W) Check for updates

Received: 3 February 2023 Revised: 12 April 2023 Accepted: 16 April 2023

DOI: 10.1002/mma.9324

RESEARCH ARTICLE WILEY

Critical mass phenomena in higher dimensional quasilinear
Keller-Segel systems with indirect signal production

Mario Fuest'® | Johannes Lankeit!® | Yuya Tanaka?

1Leibniz Universitit Hannover, Institut . . L
fiir Angewandte Mathematik, Hannover, In this paper, we deal with quasilinear Keller-Segel systems with indirect signal

Germany production,
2Department of Mathematics, Tokyo
University of Science, Shinjuku, Tokyo,
Japan

w=vV-(u+1D"Vu)—V-uVvv), xe Q,t >0,
0=Av— u(t)+w, xeQ, t>0,
Correspondence wi+w=u, xeQ, t>0,
Mario Fuest, Leibniz Universitit
Hannover, Institut fiir Angewandte
Mathematik, Welfengarten 1, 30167
Hannover, Germany. initial conditions, where Q c R" (n > 3) is a bounded smooth domain, m > 1
Email: fuest@ifam.uni-hannover.de and

complemented with homogeneous Neumann boundary conditions and suitable

Communicated by: P. Colli

u(t) = fw(-,t) for ¢t > 0.
Q

Funding information We show that in the case m > 2 — %, there exists M, > 0 such that if either
JSPS KAKENHI, Grant/Award Number: m>2-— % or [,y < M., then the solution exists globally and remains bounded,
JP2211193

and that in the case m < 2 — % ifeitherm < 2 — % orM > 2§n”‘1wn, then there
exist radially symmetric initial data such that [Q Uy = M and the solution blows
up in finite or infinite time, where the blow-up time is infinite if m = 2 — % In
particular, if m = 2 — %, there is a critical mass phenomenon in the sense that

inf {M > 0 : Juy with / up = M such that the corresponding
Q

solution blows up in infinite time}

is a finite positive number.

KEYWORDS

chemotaxis, indirect signal production, infinite-time blow-up

MSC CLASSIFICATION
35B33, 35B44, 35A01, 35K55, 92C17

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2023 The Authors. Mathematical Methods in the Applied Sciences published by John Wiley & Sons Ltd.

Math. Meth. Appl. Sci. 2023;1-17. wileyonlinelibrary.com/journal/mma | 1


https://doi.org/10.1002/mma.9324
https://orcid.org/0000-0002-8471-4451
https://orcid.org/0000-0002-2563-7759
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmma.9324&domain=pdf&date_stamp=2023-05-03

2 Wl LEY FUEST ET AL.

1 | INTRODUCTION

1.1 | Critical mass in the two-dimensional Keller-Segel system with direct signal
production

Chemotaxis, which is the motion of cells oriented toward higher concentrations of a chemical substance, is an important
cause for aggregation in different biological contexts, for example, the formation of bacterial colonies or tumor invasion
[1]. For its mathematical description, the Keller-Segel model is often used, which, in a simplified parabolic-elliptic form,
reads

0=Av—v+u. 1.1

Here, u and v denote the density of cells and the concentration of a signal substance, respectively, and the chemical
signal is directly produced by the cells. This system and its variants have been studied extensively (see, e.g., the surveys
[2-4]).

For the present article, it is of particular interest that (1.1) features a critical-mass phenomenon in that in
two-dimensional domains, radially symmetric initial data ug with mass M = /Quo < 8x lead to global and bounded solu-
tions, whereas for any larger mass, some initial data with this mass can be found, which evolve into solutions blowing up
in finite time, [5]. In higher-dimensional settings, blow-up solutions can be found for any prescribed positive initial mass,
[5]. In the radially symmetric case, the same has been observed for other parabolic—elliptic and fully parabolic versions
of (1.1), see [6-10].

{ U= Au—V-@vv),

1.2 | Indirect signal production

A more recent line of investigations is concerned with systems where the signal is produced indirectly, for example, as in

u;=Au—V-(uVvv), xeQ, t>0,
0=Av— u(t)+w, xeQ, t>0,
wr+w=u, xeQ, t>0, (1.2)
Vu-v=Vv-v=0, X€ I, t>0,

u(x, 0) = up(x), wx,0) = we(x), x € Q.
Here, Q := B;(0) c R" (n > 2)is aball and
u(t) :=fw for t > 0;
Q

v is the outward normal vector to 0Q; uy € Co(ﬁ) and wy € Cl(ﬁ) are nonnegative. This is the simplified version of a
chemotaxis model proposed by Strohm et al. [11], which describes the spread and aggregative behavior of the mountain
pine beetle (MPB). Here, u, w represent the densities of flying MPB and of nesting MPB, and v denotes the concentration
of the beetle pheromone. For the above model, Tao and Winkler [12] established boundedness and infinite-time blow-up
in the two-dimensional case; more precisely, in the radial setting, the solution remains bounded when fguo < 8r, and
there exist initial data such that /Quo > 8z and the solution blows up in infinite time. For Q = R?, a corresponding result
has recently been obtained in [13]. Based on a Lyapunov functional, Laurencot [14] uncovered the same phenomenon in
the fully parabolic and in the nonradial setting, where the critical mass decreases to 4z. Also in a related model concerned
with a population split into a static, signal-producing and a motile, chemotactically active group, a dichotomy between
initial masses leading to global boundedness of all solutions or unboundedness, respectively, has been observed [15].
From these results, we understand that a critical mass phenomenon happens also for the two-dimensional Keller-Segel
system with indirect signal production given above and that the difference from systems with direct signal production is
that solutions always exist globally in time.

