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1. Introduction

In the basic formulation [1,2] of pure D = 4, N = 1 supergravity, the commutator
algebra of local symmetry transformations closes only on-shell. This complicates various
computations, such as the construction of couplings of the supergravity multiplet (i.e.,
the supersymmetry multiplet with the vierbein and the gravitino) to matter multiplets, of
locally supersymmetric invariants with higher derivatives and of Faddeev—Popov terms.
Fortunately, there are off-shell formulations of the theory with auxiliary fields that close
the algebra of local symmetry transformations off-shell.

The best-known off-shell formulations of pure D = 4, N = 1 supergravity are the
so-called old minimal formulation [3,4] and the so-called new minimal formulation [5]. The
auxiliary fields of the new minimal supergravity multiplet are a real 2-form gauge potential
and a real vector field which is the gauge field of local R-transformations (“R-gauge field”).
This auxiliary field content of new minimal supergravity hinders the algebraic elimination
of the auxiliary fields because the equations of motion for these fields only contain the field
strengths of the 2-form gauge potential and of the R-gauge field, i.e., derivatives of the
auxiliary fields.

The subject of this article is an off-shell formulation [6,7] of D = 4, N = 1 supergravity
which overcomes this obstacle of new minimal supergravity. This formulation is a con-
sistent deformation of new minimal supergravity coupled to an abelian gauge multiplet
wherein the 2-form gauge potential mutates into an ordinary auxiliary field without gauge
degrees of freedom and the R-gauge field mutates from an auxiliary field into a physical
gauge field. The physical fields of the supergravity multiplet of this formulation are the
vierbein, the R-gauge field, the gravitino and a spin-1/2 field, the auxiliary fields are a
real antisymmetric two-component tensor field without gauge degrees of freedom and a
real scalar field. This supergravity multiplet, according to the usual counting, has off-shell
16 bosonic degrees of freedom (6 from the vierbein, 3 from the R-gauge field, 6 from the
auxiliary antisymmetric tensor field, 1 from the auxiliary scalar field) and 16 fermionic
degrees of freedom (12 from the gravitino, 4 from the spin-1/2 field), and on-shell 4 bosonic
degrees of freedom (from the vierbein and the R-gauge field) and 4 fermionic degrees of
freedom (from the gravitino and the spin-1/2 field). Elimination of the auxiliary fields
provides a supergravity model as in [8] with gauged R-symmetry and spontaneously
broken supersymmetry. A similar model has been found recently in [9].
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In [6,7], it was noted already that the coupling of the supergravity multiplet to other
supersymmetry multiplets (“matter multiplets”) is analogous to the coupling of the new
minimal supergravity multiplet to these multiplets. However, details were not given. The
present paper is committed to providing these details and elaborating on related features
of the theory. In Section 2, the model of [6,7] is revisited. In Section 3, a supercovariant
tensor calculus is presented and the symmetry transformations of the component fields
of matter multiplets are given explicitly as nilpotent Becchi—-Rouet-Stora-Tyutin (BRST)
transformations. In Section 4, locally supersymmetric actions for the matter multiplets are
constructed and the elimination of the auxiliary fields is discussed. Section 5 contains a
brief discussion of the results.

The conventions used here are the same as in [10] and differ from those of [11] basically
only in the choice of the Minkowski metric which is 7,, ~ (1, —1, —1, —1). In particular,
spinors are Weyl spinors in the van der Waerden notation. Throughout the paper, the
component formalism of supergravity is used. Superfields and superspace techniques are
not used at all. Instead, BRST techniques are used which are briefly recapitulated in the
Appendixes A and B.

2. Supergravity Multiplet and Its Lagrangian

Our starting point is the deformation [6,7] of new minimal supergravity coupled to an
abelian gauge multiplet. The fields of that supergravity model are the components fields
of the new minimal supergravity multiplet which are the vierbein e,,", the gravitino ¢,
a real 2-form gauge potential with components t,, = —t,;, and a real R-gauge field Ag),
and the component fields of the abelian gauge multiplet which are a real gauge field A,
a complex spinor field A and an auxiliary real scalar field D. The Lagrangian Lgg for these

fields derived in [6,7] reads:

Lsg = M%)l/:q + go_zﬁz + g2£3 1
Li/e = LR—2e"(,0,V oy + c.c.) — 3HHF — 26 A3 by @)
Lo/e = _}I(Fyv +g1t;w)(F}“/ +g1t’”) + %DZ — %glz

