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Abstract

We proposed a convolutional neural network (CNN)-based surrogate model to predict the nonlocal response for flexoelectric
structures with complex topologies. The input, i.e. the binary images, for the CNN is obtained by converting geometries
into pixels, while the output comes from simulations of an isogeometric (IGA) flexoelectric model, which in turn exploits
the higher-order continuity of the underlying non-uniform rational B-splines (NURBS) basis functions to fast computing of
flexoelectric parameters, e.g., electric gradient, mechanical displacement, strain, and strain gradient. To generate the data-
set of porous flexoelectric cantilevers, we developed a NURBS trimming technique based on the IGA model. As for CNN
construction, the key factors were optimized based on the IGA dataset, including activation functions, dropout layers, and
optimizers. Then the cross-validation was conducted to test the CNN’s generalization ability. Last but not least, the potential
of the CNN performance has been explored under different model output sizes and the corresponding possible optimal model
layout is proposed. The results can be instructive for studies on deep learning of other nonlocal mech-physical simulations.

Keywords Convolutional neural network - Isogeometric analysis - NURBS trimming technique - Nonlocal flexoelectricity

1 Introduction

Unlike piezoelectricity coupling electric polarization
directly with the strain, flexoelectricity is a nonlocal cou-
pling of the polarization to the strain gradient, as shown
in Fig. 1. While piezoelectricity exists only in non-cen-
trosymmetric materials, flexoelectricity shows in nearly any
material [27, 53]. Promising applications of flexoelectricity
have been emerging like energy harvesters absorbing the
mechanical vibrations [22, 32], actuators compatible for
the semiconductor industries [8], self-powering microsen-
sors [28, 31], as well as domain tailoring and polarization
switching [17, 30]. In nano-scale systems, flexoelectricity
is pronounced due to the arised large nonlocal strain gradi-
ents [2]. Simulation of flexoelectric materials is complicated
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due to the C' continuity requirement in the weak form. This
numerical prerequisite complicates the implementation of
the classical finite element methods based on Lagrange poly-
nomials. Alternatively, the meshfree methods as presented
in [3, 40] or isogeometric analysis (IGA) [21] can be used
which intrinsically fulfill the C' requirement.

However, simulating simple bulk materials is not yet
enough to excavate the potentials of the nonlocal flexoelec-
tricity. Possible mechanisms of enhanced flexoelectricity in
dielectrics mainly includes inner strain, polar nano-regions,
non-crystalline polar phases, residual ferroelectricity, and
surface piezoelectricity [12, 45]. Zhang et al. [55] found
that the surface piezoelectricity can contribute about 70% of
the enhanced flexoelectricity in BaTiO; ceramics. Moreover,
the shape and configuration of materials have been reported
affecting the piezoelectric and the flexoelectric effects [26,
35, 42]. To better develop flexoelectric devices based on the
nonlocal electro-mechanical coupling effects, topology opti-
mization considering the surface piezoelectricity has proved
feasible for piezoelectric structures [34] and for flexoelec-
tric structures [14, 36]. As meshfree methods tend to be
computationally more expensive, IGA have advantages in
representing complex boundary representations [15] when
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Fig. 1 Illustration of the flexoelectric effect in a cantilever energy harvester

adapting some improvements such as more sophisticated
splines [37] or NURBS trimming technology [24].
Optimizing flexoelectricity with complex topologies
required repetitive yet expensive simulations. Surrogate
modeling serves right efficient for such problems, dramati-
cally decreasing the computational cost by approximating
the input-output relation of a system. Namely, given input
parameters, e.g., initial/boundary/operational conditions, the
quantities of interest (Qols), such as electric potential, stress/
strain, and their integrals/gradients can be obtained rapidly
without conducting the simulations. The existing surrogate
modeling approaches can be roughly categorized into two
classes: projection-based reduced order models (ROMs) and
data-fit models [7]. Common surrogate modeling techniques
include: (i) Response Surface Models [33], (ii) Kriging
Methods [11, 39], (iii) Radial Basis Functions [9, 51], and
(v) Support Vector Regression [6, 46]. With the popularity
of machine learning (ML), training surrogate models is also
posed as a supervised learning problem [56], via Artificial
Neural Networks (ANN) [5, 13, 52]. The Deep Neural Net-
work (DNN), also called Deep learning, provides a better
representation of non-linear input—output relationships com-
pared to classical ANN [4]. Hamdia et al. [19] proved the
accuracy of deep learning in solving flexoelectric problems.
Goswami et al. [18] proposed a physics-informed DNN for
modeling complex topologies like a fracture. Since first
proposed in 1998 [29], the Convolutional Neural Network
(CNN) has shown outstanding learning abilities in a wide
range of applications including natural language [25, 54],
speech recognition [1, 43], and computer vision [20, 41].
Although ML models have also shown promise in many
disciplines outside the realm of computer science (e.g.,
aquatic sciences [23], atmospheric science [38], and bio-
medical science [48]), the capability of CNN in extracting
geometry—physics linkages, at present, is still difficult to sat-
isfy the engineering applications, especially in the nonlocal
flexoelectricity. Inspired by the exciting predicting perfor-
mance of CNNs in other fields, in this paper, we developed
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a CNN-based surrogate model for the efficient analysis of
flexoelectric structures with complex topology. Our method
further demonstrated the underlying potential of optimizing
flexoelectricity.

The paper is arranged as follows: Sect. 2 summarizes the
boundary value problem (BVP) and associated IGA formula-
tion. Section 3 describes the CNN model before we present
several benchmark problems in Sect. 4. The manuscript fin-
ishes with some concluding remarks in Sect. 5.