In summary, also for indirect signal production, there is still some critical mass phenomenon in 2D, but now it
discriminates between boundedness and unboundedness of global solutions.

However, up to now, it is not known whether such results are satisfied in the higher dimensional cases. Thus the
question, whether a critical mass phenomenon happens in the higher dimensional Keller-Segel system with indirect
signal production, naturally arises.
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As to be shown below, the answer is no. In fact, we always obtain unbounded solutions in the higher dimensional cases.

Proposition 1.1. Let Q := B;(0) C R" (n > 3) be a ball. For each M > 0, there exist initial data (ug, wy) with fguo =M
such that the corresponding solution of (1.2) is unbounded.

We remark that this is in contrast to the indirect taxis system considered in [16, 17], where also the third component
diffuses and where the mass (87)? has been observed to be critical in dimension four.

1.3 | Critical mass phenomenon in higher dimensional quasilinear Keller-Segel system
with indirect signal production

Quasilinear diffusion is occasionally relevant in applications of chemotaxis systems, for example, when concerned with
the motion of cells (like tumor invasion, cf. [18]). In the present indirect setting, the inclusion of porous medium type
diffusion leads to the following system

u,=V-(u+1"Vu) - V-uvv), xeQ,t>0,

0=Av—u(t)+w, xeQ, t>0,

w+w=u, xeQ, t>0, (1.3)
Vu-v=Vv-v=0, xX€e o, t>0,

u(x, 0) = up(x), wix,0) = wy(x), X e Q,

where Q c R" (n > 3) is a bounded smooth domain and u(t) := fgw for t > 0; m > 1; v is the outward normal vector to
0Q; uy € CO(Q) and wy € CY(Q) are nonnegative.
For a related direct production system

u,=V-(u+1)"1Vu) - V- uvv),
vv=Av—v+u,

it is known that the size of m determines whether solutions remain bounded or blow up; large diffusion exponents m
counteract explosions; indeed, when m > 2 — % boundedness of solutions was obtained in [19, 20]; on the other hand,
whenm < 2 — % initial data with corresponding solutions blowing up in finite time were constructed in [21, 22]. Also,
for the system such that the diffusion term is replaced with the degenerate diffusion Au™, similar results were proved
(boundedness in [23, 24] and finite-time blow-up in [25]). Moreover, in the critical case m = 2 — % a critical mass phe-
nomenon is observed in the degenerate system posed on Q = R"; in this case, there exists M, > 0 such that if /Quo <M.,
then solutions are global and bounded [26, 27] whereas for all M > M., one can find initial data with fguo = M, lead-
ing to finite-time blow-up (see [26] for the parabolic-elliptic and [28] for the fully parabolic three- and four-dimensional
setting). Regarding bounded domains, corresponding boundedness results have also been obtained [24, 29].

From these results, the questions naturally arise whether behavior of solutions is determined by conditions on m also
in (1.3) and whether a critical mass phenomenon possibly happens for some value of m. The purpose of this paper is to
give a positive answer to the aforementioned question in the system (1.3).

1.4 | Main results

As preparation—and in order to specify what type of solutions and possible blow-up we are dealing with—we introduce
the following proposition on local existence of solutions to (1.3).

Propositi_on 1.2 (Local exi_stence). Let Q ¢ R" (n > 3) be a bounded smooth domain and let m > 1. Assume that

up € CO%Q) and wy € CHQ) are nonnegative. Then there exist Tmax € (0, c0] and uniquely determined nonnegative
functions

U € COQ X [0, Trmax)) N C2HQ X (0, Tmax)),
v € C*(Q X [0, Trnax)),
w € COUQ X [0, Timay)) 1= {w € CUQ X [0, Tmax)) Wy € CO(Q X [0, Tinax)) )

85UB017 SUOWILIOD BA 81D 8|qedldde au3 Aq peuAob 81 Sa e VO 88N JO S9N 104 Afeq 1 BUIIUO AB|IM UO (SUORIPUOD-PUR-SWIBH D" AB|IM ARG 1[UUO//SANY) SUORIPUOD PUe SIS L 83U} 39S *[£202/L0/ET] U0 ARiqi8ulluO AB|IM ‘AUewieD 8UeIyo00 AQ #2e6WW/Z00T 0T/10p/LI00 A3 | Im Afeiq 1 jpul|uo//Sdny WOy papeo|umod ‘0 ‘9LyT660T



4 Wl LEY FUEST ET AL.

which solve (1.3) classically in Q X [0, Tmax) and which are such that
if Tmax < oo, then|lu(, H)|lr=@) — o as t /" Tyax. 1.4)

Moreover, if uyg and wy are radially symmetric, then so are u(-, t),v(-,t) and w(-, t) for any t € (0, Trax)-

The first theorem is concerned with global existence and boundedness of solutions to (1.3). Similarly as in [19, 20, 23,
24, 27], solutions remain bounded when m > 2 — %, and the same result holds under a smallness condition for the size

of initial data up when m = 2 — % Moreover, we note that global existence is ensured regardless of the size of initial data
whenm > 2 — %

Theorem 1.3 (Global existence and boundedness). Let Q € R" (n > 3) be a bounded smooth domain and letm > 2— %

Then there exists M. > 0 satisfying the following property: For all nonnegative initial data uy € CO(Q) and wy € CL(Q),
the corresponding solution (u, v, w) of (1.3) exists globally in time. Moreover, if uy and m satisfy either

m>2—%or/u0<Mc,
n Q
then the solution (u, v, w) of (1.3) is bounded in Q X (0, o) in the sense that there is C > 0 such that

ux,t) < C, vix,t) < Cand w(x,t) < C (1.5)

forallx € Qandt € (0, ).

