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A B S T R A C T

Downsizing lanthanide-doped crystals to the nanoscale allows for
new applications in a variety of forms as photonic composites. The
dipole-forbidden 4f transitions in trivalent lanthanide ions promise
high excited state lifetimes and quantum yields that are required
for a plethora of applications, e.g., in lasers, phosphors, and quan-
tum memories. However, nanocrystals undergo excitation quenching
which takes mostly place at the nanocrystal surface and severely re-
duces the lifetime and quantum yield. So far, optimizing lanthanide
nanocrystals required resource-consuming experimental procedures
covering multiple syntheses, complex morphological characterization
and extensive spectroscopy.

In this thesis, LiYF4:Pr3+ was chosen as a model system because
it is frequently used as bulk laser crystal whose spectroscopic prop-
erties are well investigated. A concentration series consisting of four
samples (∼10nm, 0.7− 1.47 at%) and a size series consisting of five
samples (∼5 at%, 12− 21nm) was spectroscopically characterized. As
the main result of this investigation, an unexpected yet intense emis-
sion was observed that in bulk crystals is only exploitable through
excitation of a different, subjacent energy level. Considering the spec-
troscopic results, a numerical model based on a Monte Carlo ap-
proach was implemented that takes the relevant energy exchange and
quenching mechanisms into account. As main result of the present
thesis, the numerical simulations were able to predict the excited state
lifetimes and quantum yields of the nanocrystals with a maximum
uncertainty of 12.6% for the lifetimes. To demonstrate the potential
of this numerical approach, an undoped shell was added around the
core particles in the model which extends the lifetime by up to 44%.
Furthermore, spatiotemporal analysis of single nanocrystals points
towards a new type of energy trapping in lanthanide nanocrystals.

The numerical approach presented in this thesis constitutes an enor-
mous potential for nanocrystal research, since it can be employed in
any material system such as upconversion or avalanching nanocrys-
tals. In the future, the considered approach allows for numerical op-
timization of the LiYF4:Pr3+ nanocrystals for application as quan-
tum memories, lanthanide-based ratiometric nanothermometers, or
efficient fused silica fiber lasers operating in the visible spectrum.

keywords : Lathanides, Nanocrystals, Spectroscopy, Monte Carlo
Simulations
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Part I

I N T R O D U C T I O N





1
M O T I VAT I O N

The 20
th century was the century of the electron because electronics

had a significant impact on society and allowed for numerous techno-
logical innovations such as computers and telecommunication. The
continuous advance in electronics is described by Moore’s Law that
predicted that the number of transistors per unit area on integrated
circuit chips doubles approximately every two years. However, this
advance currently approaches its physical size limit which is why re-
searchers search for new ways to prevent Moore’s Law from ending
[1].

1.1 the age of the photon

„The 21
th century is the age of the photon.“ [2] – Photonics already

spawned a wide range of technological innovations such as medical
imaging, quantum computing, or fiber-optic communication. Fused
silica fiber technology allowed to implement a world-wide commu-
nication network but is also key to other applications such as fiber
lasers. By doping fused silica fibers with lanthanide ions such as Yt-
terbium, Erbium, or Thulium flexible yet rugged lasers can be set up
in a compact form. Lanthanide ions in general provide exceptional
spectroscopic properties such as high excited state lifetimes which
make them excellent candidates for lasers, luminescent phosphors, or
quantum memories [3–5].

However, photonics face physical limits that need innovative ap-
proaches to enable further progress – just as in electronics. For ex-
ample, in the case of fiber lasers, one limit is the extension of opera-
tion wavelengths to the visible spectrum. Stimulated continuous wave
emission of visible photons in fused silica fibers is challenging, so far,
because the high phonon energies of around 1100 cm−1 in fused silica
enable efficient multiphonon quenching that depopulates the excited
state of the ions [6]. Among the lanthanide ions, Pr3+ shows intense
emissions from the vacuum ultraviolet up to near infrared spectral re-
gion, which found application in laser physics [7–11], phosphors [12–
15], or single photon generation [16–18]. Percival and co-workers in-
vestigated visible emission and lasing from a Pr3+-doped fused silica
fiber and found slope efficiencies of only a few percent [19]. They con-
cluded that the fast non-radiative processes due to the high phonon
energies of fused silica make such fiber unsuitable for laser appli-
cations [19]. As alternatives, visible photons can be generated from
other material platforms such as lanthanide-doped fluoride glasses or

3



4 motivation

dye-doped polymers [20–23]. Since both approaches are not compat-
ible with conventional fiber technology, researchers combined dyes
with liquid core fibers based on fused silica [24, 25]. However, the
dyes bleach within few hours of operation, thus, rendering this ap-
proach unsuitable for rugged and flexible fiber lasers [20, 26]. Devel-
oping fiber lasers in the visible spectrum based on fused silica poses
an exciting challenge because their excellent beam quality and poten-
tial to high power levels would find countless applications in science
and technology, for example in precision spectroscopy [27], material
processing [28], or display technology [29].

1.2 plenty of room at the bottom

„There is plenty of room at the bottom.“ [30] – This citation has be-
come synonymous with the variety of possibilities arising from sci-
ence at the nanoscale. The field of nanotechnology led to advanced
metrology instruments such as high-resolution electron microscopes
or atomic force microscopes. Another prominent discipline of nan-
otechnology are so-called bottom-up approaches for the synthesis of
smallest nanomaterials such as lanthanide-doped nanocrystals [31].
The most prominent representative of lanthanide nanocrystals is So-
dium Yttrium tetrafluoride (NaYF4) doped with trivalent Erbium and
Ytterbium ions. These nanocrystals can upconvert infrared photons to
the visible, albeit with low quantum yield, and found a broad range
of application in fields such as cancer therapy, biosensing, and solar
energy conversion [32–36].

In electronics, turning to nanotechnology helped to keep pace with
Moore’s Law [1]. As one recent example for a successful symbiosis of
photonics with nanotechnology, liquid-core fibers filled with colloidal
2D semiconductor nanoplatelets emerged as a fused-silica fiber tech-
nology compatible alternative that provides pulsed stimulated emis-
sion in the visible spectrum [37, 38].

Nanotechnology and photonics do not only enter a symbiosis but
also cross-fertilize each other as in the case of lanthanide upconver-
sion nanocrystals that inspired ratiometric temperature sensing [39].
In so-called nanothermometry, the emission intensity ratio of ther-
mally coupled energy levels in lanthanide nanocrystals is exploited
to measure temperature. As a consequence, lanthanide nanocrystals
constitute a flexible and versatile photonic temperature sensor that, in
combination with optical fiber technology is inert to strong electrical
fields [40], can be applied as fiber tip sensor [41–43], or, in combina-
tion with stimulated emission depletion (STED), can enable tempera-
ture measurement below the optical diffraction limit as numerically
shown in [44].

Many lanthanide nanocrystals, however, suffer from low efficien-
cies, because quenching mechanisms at the nanocrystal surface se-
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verely reduce both, the excited state lifetime and quantum yield, thus
limiting the field of application for the nanocrystals. Consequently, re-
searchers make enormous efforts to optimize the excited state lifetime
and quantum yield of lanthanide nanocrystals [45, 46]. Such experi-
mental optimization is resource-consuming and comprises the syn-
thesis of multiple samples as well as their morphological and spec-
troscopic characterization. In contrast to the status quo, numerical ap-
proaches carry the potential to drastically reduce these efforts which
would accelerate and facilitate the development of nanocrystals opti-
mized toward applications.

1.3 contribution to nanotechnology and photonics

This thesis aims at leaving behind the resource-consuming experi-
mental optimization approaches and paving the way to numerically
optimize the design of lanthanide nanocrystals. Due to limited capa-
bilities to accurately describe the excitation dynamics of nanocrystals
at small sizes, numerical approaches have so far only complemented
experimental investigations. Most prominently, this has been the case
for above-mentioned upconversion nanocrystals (NaYF4:Er3+,Yb3+),
modeled in terms of a set of differential rate equations.

This approach is widely used to model lasers [3, 20, 47], and compa-
rable approaches recently have been used to model photon avalanche
emission [48]. In these rate-equation-based models, the number of
energy levels taken into account determines the number of coupled
equations. Every single energy level of the involved lanthanide ions is
assigned an individual differential equation that includes all relevant
population and de-population processes. Although simulations based
on this approach comprise a certain optimization potential, they reach
their limit at some ten nanometers particle size.

The first model was developed for micron-sized crystals [49–51], a
scale where the optical properties are determined by the dynamics in
the volume of the particles as in bulk crystals. Rate-equation models
average the properties and ionic distances of all the ions and deter-
mine the transition rates in terms of a single macroscopic variable.
Consequently, the model considers only one process rate for the av-
erage distances, i.e. for example one rate for energy transfer in the
whole nanocrystal [52].

However, to accurately model nanoscopic particles, spatial dynam-
ics have to be considered because surface effects become increasingly
important at this scale [53–55]. Subsequently, researchers continued to
develop rate-equation-based approaches towards enabling spatial res-
olution of the excitation dynamics. In 2015, Villanueva-Delgado and
co-workers presented an approach that takes the inter-ionic distances
into account and averages the rates of every ion within a nanocrystal,
instead of calculating the rate of an average distance [55–57]. Pini and
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co-workers recently extended this model by dividing the nanocrys-
tals into a core and an outer layer that interacts with the surround-
ing medium and achieved a certain spatial resolution in 40 nm sized
nanocrystals [58].

To summarize, rate equations can describe macroscopic and, to
some extent, microscopic systems particularly well as long as sur-
face effects can be neglected [3, 47, 48, 50, 51, 55–59]. Therefore, all
these rate equation-based models provided an increasingly accurate
understanding of the underlying dynamics within lanthanide-doped
particles. However, these simulations reach their limits at nanoscopic
scales, which restricts them to a complementary role in nanocrystal
research. Consequently, existing numerical approaches cannot exploit
the potential for understanding and predicting spatial excitation dy-
namics in lanthanide nanocrystals.

In this thesis, a numerical model based on a Monte Carlo approach
is presented that allows to understand, and, more importantly, to pre-
dict the spatiotemporal excitation dynamics of lanthanide nanocrys-
tals. To achieve this, LiYF4:Pr3+ nanocrystals were synthesized and
morphologically characterized at the Fraunhofer Center for Applied
Nanotechnology. A total of nine samples was provided that consisted
of a concentration and a size series which are introduced in Part I of
this thesis.

An extensive spectroscopic characterization of these samples is pre-
sented in Part II as a result of this thesis. The spectroscopic behaviour
of the nanocrystals was compared to bulk crystals and revealed strong
multiphonon quenching that results in reduced quantum yields, see
the artwork in Figure 1.

Figure 1: Artistic representation of LiYF4:Pr3+ nanocrystals in an organic
solvent and their spectroscopic behavior that was chosen as cover
picture in Nanoscale Advances referring to [54].
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This effect efficiently depopulates the excited state of interest, the
3P manifold. At the same time, the multiphonon quenching efficiently
populates the adjacent 1D2 level which in turn yields strong emission
at 595 nm. The excited state lifetime of the 1D2 level is limited by
cross-relaxations and comparable to bulk crystals for small nanocrys-
tals with low doping concentrations. From this spectroscopic charac-
terization the excited state lifetimes and quantum yields served as
control parameters for the Monte Carlo simulations.

The numerical approach and the respective investigations are pre-
sented in Part III of this thesis. The model treats every lanthanide ion
in a nanocrystal individually including all relevant processes such
as energy transfers, cross-relaxations, and multiphonon quenching to
the surrounding medium. This provides the necessary spatial resolu-
tion of the excitation dynamics. With this model, the excited state life-
time and quantum yield of the size series could be predicted with a
maximum uncertainty of 12.6%. A prominent strategy from the litera-
ture to suppress quenching was applied and the model was extended
by adding a neutral shell around the nanocrystals [60]. The neutral
shell almost completely suppressed the multiphonon quenching re-
sulting in improved excited state lifetimes and quantum yields. Ad-
ditional simulations of individual nanocrystals revealed oscillations
of the excitation energy in some nanocrystals for a short period that
point toward a new type of energy trapping in lanthanide nanocrys-
tals.

The ability to predict the excited state lifetime and quantum yield
renders the presented Monte Carlo approach a powerful tool for na-
nocrystal research that is not restricted to the chosen model system,
LiYF4:Pr3+, but applicable to any kind of lanthanide nanocrystals. In
the future, this approach will contribute to a deeper understanding
of the dynamics in nanocrystals and, in particular, allow to study spa-
tiotemporal effects. In addition, it will enable the numerical, i.e., arti-
ficially intelligent optimization of nanocrystals for excellent spectro-
scopic properties and thus open up new fields of application in pho-
tonics. For example, a combination of such optimized nanocrystals
with establisched fiber technology might allow for visible continious
wave fiber lasers or telecom-network compatible quantum memories.
„There is plenty of room at the bottom“ [30].
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Existing approaches to synthesize LiYF4:Pr3+ nano- and microcrys-
tals yield broad size distributions (polydispersity) with sizes above 30

nm [61, 62]. At these scales, multiphonon quenching already consti-
tutes a critical loss channel. A common strategy to decrease these
losses is to add an undoped shell around the nanocrystals. However,
this results in bigger nanocrystals and, consequently, increasing scat-
tering losses. Smaller nanocrystal sizes around 10 nm are desirable to
allow for thick shells that reduce multiphonon quenching while still
preventing increased scattering. Such core-shell nanocrystals need to
be optimized by carefully adjusting doping concentration, core size,
and shell thickness. A numeric approach to achieve that is presented
in Part III of this thesis. However, the existing synthesis approaches
do not provide the needed flexibility and versatility which specifies
the necessity of a synthesis route that allows for the synthesis of
monodisperse nanocrystals with 10 nm size.