2 IGA simulation of flexoelectricity
2.1 Governing equation for flexoelectricity

The weak form of flexoelectricity for a linear dielectric solid
can be derived from the electric enthalpy density 4 which is
a function of the linear strain tensor £, the electric field E;
h(e;, E;) and the strain gradient &, [3]:

i
1 1

h(fijsz Sjk,l) = Ecijklgijgkl —eyEiey — #ijklEifjk,l - EKUE,'E,"

ey
where e;, Kjj and Cijkl denote the piezoelectricity tensor,
the dielectric tensor and the elasticity tensor, respectively;
Hijig = digg — Jija 18 the flexoelectric tensor which includes the
direct d;, and the reverse flexoelectricity tensor f;;,, respec-
tively. Integrating & over the domain 2, we obtain the total
electric enthalpy

1 A~ ~ ~
H= E / (O'UEU + O-ijgij,k —DiEi)d.Q, (2)
Q
where 6, 5;; and [A)i are defined as
5 _OH - _oH 5 oH
i 9e, OV dey T OE, 3)
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The system kinetic energy K and the external work W, can
be written as

K, = % / piidQ, W, = / 7.u,ds — / 00dS.
@ rt 1—‘D

where p is the density, 8 and w are the prescribed electric
potential and surface charge density, and u; and 7, are the pre-
scribed mechanical displacements and traction. Using Ham-
ilton principle and neglecting, the damping term leads to

t.
s / 2 (Kp—H+W,,)dr=0. 5)
gt

Substituting Egs. (2)-(4) into Eq. (5), we have

displacement u and the electric potential ¢ on a p-order
NURBS surface with (m + 1)(n + 1) control points can be
defined as

en = RGN ey = 2R E ©
' N
with
N (N, (e
R (&) = ip(ON; (M

n m : 10
> Nk,p(f)N z,q(”)wk,l (10
k=0 1=0

The test functions have a similar structure. Substituting the
trial functions and test functions into the weak form, Eq. (7)

15}
1 1 . s A _
b / (E / ,m,.u,.dg—z / (8;€; + 8 ue;x — DE;)dQ + / fu,dS — / co6dS>dt=O. (6)
1 Q Q Ip

By reordering operations and ignoring the contribution of
inertial forces to the static problems, the final weak form of

the governing equation is

/ (Ciudeien — ewiErde; — wjEbej, — K, 0EE;)dQ — / 1,6u,dS + / w50dS = 0. @)
Q

I

l—‘I)

2.2 IGA formulation

Our IGA is based on Non-Uniform rational B-splines
(NURBS), which in turn originated from B-splines. The basis
functions N, , of p-order B-splines with (n + 1) control points
are given as

&-¢ Sivps1 =€
N,(&) = —LN, Sl ° N ,
z,p(é) éH.p _ éi l,p—l(g) + §[+p+1 _ §i+1 1+1,p—1(§)
1, i < i+1>
Nig(&) = { o o

®)
where £ is a knot vector in the parametric space. Introducing
the weights w; to B-splines base functions, the mechanical

Fig.2 The working flow of the
NURBS trimming technique

NURBS
Meshing

yields after some algebra to the final linear system of equa-
tions [15]:

& DO w
Ko Kyp/\ @ fy

For details about IGA derivation, please refer to Appendix 1.

2.3 NURBS trimming technique

To facilitate the computing of flexoelectricity on complex
topologies like inclusions and holes, we incorporated into
our IGA formulation the NURBS trimming technique pro-
posed by Kin et al. [24]. The flow of the trimming analy-
sis is demonstrated in Fig. 2. First, the NURBS is meshed
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in the parametric space, all the elements are identified
and decomposed into triangular sub-elements. Then, for
the numerical integration of the triangular sub-elements,
the Jacobian matrix is calculated via the transformation of
the sub-elements from the physical space to the Gaussian
quadrature space. Finally, the element stiffness matrix
and global stiffness matrix are assembled for solving the
boundary value problem. Therefore, the key of the IGA
on trimmed NURBS model lies in the identification of
trimmed elements and the accuracy of the corresponding
numerical integration.

2.3.1 Trimmed elements identification

In the NURBS geometries, the distance of a point to a
trimming curve can be obtained by finding the small-
est distance between the point to its projections on the
curve, e.g., d, is minimum projection distance, and thus
is the distance of the point P to the curve C(u), as shown
in Fig. 3a.

Hence, the trimmed elements can be generally recog-
nized by the distance relationship between the element’s
center, the element’s vertices, and the curve, as shown in
Fig. 3b. Possible conditions are as follows: (i) If d, < ry,,
the element is trimmed by the curve; (ii) If d, > r,,, the
element is normal; (iii) If r;, <d, <r,,, the element
needs refinement with the Quadtree algorithm [24].

2.3.2 Trimmed elements decomposition
In Jacobian computing, the trimmed elements can be

divided into 3 types, based on the number of vertices
outside of the physical domain, as shown in Fig. 4.

Fig. 3 Positional relationship

C(u)

of points and elements with a V. o\
trimming curve t2
o
P.
d .
L4 Vt,l
4
A
=S

(a) Projection for distance calculation.
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Fig.4 Trimmed elements decomposition and classification

NEFEM (NURBS integral finite element method) [44]
is used to process straight-sided triangular sub-elements
and curved-sided triangular sub-elements, as shown in
Appendix 2.

