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Optimizing Cable-Routing for Reconfigurable
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Abstract. Reconfigurable cable-driven parallel robots have proved to be very ef-
fective in tasks involving complex and cluttered environments. This paper presents
a methodology for determining an appropriate cable routing between the cable
exit points and the winches. The cable exit points are defined beforehand and the
pulleys can be discretely positioned on the robot frame. A six-degree-of-freedom
(6-DOF) reconfigurable cable-driven parallel robot is used as an illustrative ex-
ample. The locations and connections between all pulleys are obtained based on
structural and mechanical constraints, mainly imposed by the pulleys. Two spe-
cific cases are studied and the optimal configuration for each case is presented in
an illustrative and quantitative manner.

Keywords: Cable-Driven Parallel Robots, Cable Routing, Optimization

1 Introduction

Cable-Driven Parallel Robots (CDPRs) have gained a lot of popularity in a wide range
of applications. In such robots, cables are used to manipulate a Moving Platform (MP)
and connect it to a fixed base frame. Hereafter, the connection points between the ca-
bles and the base frame will be referred to as exit points. The use of cables instead of
rigid links to make the MP move brings to CDPRs several advantages such as low in-
ertia, very large workspace, and a higher payload to weight ratio as compared to their
serial and parallel counterparts. Various tasks like large scale 3D printing [1], rehabil-
itation mechanisms [5], transfer robots for the elderly [6], rescue robots [7] as well as
large-scale telescopes [10] have exploited these advantages. However, there are some
potential drawbacks associated with CDPRs. Due to the use of a significant number
of cables, the probability of collisions between the cables and the surrounding envi-
ronment increases. Furthermore, the static equilibrium of the MP is influenced by the
non-rigid nature of the cables as they can pull, but not push on the MP.

* Address all correspondance to this author.
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2 Mishra U.A., Caro S. and Gouttefarde M.
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Fig. 1: A Reconfigurable Cable-Driven Parallel Robot evolving in a cluttered environ-
ment

Generally, the design of a CDPR is such that the layout of the cable exit points is
fixed [4]. In such a case, the CDPR can hardly operate efficiently in a cluttered environ-
ment where it is not entirely possible to avoid cable collisions. Using multiple CDPRs
working together in a single environment might resolve this issue, but significantly in-
creases the complexity and cost of the process. Keeping all these issues in mind, the
idea of reconfiguration with fixed base frame was explored in [2] and extended in [3] to
allow the possibility of multiple task-specific configurations in a large workspace. For
relatively small workspaces, CDPRs with mobile base frames [8,9] have been proposed.
Such CDPRs are referred to as Reconfigurable CDPRs (RCDPRs), and the presented
work primarily deals with such robots with fixed base frames. In this context, the algo-
rithm proposed in [3] efficiently determines the cable exit positions on the base frame
based on the required task constraints using a graph-based formulation. It allows one to
find suitable cable layouts for the RCDPR while minimizing the number of reconfigura-
tions and optimizing some performance functions. However, the authors did not study
the management of the cable routing between the cable exit points and the winches.
The cable being routed over multiple pulleys and each cable having multiple segments,
it becomes very likely that the cable routing from the exit points to the winch drums is
infeasible, violating pulley physical constraints and collision conditions.

In this paper, we explore the possibilities of optimizing cable routing for RCDPRs.
While most previous works have contributed to reconfiguration planning, the method-
ology of connecting winch drums to the cable exit points obtained from the reconfigu-
ration planner has not been addressed. Cable routing configurations might not always
be feasible when physical constraints of the pulley are taken into concern. Furthermore,
as each cable is segmented into multiple parts, the occurrence of cable collisions be-
come more likely. Considering such constraints, an objective function is formulated in
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Optimizing Cable-Routing for RCDPRs 3

this paper to provide a feasible and optimal routing configuration. Two case studies are
discussed with a cluttered environment inspired from authors’ previous works [2, 3].
First, the MP moves inside a lattice. Then, the MP moves outside the lattice. Symme-
try is used to simplify the problem and resulting configurations are calculated using
®MATLAB and represented with ® SOLIDWORKS models.

The modeling of the manipulator and the associated nomenclature are discussed in
Section 2. Section 3 describes all the constraints considered for the determination of
the cable routing. Section 4 formulates the problem statement as an integer optimiza-
tion problem. Section 5 gives the results obtained using the proposed approach. Those
results are discussed in Section 6. Conclusions and future work are drawn in Section 7.

2 Problem Formulation and Parametrization

Let us consider a 6-DOF fully-constrained RCDPR with 8 cables. Its ith closed loop
is shown in Fig. 2, i = 1,...,8. The frame .%; of origin O is attached to the base. The
frame %, of origin P is attached to the MP. The figure shows drums D;’s (position

vector d;), fixed pulleys Pl:f ’s (position vector p'lf ), positioned directly above each of
the drums and movable pulleys P (position vector p?*). The cable anchor points, B;’s
(b; denotes the position vector of anchor point B; expressed in .%#,), on the moving
platform, are connected to each of the corresponding base frame exit pulleys denoted
by A;’s. Ideally, based on [3], P" and A; are located on the same reconfigurable pulley
bar. All pulley and drum position vectors are expressed in %p,.

Fig. 2: i""-closed loop of the CDPR

The distances Ay and £, denote the distances between drum and fixed pulley, and
moving pulley and cable exit points, respectively. Their signs are with respect to the
direction of the vectors as shown in Fig. 2. Here, iy is constant for all the drum and
fixed pulley pairs, whereas 4, is chosen for each A; based on a discretized setting where
hy = ziAhy, and Ah,, is the discretization step along each bar of the RCDPR frame. z;
is an integer bounded by the structural constraints that the moving pulley should remain
on the pulley bar.
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4 Mishra U.A., Caro S. and Gouttefarde M.

@ Available Positions

Fig. 3: Possible locations for the pulleys and mobile pulley bars

In Fig. 2, the cable exit points are obtained with the algorithm described in [3].
Hence, we already know A; corresponding to each of the cable anchor points, B;. More-
over, this is a direct inference that once we choose a drum, D;, for a given cable exit
point A;, Pif is by default the fixed pulley located over the drum since connecting to any
other fixed pulley does not make proper sense.

Given all the required information as stated above, the aim of this work is to find a
proper cable routing which abides by all the structural, pulley and collision constraints
as well as optimizes the cumulative cable length of all the eight cables. Hereafter, it
should be noted that all reconfigurations are discrete and the available positions for
each reconfigurable unit (pulley bars and moving pulleys) are discretized as shown in
Fig. 3.

3 Constraints

The problem definition gives rise to a number of constraints and for the sake of simplic-
ity, some assumptions are made in order to find a suitable cable routing configuration.
The following three types of constraints are considered.

3.1 Structural Constraints

The structural constraints are imposed by the reconfiguration design. The drums, D;
and pulleys above them, Pif , are fixed and hence the distance between them is fixed.
This reduces the problem to finding an optimal Pif for each A;. Furthermore, a similar
constraint is applicable for all the moving pulleys, P/, i.e. the moving pulley should
always be above or under the exit point, A;, the latter being given. Indeed, both the
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Optimizing Cable-Routing for RCDPRs 5

moving pulley P/" and cable exit point A; are located on the same pulley bar. However,
the distance between A; and P/ can vary and is an optimization variable denoted as z;
as defined in Section 2. P can be above or below A;. In addition, from Fig. 1, it is
apparent that a pulley bar may contain four pulleys, two of which being the exit points
and the other two being the moving pulleys. This imposes further constraints that there
should not be any overlapping between the A;-F" and A,-P;" cable segments, where
subscripts / and u denote lower and upper respectively.

3.2 Pulley Constraints

Pulleys play a vital role in changing the directions of the cables. The pulleys considered
in this work typically have two types of entries and exits (from both top and bottom),
namely through the “pulley groove” and the “pulley wheel”. These pulleys are accom-
panied by their own set of structural constraints being restricted by their range of rota-
tion about their axis and imposing rules on cables entering or exiting through the pulley
wheel as illustrated in Fig. 4.

Pulley Groove
Cable \

19" Entry / Exit ‘\ *z
—=>x

APulley Axis
z'l

oI = /2

Cable
Exit / Entry

Fig. 4: Pulley-cable constraints

If the cable exits one pulley through wheel and enters another pulley through wheel,
then the two pulleys must be co-planar. In such a case, the rotation of the corresponding
pulleys and the exit angles between the cable and the pulley is bounded. However, if
any of the entry or exit happens through the groove, the co-planarity constraint is not
required for that entry or exit.

3.3 Collision Constraints

The cable routing in case of a RCDPR discretizes the cable into multiple segments as
compared to a single cable for standard CDPRs. Such segments are generally formed
between the cable anchor point on the MP, cable exit point, moving pulley, fixed pulley
and the drum. This not only increases the probability of collision between cables but
also between two different segments of a single cable. Hence, collisions between all
the possible pairs of such segments including pairs belonging to the same cable should
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6 Mishra U.A., Caro S. and Gouttefarde M.

be checked. Apart from collision between cables, all the segments should also avoid
collisions with the environment obstacles as well as the MP itself.

4 Methodology

The problem formulation as described in Section 2 has two different settings to be op-
timized. First, a suitable drum D; has to be chosen for every A; and then the position of
the moving pulleys as determined by z; has to be optimized such that all the constraints
are satisfied. Now, as the complete setting is discrete, an integer optimization based ap-
proach is considered and solved using an optimization algorithm. The overall objective
function is to minimize the cumulative cable length due to the routing configuration
i.e. from the cable exit point to the drum. This results in the following optimization
problem:

i=8

mir}‘ Zli + secondary objectives
z, P4
=1

subject to:
1. Cable Constraints:
p' = a;+zjAhyz, yp = Pulley Normal Axis
f
-1 (Tfn —P; i(TyP ‘ < Q;nax

P/ —p;
2. Collision Constraints: Satisfied

‘7’[
— —Cos
2

2

and

= ()T =)+ (0 — )T (0 — /) /(0] — )T (0] )

— el 4/ (0 — )T (B2 —B]) -y
which directly implies that the absolute value of z; should be as small as possible. How-
ever, the pulley constraints play a vital role in their selection. Apart from the primary
cable length objective, various secondary objectives are possible in order to create a
more accurate analysis. Examples of such objectives can be minimizing pulley bending
and pulley friction loss. Such objective functions are not considered in this section, but
briefly discussed in Section 6.