Such a synthesis was developed by Rajesh Komban and Christoph
Gimmler at the Fraunhofer Center for Applied Nanotechnology (CAN)
in Hamburg. They synthesized nine different nanocrystal samples,
characterized their stuctural properties, and provided them for the
investigations presented in this thesis. In this chapter, the synthesis
approach and the structural characterization are briefly introduced.

2.1 synthesizing rare earth doped nanocrystals

In this section, the general synthesis approach of nanocrystals is de-
scribed to obtain small and monodisperse nanocrystals. Ideal monodis-
persity is reached if the size distribution can be described by a delta

9



10 nanocrystal synthesis and characteristics

function. In reality, nanocrystal sizes are often Gaussian distributed
and exhibit a certain distribution width which is a measure for the
monodispersity. The exact boundary between poly- and monodiser-
sity is somewhat arbitrary, but if the full width at half maximum of
the size distribution is narrower than about 20-30 % of the average
nanocrystal size, the distribution is considered monodisperse. There-
fore, for 10 and 20 nm sized nanocrystals the size distributions should
thus not exceed 3 and 6 nm respectively, to be called monodisperse.

In principle, synthesizing monodispersed nanocrystals consists of
three phases as can be seen from the LaMer plot in Figure 2. First,
the so called monomers are released. These are dissolved ions or
molecules which aggregate and thus build the basis for the crystalliza-
tion of solid state particles in solvents. During the synthesis process
monomers are released by thermal decomposition when the reactants
are heated above 200 ◦. The monomer concentration increases due to
the thermal decomposition of the reactants and reaches a critical level
cmin. There are two different approaches for the first phase. Heating
the reactants above their decomposition temperature is called heating
method and injecting the reactants above this temperature is called in-
jection method.

cmax

cmin

cS

I II III

Nucleation

Growth

Saturation

Time

C
on

ce
n

tr
at

io
n

Figure 2: The LaMer plot summarized the three phases during the synthesis
of nanocrystals, reproduced from [63].

Then, the second phase, the nucleation starts, which is why the
concentration is called critical nucleation concentration. Above this
concentration the nucleation rate strongly increases and monomers
are used up to form seeds. The nucleation rate thus decreases with
decreasing monomer concentration until nucleation stops below the
critical concentration cmin. At this point, the solution consists of seed
crystals, monomers and possibly reactants which continue to release
further monomers.

In the last phase, the seed crystals grow via agglomeration of mo-
nomers. After decomposition of all reactants, the monomer concen-
tration decreases further and reaches an equilibrium concentration.
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This equilibrium is characterized by monomers accumulating to the
particles and dissociating again.

In the this growth phase, two methods need to be distinguished:
diffusion controlled growth and kinetically controlled growth. The
growth rates of a particle in both cases can be predicted theoreti-
cally using Wagners growth law for spherical particles [64]. For very
small particles which form at the beginning of either growth process,
the growth velocity is negative so that formed seed crystals dissolve.
Once a critical radius rcrit is reached the particles begin to grow.

In the case of kinetically controlled growth the growth velocity is al-
ways positive which means that big particles grow faster than smaller
ones. This leads to an ongoing broadening of the size distribution and
needs to be prevented if monodispersed nanocrystals are needed. In
contrast, in the case of diffusion controlled growth, the slope of the
growth rate exhibits a point of inflection. Up to this point the particles
grow and the size distribution broadens. Once this point is reached
small particles grow faster than bigger ones. The size of particles with
a small size in the beginning of the synthesis thus approach the bigger
sizes during the synthesis progress which results in a narrowing of
the size distribution. Stirring of the solution during synthesis avoids
kinetically controlled growth and thus allows for monodisperse size
distributions.

During the growth phase, monomers are consumed which reduces
the ratio of monomer concentration and equilibrium concentration,
the so-called supersaturation S in the reaction volume. This results
in a shift of the critical radius rcrit to greater values because it is in-
versely proportional to lnS [65]. Therefore, particles with r < rcrit
dissolve while particles with r > rcrit grow by consuming the mo-
nomer released through the dissolution of the smaller particles. The
critical radius rcrit hence remains in the maximum of the size distri-
bution so that small particles shrink and big particles grow. This leads
to a tail of the size distribution which reaches down to particle sizes
of r = 0. As a result, the absolute number of particles is reduced, the
size distribution broadens and takes a characteristic shape. This pro-
cess is called Ostwald-Ripening and needs to be prevented by adding
monomer during the synthesis to avoid broadening size distribution
of the nanocrystals during the growth phase.

2.1.1 Synthesis of Monodispersed LiYF4:Pr3+ Nanocrystals

Lithium-based Yttrium tetrafluourides have mostly been synthesized
with size distributions around 40nm or bigger [12, 45, 66, 67]. There-
fore, the general description on the synthesis given above needs some
customization to yield monodispersed LiYF4:Pr3+ nanocrystals. The
synthesis described below has been developed at Fraunhofer CAN
and is briefly described in the following [54].
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In the synthesis, an appropriate amount of YCl3 and PrCl3 (each
99.9%) in methanol was mixed with oleic acid and octadecene (both
20ml and technical grade) in a three-necked round bottom flask. The
flask was connected to a reflux condenser, a temperature sensor, and a
septum resulting in a modified Schlenk-line setup. The mixture was
stirred and heated to 170 ◦C for 30min under N2 atmosphere and
then cooled down to 50 ◦C. Next, the mixture was degassed at 100 ◦C

in a vacuum (< 1mbar). Afterward, LiOH (3mmol, 99.995%, Sigma
Aldrich) was added under N2 flow and then stirred under vacuum
for another 30min. Subsequently, 12mmol NH4F (99.99%, Sigma
Aldrich) was added and the mixture was heated up to 300 ◦C for
90min. After cooling below 30 ◦C the mixture was precipitated with
1:1 addition of ethanol and centrifuged for collection. The residue was
redispersed in toluene (10ml, 99.8%, Sigma Aldrich). If necessary, the
washing step was repeated and finally, the precipitated nanocrystals
were redispersed in toluene (5ml). The ratio and amount of YCl3
and PrCl3 were tuned to obtain the different praseodymium doping
concentrations while the LiOH content was tuned to obtain different
sizes.

The nitrogen atmosphere serves to prevent oxidation since it has
been suggested that other fatty acids present in the oleic acid might
oxidize or form more complex structures in presence of oxygen at
temperatures employed during synthesis. This results in a yellow-
ish/brownish coloration of the reaction mixture during heat-up and,
thus, results in distortions of the spectroscopic properties as will be
discussed in Chapter 6. While using oleic acid in nanocrystal synthe-
ses is quite common [68], the appropriate amount of oleic acid, the
right formation temperature and the timing for adding oleate precur-
sors is especially crucial to obtain high-quality LiYF4:Pr3+ nanocrys-
tals and prevent dissociation into trifluoride. Using the appropriate
amount of oleic acid in the reaction mixture effectively controls the
size distribution and provides a stable dispersion without any visible
sedimentation even after several months of storing.

This synthesis route has been employed at Fraunhofer CAN to syn-
thesize nine samples in total that were used in this thesis. Four of
them constitute a series with different doping concentrations at a
size of about 10nm which is called concentration series, subsequently.
These samples were synthesized in one batch. For the other five sam-
ples, the doping concentration is constant at 5 at% but the size varies.
These samples were synthesized in two different batches which might
result in slightly different properties as discussed in Chapter 7. These
samples will be further referred to as size series.
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Bulk crystals of LiYF4:Pr3+ are commercially available for applica-
tion, e.g., as laser crystals. Therefore, the structural and spectroscopic
properties were already subject to various publications [7–11, 69–74].
While the spectroscopic properties are presented in Part II of this the-
sis, the structural properties are presented in this chapter.

In LiYF4:Pr3+, trivalent rare earth ions typically substitute the Yt-
trium ions which are also trivalent. While the ionic radius of Yttrium
is RY = 1.04Å Praseodymium is slightly bigger with RPr = 1.14Å.
Therefore, incorporated Praseodymium ions induce local stress in the
crystal lattice resulting in lattice defects that are produced in the sur-
roundings for stress compensation. Such defects may lead to cluster-
ing of the dopant ions which in turn causes a variety of distorted lat-
tice sites. This effect influences the spectroscopic properties of small
nanocrystals with high doping concentrations used in the present the-
sis as further investigated in Chapter 7.

Table 1 gives an overview on important structural and optical prop-
erties of bulk LiYF4.
LiYF4 single crystals exhibit a large anisotropy due to the high as-

pect ratio of the lattice constants. This results in polarization depen-
dence of absorption and emission cross sections. However, this effect
cannot be optically resolved in nanocrystal spectroscopy when the
nanocrystals are randomly oriented in an organic solvent. However,
this the contribution of the different nanocrystal axes needs to be ac-
counted for when fitting the absorption spectra (c.f. Chapter 7).

Once synthesized, the nanocrystals need to be analyzed thoroughly
to verify their properties such as crystal structure, size, and doping
concentration. For this analysis, a set of three methods is typically
used: X-Ray Diffraction (XRD), Transmission Electron Microscopy (TEM),
and Energy Dispersive X-Ray(EDX) Spectroscopy. In this chapter, the
structural characterization results of the nanocrystals are presented.
This characterization was performed at Fraunhofer CAN. The results
are summarized in Section 2.2.4 and used for the simulations carried
out in Part III.

2.2.1 X-Ray Diffraction

When a crystal is irradiated with monochromatic X-rays they will
be diffracted at the crystal lattice and the crystal structure can be
calculated from the observed diffraction pattern. This method can be
applied for nanocrystalline powders. For the nanocrystals used in the
present thesis, XRD has been used to verify the crystalline structure,
dimensions of the unit cell, and the density of the nanocrystals.
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For the measurement, 50 µl of the obtained dispersions were dried
on a Si wafer and analyzed in an X-ray diffractometer (PANalytical
X’PERT Pro) equipped with a Cu Kα X-ray source (154 pm).
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Figure 3: XRD results for the concentration series. The measured diffrac-
tograms match well to the Powder Diffration File # 01-081-1940

which is assigned to LiYF4. These measurements were performed
and provided by the Fraunhofer Center for Applied Nanotechnol-
ogy.
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Figure 4: XRD results for the size series. The measured diffractograms
match well to the Powder Diffration File # 01-081-1940 which is
assigned to LiYF4. These measurements were performed and pro-
vided by the Fraunhofer Center for Applied Nanotechnology.
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property bulk crystal nanocrystal

Formula units per unit cell Z 4 4

Lattice constants a = 5.160Å a = 5.171Å

c = 10.850Å c = 10.748Å

Refractive indices at 639.5nm no = 1.453

ne = 1.475

Effective phonon energy
 hωeff

460 cm−1

Density ρ 3.99 g/cm3 3.96 g/cm3

Melting temperature 850 ◦C

Table 1: Important structural and optical properties of bulk [75–78] and
nanocrystalline LiYF4.

As expected, the diffractogram revealed a tetragonal crystal struc-
ture of all synthesized nanocrystals since the diffraction pattern agrees
well with bulk LiYF4 (PDF # 01-081-1940), see Figure 3 and Figure 4.
Furthermore, the unit cell parameters are a = 5.171Å and c = 10.748Å,
and the nanocrystals have a density of 3.96 gcm−3 confirming the
bulk values summarized in Table 1.

2.2.2 Transmission Electron Microscopy and Energy Dispersive X-Ray
Spectroscopy

Transmission electron microscopes (TEM) use electron beams to im-
age objects with resolutions in the sub-nanometer region. From TEM
images, the size distribution of nanocrystals can be determined by
measuring the dimensions of at least 300 individual nanocrystals [79].
In this thesis, this measurement was performed using the software
ImageJ [80]. In the TEM images, the nanocrystals appear as rhombic
structures which is the 2-dimensional projection of their squared bi-
pyramidal shape [12]. Due to this shape, both, the long and short edge
lengths were measured for each nanocrystal. The data was plotted in
a histogram together with a gaussian fit which yielded the central
value and full width at half maximum.

In energy-dispersive X-ray spectroscopy, the atoms of a sample are
excited with an electron beam resulting in the emission of characteris-
tic X-rays that can be analyzed spectroscopically. From the spectrum,
the element composition of the sample can be determined. For the
samples used in the present thesis, this method has been applied to
verify the Praseodymium doping concentration.