+3A" A Hy — A[iAd" VA + ig1puot' A
+e"P7 (Fuy + §1tuv) Ypoo — 29,0 Py AL + c.c.] (3)
L3/e = D+ )\(Tyl/_Jy + l/Jy(TV/_\ + Eyvpa(AyavtpU + %gltw/tp(ﬂ 4)
where
e = det(e,”) ®)
ghver  — eyaevbepceadeabcd (6)
R = zevaeyb(a[ﬂwv}ab n w[#cuwv]cb) @)
H‘u - SHVPU(%avt‘gg' + i¢y0plpg) (8)
FVV = Z(B[PAV] + i)\a[yl/_)v] + Z‘IIJ[#U’V])Q 9)
Vipy = iy — 20,0 —iA g, (10)
Vid = A —dwu Aoy, —iAA (11)
W™= e (Wl — Wil + Wlou) (12)
Wiwlp = epaa[yev]” — il[Jﬂ(Tpl/JV + il[JVO’pl/Jy. (13)

Mpy, g0, §1 und gy are real coupling constants. e¥; denotes the inverse vierbein fulfilling

etae,” = o, elye,” = 0p.
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The three contributions £1, £, and L3 to the Lagrangian (1) are separately invariant
up to a total divergence, respectively, under general coordinate transformations, local su-
persymmetry transformations, local Lorentz transformations, local R-transformations and
local gauge transformations of ¢, and A;. The local supersymmetry transformations and
the gauge transformations of t,, and A, are, written as part $ of the BRST transformations
of these fields:

Sey = 2i(Co" Py — o) (14)
Sy = 9l — Loy —iAVE —igH, — ito, HY (15)
Sty = 200,Qy — 2i(Eo Py + Ppu0ui$) (16)
sAY) = 20,5+ S0, (17)
8Ay = 0,C—iCoyA +iroud + g1Qu (18)
SA = &(381 —iD) =& (Fuw + g1tyv) (19)
$D = ¢go” [VW_\ — Pu(iD + 381) — P Pu(Fup + g1tvp) + %i}‘Hﬂ} +ee  (20)

where S in (17) is the spin—% portion of the supercovariant gravitino field strength,
S =2(Vupy)o + 3y, H', S =-20"V P, — L, H. (21)

¢ are ghosts of local supersymmetry transformations, Q, are ghosts of reducible gauge
transformations of ¢, and C is a ghost of local gauge transformations of A,,.

The Lagrangian (1) and the symmetry transformations given above are deformations
of the Lagrangian and symmetry transformations of new minimal supergravity coupled to
Ay, A and D with deformation parameters ¢ and g». Only the symmetry transformations
of Ay, A and D are deformed by the g;-dependent terms in (18)—(20).

Now, a first observation is that the dependence on g; of the symmetry transformations
can be completely removed by the following rescalings of fields:

A, =g Ay, A =g\, D' =¢7'D, C' =g{'C. (22)

A second observation is that for g; # 0 the Lagrangian (1), up to a total divergence,
and the symmetry transformations depend on t,, and A, only via the combination

because A;l does not contribute to H* when H" is written in terms of by, and the terms in
L3 depending on t,,,, are equal to i1 ee!"P7by, bpe up to a total divergence. Redefining also
the deformation parameters as

g =1(31/80)% g =g1% (24)

the Lagrangian (1) can for g; # 0 be written, up to a total divergence, as

Lsc = MpLy+giLy+ghLh (25)
Life = IR—2¢"(,0,V oo + cc.) — BH,HF — 267 A3 byy  (26)
Lhy/e = —ibub" + 3D —§ + 3N A Hy 4+ 2(N oy dy)) (9o )

—%(z’/\’ay VA + iyt A 4 200" oy A+ 07D poog A
+ o P AN = 3t AN + c.c) 27)

Ls/e = D'+ Nty + puot') + LePbbpe (28)
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with H” now defined in terms of b, according to
H! = "7 (19,bp0 + ipy0p o). (29)

The fields in the Lagrangian (25) are the vierbein ¢,,”, the gravitino ¢, the R-gauge

field A;(f), the spin-1/2 field A’ and the auxiliary fields by, and D’. The complete BRST
transformations of these fields are:

se® = CUOye," + (04CY)er" + Cpley’ +2i(E0”" Py — Puo’) (30)
P = C'upu + (3uC" )y + 5C o +iCy,

40,8 — Yoy, —iALE — igH, — igoy, HY (31)

sAV = ca,A0 + (0,1 AV +8,C1) + 0,8 + S0, (32)

sA' = MO + 1CN oy, +iCYIN (L —iD') — gt by (33)

Sbyw = CPApbyy + 2Dy, 9y C° — 21 (3, [Eo) V'] + Eop, ) — ) (34)

D' = CF9,D' + (20 (VA = (3 +iD') = 0 fbyp + N H,] +cc.)  (35)

where S and S are as in (21) with H* as in (29). CH are ghosts of general coordinate
transformations, C® = —C" are ghosts of local Lorentz transformations and C(") is a ghost
of local R-transformations. The ghosts C¥, C% and C(") are real and Graffimann odd, the
supersymmetry ghosts ¢* are complex and GraSimann even, with ¢* denoting the complex
conjugate of ¢*. The BRST transformations of the ghosts are

sCt = (CY9,CF + 2iEd"¢ (36)
sE = CMa, ¢+ 1C%¢ay, +iCE - 2igah &, (37)
sC? = CM9,C" 4 CUCt - 2igME w, ™ + 2ie™ g0 & Hy (38)
s = cra,Cl) —2igotE A, (39)