The next theorem gives unboundedness of solutions to (1.3).

Theorem 1.4 (Unboundedness). Let Q := By := B;(0) C R"* (n > 3) bea ball and let m € [1, 2 — %] If either

<me [1,2— E) and M>O) or <m=2— 2 and M > 2§n"‘1wn>,
n n

where w,, := |0B;1(0)|, then there exists R € (0, 1) such that for each n > 0 one can find constants T uw>0,y>0T, >
0, @ > 0 and C > 0 with the property that for all nonnegative radially symmetric initial data uy € C°(Q) and wy € CH(Q)

satisfying
/uo =M,
Q

(1.6)
f uy>Iy, forall r € (0,R),
B"
f up <y  forall re(R,1), (1.7)
B,\B,
fwo > f wo + Iy forall r € (0,R), (1.8)
B, B,
f wy < f Wy — 1 forall r € (R, 1), (1.9)
B, \B, B
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the solution (u, v, w) of (1.3) blows up in finite or infinite time in the sense that { [|luC, D=t € (O, Tmax)} is unbounded.
More precisely, |[u(-, t)||L= > Ce* holds for all t € (0, Trax)-

From this theorem, we can immediately prove Proposition 1.1.

Proof of Proposition 1.1. Letm = 1and M > 0. Then, from Theorem 1.4, we can find initial data ugy, wy with /Quo =M

such that the corresponding solution is unbounded. 5
In Theorem 1.4, we see that blow-up occurs for the system (1.3) in the case m < 2 — = as in [21, 22, 25, 28]. However,

it is not clear whether the blow-up time is finite or infinite. In contrast, in the case m = 2 — %, we can obtain initial data
leading to infinite-time blow-up by a combination of Theorems 1.3 and 1.4.

Corollary 1.5. Let Q := B;(0) C R" (n > 3) bea ball and let m = 2 — % Then for all
M > 2§n"_1wn,

there exist nonnegative radially symmetric initial data (1, wg) such that /Quo = M and the solution blows up in
infinite time.

Remark 1.6. From Theorem 1.3 and Corollary 1.5, we know that the critical valueism = 2 — % in the higher dimen-
sional cases, where a critical mass phenomenon occurs. In contrast to the Keller-Segel system with direct signal
production (see, e.g., [22]), now the blow-up time is always infinite if m = 2 — %

1.5 | Main ideas and plan of the paper

In Section 3, we will prove Theorem 1.3. Both global existence and boundedness of solutions are obtained by showing
that the functional

1 / SN S

PJa p+1/q

(which we consider for sufficiently large p) is a subsolution to a certain ODE, whose solution is global and, under certain
conditions, also bounded. A crucial step for the corresponding estimates is the observation that the third equation in (1.3)

regularizes in time (but not in space), which is inter alia manifested by the identity zﬁ% wiP“ + wiP“ = fguwP. If

m> 2 - % the Gagliardo-Nirenberg inequality allows us then to favorably bound the worrisome terms by, essentially,
the dissipative terms; if either m > 2 — % or /Quo is sufficiently small, this can be done (see Lemmata 3.3 and 3.4) in such
a way that we can infer not only global existence but also boundedness of the solutions. This proof of global existence is
based on [12, Section 3].

1
Section 4 is devoted to proving Theorem 1.4. To that end, we consider the function U(&,t) := /(fi r"u(r, Hdr for
£ €[0,1] and ¢ € [0, Tmax), Which is introduced in [30]. As in [12], our aim is to construct an unbounded subsolution U.
Here, we take the ansatz U(&, 1) = % for &£ € [0,&] and t € [0, o) with certain a, b and a small & € (0, 1), so that
the derivative of U is unbounded at the origin. One of the new challenges compared to [12] is to deal with the term

,( na(tb®) m-l gl
on ((b(t)+5)2 “) b+ &

which appears when applying the parabolic operator P defined in (4.2) to U. Evidently, this term is simplified if one sets

2-2_
m = 1. However, if m € [1, 2— %] this term can still be controlled by £ ™ and next absorbed by a negative term

depending on /Quo; if eitherm € |1,2 — %) or fguo is sufficiently large, this approach works, and thus, we can indeed
show that U and, hence, U is unbounded.

2 | PRELIMINARIES

In this section, let Q C R" (n > 3) be a bounded domain with a smooth boundary and m > 1. To begin with, we consider
the local existence result of Proposition 1.2.
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6 Wl LEY FUEST ET AL.

Proof of Proposition 1.2. This proposition is proved by a standard fixed point argument as in [31].

We next collect a basic property of solutions to (1.3).

Lemma 2.1. Letm > 1 and letuy € Co(ﬁ) andwy € Cl(ﬁ) be nonnegative. Then the solution (u,v, w) of (1.3) given by
Proposition 1.2 with maximal existence time Ty, satisfies that

/Qu(-,t) = /Quo 2.1)

u(t) = fW(', H>0 2.2)
Q

and

forallt € (0, Tax)-

Proof. While (2.1) follows immediately upon integrating the first equation in (1.3), (2.2) is obtained by nonnegativity
of w. ¥

3 | GLOBAL EXISTENCE AND BOUNDEDNESS

Throughout this section, we fix a smooth, bounded domain Q C R" (n > 3), parameters m > 1 and M > 0 as well as
nonnegative initial data uy € Co%Q), wy € CH(Q) with M = /Quo. Moreover, we denote the solution of (1.3) provided by
Proposition 1.2 by (1, v, w) and its maximal existence time by Ty,x.