For the electron microscopy, 10µl of the dispersions were dried
on a copper grid and images were taken in a TEM (JEOL JEM-1011)
operated at 100 kV . An EDX spectrometer (JEOL JEM 2200 FS, FEG



16 nanocrystal synthesis and characteristics

cathode, 200 kV , Oxford X-Max 100TLE, SDD 100mm3) attached to
the TEM was used to take X-ray spectra of at least three different
areas for the elemental content analysis of the nanocrystals.

Concentration

50 nm 50 nm 50 nm 50 nm

Size

50 nm50 nm50 nm50 nm50 nm

Figure 5: TEM images of all samples used in this thesis. More detailed im-
ages can be found in Section 15.1. Measurements were performed
and provided by the Fraunhofer Center for Applied Nanotechnol-
ogy.

Well-defined individual nanocrystals having a size of around ≈
10 ... 20nm are clearly evident in the respective TEM images, see Fig-
ure 5 for an overview. The complete set of detailed TEM images for all
samples used in this thesis can be found in Appendix A. Depending
on the viewing angle and the nanocrystal alignment on the TEM grid,
the bipyramidal shape can easily be mistaken for diamond or hexago-
nal morphologies as described in publications on LiYF4 nanocrystals
doped with other lanthanide ions [12]. Such mistake can be avoided
by recording high resolution TEM images as provided in Appendix
A where the tetragonal bipyramidal shape is visible.

b

a

Figure 6: 3D sketch of the bipyramidal nanocrystals.

To extract the size distribution, the particles depicted on the TEM
image were measured with a scientific image analysis program (Im-
ageJ). To characterize the bipyramidal shape of the nanocrystals, two
measures a and b were taken, see Figure 6. The diameter size distri-
bution becomes statistically representative if more than 300 nanocrys-
tals are considered [79]. The size distributions of all samples were
analyzed and a gaussian function was fitted to the data to determine
the average sizes and size distributions, see Figure 7 and Figure 8. A
direct relation between the doping concentration and the nanocrystal
size could not be observed.
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Figure 7: Normalized size distribution of the samples of the concentration
series. A gaussian function was fitted to the histograms to deter-
mine the average size.
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Figure 8: Normalized size distribution of the samples of the size series. A
gaussian function was fitted to the histograms to determine the
average size.

Mapping analysis and line scans (see Appendix A) indicate that
the Pr3+ ions are homogeneously distributed in the nanocrystals. The
doping concentration was determined from the EDX spectra and the
respective values are summarized in Table 2.
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2.2.3 Flexibility and Precision of the Synthesis

In Part III, a numerical approach is presented that can decode the
excitation dynamics in e.g. LiYF4:PR3+ nanocrystals and enables pre-
diction of these dynamics. Consequently, the numerical approach will
be employed in the future to optimize nanocrystals and develop new
nanocrystal designs with increased complexity, e.g., structures with
multiple shells, new geometries, or even doping gradients. Such de-
signs pose high demands on the flexibility and precision of the syn-
thesis route for such nanocrystals. This chapter highlights how flexi-
bility and precision make up the existing synthesis route.

For the doping of the concentration series, four low level concen-
trations, 0.65, 1, 1.3, and 1.5 at%, were chosen as target values. These
values include the optimum doping concentration of 0.65 at% known
from bulk crystals. The doping concentration in bulk crystals is mainly
limited by concentration quenching [8]. Due to the strong impact of
surface ions in nanocrystals, concentration quenching is expected to
be lower and hence the anticipated optimum doping concentration is
slightly larger compared to the bulk case. The actual Pr3+ ion concen-
tration in the nanocrystals was measured via EDX as described above.
The corresponding mean values are 0.7, 1.05, 1.14, and 1.47 at%, re-
spectively, and deviate by a maximum of 12 % from the targeted
doping concentrations. For the size series, a doping concentration of
5 at% was targeted. The mean values revealed by EDX for these sam-
ples deviated by a maximum of 15 % from the targeted concentrations.
These results are summarized in Figure 9.
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Figure 9: Percental deviation of the doping concentrations and sizes that
were targeted in the synthesis of the samples used in this thesis.
The actually obtained values are summarized in Table 2.

For size distribution of the concentration and size series, average
sizes of 10nm and 10, 11.5, 15, 18.5, and 20nm were targeted, respec-
tively. It can be seen from Figure 9 that the targeted average sizes
were reached, though, with a maximum deviation of 25 % for the
concentration series and 22 % for the size series. Furthermore, strong
monodisersitity is verified by the standard deviation of the size dis-
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c (at%) a (nm) b (nm) NIons ρ (nm−3 ) marker

0.7 6.2 10.4 0.6 13

1.05 7.7 13.1 1.1 38

1.14 7.3 12.4 1.2 35

1.47 6.8 11.8 1.4 37

4.72 10.2 12.3 6.7 281

5.74 10.6 13.3 8.5 398

4.49 12.9 15.6 8.6 582

4.89 15.7 19.3 11.4 1154

4.69 16.7 20.8 10.8 1251

Table 2: Overview of the samples and the data extracted from the structural
material analysis. Here, c is the concentration, ρ is the ion density,
and measures a and b are referenced in Figure 6. Every sample was
assigned an individual marker (color and size) that represents that
sample in the plots throughout this thesis.

tributions that is below 10 % of the average nanocrystal size for all
samples (c.f. Figure 7 and Figure 8).

Alltogether, monodisperse nanocrystals sized in a range of 10 −
20nm and doped with low and middle concentrations can be synthe-
sized with equally high precision constituting the high flexibility of
the synthesis route. The present route constitutes a strong basis that
can be improved to meet the demands of such future designs.

2.2.4 Sample Overview

The concentration series consists of 4 samples with a comparable size
distribution at around 10nm. The doping concentration of these sam-
ples increases from 0.7 to 1.47 at%. Furthermore, the size series con-
sists of 5 samples with comparable doping concentrations of approx-
imately 5 at%. The size of these samples increases from around 12 to
21nm. From the size distribution and the doping concentration, the
average number of Pr3+ ions were calculated for bipyramids with
given dimensions. The nanocrystals in the concentration series con-
tain less than 40 ions, those of the size series between 250 and 1300

ions.
The resulting material parameters are summarized in Table 2 and

were used as input parameters to the simulations.
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This chapter provides the basic theoretical background for the spec-
troscopic investigations in this thesis. First, a general introduction to
trivalent rare earth ions, and Pr3+ ions in particular, will be given
with focus on their energy level structure and the influence of the
crystal field. The energetic relations of trivalent praseodymium in the
crystal field is of particular importance for understanding the spec-
troscopic investigations in Part II. A broad overview on these topics
can be found in the textbooks of Henderson and Imbusch as well as Liu
and Jacquier [81, 82].

Rare earth ions provide distinct energy level systems which com-
prise excellent properties for lasing [3, 81], phosphors [13–15, 83], or
even quantum memories [5, 84]. They are defined as one set of 17

chemical elements in the periodic table comprising the lanthanides,
which are the 15 elements from Lanthanum through Lutetium with
atomic numbers Z = 57 − 71 as well as the chemically similar ele-
ments Scandium (Z = 21) and Yttrium (Z = 41). The following dis-
cussion will address the lanthanides in general and Praseodymium
in particular.

The electron configuration of lanthanides is [Xe](4f)n(5d)x(6s)2

with x = 1 for Lanthanum, Gadolinium, and Luthetium. For these
elements n = 0, n = 7, and n = 14, respectively. For Cerium through
Ytterbium, x = 0 and n = 2 trough n = 13.

When incorporated in an ionic crystal the lanthanides are usually
present as trivalent ions. Trivalent lanthanides have the electron con-
figuration [Xe](4f)n+x−1.

Optical transitions of trivalent lanthanide ions occur in the inner
4f and 5d orbitals which are only partially occupied. In contrast, the
5s and 5p orbitals are completely filled. They shield the 4f electrons
from influences of the crystal field resulting in low variations of the
4f levels in different environments. Due to the shielding through the
outer orbitals the transition linewidths are narrow and the lifetimes
are high compared to those in other laser active ions like transition
metals [81].

21
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3.1 the free lanthanide ion

The energy level scheme of a lanthanide ions gives information about
possible transitions and ion-ion interactions. Consequently, it is of
basic importance for spectroscopy experiments presented in Part II
as well as for identification of e.g. cross-relaxations that are relevant
to the numerical approach presented in Part III of this thesis.

To calculate the energy level scheme of lanthanide ions, the systems
Hamiltonian has to be determined first. Then, the Schrödinger equa-
tion has to be solved. The Hamiltonian H for an N-electron system
considering both, the Coulomb interaction between the electrons and
the spin-orbit interaction is

H =

N∑
i

(
−

 h2

2me
∆ri −

Ze2

4πϵ0ri
+ ξ(ri)s⃗i · l⃗i

)
+
∑
i>j

e2

4πϵ0rij
(1)

with the reduced Planck constant  h, mass of an electron me, charge
of an electron e, and the vacuum permittivity ϵ0. The variables in
this equation are the distance to the nucleus ri as well as the distance
between the electrons rij =

∣∣r⃗i − r⃗j∣∣. The function ξ(ri) has the form

ξ(ri) =
1

4πϵ0

Ze2

2m2
ec

2r3
. (2)

Furthermore, s⃗i and l⃗i are the spin and angular momentum of every
electron, respectively.

H consists of four terms: The first one describes the kinetic energy
while the second one stands for the energy of the electrons in the
central field of the nucleus. The third and fourth describe the spin-
orbit interaction and the Coulomb interaction, respectively.

Solving this equation would yield the energetic states of the ion.
However, the last term prevents separation to single particle differen-
tial equations. An analytical solution thus cannot be found for sys-
tems with more than one electron. The so-called central field approx-
imation is used to circumvent these difficulties by reducing the sys-
tem to a radial, effective central field without electron-electron interac-
tions. A further reduction is obtained by neglecting the comparatively
small contribution of the spin-orbit interaction. To correct the result-
ing Hamiltonian H0 perturbation terms of first order can be used: The
non-radial Coulomb interaction between the electrons, Hee is added
as well as the spin-orbit coupling of the electrons, Hso. Further cor-
rections can be neglected, since their influence is small compared to
the crystal field interaction which will be discussed later.

In the central field approximation, Equation 1 can be reduced:

H0 =

N∑
i

(
−

 h

2me
∆ri + V(ri)

)
(3)
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The first term again describes the kinetic energy and V(ri) stands for
the central field potential of the i-th electron at a distance ri from the
nucleus.

The central field potential can be determined using the iterative
Hartree-Fock-method, details can be found in [81]. Using this method,
the wavefunction of a single electron can be obtained by assuming a
self-consistent potential. With the new resulting total potential this
procedure will be repeated until the wavefunctions do not vary fur-
thermore. As the Hamiltonian in Equation 3 is separable, the time-
independent Schrödinger equation is

H0ψ0 = E0ψ0 (4)

with the energy eigenvalues E0. The solution ψ0 of this equation is
the product of the eigenstates of the single electron wave functions
|nilimlms⟩:

ψ0 =

N∏
i=1

|nilimlms⟩ (5)

with the principal quantum number ni and the orbital angular mo-
mentum li of the i-th electron. As the magnetic quantum numbersml

and the spin quantum number ms are degenerated in this model, the
energy eigenvalues depend only on ni and li. This set of quantum
numbers is called the electron configuration.

Pauli’s exclusion principle states that an electron in an ion cannot
occupy the same quantum state that is already occupied by another
electron. The total wave function ψ0 thus has to be completely anti-
symmetric. To ensure this, ψ0 is written as Slater determinant of the
single electron wave function.

The nonradial part of the Coulomb interaction Hee between the in-
dividual electrons and the spin-orbit interaction are now considered
as additional perturbation terms. Thus the free ion Hamiltonian HFI

results as

HFI = H0 +Hee +Hso (6)

with the electron-electron pertubation term

Hee =

N∑
i<j=1

e2

4πϵ0
|r⃗i − r⃗j|−

N∑
i=1

(
Ze2

(4πϵ0)ri
− V(ri)

)
. (7)

Here e is the elementary charge, Z the atomic number, ϵ0 the permit-
tivity of free space, and |r⃗i − r⃗j| the distance between the respective
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electrons. The summation is over the outer electrons. The electron-
electron interaction causes a splitting of the 4fn-state as is depicted
in Figure 10. This splitting takes place in distinct LS-levels and is also
called Russel-Saunders-coupling. Here, the total orbital angular mo-
mentum is L = |⃗L| with L⃗ =

∑
i l⃗i, and the total electron spin is S = |S⃗|

with S⃗ =
∑

i s⃗i.

4f 2S+1L
2S+1LJ

2S+1LJ, Mj

H0

Central Field
Hee

Coulomb
HSO

Spin-Orbit

HCF

Crystal Field

~104 cm-1

~103 cm-1

~102 cm-1

Figure 10: Principle overview of the effect of the different perturbation terms
on the energy level splitting.

The third term in Equation 6 denotes the spin-orbit perturbation
term

Hso =

N∑
i=1

1

2m2c20
· 1
ri

· dV(ri)
dri

· (l⃗i · s⃗i), (8)

with the vacuum speed of light c0. The summation is over the outer
electrons.