2.4 Numerical examples of the proposed IGA
approach

2.4.1 Case I: an infinite plate with a circular hole

Our IGA method with NURBS trimming was implemented
in MATLAB. To validate the proposed approach, we first
investigated a infinite plate with a circular hole of radius
a = 1 m (case I), which is subjected to a subjected to a far
field traction (o = 1 Pa) in the x direction, as shown in
Fig. 5. A finite portion of the infinite plate is considered
for analysis and, due to the symmetry of the problem in
Fig. 5a, only a quarter of the portion requires modelling
in Fig. 5b.

The plane stress conditions are assumed as our previ-
ous study [10], and, the elastic material properties used

- out

(b) Trimming identification.
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Fig.5 An infinite plate with Oy T—
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(a) The small portion taken for analysis.

are Young’s modulus E =30 MPa and Poisson’s ratio
u = 0.3. By using the polar coordinates shown in Fig. 5b,
the stresses and displacements for this benchmark are
given in an analytical solution in [49] as

2
a
o, =1- —< c0s(26) + Cos(49)> + ﬁ " cos(40),

2

1 b R

(b) Boundary conditions applied on the quarter substructure.

while the thickness is set as 1 mm. To set up the boundary
value problem (BVP), (i) the bottom edge is grounded; (ii)
the left edge is fixed; and (iii) the free vertex of the top edge
is applied with a point load of 100 mN. The NURBS model
was meshed into 1024 elements with 1156 control points
by the h-refinement [21] of 5, where h stands for the knot
insertion times. Three holes are represented by the NURBS
circles with a radius of 0.14 = 22.7 pm.

As for case II, our MATLAB program solved the dis-
placement u and the electric potential ¢ in Eq. (11) using
the material properties in Table 1. Both scenarios whether
the beam in Fig. 7 is with holes or not, are simulated. The

13)

a
Oy = ~2 (— sin(20) + sm(4¢9)) + ﬁ s1n(49) (12)
w = aj (1 cos(26) — 005(49)> - ;—r: cos(40),
T
and
u= %( (k + 1)cos(0) + —[(1 + k) cos(0) + cos 3(0)] — _3 cos 3(9)>
' 8aG < ~(k = 3)sin(9) + _[(1 — k) sin(@) + sin 3(0)] — —3 sin 3(9)>

where G is the shear modulus and the Kolosov constant
kK = (3 — u)/(1 — p) for the plane strain assumption. Bound-
ary conditions specified in [49] are applied on the right and
upper edges as shown in Fig. 5b.

The performance of the proposed IGA formulation is
studied using meshes with 36, 100, 324 and 1156 nodes
as shown in Fig. 6b—d and the NURBS basis is used for
all meshes. The proposed method shows good convergence
characteristics in this problem involving stress concentra-
tion. Figure 6e shows o,, predicted along the left edge x = 0
showing comparable accuracy and smoothness, and close
agreement with the analytical solution by Eq. (12), where
6,0=n/2,r=a)=3.

2.4.2 Case ll: 2-D flexoelectric cantilever with multi-holes
Furthermore, the 2-D flexoelectric cantilever (case II) in

Fig. 7 was investigated. The length L and the height & of
the cantilever are 0.454 mm and 0.227 mm, respectively,

impact of holes on electric potential is shown in Fig. 8.
More detailed interactions of the defects with the structure
response were revealed by the contours of displacement, the
strain, and the strain gradient in Figs. 9 and 10.

3 CNN-based surrogate model
3.1 Dataset generation

Our CNN-based surrogate model is designed to predict
the identical output from our IGA model, i.e., the basic
unknowns including the displacement and the electric
potential. The other physical fields like the strain/stress and
the strain/stress gradient can be derived from the predicted
basic unknowns. To simplify the generation of representative
porous flexoelectric structures, the NURBS representation
for circles is used to indicate the holes as shown in Fig. 11.

Similar to the boundary settings of Fig. 7, a cantilever is
fixed at one end and applied with a point load of 100 mN

@ Springer
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Fig.6 NURBS meshes used for case I by the proposed approach

at the top vertex of the other end, while the bottom edge
is grounded. Then the MATLAB’s built-in uniform distri-
bution algorithm was utilized to generate the circles with
arbitrary radius r in a defined range {r | 0.054 < r < 0.2h}
and to guarantee an equal chance inside the defined limit
boundary in Fig. 11. The corresponding material properties

F=100 mN
L=2h=454 um |

227 um

h

Fig.7 NURBS meshing and boundary settings of the flexoelectric
BVP (case II)

y(m)

(e) Comparison of oy, along x = 0 of the plate by meshes of different nodes.

used are shown in Table 1. The physical meanings of these
properties can be referred to in Eq. (1).

The dataset structure is shown in Fig. 12. For each sam-
ple, the CNN-based model input is a binary image record-
ing the geometry information and the model output is an
array of the nodal basic unknowns, i.e., the mechanical
displacement components (i, u,) and the electric poten-
tial (¢).

For the following study, we considered the number of
holes (nb) ranging from 1 to 5. For each case, 200 samples
were produced randomly. And three cases of model output
numbers (with different h-refinements) were considered.
In total, the dataset contains 3000 samples, as shown in
Fig. 12. For most cases, the simulation is done in 2 min.
But for samples with the high h-refinement, the calcula-
tion could take over 5 min due to the NURBS trimming
analysis.