In order to simplify the number of explorable solutions, we strictly take the ad-
vantage of all the possible symmetries in the configuration of the cable exit points with
respect to the position of the fixed pulleys. Using the symmetry, the number of optimiza-
tion variables is reduced by 1/2* for k symmetry planes. some examples of symmetry
are shown in Fig. 6. With a reduced number of optimization variables, complete search
over all the space of reconfigurations can be performed in order to find the best possible
routing. The methodology is illustrated in the form of a flowchart in Fig. 5.
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Fig. 5: Methodology to determine cable routing

Fig. 6: Two Symmetry Planes

5 Simulation Results

The foregoing methodology is used to the determine the cable routings associated with
two configurations of a RCDPR similar to [3]. For the first case, the MP was placed
inside the hollow obstacle as shown in Fig. 1 which addresses the tasks of painting
and inspecting the obstacle from inside. The configuration is considered first because it
addresses usage of all the movable pulleys available for reconfiguration and also allows
us to consider two planes of symmetry as in Fig. 6 (left). Whereas in the second case, the
MP was placed outside the obstacle as shown in Fig. 7. In this configuration, significant
differences are created because of the presence of a single symmetry plane as shown in
Fig. 6 (right) and there are some cables for which the exit points are the fixed pulleys
themselves. In Fig. 7, two cables are directly connected to the fixed pulleys and hence
they do not require the pulley bar which further reduces the number of variables in the
cable routing optimization.

The symmetry planes reduced the problem of solving for only one corner, i.e. two
fixed pulleys, two moving pulleys and two exit points. The solution is expected to give
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8 Mishra U.A., Caro S. and Gouttefarde M.

Fig.7: Optimized cable routing configuration for case 2: when MP is outside (on one
side) of the obstacle

values for z; and z, to determine the position of the moving pulleys w.r.t. exit points
and then choose suitable fixed and moving pulley pairs to be connected. The routing
solution obtained for one corner is illustrated in Fig. 8 (left) where the respective pulley
pairs are (Plf ,Az) and (P{ ,A1). The values of z; and z, are —3 and —2 respectively. The
negative values mean that the moving pulleys are above the cable exit points based on
the parametrization in Fig. 2.

For the second case, based on the symmetry plane, the solution for routing config-
uration consists of three pulley pairs and the corresponding three z values. One fixed
pulley is the exit point and is not included in the optimization process. This is to be
noted that all exit points were previously obtained using the algorithm of [3]. The ob-
tained configuration shown in Fig. 8 consists of the pulley pairs (Plf A2), (sz ,A1) and

(P3f ,A3). The corresponding values of z;, z, and z3 are —1, 2 and 2, respectively.

Fig. 8: Optimized cable routing configuration for case 1 (left) and case 2 (right) based
on variable reduction with symmetry
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Optimizing Cable-Routing for RCDPRs 9

Table 1 gives some quantitative results for cases 1 and 2. The reduced number of
variables are presented after considering the symmetry planes. The calculations were
carried out with an Intel ®i7-7500U CPU @2.70GHz processor.

Table 1: Results for configurations 1 and 2

Parameter Case 1 Case 2
Original no of optimization variables 16 12
Original no of cable routings 8! x 6% ~ 68 billions|6! x 4% ~ 3 millions
No. of symmetry planes 2 1
Reduced no of optimization variables 4 6
Reduced no of cable routings 21x 62 =172 31x 43 =384
Total Computation Time 31s 214 s

6 Discussion

The methodology discussed in the present paper is modular and is open to addition of
constraints and secondary objectives which will eventually result in a more accurate and
practical results. The architecture of the RCDPR is chosen such that the number of pul-
leys between an exit point and a drum is odd [3].The introduction of multiple number
of pulleys play a vital role in introducing various other conditions which should be con-
sidered while planning for such robots. Simple pulley rotation constraint is considered
in this work but multiple criteria like pulley bending and losses due to pulley friction
will definitely play a significant role. While the former can be added directly to the pro-
cess of optimizing cable routing after the cable exit points are obtained, the latter will
modulate the decision on cable tensions (as pulley friction depends on cable tension) as
well as affect the choice of the most optimal cable exit points. This will couple static
equilibrium, exit point selection and optimal cable routing.

7 Conclusions and Future Work

Cable routing between the winch drum and the cable exit point is an important criterion
to be defined for RCDPRs. While RCDPRs are helpful for operation in complex and
highly cluttered environments, their performance can be further optimized by consid-
ering an optimal cable routing configuration as well. This paper exhibits two cases of
planning in RCDPRs as discussed in previous works and introduces an insight on how
such cable routing can be performed in an efficient manner. Cable routings are obtained,
assessed and illustrated. Future work will deal with experimental studies and introduce
more objective functions and constraints in the optimization problems as discussed in
Section 6.
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Design and Development of a Reconfigurable
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Abstract. The ability to climb on an aircraft body and move across
different planar surfaces such as wings and fuselage can improve the
productivity of an aircraft maintenance robot. This paper proposes a
novel design of a reconfigurable aircraft maintenance robot. The pro-
posed robot utilizes vacuum suction to generate the adhesion force re-
quired for climbing on the skin of an aircraft. The reconfiguration ability
of the robot accommodates it to move across different planes. The robot
is incorporated with a maintenance unit that can perform cleaning and
has provisions to attach sensors for inspections. Particulars on the de-
sign and development of the mechanical, electrical, and control systems
of the robot are presented. Experimental results obtained by operating a
prototype of the robot on a segment of an aircraft skin confirmed the ap-
plicability of the proposed reconfigurable robot for aircraft maintenance.

Keywords: Aircraft maintenance, Reconfigurable robotics, Climbing robotics

1 Introduction

The aviation industry has become a major form of transport throughout the
world, and it is rapidly growing. Frequent maintenance and inspection should be
done to ensure the safety of the aircraft. Mainly the cleaning is done with the
aim of maintaining visual appearance, efficiency, and corrosion protection [1].
Aircraft skin should be cleaned to prevent the potential risk of corrosion as well
as the degradation of non-metallic parts such as rubber beading. Typically, air-
craft maintenance work is done by human workers [2|. However, the conventional
methods lack the efficiency of maintenance operations and safety issues for hu-
man workers since human workers need to climb on structures for performing the
tasks. Therefore, robots can be introduced as a solution for the issues associated
with conventional methods.

Ground robotic systems that are used for cleaning and inspection of aircraft
with the aid of various sensors have been developed [3,|4]. Nevertheless, these
robots have limited access to the outer surface of an airplane and not capable of
accessing the top of the wings and fuselage. Therefore, robots should be capable
of attaching to the outer surface of an aircraft without the aid of external support
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structures to perform cleaning and inspection. Several mechanisms that enable
a robot to climb and navigate in vertical structures have been developed [5-7].

The use of passive suction cups for the adhesion is one of the mechanisms
widely used in robots operated on smooth surfaces [7,[8]. However, the adhe-
sion provided by passive suction cups is not reliable in surfaces with dust parti-
cles [5/7]. This is the major shortcoming that hinders the usage of passive suction
cups for an aircraft maintenance robot. Magnetic adhesion is another one of the
widely used adhesion methods for climbing robots used in maintenance and in-
spection applications [7,|9]. The adhesion force depends on the ferromagnetic
characteristic of a surface. Magnetic adhesion is not applicable for an aircraft
inspection robot since the surface of an aircraft is made from non-ferromagnetic
materials. Therefore, thrust based adhesion and vacuum based adhesion mech-
anism are preferred for a robot anticipated for onboard operation in an outer
surface of an airplane over the other adhesion mechanisms.

Robots with thrust based adhesion mechanisms use electric duct fans to gen-
erate propulsion force required for the adhesion [7]. In this regard, Andrikopoulos
et al. [10] proposed a new design of a thrust based climbing robot and studied the
variation of the adhesion force requirement with the surface inclination. Robots
that use vacuum suction for the adhesion uses active suction mechanisms such as
impellers or vacuum pumps. In this regard, White et al. |[11] proposed a mobile
robot based on vacuum adhesion for inspection of aerostructures. The scope of
the work is limited to the development of a navigation algorithm based on sensor
fusion. A double frame robot that can walk on the surface of an aircraft using
legs fixed with pneumatic suction pads has been proposed for inspections [12,13].
The main focus of the work is on developing controllers and observes for main-
taining a stable adhesion force and motion. However, the existing robots designs
discussed above are not convenient for continuous operation on the outer surface
of an aircraft since the designs of the robots do not facilitate the moving across
surfaces with different inclinations (e.g., moving from the wings to the fuselage
can be considered).

Reconfigurable designs have open up a new horizon for maintenance and in-
spection robotics due to their ability of adapting the morphology in accordance
to a given context |14]. Therefore, this paper proposes a novel design of a recon-
figurable aircraft maintenance robot to mitigate the limitations in state of the
art. The robot applies vacuum suction to produce the adhesion force needed for
climbing on the outer layer of an aircraft. Reconfigurability of the robot helps the
robot to navigate across different planes. The robot is equipped with a mainte-
nance module that can perform cleaning and used to install sensors required for
inspection. Section 2 describes the robot’s mechanical and electrical design. Re-
configuration and adhesion control are discussed in Section 3. The experiments
conducted to validate the design is explained in Section 4. Concluding remarks
are given in Section 5.
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Reconfigurable Aircraft Maintenance Robot 3
2 Robot Design

2.1 Mechanical design

The Computer-Aided Design (CAD) model of the proposed robot is depicted
in Fig. The robot consists of two main modules, module 1 and module 2,
which have similar hardware components. Each of these main modules contains
four drive wheels powered by DC motors. Wheels in a side of the robot are
synchronously operated, yielding to a skid steering drive mechanism for the
locomotion of the robot on a surface. Wheels are made with a rubber layer to
improve the grip on the surface of an aircraft. Furthermore, the rubber wheels
minimize possible damages caused to the surface of an aircraft by the robot
locomotion. Module 1 and module 2 of the robot are connected through an active
hinge actuated through a servo motor. The actuation of the hinge is responsible
for the reconfiguration required for moving across two different planes.

The robot utilizes vacuum suction to climbing on the outer surface of an
aircraft. Each module consists of nine suction cups in this regard. The suction
cups are designed to have accordions to provide adaptability to the curvature of
the surface.This adaptability ensures the safe adhesion of the robot to the curve
surface of an aircraft body without causing substantial air leakages. The vacuum
suction required for the adhesion is created through two external vacuum pumps
(EVE-TR-M-2.3-12V-DC) on the ground. The vacuum chambers of module 1
and module 2 of the robot are independently connected to the vacuum pumps
through hoses. Each vacuum pump is capable of producing a maximum of 78 kPa

Maintenance
Module 2

Side view

Slots for
sensors

Isometric view Cleaning Drive

brush
iz |
L =

Bottom view Top view

Fig. 1. Design of the robot.
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Apart from these two modules, the robot design of the robot has been incor-
porated with a maintenance module. The maintenance module has a brushing
system that can scrub the grimy outside surface of an aircraft. Two DC mo-
tors are attached to the brushing mechanism for the actuation. Furthermore,
the service module has been designed with provision to install sensors required
for inspections, such as cameras and other non-destructive testing equipment.
This service module is fixed to the front of the robot ahead of module 1. The
ability to install sensors and inbuilt cleaning mechanisms improves the overall
functionality and usage for aircraft maintenance.