The perturbation terms are treated with descending order of their
strength. Depending on the coupling strength of the electrons a fur-
ther splitting takes place. In case of a weak spin-orbit interaction com-
pared to the electron-electron interaction, the LS-coupling is valid as
described above. The total orbital angular momentum L⃗ and the total
spin S⃗ then couple to the total angular momentum J⃗ = L⃗+ S⃗. Every
LS-multiplet is J-fold degenerate and splitted into manifolds due to
the influence of spin-orbit interaction. In case of a dominating spin-
orbit interaction, the angular momenta of the electrons j⃗ = l⃗i + s⃗i
are coupled to form the total angular momentum J⃗ =

∑
i j⃗. Such j− j-

coupling applies only for heavy elements as plumbum. As lanthanide
elements are located on a middle position in the periodic table, the
influence of both perturbation terms is comparable. For this so called
intermediate coupling the eigenstates are linear combinations of sev-
eral LS-states of same quantum number J⃗. The intermediate coupling
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scheme can be developed from the LS-coupling scheme. Therefore
the nomenclature for the LS-coupling 2S+1LJ is also suitable for the
intermediate coupling. The eigenstates are designated according to
Hund’s rule. Furthermore, every multiplett is 2S+ 1-fold degenerate
in Mj as is depicted in Figure 10 [81].

3.2 influence of the crystal field

A lanthanide ion incorporated in a dielectric crystal will experience
the electrostatic influence of the crystal field. The Hamiltonian is
rewritten as:

H = HFI +HCF (9)

= H0 +Hee +Hso +HCF (10)

with HFI as defined in Equation 6 and HCF representing the energy
of interaction between the lanthanide ions and the surrounding crys-
tal field. Eigenstates and eigenvalues of the Hamiltonian H can be
determined by distinguishing three regimes which depend upon the
relative sizes of the terms in Equation 10.

For trivalent lanthanide ions the weak crystal field regime HCF ≪
Hee,Hso is appropriate since the optical active 4f electrons are shiel-
ded by their outer filled 5s25p6 orbitals. The influence of the weak
crystal field can be introduced as an additional perturbation HCF in
Equation 6 which can be written as:

HCF =
∑
i

∑
l

HCF(r⃗i, R⃗l) (11)

Summation is over the electrons i and the number of adjacent ions l
with the mean coordinate R⃗l.

The crystal field influences the energy level structure in two dif-
ferent ways. Due to a spreading outwards of the 4f-electron charge
distribution within the crystal, the energy level structure of the ion is
red-shifted compared to the free-ion which is called the nephelauxetic
effect [81, 85]. Besides, the crystal field is breaking theMJ-degeneracy
of the 2S+1LJ-manifolds. This so called Stark effect is weak since for
lanthanide ions the optically active 4f electrons are partially screened
from the crystal field by their outer filled subshells. The splitting of
the manifolds is usually in the order of a few 100 cm−1.

3.3 trivalent praseodymium

Praseodymium is the third member of the lanthanides with the sym-
bol Pr and atomic number Z = 59. The electron configuration of
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atomic praseodymium is [Xe](4f)3(6s)2. Praseodymium most read-
ily forms the 3+ oxidation state although the 2+ [86], 4+ [87], and
5+[88] oxidation states may exist in some solid compounds. In di-
electric crystals such as LiYF4, however, praseodymium is preferably
incorporated in its trivalent oxidation state as Pr3+. In this state, the
electron configuration of praseodymium is [Xe](4f)2 resulting in two
4f electrons which can occupy 13 energy levels inside this 4f orbital.
The highest 4f energy level 1S0 is located directly below the 4f5d
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Figure 11: Energy level scheme of the 4f2-states in Pr3+ including Stark
splitting and prominent absorption and emission transitions [73].
The energetically highest level 1S0 lies at around 48 000 cm−1 and
is not shown as it is not of particular interest for transitions in the
visible spectral range.

states at about 48 000 cm
−1 [89]. To excite this energy level photons of

wavelengths in the deep ultraviolet spectrum would be necessary. Re-
garding the visible spectrum addressed in this thesis, the energy lev-
els above 25 000 cm−1 are not of further concern. Figure 11 shows the
12 energy levels of the 4f2 states including Stark splitting which are
of interest for emission in the visible. Especially by exciting the 3PJ
manifold, several radiative transitions in the spectral range from the
blue to the near infrared occur as implied in Figure 11. Several scien-
tific publications on solid state lasers emitting in the visible spectrum
report on the use of these transitions [7–11].
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This chapter provides a comprehensive description of the interac-
tion of energy and matter. Whenever a lanthanide ion interacts with
another boson or fermion, energy is either received or released from
the particular ion. One can distinguish such interactions of energy
and matter by intraionic and interionic processes. The first one is
about interaction with bosons like photons or phonons, while in the
latter the ion interacts with fermions like other ions. The explanations
on the intraionic processes presented in this chapter, i.e., Absorption
and Emission, are of particular relevance to the spectroscopic results
presented in Part II because they form the fundamental understand-
ing of spectroscopic observations. The interionic processes, on the
other hand, are based on the model of Förster [90] and Dexter [91]. The
particular interaction mechanisms play a central role in the numerical
investigations in Part III. Förster energy transfer drives energy hop-
ping inside lanthanide nanocrystals but also multiphonon quenching
to the surrounding medium of the nanocrystals. Dexter energy trans-
fer, on the other hand, drives energy migration inside the lanthanide
nanocrystals. A broad overview on these topics can be found in the
textbooks of Svelto and Lakowicz [3, 92].

4.1 intraionic interaction

Typical intraionic energy transfers involve photons in radiative transi-
tions or phonons in non-radiative transitions. The basic radiative tran-
sitions are absorbtion, spontaneous emission and stimulated emis-
sion.

27
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4.1.1 Absorption

In principle, absorption can occur if an incident photons energy equals
the energy difference between two energy levels and the lower energy
level is occupied. The photon may then be annihilated while the ion
is instantaneously excited to the upper energy level. The initial state
of the ion may be either the ground or an excited state. The processes
are then called ground state absorption (GSA) or excited state absorp-
tion (ESA), respectively. Absorption is mostly measured macroscop-
ically and in case of nanomaterials, the absorption of dispersions in
cuvettes of these materials are measured (c.f. Chapter 5). The inten-
sity I of light transmitting a sample in z-direction can be described
by Lambert-Beer’s law for sufficiently small intensities (to exclude
nonlinear absorption processes). The decrease of the incident light of
intensity I0 then obeys the exponential relation

I(z) = I0 · e−α·z. (12)

α is called the absorption coefficient and can be used to calculate the
absorption cross section σabs

σabs(λ) =
α(λ)

N
, (13)

if the dopant concentrationNwithin the transmitted volume is known.
In order to increase the absorption cross section, the dopant concen-
tration may be increased. However, this can lead to interioninc effects
such as concentration quenching which limits the maximum reason-
able dopant concentration. An optimized doping concentration trades
off between maximized absorption cross sections and minimized con-
centration quenching. In LiYF4:Pr3+ bulk crystals, this optimum is
assumed to be between 0.5 at% and 0.65 at%. In nanocrystal disper-
sions, maximizing the number of ions is a challenging task since the
nanocrystal volume is only a fraction of the total dispersion volume.
This thesis aims to provide a numerical tool that enables to optimize
the number of ions in nanocrystals.

Once an ion emits a photon (see next section), that photon can be
reabsorbed by the same class of ions. Reabsorption can thus result in a
red shift of the emitted photons. However, it only becomes significant
for a large overlap of absorption and emission spectra. In LiYF4:Pr3+,
there are several overlaps of absorption and emission that can result
in reabsorption. Photons emitted in the orange spectrum from the 3P0
level can for example be reabsorbed and excite Praseodymium ions
to the 1D2 level. In the present thesis, however, this overlap gains
more relevance for interaction between the ions, see Section 4.2 and
Chapter 9.
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4.1.2 Emission

An excited ion can spontaneously transition into any lower energy
level releasing its energy as one photon. The transition rate A from
an excited state |ψi⟩ to a lower state |ψj⟩ can be expressed through
Fermi’s golden rule

Ai→j =
2π
 h
|V12(ω0)|

2ρ(ω0). (14)

Herein, V12(ω0) is the matrix element of the perturbation operator
belonging to this particular transition. In other words, V12(ω0) is the
energy of interaction between an emitter and its electric self-field and
ρ(ω0) is the density of states. The radiative decay of state |ψi⟩ can be
obtained by summation over all transition rates to lower lying states

Ai =
∑
k

Aik. (15)

The radiative lifetime of this state is

τi =
1

Ai
. (16)

The radiative lifetime denotes the energy storage capacity of the ac-
tive medium. In LiYF4:Pr3+ nanocrystals, the excitation is severely
quenched as pointed out in Part II and III which results in a reduc-
tion of the excited state lifetime and quantum yield of the nanocrys-
tals. The emission spectrum and the lifetimes can be used to cal-
culate emission cross sections using the Füchtbauer-Ladenburg (c.f.
Chapter 8). A comparison of the emission cross sections of bulk and
nanocrystals contributes to qualitatively understand the spectroscopic
behaviour of the nanocrystals in Part II.

Stimulated emission can take place if an ion is in excited state |ψi⟩
and a photon of same amount of energy interact. The excited state
then transits |ψi⟩ → |ψj⟩ and a photon is emitted in the same direction
as the incident photon featuring the same properties such as energy,
polarization and phase. To obtain a net gain by stimulated emission
population inversion has to be ensured. To being able to neglect such
effects in the simulations presented in Part III, the initial excitation
had to be kept below 50 % of the total number of ions.

4.1.3 Nonradiative Transitions

Transitions of excited states |ψi⟩ to lower ones can also occur by exci-
tation of one or more phonons in the crystal lattice. Within such mul-
tiphonon relaxation excitation energy directly transforms into heat.
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Multiphonon relaxation into energetically close lower states depopu-
lates the excited state fast and efficiently, resulting in a reduced ra-
diative lifetime. The transition probability Wnr for such noradiative
process of n-th order depends on the crystal temperature and is de-
scribed by [93].

Wnr =W0 · e−a∆E[1− e
 hωeff

kT ]−n. (17)

W0 is an empirical parameter depending on the crystal lattice and
a describes the electron-phonon coupling, which is considered to be
weak for 4f-electrons. ∆E is the energy gap between the involved
states and  hωeff is the effective phonon energy of the lattice. The
number of phonons which are involved to bridge the energy gap is
given by n = ∆E

 hωeff
. T and k are the temperature and the Boltzmann

constant, respectively. Considering Praseodymium ions in an LiYF4

lattice, the temperature dependency is neglectable due to the lattices
low phonon energies of 460 cm−1 [94].

On a nanoscale, materials may experience further multiphonon re-
laxation based on dipole-dipole interaction between the lanthanide
ion and material which surrounds a nanocrystal. This mechanism
occurs within distances of several nanometers and is thus able to
quench energy out of the nanocrystal. A detailed explanation is given
in Section 4.3.

4.2 interionic interaction

Excitation energy can be transferred from one ion to another without
absorption or emission of photons. The energy is delivered from a
donor D and received by the acceptor A. Within this processes, partly
or even complete energy loss may occur. One can distinguish three
different processes: energy migration, cross relaxation, and upconver-
sion.

4.2.1 Overview on Interionic Energy Transfers

Energy migration is a resonant process. As it is depicted in Figure 12(a),
the excitation energy from an ion is transferred to another ion without
energy loss.

Cross relaxation starts with only the donor ion in the excited state.
Within the interaction, a part of the energy is transferred to the ac-
ceptor ion so that both ions are in an excited state which is not the
same. This situation is exemplarily shown in Figure 12(b). In lasers,
this process is unwanted as it may depopulate the upper laser level.

Upconversion occurs if both donor and acceptor are in an excited
state. The energy transfer excites the acceptor to a energetically higher
state than the initial state as shown in Figure 12(c). The donor transits
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in the respective energetically lower state which is often the ground
state. One prominent example in the nanomaterial scientific com-
munity are Erbium/Ytterbium co-doped nanocrystals. The Yb ions
within these particles absorb energy in the infrared. The excitation en-
ergy from at least two Yb ions is then transferred to the Er ion which
then emits in the visible. Due to this nonlinear anti-Stokes pumping
scheme, these nanocrystals exhibit low quantum yields and are there-
fore not suitable for efficient lasing.

(a) Energy Migration (b) Cross Relaxation (c) Upconversion

D A D A D A D A

Figure 12: Adjacent lanthanide ions can experience these interionic energy
transfer processes.

4.2.2 Calculation of the Transfer Rates

The processes explained above base on two different interaction mech-
anisms which will be discussed in detail here. The energy transfer
process from a donor to an acceptor can be written as

D ∗+A→ D+A∗. (18)

The Hamiltonian for this system reads

H = HD +HA + V (19)

with the pertubation part V .
Only two electron systems are involved in a transition, one from D

and the second one from A. The wavefunctions for the initial state ψi

with D∗ +A and the final state ψf with D+A∗ can be written as
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ψi =
1√
2
(ψD∗(1)ψA(2) −ψD∗(2)ψA(1)) (20)

ψf =
1√
2
(ψD(1)ψA∗(2) −ψD(2)ψA∗(1)) (21)

with the numbers 1 and 2 referring to the electron systems involved.
Note, that this representation only applies to a donor-acceptor system
with one electron each. However, Equation 20 and Equation 21 are
sufficient to explain the principle mechanism.