In order to prove global existence and boundedness, we will establish LP-estimates for u and LP*!-estimates for w. To

this end, we begin by preparing an estimate for i JouP +-a /Q wPHl,

Lemma 3.1. Forallp > 1and k > 0, the solution (u, v, w) of (1.3) satisfies

g l/up+; Wp+1
dt \ pJa p+1/g —1)2

<2k / uPtt 4 (kP + k‘ﬁ) / whtt in (0, Tmax)-
Q Q

/wp+1
Q

(3.1)

Proof. For henceforth fixed p > 1, we multiply the first equation in (1.3) by uP~!, integrate over Q, and use integration
by parts to obtain that

1d /uP /uP—lv ((u+ 1™ vVu) - /up—lv - (uVv)
Pdt Q Q

=—(p- 1)/up_2(u + D" Vul* + (p - 1)/up‘1Vu - Vv
o

4 4= -1
- > / [Vu = 1 /upAv in (0, Trax).
C(pt+m-1 P Q
Here, from the second equation in (1.3) and (2.2), we have Av = u(t) —w > —w, so that it follows that
1d 4(p / p”" 1 2 / .
<- Vu P 0, T, . 3.2
A ub < (p+m_1)2 | 1> + wPw in (0, Tmax) (3.2)

Next, multiplying the third equation in (1.3) by w? and integrating over €, we can observe that

Li/ww/wl’“:/uwp
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which together with (3.2) implies that

g{l/up‘i‘L/l/VpH}+ /| P+ /wl’“ p_l/upw+/uwp
dt \ pJa p+1Jo —1)2 p Jo Q

in (0, Thax)- Finally, we apply Young's inequality to two terms on the right-hand side of this inequality and thereby
derive (3.1). O

To estimate the first term on the right-hand side of (3.1), we next state the following consequence of the
Gagliardo-Nirenberg inequality.

Lemma 3.2. Forall p > max { 1, g <2 - % - m) }, there exists Cy := Co(p) > 0 such that for arbitrary ¢ € CH(Q),

2(p+1)

1 prmot 6 +1)(1-6) +1
[ < cllve g Nl + Callol (3:3)

ptm-1 _ p+m-1

where 8 :=0(p) := pfﬁl—ip_"? € (0,1).

2 n 2

Proof. Applying the Gagliardo-Nirenberg inequality (e.g., in the variant of [18, Lemma 2.3], which allows for
integrability exponents below 1), with some C > 0, we can estimate

2(p+1) 2(p+1) 2(p+1) 1 2(p+1)

+1 pim-l p+m-1 p+m—1 pim-l p+m-1 pim-1 p+m—-1

P =l Iy, <ClIVe s IILZ(Q) o =117, +Cllo >[I,
Q

L ptm-1 Q) L[ ptm-1 Q) [ ptm=1 (Q)
b Z(fﬁ)l (p+1)(1-6) p+1
= CIVe S 117y el &t + Clllith,
for all ¢ € C'(Q), which concludes the proof. O
We next prove LP-estimates for u and LP*!-estimates for w, provided m > 2 — ;
Lemma 3.3. Assume thatp > 1.
@A Ifm=2- % and
1
1 4(p -1 A-0(p)(p+1)
M= [ uy<M, 1= . 3.4
o <mp [¢y%@)@+m_nz (3.4)
with Cy(p) and 0(p) from Lemma 3.2, then there exists C(p) > 0 such that
[[uC, e < Cp) and ||lw(-, ||+ < C(p) forall t € (0, Trax). (3.5)

(ii) Inthecasem > 2 — % there exists C(p) > 0 such that (3.5) holds.

1
Proof. Wefixk :=2-2P > 2P, sothatk™P+k » < 1. Let us first consider the case (i). The condition m = 2 — % ensures
that 0 defined in Lemma 3.2 satisfies %0 = 2. Thus, invoking Lemma 3.2 and (2.1), we obtain ¢; := Co(p) > 0
such that with M = [, uo

/ WP < ¢ MEHVO-0) vy, M5 12,0 + AMP*in (0, Tinay)- (3.6)
Q
If M < M.(p), we can pick # € (0, 1) so small that
Ap—1) 50w
1 o 4p-1 P 3.7)
2(k+mn)ec1 (p+m—1)?2
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8 Wl LEY FUEST ET AL.

By virtue of (3.6), (3.7), and Young's inequality, in (0, Tax), We have

Zk/upJrl =2k + 11)/uerl - ;7/1,thrl
Q

< @k + e MEDA-0 | vy, 5 |12

4p-1) prmol /
< — u 2 +Cc—¢C Llp,
(p +m— 1)2 ” L2(Q) 2 3 o

where ¢; 1= 2k + n)e; MPH! + ngl andc; := ‘%1;7. We infer from (3.1) and the above inequality that

i{l/ / }+c3/up+(1—(kp+k P))/Wp+1<02, (3.8)
dt | p Q

in (0, Tax), which implies that

d 1 1 1 1 .
2w+ — w4 ¢ —/uP+— whtl L < in (0, Tymax),
dt{P/Q p+1l/g “\p/a p+1ljo 2 (0, Trma)

1
where ¢, 1= min{c;p,(1 — (kP +k »))(p + 1)} > 0. From this differential inequality, we arrive at (3.5).
Next, we deal with the case (ii). The condition m > 2 — 5 implies 1%9 < 1, where 6 is again as in Lemma 3.2.