Table 1 Material properties of

P ti E

single crystal BaTiO; in case II roperties ! é13 e i 13 #s3
Value 18.30 0.37 —44 1 11 12.48 1408
Unit GPa - C/m? pC/m nC/(V - m) nC/(V - m) -
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Fig. 8 Electric potential contours of case II using our IGA formulation

Fig. 9 Displacement and Strain ‘
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Fig. 10 Strain gradient contours of case II using our IGA formulation

@ Springer



Engineering with Computers (2023) 39:943-958

951

y -
Limit boundary gy

for holes

—
=
=
a
2
A
o
=
227 um

)
h=

Fig. 11 Setup of the boundary value problem for data generation

Fig. 12 The IGA dataset com-
ponents of the CNN model

3.2 Data preprocessing

The dataset is randomly split into the training set (80% data)
and the testing dataset (20% data) in the model training. For
computational efficiency, the pixels of the binary images are
reduced to 64 X 32. The Min—-Max normalization is applied
to the physical fields data, which on the dataset E = {e;} is
written as

e.—E .
Normalized(e;) = 3 — 21“ (14)

max min

After the Min—Max normalization, a good balance between
the model bias and the data variance is achieved, judging
from the loss difference between test and train datasets in

Three cases of mesh refinement

Total Samples: 200 X 5 X 3 = 3000

A
r ) R
Geometry Information
— n | | | | n | |
" " " u " Physics Fields
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(a) The loss without normalization.

Fig. 13 Loss curves with/without the Min—Max normalization

(b) The loss with normalization.
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(a) CNN structure

Input layer

Image

Convolutionary layer

Pooling layer

Hidden layers

Output layer

Dropout layer Nodal fields

Dense layer
I
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‘l ) Plee ~:I— oo oo <\'; .‘o
i Al

|

|

BT

A on

7
L

Concrete
feature

(b) Activation of convolutional kernels

Fig. 14 The CNN framework of our surrogate model

pre-experiments, as shown in Fig. 13. The metric for model
loss adopted here is the mean square error (MSE), which is
the sum of squared distances between targets e; and predic-
tions é;.

n

MSE(E) = % Z (e;—

i=1

2,)". (15)

3.3 Model building

The proposed CNN-based surrogate model is shown in
Fig. 14a. Realized in Python with PyTorch library, the
model input is binary images of flexoelectric porous
beams, while the output is the same as that from IGA sim-
ulations. When the training data are input in our model,
three 2-D convolutional layers (Con2D) and three Max-
Pooling2D layers are arranged alternately, to gradually
extract the underline data features at different abstract
extend as the network grows deeper, as shown in Fig. 14b.
Then to avoid the common overfitting issue in CNN, the
dropout layer is followed. In the end, the fully connected
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(c) Activation functions

Dense layer is added according to make the learned fea-
tures match the dimension of the output.

Unlike classic pixel-to-pixel predictions in CNNs,
our CNN model predicts nodal fields as the output array
instead, which ameliorates the cost of reducing image
resolution, so that the training efficiency and prediction
accuracy is improved.

3.3.1 Activation function
ReLU (Rectified Linear Unit) activation functions exhibit

certain biological meaning [16] and are widely used
in deep neural network applications including image

Table 2 Comparison of the model loss using common optimizers

Optimizer Validation loss (MSE) Training
time (s)

Adam 0.0068 62

AdaDelta 0.0077 65

SGD 0.0113 91
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recognition. The ReLU is used for all the layers in our
models, except that the final hidden layer must use linear
activation for prediction’s purpose, as shown in Fig. 14c.

3.3.2 Optimizer

Under the same training settings (200 samples with 80% as
training dataset, epochs = 50, batch size = 20), the Adap-
tive Moment Estimation (Adam) outperforms other common
adaptive techniques, as shown in Table 2.

3.3.3 Dropout

Dropout is a regularization technique for neural network
models to avoid overfitting [47]. Through dropout layers,
random neurons are ignored during one training epoch, so
their contribution to the downstream neurons and weight
updates on the backward pass is temporally removed. Drop-
out layers are normally used after all convolutional layers
and pooling layers as indicated in our CNN-based surrogate
model (Fig. 15a). An alternative way is to drop out entire
feature maps from the convolutional layer which are then not
used during pooling. This is called spatial dropout [50], as
illustrated in Fig. 15b.

A low dropout has a minimal effect while a high value
may result in under-learning. In our model, the dropout value

Fig. 15 Comparison of differ-
ence dropout settings in CNN
structures

InputLayer
Conv2D
MaxPooling2D
Conv2D
MaxPooling2D
Conv2D

MaxPooling2D

Dropout -
Flatten o
Dense

Dropout - -
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(a) Our model (with normal dropout)

is set to 50%, which seems close to the optimal for a wide
range of networks [47]. Under the same training settings
(200 samples with 80% as training dataset, epochs = 50,
batch size = 20), the validation loss of (a) is 0.0068, which
is slightly better than that of (b), which is 0.0088. So our
model adopted the normal dropout layers.

4 Results and analysis

Our CNN model could predict the identical physical
unknowns as our IGA model at a stable accuracy by the
model selection and hypermeter tuning. Details of training
settings and results will be discussed in the following. We
first tested the accuracy of our model by cross-validation,
and then analyzed the potential of our model performance
and possible optimal model layout.