The coupling between the initial and final state is described by the
interaction matrix element:

U = ⟨ψi| |V | |ψf⟩ (22)

which also can be written as

U = ⟨ψD∗(1)ψA(2)| |V | |ψD(1)ψA∗(2)⟩ (23)

− ⟨ψD∗(1)ψA(2)| |V | |ψD(2)ψA∗(1)⟩ . (24)

The first term is called Coulombic term and describes the return of
the initially excited ion on D to the ground state while an electron
system on A is simultaneously promoted to the excited state. The
second term is called exchange term and describes an exchange of
two electrons on D and A. The matrix element can thus be written as
a sum of these two terms:

U = UC −Uex (25)

In the following, both terms are treated separately as they lead to
different outcomes.

4.2.2.1 Dipole-Dipole Energy Transfer

The Coulombic term can be expanded into a multipole-multipole se-
ries

U = Udd +Udq +Uqd +Uqq + ... (26)

which can be approximated by the predominant dipole-dipole term
Udd for point dipoles. The higher order terms Udq, Uqd, and Uqq for
dipole-quadrupole, quadrupole-dipole and quadrupole-quadrupole
interaction are thus neglected and will not be discussed further.

The dipole-dipole interaction between the transition dipole mo-
ments µD and µA of the transition in Equation 18 can be expressed
as
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Udd = a
µ⃗D · µ⃗A
r3

(cosΘDA − 3 cosΘD cosΘA) (27)

with the donor-acceptor separation r and the orientation factor κ =

cosΘDA − 3 cosΘD cosΘA. Herein, ΘDA is the angle between the
emission dipole of the donor and the absorption dipole of the ac-
ceptor, and ΘD and ΘA the angles between the respective dipole and
the connection vector between donor and acceptor.

From Equation 27 and Fermi’s golden rule in Equation 14 the rate
for such dipole-dipole transition can be derived:

kdd =
1

τD

(
d0
d

)
(28)

Here τD is the excited state lifetime of the donor and

d0 =
9000 ln(10)κ2

128π5NAn4

∫
ED(λ)ϵA(λ)λ4dλ (29)

with Avogadro’s constant NA, the refractive index n, and the overlap
spectrum

J =

∫
ED(λ)ϵA(λ)λ4∂λ. (30)

In the overlap spectrum, ED is the emission spectrum of the donor
normalized to an area of 1 and ϵA the molar extinction coefficient of
the acceptor molecules. Förster first derived the rate for the dipole-
dipole transition [90] which is why the mechanism is referred to
as Förster energy transfer (FET) and the characteristic distance d0
is called the Förster distance.

Besides dipole-dipole interactions, electron exchange plays a signif-
icant role in energy transfer mechanisms and is discussed next.

4.2.2.2 Exchange Energy Transfer

Electrostatic interaction between the charge clouds occurs via overlap
of the electron clouds and thus requires physical contact between the
donor and acceptor. If there is no direct overlap, interaction may occur
via intervening ions [81]. The second term in Equation 25 for two
electrons seperated by a distance r in the D-A pair can be expressed
as

Uex = ⟨ΦD∗(1)ΦA(2)|
e2

r
|ϕD(2)ϕA∗(1)⟩ (31)

with ΦA and ΦD representing contributions of the spatial wavefunc-
tion to the total wavefunctions ψA and ψD.
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Using this expression and Fermi’s golden rule, one can derive an
expression for the transition rate as has been done first by Dexter
which is why the mechanism is also referred to as Dexter energy
transfer (DET). The expression later derived by Inokuti and Hirayama
reads

kex =
1

τD
exp

[
γ

(
1−

r

r0

)]
(32)

with the characteristic radius r0 called Dexter radius and

γ =
2r0
L

(33)

where L is called the effective average Bohr radius. The transition rate
also depends on the overlap spectrum J of the involved transitions
which can be expressed as

eγ

τD
=
2π
 h
K2J (34)

where K is an constant with the dimension of energy.
In contrast to exchange interactions which occur within small dis-

tances, dipole-dipole interactions occur over a comparatively long dis-
tance of up to 10nm [95]. This is why mechanisms based on Dexter
transfers are referred to as energy diffusion while Förster transfer
based mechanisms are referred to as energy hopping. Both, Förster
and Dexter transfer drive interaction mechanisms. As can be seen
from Equations Equation 29 and Equation 34, the transition rates of
these particular processes differ only in their overlap spectrum. This
will further be of particular interest for the numerical determination
of the different characteristic length scales in Chapter 10.

4.3 particularities on the nanoscale

Optical properties of nanocomposites like nanocrystal dispersions
can differ significantly from bulk materials. Besides the mechanisms
discussed above, lanthanide nanocrystals experience further effects
which are specifically relevant at the nanoscale. These effects base on
the influence of the medium which surrounds the nanocrystals. On
one hand, its electrical field affects the local field within the nanocrys-
tal and thus the radiative lifetime. On the other hand, the excita-
tion energy can be transferred to the surrounding medium via multi-
phonon quenching leading to a drastic decrease of the radiative life-
time. These mechanisms will be introduced in the following.
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4.3.1 Local Field Effects on Nanocrystals

The local field affects the electrical dipole moment, and it can be
shown that this has a direct influence on the Einstein A coefficient
(see e.g. [3]) which is inversely proportional to the radiative lifetime.
The Einstein coefficient can be expressed trough Fermi’s golden rule
as in Equation 14. In this, the interaction energy V12 scales as [96]

V12 ∝ L
√
neff

, (35)

where L is called the local field correction factor and neff the effective
refractive index which can be obtained employing effective medium
theory (see below). The local field correction factor corresponds to
the ratio of the microscopic field acting on one individual emitter
to the macroscopic average field in the medium. It can be found by
quantizing Maxwell’s equations that the density of states of radiation
ρ is proportional to the effective refractive index [97]:

ρ(ω0) ∝ n2
eff. (36)

From Equations Equation 14, Equation 35, and Equation 36 follows
that the radiative emission rate ALFE in the medium is related to the
bulk crystal emission rate A as

ALFE = neffL
2A. (37)

The effective refractive index can be obtained from Maxwell and Gar-
netts effective medium theory via

n2
eff −n

2
med

n2
eff + 2n

2
med

= fNC
n2
NC −n2

med

n2
NC + 2n2

med

(38)

when the nanocrystal volume fraction fNC within the sample is com-
paratively low [96, 98]. Here, nmed is the refractive index of the sur-
rounding medium, and nNC is the refractive index of the nanocrys-
tal. Both refractive indicees are close to each other when organic sol-
vents or optical grade glasses are the surrounding medium for fluo-
ride based nanocrystals like LiYF4:Pr3+. This results in an effective
refractive index that differs only slightly from refractive index of the
crystal system which is advantageous in two ways: First, local field ef-
fects have only small impact on the lifetime. Second, scattering plays
only a minor role.

Theoretical models predict expressions for the local field correction
factor L and are able to describe the experimental results. The two
most prominent models are called the virtual-cavity model and the
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real-cavity model. Dolgaleva and co-workers investigated Nd:YAG
nanocrystals in different organic solvents and found out that the
virtual-cavity model explains their experiments the best [96] which,
thus, was employed here as well.

In this model, the dielectric medium can be considered to be a
cubic lattice of point dipoles. The space around a chosen emitter
can be devided into two regions. The first region consists of nearby
dipoles treated as discrete particles and the second region consists of
more distant dipoles treated in a continuum approximation. A virtual
sphere of radius R marks the boundary between both regions. The ra-
dius is chosen such that a ≪ R ≪ λ, where a is the lattice constant
and λ the wavelength of light. Using this approach, one obtains

L =
n2
diel + 2

3
(39)

for the local field correction factor [99, 100] with the refractive index
of the dielectric medium ndiel.

From these expressions it can be predicted that local field effects in
organic solvents like toluene, as used here, change the excited state
lifetime of LiYF4:Pr3+ nanocrystals about 1µs compared to bulk crys-
tals. Dolgaleva and co-workers observed a fast decay component in
their decay measurement which they elaborate may come from ions
sitting on the surface of the nanocrystals [96]. Indeed, multiphonon
quenching can play a significant role for the spontaneous emission
decay in nanocrystals.

4.3.2 Förster Transfer based Multi-Phonon Quenching

Energy loss mechanisms in nanocrystals are broadly discussed in the
upconversion nanocrystal scientific community [55, 101–103]. Besides
the mechanisms already discussed above, Förster transfer can also
occur from an excited ion to vibrational modes in the surrounding
medium [55, 103, 104]. To obtain an expression for the calculation
of Förster transfer to vibrational modes, Sveshnikova and co-workers
chose a similar ansatz as for the calculation of the dipole-dipole in-
teraction [105]. Again, a set of donor D and acceptor A is used but
the acceptor is chosen to be a vibrational mode within the surround-
ing medium. Following this, one obtains the same expression as in
Equation 28 [106] with the Förster distance

d0 =
9000 ln(10)κ2

128π5NAn4
J (40)

which only differs from Equation 29 by its overlap spectrum

J =

∫
ED(λ)ϵA(λ)λ4dλ. (41)
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In Equation 29, ϵ refers to the molar extinction coefficient of an elec-
tronic acceptor such as a praseodymium ion. The above expression
for the overlap integral, however, refers to the molar extinction coef-
ficient of a vibrational acceptor such as organic molecules or glasses
[105].
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Figure 13: The influence of multiphonon quenching on the excited state life-
time can be illustrated using an onion shell model. The different
shells are highlighted with different colors. Increasing the dis-
tance between the lanthanide ions and the vibrational energy
acceptor will decrease the quenching efficiency which can be
achieved with an undoped shell around the nanocrystal.

Interaction between praseodymium ions and the vibrational accep-
tors in the surrounding medium is the main reason for multiphonon
quenching which reduces the excited state lifetime significantly.

Phenomenological insight can be obtained from a simple onion
shell model. The model assumes a spherical nanocrystal geometry
and the active ions to be distributed equally in the volume. The parti-
cle is divided in onion shells of equal volume to provide for an equal
amount of active ions per onion shell. The excited state lifetime of
a bulk LiYF4:Pr3+ crystal is put into Equation 28 as lifetime of the
donor τD to calculate the lifetime of each onion shell. The average
over all onion shells yields the total decay and from its time weighted
average the excited lifetime of such nanocrystal is obtained. In Fig-
ure 13, the lifetime is shown dependent on the distance of every onion
shell to the surface of such nanocrystal. This illustrates a prominent
strategy to surpress Förster transfer driven multiphonon quenching:
Adding an undoped shell around the nanocrystal will act as spacer
between donor ions and vibrational acceptor and thus improve the
excited state lifetime and the quantum yield of the nanocrystals [34,
107–113].





Part II

S P E C T R O S C O P Y

In this part, a comprehensive spectroscopic analysis of
LiYF4:Pr3+ nanocrystals was performed. The spectroscopic

Graphical summary of the presented results.

behavior of the nanocrystals is compared to macroscopic
bulk crystals, and strong multiphonon quenching was ob-
served, which results in reduced quantum yields. This ef-
fect is indeed disadvantageous for visible emission from
these nanocrystals. At the same time, the multiphonon
quenching efficiently populates the subjacent energy level,
which yields unexpected yet intense emission at 595 nm
with excited state lifetimes comparable to bulk crystals.
Especially the excited state lifetime and quantum yield
are used in Part III of this work.
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In the present chapter, the experimental setups used to experimen-
tally characterize the LiYF4:Pr3+ nanocrystals are presented. The re-
sults of these characterizations follow in Chapter 7 and Chapter 8.
For the experimental investigation, the nanocrystal dispersions were
filled into cuvettes with a length of 1 cm. These cuvettes were used
to measure the absorption, spontaneous emission, and the dynamics
(lifetime and quantum yield).

5.1 absorption

Transmission spectra of the samples were measured using a UV-VIS-
NIR photospectrometer (Perkin Elmer Lambda 1050). This photospec-
trometer can be used for measurements from 175 nm to 3300 nm.
The setup is sketched in Figure 14. The photospectrometer consists

Lamp
Nanocrystal 

Dispersion
Mono-

chromator
Mono-

chromator

Detector

Figure 14: Schematic of the setup used for the measurement of the absorp-
tion spectra. The second measuring channel was not drawn in for
the sake of simplicity.

of a tungsten-halogen and a deuterium lamp. The wavelength of
this light can be tuned with a holographic grating monochromator
which contains two gratings with 1440 lines/mm blazed at 240 nm
and 350 lines/mm blazed at 1100 nm, respectively, in Littrow config-
uration. Three detectors are available: the entire UV/VIS wavelength
range can be measured from 175 nm to 860 nm with a photomultiplier
tube, and the IR wavelength range can be measured using an InGaAs
detector for 860-2500 nm or an PbS detector for 2500-3300 nm.