2.2 Electrical design

The circuit diagram of the robot is depicted in Fig. 2] The robot is powered
by a 12 V external power source connected to the robot. The Main Controller
(MC) is a microcontroller (Arduino Mega 2560). MC is responsible for managing
all the local functionality of the robot, such as locomotion and cleaning motor
controlling, vacuum controlling, reconfiguration, and sensor handling. Telepor-
tation commands to the robot are sent by an external Personal Computer (PC)
through a Universal Serial Bus (USB) connection attached to MC.

The DC motors responsible for the locomotion (‘LM1’, ‘LM2’, ‘LM3’, ‘LM4’,
‘RM1’, ‘RM2’, ‘RM3’, and ‘RM4’) are controlled through the motor drivers, ‘MD
2’ and ‘MD 3’ fixed inside the respective module. The motors, ‘CM1’ and ‘CM2’
in the maintenance module, are operated through the motor driver, ‘MD4’. Robo-
Claw 2x7A dual-channel motor drivers are used for ‘MD2’, ‘MD3’, and ‘MD4’. A

Vacuum pump 1 [———
MD 1
Vacuum pump 2 %\‘5
5V
Vacuum
Tx
| S
LM2 | ’ LM3 -.— L4 DA
usB

N ) NEEE
i s b
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] IMU
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Fig. 2. Electrical design of the robot.
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Reconfigurable Aircraft Maintenance Robot 5

that produce the adhesion force. This motor driver and the vacuum pumps are
externally placed on the ground. All the motor drivers are connected to MC
through a Transistor-Transistor Logic (TTL) serial communication link for con-
trolling.

A HerkuleX DRS-0101 smart Servo Motor (SM) is used to actuate the hinge
for reconfiguration. SM is supplied a 7.4 V by using a Voltage Regulator (VR).
MC is communicated with SM using a TTL serial connection. Module 1 and
2 each consist of an Inertial Measurement Unit (IMU) to estimate the robot’s
orientation in 3D space. BNOO055 absolute orientation sensor is used in this
regard. An AMS5915 Pressure Sensor (PS) is installed in each vacuum chamber
to measure the pressure difference. These sensors are communicated with MC
through 12C protocol. The inspection sensors to be installed the maintenance
module are expected to have wireless. A 12 V DC terminal is available in the
maintenance module to power up the inspection sensors.

3 Robot control

3.1 Reconfiguration

The moving across different planes is performed with reconfiguration through the
active hinge placed between module 1 and module 2 of the robot. During the
initiation of the reconfiguration, the vacuum suction of a block is deactivated.
Then the hinge is actuated to change the inclination of the module (vacuum
deactivated one) from the current plane to a new plane while the other block
(vacuum activated one) is firmly attached to the surface. Similarly, the adhesion
of the two modules is alternated, and the hinge actuator is operated stepwise
until the robot entirely moves to the new plane. The design facilitates hinge
reconfiguration in the range of -90° to 90°. The main steps of moving across
two planes when the new plane is positively inclined and negatively inclined are
explained in Fig. [8|and Fig. [] respectively.

3.2 Adhesion control

The pressure difference required for the safe adhesion of the robot in a surface
inclined with theta is formulated considering the static equilibrium of forces
acting on the robot (see Fig. . It should be noted that the possible forces
applied on the robot due to the vacuum hoses and wires have not been considered
in the analysis. The adhesion force, F)4 acting on the robot due to the negative
pressure, P can be found from , where A is the area of the suction cups.

Fa=PA (1)

Then, the friction force, Fr acting on the robot, is obtained from based
on N = Fy +mgcosf and Fr = N, where p is the coefficient of friction.

Fr = u(PA + mgcos?) (2)
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Fig. 4. Moving across two planar surfaces with the aid of reconfiguration, if new plane
is negatively inclined. (a): Activating the reconfiguration to lean module 1 on the new
surface, (b): Activating the vacuum of module 1 when module 1 reaches the other
surface, (c): Lifting the module 2 from the surface through reconfiguration while deac-
tivating the vacuum of module 2, (d): When module 2 aligns with the new surface stop
reconfiguration and start the forward locomotion by module 1, and (e): When module
2 is completely lean on new surface, the vacuum of module 2 is also activated, and
start moving on new surface.

To avoid the falling off, Fr > mgsin 6 that yields to the condition .

mg sin 6

P>A(

— cosf) (3)
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Fp. - Friction force between the robot and the surface
F, - Adhesion force due to pressure difference

N - Normal reaction force from the surface to the robot
m - Mass

g - standard gravity

0 - Surface inclination

(X¢,Y;) - Position of centroid

Fig. 5. Forces acting on the robot.

The condition for avoiding the overturning can be formulated as in by
taking moments around ‘O’.

P> %(%siancosﬁ) (4)
The vacuum pressure should always be maintained to satisfy the conditions
given in and in a given situation. On the other hand, excessive adhesion
force increases the frictional forces and makes locomotion difficult for the robot.
Furthermore, operating the robot above a constant threshold reduces energy
efficiency. Therefore, the vacuum pressure is adapted per the inclination angle.
The inclination of the surface is estimated based on the IMU reading, and the
required vacuum pressure is calculated. Subsequently, the power of the vacuum
pumps is altered through a closed-loop pressure controller. The fuzzy logic based
closed-loop pressure controller proposed in [15] for a vacuum-based wall cleaning
robot is adapted in this regard.

4 Experiments

A prototype of the robot has been developed for validating the proposed design
features. Experiments were conducted inside a laboratory setting using a section
of an aircraft’s skin. Experimenting with the robot prototype is shown in Fig. 6]
The robot was teleoperated through the PC during the experiments.

In the first part of the experiment, the climbing ability of the robot was ver-
ified by moving the robot on top of the aircraft skin in the vertical direction as
shown in Fig. @(a). The robot was successful in climbing and safely attaching
to the surface. The adaptation of the suction cups to the curvature is essential
for sustaining the vacuum without heavy leakages. Thus, the pressure difference
of the vacuum was logged to test the adaptability of the accordion design. The
variation of the pressure difference during the moving on the curvature is de-
picted in Fig. [7] No sudden drops of the pressure could be observed, confirming
that there were no sudden air leakages due to improper sealing of the suction
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(a) (b)

Fig. 6. Experimenting with the prototype of the robot. (a): Moving in vertical curva-
ture, (b): Reconfiguration, (c): Testing the vacuum pressure adaptation.

cups. Thus, the results validate the ability of the suction cups adaptation to the
surface curvature.

A scenario of the reconfiguration to moving from ground to the segment of
the aircraft skin is shown in Fig. [6[b). This scenario is almost similar to moving
from a wing to the fuselage of an aircraft. The robot was capable of reconfiguring
the inclination of the new surface (i.e., aircraft skin) from the existing surface
(i.e., ground) through actuating the hinge motor. This observation verifies the
usability of the reconfiguration for moving across different planes.

In the situation shown in Fig. |§| (c), the robot was placed on the middle
of the aircraft skin facing the longitudinal axis of the robot horizontally. The
robot. was nlaced in this wav to avoid the inclination variation cansed due to
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Fig. 7. Variation of the pressure difference when robot moving on the vertical curva-
ture.
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conditions for the safe adhesion derived under Section [3.2] Thus, the experiment
confirms the ability to adapt the vacuum pressure per inclination of the surface.

Table 1. The observed average pressure for different inclinations.

Inclination 30° | 60° | 90° |120°|150°
Pressure (Pa)(2010{2144]4003|4870(4418

5 Conclusions

Robotics solutions are demanded for handling routine aircraft maintenance op-
erations. The ability to climb and moving across different planes, such as moving
from a wing to the fuselage, could improve the productivity of an aircraft main-
tenance robot. Therefore, a reconfigurable aircraft maintenance robot that can
climb and move across different planes has been designed.

The salient features of the proposed design can be summarized follows. Vac-
uum suction power is used to produce the adhesion force required to climbing
on an aircraft’s skin. The suction cups are designed with accordions to firmly
seal them in a curved surface. The reconfiguration of the robot is designed to
facilitate the adaptation to the change of inclination of two surfaces. A pressure
controller is also deployed to adjust the vacuum pressure per the inclination of
the surface.

A prototype of the robot has been developed, and experiments have been con-
ducted to evaluate the features of the proposed reconfigurable robot design. The
experimental results confirm the validity of the above-mentioned salient features
of the robot. Even though the experiments were conducted in a laboratory set-
ting, the robot was operated on a segment of an aircraft’s skin, where the surface
conditions experienced by the robot are similar to real world setting. Thus, the
outcomes of the experiments ascertain the real-world applicability to a greater
extent. Nevertheless, the scope of the experimental test runs was limited due to
the size limitations of the available segment of the aircraft’s skin. Experimenting
with the proposed reconfigurable robot on an aircraft in a maintenance hangar
is expected to be conducted in the future. At this stage, the robot has to be tele-
operated for main actions such as reconfiguration and locomotion. Therefore,
the developments of algorithms for autonomous reconfiguration and navigation
are proposed for future work.
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Abstract. The kinetostatic modeling represents an essential evaluation
in parallel manipulator design, especially when dealing with complicated
geometry reconfigurable parallel manipulators. Analytical models aid the
design engineer in identifying any necessary modifications. This paper
proposes a kinetostatic model of the 4-DoF 4-rRUU rPM, which is based
on the natural coordinates system to calculate the position kinematics
and Davies’ method to compute the statics of such a manipulator. Adopt-
ing basic points and unity vectors embedded in the PM’s rigid links, it is
possible to compute every joint position employing the Newton-Raphson
numerical method. The joints’ positions calculation presented a mean
error of 0.00118%. Ultimately, with the achieved results, one can formu-
late the magnitude vector regarding the operational forces and moments
through the screw theory, as Davies’ method exposes, which produced
consistent output values concerning the given torques. Finally, some con-
clusions and future works are discussed.

Keywords: parallel robot, Schonflies motion, natural coordinates, screw
theory, Davies’ method

1 Introduction

Compared with their serial counterparts with open-loop topologies, parallel ma-
nipulators (PMs) have the fixed base connected towards the moving platform
through at least two kinematic limbs, resulting in multi-loop architectures. Such
a PM structure, whose stiffness is inherently better, makes it feasible to mount
all actuators on the base, reducing the inertial mass, reaching higher opera-
tional velocities and accelerations, and dynamic performance. Traditional PMs
have consistent topology, number of degrees of freedom (DoFs), and mobility
characteristics, and these properties bound the PM’s adaptability [11].

