotive squeezing

In Section 2.5.7 a phase quadrature measurement (0 = 7) for a tuned cavity (A =

0) and the resulting SQL was investigated. For the SQL the term S_?:O:H7 ’Azo(w) in
Equation (2.143) vanishes. However, if one restricts the measurement not to be
done at A = 0 and 0 = 7, the correlation term S_gﬁr(w) becomes non-zero. In

this case, a squeezed output state defined by S_fejfj‘?ézﬁm (w)”< } (see Section 2.2.3
and Figure 2.7b) could be measured. As the s&ﬁee%é output state is generated
by optomechanical interaction, it is named ponderomotive squeezing [BM15]. Due
to the reduced optical noise properties of the output, sub-SQL sensitivity could be
generated within a certain frequency band, as shown in the following. For simplicity,
ponderomotive squeezing and its effect on displacement and force sensitivity will
be explained for a setup with non-fixed quadrature (homodyne) angle 0 # 7 and a
fixed detuning of A = 0. Assuming a lossless single-sided cavity (k1 = «) the optical

output quadrature s'f;f}m ot (w) in Equation (2.143) is calculated as

om,L’““om,L

“A= 1 on- . 0. A—
S3vou poou (W) = 3 + Formstor (@) X {8250} + Slixe *(w)
1 .
=5+ Gom(w) sin(8)? x
—_—

6,A=0
transfer ( )

Gom (w _ -
{\xm«u)\z ) 4 (@) P27 (14 5 ) +7mbtm() stsig,ﬁsig}

—— N
2y

N[ =

5. .
FthFth

- Coml@) () + xn(w) sin(26)

S (w)

(2.173)

where the fourth line in Equation (2.173) is the correlation term Sﬁg)%f O(w). Also,
A=0,noise ( )73
o oo\

Equation (2.173) suggests that the optical noise spectral density S

§47009%5 () = 5 + Gom(®) sin(0)? x 174)
om,L’““om, N—
onter (@)
S_]:—th']:_th
2 Gom(w) 2 1 \
[ (@) " =5+ [xm (@) ["27m (7 + 5 (2.175)
—-—
2GR 55:0(w)
Gom (w . )
- Goml) () + (@) sin(26) @.176)

Sl (w)

7258=0mnoise () describes only noise and has thereby no signal information, hence

X-ﬁ,out X-Q,out
OTA/L:/OOITC;I;se cA=0 2¢ : 2
5229,01;[ ‘)eﬂ,nut ((U) = S/?;/oul ‘X’\G,out (w) - ’Ym'Xl’n(w)‘ Sﬁsigrﬁsig SIH(G) N

om,L7““om,L

73See footnote 72.

om,L7“*om,L



Chapter 2. Measuring with light 50

pb,out 0,0ut
Xom,L ’ ‘Xom,L

describes a squeezed state (S_A:O’“"ise (w) < §>, if

tm @) (20m (74 3 ) + 5 Gom(@) ) sin?(8) =  (m(0) + () 5in(26) <0.
(2.177)
This condition (Equation (2.177)) also entails that a quantum cooperativity of
CoBa > 1 (see Equation (2.168)) is necessary to obtain a squeezed output state,
as otherwise thermal noise masks the squeezed output. Hence a measurement of
ponderomotive squeezing indicates if the experiment is in a quantum backaction

noise limited regime (Cqpa > 1) or not. Minimising the optical output noise spectrum
gA:O,noise

p0,out >6,0out
Xom,L ’ Xom,L

optimal angle

(w) with respect to the quadrature angle 6 results in a frequency dependent

i 1 2(w?, — w?
931};: C"ﬂ(w) = — arctan (Wi =@ 2 ~ | - (2.178)
2 Gom(w) +4ym (7 + 3)
A plot of the optical output noise spectral density s'ﬁ;&f‘gé@im (w) for certain angles

om,L’““om,L
timal o
op ™% (w) can be seen in Figure 2.15.

and for the optimal angle 0

_ _0101111( =0

—0" — /25

_0 . — 7T/2
eigi = 241 /25
9()1);“

L L il 1

0.9 0.95 1 1.05 1.1
wlwm)

zA=0,noise
SA?G,OL’H Xe,out (CL))
om,L’““om,L

for various quadrature angles 6 at a temperature of T = 10 mK. The shaded grey
area represents the sensitivity bounds. The lower bound is given by the optimal

angle GSEIimal(w) at T = 0K and the upper bound by 6 = 7r/2 at T = 0K (Equation
(2.178)). Other parameters are given by: «/(27) = 2MHz, wm /(27r) = 800kHz,

Ym = 3Hz and g/ (27) = 500 kHz.

FIGURE 2.15: To shotnoise (SN) normalized optical output spectrum

S‘A:O,noise
0,out 1>0,0out
Xom/L 4 Xom,L

Figure 2.15 illustrates the optical output spectrum (w)™ for various

74R s . A _ &
eminder: S2 N w =Sy o w).
o g (@) o = S vo, (<)
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quadrature angles 6, normalized to shot noise [SN], considering a thermal bath
temperature of T = 10 mK. The shaded grey area represents the sensitivity bounds
for T = O0K. The lower bound corresponds to the optimal squeezing angle Ogg:mal(w)

as defined in Equation (2.178),while the upper bound corresponds to the optical

noise spectral density §§;S§2§im (w) with 0 = QSg:ical(w) + 5. Notably, except for the

om,L’““om,L

mechanical resonance frequency w = wn, a squeezed output state (s'fej(?;?%f,im (w) <

SN) can be measured at all frequencies by selecting the optimal frequer({rg;f-d(gn};endent
quadrature angle GSEIlcal(w). Furthermore, Figure 2.15 demonstrates the dependence
of squeezing performance on the temperature T. Consequently, by observing a
ponderomotive squeezed output state, one can verify that the optomechanical system
is limited by quantum backaction noise (Equation (2.177)).

The following will show how the squeezed optical output noise of the light
improves the displacement and force detection with respect to the SQL. For this

purpose, the added displacement noise spectral density S_Zﬁ‘j}e‘l (w)” is derived by
using the same approach as in Section 2.5.7. Hence, S_z’ji?i (w) contains only contribu-

tions that are not associated with intrinsic noise nor the signal and is deduced from
Equation (2.176) as

cA=0,noise
SXG,out ‘)eé,out ( )

St (W) =7 — = 5030(w) (2.179)
transfer
— 1 2 Gom
= 2Gomsim(e) T @ (2.180)
~ Xm(w) + xm(w)
2tan() ’ (2.181)

Minimising the added displacement noise spectral density S_zji?i (w) with respect to

disp

the homodyne angle 6 gives the optimal homodyne angle 6, (w) for displacement

measurements,

dis 2
0 -F (w) = arctan < ) . (2.182)
ort () Gom(@) (@) + (@)

The added displacement noise sensitivity S_z;:iei and added force noise sensitivity
S_?f;d = Yol Xm® S_g'ji?i is plotted for different quadrature angles and the optimal
angle 9(‘3;? in Figure 2.16. Also depicted in this figure are the noise ellipses of the
optical output state in the phase-space representation, which will be investigated

more thoroughly in Figure 2.17.

75Remark to the notation: S_Zj‘ifn (w)=§ )(?iAf)H"add(w) ‘

A=0
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FIGURE 2.16: Upper panel: Displacement spectral density §9'add for different quadra-

ture angles 6. Black dashed line is 56 add _ for the opt1mal homodyne angle 65" di lsp
(Equation (2.182)). Grey area indicates 1mprovement with respect to the SQL sensi-
tivity S QI;C

Middle panel Noise ellipses in the phase-space representation, detailed descrip-
tion in figure of the optical output state in phase space representation [Ste19],
detailed description in Figure 2.17.

Lower panel: Force spectral density Se add for different quadrature angles 0. Black

dashed line is SG add for the optimal homodyne angle 6" dls (Equation (2.182)). Gray

area indicates 1mprovement with respect to the SQL sensitivity S_;Q;;.

Used parameters are given by: «/(27r) = 2MHz, wn / (277) = 800 kHz, Ym = 3Hz
and g/ (27r) = 500 kHz
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Basically, the lower and upper panels in Figure 2.16 show that the corresponding
displacement and force SQL is surpassed in a small frequency band due to pondero-
motive squeezing. A more intuitive explanation of the sensitivity improvement due
to ponderomotive squeezing will be given, based on one noise ellipse depicted in the
middle panel of Figure 2.16, in the following Figure 2.17.
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Yout
om,L

signal strength Yzﬁf/‘fl

i (0,signal
signal strength X9sign

[
o
B &
‘[_(
'l
O
K out
< ‘ XomL

FIGURE 2.17: Noise ellipse of ponderomotive squeezing at w = 0.9w,, taken from
Figure 2.16. The projection of the corresponding quadrature axis represents the
measurement of noise and signal in that (arbitrary) quadrature. The black coor-

dinate system represents the amplitude and phase quadrature %4 and Xgri’:}t,
whereas the blue coordinate system represents the arbitrary amphtude and phase

quadrature Y94 and Xgrguﬁ of the by 6 rotated coordinated system (See Equation

(2.133)). The blue axes are rotated by 6 such that the smallest fluctuations of the
squeezed state AYgrﬁLf is measured on the rotated amplitude quadrature axis Xgrf\ui.

More information is in the text.

Figure 2.17 shows the signal Y582 in the phase quadrature YoutL (solid green

om,L
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line)”® and the noise ellipse due to ponderomotive squeezing for the particular mea-
surement frequency w = 0.9wm. Also shown is the rotated”” coordinate system

(blue) of the arbitrary quadrature, which axes are defined as Xglguﬁ = Xg‘r;tl cos(0) +

Ygg/i sin(#) and Ygr’git = Xou. cos(0+ %) + Y(‘,’r‘#’i sin(0 + %) (see Equation (2.133)).

The projection of the displaced squeezed state onto the amplitude quadrature axis

Xe,out XG,signal
om,L om,L

A)A(g’;uﬁ at an arbitrary quadrature angle 6. Hence, Figure 2.17 reveals that measuring

represents a measurement of the signal (dashed green line) and noise

the signal ?Siﬁfl under a quadrature angle different from 6 = 7 leads to a mea-

0 signal
X L

surement of smaller signal strength X '

contribution A)A(zﬁinal (compared to the SQL with Ysﬁfl and AY(‘)’I‘;"’L where 0 = 77/2
and A = 0 (black coordinate system)). Fortunately, due to ponderomotive squeezing,
for some quadrature angles 6, the measured reduced noise outweighs the signal loss
and increases the signal-to-noise ratio at this particular quadrature angle. Therefore,
as shown in Figure 2.16, the displacement and force SQL can be surpassed in a small
frequency band by utilising the effect of ponderomotive squeezing.

As the SQL is only surpassed in a small frequency band by ponderomotive squeez-
ing, an experiment in which the SQL is surpassed in a broad frequency range, namely
the coherent quantum noise cancellation experiment (CQNC), will be introduced in
the next section. This CQNC experiment is the main motivation for the experimental
work done within the scope of this thesis. However, in this thesis, CQNC will only be
briefly introduced, as in [Sch+22; Sch23] a detailed theoretical description, also with
respect to losses, can be found.

(dashed green line) and a smaller noise

2.6 Coherent quantum noise cancellation

In Section 2.5.8, the presence of frequency-dependent ponderomotive squeezing
induced by optomechanical coupling was discussed. As an consequence of pon-
deromotive squeezing, the measured noise in the phase quadrature changes across
different frequencies. It was noted that the quantum backaction noise observed in
phase quadrature measurements can be understood as a consequence of ponderomo-
tive squeezing. Consequently, a backaction-free measurement can be described by
back-squeezing and -rotating the quadrature uncertainties, as mentioned in [Ste19].

Another concept for comprehending backaction cancellation is the introduction
of an "effective" negative mass oscillator [PH15], which is solely susceptible to the
quantum radiation pressure noise and not to the signal force measured by the me-
chanical oscillator. In this scenario, the effective negative mass (where the acceleration
¥m of a negative mass is opposite to its force F = (—m)Xp) moves in the opposite
direction to the mechanical oscillator due to quantum radiation pressure. When the
quantum back-action noise interacts with the positive and "effective" negative mass
oscillator, the net displacement excited by quantum radiation pressure noise becomes
zero and, therefore, is cancelled.

The following discussion outlines the approach followed by our group to achieve
backaction cancellation (undoing ponderomotive squeezing) by the realisation of an
"effective" negative mass oscillator, based on the idea proposed by Tsang and Caves
[TC10]. As the effective negative mass, an ancilla cavity, containing a beamsplitter and

76Because A = 0 the signal is solely in the phase quadrature Ygr‘r‘fL.

77Rotated by 6§ with respect to coordinate system of the arbitrary phase and amplitude quadrature
yout  and Xout
om,L om,L
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a non-linear crystal, is suggested and depicted in Figure 2.18. The rationale behind
selecting the ancilla cavity lies in the optomechanical interaction Hamiltonian Iflint
(Equation (2.98)), which can be expressed by utilising @ — « + dd and £, — b+ bT,
as

Hin =~ ago(a +a") (b + b") (2.183)
« ba + btat + pat +bta. (2.184)
TMS BS

Writing the interaction Hamiltonian in this fashion reveals that the optomechanical
interaction is described as a combination of a two-mode squeezing process (TMS)
and a beamsplitter process (BS), where particles are created or annihilated in each
mode, and two quanta are exchanged, respectively. Since the realisation of the effective
negative mass relies on optical components, this scheme is referred to as a all-optical
coherent quantum noise cancellation (CQNC) experiment. It is worth noting that
alternative non-all-optical schemes have also been implemented, such as using an
atomic spin oscillator as the effective negative mass oscillator [Moe+17].

The primary focus of this thesis is to investigate the optomechanical interaction
within the context of the CQNC experiment. Therefore, only a brief overview of the
CQNC theory will be provided to examine the necessary parameters. More compre-
hensive information on the negative mass oscillator, its realization, and investigation
can be found in the work [Ste19]. Additionally, further details about the CQNC
scheme, particularly how losses and imperfections degrade sensitivity, can be found
in the papers and theses by my former colleagues [Wim+14; Ste19; Sch+22; Sch23].
It should be noted that, unlike in these works, this thesis considers the inclusion of
thermal noise, which imposes stricter requirements on CQNC. Consequently, Sec-
tion 2.6.4 will investigate a scheme utilising an additional beam to induce sideband
cooling of the mechanical oscillator.

Figure 2.18 illustrates the proposed CQNC scheme schematically, as presented in
[Stel9; Sch+22; Sch23].

positive mass oscillator effective negative mass oscillator

optomechanical cavity ancitlla cavity|
) meter cavi
q input coupler waveplate L7

—i—=1 <

micro-mechanical pump
oscillator PPKTP

FIGURE 2.18: The cascaded scheme for an all optical CQNC experiment proposed by
our group. The left cavity is essentially a cavity with an optomechanical device in
it (further investigated in 4.2.3) whereas the ancilla cavity contains a wave-plate
coupling two optical modes of orthogonal polarisations (beamsplitter process) and
a non-linear (PPKTP)-crystal) exemplifying the two mode process.

Figure 2.18 illustrates the configuration where the output light from the optome-
chanical system, which is sensitive to quantum radiation pressure noise, is directed
into the ancilla cavity. As mentioned, this cavity is designed to counteract the back-
action effects by undoing the ponderomotive squeezing. System matrices based on
the equations of motion are used to accurately determine the output phase quadra-
tures and their spectral densities for the cascaded system. The calculation method
for obtaining the output quadratures and their spectral densities in linear quantum
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systems, as described in [Sch+22] will be briefly introduced in the following section.
This calculation approach will be applied in Section 2.6.2 to analyse the CQNC system
depicted in Figure 2.18.

2.6.1 Calculation of noise spectral densities using a matrix formalism

The following description is based on [Ste19; Sch+22]. The input-output relation of
a linear quantum system with n system variables and k input and outputs can be
written as 78

. T .
Xt = (Ki,) s — 2, (2.185)

with xgys containing n system variables and xi;;,S and xg}‘,l; each containing k sys-
tem input and output variables. Consequently, the driving matrix Kgj, is an n X k-
dimensional matrix.

The system parameters xqys are described by their equations of motion

Koys (£) = MaysXoys (1) + Kijoxiys (£) 4+ K02 () (2.186)

where Mys describes the system matrix defined by the equations of motion of the

system variables and K‘s’ya;hx];}?éh describes the noise of an external bath coupled into

the system. The set of equations of motion can be solved in the Fourier domain and
the solution reads
Xoys = (1w — Miys) ™" (Kipsxiys + Koot (2.187)

Plugging in Equation (2.185), the output can be written as
out in T in
Xsys = (Ksys) Xsys — Xsys

NT 1 .
= ((Kg;s> (i — Mys) Kgys — 1) Xoys

T (2.188)
+ (K;r}‘,s> (iw — MsyS)ilKg};th;;h
= Tisr;sxisr;s + Tls);;hxls);;h
= fg}lls
with

~in xisr}lls
Xgys = x?;,‘éh (2.189)
T = (Ti, Torh) (2.190)

78For clarity: Subscripts denote the system (optomechanical system, ancilla cavity or meter cavity),
whereas superscripts denote the output (out), the input drive (in) or the external bath/noise
(bath) of the system.
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The (symmetrised’”) spectral density S3f(w) of the system output (x3%) is derived
by

1

5w — )5 (w) = 3 (gt (@)agt (@) + cc
1 gin gin /
= (T (W)E5Egs T(—w')) +ec (2.191)
= %<T(W)Sisr}‘,s7'(—w/)) +c.c

with Sisl;,s being the input spectral density matrix of the system input. Using the matrix
formalism, the spectral density of the in Figure 2.18 depicted cascaded CQNC scheme

will be calculated in the following.

2.6.2 Ideal CQNC

As by the CONC scheme shown in Figure 2.18, the output of one system is fed
into the other. Hence, one describes one system output and uses it as the input for
the other system. The equations of motion and its solution for the optomechanical
system will first be derived with the matrix formalism to see the correspondences
between the matrix formalism and the derivations given in Section 2.5.7. Revisiting
the equations of motion for a cavity tuned on resonance A = 0 (see Equation (2.111))
for the optomechanical system®-%!,

K N — .. R
Xom = — EXom + AY + 4/ xi, Xom + Kgﬁﬁhxg?rth
A K~ A ~ . Al Ab th
Yom = _§Y°m — AX — Qom®m + 1/ ki X0+ |/ xbathy>a
Xm = wmﬁm

ﬁm = _wmﬁm - ')’mf)m + vV ')’mﬁext - gomXom

shows that they can be cast in matrix form with A = 0 as

7Definition of spectra given in Appendix B.

80The subscript om at variables and oys at matrices is used to clarify that these parameters belong
to the optomechanical system (OMS) as later corresponding parameters for the eNMO will be
introduced.

81Remark: Instead of the subscripts | and g (used in Equation (2.111)) the superscripts in and bath
are used to denote the input port of the drive and the input port of the external bath (noise)
respectively.
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Xom — Lom 0 0 0 Xom
A _ Kom o %
Yom | _ 0 —% 0 —8om Yom (2.192a)
m 0 0 0 Wm £m
ﬁm -8 0 —wm — Tm ﬁm
\ﬁ/_/
XOMS ( t) Mowms XOMS (t)

0 Vi ( Xom ) (2.192b)

0 0 yin
0 0 —
XOms ()
KiélMS
VR 00 0y /
0 /xbah 0 0 Ybath
2.192
" 0 00 0 0 (2.192¢)
0 00 Am Foxt
KSiis x5 (1)

In the above equation and in the following, a single-sided cavity with no additional

losses xBath = 0%2 is assumed for simplicity®. So, the phase and amplitude quadrature

output of the optomechanical system You(w) and X94(w) are calculated by using
the procedure described in Section 2.6.1 as®*

X9 (w) = ePom X0 (2.193a)
Y/gg(w) =¢/Pom Y/cl)r& + Komegc%mXEXgrln (2.193b)

— Xm vV KomgomXOm vV '}’mﬁext ’

Kom/2—iw

Kom /20 om = m% and the mechanical susceptibility xm

with eifom =

Wm

= . 2.194
Am w2 — w? + iymw ( )

Following Section 2.6.1 together with 5™ = 1diag(1,1,0,25 ~

exts

+ ) the output noise
]:ext)
spectral density matrix reads®

sout _ 1 1 —2Gom® (Xm) i
OMS = 5 | —2Gom® (Xm) 1+ Ggm|7(m|2 + 2G0m7m|7(m|2(sﬁm,]i‘th + S]—‘;ig,f‘sig) )
(2.195)

The general quadrature output spectrum S (for the tuned case) from

A=0
po,out {>60,0out
Xom,L 4 Xom/L

the matrix spectral density SQ\'s can be obtained by using the rotation matrix

82Because of no additional losses 1%, — Kom.

83A detailed analysis, including losses can be found in [Sch+22].