In the BRST transformations (30) through (39), all spinor fields have upper spinor indices.
These transformations are strictly nilpotent off-shell (s> = 0), i.e., the algebra of the
corresponding local symmetry transformations closes off-shell. The three portions £, £,
L’ of the Lagrangian (25) are separately invariant up to a total divergence, respectively,
under the BRST transformations (30) through (35) as these portions arise from £y, £, L3,
respectively. The gauge field A, and the ghosts Q, and C have completely disappeared
from the theory, along with the corresponding gauge symmetries. We shall use this
formulation in the following analysis. Of course, one can return to the formulation with
Lagrangian (1) by undoing the field redefinitions (22) and (23).

The Lagrangian (25) is quite similar to the one given in Equations (4.16) and (4.17)
of [9]. Apart from different conventions, (25) differs from Equations (4.16) and (4.17) of [9]
in the use of by, instead of its supercovariant counterpart B, given below in Equation (43).
Furthermore, (25) differs from Equations (4.16) and (4.17) of [9] by the term %)\’ oA Hy in
(27) (and possibly by some 4-fermion terms which are hard to check). The term 3A'g#A’ H,
is needed in order that (27) is invariant off-shell up to a total divergence under the BRST
transformations (30) through (35) and is present already in the undeformed model (i.e., for
g1 = 0); in fact, such a term occurs also in Equations (5.8) and (5.9) of [12] where it is present
in iAIDA, cf. Equations (2.2) and (2.1) of [12]. It is an open issue whether this difference
between (25) and Equations (4.16) and (4.17) of [9] is significant or resolvable, for instance
by field redefinitions (It is not evident whether or not such field redefinitions exist. For
instance, a redefinition A;(f) = A;(f) — 3M,7g1A oy A of the R-gauge field removes the term
3N e#A'Hy, from (25) but introduces a 4-fermion coupling proportional to A’A’A’A’ which
apparently has no counterpart in Equations (4.16) and (4.17) of [9]).
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3. Matter Multiplets and Supercovariant Tensor Calculus

In order to couple matter multiplets to the supergravity multiplet and to construct
supersymmetric actions for these multiplets, we use a supercovariant tensor calculus. The
calculus comprises supercovariant derivatives D,, spinorial anti-derivations D,, Di and
generators J; of a structure group which are realized on supercovariant tensors (see below)
and fulfill the graded commutator algebra

[Da,Dp} = —Tap"Dc — Fap'ds, [01,Dal = —g14°Ds,  [61,6)] = fi;%0k (40)

where the index A of D4 runs over Lorentz vector indices a and spinor indices «, d.
[Da, Dp} denotes the commutator [Dy4, Dp] if A or B is a Lorentz vector index and the
anticommutator {D4, Dg} if both A and B are spinor indices. The f;X denote struc-
ture constants of the Lie algebra G of the structure group which is the direct sum of the
Lorentz algebra and a further reductive Lie algebra which at least comprises the generator
d() of R-transformations and may comprise further generators §; of a Yang-Mills gauge
group with or without abelian factors. Denoting the generators of the Lorentz algebra by
lap = —Ilpa, we have

{Da} = {Da,Du, Da}, {61} = {lap, 01, 6i}-

The sum over indices of G is defined with a factor 1/2 for the Lorentz generators,
such as '
Fap'or = Fap™lap + FAB(r)fs(r) + Fap'd;

and the sum over indices A, B, . . . is defined with upper first spinor index, such as
Tap“Dc = TapDe + Tap" Dy + Tap' D

g1 4B are the entries of a matrix g1 which represents J; on the D 4. The only nonvanish-
ing g74® occur for &; € {lap, 6(r) } with

lab D] = 15 Da = 10Dy [lats Do) = —0ataPDp,  las Dl = Ffs Dy (41)
00 Dd =0,  [64)Del = —iDa,  [64), D] = iDs. 42)

The matter multiplets treated here are chiral multiplets [13], super-Yang-Mills multi-
plets (in WZ gauge) [14-16] and linear multiplets [17]. The component fields of the chiral
multiplets are denoted by ¢™, x¥, F" and their complex conjugates ¢™, 3", F'™ where ¢,
F™ are complex scalar fields and x™ are complex spinor fields. The component fields of the
sqper—Yang—Mills multiplgts are denoted by A}, Ay, AL, D_l »where A, are real gauge fieldg,
D' are real scalar fields, A' are complex spinor fields and A’ is the complex conjugate of A*.
The component fields of the linear multiplets are denoted by ¢M, A%, M, pM where pM
are real scalar fields, APA‘/{, :_—AVMH are real components of 2-form gauge potentials, ™ are
complex spinor fields and $M is the complex conjugate of ™.