T T Ck+meMPT -y / ub+t
Q

Therefore, applying Young's inequality to the first term on the right-hand side of (3.3), we see that there exists ¢s > 0
such that

ln (07 Tmax)

Jun sty 2Dy
o T2k+1 (p+m-—1)2 LZ(Q)

and inserting this in (3.1), we again achieve (3.8) (albeit with different constants) and conclude (3.5) exactly as in

case (i). O

As to the case (i) in Lemma 3.3, the LP-estimate independent of time for u was shown by imposing a smallness condition
on the size of initial data. On the other hand, in the absence of such a smallness condition, we can derive a time-dependent
LP-estimate for u, which will allow us to establish global existence regardless of the size of initial data in the case m = 2— %

Lemma3.4. Ifm>2— % then forallp > 1 and T € (0, Tax] N (0, ), there exists C(p, T) > 0 such that

luC, Dllr < Cp, T) and ||lw(-, D|pn) < C(p, T)
forallt € (0, 7).

Proof. Thecaseofm > 2 — % is already covered by Lemma 3.3; we therefore assume m = 2 — % and note that this

condition warrants that 1%9 = 2 with 6 as in Lemma 3.2. Thanks to Lemma 3.2 and Holder's inequality, we can

find ¢; > 0 such that
+1 (p+1)(1-6) pmol o P
Qup <cM? [[Vu ||L2(Q) + oM Qu

< C M(IH—D(1 9)”Vu 2 ”LZ(Q) + ClMlle_l/uP in (09 Tmax)s
Q

which together with (3.1) entails that for any k > 0,

4p-1
g l/up + 1 Wp+1 + (p ) /l
dt \pJa p+1lJjg P+m-12Jq
< 2ke, MP+D1-0) / IVu"™5" |2 + 2keM|QJP~! /
Q Q

+/werl
Q

W+ kP 4K / Wi (0, Tona).
Q
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1 . _4p-D
20, MP+DA-0)  (p+m—1)2°

d 1/, 1 1 1/ 1 1 .
—< = +—— [wPtlt } < = fuP+— [ wht 0,T,
dt{P/Qu p+1ljo }_Cz{P Qu p+1Jo (0, Tonex)

with ¢, := max{2kc;M|Q|P~'p, (kP + k_zlj)(p +1)}. Therefore, for any T € (0, Tmax] N (0, 00) we obtain c3(T) > 0 such
that ”Ll(', t)”Lp(Q) < C3(T) and ”W(, t)”Lp+1(Q) < C3(T) forallt e (O, T) D

Here, choosing k = we can observe that

Now, we prove global existence and boundedness of solutions to (1.3) by applying Lemmata 3.3 and 3.4.

Proof of Theorem 1.3. We first show that T,ax = 0. Let p > n + 2. Assuming Ty < o0, we can apply Lemma 3.4 to
T = Tmax < oo to obtain ¢; > 0 satisfying [|u(-, t)||r@ < ¢1 and |[|w(, t)||n(@) < c1 for all ¢ € (0, Tmax). Therefore,
according to elliptic regularity theory (cf. [32, Theorem 1.19.1]), there exists c; > 0 such that ||[v(-, £)||w2r1q) < ¢, for
all t € (0, Tmax), and then the Sobolev embedding theorem tells us that || Vv(-, £)||1=) < c3 for all t € (0, Tmax) With
some c; > 0. Hence, applying the Moser-type iteration of [20, Lemma A.1], we can obtain ¢4 > 0 such that

[u(:, D= < Ca

for all t € (0, Trax)- However, this contradicts (1.4), meaning that Ty,.x cannot be finite.
In the case m > 2 — % orif M < M, := M.(n + 3) (with M.(n + 3) as in (3.4), which crucially does not depend on M

or the solution (u,v,w)) in the case of m = 2 — %, by means of Lemma 3.3, elliptic regularity theory and the Sobolev
embedding theorem, we can similarly verify that ||Vv(-, )|~ < cs for all ¢ € (0, o0) with some ¢5 > 0, where cs is
independent of time. Thus, by a Moser-type iteration, we see that ||u(-, t)||1~) < ce forall t € (0, co) with some cs > 0,
and so (1.5) holds.

4 | UNBOUNDEDNESS

In the following, we let Q := B;(0) C R" (n > 3),m € [1,2 — %] and M > 0. For simplicity, we also fix nonnegative

radially symmetric initial data u, € Co(ﬁ) and w, € C! (5) as well as the solution (i, v, w) of (1.3) given by Proposition 1.2
and denote its maximal existence time by Tp,.x. However, we emphasize that all constants below only depend on Q, m
and M, not explicitly on the initial data or the solution. Moreover, the uniqueness statement in Proposition 1.2 implies
that (u, v, w) is radially symmetric and henceforth we write u(|x|, t) instead of u(x, t) etc.

In order to prove Theorem 1.4, referring to [12], we define the function U as

e
Ut = / " u(r, )dr for £ €[0,1] and t € [0, Tmax), 4.1
0
which belongs to C°([0, 1] X [0, Tmax)) N C>1([0, 1] X (0, Trmax)) and introduce the parabolic operator P as

2 ~ ~ [ ~ ~
PUE. 1) 1= Die.0) — 283 (T 1) + D e D) — 1 { / et <U(§,s) M :) ds} AN
0 () 4.2)