84 As in Section 2.5.7 the output is taken at the input port of the drive, but is not indicated here by the
subscript 1, (in Section 2.5.7 the drive input is left (1)), e.g You', — YSi(w).

8 xom is the cavity susceptibility for A = 0 of the optomechanical system (om) (see Equation (2.153)).
865

]:—extrﬁext = Sj\-sig/ﬁ;ig + Sﬁthrf-lh :
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R(6) = (cosf,sinf) "

§a50 R(0) "SRR (H). (2.196)

ARG, Rgge —
As CQNC should surpass the SQL without using ponderomotive squeezing, it follows
that the phase quadrature output spectrum (6 = 77/2) S?S%*,Y&%* (w) is given by

Siguigu(w) = S (@)] gy = R(7/2)" SR (7/2)

pfout poout
Xom' 1 Xom
A=0

1 Gom(w - -
) + Gom(“’)‘?(m(wﬂz < Oné( ) + ,ym(S]:—th/]:-th + Sﬁsigrﬁsig)> - (2197)

So far, only the equation of the phase quadrature readout of the tuned cavity from
Equation (2.159) has been recapitulated. Before feeding the output of the optome-
chanical system (OMS) into the effective negative mass oscillator (eNMO), the output
phase quadrature and the spectral density matrix of the latter will be derived in the
following. Based on the interaction Hamiltonian Hayc of the ancilla and meter cavity
(the eNMO-system) [Wim+14; Sch+22]

Aane = hgpc (a@ +atet ) + s (a@* +at @) , (2.198)

the equations of motion of the effective negative mass system are given by &

>§C —% AC 0 ng — gDC ):(C
Yo | —Ac 5 0 —(gs+gnc) Ye
Xa 0 gBs—8pc —% A, a4
Y, — (gBs +gnC) 0 —A, —5 Y.
H/_/ W_/
XeNMO ( t) MeNMO XeNMO (t)
(2.199a)

in )A(in
+| o VE (?fn) (2.199b)
C
o 0o /) —
Xeamo ()
Kieril\IMO
V/icbath 0 0 0 Xbath
\bath
+ : V"Igatg \/;?0 : ibih . (2.199¢)
a a
0 0 0 K Xbath
Ko o 1)

The eNMO-system contains two modes which are coupled via a beamsplitter coupling
gps and a downconversion process gDCSS. The first mode, ¢, with resonance frequency
we, is the mode of the driving field and is referred to as the meter cavity, while the
second mode, 4, is referred to the ancilla cavity with resonance frequency w,. Their
corresponding detunings are Ac; = wca — wp. As only the meter cavity is driven and

87Remark to the notation of x: The superscripts ™™ and P2t are used to denote the input port of the
drive and the input port of the external bath (noise) of the system, respectively.
8Downconversion process is the process which generates, in this case, two-mode squeezing.
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the ancilla cavity only couples to the bath, the ancilla cavity input noise fields are
incorporated into K52y oabath 0 (+)%°. For the driving field, x describes the rate at
which the drive couples in, while k22 describes the rate at which noise couples in
via the remaining ports” into the mode ¢. Comparison of the two system matrices
Mowms and Menmo in Equation (2.192) and (2.199) reveals that the effective negative
mass imitates the radiation pressure interaction if ¢ggs = gpc = % Zanc, Where ganc is
the effective coupling strength of the ancilla cavity’!. Assuming no additional loss
for the driving field, KE’ath =0, and A. = 0%2 the quadrature outputs reads

A

X0 (w) = e Xin (2.200a)
Ycout(w) :ei('chcin + chaggncng(in

Ka/2 +iw 4
- Xa\/K»cgancXc\/a (a

it Yin> (2.200b)
a a 4

a

with ef%e = ﬁiﬁlﬁ Also the susceptibilities for the meter x. and ancilla x, cavity

are given by

1 A,
oK /2+iw’ Xa = (A2 — w2 4+ %2 /4) + iKaw

Xe (2.201)

while the measurement strength of the effective negative mass oscillator (eNMO) is
Gane(w) = relxclganc (2.202)

Together with the input noise matrix Sierll\TMO = %diag (1,1,1,1) of the eNMO system,
its spectral density matrix can be written as

Gout 1 1 —2GancHt (Xm)
SeNMO = 5 2 2 2,2 (@K /4+0] :

2 —2Ganc¥ (xm) 1+ Ganc|Xa| + 2GanC‘Xa| Ky (T)

(2.203)

As stated at the beginning of this section, for coherent quantum noise cancellation

the output quadratures of the optomechanical system (Equation (2.193)) are used as

the input of the eNMO-system. This is done by setting X" = X34 and Yi» = yJut

orby X = X% and Y = YO if they are cascaded in the opposite order. After
cascading the subsystems, the phase quadrature spectral density is given as

S_typcfli{Yout :Gom7om’Xm|2 ‘i]r:}]:_ (2.204)
G2 2 GZ 2
+ a“CZ’Xa‘ + "m‘z"m’ + GancGom® (XmX3) (2.205)
1 GancKa‘Xa’2 CU2+K§/4—|—A§
— . 2.2
27T 2 A (2.206)

89 Also, K};ath = Ka, as there is no external drive for the ancilla cavity.

DE.g., losses due to i additional mirrors different from the input coupler and absorption, x22th =
Kacibsor 4 KiC .

91 Also more precisely: Only the ancilla cavity (anc) with mode 4 can be seen as the eNMO if coupled
to the meter cavity (mode ¢) in the same way but with opposite sign as the mechanical mode b is
coupled to the driving field (¢) of the optomechanical cavity. However, as in [Sch+22], the eNMO
contains the ancilla and meter cavity and their couplings.

92 Again to imitate the OMS system.
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As in Equation (2.157) and in Section 2.5.7, the output S¥®%!  is divided by”

Yout/Yout
Gom7Yom|Xm|? to get the force noise spectral density s'gg’i;_e , given by”*

- KsT 1
1’101§€ — _ 22 7
S}',}‘ (hwm +2) (2:2072)
n Gloclxal® + G2 lxm|* + zcagccom% (XmXa) (2.207b)
2Gom')’om’Xm’
2 2 2 2
. 1 2 Gancka Xal i <w +Ka£ 4+Aa) . (2.207¢)
2GomYom|Xm|?>  2GomYom|Xm| Az

The first term in Equation (2.207a) contains thermal noise and the zero point fluctua-
tions, while Equation (2.207b) contains backaction noise of the positive and effective
negative mass oscillator and its interplay (2GancGom¥® (XmX%))- Equation (2.207c)
contains imprecision noise due to the optomechanical system and noise coupled into
the system due to the ancilla cavity. Equation (2.207b) reveals that by assuming a
quantum backaction noise limited system (Equation (2.168))

C.. — N%om 0O>1 (2.208)
gba = KokaT '

under the following conditions backaction noise is cancelled 95

Gom = Ganc, (2.209)
Xm = —Xa- (2-210)
(2.211)

In detail, the condition Gy = Gane reads”®

2 2
_ &8anc®c _ 8omFom _

Ganc - K%arwz - K%Zlm+ wz - Gom/ (2.212)
and shows that a mismatch between the coupling strengths Gane and Gom can be
compensated by a mismatch in the linewidths xom and «..

The the third condition Y, = — ), with

Am = w2, — (j;m—k I Ymw and xa = (A2 — w? +A1ca§/4) + iKaw (2.213)
leads to the following restrictions:
1. The detuning of the ancialla cavity has to fulfil
Ay = —wm, (2.214)

as in this case the ancilla cavity acts as an effective negative mass oscillator.

2. The positive mechanical oscillator and the effective negative one should

9=2,A=0 .
BGom(w) = froiter  (w) (see Equation (2.160)).

94Here all contribution, except the signal are included.
%0One should keep in mind, that ggs = gpc = % Zanc is assumed.
9 Gom as introduced in Section 2.5.
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have the same linewidth
Ka = Ym- (2.215)

3. To decrease the only remaining difference in the denominator of the susceptibilities
of xm and ., which is due to a different coupling of the subsystems to their bath,

Wm > Ka, (2.216)

has to be fulfilled., containing the imprecision noise , The last two requirements imply
the use of a high-Q mechanical resonator:

Q="9m s, (2.217)

m
If these conditions are fulfilled, the quantum backaction noise in Equation (2.207b)
of the positive and effective negative mass cancel each other, and for a quantum

backaction noise limited case, the noise density reads by neglecting thermal noise
(qua > 1)/

gadd, CONC _ 1 1w? + 92, /4+ W2

A = — . 2.218
7F HrmComlm(@P T2 Wl (2.218)

In Equation (2.218) the second term describes noise that is coupled into the system
due to the ancilla cavity. The input noise, due to the ancilla cavity sets the sensitivity
f:lpfr’A:O(w) (Equation
(2.160)), can be made arbitrarily small by increasing the optomechanical measurement
strength Gom. Thereby, the fundamental limit of CQNC, assuming a high mechanical

quality factor (Q > 1), is given as [Sch+22]

limit as the first term, proportional to the imprecision noise S

sadd,ideal CONC __ &SQL 1 on resonance W = Wy
Sﬁ,ﬁ =S5EF X { 1/(2Q) off resonance w # wn (2.219)

where the §SﬁQjI; evaluated in Equation (2.172) is used.

Equation,(2.219) reveals that the SQL of the force sensitivity is surpassed at
all frequencies w by a factor of 2Q except at wm where the sensitivities are equal.
Thereby Equation (2.219) shows that a high mechanical quality factor (Q) is desirable
in an ideal CQNC experiment. Additionally, a high mechanical quality factor is also

needed to achieve a quantum backaction noise-limited optomechanical system”’, as

for this the quantum backaction cooperativity Cqp, = %Q > 1 has to be satisfied
(Section 2.5.7 and Equation (2.208)).

2.6.3 Non-ideal CQNC with x, < ym

For CQNC, a high Q-factor contradicts in an experiment with the condition x, = ym,
given in Equation (2.215). Typically the cavity linewidth «, is order of magnitudes
higher than the linewidth 7y, of the mechanical oscillators”®. Because CoBa xQ>1
has to be to fulfilled to be quantum backaction noise limited, the condition ym = «,
is changed to ym < x,. According to the analysis in [Sch+22] in this case (ym < ka)

97This was already one assumption made at the beginning (Equation (2.208)).
98For CQNC, the in [Sch+22] proposed cavity linewidth «, is in the kHz regime, whereas the mechan-
ical linewidth is in the mHz regime.
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the resulting spectral force density is given by

CONC,ym <k, Ka SQL

S ﬁ?ﬁ TmKKa s XS QL (2.220)
Equation (2.220) demonstrates that even for v, < «,, the force SQL is surpassed
in a CQNC experiment by a factor of 2“’“‘ 99100 Hence, Equation (2.220) suggests a

linewidth «, that should be as small as poss1b1e to increase the sensitivity.
Figure 2.19 illustrates the spectral noise sensitivity for ideal CQNC (black) (Equa-
tion (2.219)), the SQL for force sensitivity (blue) (Equation (2.172)), and non-ideal
CQNC (red) (Equation (2.207)). For the non-ideal CQNC force spectral density

S—noise,'ym <Ka
F,F

the SQL SSQL and ideal CQNC Sadd ideal CONC represent added noise densities and do
not 1nclude mtrmsm noise sources hke thermal noise.

a temperature of 4K was assumed. Note that the spectral densities for

FIGURE 2.19: CQNC performance and SQL: The black line shows the force sensitivity
for ideal CQNC S_afj 4ideal CONC e blue line the force spectra density SSQL of the

nolse ’ym <K

SQL and the red l1r1e the spectral density S

Used parameters: gpc = ¢Bs = 3 ganc, Som = Ganc, Qom/ (271) = 500kHz,
wm/ (271) = 500kHz, ym / (277) = 10 8wn,
Kom/ (271) = xc/(2m) = 2MHz and ./ (27r) = 200 kHz.

Figure 2.19 shows first that by using a CQNC experiment, indeed, the SQL is
surpassed across all frequencies, except at the mechanical resonance frequency (w =
wm). The increase in noise for ideal CQNC above the resonance frequency is due to
the noise penalty introduced by the ancilla cavity (Equation (2.207c)). Secondly, if the

condition ym = x, is not fulfilled, still assuming ym < x,, the SQL is surpassed below

and above the resonance frequency wn,. The sensitivity of Snolse m K

is limited by the
temperature contribution in Equation (2.207a) and hence can be improved by going

to lower temperatures. Specifically, at the resonance frequency wp, the sensitivity

9 The sensitivity is enhanced if the values of the resulting spectral density is smallest.
10As long as x, < wm Equation (2.216) is satisfied.
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KgT noise, ym <Kka
, fwm FF
for a non-ideal CQNC experiment with x, < wm can be improved by engineering

an ancilla cavity with a linewidth x, as small as possible and by decreasing the
temperature T.

of S_n;i;.e”m«’(a(wm) is given by + 3. In summary, the sensitivity S

Additional losses

So far, no parameters, like propagation losses or coupling efficiencies, have been
assumed. Such a study can be found in [Sch+22; Sch23]. The outcome of this case
study is, that a CQNC experiment is feasible, even if losses are treated and mismatches
of the requirements given in Equation (2.210) to Equation (2.216) are present. The
values proposed by [Sch+22] for a feasible CQNC experiment can be seen in Table 2.1

Symbol Parameter Value
Wm mechanical resonance frequency 500 kHz
Ym mechanical linewidth 5mHz
Zom optomechanical coupling strength 500 kHz
Kom optomechanical cavity linewidth 1.98 MHz
Aa ancilla cavity detuning —495kHz
Ke meter cavity linewidth 2MHz
Ka ancilla cavity linewidth 200kHz
gBS beam-splitter coupling strength 253 kHz
gDC down-conversion coupling strength 243 kHz
o escape efficiency OMS 90 %
7 escape efficiency eNMO 90 %
1prop propagation efficiency 97 %
Ka ancilla cavity linewidth 200kHz
" det detection efficiency 97 %
T temperature 4K

TABLE 2.1: Set of parameters proposed by [Sch+22] for a realisation of a CQNC
experiment. Parameters highlighted in red will be experimentally investigated
within Part IL

In Table 2.1 5555 . describes the coupling efficiency of the optomechanical system

om,c
. . i xn
(om) and the meter cavity (c), given by 7755 . = 7—pam = <.
/ Kom,c + Kom,c Kom,c

As mentioned, this work focuses explicitly on an optomechanical system designed
for a CQNC experiment. In Chapter 4, the optomechanical system is constructed to
meet the specified values highlighted in Table 2.1. Ultimately, the setup served as a
proof of concept, since the actual values were not met with the available optomechan-
ical oscillator. However, the following section will discuss an idea of how the CQNC
setup can be improved by an additional beam introducing sideband cooling before
showing the actual optomechanical setup.
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2.6.4 CQNC with sideband cooling

In the previous Section 2.6.3 it was shown, that a realistic treatment of 7, < «,
leads to a degradation of CQNC performance. One idea to mitigate the degradation
originating from the mismatch of the linewidth is the introduction of an indepen-
dent beam, which induces sideband cooling. Hence, for a red detuned beam the
mechanical linewidth v, is broadened to . (Section 2.5.2). Therefore, the intro-
duced beam is denoted in the following as the cooling beam. The benefit of using
a cooling beam is a broadening of the effective linewidth and thus an approach to
the condition (e =~ x,)'%!, which leads to a CQNC sensitivity improvement. Not
only the (effective) mechanical linewidth changes, but also an additional noise term,
due to backaction noise of the cooling beam, is introduced to the system. However, it
will be explained within this section, that under the right circumstances the effect of
the alteration of the mechanical linewidth outweighs the additional backaction noise
contribution of the cooling beam. In the following, the additional cooling beam is
depicted in blue in Figure 2.20.

positive mass oscillator effective negative mass oscillator
optomechanical cavity ancilla cavity
input coupler metarces
PBS p pler waveplate
cool ‘ . \\/7 M
—_— ! | |
probe J d U
micro-mechanical l pump
oscillator PPKTP

FIGURE 2.20: Proposed cascaded scheme for an all optical CQNC experiment, in-
cluding an additional cooling beam (blue). The cooling beam is only seen by the
optomechanical cavity, as it is separated by a PBS from the effective negative mass
oscillator (eNMO). The right cavity, as shown in Figure 2.18, represents the eNMO.

For the derivations, the probe beam is assumed to be resonant with the optome-
chanical system, as in the previous section, whereas the cooling beam is detuned by
Acool to the cavity resonance frequency. Also the optomechanical coupling strength
of the cooling beam is denoted as g1, Whereas the linewidths of the cooling beam
and the probe beam are the same.

As the cooling beam couples into the OMS cavity from the same port as the
probe beam, but is assumed to be independent'’? of the probe beam, the equations of
motion of the OMS system are given by

101Originally the condition is given as ym = a-
1021 an experiment achieved by orthogonal polarisations and/or different frequencies of the probe
and cooling beam.
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A K A . A Sbath
Xom = — 5 Xom T 1/ K Xom + /KGR X

2
A K~ A . A A
Yom = =5 Yom — Somm + /K Yom + \/ k63" Vom"
A K n N R A A
Xeool = _%xcool =+ Acoolpcool + 1/ Ko géol Kg?ﬁhxgggf ’ (2-221)
A K A A n . A~ S
Yeool = _%Ycool — Deool Xcool — Geool¥m + K}}}nYclgol + Kgﬁﬁh 3?(5{1 ’ (2.222)
Xm = WmPm, (2.223)
f)m = —Wmfim — g)zorn - gcoolXcool - ’)’mﬁm + vV ')/m]:—ext . (2-224)

As in Section 2.6.2 the equations of motion are written in matrix form as

Yorn 0 — Kon 0 0 —%om 0 Yom
Koo [ = 0000 o Aea O 0 Koo
> 0 0 — Acool - % —8cool 0 cool
cool
5. 0 0 0 0 0  wn fon
ﬁm Jom 0 —8cool 0 —Wm —Tm ﬁm
m’ Mays xoms (t)
(2.225)
VEom 0 0 0 N
0 %om O 0 Xom
0 0 Kom 0 Y(ljrrln
n 0 0 ) — oo |- (2.226)
0 0 0 0 Yool
0 0 0 0 —
. XGis ()
Kng
0
h
% 0 . 0 00 0 Qbath
om
0 (/wETm 0 00 0 Yo
S O S
+ 0 0 th 00 0 cbat
om 0 vear
0 0 0 (/xEEh Q 0 0
0 0 0 0 0 0 Fext
0 0 0 00 /Tm XOMS bath (£)
Kowms path

(2.227)
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Using the same procedure, as in Section 2.6.1, the quadrature output of phase Y% (w)
and amplitude X% (w) of the optomechanical system are calculated as

Yo (w) =e®om YR |+ KomXett8omXam Xom (2.228a)
— Xeffv/ Kom& omXOm\/ ’)’mﬁ ext (2228b)
. -1 A s
— Gomgeool omXcool XomXef(Yino| + fc in ) (2.228¢)
cool
Ko (w) = e'om X (2.229)
with A
cool
— , 2.230
AXcool w? _ Afool — iKomaJ — K(Z)m/4 ( )
Wm
Xeff = 5 (2.231)

Wegg — W 2+ iwYef

The phase quadrature spectral density, for an added cooling beam, using
Sin = %diag(l, 1,1,1,0, Zs_ﬁextfexc> (Section 2.6.1) is derived as

~added cool 1 be, A=0 o
Gadded, cool _ = 4 3G om| Xefi]? (Fg];’Ae + rg’gg) + Gom et Xett|*S 2, 7, (2:2322)

out yout
Yom' Yom 2

1 G _ -
:E + G0m|Xeff<w) 2 ( ;m + Iym<s]:—th/]:—th + Sﬁsig/ﬁsig)> (2.232b)
+ 2Gom| Xett (@) PTEEK", (2.232¢)
with
_ 2 1 G
rprobe,A—O _ JomKom _ Som 2233
QBA 4 K‘Z)Tm N W2 4 ( )
and
2
cool,A ggoolKom Agool + K(Zlm + wZ
rQB A = A : 5 " 5 p o (2.234)
Acool +2Acool( W ) + (% +tw )

being the quantum backaction rate of the probe and the cooling beam, respectively
(Equation (2.146)).

A comparison of the phase quadrature output spectrum S_Y(‘,’,‘]’{L,?S,‘#/L (Equation (2.197))
S‘zidded,Acool

Vomr Yome
dynamical backaction of the cooling beam, not only the mechanical susceptibility
is altered (xm — Xefr), but also the noise is increased by 2Gom | Xest(w) ]21"8];’%. The
additional noise originates from the quantum backaction of the cooling beam,
coupling via the optomechanical oscillator to the phase quadrature output (see
Equation (2.232a)).