In the present case, the spectral resolution was set to 0.05 nm for
measurements of the nanocrystal dispersions, and the integration

41
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time of the detector was set to 0.5 s. Spectra were recorded in a range
of 400-500 nm as well as 560-610 nm to account for the 3P0 and 1D2

transitions, respectively. The spectral range between these two sec-
tions was not measured to reduce the acquisition time.

First, a baseline was recorded with a cuvette containing just the
organic solvent (Toluene) and then, the dispersions were measured.
This measurement was corrected by the baseline to obtain raw trans-
mission spectra. Besides the expected peaks that can be attributed to
the Praseodymium ions in the nanocrystals, the transmission shows
a sigmoid-like underground. This behavior is due to the oleic acid
ligands which are used to stabilize the nanocrystals in the solvent, c.f.
Chapter 6.

5.2 excited state lifetimes

The lifetime of the excited state was determined through temporal
measurement of the spontaneous emission decay. The setup is de-
picted in Figure 15. A pulsed optical parametric oscillator (OPO, Spec-
tra Physics ULD-240) operating at a repetition rate of 10 Hz delivered
4 ns short pulses which served as excitation source. The tuning range
spans from 405 nm to 2.75µm and maximum pulse energies of 70 mJ
are reached at around 500 nm. The OPO was tuned to 479 nm to ex-
cite the praseodymium in the nanocrystals from the ground level 3H4

to the 3P0 level. The excitation pulses were focussed into the cuvette
using a lens with 500 mm focal length. A parabolic mirror of 2 " di-
ameter was used to collect emission from the nanocrystals. The col-
lected light was focussed to a monochromator using high numerical
aperture (NA) lenses. The monochromator was tuned to the emis-
sion wavelength of interest, here: 639 nm and 595 nm for emission
originating from the 3P0 and 1D2 level, respectively. A 100 MHz Si-
photodiode with integrated gain module (Femto, OE-300-SI-30) has
been used to detect the emission dynamics. The excitation pulses can-
not be resolved with this setup since the response time of the pho-
todiode limits the resolution to 10 ns. This, however, did not limit
the analysis of the lifetimes since this analysis was done in a fitting
procedure as described in Chapter 8. The photodiode was connected
to a 500 MHz oscilloscope (Tektronix, 620B) with a sampling rate of
2.5 GSa/s terminated by a 50Ω resistor. This oscilloscope was con-
nected to a computer for data collection. An average of 100 measure-
ments was sufficient to reduce noise and the influence of energy fluc-
tuations of the OPO pulses to a level that enabled successful fitting of
the lifetimes. Despite the monochromator acting as a filtering element
to the emitted light a fast component was detected in the temporal
signal which corresponded to residual excitation light. Using optical
long pass filters and housing of the beam paths the residual excitation
light was strongly reduced, however, not fully removed.
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Figure 15: Schematic of the setup used for the measurement of the sponta-
neous emission decay and spectra.

5.3 emission

Spontaneous emission spectra were measured with the setup pre-
sented above. For such measurement a fiber coupled USB-spectrometer
with a spectral resolution of 0.42nm was added to the setup in Fig-
ure 15. A commercial optical multimode fiber with a core diameter
of 1.5mm and an numerical aperture of 0.5 was used to couple as
much light as possible to the spectrometer. At the front, this fiber was
connected to a commercial fiber collimator to collect the spontaneous
emission from the samples. An optical longpass filter with a cut-on
wavelength at 500nm served to filter residual pump light. These op-
tics were positioned orthogonal to the pump beam in front of the
cuvette.

5.4 quantum yield

The quantum yield is defined as the ratio of emitted and absorbed
photons. For this thesis, it was measured with a commercial photolu-
minescence spectrometer (Edinburgh Instruments FLS 1000) sketched
in Figure 16.

In this setup, light from a 450 W ozone-free xenon arc lamp is spec-
trally filtered through a Czerny-Turner-type double monochromator.
Each monochromator has a focal length of 325 mm. In the experi-
ments, the monochromators were set to 444 nm and 479 nm with a
spectral width of 10 nm. The emission is recorded perpendicular re-
spective to the excitation beam path. The emission is spectrally re-
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Figure 16: Schematic of the setup used for emission spectra. With an integra-
tion sphere, this setup can also be used to determine the quantum
yield of a certain sample.

solved with a second Czerny-Turner type double monochromator.
Again, each monochromator has a focal length of 325 mm but here,
the spectral resolution was set to 1 nm. The signal was recorded with
a photomultiplier tube covering a spectral range of 200-900 nm and a
response widths of 600 ps.

The quantum yield measurement takes place in an integration sphere
to collect the photons in all spatial directions. First, excitation and
emission spectra Sexc0 (λ) and Sem0 (λ) of toluene filled cuvettes were
recorded in the respective spectral range. Next, both spectra Sexc(λ)
and Sem(λ) were measured for the nanocrystal dispersions. The quan-
tum yield QY was obtained from these spectra via

QY(λem, λexc =

∫
em S

em(λem)dλ−
∫
em S

em
0 (λem)dλ∫

exc S
exc(λexc)dλ−

∫
exc S

exc
0 (λexc)dλ

. (42)

The measurement error of this setup is 5 percentage-points which
may seem comparatively high. However, specialty quantum yield
measurement setups also only achive errors of 2 percentage-points
[114]. As will turn out in Part III of this thesis, this measurement
error was sufficient for the quantum yield to act as further control
parameter in addition to the excited state lifetimes in the simulations.
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T H E O R G A N I C L I G A N D : O L E I C A C I D

As introduced in Chapter 2, the organic ligand of the nanocrystals is
oleic acid which, depending on the purity, might contain other fatty
acids. These acids can oxidize or form more complex structures in
presence of oxygen at high temperatures. Such processes lead to a
yellowish or brownish coloration of the reaction mixture that is ac-
companied by changes in the spectroscopic behavior of the samples.
This can be highlighted in a simple experiment where the absorption
and emission spectra of slightly and strongly colored oleic acid was
measured. The slightly and strongly colored samples were obtained
by leaving one sample of oleic acid for several hours at room temper-
ature and heating a second sample to 300

◦C for four hours, respec-
tively. The absorption and emission spectra are shown in Figure 17.
The emission spectra were obtained by irradiating the samples at a
wavelength of 479 nm which is the same wavelength that was used to
excite the 3P0 level in LiYF4:Pr3+.
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Figure 17: a) Absorption spectra of oleic acid (OA) shifts toward red wave-
lengths with oxidation (black dashed curve). b) Emission spec-
trum of OA intensifies with oxidation, the excitation was re-
moved from the signal with a longpass filter.

The colored samples exhibit strong absorption at short wavelengths
that redshifts for higher oxidation levels, see Figure 17a. At 479 nm,
the absorption increases from 9 % for the low oxidized sample to
85 % for the highly oxidized sample explaining the strong increase in
emission. This means that a significant part of incident light will be
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absorbed from the organic ligand when using nanocrystal dispersions
with highly oxidized oleic acid.

When exciting colored oleic acid with mJ-level ns-pulses, respec-
tive emission lines appear in the visible spectrum and intensify for
stronger colorization, see Figure 17b. In improperly synthesized LiYF4:Pr3+

nanocrystal dispersions, the characteristic absorption and emission
lines of the Pr3+ ions and colorized oleic acid are superimposed, thus
distorting the optical properties of the Pr3+ emission. Therefore, it is
evident that oxidation of the oleic acid ligands also falsely increases
the measured quantum yield.

The excited state lifetime of oleic acid is discussed in Chapter 8.
In general, oxidized oleic acid lowers the optical quality of the

nanocrystal dispersions. Figure 18 shows the emission spectra of LiYF4:Pr3+

nanocrystal dispersions with low, acceptable, and high oxidation state.
Emission from the nanocrystals and the oleic acid are not distin-
guishable from spectra with high oxidation state. Therefore, cross
sections cannot be determined properly and quantum yields might
be strongly distorted.
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Figure 18: Influence of the fatty acids’ oxidation state on the emission
spectra of LiYF4:Pr3+ nanocrystals, normalized to the peak at
639.5 nm. The gray line shows a sample with very high oxidation
that was considered unusable. Samples of the size series show
somewhat higher background than the samples of the concentra-
tion series but are considered usable.

Fortunately, the evaluation of the optical quality of a nanocrystal
dispersion is comparatively simple as comparison of at least 30 dif-
ferent samples has shown: If no colorization is visible the sample is
likely to show excellent spectroscopic behavior. Nevertheless, even
for high-quality samples the oleic acid has a relevant influence on
the spectroscopic properties of the samples. This requires careful han-
dling of the spectroscopic results. Regarding absorption spectroscopy,
even high-quality samples show a sigmoid-like underground result-
ing from the oleic acid absorption, c.f. Figure 17, that strongly re-
duces the transmission in the UV and blue spectrum. This calls for
post-measurement treatment of absorption spectra as discussed in
the next chapter. Regarding emission spectroscopy, even marginal ox-
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idation of the oleic acid falsely contributes to the measured quantum
yield which is important to consider for samples with low quantum
yields.
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In this chapter, the results of the absorption spectroscopy are de-
scribed and discussed. A new fitting procedure was applied to quan-
tify the broadening and shift of the absorption spectra compared
to the bulk spectra. This procedure was developed by Dr. Michael
Steinke and has been published previously in reference [54].

7.1 absorption cross sections

The raw transmission spectra show discrete peaks which can be as-
signed to the well-known absorption lines of Praseodymium ions.
Furthermore, a broad sigmoid-like absorption can be observed. This
absorption can be assigned to the oleic acid ligands around the nano-
crystals, c.f. Chapter 6.

The transmission spectrum of the oleic acid was subtracted from
the transmission T. Due to the very small particle size, which is around
a factor of 50 smaller than the wavelength, scattering is assumed to
be negligible. Lambert-Beer’s law

I(λ) = I0 · exp(−α(λ)l) (43)

was applied to the transmission data with the transmission T = I(λ, z)/I0
of the input signal I0, l being the length of the cuvette, and the ab-
sorption coefficient α. The ion density N was calculated using the
nanocrystal dimensions and doping concentrations determined in
Chapter 2 so that the absorption cross sections were obtained from

σabs =
α(λ)

N
. (44)

The resulting absorption cross sections for every sample investigated
in this work are depicted in Figure 19 and Figure 20. The peaks of
the cross sections differ by roughly 50 % which can be attributed to
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Figure 19: Absorption cross sections of the concentration series of
LiYF44:Pr3+ nanocrystals.

inaccuracies in the size distribution analysis as well as the EDX anal-
ysis. Typically, one would expect the same cross sections for doping
concentrations as low as investigated in this work.

The peak absorption cross sections differs by three orders of magni-
tude with respect to the cross section of bulk crystals. While bulk crys-
tals exhibit a peak absorption cross section of up to 1.7 · 10−19 cm2

at 444 nm, the nanocrystals’ is 3.4 · 10−22 cm2. At the same time, the
spectral linewidths are strongly broadened and shifted compared to
their bulk counterparts. Therefore, instead of comparing the peak val-
ues, the integrated cross sections should be compared, which only
differ by a factor of 45. The absorption lines of bulk crystals are well
described by Lorentzian profiles, see inset of Figure 21, representing
homogenous broadening mechanisms. In contrast, the corresponding
transitions in nanocrystals deviate from this line shape. However, fit-
ting each individual transition in both bulk and nanocrystal absorp-
tion and comparing them is not promising as such a fit is heavily
overdetermined.

7.2 fitting the absorption cross section

To quantify the deviations between nanocrystal and bulk absorption
spectra, a novel fitting approach was employed that only requires a
few fit parameters to easily determine line shape deviations and the
nature of spectral broadening [54].

7.2.1 Fitting Procedure

The mechanism influencing the absorption of the nanocrystals can be
both, homogenous and inhomogeneous. A combination of homoge-
nous and inhomogeneous broadening mechanisms can be described
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by a convolution of Lorentzian- and Gaussian-profile, respectively,
represented by the so-called Voigt-profile

V(λ,A, λC,σ,γ) =
A ·ℜ[w(z)]

σ ·
√
2π

(45)

where ℜ[w(z)] is the real part of

w(z) = exp(−z2) · erf(−iz) with z =
λ− λc + iγ

σ
√
2

, (46)

and erfc(x) is the complementary error function. Furthermore, A, λc,
σ, and 2γ are the amplitude, central wavelength of the peak, standard
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Figure 21: Absorption cross sections of the a- and c-axis of LiYF4:0.65 at%
Pr3+ bulk crystal and exemplary fit of a Lorentzian-profile to the
peak corresponding to the 3H4 → 3P0 transition.
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deviation of the Gaussian part, and the scale parameter, which speci-
fies the full-width at half-maximum (FWHM) of the Lorentzian part,
respectively.