— n(Wy(&) — Ko&)e ™ Us (&, 1)

for£ € (0,1),t € (0,T) and Ue C((0,1) x (0, T)) N C°((0, T); W**((0,1))), T > 0, with

e
Wo(&) 1= / rYwo(r)dr for & €[0,1] and Ko := Wo(1), (4.3)
0

where w,, = |0B1(0)| = n|B1(0)|. Now, we first collect properties of U.
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10 Wl LEY FUEST ET AL.
Lemma 4.1. The function U satisfies that
U©,6)=0and U1, =2 (4.4)
forallt € [0, Tpax) as well as
1 1
Us(é. 1) = Eu(ﬁn,t) 20 (4.5)
forall ¢ € (0,1) and t € (0, Tryax)- Moreover,
PUEH =0 (4.6)

forall ¢ € (0,1) and t € (0, Tyax)-
Proof. We immediately see that (4.4) holds from the definition of U and (2.1) and that (4.5) is obtained by a direct

computation and nonnegativity of u. Also, transforming the system (1.3) exactly as in [12, Lemma 4.1] (there only for
2D and linear diffusion), we arrive at (4.6). O

As a preparation to the proof of Theorem 1.4, let us prove a comparison principle. In stating the result, we consider the
functions A, B, D such that for arbitrary T > 0,

A€ C°(0,1) X [0, T) X [0, 0)), B C°((0,1) x [0, T)), D € C°([0,1] x [0, T] X [0, T]) 4.7

and the operator Q such that
t
QU t) 1= Uné, 1) — A, £, Up)Use(&, ) — {B(:, £+ / D(E t, s)ff(e:,sms} Us(&, t) (4.8)
0

for £ € (0,1), t € [0, T) and sufficiently regular U : (0,1) x (0, T) —» R. We note that the operator Q slightly differs from
the definition in [12, (4.9)], where A depends on & and ¢ only. In the case Q = P, we will deal with

AE. 1, Tp) = 25 (nU: + 1™,

t
B(&,t) = —n / e—<f—s>wM§ds + n(Wo(&) — Koé)e™" and
0 n

D(&, t,5) = ne (79,

Lemma 4.2. Lett; > 0and T > t;. Suppose that A, B and D satisfy (4.7),

A>0in (0,1)X(t;,T) X [0,00) and D >0 in [0,1] X [0, T] % [0, T].
Moreover, assume that

U,U e C°([0,1] x [0, TT) N C*((0, 1) X (1, T)) N C°((t1, T); W>*((0, 1)))
are nonnegative and such that

0< gé(g, t)<Lforall £ €(0,1) and te€ (t;,T)
with some L > 0 and such that
QU(&,t) < QU(E, b) forace. £ € (0,1) andall t € (t,,T),

where Q is asin (4.8). If
U, ) < Ut forall € €[0,1] and t € [0,t] (4.9)
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FUEST ET AL. Wl LEY 11
and
U(0,t) < U(0,0) forall t e [t,T], UQ,t) <UQ1,t) forall t€[h,T), (4.10)
then

UE 1) < UE, 1) forall € €[0,1] and t € [0, T].

Proof. This can be shown as in the proof of [12, Lemma 4.2], with the only difference being that in our setting A also
depends on U;. The main idea is to show that for arbitrary € > 0 and certain g > 0, the function

dEt) 1= UE 1) — U 1) — e’ for £ €[0,1] and t € [0,T)

is negative. If this were not the case, then (4.9) and (4.10) would ensure that there exists (&x,tx) € (0,1) X (£1,T)
such that d(&,, tx) = 0. As we could further assume ¢, to be minimal, d(-, t,) would attain a maximum at &, ; hence,
de(é«,ty) = 0. Since then, A(&,, L4, gé(g*, tx)) = A(&x, ts, Ug(é4, t4)), and due to the required regularity of A, U, and

U, the fact that A depends on I~J¢ turns out to cause no additional challenges, and we can arrive at a contradiction just
as in the proof of [12, Lemma 4.2]. O

To prove blow-up, we shall construct a subsolution with unbounded space derivative to (4.6). Referring to [12, (6.1)],
we put the function U as

LOE if £€1[0,&)] and t € [0, ),
U, = ZE§§Z<%¢+a(o¢g if d (4.11)
arTIRE £ € (&,1] and ¢ € [0, ),

where & € (0, 1) and the functions a and b are defined as

2
a(t) := M 0O+ &) and b(t) := bpe™ for t € [0, c0) (4.12)

wn  b(t)+&
with some by > 0 and a > 0. Then the function U satisfies (cf. [12, Lemma 6.1])
U € C'([0,1] X [0, 00)) N C°([0, 00); W**((0,1))) N C°([0, 20); Cy. ([0,1] \ {&})).

Moreover, by computing PU, we have the following lemma.

Lemmad4.3. Leta,by > 0, & € (0,1) and a, b be defined as in (4.12). Then the function U defined in (4.11) satisfies that

(b(D) + &) OGRS IRAO) 2< na(t)b(t) )’"‘1 g
—— 2= PU(, ) = - 2n?( ———= +1 A
bz 20T Taoew b T \eo+er Y bo+e 413)
—-n /te—(t—S) < a(s) _ M) ds—n <W0(€) _ KO) et
0 b(s)+¢ o ¢
forall &€ € (0,&) and t € (0, 0) and
’ / LA0]
GO +80° 02 B0z d0F POt G
a®)bt) — a(t) b(t)  a(®)b(t) b(t) + &
. /‘e_a-s) a®bE)E +a®s M £ as (4.14)
0 (b(s) + &o)? oM

— n(Wy(&) — Kob)e™
forall &€ € (&,1)and t € (0, ).

Proof. This results from straightforward computations; for details, see [12, Lemma 6.1], where only the third term in
the right-hand side of (4.13) differs slightly from the one of [12, (6.2)]. O
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12 Wl LEY FUEST ET AL.

Our goal is to make sure that PU < 0in (0, 1) X (0, o). Since the function U fulfills (4.14) in (&, 1) X (0, o0), which is
similar to [12, (6.3)], we can immediately obtain the following lemma.