To see how the cooling beam influences the overall CQNC performance, the
phase and amplitude quadrature output X%, (w) and Y%, (w) (Equation (2.228)
and (2.228¢)) of the optomechanical system are used as inputs X" and YI" of the
eNMO (Equation (2.200)). After cascading the two subsystems in this way, the total

output phase quadrature spectral density S_?:‘il”?iided <ol hecomes

and the one with the added cooling beam reveals, that due to the
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Sm

FF
Sty();ilyjided cool _ Yom| Xetl? ( 27+ Sfmg fﬂg) (2.235a)
+ a“C2|Xa’2 + °m|2xeff|2 + GancGom™® (XmX2) (2.235b)
N % N Ganckzalxa\z <w2 + "ié4+ Ag) + 2Gom| Xetr () PTG5x"

(2.235¢)

total, added cool
Yout Yout

GomYeff|xm|? of the force spectral density SnOlse added cool 4y infer the force noise

spectral density Snolse added cool (Equation (2.157)), which calculates as'?

As implied in Section 2.5.7 the output S has to be divided by the prefactor

KgT 1
mnoise, added cool __ B =+
s (hwm + 2) (2.236a)

anc|Xa|2 + Ggm|Xeff|2 + ZGancGom§R (XeffXa)
2Gom’)’m|7(eff|2
1,A
N 1 GancKalXa|? <w2+K§/4+A§> +2T8’]§’A |
2G0m7m|7(eff|2 2G0m7m|Xeff|2

(2.236b)

A Ym
(2.236¢)
A comparison of the force noise spectral densities Styojftl ijtded ol and Sr;‘;ﬁeym (Equa-

tion (2.207)), suggests that the temperature contribution (KBT + 2) is not altered by

sideband cooling (Section (2.5.3)). Regarding Equation (2.235a) the effective suscep-
tibility x.f affects the thermal noise S P and signal S ¢ FgFos in the same way, in

that the thermal noise and the signal are altered equally. Concermng force detection,
sideband cooling does not change the thermal contribution in the force noise spectral
density!'%4.

However, the introduction of a cooling beam to the CQNC setup leads to a
modification of the mechanical linewidth 7. By using a red-detuned cooling beam,
the linewidth is broadened (Ve > 7Ym), which shows promising progress towards
achieving the condition 7. = x,'%. But it is important to consider the trade-offs
involved. Although fulfilling the condition 7. = k, may be accomplished, the

cooling beam introduces an additional challenge due to its quantum backaction noise
rcool A

SBA (Equation (2.236c¢)).

Therefore, next the condition for backaction cancellation for CQNC with an
additional cooling beam will be discussed. As can be inferred from Equation (2.236)
all backaction contributions are cancelled if

LA
anc|}(a‘2 + Ggm’)(eff|2 + 2GancGom M (Xeff?(a) + ZFS)SA =0. (2.237)
2GomYm ’Xeff ‘ Tm

Due to the vast parameter space involved, finding an analytical solution for the

1031 the force noise spectral density all contribution, except the signal are included.
104Force noise spectral density can be understood as a measure of signal to noise ratio.
105Originally the requirement, without the cooling beam, is ym = xa (Equation (2.215)) .
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backaction cancellation condition in Equation (2.237) is not straightforward. To
narrow the parameter space and for reasons of comparability, similar conditions as
for non ideal CQNC (Section 2.6.3) are assumed, which are

Janc

8BS = &DC = 5~ (2.238a)
2 2
Gane = Kiz’aj:’:; = é;mfzz = Gom, (2.238b)
8 = &anc, (2.238¢)
Kom = Kc, (2.238d)
Xa = —Xeft, (2.238e)
Ka < Wnn - (2.238f)

Explicitly the condition in Equation (2.238e) reads

Ba - —Ym (2.239)
(CUZ - (A% + K§/4) - iKaw) w? — wgff(Acoolr gcool) - iw'Yeff(Acoolr gcool) . .

To further reduce the parameter space, one more restriction is introduced. Using
Equation (2.126) the detuning Ao is fixed to Aqpt, at which the linewidth 7.¢ reaches
its maximum, while being proportional to g2 . With this and the aforementioned
conditions the remaining free parameters are given by ¢ and gcool-

In the unresolved sideband regime (wm < «om) there is no combination of g
and g0 that improves the CQNC sensitivity, as the condition in Equation (2.239)
is never perfectly matched. Even without perfect matching of the susceptibilities
(Equation (2.239)) , the quantum backaction of the cooling beam increases, which
outweighs a potential improvement caused by better matching.

The situation changes drastically in the resolved sideband regime (wm > &om) in
that the condition in Equation (2.239) reads (for Aol = Agpt)

A, —Wm
- = - . 2.240
(W? — (A2 4+ K2/4) —ikaw)  W? — Wi — WY ( )

Perfect matching of the susceptibilities in (Equation (2.239)) can be reached!’
by increasing g.ooi. However, an increase in g0 simultaneously amplifies the

cool,A

additional backaction contribution %(Equation (2.236¢)) introduced by the
cooling beam. As this additional noise (Equation (2.234)) and the improve-
ment of the matching condition (Equation (2.240)) both depend linearly on g2, a
trade-off between these exists, which limits the improvement of the CQNC sensitivity.

In contrast to Figure 2.19, where a fixed value for the optomechanical cou-
pling strength ¢ was used, in Figure 2.21 the spectral force noise sensitivity

S_nj_f’i;_e’”’m«’( (red) without an additional cooling beam is minimised with re-
spect to ¢'”. The, in Figure 2.21 depicted, spectral force noise spectral density

S_;Oi;e’ added COOl(AOPFA‘“”)(green) of a CQNC scheme with an additional cooling beam

is minimised with respect to ¢ and g.,01. Other fixed plot parameters are given in the
caption of Figure 2.21. For comparison, the force noise spectral density of the SQL
SSﬁQjE: (blue) and ideal CQNC Sldge;l CQNe (black) are shown.

106511 assuming x; < Wm.
107Assuming the conditions given in Section 2.6.3.
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FIGURE 2.21: CQNC performance and SQL: The black line shows the force sensitivity
for ideal CQNC 5}9%“1%‘1 CQONC the blue line the force spectral density S_;Q]Ig of the

SQL (Equation (2.172)), and the red line the spectral density S_}Oi]i_e’7m<<'(a which

is observed if ym < xa (Equation (2.218)). The green line shows the force spec-

. . iy . ~noise, 1(Acool =D
tral density for CQNC with an additional cooling beam Sn;;e added cool(Acon =Acpt)

which is minimised with respect to g and gcool-

Used parameters: gpc = gps = 3 GeNMO, Som = GeNMO,

wWm/(27) = 1.5MHz, ym/ (277) = 107w,

Kom/ (271) = xc/(27r) = 300kHz, x5/ (27t) = 500kHz and T = 4K.

Figure 2.21 demonstrates, that an additional cooling beam used in an CQNC
experiment can lead to a force sensitivity improvement, as its force spectral density
SnAoisA‘.e, added cool(Aco1=Aopt) (

EF
accomplished without the additional cooling beam.

A cooling beam supported CQNC scheme only shows an improvement of the
sensitivity in the resolved sideband regime, if one restricts the detuning of the cooling
beam to A.oo1 = Aopt- A real case study, including losses and no restriction in the
detuning A, still remains open. The parameters provided in Table 2.1, proposed
by [Sch+22], for a feasible CQNC experiment do not consider the resolved side-
band regime. In this case, adding an additional cooling beam does not lead to an
improvement in sensitivity.

In the subsequent chapter, the focus lies on examining an optomechanical system
specifically tailored for conducting a CQNC experiment. The construction of this
optomechanical system is based on the parameters outlined in Table 2.1 (proposed by
[Sch+22]).

. gnoise, ym KK
green) surpasses the force spectral density S 27 (red)
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This part of the thesis is devoted to the experimental generation of shot noise
limited light and to the development and its characterisation of an optomechanical
system suitable for CQNC. Therefore the experimental part is divided into the two
following chapters.

In Chapter 3 the laser light preparation is discussed. Like during the derivations for
CQNC (Section 2.6.2), shot noise limited input light and a probe beam independent
cooling beam were assumed. The first Section 3.1 of this chapter shows how a shot
noise limited probe beam is created, while the second Section 3.2 explains how
the independent!®® cooling beam is generated from the shot noise limited probe beam.

In Chapter 4 the centrepiece of this thesis and one of two main features of
CQNC!", namely the optomechanical system will be introduced. This optome-
chanical system composed of, as already depicted in Figure 2.18, a Fabry-Pérot
cavity with a mechanical oscillator between its mirrors. For this reason Section 4.1
gives the theoretical background of silicon nitride (SiN) square membranes as these
are used within this thesis as mechanical oscillators. Subsequently in Section 4.2.1
the aforementioned optomechanical system is theoretically investigated. This
investigation entails that the SIN membrane within a cavity can be traced back to the
canonical'!'Y optomechanical system depicted in Figure 2.9. The advantage of the
membrane between two mirrors with respect to the canonical system, in which one
end mirror acts as the optomechanical oscillator, is that the optical and mechanical
properties of the mechanical oscillator are separated. In the canonical system the
oscillator should have a high reflectivity to enhance the intracavity power and by
that the optomechanical coupling strength ¢'!'!. This typically goes in hand with an
increase of the mechanical oscillator mass'!?, reducing its Q-factor. In the membrane
within a cavity scheme the cavity end mirrors ensure a high intracavity field which is
coupled to the low reflective and high-Q single layer SiN membrane which represents
the mechanical oscillator. Hence in the latter scheme the optical and mechanical
properties are separated. It will be shown in Section 4.2.1 that the coupling strength
g for the membrane within a cavity is two times higher than in the canonical system
if the reflectivity Ry, of the membrane is close to one (R, — 1) . Based on the
discussion in Section 4.2.1, Section 4.2.2 introduces the designed optomechanical
cavity, its requirements and its assembling. Once the assembling is done, the optical
properties of the optomechanical cavity, depending on the membrane position
within the cavity, are characterised (Section 4.2.3). This characterisation reveals the
membrane position at which, for a given input power, the optomechanical coupling
strength g is highest.

After setting the membrane closely to this position two measurement principles
to deduce the optomechanical coupling strength g, are performed in Section 4.3.
First, in Section 4.3.1 the results of the OMIT experiment, for several mechanical
resonance frequencies and its corresponding coupling strength g, are shown. For
this measurement the MZI theoretically described in Section 2.1.3 was used. Shown

198From the probe beam independent.

109The other centerpiece of CQNC is the effective negative mass oscillator, which experimental investi-
gations are covered in [Ste19].

0Canonical - "simplest representative of a class'.

M Erom now on the optomechanical coupling strength is denoted by g (in Section 2.6 also gom =
was used).

121 the beginning a high reflective mechanical oscillator was ensured by a Bragg mirror, a multilayer
dielectric mirror, embedded on SiN supporting structure as in [Ste19].
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in Section 4.3.1 is how the beam position on the membrane can be inferred from
the OMIT measurement. The second measurement principle discussed in 4.3.2 is
based on the consequences of dynamical backaction (see Section 2.5). The results
presented in section 4.3.2 show the measured mechanical frequency shift dwy,, the
effective mechanical linewidth 7. induced by dynamical backaction and the op-
tomechanical coupling strength g, deduced from this measurements. The dynamical
backaction in this measurements was induced by a (second) cooling beam (generated
in Section 3.2), whereas the mechanical properties were measured by a probe beam!'*?.

113The probe beam induces no dynamical backaction as it is tuned on resonance. Additionally its
power is much weaker compared to the cooling beam power
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Chapter 3

Laser light preparation

The derivations and explanations for the CQNC experiment in Section 2.6.2 were
based on the assumption of a shot noise-limited input beam. In Section 2.6.4, an
additional independent cooling beam was introduced to investigate the CQNC per-
formance under the influence of an in situ changeable effective mechanical linewidth
Yeff- Therefore, the origin and generation of these two beams will be discussed in the
subsequent sections.

3.1 Laser light and noise

The laser source for all subsequently generated beams is a non-planar ring oscillator
(NPRO) (Coherent Mephisto). To be suitable for a CQNC experiment, the amplitude
noise of the laser should be dominated by shot noise. For this purpose, the amplitude
noise, typically far above shot noise at low frequencies, is suppressed with a double
pass filter cavity, depicted in Figure 3.1. This cavity configuration is based on the
design rules presented in [MN18].
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fiber to GHz EOM or to
OM-cavity alignment stage ' p
» PDinpu
9, Faraday 7 P
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FIGURE 3.1: Schematic of the double-pass filter cavity. Shown are the filter cavity
together with a Faraday rotator and Faraday isolator used as a pick of of filtered
light and used to prevent damage due to unwanted back-reflections, respectively.
Use of other components is explained in main text.

In Figure 3.1 the double-pass filter cavity, together with other components, which
will be explained in the following, are shown. Before the linearly polarised light
of the laser is send to the filter cavity, it passes through a Faraday rotator which
prevents laser damage due to back-reflected light. In addition, the Faraday rotator
serves as a pick of for the amplitude noise-suppressed light field originating from the
double-pass filter cavity.

The double-pass filter cavity in depicted is a three-mirror triangular cavity that
can be treated as a Fabry-Perot cavity and hence can be described as a low-pass
filter (see Section 2.1.4). In this setup, the filter cavity is locked on resonance (A =
0), to ensure that no laser frequency or phase fluctuations will be converted into
amplitude noise by the filter cavity. For the lock, a polarisation-based homodyne
locking scheme is used [Heu+10; HC80]. On resonance, the corner frequency of the
low-pass filter cavity is given by its line width xpp (see Equation (2.35)). The double-
pass configuration is used to enhance the low-pass filter effect and therefore the
amplitude noise suppression of the filter cavity. This means that light leaking out of
the filter cavity at the output mirror Moy is directly sent back into the cavity through
this mirror. Hence, the filter cavity is used twice and acts as a second-order low-pass
filter. After the light has passed the cavity a second time and leaves through the
input mirror Minpyt it reaches the Faraday rotator again, which rotates the linearised
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polarisation by 90 deg with respect to the input polarisation. Due to this rotation, the
amplitude-filtered light can be separated from the input light. The (from the input
light) separated beam is sent through a Faraday isolator before it is split again by a
polarisation beam splitter into two paths. One path goes to the optomechanical cavity
(OM-cavity). The other path leads to a fiber-coupled GHz electro-optic modulator
(GHz-EOM), which output can be connected to an alignment stage for the OM-cavity
(Section 4.2.2) or to the cooling beam generation stage (discussed in Section 3.2). To
ensure that the amplitude noise filtered light is shot noise (SN) limited at frequencies
w around the mechanical resonance frequency wp, the filter cavity line width xpp has
to be as small as possible at low frequencies as the laser amplitude noise is far above
shot noise (see Figure 3.2))

The following will discuss the linewidth and other parameters of the filter cavity.
Due to the different reflectivities of the double-pass filter cavity mirrors for s- and

p-polarised light, the filter cavity exhibits two different cavity line widths K]%'IEOI and

xglfi"l. To switch between the resulting low finesse (for p-polarisation) and high finesse
(s-polarisation) operation of the cavity, a A/2-waveplate is placed (as depicted in
Figure 3.1) in front of the input mirror Mj,. The exact parameters of the filter cavity

and its resulting linewidths xpp are summarised in the following Table 3.1.

Parameter Symbol Value
Power Reflectivities Rinout 5-p01:99.5%, p-p0l:99.985%

Rend 99.995%
Cavity linewidth Kbl 1.14 MHz

KSp! 40kHz
Radius of curvature  RoCqgpng 1m
Round trip length Lpp 42 cm
Free Spectral Range FSRs 357 MHz

TABLE 3.1: Nominal values of the filter cavity.

Apart from the parameters in Table 3.1, the spacer material upon which the
mirrors are clamped should be chosen to have low (thermal) length fluctuations AL
at room temperature. This should be ensured because length fluctuations AL of the
cavity length L leads to frequency fluctuations Af given by [Bro99]

Af = %flm. (3.1)

For this reason, the spacer is monolithic and made of Invar! which has a relative
thermal expansion coefficient of a, &~ 1 x 107° K. Additionally, the spacer is placed
on a brass foot with an underlying rubber sheet to suppress the coupling of external
vibrations to the cavity.

The resulting relative intensity noise RIN (explained in Appendix C) of the laser
before and after passing through the double-pass filter cavity is depicted in Figure 3.2

1A nickel-iron alloy.
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for p- and s- polarised input light. This relative intensity noise was measured via
a direct detection scheme (see Section 2.3.1) in which the photodetector detected
10mW for all measurements. The same photodiode was used to measure the RIN
of the input light at position PDjnpyt- In addition, this photodetector measured the
double-pass filtered light at position Ppp, as depicted in Figure 3.1. The high-pass
filtered photodetector? output was sent to a signal analyser® and in post-processing
converted into relative intensity noise RIN. The conversion and how to extract the
inferred relative intensity noise for other powers from a RIN measurement at 10 mW
is explained in Appendix C.

In Figure 3.2 the RIN measurements are discussed for s- and p-polarised light in
Figure 3.2, which reveals that the RIN is suppressed for both input polarisations due
to the cavity’s second-order low-pass filter characteristic.

2High-pass <1 kHz.
3Keysight N9010B.
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(a) Measured and inferred relative intensity noise RIN for p-polarised light normalised to shot noise
(SN).

10% pr-r-r-rrrrrrrrrrryerTTT

—RINp " for 10mW

—RINmeasured for 10mW.

doublepass

—RINggig{;g ass for ImW
== RIN{oublepass for 50puW
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frequency [MHz]

(b) Measured and inferred relative intensity noise RIN for s-polarised light normalised to shot noise
(SN).

FIGURE 3.2: Relative intensity noise RIN normalised to shot noise (SN) for s- and

p-polarised light (lower and upper dplot, respectively).
Relative intensity noise RINi %" (red) measured in front of the cavity, whereas
R ] Nmeasured

double pass Was measured after the light passed twice through the filter cavity.
For both measurements the detected power was 10 mW.

Comparing the measured RIN for s- and p-polarised light (Figure 3.2b and 3.2a)
reveals that the shot noise SN is reached at lower frequencies w by using s-polarised
light. This is expected considering the smaller line width of the double-pass filter

cavity for s-polarised light (KIS)}';Ol < KI%_IE’OI) given in Table 3.1. Unfortunately, for
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both polarisations, the amplitude noise below 200 kHz is increased with respect to
the input amplitude fluctuations. One reason for this might be that the cavity is not
perfectly locked on resonance. Hence, minor frequency or phase input fluctuations
are converted by the filter cavity into amplitude fluctuations*. However, Figure 3.2b
reveals that for a light power of 1 mW the shot noise level is reached for ~ 1 MHz,
whereas for 50 uW the shot noise is reached at ~ 400 kHz. This is a good achievement
because the s-polarised double-pass filtered beam can be used for the implementation
of a CQNC experiment. It might be beneficial to investigate the origin® of the excess
noise to suppress this or to pre-suppress the amplitude laser noise by an active
feedback control to the laser.

Before discussing the optomechanical system and its characterisation in Chapter 4,
the generation of a cooling beam will be explained in the following. This beam is
used for the optical characterisation of the optomechanical system in Section 4.2.3,
and in Section 4.3.2 to induce dynamical backaction.

3.2 Two color scheme

In Section 2.6.4, the CQNC scheme with an additional cooling beam was introduced.
Therefore, this section will discuss the generation of this cooling beam, which will be
used in the experiment described in Section 4.3.2, to induce dynamical backaction.
The setup for the cooling beam generation is depicted in Figure 3.3.

—Wo + Wmod wo + Wmod— cooling
20GHz beam

I

A2

Faraday
Wmod Isolator S
s e
wo M

4 Al \
probe beam to OM
to OMS from double-pass cavity
filter cavity unfiltered Y

FIGURE 3.3: Setup used to generate a beam that is solely oscillating at frequency
W £ Wmoq. A portion of the beam coming from the double-pass filter cavity is
phase modulated by a fiber-coupled GHz electro-optic modulator (GHz-EOM).
The phase-modulated beam is sent to a cavity that transmits one sideband, if it is
locked to the sideband frequency. The cavity lock is established by a modulation
free tilt lock [SGM99].

The phase-modulated beam can bypass the filter cavity and can be sent (with all
sidebands) for characterisation and calibration purposes to the optomechanical
system (OMS).

4Coupling of input phase quadrature fluctuations Yi, and the amplitude quadrature fluctuations
Xom for A # 0 for an optical cavity (¢ = 0) can be inferred from intracavity field equations (see
Equation 2.115c).