4.1 Cross-validation

That k-fold cross-validation (CV) is a resampling procedure
to estimate the generalization ability of the model on new
data. Here k refers to the number of groups that the samples
are to be split into. To validate our model, 10-fold cross-
validation was conducted, as shown in Fig. 16. Under the
same training settings (200 samples with 80% as training

InputLayer
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MaxPooling2D
Conv2D

MaxPooling2D
Spatial dropout:

Before last pooling layer

A
N

Conv2D
SpatialDropout2D

MaxPooling2D
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(b) Compared model (with spatial dropout)
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Fig. 16 10-fold cross-validation 0.354

of the proposed CNN model
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Table 3 The layers summary of the current CNN model

Layer (type) Output shape Params.

input_1 (InputLayer)
conv2d_1 (Conv2D)
max_pooling2d_1 (MaxPooling2D)
conv2d_2 (Conv2D)
max_pooling2d_2 (MaxPooling2D)

(None, 64, 32, 1) 0
(None, 64, 32,256) 2560
(None, 32, 16,256) 0
(None, 32, 16, 128) 295,040
(None, 16, 8, 128) 0

conv2d_3 (Conv2D) (None, 16, 8, 64) 73,792
max_pooling2d_3 (MaxPooling2D)  (None, 8, 4, 64) 0
dropout_1 (Dropout) (None, 8, 4, 64) 0
flatten_1 (Flatten) (None, 2048) 0
dense_1 (Dense) (None, 32) 65,568
dropout_2 (Dropout) (None, 32) 0
dense_2 (Dense) (None, x%) -

x is the output size. x = {100, 324, 1156} for h-refinement = {3, 4, 5}

Fig. 17 Impact of model output

Final MSE = 0.0006

10 20 30 40 50

Epoch

dataset, epochs = 50, batch size = 20), we get the average
of the MSE (cv) over 10 folds when the training process is
repeated 10 times. The final steady state of cv indicates that
our model converges as the training time increases.

4.2 Model performance analysis

In building our CNN-based surrogate model, the predic-
tion errors exist due to the discretization from the analytic
NURBS into pixels, due to the reduction of the pixels in data
preprocessing, and finally the CNN approximation. Mean-
while, with the specified CNN layers, our model may not be
right the best for the given problem.

It would therefore be interesting to see how to minimize
the total errors by adjusting the size of the model output
and convolutional layers. The layers of our current model
are summarized in Table 3. The size of the model output is
determined by the aforementioned h-refinement. For a scalar
physical field like electric potential, the output size ranges
in {100, 324, 1156} while his in {3,4,5}. The influence of

Nodes # (h-refinement)

size on the proposed CNN 0.35

model

100 (3)

—— 324 (4)

0.304

— 1156 (5)
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0.104

Mean squared error (MSE)
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100 control points

Final MSE = 0.0286

1156 control points

324 control points
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Table 4 The MSE variation under different model scales and output
size

h (model Model scale
output size)

1/16 1/4 1 4 16
3 (100) 0.0027 0.0027 0.0015 0.0040 0.0029
4(324) 0.0102 0.0102  0.0275 0.0204 0.0093
5 (1156) 0.0220 0.0406 0.0123 0.0121 0.0297

the model output size on the model performance is shown
in Fig. 17.

In the analysis, 1000 samples were randomly selected,
where 80% samples were set as the training dataset, while the
rest 20% as the testing dataset. For all cases, the MSE turned
to converge after the first 100 epochs. The training time is
comparable, around 200 seconds each. When £ is 3, the
model output size is 100, and the corresponding MSE is the
smallest, 6 x 107*. As the model output size increased, MSE
jumped around 40 times bigger, which means the current
model might have no potential for predicting under the larger
output size. In fact, when /4 is 3 with 100 control points, the
mesh is very coarse. Thus, the error from NURBS trimming
of our IGA model is considerable compared to the finer cases.

To improve the performance of our basic CNN model in
Table 3, the size of convolutional layers is our following con-
cern. We denote the size of convolutional layers as scale = 1.
There are about 4.4 X 103 hyperparameters for the basic model,
and most are in the convolutional layers. In the following anal-
ysis, the neurons in all the three Conv2D layers are changed
by the same scale. Considering the practical training time, the
explored network scale is limited in {274, 272, 20, 22, 24}
For a given scale 2/, the number of hyperparameters in the
corresponding model is about 4.4 - 2/ x 103, 200 samples were
randomly selected, where 80% samples were set as the training
dataset, while the rest 20% as the testing dataset.

The MSE is evaluated for the first 100 epochs. For varying
output sizes, the potential optimal size of convolutional layers
differs, as shown in Table 4. While the original model scale is
most suitable for the case that output size is 100, the increased
model scale did make our model predict better in larger out-
put sizes of 324 and 1156. The number of hyperparameters
reflects the network complexity. As neurons in convolutional
layers increase, more subtle features can be captured, which
might keep pace with the increasing model output size.

5 Conclusion

Flexoelectricity is a nonlocal electromechanical coupling
phenomenon between strain gradient and electric polariza-
tion, which is normally computationally costly for simulating

structures with complex topology and further optimizing.
We developed an IGA model with the NURBS trimming
technique to firstly realize the amiable simulation of porous
flexoelectric structures. Then a CNN-based surrogate model
is proposed to predict the identical output from our IGA
model. Instead of conventional pixel-to-pixel prediction, pre-
dicting physical fields of the control points helps to eliminate
loss in model accuracy, as well as to save training time of
deep learning. Moreover, details of CNN model building
are discussed, including the choice of activation functions,
dropout layers, and optimizers based on our IGA dataset.
Finally, the CNN model performances by changing model
output size and convolutional layers size have been analyzed,
which might be useful to build similar CNN frameworks
predicting nonlocal mech-physical problems.

Appendix 1: Further derivation of IGA
formulation

The contribution of a Gaussian integral point to Eq. (11) is

Ki = B, CuBy| I | W .
Ko = B?}ekﬁBulJﬂWf By | [ W
K}, = Byx;By|J|W'

where J' and Wi, are the Jacobian and the weight of the inte-
gration point, respectively; B, and B, are the corresponding
gradient operators for u and ¢; H,, is Hessian operator for u.