The supercovariant tensors, which the supercovariant algebra (40) is realized on, are
4)711, Xm/ Fm/ 4_)11_1/ Xm/ Fﬁl, /\l/ /_\'ZI Dl/ §0M/ IPM/ l/_]M/ /\// /_\// Bub/ D// HKZ - e]/laH'u/ Taba/ Tubd/
Fu!, LM and supercovariant derivatives of these tensors, with H* as in (29) and B, T;,%,
Tp*, Eyp! and LM given by:



Symmetry 2021, 13, 620 6 of 15

By = elae’y(buy + 2i) o, ) + 2itpp,0,A) (43)
Top" = 2e'qe"y(Vpy) — iHp gy +iHYp,00,)" (44)
T = 2etae"y(Vuhy + iHp Py + iH O, 5,)" (45)
Ep? = Ze%evh[a[ywvf‘i - w[yecwv]ed + iy, (oy) Ted — Z(T[CTd]V])

+Hi(T, + 2T, 0 ) — 2ip),0° P, e ] (46)

Ep) = 2emevb(a[HA5? — 1,05 + 501, Py) (47)

Fu' = 2eMae’y (AL + S LAY + itpp,0 X+ idop, ) (48)
M = eWsF’VW(%BVA% — Py ™ + Mooy — 2ipMipy0p) + 29MH,

= et (39, A0 + 9Mubpr — Py ™ + PMIpe ). (49)

d(y) is represented on supercovariant tensors according to Table 1 where r™ are real
constants (“R-charges” of the ¢™). For the respective complex conjugate supercovariant

tensors, we have §(,)® = (,)® where ® denotes the complex conjugate of ®, and 4, P
denotes the complex conjugate of 6, P. Real supercovariant tensors, such as D!, oM, By,
D', F;,' and LM, have vanishing R-transformation.

Table 1. R-transformations.

) 4)771 Xm Em Ai IPM N Taba
5@ iremi(rm— 1)y (M —2)F" QA —ipM iV iT e

D, is realized on supercovariant tensors according to Table 2 with (in the last row)
TuaP, Fa® and Fi* as in Equations (52), (54) and (55), respectively.
S% and §* are as in (21) and are the spin-1/2 parts of T,,* and T,,*:

S* = TuPo™p", S = —0™,TyP. (50)
D is obtained from D, by complex conjugation, using
DT = ()71 D.T
where | 7| denotes the GraBmann parity of 7.

The nonvanishing T3 and F4p! in (40) are T;*, T,* = —T,* and F,! given in
Equations (44) through (48), and the T4 and F4p! are given by

T = Tp" = 2005, (51)
Tw? = —Tpe" = —i67 Hy + iH 0, " (52)
T’ = Ty = ifngb +iH O (53)
Pl = & = 2ielg, B, (54)
Fu™ = —F = —iT% gy + 2i01 T, (55)
B = B = 1Ty, — 200 T 5
Fup") = —Fy (") = 034 * (57)
Fy ") = —Fba(r) = OpuaS" (58)
Fup' = —Fpo' = —i0ppa A" (59)

Fip' = —Fpa' = i0pas A" (60)
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Table 2. D,-transformations.

o D, ®
" Xa
Xg Sﬁ,XFm
F™ 0
i 0
i —2i Dy P™
)_(éc owc(P ) ) .
Fm (20D + Hui) X™* — 4(Ai i — iSud(y) ) @™
/\1:/5 —i5£Di _ abzx’BFabi
}‘\w'z 0
Di ) (Dtxﬁ( + %-Hlm))_\id B )
Fap’ _ZiID[“ZMUh]W + H[ﬂUb]a&}\la - isahcdHCUdzxd}\m
¢ g
py! 0
Py —iDap™ — LY
Ly 20, PDP YR + 92 H,
AP 55(% —iD') —o®,FBy
RHX 0
D/ (Dtxﬁ( +_37iAHlxd))_\,& B B
Bay fZiD[“A/an]W + H[aab]aa/\/“ - isabcdHCO'da&A/a
H* % subc{qu Tcd “ B B
Fup'" 2D, Ojas + iH[a0p]ai 5" + EapeaH 005"
TP i85 (Fap") + 2Dy Hyy) — 3 Fap 04
) _iDIZHCO'baxﬂ + iDbHCUacaﬁ - 3HCH[aU'bCLxﬁ
Tuba 0
F”de _ZD[ﬂFb]“Cd + 2Ta[aﬁFb],BCd + TabaFmCd

The supercovariant derivative D, is defined on supercovariant tensors 7 according to
DaT = oo (3 — 2wy ®ly — AV 8y — ALG; — 9Dy + §5D4) T (61)
D,H" and D?LM fulfill the identities
D,H" =0, D'LM =2H"D,oM —iSypM + ipM3, (62)
Dy,B.q) and H" are related by
D(uBy = 3€abeaH + iTiapog A — i) o1, Ty (63)