5Excess noise can steam from input laser frequency or phase fluctuations or it is induced by the filter
cavity due to vibrations or a slight off-resonant lock A # 0.
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In Figure 3.3, one part of the light with frequency wy coming from the double-pass
filter cavity (Section 3.1) is sent to the optomechanical system, whereas the other part
is sent to a fiber-coupled GHz electro-optic modulator (GHz-EOM). This GHz-EOM
generates (by phase-modulation), depending on the modulation depth B, m(m € N)
sidebands at frequency wg = m - wWpq (see 2.1.1). The phase-modulated beam passes
through a Faraday isolator® and is split into two paths by a polarisation beam splitter
(PBS) in conjunction with a A /2-wave plate. In reflection of the PBS, the unfiltered
phase-modulated beam is sent directly to the optomechanical system (OMS) and is
used for optical characterisation and calibration of the optomechanical system and
its components’. In transmission of the PBS, the phase-modulated beam is sent to
a linear filter cavity. This cavity separates the different phase-modulated sidebands
by transmitting one phase-modulated sideband and reflecting the carrier and other
sidebands.

The parameters of the filter cavity, which are partly determined in the following®,
are given in Table 3.2.

Parameter Symbol Value
Power Reflectivities Rin,out ~299.04%
Cavity linewidth Keool  (119.69 £ 2.45) MHz
Radius of curvature’ RoCin out 25mm
Free Spectral Range FSRs, 38.84 GHz
Cavity length Leool 3.86 mm

TABLE 3.2: Parameters of the filter cavity for the cooling beam. All parameters are
deduced by measurements explained in this section, except the radius of curvature
RoC, which are given by the manufacturer.

The linear filter cavity is constructed with two equal (spherical) mirrors clamped
from different sides to the same piezoelectric actuator, as depicted in Figure 3.4.
The cavity length L is linearly changed to address different resonant frequencies by
applying a ramp voltage to the piezoelectric actuator. As the length of the cavity
defines its resonant frequency, the sidebands of frequencies wg 3= wq are resonant at
different cavity lengths. This effect is observed by measuring the power transmitted
through the cavity over time using a photodiode.

The subsequent description explains the measurement of the cavity’s Free Spectral
Range (FSR) and linewidth % of the filter cavity. These measurement principles
are later also used in Section 4.2.3 to characterise the optomechanical system’s FSR
and linewidth k. To extract the FSR;, of the cavity, the fiber-coupled GHz-EOM
was driven at a frequency of wpeq = 9 GHz with a high modulation depth g which
resulted in second-order sidebands at wqy & 2wp,oq4 appearing. In Figure 3.4, a modu-
lation frequency of wpoq = 9 GHz has been used to emphasize that the lower and
upper sideband of +2wy,04 of two consecutive resonant carrier frequencies wy are
almost overlapping. As introduced in Section 2.1.4, the distance between two consec-
utive resonances of an unmodulated beam is given by FSR;, = 5. Hence, the Free

6Used to prevent back-reflections.

7Used to measure the linewidth and resonance frequency for different membrane positions and to
calibrate piezo movements (see Section 4.2.3).

8Like the FSR and the cavity linewidth.

9The input (in) and output (out) mirror have the same radius of curvature, i.e.
RoCi = RoCout = RoCip out-
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Spectral Range (FSRs,) of the cavity is deduced from the frequency wgoeélap at which

the I-th-order sidebands of two consecutive resonant carrier frequencies overlap. The
overlap
mod

relationship between the FSRév and w is given by

FSRs, =1 - ¥ (3.2)

mod

Here, FSR;, represents the frequency difference between two consecutive resonant

carrier frequencies, and wﬁfoe ;lap is the GHz-EOM driving frequency at which the

l-th-order sidebands overlap. For the filter cavity, the second-order sideband (I = 2)
was overlapping at a frequency of Wmeqa = 9.7 GHz, yielding FSR®! = 38.8 GHz
(Equation (3.2)). This corresponds to a cavity length of 3.86 mm. One could also
measure the FSR;, by overlapping the first-order sideband. However, the highest
usable modulation frequency for the fiber-based EOM is specified to 20 GHz at which
the used signal generator could not apply a suitable modulation depth.

FIGURE 3.4: Measured transmitted power Pians behind the linearly scanned cavity.
The input beam is phase modulated with a frequency of wy,,q = 9.7 GHz. The
FSR;, can be deduced from the overlap of upper and lower sidebands.

In the next Figure 3.5 a small modulation depth B at a modulation frequency
Wmod = 1 GHz is used to extract the linewidth of the cavity, while the cavity length is
changed linearly in time via the piezoelectric actuator.



Chapter 3. Laser light preparation 83

FIGURE 3.5: Measured transmitted power Pirans of phase modulated input behind the
linearly scanned cavity. The modulation frequency of the input beam is wy,,q =
1 GHz. With the distance in frequency of the side-bands to the carrier the time axis
is calibrated to a frequency axis. A Lorentzian fit to the data in the grey shaded
area is used to extract the linewidth %o, = (119.69 + 0.04) MHz.

The resonances appearing at wyp & 1 GHz are used to calibrate the time axis into
frequency units. From a Lorentzian fit to the three resonances based on Equation (2.35)
the linewidth was calculated as ko1 = (119.69 £ 0.04) MHz, where the error is given
by the standard deviation.

Figure 3.6 shows the power of the sidebands measured by a photodetector in
transmission and their corresponding error signals. This measurement is used to
explain how one sideband is separated from the carrier and other sidebands. The
error signal was generated with a tilt locking technique described in [SGM99]. The
advantage of this scheme is that it is modulation free. In contrast, the disadvantage
is that a slight misalignment of the input beam to the cavity axis, leading to spatial
higher-order modes, is needed.
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FIGURE 3.6: Measured transmitted power Pirans and reflected error signal Perror Of
a phase modulated input beam, while the cavity was linearly scanned (scan) or
locked (lock). The input beam was phase modulated at a frequency of w4 =
3GHz and a modulation depth of 8 =~ 1.8. Also visible are higher order modes
(TEMm).

The aforementioned misalignment introduces a feature visible in the error sig-
nal'’ because the cavity decomposes the input field into the spatial TEMy and
TEMyp;-mode. Using the values given in Table 3.2 the frequency difference of the
TEMG™"“med to its corresponding carrier TEMg ™" ™ with frequency is calculated

by [Bon+16]

arccos(1 — qasol—

ATEMoo_01 = - RoGinout” pgR: — 6.96 GHz. (3.3)

Other features visible in the scanned error signal are probably due to a mode
mismatch. Ultimately, the cavity could be locked to a sideband with frequency
wo £ Wmod- Figure 3.6 reveals that once the cavity is locked to one first-order sideband,
for example with frequency w + wmeg, only this sideband is transmitted. In contrast,
the cavity reflects all other sidebands and higher-order spatial modes. Hence, in
transmission, a beam solely oscillating with frequency wp + wmeq is isolated.

At a modulation frequency of wpyeq = %ATEMOO_M the higher order mode
TEM(()‘)lo_w““’d will overlap with the sideband at wp + wpoq. In the experiment in
Section 4.3.2 a modulation frequency of wmeq ~ 3.1 GHz 4= 30 MHz is needed.Based
on Figure 3.6, using a modulation frequency wmoq4 ~ 3.1 GHz 4= 30 MHz is not prob-
lematic, as at this modulation frequency no sidebands or spatial modes overlap with
each other.

Before using the discussed cooling beam, first, the mechanical oscillator
(Section 4.1) and the optomechanical system (Section 4.2), described by a Fabry-Perot
cavity with the mechanical oscillator in it will, be discussed.

100f course it also visible in the transmitted power if one would zoom in.
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Chapter 4

Optomechancial Setup

This chapter discusses the optomechanical system (OMS), described by a mechanical
oscillator placed inside a Fabry-Pérot cavity'. This work uses a silicon nitride mem-
brane embedded in a silicon frame (depicted in Figure 4.1) as a mechanical oscillator.
The OMS is also called a membrane-at-the-edge system (MatE), as the membrane is
placed close to one end mirror of the Fabry-Pérot cavity. Because a silicon nitride
membrane is used as a mechanical oscillator, its mechanical oscillator properties,
such as its mechanical resonance frequencies and quality factors, are described in
Section 4.1.

Subsequently, in Section 4.2.1, it is shown how the membrane position x,, within
the cavity alters the optical properties of the MatE system and how the optomechani-
cal coupling strength g ach% is derived for this setup.

This description is followed by the actual design and adjustment procedure of the
MatE-system described in Section 4.2.2. Afterwards, in Section 4.2.3, the measured
optical properties of the MatE-system are presented. The membrane position with
the highest coupling strength ¢ is inferred from these measurements.

Finally, the optomechanical coupling strength g is measured utilising two inde-
pendent experiments. Firstly, the coupling strength g is determined in 4.3.1 using
an OMIT experiment, and secondly in Section 4.3.2 with an experiment using conse-
quences of dynamical backaction (see Section 2.5).

4.1 Micro mechanical oscillators

The following sections will discuss the mechanical properties of the SiN membrane in
use. The discussion starts with introducing the mechanical resonance frequencies and
their displacement pattern (Section 4.1.1), followed by the description of the quality
factor Q and the loss channels that limit the quality factor (Section 4.1.2).

4.1.1 Resonance frequencies and mode pattern of square membranes

In this thesis, the mechanical oscillator is a commercially available silicon nitride
square membrane on top of a silicon (Si) supporting frame?, which is shown together
with a schematic of the top and side view, in Figure 4.1.

IDifferent to Figure 2.9, in that the mechanical oscillator is the output coupler of a Fabry-Pérot cavity.
2From Norcada Inc: www.norcada.com.
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(a) Microscope picture of the utilised membrane.

The bright green area illustrates the SiN mem- (b) Schematic top and side view of the SiN-
brane on top of the Si substrate. The Si sub- membrane on top of a Si substrate. Liext and
strate is glued to an additional silicon window Ly denote the SiN-membrane sidelength and
frame clamped to a copper holder. h the thickness of the SiN-membrane.

FIGURE 4.1: a) Photograph of the SiN-membrane and b) its schematic side and top
view.

The shown membrane has a thickness of # = 50nm and an approximate area
of Imm X 1 mm. The substrate, where the membrane rests, is 500 pm thick and
measures 5mm X 5mm in width.

The out-of-plane motion u(x, y, t) of the rectangular membrane in the x-y plane is
governed by the two-dimensional wave equation [SVR16].

o%u

2
oV u=—p3g

=0, (4.1)
with ¢ being the tensile stress and p the mass density. As the membrane is fixed to the
silicon frame, its zero displacements at the edges are used as the boundary condition.
With this boundary condition the eigenfrequencies wm and their corresponding
mode patterns are calculated as

Umn (X, Y, ) = amn cOs(wWmnt) sin(mn%) sin(nnLl) (4.2)
X y
o (m* n?
Wmn =TT | = | =5+ |, (4.3)

with Ly and Ly describing the side length of the membrane (see Figure 4.1b).
In Figure 4.2, the derived membrane mode patterns of different resonance fre-
quencies wmn are depicted and reveal that the mode index m and n are associated

with the number of anti-nodes along their corresponding axis®.

3According to Equation 4.2 m corresponds to the x- and 7 to y-axis.
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(a) Square membrane mode shapes of the (1,1)- (b) Square membrane mode shapes of the (1,2)-
membrane mode. membrane mode.

(c) Square membrane mode shapes of the (2,2)- (d) Square membrane mode shapes of the (2,3)-
membrane mode. membrane mode.
FIGURE 4.2: Square Membrane mode shapes umn(x,y,t = %) of four different

resonance frequencies wmn.

For the special case of a square membrane Ly = Ly = L the eigenfrequencies are

given by
| m? + n?
wm/n - CU1,1 T . (4.4)

A closer investigation shows that for a perfectly symmetric square membrane, two
different mode shapes share the same eigenfrequency wmn®. In this situation, the
eigenfrequencies are called degenerate. In reality, perfect square membranes do not
exist. This is taken into account by expressing Ly = L(1 + ‘57") and Ly = L(1— ‘57") with
|0x| < 1. With this an approximated solution for the eigenfrequency is calculated

as [Hen22]
[ m2 + n? m? —n?
Wmn & W11 5 (1 + 2 1 ) |(5x|) ) 4.5)

Equation (4.5) entails that the degeneracy of the eigenfrequencies is broken for a
small side length difference (|dx| < 1). This degeneracy is also observed in the

4For example, the wy » = wy 1, whereas u15(x,y, 1) # z1(x,y,t).
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measurement discussed in Section 4.3.1 as the utilised membrane is not perfectly
square.

For completeness, the effective mass of the membrane mode is introduced in the
following. The effective mass of the membrane mode m. is derived by calculating
the potential energy Epot of the oscillating membrane as

1
Epot = Ewlznrn/u(x,y,t)dv (4.6)
1 oLiL,h
=5 P X4 Wl A (). 4.7)
h\,d

Meff

Comparing Equation (4.7) with the solution of a one-dimensional oscillator reveals
that the effective mass m. is independent of the mode shape and resonance fre-
quency:

Mgt = = (4.8)

Here mpys describes the physical mass of the membrane. Care has to be taken, as this
result is only valid for a rectangular mode shape. In contrast, for other membrane
topologies (e.g., circular membranes [SVR16]), the effective mass m¢ is, in general,
not independent of the mode pattern and its resonance frequency.

4.1.2 Quality factor of square membranes

In order to conduct quantum optomechanical experiments, mechanical oscillators
must possess high Q-factors to isolate them from the thermal environment. Mainly,
achieving high Q-factors is essential since parameters of the optomechanical system
must satisfy the quantum cooperativity (Cgpa & Q > 1) condition (as indicated in
Equation (2.168)), to enable successful experimentation of quantum effects. For this
reason, this section is devoted to investigate loss channels described by Qfl, which
effectively degrade the quality factor Q. In general, the quality factor Q is written as
the sum of its dissipation mechanism obeying the equation [SVR16]

., ot
Q ans champing Qintr o

For membranes, the dissipation mechanisms denoted in Equation 4.9 are the main
limiting contributions and will be discussed in the following. So, in the context of
this thesis, only a small excerpt of the theory on quality factors is given. For more
details, [Tsa1l9] and [SVR16] are highly recommended.

(4.9)

Gas damping loss

One of the most dominant external loss mechanisms arises under atmospheric pres-
sure due to gas damping. Gas damping appears due to the interaction of gas
molecules with the membrane. Therefore the experimental setup is placed in a
vacuum environment at a pressure P of 10~7 mbar. This pressure is associated with
the so-called ballistic regime [SVR16]. The ballistic regime is characterised by the fact
that individual gas molecules do not interact with each other but only through elastic
collisions with the membrane. Following [Bia+06; SVR16], the loss mechanism due to

1
®Epot = 3mw?,
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gas damping is described by

-1

phwmn [ | RT 1

1 \/:”Z\/ImP] , (4.10)
where R is the gas constant, T the temperature in Kelvin and M, the molar mass of
the gas molecules. In Equation (4.10), the so-called squeeze-film damping is neglected.
This effect describes air being squeezed out between the mechanical oscillator and a
nearby surface due to the oscillator’s motion. However, the presented experiments
are not done within the boundary of squeeze-film damping, as the membrane is
placed far enough away from other objects. Hence, the squeeze-film damping can
be neglected. A rough estimation reveals that for experiments accomplished within
this thesis, gas damping is not a dominating loss mechanism, as for wmn ~ 1 MHz,
T = 300K and i = 100 nm the resulting Q factor Qg is in the order of 1 x 10°.

Qgas = [

Clamping loss

Clamping loss arises due to the loss of elastic energy from the membrane into its
support structure. In literature different names for clamping loss, all describing the
same loss mechanics, exist. These names are anchor loss, radiation loss, mounting
loss, and phonon tunneling loss [Tsa19].

An equation describing the clamping loss of a general mechanical oscillator topology
with resonance frequency wres is given by [WR+11; Tsa19]

2

! & /Sds_ ’ (0150) ’ a;es - Ur/es ’ ﬁt(]O)) (s(wres - w(ﬂ)) , (411)

champing 2P sZP res wlg',es q

where 0ryes, Ures and pres describes the stress, the displacement field and density of the
resonator, whereas 0y, 14 and pq correspond to the substrate. In addition, w(q) is the
eigenfrequency of a corresponding substrate spatial mode, while wyes describes the
resonator eigenfrequency.

For a square membrane, Equation (4.11) can be solved analytically by assuming a
coupling of membranes mode with free modes of a semi-infinite substrate. In this
case, the clamping loss arises due to the coupling of substrate and membrane modes
and is given for a semi-infinite substrate as [SVR16]

ps 5 n*m? L
Pres77 (le + mZ)% h

champing ~ 15 (4-12)

with the acoustic mismatch # between the substrate and resonator

_ [Eqpr
= /pTa' (4.13)

Here Eg is the Young modulus of the substrate. The assumption of a semi-infinite
structure is valid as the substrate is usually much larger than the membrane®.

For the SiN membranes used in this thesis, the clamping loss is a significant
contribution that limits the membrane quality factor Q. The Si chip on which the

membrane is embedded was glued to an additional silicon window frame to ensure

®In a simulation software like ComSol, a semi-infinite structure can be modeled by a so-called perfectly
matched layer (PML).
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outside vibrations are coupled less to the membrane. Of course, this is a naive
approach. A further sophisticated approach would rely on finding a topology that
minimises the loss mechanism given in Equation (4.11). One of these topologies is
a phonic bandgap crystal. In this topology, investigated in [Yu+14], the membrane
is embedded in the middle of a silicon support structure that acts as a band gap for
acoustic waves. Due to this bandgap, the coupling between membrane and non-
membrane modes of the support structure is suppressed within a particular frequency
band. Hence a specific membrane mode can be isolated from clamping losses.

Intrinsic loss

Intrinsic losses are generated by several loss mechanisms, such as thermal elastic
damping [LROO] and phonon-phonon interaction. These and other loss mechanisms
contributing are described in [SVR16; Tsal9].

However, these and other loss mechanisms associated with intrinsic loss will not
be mentioned in the following as a phenomenological description [VS14] leads to a
more compact equation for intrinsic loss.

For the description in [VS14], the quality factors of membranes with different sizes
have been investigated. The results are, that the intrinsic loss Qi;%r can be divided

into surface loss Qs_ulrf and volume loss Qv_oll, yielding
Qintr = Quurt (M) + Qual (414)
= (a ’ h>71 +Q Lol - (4.15)

witha = (6 £4) x 10 m~! and Q,; = 28000 + 2000 [VS14]. Due to the phenomeno-
logical investigation, the error bars are relatively large. Finally, as the name suggests,
eliminating their source cannot reduce intrinsic losses. However, intrinsic losses can
still be diluted, which is discussed next. Based on this dilution, the quality factor of a
membrane reaches higher values than the intrinsic damping suggests.

Dissipation dilution

The stored versus lost energy ratio per oscillation describes the most general form of
the quality factor Q. Therefore, the basic principle of dissipation dilution is to enhance
the quality factor by introducing a conservative energy W7, which is discussed in the
following. In the most general form, the intrinsic quality factor Qin is given by

Q' _ Z Wj _ Wbend + Welong
e AW; ~ AWpend + AWeiong *

i

(4.16)

with W; and AW; describing the total stored energy and the dissipated energy associ-
ated with a process i. In this case, the processes are explicitly given as elongation and
bending of the membrane during its motion. Hence, Wejong and AWejong describe the
stored and dissipated energy associated with the elongation of the membrane, and
Whend and AWp,enq describe the stored and dissipated energy associated with bending
of the membrane. Hence, a high tensile stress of the membrane is desirable, as the
stored energy Wiensj is increased. For the membrane, this tensile stress arises due to
the pre-stress of the membrane during the manufacturing process, as after depositing
the SiN membrane on top of the Si substrate, the materials contract differently during

7Conservative energy describes the energy with no associated dissipation channel
(chonservative = O)~
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cooldown [PM19]. Due to this different contraction, the membrane is pre-stressed,
and a purely conservative energy term arises due to the higher tensile stress (first
measured by [Ver+06]).

In theory the quality factor Qqiution With the purely conservative stored energy
Witress reads [SVR16; Tsal9]

Weensile  Whend + Welong

ilution = 4.17
Qdilution AWpend + Awelong ( )
= DQQintr ’ (4-18)
where the dissipation dilution factor is defined as
Winos
Do= (14 ————tensile ), (4.19)

Whend + Welong

Equation (4.17) reveals that for high tensile energy (Wiensite > Whoend, Welong), the
intrinsic noise is not reduced but diluted, by the added conservative energy term
Wtensile [Cat22]~

For a membrane, the dilution factor can be calculated as [SVR16]

-1
m2(n*+m?)E (h\*> 1 [Eh

sine shape edge shape

A detailed investigation of equation (4.20) reveals that the dilution factor is limited by
losses induced at the clamping point (edge). The reason is that at the edges, the mean
curvature is higher than the ideal sinusoidal mode shape (Equation (4.2))), which is
visualised in Figure 4.3.

FIGURE 4.3: Ideal sinusoidal mode curvature of the fundamental mode of a square a
membrane (grey dashed) together with the corresponding real curvature caused
by bending (orange).

Hence, the dilution factor (see Equation (4.19)) [Tsa19; Cat22] is limited by bending
loss AWpend, which is described by the bending of the membrane at its edges.