According to the gradient operation of NURBS, B, B¢,
and H,, can be written as

R o RN\T oR
R _ ox dy R _
Bu_<0£%>’ B¢_<g_§>’
Jdy ox dy
PR PR PR PR\ (n
HR _ 0x? 0yox 0xody 1)%12
- 0’R R PR R ’
0yox 0x? dy?  0xdy

which can all be derived from the explicit expressions of
NURBS base functions in Egs. (8)—(10).

Appendix 2: Jacobian computation

of triangle sub-elements

Straight-sided triangular elements

The transformations of the straight-sided triangle element

from the physical space to the Gaussian quadrature space is
shown in Fig. 18a.
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(a) The straight-sided triangular sub-elements.

St tl

Y

=

g

s

(b) The curved-sided triangular sub-elements.

Fig. 18 Spatial transformation of triangular sub-elements

The Jacobian of a straight-sided triangular element is
determined by transformation R and S, i.e.,

ox dy 9 ot ax dy

0 0 9 0 s 0s
s=(B5)-(55)(5k)-nn oy

on on on on or ot

Transformation S : {s,¢} — {x,y} is from the parametric
space £2,,, to the physical space £2,,,. We have

X . X,
S: {y } = ;Ri,p(s,t){ Y, }, (19)
and
ox 0y
(552 (ZRx TRy
e (— 5 > B (ZR,tx SRy) (20)

Transformation R : {&,1n} — {s, ¢} transforms the Gaussian
quadrature for triangle elements into the parametric space
£ ., written in natural coordinates as

pa’
s =0+ (=& =n)s, + (E)s;
ol { t=mt+ A —=&—nmt, + (614 (21)
and
T S3— 8y 13 — 1
: 9% o = 37928708 )
JR'(%%) <s1—52 tl_t2> (22)

@ Springer

Curved-sided triangular elements

The transformations of the curved-sided triangle element
from the physical space to the Gaussian quadrature space is
shown in Fig. 18b.

The Jacobian of a straight-sided triangular element is
determined by transformation P, Q,R and S, i.e.,

o o du dLN /X N [as o\ [ ox o
on on on on [Jee oY oy ot ot
=Jp‘JQ'JR'JS

(23)

While Transformation S is identical as the one for
straight-sided triangular elements, Transformation
R : {X,Y} — {s,t} transforms the curved triangle T, with
vertices (0, 0), (0, 1) and (1, 0) into the parametric space
Q. , written in natural coordinates as

pa’
s=@)s +(1 =X =Y)s, + (X)s;
R:
{f=(Y)t1+(1—X—Y)t2+(X)t3 ; (24)
and
22 S3— 8, Iy — 1t
JR‘(‘)S at>:<s3—s2 e (3)
oy or 1=8 hH—h
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Transformation Q : {u,{} — {X, Y} transforms the rectan-
gular area ¥, : [ul, uz] X [0, 1] into a curved triangle T,;
through the transformation, the upper edge and the two ver-
tices of the lower edge of ¥, are mapped to the 3 vertices of
the curved triangle, respectively, i.e.,

[ X =dx1 -0
. {Y=¢y<u)<1—c>+¢’ (26)
and
! 0 (RRa-o -y
0’ = : @
e —py)  — yu) + 1

Transformation P : {&,n} — {u, ¢} transforms the Gauss-
ian quadrature space [0, 1] X [0, 1] into a rectangular area
Y., ie.,

Uy—u uytu
u=2% 1€+ 1T

P 20 7, (28)
=2"1%3

and
ou o 1
= = () —u;) O

ol %% )= 3 20 ) 1 (29)
on on 2

Acknowledgements X. Zhuang and Q. Wang appreciate the funding
by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy within the Cluster
of Excellence PhoenixD (EXC 2122, Project ID 390833453) and the
ERC Starting Grant COTOFLEXI (Grant no. 802205).

Funding Open Access funding enabled and organized by Projekt
DEAL.

Declarations

Conflict of interest The authors declare that they have no conflict of
interest.

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adapta-
tion, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article are
included in the article's Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in
the article's Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will
need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Abdel-Hamid O, Mohamed A, Jiang H, Deng L, Penn G, Yu D
(2014) Convolutional neural networks for speech recognition.
IEEE/ACM Trans Audio Speech Lang Process 22(10):1533-1545

2. Abdollahi A, Arias I (2015) Constructive and destructive interplay
between piezoelectricity and flexoelectricity in flexural sensors
and actuators. J Appl Mech 82(12):121003

3. Abdollahi A, Peco C, Millan D, Arroyo M, Arias I (2014) Com-
putational evaluation of the flexoelectric effect in dielectric solids.
J Appl Phys 116(9):093502

4. Al Rahhal MM, Bazi Y, AlHichri H, Alajlan N, Melgani F, Yager
RR (2016) Deep learning approach for active classification of
electrocardiogram signals. Inf Sci 345:340-354

5. Anitescu C, Atroshchenko E, Alajlan N, Rabczuk T (2019) Arti-
ficial neural network methods for the solution of second order
boundary value problems. Comput Mater Contin 59(1):345-359

6. Awad M, Khanna R (2015) Support vector regression. In: Pepper
J, Weiss S, Hauke P (Eds) Efficient learning machines. Springer,
Berlin, pp 67-80

7. Benner P, Gugercin S, Willcox K (2015) A survey of projection-
based model reduction methods for parametric dynamical systems.
SIAM Rev 57(4):483-531

8. Bhaskar UK, Banerjee N, Abdollahi A, Wang Z, Schlom DG,
Rijnders G, Catalan G (2016) A flexoelectric microelectrome-
chanical system on silicon. Nat Nanotechnol 11(3):263-266