The reconfigurable PMs (rPMs) attracted much research attention. PMs are
tempting alternatives for reconfiguration due to their legs’ high modularization.
Reconfigurable machines, in general, can be described as mechanisms that have
two main characteristics, namely, the ability to transform their topology from
one to another and the changeable mobility. Reconfiguration can be classified
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into geometrical and topological reconfiguration, and the former means adjusting
limbs’ components size or orientation without rearranging them [4]. This paper
will analyze a rPM capable of geometrical reconfiguration.

Both kinematic and static analysis are crucial steps in the PMs’ design and
significantly impact their applications. With the kinetostatic model, it is possi-
ble to know the PM performance indices and optimize them. Throughout this
process, the designer can better adjust the machine to the demanded task [3].

Huang [3] proposed a new rPM by using an existing spatial overconstrained
parallel mechanism. The author developed the kinematic model through the
loop-closure equation and the dynamic one using the Lagrange formulation;
computational software simulations have been done to validate obtained models.
Jingjun [4] presented a n-4R rPM family adequated to geometrical reconfigura-
tion and studied these multiple candidates’ configurations concerning n limbs
number, resulting in similar kinematic performances and also same DoF char-
acteristics. Ye [11] investigated a new rPM based on a metamorphic spherical
variable-axis joint in which phase changes can switch between different DoF's
types, and then evaluates the machine kinematic performance and optimization.

The PM’s static model definition requires the previous calculated kinematic
model. One powerful method to compute the statics is through the well-known
Davies’ method, which was based on graph theory and screw theory, to describe
the topology and joints’ geometric features, respectively [5]. Golin [2] developed a
cooperative robotic system kinestatic model, using the Kirchhoff laws adaptation
as exposed by the Davies’ method. Muraro [7] presented the kinetostatic model of
a cable-actuated robot for bedridden patients applications. The author solved the
kinematics analytically, and the statics was solved employing Davies’ method.

Inspired by the recent developments and importance concerning the kineto-
static analysis and to overcome the mentioned PMs’ limitations, this paper will
provide the kinetostatic analysis of the 4-rRUU rPM proposed by [8]. This anal-
ysis is based on the natural coordinate system (NC). This method calculates the
position kinematics through a combination of Cartesian components and unity
vectors embedded in the rigid bodies [10]. Furthermore, to determine the statics,
it was used Davies’ method. This paper is organized as follows: in Sect. 2 the de-
tails concerning the 4-rRUU rPM family and its architecture itself is described.
Sect. 3 calculates the inverse kinematic problem analytically adopting the NC
system. Sect. 4 formulates the static model according to Davies’ method. Finally,
in Sect. 5 some conclusions and future works are discussed.

2 4-rRUU rPM Description

The rPM studied in this paper, henceforth known as 4-rRUU rPM (where the
”rR” means reconfigurable revolute joint), was studied by Nayak [8]. This parallel
architecture has 4-DoF 3T1R motion. Fig. 1 illustrates a 4-rRUU rPM variation
topology (known as coupled architecture in this paper) which has similar struc-
tural and kinematic characteristics as 4-rRUU rPM studied by Nayak [8]. This
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Fig.1: (a) Coupled architecture, and (b) its directed graph representation.

figure shows the coupled architecture functional representation, illustrating all
possible movements (Vx, Vy, Vz, 9) and its directed graph representation.

Schonflies or 3T1R motion can perform three translations along the ori-
ented Cartesian axes and one rotation around a specific axis, in that case,
illustrated in Fig. 1, the Z axis. This topology has coupled motions, i.e., its
operational velocities or end-effector velocities, depend on four actuated joints
Vi = Vi(d1,4d2, 43, 44), k = X, Y, Z, in addition to ¢ = ¥(g1, G2, 43, da). Coupled
architecture must respect some connecting conditions to perform its motion.
Namely, the first, the second, and the last revolute joints of each limb must have
their axes parallel. Furthermore, the limbs’ topology can be more satisfactory
described as 4 — R || R L R || R L R, where the symbol || means that the
joints are parallel or L orthogonal to each other. The overline and numeral four
represent the actuated joint and the total number of limbs, respectively.

The 4-rRUU rPM has its practical representation illustrated in Fig. 2, where
both studied operation modes are presented. It can be seen that this figure shows
different topologies compared to Fig. 1. First, one can notice that the functional
representation as illustrated in Fig. 1 possesses five joints in each limb, while
the 4-rRUU rPM in Fig. 2 have six joints. Although, the revolute joint located
on the motor fixed on the base should be locked to select one specific operation
mode. This modification leads the practical and functional representations to
be the same. Additionally, the limbs’ position and orientation changed, and the
consecutive revolute joints with perpendicular axes in all limbs were considered
universal joints. The 4-rRUU rPM has its limbs turned 90° in one direction. In
Fig. 2a for example, the limbs are turned in such a manner that all actuated
joints axes intersect in one point, which is the reference frame O — XY Z.

Naturally, this kind of modification can also alter the kinematic character-
istics. Rotating the limbs in 90° as Fig. 2a illustrates will include one more
constraint in the moving platform, since the last revolute joints have their axes
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L2
Lo P> L,

Fig.2: (a) 4-rRUU rPM analyzed trivial, and (b) non-trivial situations.

intersecting at the same point. Thus, the axes are not parallel anymore, resulting
in the mobility decrease in one degree, turning into a 3-DoF 3T motion. Fig. 2b
in turn, also have their limbs rotated comparing to Fig. 1. However, in that case,
the last revolute joint axes are not intersecting. In fact, the last revolute joints of
limbs 1 and 3 intersect, notwithstanding, all last revolute joints axes are parallel
similarly as Fig. 1. This fact leads to the same Schonflies motion type, with the
rotational motion around the X axis in that case.

These motion type differences lead to the 4-rRUU rPM reconfigurable prop-
erty. All actuated revolute joints (rR) are pivotable along with the Z axis by
an angle (;, where i = 1,2,3,4 indicating each limb, and this actuated joints
rotational motion leads to different operation modes. Nayak [9] studied the oper-
ation modes of the 4-rRUU rPM, describing two distinct operation modes. The
first case concerns the arbitrarily oriented actuated joints’ axes; furthermore,
this operation mode depends on the design parameters and carries a mixed mo-
tion type. The second case regards the same orientation for opposite actuated
revolute joint axes (81 = B3 and B2 = f4); here, there are three trivial solu-
tions where the first two are independent of the design parameters and actuated
variables. Additionally, there exist two more non-trivial solutions for the second
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case. This paper will consider only the situations that have not mixed motion
type. Studying design parameters is not the focus of this paper.

It is essential to say that the (; angles variation is done through manual
intervention, i.e., the technician should choose the desired ; angle for every
joint and then lock it for the manipulator’s correct operation. Tab. 1 shows a
scheme for all 4-rRUU rPM operation modes. Examining first and second trivial

Table 1: 4-rRUU rPM operation modes.

Case Actuated pairs orientation Output forces
1 Arbitrarily oriented Mixed motion type
2 - Trivial 1 51 = B3 and B2 = Ba 3-DoF 3T, upside-down
2 - Trivial 2 B1 =3 and P2 = P4 3-DoF 3T, upright
2 - Trivial 3 B1 =3 and P2 = Pa Mixed motion type
2 - Non-trivial 1|81 = 83 = B2 — 90° = B4 — 90°|4-DoF 3T1R, upside-down
2 - Non-trivial 2|81 = 83 = B2 — 90° = 84 — 90°| 4-DoF 3T1R, upright

situations, the motion type is addressed as 3-DoF 3T motion. In the first trivial
situation, the moving platform is upside-down (with the Z’ axis illustrated in
Fig. 2a pointing in the opposite direction of the Z axis). In the second trivial
situation, the motion type is also a 3-DoF 3T, where the moving platform is in
an upright position (with the Z’ axis pointing in the same direction of the Z
axis). It is of note that in some particular conditions for case 2, the solutions are
not trivial, namely when 81 = 3 = 82 — 90° = B4 — 90°.

For these conditions, there are two more non-trivial situations, and both of
them have Schonflies motion. Similar to the earlier mentioned two trivial situa-
tions, the first non-trivial situation has the moving platform in an upside-down
position, and the second one in an upright position. The rotational motion is
along with the moving reference frame X’ axis, and this axis is oriented by an an-
gle By = B4 concerning the X axis for both cases. Since the kinetostatic solutions
of situations when the moving platform is in upright or upside-down positions
are basically the same, this paper will consider only the moving platform up-
right position situations. Thus, referring to Tab. 1 this paper will evaluate the
second condition for both trivial (Fig. 2a) and non-trivial (Fig. 2b) situations.
Specifically, for the trivial situation, the adopted angles are §; = 90°, moreover,
b1 = B3 =90° and B = B4 = 0° angles are adopted for non-trivial situation.

3 Inverse Kinematic Analysis

Multibody systems kinematic analysis is generally achieved geometrically through
a vector-loop equation. This method was successfully applied by several authors,
such as [6] who analyzed the stiffness of a 5-DoF PM. It presents, however, two
major drawbacks. First, along with the procedure, all passive joint variables are
eliminated. These passive joint variables are necessary to perform the static anal-
ysis. Second, the high degree of nonlinearity of the governing equations results
in a complex computer implementation [10]. In order to overcome the mentioned
drawbacks, inverse kinematics was developed through NC.
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Let M; be a point of the axis of rotation of the ¢th limb’s motor. Through Fig.
2, the coordinates M; may be obtained from the dimensions of the fixed frame.
Hence, the coordinates of joints A; can be calculated with simple trigonometry
relations, as stated by Eq. 1.

xum; + (1 — 2)Lasin(Bi) xum, + (1 — 3)Lacos(B;)
A; = ,and A; = , (1)
1=1,3 1=2,4

ym; + (2 — i) Lacos(B;) ym,; + (i — 3)Lasin(B;)

ZM; ZM;

’

where L 4 is the length of the link connecting the motor to joint A;, and zyy, is
the height of the axis of the motor relative to O. For the analyzed cases, zp, = 0.

Since in the inverse kinematics the desired position of the moving platform
P(zp,Yp, 7p) is known, it is possible to calculate the coordinates of joints Cj.
First defining G; as the C;; joint position with respect to P; or Cjs (P; and Cjo
points coincide), one can state the following equations for each limb:

G1 = [Lgsinﬁz Lgcosﬂg O]T ) Gz = [—Lgcosﬂg Lgsinﬁz O}T s
Gz = [7L382'7’L/82 —L3cosfBa O]T ,and G4 = [Lgcosﬂg —L3sinBs 0] T, (2)

Also adopting V' = [Licos(a) Lasin(a) 0]" and o = Z(i — 1) it is feasible to
compute Cj; through Eq. 3 for the trivial situation. For the non-trivial situation,
it is necessary to compute the coordinates of the Cj; joints considering the angle
¢ of the moving platform concerning the fixed frame, as presented by Eq. 4.