The findings introduced in this Section 4.1.2 have been the motivation for the
fabrication of so-called soft clamp membranes [Tsal9; Tsa+17]. For soft clamp mem-
branes, the bending at the oscillating mode is reduced to enhance the dilution factor
and, thus, the quality factor. Also, the soft clamp membrane mode is highly stressed
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to boost the dilution factor Dg even more. Additionally, a phononic bandgap further
isolates the membrane mode from the outside and hence reduces clamping loss. With
that strategy, optomechanical oscillators with a Q-factor of 10° were reached at a
resonance frequency of wyes = 1.135 MHz [Mas+19].

Within this thesis, the membranes show a quality factor of Q ~ 5 x 10° and thus,
even at 4K, will be dominated by thermal and not by quantum backaction noise, as
Cgpa # 1. However, the SiN membranes are an excellent choice to characterise and
investigate the optomechanical system concerning its stability and workability at 4 K.
Once an optomechanical system with high stability and workability is established, de-
vices with higher quality factors, e.g., other membrane topologies, can be used. Based
on this, the next chapter introduces the optomechanical system and its assembling
strategy.

4.2 Optomechanical cavity

421 Membrane at the Edge

The optomechanical setup used in this thesis is a Membrane at the edge (MatE)
system, where a SiN membrane is positioned close to one end mirror. This
configuration is based on the membrane in the middle (MiM) setup, first investigated
in [Jay+08]. Both systems’ theoretical description and comparison can be found in
[Dum+19]. However, the subsequent discussion solely focuses on the MatE system
utilised throughout this thesis.

More specifically, this section aims to establish the relationship between the res-
onance frequency wy,ie of the MatE system and the membrane position xp,. Since
the optomechanical coupling strength ¢ depends on the derivative ach% ( Equa-
tion (2.112)), the membrane position xy, at which the highest optomechanical coupling
occurs can be inferred from the function wyjae (Xm ). Thus, the function wWiaeg (¥m) is
derived in the following, based on the principle sketch of the MatE system depicted
in Figure 4.4.

AXp, Xm

E E

1 i trans
P> Or—

0 «——o0
Ez‘ E4

rin,tirl [out,tout

E

refl

FIGURE 4.4: Principle layout of a MatE system consisting of two mirrors with power
reflectivity R; and transmissivity T;. The distance between the mirrors is given by
the length L, whereas x, denotes the distance between the output mirror, and Axy,
a movement of the membrane.
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As depicted in Figure 4.4 the MatE-system consists of an input mirror and an
output mirror with amplitude reflectivity 7, oyt and transmissivity tin ou¢. The distance
between these end mirrors is denoted as L. In between these mirrors, a SiN-membrane
(Section 4.1) is located close to the output mirror. The distance between the output
mirror and the membrane is defined in the following as

Xh = Xm + AXm, (4.21)

where Axy, describes the membrane displacement around its initial position xp,. Also
as seen in Figure 4.4 the distance between the membrane and the output mirror
is small compared to the cavity length L (x;, < L). It is important to note, that a
change in L does not alter the distance x,, between the membrane and the output
mirror. The distance x},, is solely changed by moving the membrane by Axy,, not the
output coupler. Furthermore, the membrane is characterised as a dielectric slab with
reflectivity , and transmissivity ty,, which is given by [Jay+08]

2 .
e (n* —1) sin(knh)
m = Irm| 2in cos(knh) + (n2 + 1) sin(knh) ’ (4.22)
b = [t = 2n (4.23)

~ 2incos(knh) + (n2 + 1) sin(knh) ’

Here n is the index of refraction, / the thickness of the membrane, k = 27”8 the wave
vector of the light, ¢, the phase of the complex reflectivity , and ¢; the phase of the
transmissivity, respectively. Together with this, the electric field in Figure 4.4 is given

by

Ey = itinEin + rinEpe’(E~m) (4.24a)
E» = irmEme®Fm) 4 it EyeFm (4.24b)
E3 = itmEqe* (b m) 4y Eyefm (4.24¢)
Ey = routEse’m (4.24d)
Erent = itinE2e™ =) 4 14, By (4.24e)
Etrans = itoutEze™m. (4.24f)

From these equations the transmitted field Eirans is calculated as

itintmfout
B _ infmfout . (425
TS kL (rine®(E2) 4 roe =R L250)) (72 4 £2,) PinToue®L (t.25)

As in the case of a non-single-sided Fabry-Pérot cavity (tin, tout > 0), the resonance
condition for the MatE system is satisfied when the power in the transmission reaches
its maximum (also assuming ¢, > 0). This condition is fulfilled if the denominator
of Equation (4.25) is minimal. An approximate solution for this condition is derived
assuming rin out — 1 and a lossless membrane with |rm|? + |fm|? = 17 [Dum+19] and
reads

cos(2kL + ¢;) + |rm| cos(2kx,, — kL) =0, (4.26)

8) is the wavelenght of the light
9AlSO i = |rme®r|, tm = |tme'®|, rmtl, = —r tm and 2@ —¢) = —1 [Dum+19].
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with ¢ being the complex phase of the membrane reflectivity ry,. This equation is
transformed to

cos(¢r) + |rm| cos(2kx,)
sin(¢r) — |rm| sin(2kx%,)

tan(kL) = (4.27)
which will be further approximated in the following.

For a cavity length L > A and considering that the membrane only changes the
resonant wave vector ky = N7!” by a small amount Ak, the wavector k is expressed
as [Dum+19]

k =kn + Ak. (4.28)

Also, kx/, is further approximated, as the membrane is positioned close to the output
mirror (x};, < %), by

kxl, = knxh, + Akxp, &~ xl k- (4.29)
Inserting Equation (4.29) into Equation (4.27) and solving for k results in the resonance
condition expressed as

(4.30)

/
k= kn+ Ak = kn + % arctan {COS(%) * COS(ZkNxm)] ,

sin(¢r) — |rm| sin(2knx7,)

where c is the speed of light. In terms of frequency Equation (4.30) is expressed as'!

wna = 27TN - FSR, + < arctan [ (4.31)

cos(¢Pr) + |Tml| COS(2kNxfn)]
L

sin(¢r) — |rm| sin(2knx7,)

Equation (4.31) shows that the resonance frequency wh.e of the MatE system de-
pends on the membrane position xn,. This dependency of the resonance frequency
over membrane position is shown in Figure 4.5. In this figure, the membrane was
displaced from its initial position x,, to a new position xm, + Axpy,. Therefore the x-axis
is denoted as Axp,.

107, = NA/2.

Wek = wand FSR, = 5T
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FIGURE 4.5: Resonant condition (Equation (4.31)) for the in Figure 4.4 depicted
membrane at the edge system for different membrane reflectivities r,. The initial
membrane position xn, is change by Axm (x), = Xm + Axm). For simplicity the
phase ¢ in Equation (4.31) is set to zero.

Figure 4.5 and Equation (4.31) reveal that the resonance frequency wyae of the
MatE system depends on the membrane position, while the membrane reflectivity 7y,
defines how strong this dependency is. From Equation (4.31) the frequency change of
wwmatt depends on xp, and is given by [Dum+19]

OWMatE _ Zk—NZTrFSRV [7m|? + |7m| cos(2knXm + ¢r)
0xm > |*m|? + 2|7rm| cos(2knxm + ¢¢) + 1

(4.32)

with FSR, = 5.
As mentioned earlier, the optomechanical coupling strength g depends on the deriva-
tive a‘g’xM (Equation (2.112)). By investigating Figure 4.5 one can deduce the po-

sition x;, for which the derivative a‘gxM is highest from the position at which the
slope is highest. This specific positionmis given in Figure 4.5 at Axy, = 0.5A/2 and
Axm = 1.5A/2. Since the derivations of the MatE system were primarily theoreti-
cal, the next chapter is dedicated to providing a more intuitive description of the
relationship between the resonance frequency wyae and the membrane position
Xm. In the following intuitive explanation, it will also become apparent that the
membrane is dissipatively coupled to the cavity light field. The cavity line width
KMatk 1S influenced by the membrane position xp,. On the other hand, the previously
introduced dependency of the resonance frequency wyag on the membrane position
Xm is referred to as dispersive coupling.

4.2.1.1 Intuitive description of MatE system

The intuitive description is based on describing the membrane and the output mirror

as a sub-cavity. As depicted in Figure 4.6a, this sub-cavity is also denoted as a

compound mirror'?.

12Duye to its smaller length
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L compound mirror

(a) The MatE system depicted in Figure 2.2 transformed to a canonical Fabry-Pérot cavity by describing
the membrane and output mirror as a compound mirror

(b) Dependency of compound Mirror reflectivity P,/P1 = (|Ez|?>/|E;1|?) and phase response ¢, on
membrane position Axp,.

FIGURE 4.6: a) MatE system transformed to a canonical Fabry-Peérot cavity by using a
compound mirror and b) compound mirror reflectivity P,/ P1 and phase response.

By introducing the compound mirror, the MatE system can be effectively treated
as a Fabry-Pérot cavity composed of the input mirror and the compound mirror. Also,
as in the previous Figure 4.4, one should keep in mind that a change of the mirror
distance L does not alter the length x,, between the membrane and the output mirror.

4.2.1.2 Dissipative coupling

1y =D - B
m bR
Figure 4.6a) depends on the distance x},, = X + Axmy between the membrane and
the output mirror, as the compound mirror can also be described by a Fabry-Perot
cavity (see Figure 4.6b). Thereby, the line width xyap of a lossless MatE system can
be expressed with the transmissivity Ti, of the input mirror (analogous to Equation

The compound mirror reflectivity Rcompound(x (E12 are depicted in
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(2.30)) as
Tin + T, X
KMat (X)) = compound (¥m) (233)
TRT
_ Ti + (1 — Rcompound<xm)) ) (434)
TRT

Here trt describes the round trip time between the compound and the input mirror.
The exact expression of kpjate based on the compound mirror description can be found
in [Dum+19]

(1= [rml)eltin|? + (1 + 2[rm| cos(2kxm + @) + [m|?)c|tour]

. 4.
230 (1 — 7)) 2(La) (1 + 27| cos(@hxty + @) + Irm®) ~ )

KMatE =

Equation (4.33) and (4.35) reveal that the cavity linewidth xyae depends on the
membrane position, which is denoted as dissipative coupling.

4.2.1.3 Dispersive coupling

With reference to the phase response ¢, depicted in Figure 4.6b, an explanation for
the dispersive coupling (the perturbation of wyag due to the membrane position xp)
will be given. First, it is important to note that the resonance frequency of an empty,
non-single-sided Fabry-Peérot cavity corresponds to the cavity length at which the
intracavity power and hence the transmitted power are maximised (see Figure 2.6 or
[Bon+16]).

Alternatively, the resonance condition is defined based on the phase relationship
between the intra-cavity field E; (as described in Section 2.1.4) and the input field
Einput, resulting in ¢; being equal to N - 277, where N is an integer'. Considering that
the compound mirror induces a membrane position-dependent phase shift ¢, of its
reflected field E; (see Figure 4.6b), it becomes evident that the resonance condition
¢$1 = N - 27 relies on the membrane position x},,. When the compound mirror alters
the phase ¢, of its reflected light, the cavity length L must adjust accordingly to
satisfy the resonance condition ¢; = N - 27t'%. Due to the non-linear relationship
between the phase shift ¢, and the membrane position x},, the resulting resonance
frequency wmate also exhibits a non-linear dependence on x},, (refer to Figure 4.5).
Additionally, Figure 4.5 indicates that the highest resonance frequency change ach%

occurs when the compound mirror is on resonance (Axy, = 0.5%). This is sensible
as the response of reflected phase ¢, of the compound mirror is also steepest at this
membrane position.

For the CQNC experiment (Section 2.6), a suggested coupling strength of ¢ = 500 kHz
is desired (see Table 2.1). To achieve this, the membrane should ideally be placed
at a position where achM and hence the optomechanical coupling strength ¢ are
maximised. However, airectly accessing the frequency wyaie in the experiments
is not possible. The reason is that only the input and output mirror positions are
movable, while the absolute membrane position remains fixed at Axy, = 0 to avoid
noise coupling directly to the membrane. To overcome these constraints and deduce
the resonance frequency wmate OvVer xm, a relative membrane position variation is

13For resonance, the phase of the light after completing one round trip must match the input field
[Bon+16].

4This adjustment can be achieved by moving either the compound mirror or the input mirror since
changing L does not affect x}, (see Figure 4.6a).
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employed by moving the input and output mirrors. The details of this approach are
explained in the following section.

4214 Deducing the resonance frequency in an experiment

Different from the setup in Figure 4.4, the membrane position xp, is fixed in MatE
system utilised within this thesis. Only the position of the input mirror and the
output mirror can be changed. The position change of the input and output mirror is
denoted as Axi, and Axqyt respectively, whereas distance L between the unaltered
input and the output mirror is defined as

L = Xout — Xin - (4.36)
Hence a lenght difference AL is described by
AL = Axout — Axin . (4.37)

Figure 4.7 shows a sketch of the in the experiments used MatE-system, in that also
the distance are visualised. The Figure reveals that the membrane moves relatively
towards to input coupler if the input and output mirror position is changed by the
same amount Axij, = AxXyyt. In this case, the membrane position changes relatively to
the input mirrors by

Axp = —Axip - (4.38)
!
o > O
< 0 <« |
| AXin | AXout
Xin XOUt

FIGURE 4.7: Sketch of the experimental realised MatE system. Different to the setup
in Figure 2.2 the absolute membrane position is fixed. The membrane is relatively
moved with Axy, by moving the input and the output mirror. As in Figure 2.2 the
input mirror is also moveable.

The relations, given in Equation (4.37) and (4.38) will be used later. First, a
simulation of the transmitted power of a MatE system depicted in Figure 4.8 will be
investigated. In Figure 4.8a the transmitted power Pians(AXin, AXout) for the setup
depicted in Figure 4.7 is shown for different position changes Axout and Axi,. Whereas
Figure 4.8b shows the simulated transmitted power over the swept input position
Axip for a fixed output coupler position Axout = %% (indicated by red dashed line in
Figure 4.8a)).
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FIGURE 4.8: Upper Figure a: Simulated power Pirans (AXin, AXout) for various input
coupler positions Axj, and output coupler positions Axgyt.
Lower Figure : Simulated transmitted power Pirans(AXin, AXout = %%) for fixed
output mirror positions Axgy: over input mirror position Ax;y.

Figure 4.8a illustrates the simulated transmitted power Pirans(AXin, AXout) for
various input coupler positions Axi, and output coupler positions Axquyt.
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Additionally, Figure 4.8b emphasizes the construction principle of Figure 4.8 by
showing the transmitted power over the input position xj, for xout = %% (indicated
by the red dashed line in Figure 4.8a). Figure 4.8 highlights also the distance between
consecutive resonances, denoted by A /2. These successive resonances are precisely
defined by

A A
Prrans (AX[S®, Axgy) = Prrans (AXTS® + jE,Axge;t +1 E) (4.39)

mn /

with [,j € Z and Ax{S . being the position of the input and output mirror at which
the resonance condition is fulfilled. The distance between the consecutive resonance
of A/2 is worth noting as it will be used in the real experiment to calibrate the
piezoelectric actuator movement (see Section 4.2.3).

In the following it will be explained, how the resonance frequency ww,ir over
membrane position xn, can be extracted from the power Pirans(AXin, AXout) depicted
in Figure 4.8a. In the utilised MatE system, the transmitted power Pirans (AXin, AXout)
over the end mirror position alone does not provide direct access to the resonance
frequency as a function of the membrane position xp,. The cavity length difference AL
and the relative membrane motion can be calculated using Equations (4.37) and (4.38),
which are derived from the input position and output mirror position changes Ax;,
and Ax,u. By applying the transformations from Equations (4.37) and (4.38), the
transmitted power Pians(AXin, AXout) can be converted to Prrans(AXm, Aw). This trans-
formation process is depicted in Figure 4.9 and is based on this figure explained in
the following.
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FIGURE 4.9: Recipe to transform Pirans(AXin, AXout) t0 Pirans(Axm, Aw). Following
transformation or done in between: Figure a) to b) P(Axin, Axout) — P(Axin, AL),
Figure b) to ¢) P(Axin, AL) — P(Axin, Aw) and
Figure ¢) to d) P(Axin, Aw) — P(Axm, Aw).

Further informations are in the text.

The transmitted power Pirans (AXin, AXout) Shown in Figure 4.9a is first transformed
to Pirans(Axin, AL) (Figure 4.9b) using AL = Axout — Axin (Equation ((4.37))). Since a
cavity length change AL corresponds to a resonance frequency shift Aw, given by
(Equation ((2.26)) and 2.27 Section 2.1.4)

Weay +Aw = N -2nFSR, + A, = N - FSR) + AL = Lyes + AL (4.40)

the cavity length change AL is used to further transform Pians(Axin, AL) to
Ptrans (ijn, Aw) .

With the last transformation step (using Equation ((4.38))), it is shown that from a
power measurement P(Axin, AXout) @ power measurement P(Axm, Aw) is deduced.

Hence, as depicted in Figure 4.9 from a measurement of the transmitted
power P(Axin, Axout) (Figure 4.9a) the power P(Axm, Aw) (Figure 4.9d) is deduced.
Figure 4.9d shows the resonant condition of the MatE system for different membrane
positions, and is used to deduce the position of the membrane x,, at which the
membrane position modulates the resonance frequency wyatg most. Thereby, from
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Figure 4.9d membrane position x, at which the optomechanical coupling strength
g 32’% is highest, can be deduced.

The next Section 4.2.2 addresses the design and assembling process of the utilised
MatE system. The assembly is followed by Section 4.2.3, which discusses a measure-
ment of P(AxXin, AXout) and its transformation to P(Axpy,, Aw).

4.2.2 Design and assembly of the MatE cavity

Following the investigation carried out in [Sch+22], resulting in the parameters given
in Table 2.1, the optomechanical cavity’s linewidth should be 2 MHz. To meet this
criterion, the MatE-cavity parameters provided in Table 4.1 were chosen.

Parameter Symbol Value
Power Reflectivity Rin ~ 99.6 %
Radius of curvature  RoCj, 50 mm
Power Reflectivity Rout ~ 99.9995 %
Radius of curvature  RoCgyt 00
Cavity length LMate 48.5 mm
Cavity linewidth KMatE ~ 2MHz
Free Spectral Range  FSR;, ~ 3.1GHz
Waist size wo ~ 60 um
Waist position 20 at flat output mirror
Membrane size Ly x Ly =~ 1000 pm x 1000 pm
Membrane thickness h ~ 50nm

TABLE 4.1: Parameters of the MatE-cavity.

Moreover, in order to prevent direct clamping of the membrane structure to its
holder, the membrane chip was glued to a 10 mm x 10 mm silicon window frame with
an aperture size of 5mm x5 mm (see Figure 4.12a).

To achieve a desirable high escape efficiency 75;; (Table 2.1) the reflectivity of the
input mirror Rin = 99.6% and of the output mirror Rout = 99.9995% were selected
(nominal escape efficiency 15y ~ 98%). Due to the radii of curvatures of the cavity
mirrors, the waist position is on the flat output mirror and has a size of 60 um. In
order to avoid losses due to clipping and to minimise losses arising due to a mode-
mismatch between the low-reflecting membrane and the curved input mirror, the
membrane is set to a position near the waist wy (close to the output mirror). To
prevent additional losses, it is important to ensure that the angular alignment of the
membrane is orthogonal to the cavity axis. To facilitate this and further adjustments,
a separate alignment stage, shown in Figure 4.10a has been set up. The alignment
procedure, depicted in the following figures, is discussed next.
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(a) Schematic and picture of the alignment stage for the optomechanical system.

(b) Picture of the assembled optomechanical system

FIGURE 4.10: Picture of alignment stage (a) and the optomechanical system(b)

In Figure 4.10a the alighment stage which guides the beam to the optomechanical
system can be seen. The light arrives via a fibre at input of the alignment stage (upper
left. green). Two lenses are used for mode matching purposes, whereas the steering
mirror in concordance with the tiltable fibre coupler are used to align cavity and
optical axis.
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Before starting with the alignment procedure, it is worth noting, that the op-
tomechanical system, as depicted in Figure 4.10b, is made out of copper to ensure
thermalisation in cryogenic environment. To ensure a tight fit of all connection, the
screws are made of nickel-plated brass, as these contract slightly more than copper
during cool-down.

(a) Rough alignment of cavity (b) Finer alignment of the beam (c) Alignment of bare cavity
and beam axis via apertures. axis. (without membrane).