It is assumed that there are two classes of ions [58]: (i) ions which
are fully affected and (ii) ions that are not at all affected by the mech-
anism which leads to the spectral changes since fitting the broaden-
ing and shift of each transition individually would over-determine
the fit. A global fitting approach was chosen and assuming that all
energy levels are affected equally (convolutions are associative) it is
sufficient to convolve a single Voigt-profile with a weighted sum of
the bulk absorption spectra for both axes. The weight factor was also
set as fit parameter. In the fitting procedure, one global spectral shift
for both spectra is allowed. Furthermore, a non-broadened part is in-
cluded in the fit function to account for the not-affected ions. Using
a Voigt-profile accounts for both homogenous and inhomogeneous
broadening mechanisms.
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Figure 22: Absorption cross section and fit from bulk spectra of the 1.47%
doped nanocrystals of 10 nm size.

Such fit was performed for all absorption spectra of the concen-
tration series with comparable results. Therefore, the results are dis-
cussed exemplarily for the 1.47 at% doped sample, depicted in Fig-
ure 22. Besides this discussion, it can be seen from this figure that the
assumptions made for this fitting procedure are not precisely correct
as the peak at 468 nm is not well fitted. This indicates that the broad-
ening mechanism does not affect all transition in the same way. From
the energy level scheme in Figure 11, it can be seen that this absorp-
tion band results from a superposition of transitions from the ground
state 3H4 to either the 1I6 or the 3P1 level. These two levels are ther-
mally coupled and thus might not behave equally to the 3P2 and 3P0
level. Nevertheless, applying a global fitting routine is sufficient for a
qualitative discussion regarding the broadening mechanisms.

7.2.2 Discussion of the Fitting Results

The fit resulted in a shift of the bulk spectra of around ∆λ = 2nm,
and the ratio of the bulk spectra was fitted to be around 0.3 to 0.4,
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which means that around 2/3 of the absorption originates from the
two a-axes and around 1/3 from the c-axis as expected due to the ran-
dom orientation of the nanocrystals in the organic solvent. The Voigt
profile contained mainly the Gaussian component with a full width
at half maximum (FWHM) of 4-6 nm. A non-broadened component
was allowed in the fit, too, which was, however, less than 2 % of the
non-broadened spectrum.

The Gaussian nature of the broadening of the absorption spectra
indicates an inhomogeneous broadening mechanism. From the ob-
served spectral shift, it can be inferred that the field of the surround-
ing medium has a strong influence on the Pr3+ ions, which results
in the inhomogeneous broadening. Assuming a nearly uniform dis-
tribution of Pr3+ ions, significantly more ions are located at the sur-
face than within the nanocrystal’s volume due to its high surface-
to-volume ratio as already known from the literature [115, 116]. The
ratio of the non-broadened component is indeed small (<2 %), but
non-zero. Therefore, it can be deduced that only a small number of
ions are not influenced by the field of the surrounding medium.

The fits of the absorption spectra of the size series were only pos-
sible with a significantly lower goodness of fit. The fitting program,
among others, returns the result of Pearson’s χ2 test [117]. This value
increased from χ2 < 0.2 for the concentration series to χ2 < 3 for
the size series. In addition to the inaccuracies of the fitting procedure
discussed in Section 7.2.1, the following reasons could be responsible
for the problems with fitting the absorption spectra of the size series:
At higher doping concentrations, the absorption spectra of bulk crys-
tals might change making the available bulk absorption spectra of
0.65 at%-doped crystals inapplicable for 5 at%-doped nanocrystals.
Furthermore, these nanocrystals might exhibit more defects due to
the slightly different size of the Pr3+ ions that replace the Y3+ ions
in the LiYF4 lattice. These defects might lead to changes in the local
field and thus result in spectral shifts. Therefore, the fitting results for
the size series were not considered in the present work.

Nevertheless, to allow for comparison of the absorption spectra
of the different nanocrystal samples, the differences in peak wave-
lengths and widths at the different transitions are discussed in the
next chapter.

7.3 discussion

The peak wavelengths of the important absorption transitions are de-
picted in Figure 23 for all samples together with the peak wavelength
of the bulk crystal.

First, it is noticeable that for the 3P transitions, two samples of the
size series deviate strongly from the trend of the other samples. The
peak positions of these other samples deviate slightly from the bulk
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crystal but this deviation becomes smaller for longer wavelengths.
This changes for the 1D transitions where the peak positions of the
concentration series start to follow the trend of the two deviating sam-
ples in the size series. However, the peak position of the remaining
samples of the size series stays close to the peak position of the bulk
crystal although slightly red-shifted.

As already pointed out in the previous chapter, the local field ef-
fects do not affect all transitions in the same way. This explains the
peak position shift for the different transitions that switches from a
blue-shift to a red-shift. The strong shift of the two size series sam-
ples might originate from defects in the crystal lattice because these
two samples were synthesized in another batch than the remaining
three samples. The strong shift of peak position for the concentration
series in the case of the 1D absorption might originate from the small
size and weak doping concentration that result in a high percentage
of ions being located at the nanocrystals surface and, thus, influenced
by the local field.
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Figure 24: Spectral widths of the five absorption peaks for the concentration
and size series, gray line indicates a linear fit.

The spectral widths of the respective peaks are depicted in Fig-
ure 24 for all samples together with a linear fit. In case of the 3P-levels,
the FWHM was considered. In case of the 1D-levels the full widths at
85% maximum was used as measure for the spectral width of the ab-
sorption peaks because both peaks are too close to distinguish them.
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This seems to have influenced the results as the fit for the first peak
of the 1D2 absorption slightly increases with the ion density while all
the other fits show a negative slope.

From the fits it is evident that the absorption peaks become nar-
rower with increasing ion density which is due to the nanocrystals
getting larger. The local field of the surrounding medium has less
influence on the Pr3+ ions at larger particle scales resulting in the
narrowing of the spectra. To further exploit this effect in the future,
an undoped shell around the nanocrystals may be considered since it
increases the distance to the surrounding medium and thus prevents
a distortion of the Pr3+ ions.
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In this chapter, the results of the emission spectroscopy are de-
scribed and discussed. This includes the spectra of spontaneous emis-
sion as well as the lifetimes and quantum yields of the nanocrystals.
The experimental results on the excited state lifetimes and quantum
yield play an important role as control parameters in the simulations,
c.f. Part III of this thesis. Although, it was found to be sufficient to
employ the measured 3P0 lifetimes for that the quantum yield was
included as an important indicator of the nanocrystals’ performance.
Furthermore, the 1D2 lifetimes were considered during the setup of
the numerical model.

In the experiments, the nanocrystals were irradiated either at 444 nm
or 479 nm to excite the Pr3+ ions to the 3P2 or 3P0 level, respectively.
When using 444 nm, the ions also transition to the 3P0 level due to fast
thermal processes. Consequently, the experimental results for both of
these excitation wavelengths did not differ significantly and thus only
results for excitation at 479 nm are discussed in the following.

8.1 spontaneous emission spectra

The emission spectra exhibit a variety of peaks in the visible spectrum
as expected for LiYF4:Pr3+ and can be seen exemplarily in Figure 18.
In case of the samples investigated in this thesis, no or neglectable
underground was observed, which points to a very low oxidation
state of the oleic acid ligands and, thus, a high quality of the samples.

Emission cross sections were obtained applying the Füchtbauer-
Ladenburg equation [118]

σem =
1

8πcn2τrad
· λ5I(λ)∫
I(λ)λdλ

. (47)

Here, c is the speed of light, n the refractive index τ the excited state
lifetime, and I the intensity of the emission. The refractive index was
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obtained from Maxwell-Garnets effective medium theory [96] and the
excited state lifetime was obtained from the measurements described
below. It is noteworthy, that the Füchtbauer-Ladenburg equation uses
approximations that are not valid in many cases. For example, the
equation works only for narrow spectra and when all lines of the
spectrum are considered. If the lines spread over a substantial spectral
range, the narrow line approximation is not fulfilled as in the present
case. Therefore, the McCumber theory [119], which relates the absorp-
tion and emission cross sections to each other, is often used as a sup-
plement to support the plausibility of the results with the Füchtbauer-
Ladenburg equation. To apply the McCumber theory, however, low-
temperature spectroscopic measurements are necessary. This type of
spectroscopy is difficult to perform with solution-processed nanoma-
terials such as the present LiYF4:Pr3+ nanocrystals because the solu-
tion freezes which changes the spectroscopic properties of the sam-
ples. Additionally, as a simple practical impediment, the respective
measurement equipment was not accessible during the period this
thesis has been created. Therefore, only the Füchtbauer-Ladenburg
equation was applied, although it should be noted that the results
may be subject to uncertainties since the respective approximations
are not completely fulfilled. The resulting emission cross sections are
depicted in Figure 25 and Figure 27.
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Figure 25: Emission cross sections of the concentration series of LiYF4:Pr3+

nanocrystals.

All these cross sections of the nanocrystals only differ by a few
percent which can be attributed to the different lifetimes (c.f. Sec-
tion 8.2.1) since the cross sections are inversely proportional to the
excited state lifetime, see Equation 47. As for the absorption cross sec-
tions, measurement inaccuracies have to be attributed to uncertainties
of the relevant parameters such as lifetime or refractive index. Since
the measured samples are nanoscaled counterparts of the bulk crys-
tals a comparison of the emission cross sections promises conclusions
on their respective differences. Therefore, emission cross sections of a
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bulk crystal.

bulk crystal being based on each of the different crystal axes (a and
c) are depicted in Figure 26.

Exemplarily, the nanocrystals of the concentration series with 1.47

at% doping concentration were compared in detail to the bulk crys-
tals of 0.65 at% doping concentration. Bulk crystals exhibit peak emis-
sion cross sections of up to 2.2 · 10−19 cm2 at an emission wavelength
of 640 nm. A similar value of 3.4 · 10−19 cm2 was obtained for the
nanocrystals, albeit at another transition, at 607 nm. At 640 nm, how-
ever, the emission cross section of the nanocrystals is comparable to
the bulk crystals.

The emission spectra show neither broadening nor spectral shifts,
which is unexpected since a comparable behavior for emission and
absorption spectra is predicted by McCumber theory [119]. However,
at the nanoscale, mainly the ions in the center of the nanocrystal,
the so-called bulk ions, contribute to the emission. In contrast, ions
at the surface of the nanocrystals experience not only the crystalline
environment but also the environment of the surrounding medium.
This results, on the one hand, in spectral broadening of these surface
ions through the local field of the surrounding medium as described
in Chapter 7. On the other hand, the surface ions interact with the
surrounding medium which causes a transition from the excited 3P0
to the lower 1D2 level via multiphonon quenching. The unbroadened
emission spectra indicate that multiphonon quenching has a greater
characteristic length scale than the local field effect which causes the
spectrally broadened absorption. Ions potentially contributing to a
broadened emission spectrum lose their energy due to multiphonon
quenching.

Further, a strong emission line was observed at 595 nm which cor-
responds to a transition from the 1D2 level and is evident in the cross
sections of the nanocrystals. Although populating the 1D2 level via
reabsorption of the 3P0 emission at 604 nm and 607 nm is in princi-
ple possible, this effect is estimated to be very weak due to the low
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Figure 27: Emission cross sections of the size series of LiYF4:Pr3+ nanocrys-
tals.

respective absorption cross sections. It thus can be inferred that, mul-
tiphonon quenching leads to a significant population of the 1D2 level.
The 1D2 level does not only emit at 595 nm but in a broad spectral
range from 570 nm to 610 nm. Within this spectral range, 3P0 emission
takes place as well, which means that the emission in this particular
range is a superposition of 1D2 and 3P0 emissions. This superposi-
tion shifts the spectral position of the peak emission cross section
from 607 nm in bulk crystals to 640 nm in the nanocrystals.

To better compare the 1D2 emission of the different samples, the rel-
evant spectral range of the cross sections is depicted in Figure 28. To
suffice the Füchtbauer-Ladenburg Equation 47 these emission cross
sections were calculated with the actual lifetime of the 1D2 level in-
stead of the lifetimes of the 3P0 level as in Figure 25 and Figure 27.
The cross sections of the 1D2 level shown in Figure 28 therefore devi-
ate from the ones included in Figure 25 and Figure 27.

The nanocrystals from the concentration series exhibit well-distin-
guishable and defined peaks while the cross sections of the size series
are less defined and distinguishable. The 1.14 at% doped nanocrystals
from the concentration series show the maximum of ≈ 0.6 ·10−19 cm2



8.2 excited state lifetime and quantum yield 61

which can again be attributed to the lifetime of this sample, see Fig-
ure 31b. The 1D2 cross sections of the size series decrease with the
size of the nanocrystals because the percentage of ions that undergo
quenching at the nanocrystal surface decreases.
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Figure 28: Cross sections of the emission originating from the 1D2 level.
These cross sections differ from those depicted in Figure 25 and
Figure 27 because, here, they were calculated with the measured
lifetimes of the 1D2 level.

8.2 excited state lifetime and quantum yield

Here, the experimental results of the excited state lifetime and quan-
tum yield measurement are presented. They were employed as im-
portant control parameters in the simulations presented in Part III of
this thesis. The results are jointly discussed since both measurements
deliver similar evidence for the decay dynamics.