Tp Lycos(w)
Ca=P+V+Gi= |yp| + |Lasin(a)| + Gy; (3)
Zp 0

'Ciy =V + Gy, and Ciz = P + R.(82)Ra(¢) - © Cis,

Zp cos(B2) —sin(B2)cos(¢) sin(B2)sin(p) Licos(a)
Ci1 = |yp | + |sin(B2) cos(B2)cos(¢p) —cos(B2)sin(¢p)| - | Lasin(a)| + Gi. (4)
Zp 0 sin(¢p) cos(¢) 0

O/Cil and Cj; represent the Cj; joint position regarding the moving reference
frame O’ and fixed reference frame O, respectively. R, and R, are rotation
matrices around the Z and X axis, and By = 34 are the 2 and 4 motors’ angles.
In Eq. 4, there are two rotation matrices (R, and R, ) pre-multiplied according
to the moving reference frame, resulting in the O’ coordinate system orientation
regarding O. Finally, multiplying the obtained result by V and adding the Gj
and P coordinates, one can achieve the C;; position concerning O.

At this point, there are two unknowns for each limb for both trivial and
non-trivial situations. First, the A and C joints positions have already been
calculated. In the trivial situation, the A joint coordinate x4 and the B joint
coordinate xp are equal for limbs 1 and 3. Additionally, y4 is equal to yp for
limbs 2 and 4. It should be noted that there is an offset distance between B;;
and B;s, represented as Ls in Fig. 2a. This offset distance must be considered
when computing the position kinematics. Therefore, let B;; be in the same plane
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of joint A; and B;s considering the offset Ls. Similarly for joints C;, Cis is
coincident to P;, and Cj; considers the offset L3. The remaining two unknowns
for the trivial situation are yp,, and zp,, for limbs 1 and 3, and xp,, and zp,,
for limbs 2 and 4. Considering the non-trivial situation, 4 and zp are equal
for all limbs, and then the two unknowns are the yp and zg. Through natural
coordinates modeling, it is possible to achieve Eq. 5.

(Bi1 — A;) - (Bj1 — Aj) = L4, and (Ciy — Bia) - (Ci1 — Biz) = L. (5)

Since Eq. 5 is nonlinear, it is not possible to solve them analytically. Hence,
the Newton-Raphson numerical method is adopted to solve this system of equa-
tions. It should be noted that this architecture presents position redundancy,
which means that the same position of the moving platform can be achieved by
different orientations of each limb. The redundancy occurs because of the exist-
ing different operation modes, as described in Sect. 2. This redundancy, however,
only occurs if the motor input angle changes the quadrant of operation. In order
to guarantee that the numerical method will converge to a specific position, the
numerical algorithm must limit the range of convergence.

In the trivial situation, the first, second, and fourth motors’ inputs (g1, g2, q4)
are restricted to lay into the first quadrant, i.e., 0° < ¢1, ¢2, g4 < 90°. While g5
is limited to the second quadrant, 90° < g3 < 180°. Additionally, regarding the
studied position for non-trivial situation as Fig. 2b shows, ¢; and g3 are restricted
to the first 0° < ¢; < 90° and second 90° < g3 < 180° quadrants, respectively.
Defining these quadrants for first and third motor input angles solves the system
completely. It is not necessary to restrict the quadrants for g and g4 since there
are no position redundancy when ¢; and qs are restricted in this manner.

The method described in this section was developed using Python, and the
results were validated through a CAD model of the 4-rRUU rPM. The validation
process considered fifteen different moving platform positions and presented an
average difference of 0.001612mm, with a standard deviation of 0.003288mm.
The maximum, minimum, and mean percentage error was 0.00387%, 0.000028%,
and 0.00118%, respectively. The presented deviation between the CAD and NC
results is negligible and does not compromise the analysis precision.

4 Static Analysis Through Davies’ Method

The static analysis of a mechanism is generally based on a system of equilibrium
equations. The static equilibrium depends on the existence of external actions
to the input links generated by actuators [1]. This paper aims to determine the
output forces through the moving platform for a set of torque inputs from the
motors. Further details of the employed Davies’ method can be found in [1].
For the static analysis of the 4-rRUU rPM, the external forces acting on the
moving platform and the torques generated by the motors must be internalized.
The equilibrium equations are achieved from a directed graph representation of
the mechanism, presented by Fig. 1b. The dashed red, black, blue, and green
lines represent the chords, branches, torques generated by the motors, and the
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external load applied to the moving platform. The number of cuts & is equal to
the number of edges, minus the number of independent loops. Let C' be the total
number of constraints imposed by the joints. The cutset matrix @ is composed
of k rows and C columns. Each element ¢;; of the () matrix may take on the
values of 0, -1 or +1, following the pattern presented by Eq. 6.

0,if cut i does not include edge j;
¢ij = § +1,if cut 7 and edge j shares the same direction; (6)

—1,if cut 7 and edge j have opposite directions.

Let A be the number of DoF's of the workspace. The wrench $ of a joint is
a A X Cjoine matrix, where Cjyin; represents the number of constraints imposed
by the joint, in which each column contains the A\ unit action coordinates of the
restraint action [1]. Each column of § represents the unit screw of a reaction force
and can be determined individually. Hence, the first column of $ is the reaction
force’s unit screw in the x direction, and the second column is the reaction
force’s unit screw in the y direction, and so on. The unit screw of a reaction
force is defined as $,, = [§ Sy x ﬂ T. Where § is a unit directional vector, which

describes the direction of the axis of rotation of a joint, Sy is a position vector of
any point belonging to the axis of rotation and 1) is a determined reaction force.

For each joint, the vector Sp is constructed with the results achieved from
the position kinematics equations described in Sect. 3. The axis of rotation for
joints A;, B;; and C;s are constant, regardless of the moving platform’s position.
Hence, the vectors S for the aforementioned joints can be constructed manually
by inspecting Fig. 2a and Fig. 2b. It can be seen that for the trivial case, the
direction of the rotation axis for joints A;, B;; and C;s are the same for each
limb and are shown as follows: S = [1 0 O]T, for limbs 1 and 3, and S =
[O 1 O]T, for limbs 2 and 4. For the non-trivial case, all axes are oriented to

the  direction. Hence, vector S for the same joints are given by: S = [1 0 O] T

The rotation axis for joints B;> and C;; may change their direction as the
moving platform translates. Let S ; be the unit direction vector for joints B
and Cj1, and Bngﬂ be the vector along link BZQCzl, which can be determined
by the position kinematics. Since BlgC 1 and Sp,, are always orthogonal, their
dot product is always equal to zero as Eq. 7 shows.

In the trivial case, one can see from Fig. 2a that joint B;s axis of rotation
changes its direction in the Y Z plane for limbs 1 and 3. Hence, the = coordinate
of S'J;»z is always equal to zero. After expanding the dot product exhibited in
Eq. 7, it is possible to achieve the first vector presented in this equation. The
same process applied to limbs 2 and 4 is also calculated by this equation. In
the non-trivial case, it can be seen from Fig. 2b that joint B;s axis of rotation
changes its direction in the Y Z plane for all limbs. Hence, S;ﬂ is determined
only by the first vector presented in Eq. 7 where the x axis coordinate is null.

- ZB.oC, T . .
- - Sy, =10 — 222 ZBaon for i=1, i=3;
B.oC:1 -8 =0 = i2 YB;5Ciq ) 5 ; (7)
@il Biz = - £BiaCi () T . .
SB,, = BETICH ZB;Cin |, for i=2, i=4.
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Finally, a joint wrench matrix can be assembled by joining each reaction unit
wrench. For a joint that restricts every possible motion (Cjeint = 6), its wrench
would be presented as follows: $ = [$r, $r, $r $7. $7, $1.].

As stated above, the external forces must be internalized. The wrench that
represents the external load, $5,,,,, can be obtained by the same procedure as
the joints. The wrenches can be bound together in a single unit action matrix,
Ap. As presented by Eq. 8, the Ap matrix is assembled by positioning first the
chord wrenches, and afterwards the branches. The network action matrix Ay
establishes the relationship between the wrenches grouped in Ap with the k cuts
defined in the cutset matrix Q. Each row of @) represents which wrenches belong
to that respective row, considering its sign (positive or negative). A systematic
approach to build the Ay matrix is presented by Eq. 9.

Ap = [$C1 $c, $c, $4, 85, $4, 8B, $A3 $53 o $cy $4, 8B, $Fload] ; (8)

[Ap]a,c - diag{[Q1]1,c}
[Ap]x.c - diag{[Q2]1,c'}

Ay = (9)

[Ap]x.c - diag{[Qk]1,c}

Let [#]c,1 be the action magnitude vector, composed of all mechanism’s
reaction forces. The cutset law states that the sum of all wrenches belonging to
the same cut must be equal to zero. Hence, the matrix [An]xx,c multiplied by
[W]c,1 is equal to zero, namely: [An][¥] = [0]. This equation is only solvable
if matrix Ay is square. However, for an overconstrained mechanism, there is a
required number of known variables C,, = C — Ak to fully define the mechanism.

In order to solve the statics, it is necessary to identify both known (primary)
and unknown (secondary) variables. This paper considers that the torque ap-
plied by each motor is known. Ultimately, it is feasible to divide the network
action matrix in a primary Ay, and secondary Ay, network action matrices.
The magnitude vector ¥ is also divided in the same manner as follows:

(AN %] = —[An, ][%]- (10)

The static analysis method presented in this section was developed for both
trivial and non-trivial situations in Python. Even though the number of known
variables does not match the C, number, i.e., the Ay, matrix is not square,
the problem is solvable by the least-squares solution approach. This method
computes the x vector that approximately solves the system of equations in the
form of Ax = b and can be implemented through the numpy.linalg.lstsq python
package. Table 2 presents the adopted torque input of each actuator and the
resulting output forces for each situation.

Table 2: Static analytical model results.

Case Input torques [Nm] Output reactions
Trivial F, = 116.92N, F, = 72.5N,
Ta1 = 15, Tas = —30, F, = —232.32N

Non-trivial

Tas =15, Tas = —30 |[F, = —336.71N, F, = 398.10N,
F, = —54.62N, T, = —41.51Nm
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5 Conclusions

This paper developed the static analysis of a rPM based on screw theory and
Davies’ method. The 4-rRUU PM’s inverse kinematics was modeled through NC,
which result in a system of nonlinear equations. These equations were solved
through the Newton-Raphson numerical method, presenting a mean error of
0.00118% concerning the designed CAD model. The results achieved were used to
perform the rPM’s static analysis under two configurations yielding an analytical
model. The conducted static analysis produced consistent results regarding the
applied input torques. For future works, the results obtained from the inverse
position kinematics and static analysis will be used to perform a stiffness analysis
of the 4-rRUU rPM to establish its suitability in several applications better.
Furthermore, one can validate the achieved results by static analysis employing
a different method such as the numerical finite element analysis.
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Abstract. This paper proposes a novel construction method for the type syn-
thesis of variable-DOF mechanisms. Using the proposed method, variable-DOF
mechanisms can be obtained in two steps: The first step is to construct multi-DOF
overconstrained mechanisms using compositional overconstrained mechanisms,
and the second step is to obtain variable-DOF mechanisms by removing a link
from each multi-DOF overconstrained mechanism obtained in the first step. An
8-link variable-DOF planar mechanism is obtained using this method, which has
less number of links than the existing variable-DOF multi-loop planar mecha-
nisms. Motion mode analysis of an example 8-link variable-DOF planar mecha-
nism shows that it has one 2-DOF motion mode and seven 1-DOF motion modes.