In Figure 4.11a the first alignment step can be seen, in which two apertures are
used to roughly align the beam to the cavity axis. Once this is achieved, the second
aperture is replaced by the flat output mirror (Figure 4.11b) (glued to the piezoelectric
actuator PZToyt), which reflects the light back to the fibre. A A /4 wave plate, ensures
that the reflected beam travelling back trough the fibre is detected at the photodiode
PDeni. Measuring of the maximal amount of the back-reflected light, entails that the
beam axis is best aligned to the cavity axis. This alignment is done via fine adjustment
of the steering mirror and the tiltable fibre coupler. Subsequently the remaining
aperture is replaced by the curved mirror (glued to the piezoelectric actuator PZT,).
While ramping PZT,,: the output power was monitored in transmission and the
curved input mirror was moved in x-y direction'®and the lenses (lens 1 and 2 in
Figure 4.10a) were aligned in such a way, that only the TE Mgy becomes visible. With
this the bare'® cavity is aligned. Once aligned the position of the lenses and the
steering mirrors were fixed.

155 direction given by the cavity axis.
6without the membrane.
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(a) Alignment of membrane to beam and cavity axis.

FIGURE 4.12: Alignment steps 1

The input mirror is removed within the next step (Figure 4.12a), and the membrane
with its holder is inserted. To align the membrane to the cavity axis, an additional
lens, widening the beam profile is inserted in front of the cavity. This allows clear
imaging of the membrane and detection of the interference fringes arising due to
the etalon build by the membrane and the flat output mirror (left in Figure 4.12a).
The rubber ring between the membrane holder and the mirror allows for tilting the
membrane holder with respect to the flat mirror by tightening /loosening the three
screws shown in the right inset of Figure 4.12a. By Manipulating the screws, one
can get rid of interference stripes originating from a tilt between the membrane and
the flat mirror. Once the interference pattern is no longer visible, the membrane
and mirror can be assumed to be parallel. With this, the membrane is also aligned
orthogonal to the cavity axis.
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(a) Alignment of cavity with
membrane inserted. (b) Final aligned MatE-system

FIGURE 4.13: Alignment steps 2

Finally, after removing the widening lens, the input mirror is reinserted (Fig-
ure 4.13a), and moved to a position where cavity resonance appears once more in
transmission while PZ T, is ramped. When the alignment process is successfully
completed, copper feet are fixed to the cavity, which are used for mounting the entire
optomechanical system to the cold plate of the cryostat. The membrane positioning
along the cavity axis, to address the position of the highest optomechanical coupling
g (theoretically explained in Section 4.2.1), is discussed in the following section.

4.2.3 Optical characterisation of MatE-system

This section will describe the optical characterisation of the MatE system. The aim is
to determine the resonant frequency wwatg With respect to the membrane position

Xm. As the optomechanical coupling strength g is proportional to <a(gx%>, the
membrane position xn, at which the coupling strength g is highest is inferred from
the measurement presented in this section.

For this purpose the setup depicted in Figure 4.14 is used. As shown, a probe
beam, a calibration beam (calib.), the membrane-at-the-edge (MatE) cavity inside a
cryostat, and photodiodes in the transmission of the OMS are used for the experiment.
Also, a fiber-coupled GHz EOM and an oscilloscope connected to a computer are
utilised. The purpose of these components will become apparent in the following. For
the characterisation, the response of the probe beam with power Pyrohe = 1 mW for
different mirror positions of the MatE-system is measured in transmission of the MatE
system (described in Section 4.2.2), which is located within a cryostat. Unfortunately,
no measurements at cryogenic temperatures were performed within this thesis, as
it was not possible to lock the MatE system at cryogenic temperature. This is most
likely caused by the dynamic range of the piezoelectric actuator, which drops to 10%
at 4K or it is caused by glue joints breaking during cool-down. Nevertheless, the
MatE system is located in the cryostat because even at 300K a pressure of 10~7 mbar
was achieved. At this pressure, the quality factor of the membrane is not limited by
gas damping (see Section 4.1).
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During the characterisation measurements, the absolute position of the membrane
remains fixed. In contrast, the relative motion of the membrane within the MatE cavity
is adjusted by changing the positions xi, and xou: of the input and output mirror (as
in Figure 4.7). An input mirror position change is in the following denoted as Axj,. A
position change Axj, is induced by applying a driving voltage Vi, to a piezoelectric
actuator PZT;, attached to the input mirror. The driving voltage Vi, is linearly swept

over time between 32.5V and 96.8 V with a frequency of 0.67 Hz. Throughout this

linear sweep, the transmitted power Pgans measured by the photodetector PDE,f;Ze

and the applied sweep voltage Vi, (used as a trigger) is recorded using an oscilloscope.

cryostat
T=300K @ 10 "mbar
Xin Xout b
PBS |~AXi |KX°“‘ PBS F>D‘:rans
Erobe beam l 3 é N N .
[2

calib. beam
sidebands

. char.
b b I:)Dtran.s

Vout

GHz

oscilloscope
EOM
REciatd
q out Jn _in in
calib. beam

FIGURE 4.14: Setup to measure the power of the MatE-system for different combina-
tions of input and output mirror position changes Axin out-

The input mirror position sweep is done for different mirror positions xout + Axout.
Therefore, variations in output mirror position Ax,. are achieved, by using the
piezoelectric actuator PZT,; attached to the output mirror. Differently from the
input mirror position, the output mirror position was changed in steps. After one

input mirror sweep at a fixed output mirror position, the measured transmitted power

PP and the sweep voltage Vi, are recorded on the oscilloscope, which sends the

recorded data to a computer. After recording the data, the oscilloscope, in conjunction
with an HV-amplifier, generates a step voltage of 0.27V, that is applied to the PZTout

increasing Axoy¢ of the output mirror. The transmitted power P,gans , is measured this
way, for 240 voltage steps, corresponding to 240 output mirror positions Axqys. For
every measurement, the oscilloscope is triggered to the sweep voltage Vi, that drives
the input mirror position change Axiy. Thereby, for 240 linearly increased output

mirror positions, the transmitted power Pgans was measured while the input mirror

position was linearly swept. In that manner, an array of 240 x 92000 data points

was recorded. This recorded data of the transmitted probe power P@Qﬁﬁe(\an, Vout) is

presented in Figure 4.15.
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FIGURE 4.15: Measured transmitted power Pt}i;(r)ze(\/in, Vout) over the voltage Vip out-

In Figure 4.15, some spatial higher-order modes are visible (one is marked by
the red dashed ellipse). These are caused either by a slight misalignment of the
membrane with respect to the fundamental mode of the cavity or by a mode mismatch
or misalignment of the input beam to the cavity. The higher-order mode contributions
are negligible for the optomechanical experiments within this thesis, as these are not
overlapping with the fundamental mode and are comparably small. The red dashed
line in Figure 4.15 marks the DC voltage Vout = 135-0.27V = 36.45V applied to the
piezo PZ Ty, which was used for measurement of the coupling strength g discussed
in Section 4.3.1 and 4.3.2.

The measured data shows a distortion in Viy-axis compared to the theoretical

model shown in Figure 4.8 caused by a non-linear PZT behaviour. A comparison of

Pprobe

the measured transmitted power P, .

sion Pg;?ll;e(Axm, AXout) (Figure 4.8) reveals that there is a high agreement. However,

the measured power ng‘;’f;e(vm, Vout) is distorted with respect to simulated power

Pg;?ge(Axin, Axout). This distortion is best identified in Figure 4.15 by the red marked
lines denoted by AVin1 = 19.19V and AVj,» = 22.47V. These lines represent the
distance between two consecutive resonances at a fixed output mirror position and
have an unequal length. The voltage AVi, 1 and AVj, » would be equal (corresponding
to A/2), if the piezoelectric actuator’s applied voltage Vi, and Vot caused a linear
displacement of its attached input and output mirror. Hence, the distortion is due

(Vin, Vout) (Figure 4.15) with a simulated ver-



Chapter 4. Optomechancial Setup 109

to the non-linear displacement response of the piezoelectric actuator to its applied
voltage [LSP12].

To calibrate the position change Axi, of the input mirror over the voltage Vi,
applied to PZTi, the calibration beam (calib.), depicted in Figure 4.14, is used. This
characterisation beam is phase-modulated. The phase modulation allows to identify
the FSR of the cavity and thereby is used to convert the PZT voltage into a length
displacement. The generation of the calibration beam is explained in Section 3.2.

The carrier frequency of the calibration beam in the MatE-system spatially over-
laps with the probe beam, but the polarisations of both beams are orthogonal. Hence
they can be separated using polarisation beam splitters (PBSs). Additionally, in-
terference and beating between the two beams is avoided due to their orthogonal
polarisation. This orthogonality is essential, as both beams have the same carrier

frequency wp. Due to their polarisation, their power PDEﬁjse and PD{ can be
measured independently in transmission after the beams are spatially separated by a
PBS.

For calibration purposes, the power P& of the phase-modulated calibration
beam is measured in transmission. At the same time, the output mirror position
Xout is fixed, and the input mirror position is swept by applying the voltage Vi,
to PZTi,. For this configuration, the MatE-system’s free spectral range FSR, is
extracted by linearly changing the modulation frequency w4 of the fiber-EOM
affecting the calibration beam. The modulation frequency wp,q is increased linearly
until the generated upper and lower sideband overlap in the measured transmitted
signal detected at PDER% (detailed explanation in Section 3.2 and Figure 3.4). With
that, the FSR, for the MatE system is measured as FSR, = 3.1129 GHz. Once the
FSR, is measured, the modulation frequency wy,,q of the phase modulation is set
t0 Wmod = %F SR, to create sidebands at wy + %F SR,. A time series of the detected
power in transmission of the probe, the phase-modulated calibration beam and the
sweep voltage Vi, is depicted in Figure 4.16. As illustrated in Figure 4.16, the distance

between the generated sidebands is %18.

7This is an arbitrary choice. Other ratios would also be possible.
18one FSR, corresponds to A /2 (Section 2.1.4).
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FIGURE 4.16: Transmitted probe Pﬁ;’ge (blue) and calibration beam power P (red)

at a fixed output mirror position x,,t over time, while the voltage Vi, (yellow) is
swept linearly in time. The voltage Vj, applied to the piezoelectric actuator PZT;,
to sweep the input mirror position is shown in yellow. Also, as an example, some
distances of the sidebands and the carrier (FSR and FSR/3) are depicted. The
corresponding voltage between the fifth and sixth transmission peak AVy and
between the sixth and seventh transmission peak AV; of the calibration beam is
shown exemplarily. As depicted each voltage difference AVg and AV; corresponds
to a input mirror movement movement of Axj, = A/6.

The voltage Vi, applied to the piezoelectric actuator PZT changed the input mirror
position, resulting in resonances at different positions for the carrier and sidebands
of the calibration beam in the optomechanical system (as shown in Figure 4.16). By
measuring the calibration peaks in transmission and analysing their non-linear tem-
poral spacing, the measured voltage Vi, can be calibrated in units of A. For example,
the voltage difference between the fifth and sixth transmission peaks (Vg = 5.8 V)
corresponds to A /6. Similarly, the voltage difference between the sixth and seventh
transmission peaks (AV; = 7.1V) also corresponds to A/6. Therefore, by utilising
the sidebands of the calibration beam, the non-linear response of the input mirror
motion can be calibrated in terms of A. The resulting calibration curve of the mirror
displacement Ax;, in units of A over the voltage Vi, can be seen in Figure 4.17. This
figure shows the extracted data points from Figure 4.16 and a polynomial fit of sev-
enth order to this point. A seventh-order polynomial is selected based on its ability
to resemble best the displacement over voltage dependency depicted in [LSP12].
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FIGURE 4.17: Calibration curve of the mirror displacement A;, in units of A over the
voltage Vi, applied to the piezoelectric actuator attached to the input mirror.

As the output mirror is moved in steps (by applying 240 times a step voltage
Vout of 0.27V to PZT,yt) and not linearly swept, the previously explained calibra-
tion procedure cannot be used. Hence the calibration of the displacement over
voltage Vit is done more coarsely. Namely the vertical distance of consecutive res-
onances at Vi, = 32.5V, denoted as AV, and AVyy» in Figure 4.15 are used
to transform Vyyu to Axoy. Their voltages are given by AVyy1 = 22.68V and

AVoutp = 19.71V. With these calibration the measured power Ppmbe(Vin, Vout) can

trans
Pprobe

be transformed to P,

(Axin, Axout). Following the transformation procedure ex-
plained in Section 4.2.1 (Figure 4.9) the measured transmitted power PprObe(Vin, Vout)

trans

can be converted into ng‘f;e(xm, Aw). The transmitted power Pg;?ge(xm, Aw) ob-

tained from these transformations is depicted in Figure 4.18.
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FIGURE 4.18: Transmitted power Pg;ige (Axm, Aw) transformed from Pg;’ge(wn, Vout)

(Figure 4.15). The Figure is used to deduce the highest coupling strength g, as

OWMatE
g o TGk,

From Figure 4.18 the membrane position x,, with the highest optomechanical
coupling strength g (g o a‘gglf ) can be inferred. Also, the red dashed line transformed
from Figure 4.15 is depicted. This dashed red line indicates the membrane position xp,,
which is used during the coupling strength ¢ measurements presented in Section 4.3.1
and 4.3.2. As seen in Figure 4.15, this relative membrane position xy, is attained by
applying a DC voltage of Vi, = 36.45V to the output mirror piezoelectric actuator
PZ T,y At this voltage, the resonance frequency wiaik is reached by locking the MatE
cavity via the input mirror on resonance. Consequently, the dashed red line reveals
that the membrane is positioned near the location with the highest optomechanical
coupling strength g(g a‘;{%).

The indicated membrane position and resonance frequency is addressed during
the subsequent experiments. These experiments are used to measure the optome-
chanical coupling g. Therefore, in Section 4.3.1, the optomechanical coupling strength
is measured by using the OMIT effect (introduced in Section 2.5.5), whereas in
Section 4.3.2 the effect of dynamical backaction (DBA) (introduced in Section 4.3.2.1)
is used.
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4.3 Measurement of optomechanical coupling strength ¢

In the two following sections, experiments for measuring the coupling strength g will
be discussed. Section 4.3.1 focuses on the OMIT experiment, whose theory is outlined
in Section 2.5.5. Almost all relevant parameters of an optomechanical system can be
deduced from the OMIT experiment. This section is followed by Section 4.3.2, where
the effect arising from dynamical backaction is used to measure the coupling strength
g. The theory for dynamical backaction is discussed in Section 2.5.2.

4.3.1 OMIT measurement

This section discusses the experiment and the measurement of the OMIT effect (see
Section 2.5.5).

As explained in Section 2.5.5 in an OMIT experiment, the phase modulation of
an input field ;" is converted by the optomechanical system (OMS) into amplitude
fluctuations 6 X34 . ¥ in transmission. The resulting amplitude fluctuations 6X3% o
(Equation (2. 140)) are expressed in terms of a complex transfer function as

_ Strans(w) 5X8$R( )_ C((U)
Ao = g ) - B) O T My G

Here B(w) describes the modulation depth of the input phase modulation, ai" the
amplitude of the phase-modulated input field, Copr a proportionality factor and

i C]E/I () ) the conversion of the phase modulated input field to the amplitude quadra-

ture 6 Xgn' ; in transmission. The conversion is driven by the detuned cavity, described
by C(w), and by the optomechanical interaction, described by (1 — M(w))~!, respec-

tively. As discussed in Section 2.5.5, from C]SA() y most relevant parameters of the
optomechanical system can be deduced. Therefore within the presented OMIT ex-
periment, a signal Sieference proportional to the modulation depth f(w) and a signal
Strans proportional to the amplitude fluctuation (Snglt,R in transmission of the OMS is
measured.

The experimental setup to achieve these measurements is depicted in the fol-
lowing Figure 4.19 and will be explained in two steps. First, the Mach-Zehnder
interferometer (explained in Section 2.1.3) will be discussed, followed by a brief
discussion of the optomechanical system in conjunction with the direct detection

scheme in transmission.

9Subscript R indicates the right mirror (output mirror) at which the transmitted signal 5Xg;1‘f R leaks
out.
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FIGURE 4.19: Sketch of the experimental OMIT setup, consisting of a Mach-Zehnder-
interferometer, a cryostat (used as a vacuum chamber) containing the optomechan-
ical system (OMS = MatE system), a network analyser, an oscilloscope and various
photodiodes. The LF output of the photodiodes is used for locking or monitoring
purposes, whereas the HP outputs are used as the inputs for the network analyser.
Detailed description in the text.

The highlighted Mach-Zehnder interferometer (MZI) in Figure 4.19 is used to
measure the signal S;eference Which is proportional to the modulation depth B(wp)
and is theoretically described in Section 2.1.3. A broadband electro-optic-modulator®’
(EOM) is placed in one arm of the MZI. This EOM is driven at frequency wy, via the
LF output of the shown network analyser’! and hence generates on its traversing
light field due to phase modulation sidebands at 4w, with a modulation depth
B(wp). As emphasised in Section 2.1.3, the MZI consists of variable beamsplitters
formed by A/2 wave-plates in conjunction with polarising beamsplitters (indicated
by dashed boxes in Figure 4.19). These tunable beamsplitters split the power such
that 500 uW of the phase-modulated light interferes with 500 uW of the non-phase
modulated light of the other MZI arm at the 50/50 power beamsplitters at the output
of the MZI. Furthermore, 1 mW of the phase modulated light is sent as the input
light ai"?? to the OMS. As discussed in Section 2.1.3, the mid-fringe locked MZI
measures a signal proportional to the phase modulation B(w;) generated by the
EOM. Hence, the photodetector PDy;z1 1ok at one of its outputs is used to stabilise
the MZI at mid-fringe?®. At the other output of the locked MZI, the signal S;eference
proportional to the modulation depth B(wy) is measured by the photodetector PD.
The high-pass (cut-off frequency < 1kHz) filtered output of the detected signal is
sent to the network analyser, which uses the signal as the reference signal Siefercnce fOr
the transfer function (denominator of Equation (4.41)). The low-pass filtered output
is sent to an oscilloscope and monitored to keep track of the MZI lock. With this, the
reference signal of the transfer function Homir(w) is measured. The optomechanical
system and the measured transmitted amplitude fluctuations 6X3'; are explained in
the following.

2QUBIG PSA2M-NIR.

21 Agilent E5061B.

22ts power is denoted as PI" in Figure 4.19.
23The locking bandwidth is below 10 kHz.
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As mentioned in the previous description, 1 mW of phase-modulated light is
sent to the optomechanical system, which is placed inside a cryostat. The cryostat
is used as a vacuum chamber in this experiment, as it was impossible to lock the
cavity?* at 4K. The pressure at 300K was detected as 10~ mbar. As explained in
Section 4.2.3, the membrane was positioned by the DC voltage Voue = 36.45V applied
to the PZT,. The power in the transmission of the optomechanical system was
measured by two photodetectors, both utilising a direct detection scheme (2.3.1).
Hence, both photodiodes are generally susceptible to the transmitted amplitude
quadrature fluctuations (5X°‘lt However, the photodetector PDojs, 10ck Was used
to lock the optomechamcal system on the side at roughly A = x/2. The second
photodetector PDjrans in transmission measured the signal Sians proportional to
0Xg- Also, in transmission, the high-pass filtered output of the photodetector
PD\rans (cut-off frequency < 1kHz) is sent to the network analyser. Additionally, the
low-pass pass filtered output of PDi.ns was sent to the oscilloscope to keep track of
the optomechanical cavity lock.

For accomplishing the OMIT measurement, the network analyser generates an RF
tone (10dbm)?®> which is sent to the EOM and thereby induces a phase modulation
with modulation depth B(wp) to the beam ai". The frequency wp, of the RF tone is

swept while at the same time, the network analyser measures the transfer function

Clw)
1-M(w)

First, the measured transfer function of a broad frequency sweep (200 kHz to 8 MHz),
which is depicted in Figure 2.12, will be discussed.

using the reference signal Syeference and the transmitted signal Sirans as inputs.

FIGURE 4.20: Magnitude |Howmr(w)| and phase response arg(Howmr(w)) of OMIT
response Howmit(w) in a broad frequency range (from 200 kHz-8 MHz).

In Figure 4.20 the magnitude and phase of the transfer function Homit = %

over the modulation frequency w,, are shown. The dip-peak features due to the OMIT

effect (explained in Section 2.5.5) will be discussed separately in the next figure.
Hence, first, the use of the transfer function Homir over a broad frequency range

(Figure 4.21 is explained first. The theoretical OMIT response over a broad frequency

24Probably due to the dynamic range of the piezo, which drops to 10% at 4K or due to broken gluing
joints during cooldown.
25This creates a small modulation depth B(wp), as a nonresonant EOM is used.
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range (200 kHz to 8 MHz) depicted in Figure 2.12 is used to deduce the optical pa-
rameters of the optomechanical system, as the broadband response entails mainly
the cavity transduction C(w) (apart from the peak-dip features). Hence, by glob-
ally?® fitting the measured magnitude and the phase response of the OMIT response
Homir(w) over a broad frequency range with a least-square fit % to C(w), the con-
stant Comrt, the detuning A and the linewidth « of the optomechanical system are
deduced. These parameters are given as

x/(27) = (2.09 4 0.08) MHz (4.42a)
A/(27) = (1.06 + 0.05) MHz (4.42b)
Comrr = (1.90 £ 0.11) MHz.. (4.42¢)

Here the error indicates the 95% confidence interval. After measuring the transfer

function Homir over a broad frequency range, the sweep range of the modulation
frequency is changed to a narrower range near a peak-dip feature, which is also
visible in Figure 4.20. For instance, in Figure 4.21, the sweep range was set to 392 kHz-
394 kHz.