For later purposes, we remark that —iS plays the role of the gaugino of R-transformations,
cf. Equations (58) and (60), and that one has

DySP = 65 (—1F," + 3HH,) — iF,, o™, P (64)

which shows that — %Fubb *+ %H “H, plays the role of the D-field of R-transformations.
The BRST transformation s7 of a supercovariant tensor 7 is

ST = (CHay + EDy + EDy + C1o1)T = (E4Da + o)) T (65)
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wherein C' are ghosts of Yang-Mills gauge transformations and &4 and C! are “covariant
ghosts” given by

g1 =Cle,", v =g"+Clyp, §* =" —Crl (66)
Crb = €% 4 Crawyt, C0) =ct)ycrall), ¢ =ciycral (67)

The BRST transformations of AL and A% are

sAl, = C'9yAl + (8,C") AL +9,C' + fyl Al CF — igo AT + iMio, & (68)
sAl, = CPA, AN + (9,CP)AN + (3,CF) Ay +0,Q) —0,Q)
+2(Eoup™ = $ME) + 4i(on ¢ + Sopdy) o™ (69)

where QM are real Grafsmann odd ghosts of reducible gauge transformations of AM The
BRST transformations of the ghosts C' and QM are

sCl = cﬂaycw%ﬁkickcf—ziéaﬂc‘# 70
Qi = 9,QM+(8,C")QY - 2050 T A + 2180 g 1)

where QM are purely imaginary Grafimann even “ghosts for ghosts” with ghost number 2
whose BRST transformations are

sQM = 9, QM — 2igoE Q). (72)
Covariant ghosts for ghosts QM are defined analogously to (66) and (67) according to
QM = QM+ CrQN + JCHCV AL (73)

The BRST transformations of the covariant ghosts and ghosts for ghosts are

s¢h = —J(—)PIEBECT R 4 Clg pEP (74)
sCl = —3(=)AIEAEPF A + L) CTCK (75)
SQM = 66 6 6 ahcd(LMd ZHd M) 21€a§mxga
G (EouaPyp! — Bilow 12P) (76)
where |a| = 0and |a| = |&] = 1.

The BRST transformations given above are strictly nilpotent off-shell. As is recapit-
ulated in Appendix A, the off-shell nilpotency of s (s> = 0) on all fields (including the
ghosts) except on AM s QQA and QM, and the construction of T,,%, T,;;* and F,;," according to
Equations (44) through (48) can be deduced elegantly from the supercovariant algebra (40)
and the corresponding Bianchi identities. The nilpotency of s on A#V’ QQA and QM and

the construction of LM according to Equation (49) can be checked separately (In other
words, one can check explicitly that s squares to zero on AW, QM and QM and that the

BRST transformation of AM given in (69) and the BRST transformations of M and yM

arising from (65) imply that LM defined according to Equation (49) transforms according

to Equation (65) with D,LM as in Table 2. The BRST transformations of A%, oM and pM

and the definition of LM are compatible with Equation (2.4) of [12]). Furthermore, the
identities (62) can be checked explicitly.
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4. Invariant Actions and Elimination of Auxiliary Fields

The supercovariant algebra (40) and the way it is realized on the matter multiplets
are exactly the same as in new minimal supergravity. In particular, the additional fields A’
and D’ do not occur in the supersymmetry transformations of any component field of the
matter multiplets, and the field by, contributes to these supersymmetry transformations
only via H* given in (29), precisely as the 2-form gauge potential t,, in new minimal
supergravity. In addition, the supercovariant algebra (40) is realized off-shell also on A/,
D’ and on the supercovariant tensor B, given in (43). For these reasons, one can adopt
methods and results derived in [10,12,18,19] for new minimal supergravity to construct
locally supersymmetric actions involving the matter multiplets and the fields A’ and D’ in
the present theory.

In particular, the results derived in [10,19] for invariant actions in new minimal
supergravity can be extended straightforwardly to the presence of linear multiplets and of
the additional supercovariant tensors A’, D’ and B,;. One obtains that Lagrangians which
are invariant off-shell up to a total divergence, respectively, under the BRST transformations
given in Sections 2 and 3 are

Li/e = (D*—A4i, "D + 169,06 p,)[A($, A, A, 5, W) + D*B(T)] +cc.  (77)
Ls/e = pi, (D" + Aty + iyt Als + €M7 Alnd, by ) (78)
Le/e = xim[3e"P7Alnd, AN — gMDie 4 (iMfagpM — pMATaghep, 4 c.c.)] (79)

where in (78) and (79) p;, and «;, 1 denote real coupling constants and the sum over i, runs
over the abelian factors of G including the R-transformation with the identifications (cf. text
around Equation (64))