Keywords: Variable-DOF mechanism, Type synthesis, Construction method, Over-
constrained mechanism, Motion mode

1 Introduction

Variable-DOF (or kinematotropic) mechanisms [1-13] are a class of reconfigurable
mechanisms. Several approaches have been proposed for the type synthesis of variable-
DOF single-loop spatial mechanisms [3-7,9, 11] and parallel mechanisms [10, 12-14,
16]. In addition to method by intuition [1], mathematical methods [2,3,9-11, 15, 16],
construction methods [4,5, 7] have also been proposed.

Several variable-DOF multi-loop planar mechanisms, such as the 12-link Wunder-
lich mechanism [1] and 10-link Kovalev mechanism [2], have been proposed. However,
the number of variable-DOF multi-loop planar mechanisms proposed so far is very lim-
ited. This paper is to extend the construction approach to the type synthesis of variable-
DOF mechanisms and to reveal an 8-link variable-DOF multi-loop planar mechanism
with fewer number of links than the Wunderlich mechanism [1] and Kovalev mecha-
nism.

This paper is organized as follows. In Section 2, a novel construction method for the
type synthesis of variable-DOF mechanisms is proposed, and the construction of a novel
variable-DOF 8-link planar mechanism is presented. The motion modes of the novel
variable-DOF 8-link planar mechanism are identified in Sections 3. Finally, conclusions
are drawn.

Since this paper focuses on the type synthesis of variable-DOF mechanisms, link
interference is ignored in this paper and will be addressed in the future.
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2 A novel construction method for the type synthesis of
variable-DOF mechanisms

Unlike the construction methods for the type synthesis of variable-DOF mechanisms
in which joints are added to an overconstrained mechanism [4,5, 7, 12], a novel con-
struction method for the type synthesis of variable-DOF mechanisms in which a link is
removed is proposed from an overconstrained mechanism in this section to complement
the existing construction methods.

Using this novel construction method, variable-DOF mechanisms can be obtained
in two steps:

Step 1: Construct multi-DOF overconstrained mechanisms using compositional overcon-
strained mechanisms. For example, a 5-link 3-RR planar parallelogram is com-
posed of two identical links (A;A>A3 and B1B»B3 in Fig. 1(a) or A{A}A} and
B B,Bj in Fig. 1(b)) connected with three RR links (A;B; = A2B> = A3B3 in
Fig. 1(a) or A|B} = A,B), = A}BY, in Fig. 1(b)) of equal link lengths. Here R de-
notes a revolute joint. By assembling two 1-DOF planar 5-link 3-RR parallelograms
(Figs. 1(a) and 1(b)) in such a way that links A,B, and A, B) coincide and the joint
axes of R joints A and B; are collinear with the joint axes of R joints A} and B
respectively, we can obtain a 2-DOF 9-link planar mechanism (Fig. 1(c)).

Fig. 1. Construction of a variable-DOF mechanism: (a) 5-link 3-RR planar parallelogram I, (b)
5-link 3-RR planar parallelogram II, (c) A 2-DOF 9-link planar mechanism, and (d) An 8-link
variable-DOF planar mechanism.

Step 2: Obtain variable-DOF mechanisms by removing a link from each multi-DOF over-
constrained mechanism constructed in Step 1. For example, by removing the com-
mon link (A2B5) from the 2-DOF 9-link planar mechanism in Fig. 1(c), we can
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obtain a variable-DOF 8-link planar mechanism (Fig. 1(d)). From the construction
of the mechanism, one can observe that this mechanism has a 2-DOF motion mode.
In addition, the DOF of the mechanism obtained using traditional mobility formu-
las for planar mechanisms is one. Therefore, this mechanism should have at least
one 1-DOF motion mode.

In addition to the above 8-link variable-DOF planar mechanism, a number of new
variable-DOF planar and spatial mechanisms can be obtained using the above construc-
tion approach.

From a v-loop overconstrained mechanism constructed using ny compositional
overconstrained mechanisms, a (v —ny + 1)-loop variable-DOF mechanism can be ob-
tained. In the above example, a 3-loop variable-DOF mechanism (Fig. 1(d)) is obtained
from a 4-loop overconstrained mechanism (Fig. 1(c)) constructed using two composi-
tional overconstrained mechanisms.

3 Motion mode analysis of an 8-link variable-DOF planar
mechanism

In this section, we will reveal all the motion modes of the novel 8-link variable-DOF
mechanism obtained in Section 2.

3.1 Geometric description of the 8-link variable-DOF planar mechanism

The link parameters of the 8-link variable-DOF planar mechanism (Fig. 2) are:

a1 = A1Ay = B1Ba, ap = A1A3 = B1B3, a = LZA>A1A3 = ZB>B B3, a’l ZAIIA/Z =
B/le, a’2 = AllAg = B/lBg, Ot/ = ZAQA&A% = ZBzBllBg, and AlBl = A3B3 = A/IB/I =
A%B’; = L. In this paper, we focus on 8-link variable-DOF mechanisms with o % 0 and
o #0.

For the example 8-link variable-DOF planar mechanism in this paper, a; = a} = 80,
a)=d, = 15v/10, a = o = atan(1/3), and L; = 100.

3.2 Kinematic equations

For the purpose of simplification and without loss of generality, four coordinate systems
are established. The coordinate system O — XY is attached to the link AjA>A3 with O
being coincident with A; and the X-axis passing through A;. The coordinate system
Op — XpYp is attached to the link BB, B3 with Op being coincident with B; and the Xp-
axis passing through B,. The coordinate system O’ —X'Y" is attached to the link A} A5A,
with O’ being coincident with A} and the X’-axis passing through A}. The coordinate
system O — XYy, is attached to the link B B, By with O} being coincident with B and
the Xp-axis passing through B,. Let ¢ (6 and &) denote the angle between the Xp-axis
(link A1 By, link A3B3) and X —axis measured anti-clockwise, and ¢’ (8’ and £’) be the
angle between the Xj-axis (link A} B}, link A;B%) and X’ —axis measured clockwise.
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Fig. 2. Link parameters of the 8-link variable-DOF planar mechanism.

The loop closure equations of loops A1B1B3A3A1, A1 B1B2B|A1AA| and A B| B5ALA]
written in complex form are

(Lle’:e +a2e’:<‘7’+°‘) - agei“_) (Lie™® faze_"(‘?'*'a) —aze ) = (L1e%)(Lie™ )
(Lie® +-a1e'® —ay)(Lie ™ +-aje7 —ay)

= (e s de? Sale O rde ® —a)
(L]@le +a/26l(¢ +ao) _a/zeux )(Lle"" +a/26—l(¢ +o') _a/ze—:a ) — (Lle"5 )(Lle—:§ )

ie.,

2L1a;(Cp — 1)CO +2L,S0Spa; —2Cpa? + L2 +2a% =

2L1d} (C9' —1)CO’ +2L,56'S¢’a) —2Co"a) + L7 +2a?

2a,(((Co —1)CO+SOSP)LCax )
—L1S§COSa+ (Cp —1)(L1SOSax —az)) =0

2d,(((C¢' — 1)CO’ +86'S¢")LiCot/

—L1S¢'CO'Sa’ + (C9' —1)(L1S0'Sat’ —dfy)) =0

where S* and Cx denote sin* and cos * respectively.

To simplify the motion mode analysis of the 8-link variable-DOF planar mecha-
nism. Let L, denote the distance between A, and B;. Equation (1) can be turned into a
set of four equations.

2L1ai(Co —1)CO+2L,S0Spa; —2Cpa3 + L2 +2a} = L3

2a>(((Co —1)CO + S0SP)L,Cax

—Li1S9COSa+ (Cp — 1)(L1SOSa —az)) =0 )
2L1d}(C9' —1)CO’ +2L,50'S¢'a) —2C¢'a? + L2 + 24} =13 @
2d5(((C¢' —1)CO’ +86'S¢")LiCo/

—L1S9'CO'Sa’ +(C9' —1)(L1SO'St’ —ah)) =0

The motion mode analysis of the 8-link variable-DOF planar mechanism can be
obtained by solving Eq. (2). The 3" and 4" equations of Eq. (2) can be obtained from
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the 1" and 2" equations by replacing a, a», ¢, ¢ and 6 with ay, dy, o, ¢' and 6’
respectively. To solve Eq. (2), we can first solve the following two subsets of Eq. (2),
including Eq. (3) composed of the 1* and 2" equations and Eq. (4) composed of the
374 and 4" equations, and then combine these solutions to obtain solutions to Eq. (2).

2L1a,(C¢ — 1)CO +2L,50S9a; *2C¢a% +L% +2a% = L%
2a5(((Co —1)CO +S6S9)L,Cax 3)
—L1S¢COSa+ (Co —1)(L1SOSa —az)) =0

2L1a)(C9’' —1)CO'+2L,56'S¢’d), — 2C(})’a’12 +L% + 2a’l2 = L%
2d,(((Co' —1)CO' +560'S¢p") L Co/ (@]
—Li1S¢'CO'Sa’ + (C9’' —1)(L,1S0'Sa’ —df)) =0

3.3 Solutions to Eq. (3)

Rewriting Eq. (3) as a set of linear equations in SO and S0, we have

RCO+SSO+0Q=0 &)
UCO+VSO+W =0

where R =2Lja;(Co — 1), S =2L1S¢a;, Q = —2Cpa? + L3 — L3 +2a2, U = ar((CH —
LiCa — LiS¢Sa), V = ar(SPLiCa+ (Co — 1)L Sax), and W = —a3(C¢ — 1).
The determinant of the coefficient matrix of the above equation is

A =RV —US=4La1a,Sa(Co — 1) (6)

Therefore, solutions to Eq. (5) can be classified into two classes, including solutions
with C¢ — 1 = 0 and solutions with C¢ — 1 # 0.

Solutions with C¢ —1 =0 In the case of C¢ — 1 = 0, we have S¢ = 0. The second
equation in Eq. (5) is met. The first equation in Eq. (5) leads to

Ly =1L, (7

In this case, 6 can have any value.