9. Buhmann MD (2003) Radial basis functions: theory and imple-
mentations, vol 12. Cambridge University Press, Cambridge

10. Cai Y, Zhuang X, Augarde C (2010) A new partition of unity
finite element free from the linear dependence problem and pos-
sessing the delta property. Comput Methods Appl Mech Eng
199(17-20):1036-1043

11. Cressie N (1990) The origins of kriging. Math Geol 22(3):239-252

12. Cross LE (2006) Flexoelectric effects: charge separation in insu-
lating solids subjected to elastic strain gradients. J Mater Sci
41(1):53-63

13. Duda RO, Hart PE, Stork DG et al (2001) Pattern classification,
vol 680. Wiley, New York

14. Ghasemi H, Park HS, Rabczuk T (2017) A level-set based IGA
formulation for topology optimization of flexoelectric materials.
Comput Methods Appl Mech Eng 313:239-258

15. Ghasemi H, Park HS, Rabczuk T (2018) A multi-material level
set-based topology optimization of flexoelectric composites. Com-
put Methods Appl Mech Eng 332:47-62

16. Glorot X, Bordes A, Bengio Y (2011) Deep sparse rectifier neural
networks. In: Proceedings of the fourteenth international confer-
ence on artificial intelligence and statistics, vol 15, pp 315-323

17. Gémez A, Vila-Fungueirifio JM, Moalla R, Saint-Girons G,
Gazquez J, Varela M, Bachelet R, Gich M, Rivadulla F, Carretero-
Genevrier A (2017) Electric and mechanical switching of ferro-
electric and resistive states in semiconducting batio3-§ films on
silicon. Small 13(39):1701614

18. Goswami S, Anitescu C, Chakraborty S, Rabczuk T (2020) Trans-
fer learning enhanced physics informed neural network for phase-
field modeling of fracture. Theor Appl Fract Mech 106:102447

19. Hamdia KM, Ghasemi H, Bazi Y, AlHichri H, Alajlan N, Rabczuk
T (2019) A novel deep learning based method for the computa-
tional material design of flexoelectric nanostructures with topol-
ogy optimization. Finite Elem Anal Des 165:21-30

20. He K, Gkioxari G, Dollar P, Girshick R (2017) Mask R-CNN. In:
Proceedings of the IEEE international conference on computer
vision, vol 2017, pp 2961-2969

@ Springer


http://creativecommons.org/licenses/by/4.0/

958

Engineering with Computers (2023) 39:943-958

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Hughes TJ, Cottrell JA, Bazilevs Y (2005) Isogeometric analysis:
CAD, finite elements, NURBS, exact geometry and mesh refine-
ment. Comput Methods Appl Mech Eng 194(39-41):4135-4195
Jasim A, Wang H, Yesner G, Safari A, Maher A (2017) Optimized
design of layered bridge transducer for piezoelectric energy har-
vesting from roadway. Energy 141:1133-1145

Jia X, Willard J, Karpatne A, Read JS, Zwart JA, Steinbach M,
Kumar V (2021) Physics-guided machine learning for scientific
discovery: an application in simulating lake temperature profiles.
ACM/IMS Trans Data Sci 2(3):1-26

Kim HJ, Seo YD, Youn SK (2009) Isogeometric analysis
for trimmed cad surfaces. Comput Methods Appl Mech Eng
198(37-40):2982-2995

Kim Y (2014) Convolutional neural networks for sentence clas-
sification. In: EMNLP 2014 - 2014 Conference on Empirical
Methods in Natural Language Processing, Proceedings of the
Conference. pp 1746-1751. https://doi.org/10.3115/v1/d14-1181
Kogl M, Silva EC (2005) Topology optimization of smart struc-
tures: design of piezoelectric plate and shell actuators. Smart
Mater Struct 14(2):387

Krichen S, Sharma P (2016) Flexoelectricity: a perspective on an
unusual electromechanical coupling. J Appl Mech 83(3): 030801
Kwon SR, Huang W, Zhang S, Yuan FG, Jiang X (2016) Study
on a flexoelectric microphone using barium strontium titanate. J
Micromech Microeng 26(4):045001

LeCun Y, Bottou L, Bengio Y, Haffner P (1998) Gradient-
based learning applied to document recognition. Proc IEEE
86(11):2278-2324

LuH, Liu S, Ye Z, Yasui S, Funakubo H, Rappe AM, Gruverman
A (2017) Asymmetry in mechanical polarization switching. Appl
Phys Lett 110(22):222903

Merupo VI, Guiftard B, Seveno R, Tabellout M, Kassiba A (2017)
Flexoelectric response in soft polyurethane films and their use for
large curvature sensing. J Appl Phys 122(14):144101

Mo C, Davidson J, Clark WW (2014) Energy harvesting with
piezoelectric circular membrane under pressure loading. Smart
Mater Struct 23(4):045005

Myers RH, Montgomery DC, Anderson-Cook CM (2016)
Response surface methodology: process and product optimiza-
tion using designed experiments. Wiley, New York
Nanthakumar S, Lahmer T, Zhuang X, Park HS, Rabczuk T
(2016) Topology optimization of piezoelectric nanostructures. J
Mech Phys Solids 94:316-335

Nanthakumar S, Lahmer T, Zhuang X, Zi G, Rabczuk T (2016)
Detection of material interfaces using a regularized level set
method in piezoelectric structures. Inverse Probl Sci Eng
24(1):153-176