Lemma 4.4. Assume that & € (0,1) and ny > 0 satisfy

Wo(®) = Kot

oz (4.15)

forall ¢ € (&,1). Then for all a, > 0, there exists a € (0, ay) such that for any choice of by € (0, 53), the function U
in (4.11) satisfies
PUE, ) L0 (4.16)

forall ¢ € (&,1)and t € (0, ).

Proof. The main difference of the operator P introduced in (4.2) compared to the one considered in [12] is the factor
in front of U, which of course is inconsequential in regions where g& vanishes. Accordingly, this lemma can be
shown as in [12, Lemma 6.2 and Lemma 6.3], with a slightly different choice of 7y depending on n. O

Before estimating the right-hand side of (4.13), we recall an estimate for its first term.

Lemma 4.5. Let a,by > 0, & € (0,1) and a, b be defined as in (4.12). The function a satisfies

adOeO+o) a
a®b®) &

forallé € (0,&) and t € (0, o).

Proof. This is derived from the definitions of a and b in (4.12); for the computation, see [12, Lemma 6.4]. O

Now, we prove the estimate PU < 01in (0, &) X (0, o0) with some &; € (0, 1). We first consider this estimate for suitably
large times. When m = 2 — %, a largeness condition for M is needed, whereas when m € [1, 2 - %), the estimate PU <0
is satisfied for any M > 0.

Lemma 4.6. Assume that

Wo(8) — Ko& 20
forall &€ € (0,1).
@) Ifm=2-2and
M > 2in" Lo,

or
(i) ifme [1,2— g)andM>0,

n

then there exist & € (0,1) and a, > O with the property that for all a € (0, ay ), one can find by € (0, ég) and ty € (0, )
such that the function U in (4.11) satisfies
PUEH L0

forall &€ € (0,&) and t € [ty, ).

Proof. In part, this proof is similar to [12, Lemma 6.5]. However, we choose to still give a full proof for two reasons:
First, this is the point where the conditions on m and M play a crucial role. Second, unlike in same of the proofs above,
here, we need to introduce new ideas for dealing with the nonlinear diffusion present in (1.3) (and hence in (4.2)) for
m> 1.

We assume that m and M are as required by (i) or (ii) and take £ € (0,1) and &, € (0, 1) satisfying

o < (4.17)

N M
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and, in the case of (ii), also

—(m-1)
im (1-¢€)nM 1 ,nM €

T 2T (1B 4 E :
% 1+e&w, 2n? ( ) o, 2

so that, in both cases,

1-¢)*nM melo, a2
c1:=¢—2n2 e+12™ £ e s,
1+ &)wy w, 2

either by (4.16) and sufficiently small choice of ¢ or by (4.18). We let

log
a, = min lf , al.
log- 4

Moreover, given a € (0, ax ), we pick by > 0 and ¢, > 0 fulfilling that

and

The condition (4.15) and the identity (4.13) assert that

2

(b(t) + &7 dOb®+&) b0 +2n2< na(b(t) +1>’“‘1 &

PU(E L) <
a(t)b(t)é ve.n a(t)b(t) b(t) (b(®) +&)? b(t) +¢
— n/t e—(t—S) <ﬂ — M) ds
0 b(s)+¢  wn
forall £ € (0,&)) and t € (0, o). It follows from Lemma 4.5 and the definition of b in (4.12) that

adomem+o _b@ X ia< 2y

a(t)b(t) bty =& T &

I =

and from the definition of a in (4.12) and (4.17) (and (4.20)) that

at) M bO+&e M bO+&E M &% M

bO+E  wn BO+OGOLE) @ bO+E wn E+E o

3

as well as from (4.12) and (4.20) that

alt) = M (b®)+ &)
wn  b(t)+&

MG M
T wy bo+§g_(1+5)wn

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

for all £ € (0,&) and t € (0, o) (see also [12, p. 3671]). Furthermore, as in [12, pp. 3671-3672], the conditions (4.19)

and (4.21) ensure that

/ 1 4oy (—ep
0 bs)+& bt +¢

(4.26)
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14 Wl LEY FUEST ET AL.

for all £ € (0, &) and t € [ty, ). Therefore, in light of (4.24)—(4.26), we obtain

t t
—n/ e~(=9 <_a(s) - M) ds<-(1- e)n/ (=9 _0®) ds
0 b(s)+¢&  wn 0 b(s) +¢&

(1 - E)I’lM [e_([_s) 1

— ——d 4.27
ST 0teon o T beFE (427
_(1 —e)’nM . 1
A+8&w, bl)+¢&
forall £ € (0,&) and t € [ty, 00). Also, since (4.12), (4.20) and the relation & < 1 yield
£E2 4 £0)2
a < M ER TN gy M
()% §0 [
for all t € [0, o0), we infer from this inequality, the fact that b(bé_i)g <1 and (4.17) that
na@by _\" & M1 g
2n ——= +1 <2n*( (e+1)7*- . +1
" <<b(t>+e:>2 ) bo+e =\ b e b(O) + ¢
m-1 _1-2
<2on? e MLy il
< "<(6+ o E b+ ¢
m-1 .2-2_m
=2 2 1 2, w é "
n<(£+ ) o +¢& b 1 £
M m—1 62_%_’“
< 21 122y E 0
= <(5+ " t2) bwre
for all £ € (0, &) and ¢ € [0, o0), which together with (4.27) implies that
na(t)b(t) mol gl " as) M
J(t):=2n2(—+1> -n | eV —— = )ds
’ (b(t) + &2 b+¢  Jo b(s) +¢ o,
(4.28)

m—1
5 2 ﬂ £ 2—%—m _ a- 6)31’1M ] 1 ___<a
= lzn <(E+D o +2> & (+ e ] b0+ b+E

for all ¢ € (0,&) and t € [ty, ). Noting from (4.20) that b(t) + & < efg + & < 2&, we have from (4.22), (4.23),
and (4.28) that

(b(t) + 5)2 2 C1 2 (S 2 C1
aopae U < Fo- gt s e gp = (e- ) <0
forall & € (0, &) and t € [ty, ). O

Next, we derive the estimate PU < 0 near the origin.