Solutions with C¢ — 1 # 0 Solving Eq. (5) for C8 and SO, we obtain

Co=(SW-VvQ)/A )
S6=—(RW-UQ)/A
The substitution of Eq. (8) into C?0 + 526 = 1 yields
26313 (Co — 1) (—L5 + (eoCo + e1)L3 + e2C*p +e3CP +e4) =0 )

35 of 828



Xianwen Kong

where eg = 4a;a,Ca —4a%, e = —dajarCa —|—2L% —|—4a%, e = 8Caa%a2 — 4a? —4a%a%,

e3 =8L2Ca’a} —4LiCaara, — 16Coaia —4L3at +8at +8a3a3, and ey = —8L3Ca*al +

4L%Coca1a2 + 8Caa?a2 — L‘l1 +4L%a% — 4a‘11 — 4a%a%.
If L, = Ly, Eq. (9) becomes

where

(Co—1)2[foCP + 1] =0

fo=2a1a,Ca —a% —a%

(10)

f1=2L3C*a—2aja,Coe —2L3 +a? +d

Eq. (10) is then reduced to a linear equation in C¢

SoCo+f1=0

an

If Ly # Ly, Eq. (9) is reduced to a equation in C¢ and L% as

—Lg + (EQC(]) + e )L% + €2C2¢ +e3CP+es4=0

12)

The solutions to Eq. (3) of the 8-link variable-DOF planar mechanism are summa-
rized in Table 1.

Table 1. Solutions to Eq. (3).

No[ Case [ () 0
LLZ =1 0 Any value
Co=—fi/fo
I S¢:(17C2¢)1/2
CO=(SW-VQ)/A

wherefo:ZalagC(xfa%fa% and {SGZE(Rng)Q/)/A

] fi :ZL%Czoc—2a1a2Ca—2L%+a%+a%.
where
11 {C¢ =—fi /fo2 " A =412a,0,50(C — 1),
So=-(1-C9) R=2Lja;(C —1),
4 2 2 S:2LlS¢!a1,
—L; +(e0CO +e1)Ly +e2C°9 +e3CP +e4 =0 | 0= 2Cpa> +13 —12+2d2,
2 U=a2((C¢—1)L1Co¢—

wheree0:4a1a2C(x2—4a1,2 L1SPSa), V = ar(SOL1Cat +
IV|L;y # Ly|e1 = —4aja;Co + 2L +4ay, (Co — 1)L, Sa)

er = 8Caaay — 4a? — 4aPa2, e3 = 8L2Ca%d? — ) ’

1 1 192 1 W =2a5(C¢ —1).

4L%Coca1a2 — 16Caa?a2 —4L%a% —O—Scf]1 +8a1a%,

and e4 = —8LiCa’a} +4LiCaaja; +8Caaias —

L‘lt + 4L%a% — 4a‘1‘ — 4a%a%.
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3.4 Solutions to Eq. (4)

Similarly, there are four solutions to Eq. (4). These four solutions, I, I', III" and IV’,
can be obtained from the four solutions to Eq. (3) in Table 1 by replacing ay, az, ., e;,
fi» ¢ and 6 with @}, d, o/, ¢}, f{, ¢' and 6’ respectively.

3.5 Motion mode analysis of the 8-link variable-DOF planar mechanism

By combining the solutions, I, II, III and 1V, to Eq. (3) and the solutions, I’, II’, III’
and IV’, to Eq. (4), we can obtain that there are six solutions to Eq. (2): I-T, I-IT,
I-III', Y-I1I, I'-I11, and IV-IV’. The first five solutions can be readily obtained, while
elimination of L, is required to obtain the sixth solution IV-IV’. As detailed in the
remaining of this section, one can obtain all the motion modes of a 8-link variable-
DOF planar mechanism from these solutions. All the motion modes of the example
8-link variable-DOF planar mechanism are shown as a point, straight line or curve in
the ¢ — ¢’ plane (Fig. 3). Eight configurations, including one in each of the motion
modes, of the example 8-link variable-DOF planar mechanism are illustrated in Fig. 4,
where link A} B] is selected as the frame of the mechanism.

Motion mode VIII

Motion mode VII \ Motion mode VI
6 / \

Motion mode I1I

Motion mode IT

[¥]

1 Motion mode V
Motion mode IV

0 .
0 1 2 3 4 5 6
Motion mode I o

Fig. 3. Eight motion modes the example variable-DOF 8-link planar mechanism in ¢-¢’ space.

Solution I-I' represents motion mode 1 of the 8-link variable-DOF planar mech-
anism. In motion mode I (Fig. 4(a)), we have ¢ = ¢’ = 0. Loops A;-B1-B3-A3 and
A'|-B||-B};-A; are both parallelograms, and the mechanism has two DOF with 6 and 6’
as independent joint variables.

Solutions I-II' (Fig. 4(b)) and I-III" (Fig. 4(c)) represent motion modes II and III of
the 8-link variable-DOF planar mechanism. In these motion modes, ¢ = 0, and ¢’ is a
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Fig. 4. The example 8-link variable-DOF planar mechanism in: (a) Motion mode I; (b) Motion
mode II; (c) Motion mode III; (d) Motion mode IV; (e) Motion mode V; (f) Motion mode VI; (g)
Motion mode VII; and (h) Motion mode VIII;

non-vanishing constant. Loop A;-Bj-B3-Aj is a parallelogram while loop A’ -B}-Bj-A)
is an anti-parallelogram. Joints A}, B/, B; and A} lose their DOF. The mechanism has
one DOF with 6 as an independent joint variable.

Solutions I'-1I (Fig. 4(d)) and I'-I1I (Fig. 4(e)) represent motion modes IV and V of
the 8-link variable-DOF planar mechanism. In these motion modes, ¢’ = 0, and ¢ is a
non-vanishing constant. Loop A’ -B|-Bj-A} is a parallelogram while loop A;-B;-B3-A3
is an anti-parallelogram. Joints A, B, B3 and A3 lose their DOF. The mechanism has
one DOF with 6’ as an independent joint variable. .
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Solution IV-IV’ (Figs. 4(f), 4(g), 4(h)) leads to at least one 1-DOF motions mode,
in which loops Ai-Bi-B3-A3 and A'-B}-Bj-A’ are both anti-parallelograms. For this
solution, we have

{—Lg—i—(60C¢+€1)L%+62C2¢+63C¢ +e4=0 (13)
—L3+ (eyCo’ + €} ) L3 +e,C29" +e5CP" + ¢} =0
Eliminating L, from Eq. (13), we obtain a nonlinear equation in C¢ and C¢’ as
4 4-i o
Y ) hijCocio’=0 (14)
i=1j=1
where ho 4 = —€7, h1 3 = —egeyeh, ho3 = —ereyeh —2ehel, hay = eleh +erel +2exéh,
hip =2eqe; ey, —epepel — epe' € + 636‘62 +2e3€h, hor = e3ey — ejepey —erejeh+ 646‘62 +
2e4€y, —2¢ehel — e’32, h31 = —eperepy, hyy = e(z)eg — egeze) — eere) + 2ere¢| + 2ereh,
hi1 = 2epe1€y — epesel — epehel, — epel ey — eresel + 2esele + 2esely, hoy = etel —

eresel —erepel, —erel ey +2ese el +2eqes —2¢5el, hag = —e3, hs g = —epere —2eze3,
h — 2, /o / /2_2 2 /_2h =2 /o /o
2,0 = €p€,y — epe3ey e1exe; + exeq ereq4 + €26, 63), 1,0 = «€0€1€, — epeése;

epe ey —ereze) +ege’12 —2e3e4+2e3€), and hy o = e%eg —ejese) —erele —i—e4e’l2 — eﬁ +

2eqel —elf.

There must be at least one motion mode corresponding to Solution IV-IV’, and the
number of 1-DOF motion modes associated with Solution IV-IV’ depends on the link
parameters of the variable-DOF planar mechanism. For the example 8-link variable-

DOF planar mechanism, Eq. (14) has the following three solutions:

=19 (15)
9=2m—¢' (16)

and
C2¢ —1160C¢'C¢ + 841C2¢/ +1798C¢ +1798C¢’ —2518 =0 (17)

Equations (15), (16) and (17) lead to 1-DOF motion modes VI (Fig. 4(f)), VII
(Fig. 4(g)) and VIII (Fig. 4(h)) of the example 8-link variable-DOF planar mechanism.

In summary, an 8-link variable-DOF planar mechanism has one 2-DOF motion
mode and at least five 1-DOF motion modes. The example 8-link variable-DOF mech-
anism has one 2-DOF motion mode and seven 1-DOF motion modes (Fig. 3).

4 Conclusions

A novel two-step construction method for the type synthesis of variable-DOF mecha-
nisms has been proposed. An 8-link variable-DOF mechanism has been obtained, which
has less number of links than the existing variable-DOF multi-loop planar mechanisms.
This 8-link variable-DOF planar mechanism with o # 0 has one 2-DOF motion mode
and at least five 1-DOF motion modes. An example 8-link variable-DOF planar mech-
anism that has one 2-DOF motion mode and seven 1-DOF motion modes has been
identified.

This paper enriches the methods for the type synthesis of variable-DOF mechanisms
and the types of variable-DOF mechanisms.
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A novel kinematic performance index and its application
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Abstract. Based on the requirements of the driving torque and velocity of the
motor, this paper presents the local motor payload index (LMPI) and the local
motor velocity index (LMVI), which have the advantages of clear physical mean-
ing and mathematical differentiability compared with other indexes based on sin-
gular value. In order to transform the local index to the global index, the worst-
best subsampling method is proposed, which selects the worst local index of the
best taskspace as the global index of the overall workspace. This transformation
method is more suitable for the requirements of reasonable taskspace of the
mechanism, and reflects the lower performance limit of the mechanism. Based
on LMPI, LMVI and the transformation method, the global motor requirement
index (GMRY) is proposed and applied to the optimum design of a novel 4-DOF
parallel manipulator. The results show that the boundary of the appropriate pa-
rameter space selected according to GMRI is clear, which is conducive to the
selection of the structural parameters and actuated motors.

Keywords: kinematic evaluation, parallel manipulator, optimum design, global
index, motor requirement.

1 Introduction

Parallel manipulator (PM) is a kind of mechanism with the kinematic closed chain.
Compared with the serial manipulator, the research shows that the PM has some ad-
vantages of high speed, high stiffness and high precision [1] and has been used in high-
speed pick-and-place manipulator [2], machine tool [3] and spray robot [4].

The evaluation of kinematic performance is an important issue of performance com-
parison [5], actuation modes selection [6] and optimum design [7] about the PM. Some
indexes are proposed to evaluate the kinematic performance of PMs [8], generally
based on singular values of Jacobian matrix: (i) the local velocity index (LVI) and the
local payload index (LP1) [9] are determined by the maximum (minimum) singular val-
ues, represent the maximum (minimum) ratio of 2-norm of the input-output torque (ve-
locity) of the mechanism; (ii) the manipulability index (MI) [10] is determined by the
product of singular values, represents the volume ratio of the distribution region of input
and output torque (velocity) of the mechanism; (iii) the conditioning index (CI) [11,12]
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is determined by the ratio of the maximum and minimum singular values and is a good
measure of the manipulator’s distance singularity and Kinematic accuracy. In addition,
the global dexterity index (GDI) [13], the global isotropy index (GlIlI) [14] and other
comprehensive indexes based on the above indexes have also been applied in PM.