A =—isy, A =iy, DY = —1F," + JH,H". (80)
In (77), we used the notation

D? = DD%, D*=D"Dy, Wiy = — T 0™, (81)
and A(¢, A, 1,5, W) denotes any function of the supercovariant tensors ¢", AL, A}, S;
and W, By (but not of supercovariant derivatives thereof) which has R-charge —2 and is
invariant under all other generators d;, and B(7) is any function of supercovariant tensors
which is invariant under all ¢j,

5(,)./4 = *21../4, VI # (1’) : 5]./4 =0, vI: (518 =0. (82)

L4 is a generic Lagrangian which provides, amongst others, a standard locally su-
persymmetric Yang-Mills portion arising from a contribution to A proportional to A'AJ Sij
(with G-invariant metric g;;), locally supersymmetric kinetic terms for the chiral multiplets
arising from a contribution b(¢, ¢) to B, superpotential terms for the chiral multiplets aris-
ing from a contribution a(¢) to A and locally supersymmetric kinetic terms for the linear
multiplets arising from a contribution c(¢) to B. In addition, £4 provides Lagrangians
with various higher derivative terms, such as four-derivative terms with the square of
the Weyl tensor arising from a contribution WW to A and/or with quartic terms in the
Yang-Mills field strengths arising from a contribution to B bilinear both in As and As
(of course, L4 provides further higher derivative terms; in particular, terms with more than
four derivatives). Furthermore, contributions to A given by =A’A’ and {A’A’ reproduce
L}, and L} given in (27) and (28), respectively.
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Ls and L are “exceptional Lagrangians” that cannot be written in the form of £4. A
contribution to L5 with i, # (r) contains a Fayet-Tliopoulos term eD and can thus con-
tribute to supersymmetry breaking [20] and to the cosmological constant. The contribution
to L5 with i, = (r) reproduces for p(,) = —2M?, the £;-portion of the Lagrangian (25) as
may be verified by explicitizing F,,?, S and S. L can contribute, amongst others, mass
terms for component fields of linear multiplets.

In Appendix B, solutions of the so-called descent equations are given which corre-
spond to L4, L5 and Lg, respectively. It is easier to verify these solutions using reasoning
given in [19] than to check the invariance of £4, £5 and L directly.

We now discuss the elimination of auxiliary fields for Lagrangians £ = L4 + L5 + Lg
with A and B of the form

A=F(@AN), B=G¢¢ ) =G ) (83)

Such Lagrangians contain only terms with at most two derivatives and thus may be
termed “low energy Lagrangians”. The fields F", F*, D' and D’ occur in £ undifferentiated
and at most quadratically as can easily be checked. Hence, these fields can be eliminated
algebraically using their equations of motion. However, the direct algebraic elimination
of the field b, is hindered by terms in £ that are quadratic in H¥. Such terms are present
both in the contribution to £5 with i, = (r) and (generically) in £4 because L4 contains,
amongst others,

G D*D*P™ = —2 Gy D*F™ = 8iGyy (3Fp™ — 3H Hy)d ()™ + ... (84)

where

G, — %6 ¢.9)

— e
Now, one may remove the terms quadratic in H* by a suitable redefinition of the

R-gauge field Ag ). To show this, we collect all terms in £ containing A" A", AV H or

HH. A straightforward computation yields that these terms can be written as AL with
(Here, we used 8(,)G = Gud(y)@" + Gind(,)¢™ = 0 where G = 9G/9p™).

AL/e= (i) = G HuH + Gy Ay AV + 2y + G A H! - (85)

where i
G(r) = 48iGm 619", G(r)(r) = 32 Gmn (8(1)9™) (61 ") (86)

with B
c. _PG,d9)
mn a(l‘,ﬁaq,m :

We now make the following ansatz for a redefined R-gauge field:
A = AD + mH,. (87)
Using (87) in (85), one obtains
AL/e=u HVHV + G(,)(Y>A;I(Y)A/(r)y + 2(}1(,,) + G(r) - mG(r)(r))A;(r)H” (88)

with
u=m*Gy)(s) = 2m(p(r) + Gy) + 34(s) = G- (89)
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In order to remove all HH-terms from £ by the redefinition (87), m has to be chosen
such that u vanishes. Obviously this can be achieved if G(y)(r) vanishes:

3t —2Gq

G(,)(r):(): UZO = m:m

(90)
However, G(,)(,) = 0 is a rather special case. For instance, G(,)(,) = 0 holds when

all ¢" have vanishing R-charge which also implies G(,) = 0 and m = % but forbids a
superpotential. When G(,(,) does not vanish, u vanishes if

Fo G\ " _ G (G = 3#40) + (i) + G
m— = . 91)
Gy (Giryn)?

Now, m must be real in order that A;(r) is real. In order to solve (91) with real m, the
numerator on the right hand side of Equation (91) must not be negative (G(,) and G,
are real. Indeed, G,)(,) obviously is real because G is real. Furthermore, 6,)G = 0 implies
Gy = 24iGpb ()™ — 241'G,;15(r)43"_1 = 24iGp ()™ + c.c.. For this reason m in (90) is real
too). Whether or not this numerator is non-negative depends on the R-charges of the ¢
and is not further discussed here.