Nanthakumar S, Zhuang X, Park HS, Rabczuk T (2017) Topol-
ogy optimization of flexoelectric structures. J] Mech Phys Solids
105:217-234

Nguyen-Thanh N, Zhou K, Zhuang X, Areias P, Nguyen-Xuan
H, Bazilevs Y, Rabczuk T (2017) Isogeometric analysis of large-
deformation thin shells using RHT-splines for multiple-patch
coupling. Comput Methods Appl Mech Eng 316:1157-1178
Nowack P, Braesicke P, Haigh J, Abraham NL, Pyle J, Voulgara-
kis A (2018) Using machine learning to build temperature-based
ozone parameterizations for climate sensitivity simulations. Envi-
ron Res Lett 13(10):104016

Oliver MA, Webster R (1990) Kriging: a method of interpola-
tion for geographical information systems. Int J Geogr Inf Syst
4(3):313-332

@ Springer

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

. Rabczuk T, Belytschko T (2004) Cracking particles: a simpli-

fied meshfree method for arbitrary evolving cracks. Int J Numer
Methods Eng 61(13):2316-2343

Redmon J, Divvala S, Girshick R, Farhadi A (2016) You only look
once: unified, real-time object detection. In: Proceedings of the
IEEE conference on computer vision and pattern recognition, vol
2016, pp 779-788

Rupp CJ, Evgrafov A, Maute K, Dunn ML (2009) Design of
piezoelectric energy harvesting systems: a topology optimization
approach based on multilayer plates and shells. J Intell Mater Syst
Struct 20(16):1923-1939

Sainath TN, Mohamed Ar, Kingsbury B, Ramabhadran B (2013)
Deep convolutional neural networks for LVCSR. In: 2013 IEEE
international conference on acoustics, speech and signal process-
ing, IEEE, pp 8614-8618

Sevilla R, Fernandez-Méndez S, Huerta A (2008) NURBS-
enhanced finite element method (NEFEM). Int J Numer Methods
Eng 76(1):56-83

Shu L, Liang R, Rao Z, Fei L, Ke S, Wang Y (2019) Flexoelectric
materials and their related applications: a focused review. J Adv
Ceram 8(2):153-173

Smola AJ, Scholkopf B (2004) A tutorial on support vector regres-
sion. Stat Comput 14(3):199-222

Srivastava N, Hinton G, Krizhevsky A, Sutskever I, Salakhutdinov
R (2014) Dropout: a simple way to prevent neural networks from
overfitting. J Mach Learn Res 15(1):1929-1958

Tesche C, De Cecco CN, Baumann S, Renker M, McLaurin TW,
Duguay TM, Bayer RR 2nd, Steinberg DH, Grant KL, Canstein
C et al (2018) Coronary CT angiography-derived fractional flow
reserve: machine learning algorithm versus computational fluid
dynamics modeling. Radiology 288(1):64-72

Timoshenko SP, Goodier JN, Abramson HN (1970) Theory of
elasticity (3rd ed). J Appl Mech 37(3):888. https://doi.org/10.
1115/1.3408648. https://asmedigitalcollection.asme.org/appli
edmechanics/article-pdf/37/3/888/5450582/888_1.pdf

Tompson J, Goroshin R, Jain A, LeCun Y, Bregler C (2015) Effi-
cient object localization using convolutional networks. In: Pro-
ceedings of the IEEE conference on computer vision and pattern
recognition, vol 2015, pp 648-656

Wang S, Wang MY (2006) Radial basis functions and level set
method for structural topology optimization. Int ] Numer Methods
Eng 65(12):2060-2090

Yegnanarayana B (2009) Artificial neural networks. PHI Learning
Pvt. Ltd., Delhi

Yudin P, Tagantsev A (2013) Fundamentals of flexoelectricity in
solids. Nanotechnology 24(43):432001

Zhang X, Zhao J, LeCun Y (2015) Character-level convolutional
networks for text classification. In: Advances in neural informa-
tion processing systems, vol 2015, pp 649-657

Zhang X, Pan Q, Tian D, Zhou W, Chen P, Zhang H, Chu B (2018)
Large flexoelectriclike response from the spontaneously polarized
surfaces in ferroelectric ceramics. Phys Rev Lett 121(5):057602

Zhu Y, Zabaras N, Koutsourelakis PS, Perdikaris P (2019) Phys-
ics-constrained deep learning for high-dimensional surrogate
modeling and uncertainty quantification without labeled data. J
Comput Phys 394:56-81

Publisher's Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.


https://doi.org/10.3115/v1/d14-1181
https://doi.org/10.1115/1.3408648
https://doi.org/10.1115/1.3408648
https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/37/3/888/5450582/888_1.pdf
https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/37/3/888/5450582/888_1.pdf

	A CNN-based surrogate model of isogeometric analysis in nonlocal flexoelectric problems
	Abstract
	1 Introduction
	2 IGA simulation of flexoelectricity
	2.1 Governing equation for flexoelectricity
	2.2 IGA formulation
	2.3 NURBS trimming technique
	2.3.1 Trimmed elements identification
	2.3.2 Trimmed elements decomposition

	2.4 Numerical examples of the proposed IGA approach
	2.4.1 Case I: an infinite plate with a circular hole
	2.4.2 Case II: 2-D flexoelectric cantilever with multi-holes


	3 CNN-based surrogate model
	3.1 Dataset generation
	3.2 Data preprocessing
	3.3 Model building
	3.3.1 Activation function
	3.3.2 Optimizer
	3.3.3 Dropout


	4 Results and analysis
	4.1 Cross-validation
	4.2 Model performance analysis

	5 Conclusion
	Acknowledgements 
	References