These indexes mentioned above have been well used in PMs, but there are still few
limitations: (1) these kinematic indexes generally ignores the information beyond sin-
gular values in Jacobian matrix, and cannot be corresponding to the actual physical
entity; (2) Generally a simple combination of the workspace index (WSI) or other local
indexes is used as the global comprehensive kinematic index and used for parameter
optimization [14], which lacks clear physical significance.

For the limitation (1), the pressure angle [15] and the transmission efficiency of
torque (velocity) [16] are paid attention to, the local transmission index (LTI) is ob-
tained and used in optimum design of PM [17,18]. Different from the above physical
parameters, this paper decouples the payload (velocity) performance of different motors
to retain the information of singular vectors in Jacobian matrix, and proposes the local
motor payload index (LMPI) and the local motor velocity index (LMV1). for the limi-
tation (2), the worst-best subsampling method is proposed, which selects the worst local
index of the best taskspace as the global index of the overall workspace. The global
motor payload index (GMPI) and the global motor velocity index (GMV]1) are obtained
by this method and synthesized into the global motor requirement index (GMRI). Fi-
nally, the optimum design of a novel 4-DOF PM, PRPS-2PRS, is realized based on
GMRI and the results show that the appropriate parameter space selected according to
GMRI is conducive to the selection of the structural parameters and actuated motors.

2 Kinematic Performance Evaluation Index

For each n-DOF non-redundant manipulator, the relationship between the pose of the
end-effector (EE) and the displacements of the active joint can be expressed as

q=£(6),0=f"q )

where 8 = [6,,6,, ...,6,]" is the displacement of active joints, q = [q1,qz, .-\ qn]T
denotes the generalized coordinates of EE, f(+) and f~1(+) are the forward and inverse
kinematics which can be analytical or non-analytical. Taking the time derivative of (1):

q4=J;0,6=]q 2

where J, € R™™ is the forward Jacobian matrix, J; =]J,?1 is the inverse Jacobian ma-
trix. When J ¢ (J;) does not exist, the corresponding pose is defined as forward (inverse)
singular pose of the manipulator.
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2.1  Local Motor Payload Index & Local Motor Velocity Index

The local motor payload index (LMPI) and the local motor velocity index (LVPI) are
proposed to describe the requirement of driving torque and velocity and measure the
payload and velocity transmission performance of the PM in this section.

The relationship between the driving torque provided by motors and the payload
acting on the EE can be expressed by virtual work principle

TT60 = fquout (3)

where 80 € R" represents the virtual displacement of the actuated joint, q,,, € R®
represents the virtual displacement of EE including three virtual rotations and three
virtual translations, T € R™ is the driving force or torque, f = [fT fL]T € R® is the
payload including external force f,, and torque f, in the EE. 8q,,,; can be rewritten as

8qou: = Adq 4)

where 8q € R" is the virtual displacement corresponding to the generalized coordi-
nates q, and A € R®*" is the transformation matrix between 8q and 6q,,,. According
to (4) and (3), T can be determined as

T=J;"ATf 5)

which represents the relationship between the driving torque and the payload of the EE
in this specific pose of the manipulator. Similar to (3) and (4), the relationship between
the driving velocity and the required velocity of the EE can be expressed as:

Gour = 44, 6= 1iq (6)

where qoue = [42  ¢L]T € R, ¢, and g, are the velocity and angular velocity of the
EE respectively. It is assumed that f and q,,,, are distributed in

14,£1, < K7 1Al < (7)

where Ay = diag(lf13,l3), A, = diag(4,13,15), I; is the j-order identity matrix, A
represents the weight ratio of force and torque applied to EE, the unit is m, 4, repre-
sents the weight ratio of velocity and angular velocity in the EE and the unit is m™1.
Since the virtual work of the EE in all directions should be equivalent, A, and Af are
inverse matrix of each other, 4, = /1;1 is the reciprocal of characteristic length of the
EE. Thus, Asf represents the normalized payload torque of the EE with the unitis N -
m and A, q,,; can be expressed as the normalized angular velocity of the EE in the
manipulator with the unit is rad/s.

Since the larger the required range of driving torque is, the higher the requirement
for the motor is, the required maximum driving torque of the j-th motor, ; ;,4,, Can
measure the payload transmission performance of the manipulator in the direction of
the j-th motor, and is defined as

Tjmax 2 max(|g]),s.t. ||/1ff||2 < Ky (8)
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where 7; = e]-Tr and e; is the j-th column of the identity matrix. Similarly, the required
maximum velocity of the j-th motor, éj,max, can measure the force transmission per-
formance of the manipulator in the direction of the j-th motor, and is defined as

éj,max = max(|9j|) ,S. L. ”Avqoutllz < Ky (9)
Based on Cauchy-Schwarz inequality and (5), 7j mq, Can be determined as
Tjmax = max(e] J;TATAF Apf) = ||e,.T];TATA;1||2Kf (10)

Based on Lagrange multiplier method, the constrained optimization problem (9) can
be transformed into

L = 6]0; + A(3 = 1Ay qouell3) = q"L1q + A(k] — §"L24) (11)

where Ly =]iTe,-e,-T]i, L, = ATATA,A. Since A represents the transformation matrix

between g and q,,,; and the terms of ¢ are independent of each other, A must be a col-
umn full rank matrix. Similarly, A,, is a nonsingular matrix. Thus, L, is invertible. The
necessary conditions for obtaining the extreme value in (11) must be satisfied:

(L7'L1 = DG =0, k) =q"Lrq (12)

Thus, when 1 is an eigenvalue of L;*L; and ¢ is the corresponding eigenvector, é]-
obtains the extreme value. In matrix theory, the geometric multiplicities of the nonzero
characteristic roots of BC coincide with those of CB[19], so A can be obtained as

A=¢ej];L;"]{e;0 (13)

when B = L;'JTe; and C = €] J;. Thus, 6;,,q, can be determined as

éj,max = \/max(qTqu) = \/max(ququ) = \/max(/D Ky = ’e}‘]il‘gll’irejkv (14)

It is reasonable to use the average value of 7; 4, and éj‘maxin all drive directions to
represent the comprehensive payload and velocity transmission performance of the ma-
nipulator. According to (10) and (14), the local motor payload index (LMPI) and the
local motor velocity index (LVPI) can be defined as the comprehensive required range
of driving torque and velocity under the normalized unit payload and angular velocity:

1 _ _ 1 ’ _
m= ?:1;||e;'r]iTATAf1”2, le=2?=1; e}r]iL21]'ire]_ (15)

where 1, is the LMPI and n, is the LMVI. It is noted that the unit of 7;,,,, isN-m

which is consistent with k. Thus, the index LMP1 is a unitless number independent of
the size of the mechanism. Similarly, the index LMV1 also is a unitless number.

44 of 828



2.2 Compare with Other Local Kinematic Indexes

The kinematic indexes based on Jacobian matrix generally can be represented graph-
ically by ellipsoid as the blue area in Fig. 1. The index LVI and LPI can be regarded as
the length of the longest axis, as the navy-blue line in Fig. 1, or the shortest axis. Ml is
the volume of the ellipsoid and the indexes related to CI is roughly the ratio of longest
and shortest axis.

Fig. 1. Geometric expression of different indexes

Generally, these kinematic indexes are related to the shape and size of the velocity
or torque ellipsoid, but not its orientation, due to the driving torque or velocity consid-
ered as entire piece such as the norm. In fact, each actuated motor is physically decou-
pled with others, and the performance this motor required cannot be replaced by other,
which shows that the performance of the manipulator should be related to the orientation
of the ellipsoid. LMPI and LMV are to consider the maximum driving torque and ve-
locity of each motor separately, and then synthesize these in all motors as the length of
red rectangle in Fig. 1 effected by the orientation of ellipsoid, which satisfies that each
motor is decoupled from others. In addition, the non-differentiability of singular values
will bring difficulties to other indexes in the subsequent analysis, LMPI and LMVI.

2.3 Worst-Best Subsampling Method

In this section, worst-best subsampling method is proposed and used for transforming
the local kinematic index to the global kinematic index. In previous research, the average
value of local index in the workspace was generally used as the global [5,11]:

qaV) = [nav/[1dv (16)

where 7 is the local index, 7(V) is the global index in the workspace V. But sometimes,
(16) is not reasonable since the local index of torque and velocity represents the driving
requirement of motors, and the requirement is determined by the worst position in the
evaluated workspace, rather than the average value of all positions. Thus, the more
reasonable global index should be the worst local index in the evaluated workspace:

7(V) = worst{n in V} )

For the selection of the evaluated workspace, researchers generally set it as the over-
all workspace V,;; or specific taskspace V,,,,,«, Which has the advantage of convenient
calculation and clear practical significance, but it is not completely suitable with the
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actual situation. In fact, it still has the limitation as mention in the introduction: the index
cannot reflect the size of the workspace and generally needs to be combined with WSI
and other indexes to describe the comprehensive performance of the mechanism, which
lacks clear physical significance.

In fact, the manipulator needs to provide the range of motion for each degree of free-
dom at the EE as the taskspace, and the size of taskspace is more important than the
specific pose distribution. Therefore, this paper suggests to look for all workspaces con-
sistent with the scope of the taskspace V,,, in the overall workspaceV,;;, and select the
workspace with the best performance as the evaluated workspace:

71 = best{worst{n in Vorx + A}, Viork + & S Vi } (18)

where V,,.-1 + A represents the workspace obtained by the translation A from V,,, .
Thus, this method only depends on the selection of the required size about taskspace
with definite physical meaning. For the same size about taskspace V,, ...« the change of
structure parameters would lead to the change of the size about the overall workspace
V.1, whose influence can be reflected in (18). Thus, the global index transformed by this
method, can describe the comprehensive performance of the mechanism, including the
influence of the workspace and the local index, without combining any other indexes.

This transformation method shown in (18), can be regarded as two subsampling
shown in Fig. 2: the subsampling window size is equal to the size of V,,,, in the first
subsampling and the worst point would be selected; the best point would selected in the
second subsampling while the window is the whole space. Thus, this method is defined
as worst-best subsampling method. In Fig. 2, the number in each square is the local index,
and the smaller the index, the better the performance. co means that the corresponding
point is outside V,;. The size of V,,,, is 2 X 2. Based on the worst-best subsampling
method, the global motor payload index (GMPI) and the global motor velocity index
(GMVI) are determined by LMPI and LMVI respectively.
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