Lemma 4.7. Let a,by > 0 and & € (0,1). Then, for all ty € (0, ), there exists I'y > 0 such that whenever W, and Ky

satisfy
_Woé(f) —Ky>T
forall & € (0, &), the function U in (4.11) satisfies
PUE D <0

forall &£ € (0,&) and t € (0, ty).
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Proof. In estimating the terms on the right-hand side of (4.13), we follow [12, Lemma 6.6]. In the following, we mainly
point out the differences. Since we have from (4.12) that

at 2 2
b(t) < 1 —e—anda(t)SM-(b0+l) _M.(boﬁ'l) ea[

(b(t) +€)? = b(t) by on  b(t)  wn bo ; (4.29)

it follows that

na®b(t) _ nM (b +1) o,

GO+ " o B A

for all £ € (0, &) and t € (0, tp). Thus, in light of this and the first identity in (4.29), we can estimate

o na@b@  \" i 2 w  E
an <<b<t>+:>2“> O Ty

2
=3
20

(4.30)

<2n*(cg+ 1™t e =: ¢,

0

forall £ € (0,&) and t € (0, ty). Therefore, by Lemma 4.5 and (4.12) and (4.30),

(b() + &) « ‘e a®) M Wi (&) »
—a(t)b(t)é PUE,t) < g +a+c— n/o e <—b(s) Tz - a?n ds—n —5 —Ko> e .

Asin [12, Lemma 6.6], —n /Ot e~(=9 (ﬁ — %) ds < 0; therefore, PU < 0 for all & € (0, &) and t € (0, tp) if we set

Iy := l <<l+1>a’+02> el.
h <)

Finally, we construct initial data to show Theorem 1.4. O
Lemma 4.8. Let a,bg,n,Ty > 0, & € (0,1) and a, b be defined as in (4.12). SetR := 60;, no 1= % as well as
2
W= na(0)=ﬂ~(bO+—§0)-l,y:=ﬂ- by and T, := nl. (4.31)
b(0) Wn by + fg by ®n by + fg
Ifug and wy satisfy (1.6)—(1.9), then
—WO(f) ;KO& > o forall &€ (&.1) and 222 _ g > Ty forall £ € (0, &), (4.32)
and moreover, the function U defined in (4.11) satisfies that
U(£,0) <U(,0) forall £ €(0,1). (4.33)

Proof. In the same way as in [12, p.3674], from (4.3) and (1.9), we can make sure that Wy(é) — Koé = (1 —
&) <K0 - % fBl\B ) w0> >1- 5)% = (1 - &np for all £ € (&, 1), that is, the first inequality in (4.32) holds. Moreover,
en

combining the definitions (4.11) and (4.12) with the condition (1.6), we find that U(£,0) < %Fui < U(¢,0) for all
£ €(0,&) and from (4.11), (4.12) and (1.7) and the definition of y that U(¢,0) < wM - wM - _(1-£) < UE,0) forall

by +§§

¢ € (o, D). O

We are now in position to prove Theorem 1.4.

condition (1.8) implies that @ — Ko > I, =T forall & € (0, &), see also [12, (6.43)]. Finally, as in [12, p. 3675],
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Proof of Theorem 1.4. This theorem can be shown similarly to [12, Theorem 1.3]. Thus, we only give a sketch of the
proof. First, we may assume Tp,,x = oo as the case Th,x < oo is already covered by Proposition 1.2. We then take
1

& € (0,1), ax > 0, by € (0, 53) and tp € (0, o0) given by Lemma 4.6, and next set R := .foz. Also, we put g := g and
pick a € (0, a,) provided in Lemma 4.4. Moreover, we define I',, y and I';, as in (4.31). Our goal is to prove that

w(0, 1) = nUx(0,£) > nU,(0, 1) forall ¢ € (0, o). (4.34)

As gé(o, t) grows at least exponentially because we have from the definition of b in (4.12) and the inequality b(t) <
by < & that

o UED M o b0+&? 1 M % 1 M,
OO T T ey B0 0 25 B ek

for all t € (0, ), (4.34) implies that also u(0, -) grows at least exponentially. In order to obtain (4.34), we show that
U, t) > U, t) forall £ €[0,1] and t € [0, o). (4.95)
Thanks to Lemma 4.8, we find that (4.32) holds. Therefore, it follows from Lemmata 4.4,4.6, and 4.7 that
PUE,t) <0forall £€(0,1)\ {&} and ¢ € (0, ). (4.36)
Also, we can immediately observe from (4.1) and (4.11) that U(0, t) = U(0,t) = 0 and U(1,¢) = U(1,¢) = WM for all

t € (0, 00). In light of these identities and (4.33) as well as (4.36), we apply the comparison principle in Lemma 4.2
witht; :=0, U := U and Q := P to derive (4.35). Thus, we can see that

nueEn o nu(.

: lim =nU,(0.1) forall t € (0, 0),

u(0,t) = nU:(0,t) = lim
(0.6 = nU(0.0) = lim

which shows (4.34) and hence concludes the proof.
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