FIGURE 4.21: Magnitude |Howmir(w)| and phase response arg(Howmr(w)) of OMIT
response Howmt(w) in a narrow frequency range around the resonance frequency
(4]1’1.

Figure 4.21 illustrates the OMIT transfer function Homir(w) in a narrow frequency
range around the resonance frequency wi ;. Also depicted in Figure 4.21 is the fit
result to the data and the, from the fit extracted, mechanical linewidth 7 1, resonance
frequency wi; and the coupling strengths g1 ;.

In the following, the fit procedure is outlined. The mechanical resonance frequency
w11, linewidth 77 1, and mechanical coupling strength ¢; 1 of the (1,1) membrane
mode are determined by globally fitting the magnitude and phase response of the
transfer function Homit to the measured data. The fit was accomplished by a least-
square method, which uses initial guessed values for x, A, and Comir, obtained from

26Globally refers to the simultaneous fitting of multiple datasets, which share the same parameters.
27Done with MATLAB - The Math Works, Inc. MATLAB. Version 2019a, The Math Works, Inc., 2020.
Computer Software.
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the fit to the broad OMIT-response (equation (4.42) and Figure 4.20). Remarkably?®,
the fit values for x, A, and Copr extracted from the narrow transfer function HopmiT
and the phase response arg(Homir(w)) around the mechanical features (e.g., Fig-
ure 4.21) are found to be consistent with the initial estimates, falling within their
confidence intervals.

The extracted values are presented in Figure 4.21 and Table 4.2. Additionally,
the effective linewidth ’y‘ff{ = Tm + [opt and frequency shift 6Q)11 = w1 — wff{ are
depicted in Figure 4.21. These values are calculated using the fit values according to
Equation (2.123).

The measurement principle and fit process are repeated for 13 membrane modes
(dip-peak features), and detailed data and fits are provided in Appendix D. Table 4.2
presents the extracted parameters of these measurements. The extracted values for x,
A, and ComT remain consistent with the initial estimates for all fits; therefore, they
are not included in Table 4.2.

modenumber W/ (277) Ymn/ (277) gmn/ (277) Qmn[10°]
1,1 3932kHz (3.2+04)Hz (55.58+1.04)kHz 1.22+0.15
1,2 6229kHz (5.0+1.7)Hz (771+£0.8)kHz 1.24+0.42
2,1 621.0kHz (2.6+1.2)Hz (21.9+£0.2)kHz 2.39+1.10
2,2 787.7kHz (2.0+0.6)Hz (622 +£0.3)kHz 3.94+1.18
1,3 881.1kHz (1.6+0.3)Hz (470+0.8)kHz 5.51+1.03
3,1 - - - -
2,3 1004.3kHz (44+12)Hz (4458+0.65)kHz 2.28+40.62
3,2 1001.5kHz (74+17)Hz (15.82+0.23)kHz 1.354+0.31
3,3 1180.1kHz (1.54+0.2)Hz (6.6+0.5)kHz 7.87+1.05
14 11489kHz (8.7 +0.2)Hz (13.3+0.3)kHz  1.324+0.03
41 1145.0kHz (6.0 £0.2) Hz (28.3+£0.7)kHz  1.9140.06
24 12454kHz (52+29)Hz (177 £05)kHz 240+ 1.34
42 1242.6kHz (4.1+24)Hz (389+0.1)kHz 3.034+1.48
3,4 1392.6kHz (6.1 £2.2)Hz (446 £0.7)kHz 2.28+40.82
4,3 1388.94kHz (4.6 +1.8)Hz (29.0£0.7)kHz 2.284+0.82
44 1573.36kHz (1.5+0.5)Hz (8.0+£0.4)kHz 10.49+3.50

TABLE 4.2: From OMIT measurement extracted resonance frequency wm,n, mechani-

cal linewidth ym n and coupling strengt gm n of 13 different membrane modes. Due
to a measurement error, it was not possible to determine the parameters for the
(3,1)-mode.

The errors in Table 4.1 indicate the 95% confidence interval of the fit values. The
uncertainty of the deduced different membrane mode resonance frequencies wp, is
not given, as it lies in the sub-Hz regime. Contrary, the uncertainty of the mechanical
linewidth ym n is relatively large. This could be improved by taking additional mea-
surements around the resonance frequencies wn, » with higher resolution bandwidth.

28Remarkably also, because all fit functions used unbounded fit parameters.
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However, the measurement time for each resonance was already approximately
15 min. From the different membrane mode resonance frequencies wm n given in table
4.1, one can infer that the membrane is not perfectly square, as, for example, the (2,1)
and (1,2)-mode frequency wi, and w» 1 are not degenerate (explained in 4.1).

Also, Table 4.2 reveals varying coupling strengths ¢m n between different mem-
brane modes of resonance frequency wm . This variation arises from the different
spatial overlaps between the Gaussian beam profile of the intracavity field and the
membrane mode profiles (Figure 4.2), which is discussed next. The spatial overlap
integral #/m n, is defined as follows [Nie+17]:

2
Hmn(X,y) = exp —w0<gm>(m2k)2( + nzké) sin(mkyx) sin(nkyy), (4.43)

where kyy = {7, and Lyy represent the sidelengths in the x and y directions, re-

spectively. The garameter wo(xm) corresponds to the waist size of the beam at the
membrane position xn, [KL66]. The coordinates x and y denote the beam position on
the membrane, with the origin (0, 0) located at the middle of the membrane (Ly/2
and Ly /2).

Considering the overlap-integral, the optomechanical coupling strength gmn
given by (compare with Equation (2.112))

8= \/E&gﬂxzpf‘x — §mn = \/Enm,n(xr y)(swﬂxzpf‘x' (4~44)
Xm axm
Hence, due to the overlap integral, the coupling strength gm n of different membrane
modes m, n differs.

By employing a likelihood function, the beam position on the membrane can
be estimated based on the varying coupling strengths ¢m . The detailed procedure
is outlined in [Nie+17]. Figure 4.22 presents the result in this context. For the
calculation, shown in Figure 4.22 a waist size of wy(xy) = 56 pm and a side length of
Ly = Ly = 1050 pm has been used?’.

PInferred from a microscope picture.
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FIGURE 4.22: Estimated beam position. White contour shows the (1,2)-mode displace-
ment pattern pattern.

Figure 4.22, shows the estimated beam position (bright spots), suggested by the
likelihood function used from [Nie+17], together with the mode-pattern of the (1,2) -
mode. It shows that the beam incident is close to the (1,2)-mode of the membrane.
The membrane was intentionally coarsely adjusted to this position, as more modes
could be measured at this position due to the overlap.

In summary, this section explained the OMIT measurement. It revealed that the
OMIT measurement enables quick and fast access to the most relevant optomechanical
parameters, especially to the light-enhanced coupling strength ¢mn. The coupling
strength ¢ will be measured in the next section by measuring the consequences of the
dynamical backaction.

Before describing the dynamical backaction experiment, it is important to note
that the membrane’s usability for quantum backaction noise-limited experiments
is inadequate. All values in Table 4.2 and the cavity linewidth x (Equation (4.42)),
assuming a temperature of 4K, result in a quantum cooperativity (Equation (2.168))

mmn __ hggn,n
Cqba ~ keTx

quantum backaction limited experiment at 4 K. However, this thesis investigates only
this membrane to demonstrate that the characterisation and measurement principles
work. For future quantum backaction limited experiments, one should consider
replacing the membrane with a high-Q mechanical oscillator, similar to the one used
in [Mas+19].

Qmn # 1. This indicates that the membranes are unsuitable for a
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4.3.2 Dynamical backaction measurements

Within this section dynamical backaction (DBA) is used, to deduce the optomechanical
coupling strength g. Therefore, the experimental setup, depicted in Figure 4.23, is
used and will be explained in the following.

@ % PDesy "
cool —7.
€ T=300K @ 10 "mbar
1 o Qo5

P o=10mw

spectrum analyzer

[:I A/4-waveplate l] A/2-waveplate Polarising beamsplitter U polarisation filter

FIGURE 4.23: Sketch of the experimental DBA measurement setup, consisting of
a balanced homodyne detector (BHD), a cryostat (used as a vacuum chamber)
containing the MatE system and the probe and cooling beam send to the MatE
system. Dashed lines indicating the reflected field of the MatE system. The black
box indicates the generation of the cooling beam (described in Section 3.2).

The optomechanical system (OMS), shown in Figure 4.23, is placed inside a
cryostat. Since it was not possible to lock the cavity at 4 K*, the cryostat was used as
a vacuum chamber, which at 300 K ensured a pressure of 10~7 mbar. As explained
in Section 4.2.3, the membrane position was set by the DC voltage Vout = 36.45V
applied to the PZT,y:. As depicted in Figure 4.23, within the DBA experiment three
beams are used: The local oscillator beam (LO) (red), a probe beam (red), and a
cooling beam (blue). The utility of these beams is explored next, commencing with
the probe beam and LO beam.

The probe beam, with a power of Pyrope = 50 ptW , originates from the same source
as the local oscillator field, which has a power of PLo = 10 mW. Hence, as the name
suggests, the local oscillator is used within the balanced homodyne detection scheme
(theory in Section 2.3.2), whereas the probe beam is used to probe the membrane’s
dynamics and to establish an on-resonance lock (A = 0) for the optomechanical
system. Also, the probe field in reflection of the OMS, from the optomechanical
cavity is split into two parts: one part, containing most of the power, is sent to the
homodyne detector as the signal field (Section 2.3.2), as it contains information on
the membrane dynamics in its phase quadrature®'. The other part is detected by the
detector PDppy to generate a Pound-Drever-Hall (PDH) error signal [Dre+83] to lock
the optomechanical system. The PDH error signal is fed to the piezoelectric actuator
PZT;, attached to the OMS input mirror to establish the lock on resonance.

30Probably due to the dynamic range of the piezo, which drops to 10% at 4 K or due to broken glueing
joints during cooldown.
318till assuming the optomechanical system is locked on resonance.
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In the following, the spectrum measured by the balanced homodyne detector, in
the absence of the cooling beam, will be discussed . After locking the cavity using the
PDH technique, the balanced homodyne detector (BHD) angle 6 needs to be adjusted
to measure the phase quadrature spectrum S_YS;tL,Y;’;‘L (w) (Equation (2.74)).

For a homodyne angle of § = 7, the measured homodyne spectrum 5\0:,7 (w) is
proportional to the phase quadrature spectrum Syout Fout, (w)** and thus serves as

a measure of the membrane’s dynamics (see Equat1on (2 162c)) Hence, in the DBA
experiment, the homodyne angle is locked to § = 7, facilitated by the piezoelectric-
actuated mirror PZTgyp. Once the homodyne detector (BHD) and the optomechani-

cal system (by PHD errors signal) are locked, the resulting measured BHD spectrum

0=% . .
Syyv’? (w) of the probe beam is sent to a spectrum analyser’, which measures a

spectrum in units of V?/Hz.
Before discussing the cooling beam, it is explained how the mechanical reso-
nance frequency wy, and linewidth 7., are deduced from the measured BHD spec-

trum Sg:,% (w). Explicitly, the measured phase quadrature 6 = /2 is given by
SyomLyoutL (w) (Equation (2.158))

=1 9
Syv’ (@) = C Sqau you (@) o
1 Gom (@ S
=C- > + Gom(w)|?(m(w)|2 ( Omz( ) + ,)/m{s]:-thr]:-th + stlg f%lg}>>
(4.46)
1
= C- [ 5+ Xn ) Pom(wim) S0, (@) | el

const.

In the last step (Equation (4.47))*, the generally frequency-dependent optome-
chanical measurement strength Gom(w)? is treated as frequency-independent in
the vicinity (the measurement range) of the mechanical resonance frequency wmn.

A measurement of the spectrum Sf;g(a)) in the absence of the cooling beam is
depicted in Figure 4.24. This measurement and the following measurement in
Section 4.3.2.1 and 4.3.2.2 are in a frequency range around the resonance frequency
w1 3 of the (1,3)-mode of the membrane. Thus within the presented DBA measure-
ments in Section 4.3.2.1 and Section 4.3.2.2, only the (1,3)-mode and its coupling
strength g1 3 is investigated.

32Proportional to the power of the LO (see Equation (2.74)) and the gain of the photodetector.
33Keysight N9010B.

345?_ 0 glven in Equation (2.162). General expression given in footnote 60.
extr ext

BGom = 2 (Equatlon (2.160)).
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FIGURE 4.24: Measured homodyne spectrum Sf;g (w) and the measured shot noise
detected at the balanced homodyne detector. The orange line represents the

Lorentzian fit, from which the mechanical resonance frequency w = wi3 =
881.09kHz and linewidth vy, = (9.67 £ 0.47) Hz of the 1,3-membrane mode is
deduced.

Figure 4.24 shows a measurement of the shot noise (SN), for which the signal

path was blocked®. After subtraction of the uncorrelated shot noise from Sf;,% (w)
(Equation (4.47)), the remaining spectrum is expressed by

6=%, SN SA—
SI5F N (@) = €+ [tm (@) PGom(@m)350. ()
= Citlxm (), (4.48)
with the newly defined constant Cy; = C - 5%:? > t(w). The right side of Equa-

tion (4.48) explicitly reads

2

wm
(@B — W+ 2 49

Cit - ])(m(w)]2 = Cit -

and reveals that with a fit the mechanical resonance frequency wm, and linewidth 7,
are deduced. Using a least square fit, the mechanical resonance frequency wy, and
linewidth 7, is given by

wy3/(27) = 881.09kHz and ym/ (277) = (9.67 + 0.47) Hz, (4.50)

where the error indicates the 95% confidence interval. No error is given for resonance
frequency wn, as this error is in the sub-Hz range.

In the following, the cooling beam will be introduced, which alters the mechanical
susceptibility xm(w) due to dynamical backaction (Section 2.5.2). As discussed in
Section 2.5.2 and visualised in Figure 2.11, a resonantly locked field, like the probe
beam, does not alter the mechanical susceptibility xm,. However, the susceptibility

36Note: The shot noise is also well above electronic noise.



Chapter 4. Optomechancial Setup 123

is altered if the cavity is detuned with respect to the light field. For example, if the
cavity is red-detuned® (A.,, > 0), the dynamical backaction causes an increase
of the effective linewidth 7. > 7m, which effectively cools the membrane (see
Section 2.5.3). As the name suggests, the cooling beam only generates cooling, as it
remains within the DBA experiment red-tuned with respect to the cavity resonance
frequency.

Next, the creation of the cooling beam detuning A, is briefly outlined. The
detuning Aol = Weav — Weool Of the cooling beam to the optomechanical cavity
resonance frequency wey is accomplished by changing the frequency wyo of the
cooling beam. The frequency of the cooling beam w, is generated by a fiber-coupled
GHz-EOM, which is driven at a frequency wy,q in conjunction with a filter cavity
(black box in Figure 4.23 and explained in Section 3.2). The filter cavity isolates
a sideband solely oscillating at wp + Wmed Or Wy — Wmoq from a phase-modulated
field, which serves then as the cooling beam for the DBA experiment. Thereby, the
frequency of the cooling beam can be altered by changing the modulation frequency
Wimod Of the GHz-EOM.

How the cooling beam is explicitly used within the experiment and how the
measurement of the altered susceptibility x.g(w) is done is outlined in the follow-
ing. In the presented DBA experiment, the cavity is locked on resonance with
respect to the probe beam, with frequency wy = Weay = Nwrsg. Here weay is
the resonance frequency of the optomechanical sys’cem38 (Section 4.2.1), wgsr the
free spectral range in angular units and N € Z. The frequency of the cooling
beam is then shifted with respect to the probe beam. The frequency of the cool-
ing beam is hence given by wco = W + Wmed. During the measurement pre-
sented in Section 4.3.2.1 and Section 4.3.2.2 the frequency of the cooling beam is set
t0 Weool = W0 + WESR + Acool - Here, the FSR is wrsg = 3.11290 GHz and its mea-
surement is explained in Section 4.2.3. Hence, the cooling beam is detuned by Ay
to the cavity resonance wc.y + wrsg and alters the mechanical susceptibility due to
dynamical backaction.

As the cooling beam and probe beam are independent of each other (different
frequency and orthogonal polarisation), the probe beam probes the change of the
mechanical susceptibility solely induced by the dynamical backaction of the cooling
beam. To avoid dynamical backaction contributions of the probe beam, due to an
unintentional small detuning, its power is also only Pyrope = 50 pW. On the other
hand, the power of the cooling beam can be changed by the attenuator in the form of a
polarisation filter in conjunction with a A /2 wave plate’” (dashed box in Figure 4.23),
whereas the detuning A .o can be changed by the modulation frequency of the GHz-
EOM. For the measurements of dynamical backaction, the input power of the cooling
beam P | was calibrated with the photodetector PD™N. Its calibration curve used
for the experiment in Section 4.3.2.1 is shown in Figure 4.25. The light power P
measured in this calibration curve (red crosses) also denotes the power which is
used in the DBA measurement in Section 4.3.2.1. Also, for the experiment described
in Section 4.3.2.2, the power PDZ 0! is monitored to keep track of the input cooling

in
power P .

37Detuming is generally defined in this thesis by A = wcav — wp, with weay being the resonance
frequency of the cavity and wy being the laser frequency.

38For readability wcay is written. However as the optomechanical system is the MatE-system described
in Section 4.2.1: Weay = WMatE-

#0The polarising filter also "cleans" the polarisation of the cooling beam.
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FIGURE 4.25: Input power P | of the cooling beam over measured voltage of pho-
todetector PD™OM

cool

To keep track of the resonance condition of the optomechanical system, the power
of the cooling and probe beam is monitored separately in transmission via PD
and PDpope, respectively. As the probe beam probes the membrane dynamics altered

solely by the cooling beam (xm — Xeff), the measured BHD quadrature spectrum

5\9:,% (w) becomes (compare Equation (4.47))

0=1 1 _
Sy’ (w) = C- 5T | Xeft(w) |2Gom(wm)st].g:illﬁext(w) , (4.51)

const.

1 with (see Equation (2.122))

2
m . (4.52)
wgff(Acool/ gcool) - w2)2 + ’)’gff(Acoolr gcool)cu2

w

[Xett(w)|? = (

Hence, as in the case with no cooling beam, after subtraction of the uncorrelated shot

. =72 . c .
noise from Sy, (w), the resulting spectrum is given by

T
=1,

—SN
Syv (w) = Cfit‘?(eff(w)‘z- (4.53)
Thus, by fitting the measured data to Sf;%’ —SN (w), the effective mechanical resonance
frequency wes and effective mechanical linewidth . is inferred.
As suggested by (4.52) the effective resonance frequency et (Acool, Scool) and
linewidth Yeft (Acool, Scool) depends on the detuning Ao and coupling strength geoo1

41 ctotal : . . cprobe,A=0 . probe, A=0
S J?ei P (w) contains also quantum backaction noise from the probe (qua = 2lpa

and cooling beam (S_s;zbe’A:O = 21“8’15’}&) (see Section 2.6.4, especially Equation (2.232) - (2.234)).
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(Equation (2.123). Described in Equation (2.112) and (2.105a), the coupling strength
cool depends on the input power P | of the cooling beam. Therefore, by measuring
the alteration induced by the cooling beam of the mechanical susceptibility the
coupling strength ¢.,,1 can be deduced. This is done in the following by employing
two different experiments. In Section 4.3.2.1 the detuning A, of the cooling beam is
fixed, while its power Pcif)‘ol is changed, whereas in Section 4.3.2.2 the power Pcigol is

fixed, but the detuning A, is changed.
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4.3.2.1 Dynamical backaction - power series

s

In this section the spectrum Sf;z is measured for various power levels P |, while
the cooling beam frequency remains fixed at weoo = wo + wWrsr + 5*2. As mentioned
previously, the various used power levels P.0 ; are shown as red crosses in Figure 4.25.
The measured, and, for representation, smoothed spec’cra43 for these power levels
are illustrated in blue in Figure 4.26. Here the shades of blue intensify to indicate
increasing cooling power P |, while the red-coloured spectra are measured in the
absence of the cooling beam (also depicted in Figure 4.24).

FIGURE 4.26: Measured homodyne spectra Sf;% (w) of the probe beam for different
cooling beam powers P |. Shades of blue intensify to indicate increasing cooling
power Pcigol, while the red-coloured spectra are measured in the absence of the
cooling beam.