When m is chosen such that u vanishes and A;fr) instead of Ag) is used, the Lagrangian
L does not contain terms which are quadratic in derivatives of byy, and then by, may
be eliminated algebraically using the equations of motion if F(¢, A, A’) contains a term
quadratic in A'.

We also remark that %( Gy — % ‘u(r)) is a generally field dependent prefactor of the
Riemann curvature scalar in £ /e, cf. Equation (84) (due to E,,P* = R+ ...). This prefactor
may be made field independent by a Weyl rescaling of the vierbein and corresponding
redefinitions of other fields that convert the Lagrangian from Brans—Dicke form into
conventional Einstein form, cf. [18] for a detailed discussion of these field redefinitions in
new minimal supergravity, which analogously applies in our case. Furthermore, we note
that Gz is the “metric” in the kinetic terms eG;;0,¢™0$" of the ¢™ and ¢™ in L (after
integration by parts). If this metric is positive definite, G(,)(,) is non-negative (However,
according to [18], G need not be positive definite in order that the kinetic terms for the
¢™ and ¢™ are positive after converting the Lagrangian into Einstein form).

5. Discussion

The formulation of D = 4, N = 1 supergravity studied in this paper is similar to new
minimal supergravity. This, by itself, is not surprising as this formulation was obtained as
a consistent deformation of new minimal supergravity. Nevertheless, the deformation has
some unusual and surprising features.

One of these features is that in this formulation, using the fields by, A and D/, a
Lagrangian, without or with matter fields included, in the simplest case differs from the
corresponding Lagrangian of the new minimal formulation of supergravity only by an
added extra portion proportional to £}, given in (27) (In addition, one may include £} given
in (28) but this does not make much difference). This extra portion is separately invariant
up to a total divergence under local supersymmetry transformations, and the remaining
contributions to the Lagrangian are the same as in new minimal supergravity. The reason
is that the fields A’ and D’ which are not present in new minimal supergravity do not occur
in the symmetry transformations of other fields except in the transformations of A’ and D’
themselves and in the modified supersymmetry transformation of b,. Furthermore, even
though the symmetry transformations of b, are modified as compared to new minimal
supergravity, the symmetry transformations of H” defined in (29) are not modified. Since
the symmetry transformations of all other fields except A’ and D" depend on by, at most
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via H¥, the modification of the symmetry transformations of b, then has no impact on the
Lagrangian as compared to new minimal supergravity except for the added extra portion.

In particular, this implies that one may simply add to any Lagrangian of new mini-
mal supergravity, without or with matter fields included, the extra portion proportional
to £}. The resultant theory again is an off-shell formulation of supergravity in which
now by, is a standard auxiliary field without gauge degrees of freedom (which may be
eliminated algebraically, at least for reasonable low energy Lagrangians, cf. Section 4)
and the R-gauge field is a physical field. Furthermore, if supersymmetry was unbroken
before adding the extra portion, the inclusion of the extra portion inevitably introduces a
cosmological constant, cf. Equation (27), and breaks supersymmetry spontaneously (recall
that sA’ = %(f + ..., cf. Equation (33), i.e., A’ then is a goldstino that may be eaten by the
gravitino). Thus, the addition of the extra portion particularly provides an alternative
mechanism for spontaneously breaking local supersymmetry in new minimal supergravity,
different from the familiar breaking mechanisms by Fayet-lliopoulos terms or F-terms.

On the other hand, in addition to or in place of £}, given in (27) and optionally £}
given in (28), one may include other terms in the Lagrangian depending on by, A’ and
D’, such as terms arising from contributions to A in (83) which depend on both A’ and
some ¢™. This may have a more subtle effect on the theory as compared to new minimal
supergravity and may be worth a further study.
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Appendix A. BRST Approach to Off-Shell Supergravity

In this Appendix, we recapitulate briefly a BRST approach to off-shell supergravity
theories which was used also in [10,19] and applies a general framework [21] of treating
theories with local and/or global symmetries. The approach is based on a supercovariant
algebra (40) and corresponding Bianchi identities

Y () ANCHDA TP + TapE TP + Fap'gicP) =0 (A1)
ABC
Y ()ANHD s Fpe! + TapPFpc!) = 0 (A2)
ABC

where Z Xapc = Xapc + Xpca + Xcap denotes the cyclic sum.