From the blue spectra, the effects of sideband cooling and the frequency shift be-
come visible, as the effective mechanical linewidth 7y (1 3) and the effective resonance
frequency we1,3) of the (1,3)-membrane mode decreases with increasing cooling
power P . This behaviour is also supported by the theory in Equation (2.123) and
Figure 2.11. Using a least square fit, as discussed in Section 4.3.2, the unaltered
resonance frequency w3 and linewidth 73 and the input power P | depended
altered resonance frequency weg 1 3) and linewidth ‘e 1 3) are deduced. From these
values, the frequency shift 5(); 3 and the optomechanical damping rate I'opy(1,3)

03 = Wer13) — wWm  and  Topy1,3) = Yeff(1,3) — 71,3/ (4.54)

#2y/2 as the detuning Ay, was chosen to later compare DBA results with OMIT results (Section
4.3.1).

#3Data is smoothed by a moving average filter. However, all presented least square fits are done to
the non-smoothed data.
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are extracted. The frequency shift 5Q); 3 and the optomechanical damping rate I'yp,1,3)
extracted from the spectra shown in Figure 4.26, for various cooling powers, are

depicted in Figure 4.27.
o7 Hz3
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FIGURE 4.27: Left: Measured resonance frequency shift A; 5 (red) together with a

least-square fit (blue) for different cooling beam power P .
Right: Measured optomechanical damping rate I'qpt (1,3) (red) together with a least-
square fit (blue) for different cooling beam power Pcigol.

The deduced values of §Q); 3 and l"(l)gt are depicted including errorbars, which
indicate the 95% confidence interval.

The blue line is a fit to the data, which is explained in the following. As described
in Section 2.5.2, the frequency shift 6();3 and the optomechanical damping rate

Lopt,(1,3), originating from DBA, are given by

Acool + Wm
(A

Acool — Wm ) (4 55)
(Acool - wm)z + KZZ

2
5Qm ~ _gcool . =
cool T wm) +7

4
r o Sl x s (4.56)
£,(1,3) ~ - . .
F 4 (Acool - wm)z + KZZ (Acool + wm)z + %2

By using the definition of the optomechanical coupling strength ¢ (Equation (2.112)
and the intracavity field solution (2.105a), g2 (P ;) becomes,
C .

cav|2_ __~col  pin (4.57)

2 in _ 2
8 cool( cool) - Zg cool,0 | Kool
cool

2
ER,

cav |2 _ pcav
cool’ =P cool the

with g.oo10 denoting the vacuum optomechanical coupling and |«
intracavity power of the cooling beam, and C.,, denoting a constant, containing
also the input rates x{" (see Equation (2.105a)). Inserting Equation (4.57) into Equa-

tion (4.55) and (4.56) the cooling power depended resonance shift 5();3 and the
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optomechanical damping rate I'°P'1,3 are expressed as

50 in ~ 1 Ccool in Acool + w1,3 Acool — w13
1,3( cool) ~ 1 "%, A2 “cool’ 5, K2 5 | K2
T T 8% (Acool +w13)? + T (Dcool — w13)? + T
&
(4.58)
1—,OP’t( in 1) ~ 1 . Ccool . pin - < K B K )
1,3 \* cool/ ™~ 2 €00 2 2 .
4 KT + A3001 (Acool + wl,?:)z + KZ (Acool + wl,S)Z + KZ
&

(4.59)

Equation (4.58) and (4.59) are used for a global least square fit to the measured
values of the frequency shift 60 3(P™ ;) and the optomechanical damping rate

Lopt,1,3) (PIn ) (see Figure 4.27). The resulting values, together with their 95% confi-
dence interval, are given by

x/(277) = (2.08 + 0.04) MHz (4.60)
Ao/ (277) = (1.08 = 0.06) MHz (4.61)
»; HZ?
Coont = (7.8840.01) x 107 = (4.62)
The inferred coupling strength gf{?3°1’infer(Pcigol) of the (1,3)-mode for different arbitrary

input powers PI" | is calculated by inserting the mean values of the extracted data
into Equation (4.57) and are shown in Figure 4.28 (blue).

FIGURE 4.28: Optomechanical coupling strength g inferred from DBA measurement

with fixed cooling beam detuning A, and varying cooling beam power P .
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Figure 4.28 also presents the coupling strength g§%°1 calculated for the various
powers used in this experiment, along with their corresponding errors (red). These
errors are determined by propagation of uncertainties and lead to a relative error of
+3.3% for the coupling strength gﬁf’g’l.

Comparing the extracted linewidth x and the detuning A, reveals they agree with
the values measured by the OMIT measurement (Equation (4.42)), when considering
their uncertainties. Therefore, for the same input power, the coupling strengths gi%"l
of the (1,3)-mode measured by this DBA experiment should be equal to the coupling
strength deduced g3 by the OMIT experiment (given in Table 4.2). For an input
power of 1 mW the two coupling strength are given by

g/ (277) = (47.0+0.8) kHz (4.63)
GO/ (271) = (47.9 £ 1.6) kHz. (4.64)

Thus it is shown that the same coupling strengths from the DBA and the OMIT
experiment are deduced for the (1,3)-mode of the membrane, and thereby, both
techniques are useable to measure the coupling strength g. In the next Section 4.3.2.2,
the DBA experiment is done with a different setting, in that the input power P |
remains constant and the detuning A, is changed.

4.3.2.2 Dynamical backaction - detuning series

In this section the spectrum Sf;g around the (1,3)-mode of the membrane is measured
for various detunings A of the cooling beam (wepo1 = Wo + WEsR + Acoo1), While
its power P | is fixed to 1 mW. The fixed cooling beam power P | was monitored
on PD?;‘(;? to make sure, that the input power P ; remains constant, and to monitor,
that the filter cavity (black box in Figure 4.23) does not fall out of lock, while the
detuning A o is changed. During the experiment, the detected power on filter cavity
remained constant while the detuning A, was changed, indicating that the filter
cavity remained locked.

Spectra measurements, as described in Section 4.3.2, were taken for 40 different
cooling beam detunings A yo. After shot noise subtraction (Equation (4.53)) from the
measured spectra, the effective resonance frequency wegs and the linewidth ¢ were
deduced by a least square fit (see Section 4.3.2). From these values the frequency shift
4() 3 and optomechanical damping rate [,y (1,3) (Equation (4.50)) are calculated**.

The measurement of the frequency shift 6(); 3 and optomechanical damping rate

F(l)gt over the detuning Ay is shown Figure 4.29

44(4)1,3 and 1 3 given in Equation (4.50).
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FIGURE 4.29: Left: Measured resonance frequency shift A; 3 (red) together with a
least-square fit (blue) for different cooling beam detunings A.yo]-
Right: Measured optomechanical damping rate I'qpt (1,3) (red) together with a least-
square fit (blue) for different cooling beam detunings Ay

In Figure 4.29, the measured frequency shift 6(); 3 and optomechanical damping
rate ['opt(1,3) are shown by red bars, which length indicates the 95% confidence interval.
Also, a least-square fit (blue) to the measured data is shown, which is discussed in
the following.

Different to Section 4.3.2.1, the detuning A, instead of the cooling power Pcigol is
changed. Thus the fit function of frequency shift 6(); 3 and optomechanical damping
rate ['opt(1,3) depends on the detuning and is given by (compare with Equation (4.58)
and (4.59))

1 Ceool in
00 3(Acool) & 1 %2 + (Deoor + Dogt)? " Feool
&
o ( (Acool +Dot) Twiz  (Deool +Doti) —wi3 )
((Dcool + Doft) + @13)2+ 5 ((Dcool + Dott) — w13)2 + 5

(4.65)

Ccool in

’ 1
;ETZ + (Acool + Aoff)2 o0

Q

N

1—-(1>,}:)%t (Acool)

cool

813

K K
X - .
(((ACOOl + AOff) + w1,3)2 + %2 (Acool + Aoff + wl,S)z + f)
(4.66)

Here the value Ay takes an offset of the assumed detuning A, with respect to
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the resonance frequency weay + wrsr into account. The resulting least-square fit
parameters are

x/(27) = (2.07 £ 0.07) MHz (4.67)

Aoge/ (271) = (123.92 £ 12.21) kHz (4.68)
o7 Hz3

Ceool = (796 £0.01) x 107" —. (4.69)

As revealed by Equation (4.65) and Equation (4.66) the coupling strength is given by

Ccool

. . pin (4.70)
KZ + (Acool + Aoff)2

cool *

Hence, by using the extracted fit values (Equation (4.69)) the coupling strength can
be calculated. The obtained coupling strengths are depicted in Figure 4.30.

FIGURE 4.30: Optomechanical coupling strength g inferred from DBA measurement
with fixed cooling beam power P | and varying cooling beam detuning A

Figure 4.28 presents the coupling strength gfl:%"l calculated for the various detuning
Acool In this experiment, along with their corresponding errors (red). These errors are
determined by the propagation of uncertainties and lead to a relative error of +1%
for the coupling strength g§%°1. The blue line indicates the coupling strength g3,
calculated with the extracted fit values (Equation (4.69)), for arbitrary detunings Ao
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In conclusion, the DBA measurements presented in Section 4.3.2.1 and 4.3.2.2, reveal
that it is possible to extract the coupling strength ¢ of the optomechanical device.
Also the DBA measurements imply, that an independent cooling beam can be created
to alter the mechanical properties and which can thereby by used for an CQNC
experiment with an additional cooling beam 2.6.4 Before Chapter 4 is closed, in the
following, a brief comparison of the measured coupling strengths is discussed.

4.3.3 Comparison of coupling strength measurements

In the following, the coupling strengths g1 3 measured within the OMIT experiment
(Section 4.3.1) and measured by the DBA experiment at a detuning of A ~ 1 MHz
and an input power of 1 mW are compared. With these settings used in all three
experiments, the basic condition should be equal, allowing for a comparison of
the results. The coupling strengths measured under these settings in the various
experiments are given in Equation (4.71).

g/ (277) = (47.0 + 0.8) kHz

GO/ (271) = (47.9 £ 1.6) kHz &7
gif;ol,detuning /(271) = (49.05 + 0.50) kHz

Here g%m denotes the measured coupling strength given in the OMIT experi-

ment (Section 4.3.1), gCOOI'Power measured the coupling strength given in the DBA
experiment with various cooling beam powers (Section 4.3.2.1) and g¢o°ldetuning
the measured coupling strength for different cooling beam detunings A, within
Section 4.3.2.2. By comparing the values given in Equation (4.71), it becomes appar-
ent that the coupling strength measured in the last Section 4.3.2.2 differs slightly from
the coupling strengths derived by the other experiments. Using the upper and lower

bound of the coupling strengths given in Equation (4.71) the coupling strength g"f% is

given by g?lé = (47.85 £ 1.65) kHz. Thereby, it is shown that the measured coupling
strength is almost the same for all three experiments and hence reveals that all of
these techniques can be used to deduce the coupling strength g of the optomechanical
system.
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Chapter 5

Summary and outlook

This thesis focused on constructing and characterising an optomechanical system
(OMS) with the aim of enabling all-optical coherent quantum noise cancellation
(CQNCQ), first suggested by [TC10]. Initially, the fundamental principles of a coherent
quantum noise cancellation scheme were outlined, and a theoretical investigation
explored the potential benefits of using a second beam to modify the mechanical os-
cillator’s dynamics in the OMS through dynamical backaction. The findings suggest
that such modifications may be advantageous mainly in the resolved sideband regime.
Due to the vast parameter space involved, further investigations were deemed neces-
sary. Nevertheless, it is demonstrated, based on a case study by Schweer [Sch+22],
that all-optical CQNC can be achieved without altering the optomechanical oscilla-
tor’s dynamics by a second beam.

In the context of an all-optical CQNC experiment proposed in [Sch+22], the probe
beam was assumed to be shot noise limited. To meet this condition experimentally,
a filter cavity was set up in a double pass configuration to suppress amplitude
noise. The results showed that the amplitude noise in transmission is shot noise
limited above frequencies of 1 MHz at a power of 1 mW. Depending on the resonance
frequency, of the mechanical oscillator in use, this is beneficial for a CQNC experiment.
To decrease amplitude noise of the probe light further, a traditional active laser power
stabilizing scheme can be implemented [KWD11].

The primary objective of this thesis was the development and characterisation of
an optomechanical system as a subsystem of the Coherent Quantum Noise Cancel-
lation experiment. The development of the optomechanical system was guided by
realistic requirements and a parameter space proposed in a previous studies [Sch+22;
Sch23; Stel9; Wim+14]. Consequently, special attention was given to achieving a
high coupling efficiency between light and a silicon nitride membrane, representing a
mechanical oscillator. Experimental investigations were carried out to determine the
optimal position within the optomechanical system, at which the coupling strength g
is highest. To determine g, two experiments were conducted. So far, measurements
at cryogenic temperatures, a requirement for the OMS to be quantum backaction
noise limited, could not be performed due to technical challenges related to locking
the optomechanical system. These issue was possibly caused by the piezoelectric
actuator’s reduced dynamic range at 4K or broken glue joints during cool-down.
Thus, operating the optomechanical oscillator in a cryogenic environment remains a
pending task.

Nevertheless, even at room temperature and at a pressure of 10”7 mbar the mea-
surements to characterise the optomechanical system were successfully performed. In
the first experiment, the optomechanically-induced-transparency effect (OMIT) was
employed to investigate the optical linewidth of the OMS and the resonance frequen-
cies, quality factors, and optomechanical coupling strengths of thirteen resonating
modes the membrane. The cavity’s linewidth was found to satisfy the proposed value
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of 2MHz. However, the membrane proved unsuitable for an all-optical CQNC due
to its quality factors in the order of 10° — 10°. These values do not meet the quantum
backaction cooperativity requirement, even at 4K, suggesting that the system is lim-
ited by thermal noise rather than quantum backaction noise. As such, a promising
oscillator candidate for CQNC should possess a high quality factor with a resonance
frequency near 1 MHz [Sch+22] to be quantum backaction noise-limited at 4K.

Although the utilised membranes were unsuitable for CQNC, they were a valuable
choice for characterising optomechanical cavity measurement techniques. The second
experiment, making use of dynamical backaction (DBA), also provides crucial values
relevant to CQNC. More precisely, it was demonstrated that both the DBA and OMIT
measurements yielded consistent results for the linewidth and coupling strength.
However, the dynamical backaction experiment was more time-consuming compared
to OMIT, explaining the investigation of only one membrane mode as opposed to
thirteen via OMIT measurements.

To address the uncertainty in the extracted linewidth from OMIT and DBA mea-
surements, it is recommended to employ a ring-down measurement in the future.
This allows for the extraction of quality factors with higher precision, especially for
CQNC experiments that require higher quality factors, ensured by smaller mechani-
cal linewidth [Jay+12]. Once cryogenic measurements become feasible, appropriate
strategies should be employed to accurately measure the membrane’s temperature,
as it may differ from the cryostat temperature readings. Techniques like displacement
calibration of the measured spectrum [Gor+10] and ponderomotive squeezing in the
quantum backaction limited regime hold promise for achieving accurate tempera-
ture measurements. An additional technique, once the backaction limited regime is
reached is given by quantum noise thermometry [Mas+19].

The determination of optical losses in the cavity remains a relevant task, which
has not been addressed in this thesis. Accessible ponderomotive squeezing can be
utilised to infer the losses” impact, as it is highly influenced by them.

In conclusion, the developed optomechanical system holds promise for realizing
an all-optical CQNC experiment once optomechanical oscillators with higher quality
factors are used, and cryogenic temperature operation becomes feasible.
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Appendix A

Fourier transformation

This appendix deals with the used definition of the Fourier transform and its connec-
tion to the spectral density. Within this thesis the Fourier transformation for any time
varying signal or operator $(t) is defined as (like in [Sch23])

s(w) = Fls(t)](w) = \/% / o;s(t)e’i“’tdt (A1)

) = Fls() (@) = —— [ s(t)e-tdr (A2)
27T J—o0

= (8(-w))*, (A.3)

Wherever equation of motion are solved in Fourier space the important following
relation for time derivates is useful

55 = ﬁffl[ﬁ(w)](t) = Fiw - $(w)](t) (A4)

SF[=8(H)] =iw - $(w) (A.5)
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Power spectral density

136

The spectral density Sz_ z,., for example of the position £y, is given by the Fourier

transform of the autocorrelation function (Wiener-Kinchin theorem)
St (@) = (fm (w)2m (')
- % [ 4T (@) im(t + )y e
= % /dTC(T)e’“"T .

with C being the auto correlation function.
Within this thesis the symmetrized spectrum is used 1 which reads

—_

Stmim = E(Sfm,fm(—w) + St i (W))
1

= — / AT (£ (0) £ (E) £ (T) + 2n (T) R (£) 2 (0)) e~

IDenoted by the bar above the S

(B.1)
(B.2)

(B.3)
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Appendix C

Relative intensity noise
measurements

In section 3.1 the relative intensity noise RIN measured before and behind a filter
cavity is shown. In this appendix it will be explained how these measurements
were done and how the inferred relative intensity noise RIN™¢® for different light
powers were from these measurements. The in section 3.1 discussed amplitude noise
measurement was measured by detecting a 10 mW laser power with a photodetector.
Its highpass-filtered output! was sent to a signal analyser (SA) to measure the ampli-

tude noise Amesured () over frequency w. From the amplitude noise measurement

Ameasured () (in units of V) the measured relative intensity noise RIN™easured () js

calculated via

RI Nmeasured ( w) _ A?Oeﬁzured (w) (Cl)

~ V/RBWUpc

where RBW is the resolution bandwidth of the signal analyser and UJ&* is the DC
voltage measured by the photodetector proportional to the measured light power

P meas-

As the measured amplitude noise Agf’eisgured(w) is a combination of classical and

uncorrelated shot noise AT  (w) and A°N(w) the measured relative intensity

noise RIN™easured ;) can be written as

Aclassical( w) 2 \/7 2
RINmeasured(w) — \/(RINClassical)z + (RINSN>2 _ ( noise ) + ( 6) .

VRBWUpc Iy
1
e
(C2)

In Equation (C.2) RIN9assical degcribes the classical noise contribution and RINSN
the shot noise contribution of the measured RIN™¢#ued with ¢ being the elementary
charge and I the output current of the photodetector. Because the classical amplitude
noise Adassical jg proportional to the light power DPjign and hence also to the measured

voltage U%e* Equation (C.2) can be written with Adassical () = C(w)UDEs and

Thighpass at 11 kHz to prevent damage to the signal analyser.
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umeas 2

I() = 713(; as

RI Nmeasured ( w) —

2
C ( w) umeas N \/E
\/ﬁ umeas

\ Ro (C.2a)
2
B ( C(w) )2 o [ Rov2e
\ \VRBW uges )

where C(w) is a frequency dependent proportionality factor and Ry is the tran-
simpedance resistor of the photodetector. Equations (C.2a) reveal that the classical
relative intensity noise RIN2%1¢@ () is independent of Upc, whereas the shot noise
contribution RSN depends on Upc.

Hence, from the measured relative intensity noise RIN™¢"d () at light power

Prneas the relative intensity noise RIN™®"(w) (depicted in Figure 3.2) of an arbitrary
light power Pjfere can be deduced via®

2
) Aclassmal w R
RINmfer(w) - ( \/% u(mezls> + (umga\s/l;en ) (C3)

)

Important

In practice the input impedance of the signal analyser and the input impedance of the
oscilloscope (used to measure UFE*) and the output impedance of the photodetector
are generally not equal and therefore have to be taken into account.

20Ohm’s law.
3The transimpedance resistor Ry and the DC voltage U have to be measured.
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Appendix D

OMIT measurements

Depicted are the measurements with their corresponding fits, from which the values
in Table 4.2 have been extracted

FIGURE D.1: OMIT measurement of w; > and w1 »
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FIGURE D.2: OMIT measurement of wy»

® measurement
Fitw/ w,, =1004.275kHz, T,,=3.839Hz, g,,=44.46kHz

Fitw/ w,, =1001.526kHz, T',,=4.829Hz, g,,=15.631kHZ]

| 1 1 1 1 ( ] 1 |
1000 1001 1002 1003 1004 1005 1006

-
1000 1001 1002 1003 1004 1005 1006
wy [kHz]

FIGURE D.3: OMIT measurement of wy 3 and w3 »
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FIGURE D.4: OMIT measurement of w33

® measurement
Fitw/ w,, =1148.921kHz, T, ,=8.685Hz, g ,=13.28kHz

T Fitw/ w,, =1144.988KHz, T, =5.987Hz, g, =28.209kHz
0 1
1144 1145 1146 1147 1148 1149 1150

-
1144 1145 1146 1147 1148 1149 1150
wy, [kHz]

FIGURE D.5: OMIT measurement of w; 4 and wy 1
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FIGURE D.6: OMIT measurement of wy 4 and wy
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FIGURE D.7: OMIT measurement of w34 and wy 3
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FIGURE D.8: OMIT measurement of wy4
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