The supercovariant algebra (40) and the Bianchi identities (A1) and (A2) are supposed
to be realized off-shell on supercovariant tensor fields. The approach uses a differential
which is the sum of the BRST differential s and the exterior derivative d = dx"d, and is
denoted by 3,

§=s+d. (A3)

This differential acts on total forms and has total degree 1. A total form generally is
a sum of local p-forms with various form degrees p. The total degree is the sum of the
ghost number and the form degree. Hence, a total form @8 with definite total degree g
(“total g-form”) generally is a sum @& =}, wP4~7 of local p-forms w?4~F where wP$~7
has ghost number g — p.
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The generators D 4 and J; of the algebra (40) are related to total 1-forms constructed
of the ghosts and corresponding 1-forms according to

& = & 4dxte,” = (CM+dxt)e,” (A4)
& = Epdetp,” =+ (CF +dxt)p," (A5)
& o= - dxylpyd =3 —(Cr+ dx”)‘/;yd (A6)
Cl = Cl+dxlA, =C'+ (CM+dxM)A, (A7)

where, in the present case, {AL} = {w,", A,(f), AZM} § acts on supercovariant tensors 7

and on the total 1-forms &4 and C! according to

ST = (§'Da+ClonT (A8)
s = —J(—)PIEBECT A + ClgpEP (A9)
sCT = —J()MIEAEFga" + § i CICK. (A10)

Using the algebra (40) and the Bianchi identities (A1) and (A2), one easily checks that §
squares to zero on supercovariant tensors 7 and on the total 1-forms ¢4 and C'.

The ghost number 0 part of (A8) provides the supercovariant derivatives D, of super-
covariant tensors as it yields

3T = (e4"Da + "Dy — " Dy + A;(SI)T

which can be solved for D,7 and then gives Equation (61) in the present case. The ghost
number 1 part of (A8) provides the BRST transformations (65) of supercovariant tensors.

The ghost number 0 parts of (A9) for A = « and A = & and of (A10) provide the field
strengths (or curvatures) T,,*, T;;* and Eul, respectively. For instance, the ghost number 0
part of (A9) yields for A = «

ay’,bva - 31/%“ = eyaevbTub“ +...

which can be solved for T,;,* and then gives (44) in the present case. Analogously, one
obtains Equations (45) through (48) from (A9) and (A10). The ghost number 0 part of (A9)
for A = a provides analogously either Tj.*, or it determines wyﬂh when the constraint
Ty" = 0is imposed. In the present case, this gives wﬂ“b as in Equations (12) and (13).

The ghost number 1 parts of (A9) and of (A10) provide the BRST transformations of e,“,
P,* and AFIJ. In the present case, one obtains, in particular, Equations (30), (31), (32) and (68).
The ghost number 2 parts of (A9) and of (A10) then provide the BRST transformations of
the ghosts C*, * and C!. In the present case, this gives Equations (74) and (75) and then,
using in addition the BRST transformations of ¢,,?, ¢,* and A{l, Equations (36) through (39)
and Equation (70).

As we remarked at the end of Section 3, the BRST transformations of A%, QQA and
QM given in Equations (69), (71) and (72) and the field strength LM given in Equation (49)
cannot be deduced from the algebra (40) in the same manner. Nevertheless, these equations
can also be written in a compact form which is analogous to (A9) and of (A10) and reads

§QM = %gugbgcsﬂbcd(LMd - ZHd(PM) - Zigugao'amgd (PM
+3 8 (8 Py — P 0" 5EP) (A11)
where
oM = QM4 dx"QM + Ldxtdx' AN

= QM+ (C +dxt) Q! + 3(CF +dx¥)(C¥ +dx") Ajy. (A12)
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Appendix B. Solutions of the Descent Equations

In this Appendix, we provide solutions of the so-called descent equations that contain
the Lagrangians £4, L5 and L given in Equations (77)—(79), respectively. These descent
equations read

0<p<4: swf’4_p + dwf_l’s_p =0, sw?*=0 (A13)

1

where (uf 477 is alocal p-form with ghost number 4 — p. The 4-form w?’o = L;d*x contains

the respective Lagrangian £; for i = 4,5, 6. The descent equations can be written compactly
by means of total 4-forms @; as

4
§(Dl‘ = 0, C:Jl' = 2 (UIPA_p. (A14)
p=0
Total 4-forms @, and @s containing the Lagrangians £4 and L5, respectively, can be

obtained from [19]. They can be written as

@y = (—4id0 —4if D +ED?)[A(P,A A, S, W) +D*B(T)]+cc.  (Al5)
@5 = pi (2C"H 4 Alafj 4+ yAls + E D) (A16)

where
B = Zhgy, gt = — L 0P f, 1t = [EE 8P, B = — Legeg (PG (A1)
H = % ga‘fb‘fcsabcde + iff“gmg”"- (A18)

Using reasoning given in [19], it is actually not difficult to verify that @, and @s
fulfill (A14). A total 4-form @ which contains the Lagrangian L is

@6 = Ki,m[C5QM — (A 4+ Aleq) oM + E(—=DrgM 4 infepM —igMA)] - (A19)

with §0M as in (A11). 5@ = 0 can be shown similarly to §@ws = 0 in [19].
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