8.2.1 Analysis of the Excited State Lifetime

The measured decay traces result from a superposition of three differ-
ent signals. The first one arises from the residual pump light, which
could not be properly filtered from the optical signal and has no phys-
ical meaning (c.f. Chapter 5). The second contribution is the emission
of the nanocrystals. This signal is superimposed with the third signal
which is the emission from the organic ligands. Both of these signals
are expected to have time constants about three orders of magnitude
higher than the signal of the pump signal.

The original trace was corrected by the noise at the beginning and
the end of the data. Then, a region of interest (ROI) was selected as
shown in Figure 29 to cut out insignificant data such as parts of the
baseline without signal and especially the residual pump signal. The
ROI is set by cutting the decay signal between the time stamps t1 and
t2. The initial time stamp t1 is used to cut the pump signal while
the final time stamp t2 marks the point where the signal approaches
the baseline noise. Furthermore, a moving average filter to smoothen
the data was applied to reduce the signal noise. To extract the time
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constants of the decay from the samples a bi-exponential function of
the form

y(t) = y0 + ae
−t/τ1 + be−t/τ2 (48)

was fitted to the data in the ROI. One of the exponential functions rep-
resents the decay of the organic ligands emission while the other one
represents the decay of the spontaneous emission originating from
the nanocrystals. Preliminary investigations on oleic acid showed that
the time constant of this decay is in the order of some microseconds.
From bulk crystals it is known that the excited state lifetime of the
nanocrystals may range in the order of some tens of microseconds.
Therefore, the higher time constants can be allocated to the response
of the nanocrystals.
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Figure 30: Dependence of the fit result on the initial time stamp, e.g., the
3P0 excited state lifetime for the 1.47 at% doped LiYF4:Pr3+

nanocrystals.

To ensure the independence of the obtained time constants from the
choice of fitting parameters, an extensive analysis of the influence of
the initial time stamp t1 was performed in a first step. Bi-exponential
fits were applied for a varying length of the initial time stamp. As
an example, the result for the 3P0 lifetime of the 10 nm sized sample
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with 1.47 at% doping concentration is given in Figure 30. The com-
plete results for the 3P0 and 1D2 lifetimes are depicted in Figure 56

to Figure 59, respectively, in the Appendix. Due to the presence of
the residual pump light in the decay signal it is expected that the ob-
tained time constant strongly depends on the choice of t1 within the
first microseconds. This is clearly the case for all samples. After that,
the fitted lifetimes stay constant with increasing t1. A comprehensive
investigation on the second time stamp t2 was not needed as this
time stamp was readily determinable from the noise level of the raw
data. The lifetimes were obtained by calculating the arithmetic mean
of the fitted lifetimes from 5µs to the end of the curves in Figure 56

to Figure 59, respectively. The lifetimes are summarized in Figure 31.
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Figure 31: The lifetimes of a) the upper energy level 3P0 and b) the subja-
cent 1D2 level. Note that the lifetime errors for the size series are
considerably small and, thus, not visible in the graph.

8.2.2 Analysis of the Quantum Yield

The quantum yield was obtained according to Equation 42: The ab-
sorption and emission spectra of the sample and the reference were
integrated, and the reference value was subtracted from the sample
value. Finally, the quantum yield was obtained from the ratio of these
values. For the quantum yield of the size series, a broad underground
in the emission spectra of the nanocrystals was observed during the
measurement. This underground might originate from oleic acid con-
tent, see Chapter 6. This underground could not be readily removed
from the measurement. Therefore, the real experimental quantum
yield has to be estimated to be at least 1% lower than the values
depicted in Figure 32.
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Figure 32: The quantum yields of all samples.

8.2.3 Discussion on the Decay Dynamics

The measured excited state lifetimes of the 3P0 level range between
13 µs and 18µs as evident from Figure 31a. Richter and co-workers re-
ported a lifetime of 35.7µs for bulk crystal doped with 0.65 at% [8]. In
comparison to that, the 0.7% doped nanocrystals show an experimen-
tally determined quantum yield of 3.2% and a lifetime of 15.2± 0.2µs,
which is about 40% of the excited state lifetime in bulk crystals, c.f.
Figure 31. From that, one would expect either a somewhat higher
quantum yield or a lower excited state lifetime, as high lifetimes are
associated with well suppressed nonradiative transitions resulting in
high quantum yields. In case of the nanocrystals, however, the strong
multiphonon quenching of the surface ions increases the nonradiative
rates. A nonradiative-to-radiative-rates ratio can be obtained from the
quantum yield η. The nonradiative rate is represented by 1− η. Thus,
the ratio can be estimated via (1−η)/η. From that, it can be estimated
that the nonradiative rates are around 20–50 times higher than the ra-
diative rates. The contribution of the surface ions to the spontaneous
emission from the 3P0 level is thus suppressed so that ions in the
center reveal emission properties comparable to bulk crystals. The
measured excited state lifetimes of the 1D2 level populated via mul-
tiphonon quenching are surprisingly high. For the 0.7% and 1.14%
doped nanocrystals the lifetimes of 108µs and 87µs are well com-
parable to bulk lifetimes from that level which are 101µs and 66µs,
respectively [71].
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The 1D2 lifetimes of the nanocrystals decrease exponentially with
the number of Pr3+ ions as depicted in Figure 33. To confirm that
this behavior is no size effect, a measurement of the 1D2 decay was
performed for the samples of the size series since these nanocrys-
tals are 10-20 nm big and are doped with significantly more than 50

ions per nanocrystal. The resulting lifetimes were determined to be
around 25± 2µs and showed no dependence to the size or number
of ions of the nanocrystals as inferred from Figure 33. From that, it
can be concluded that cross relaxations drive the 1D2 depopulation.
The mechanism starts with two adjacent ions which are in states (1D2,
3H4), respectively, and exchange energy so that their final states are
(1G4, 3F4), compare Figure 11 [116].

8.2.4 Estimation of Characteristic Lengths

The spectroscopic investigation of the concentration series yielded
important observations that help to estimate characteristic lengths of
the involved effects.

First, the nanocrystals experience strong multiphonon quenching
which results in a very low quantum yield of <5%. From that, the char-
acteristic length for multiphonon quenching in the present nanocrys-
tal system can be estimated to be around the half of the shortest di-
mensions of the nanocrystals which is ∼3-4 nm.

Second, there is a strong spectral broadening in the absorption but
none in the emission. From that, it can be infered that ions with spec-
trally broadened emission undergo multiphonon quenching. Follow-
ingly, the penetration depth of the local field into the nanocrystals is
smaller than 3 nm.

In the next part of this thesis, it will turn out that the characteristic
length estimation for multiphonon quenching is quite accurate.





Part III

N U M E R I C S

In this part, a versatile modeling and simulation approach
is presented that is able to reliably predict the excited
state lifetimes and quantum yield of lanthanide-doped
nanocrystals, here LiYF4:Pr3+. The model parameters were
fitted to the experimental results of the concentration se-
ries presented and characterized in the previous parts.
These parameters were employed to predict the experi-
mental data of the size series with a maximum uncer-
tainty of 12.6%. This numerical model is a powerful tool

for understanding, predicting, and optimizing lanthanide-
doped nanocrystals regarding their emission dynamics.
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In this chapter, the numerical model to understand and predict the
spontaneous emission dynamics of lanthanide-doped nanocrystals is
described. The most striking difference between the approach pre-
sented in this thesis and previously existing approaches is the spatial
resolution of the presented approach that is achieved by transitioning
from averaging rates to individual probabilities. The present chapter
describes how to achieve this transition and concludes with technical
information on the implementation of the approach and necessary
computational resources.

9.1 the numerical approach

In the past, nanocrystal researchers already started to complement
their experimental investigations with numerical simulations to gain
deeper insights in the underlying dynamics. Most prominently, this
has been the case for upconverting nanocrystals that allow for non-
linear excitation of anti-Stokes emission by co-doping [110, 120–124],
modeled in terms of a set of differential rate equations. This approach
is widely used to model lasers [3, 47] and was iteratively improved
to model nanocrystals. However, these simulations reach their limits
at nanoscopic scales, which restricts them to a complementary role in
nanocrystal research. Here, this limitation was addressed by employ-
ing a Monte Carlo approach which is depicted in the flow chart in
Figure 34. It follows the subsequent steps:

At the start, the ions are randomly distributed within a nanocrystal
of a given dimension. For this purpose, a database is created that con-
tains one entry for every given ion. In this entry, the position of the

69
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ion is stored as a three-dimensional coordinate. The ions are assigned
one unit cell and one a unit cell is doped it cannot be assigned an-
other ion. Each ion is assigned a flag for every involved process and
initialize the flags as zero.

Next, excitation is randomly distributed within the available ions.
To achieve this, the excitation flag of randomly chosen ions is set to
one. The maximum excitation density is set to 50% which allows to
neglect net amplification effects. After calculating the process rates,
the probability for each process to occur is determined. This is based
on probability theory considerations (see Section 9.2.4 for details).

Calculate Process 
Rates & Probabilities

Yes

No

Random Distribution

1) Ions 2) Exc.

PEm PMPQ PET PCR1 PCR2

For all
ions

Current
Excitation 
Distribution

+ Timestep

Update

All ions
depleted?

0 1...

Figure 34: Flow chart of the Monte Carlo approach detailed in the main
text. After randomly distributing the ions and the excitation en-
ergy the decision which process will occur is made for every ion
based on probabilities and repeat this for as many timesteps as
necessary to deplete all ions.

The main part determines the process that will occur. For every ion,
first, the process rates are calculated and with that the probability for
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every process. Next, one random variable between zero and one is
generated and compared to the process probabilities to decide what
happens. In the case of spontaneous emission, the excitation flag of
the current ion is set to zero meaning that this excitation left the
nanocrystal as a photon. For energy transfer, the flag of the current
ion is set to zero and the flag of the respective adjacent ion to one. The
levels involved in cross-relaxation, 1G4 and 3H6, are known to exhibit
lifetimes in the range of several milliseconds [71, 72, 125]. Since these
lifetimes exceed the typical simulation window of around 300µs (≈
10τBulk) by around one order of magnitude, the energy is considered
to be trapped in these levels during the further simulation. Respective
ions are excluded from interaction with other ions or the surrounding
medium. However, the situation is different for processes that involve
the 1D2 level. As has been shown in Part II, emission from this level
plays a special role in the spectroscopy of LiYF4:Pr3+ nanocrystals.
Therefore, spontaneous emission from that level was implemented in
the numerical model.

Once the processes have been chosen for every ion the process flags
are stored as part of the process statistics for later post-processing.
A timestep of 20ns is added which was considered a good trade-
off between time consumption for the simulations and considerable
changes of the probabilities. Then, the process restarts for the up-
dated excitation distribution until all ions are depleted. The process
statistics and spatial information of the decay dynamics are returned.

9.2 from rates to probabilities

Every individual ion is assigned a rate for each possible process
whose mathematical foundations were already summarized in Chap-
ter 3. From these rates the process probabilities have to be calculated.
The relevant details are presented subsequently.

9.2.1 Rates

The emission of photons occurs spontaneously and can be described
by the Einstein coefficient A which is the inverse of the excited state
lifetime τ of a single ion in the nanocrystalline matrix. Spontaneous
emission can be expressed as rate RSpEm by

RSpEm = −A · t (49)

which depends on the time t. Followingly, local field effects have to be
taken into account since the surrounding medium affects the lifetime
[96, 126, 127].

Lanthanide ions exchange energy either via electron exchange or
through dipole-dipole interaction. These processes were described by
Dexter and Föster [90, 91], respectively, and take place on different
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length scales. While electron exchange occurs in the sub-nanometer
range (typ. < 20Å) the dipole-dipole interaction can cover some na-
nometers (typ. < 10nm). Therefore, Dexter energy transfer (DET) is
referred to as energy migration and Förster energy transfer (FET) as
energy hopping [128, 129]. The rate of the Dexter energy transfer

RDET =
1

τ
exp [γ · (1− r

r0
)], (50)

with γ = 2r0/L and L being the effective Bohr radius. The rate of the
Förster energy transfer is

RFET =
1

τ
·
d60
d6

, (51)

with the distances r (Dexter) and d (Förster) between donor and ac-
ceptor. Both processes depend on the excited state lifetime and a cha-
racteristic length of r0 (Dexter) or d0 (Förster) [90, 91, 130]. These
two lengths are defined as follows: For the so-called Dexter radius,
the energy transfer rate is equal to the rate for spontaneous emission.
For the Förster distance, the energy transfer rate is 50% of the rate
for spontaneous emission (c.f. Figure 13 in Section 4.3). Both charac-
teristic lengths depend on spectral overlap of the energy donor and
acceptor. The spectra relevant to this thesis are depicted in Figure 35.
In the case of LiYF4:Pr3+, the energy donor is a Praseodymium ion in
the upper-level 3P0 and the energy acceptor is a Praseodymium ion
in the ground level 3H4. Accordingly, two ions in levels (3P0, 3H4)
enter levels (3H4, 3P0), see Figure 35a. Since the sum of energy in the
3P0 level does not change through this energy transfer it is considered
energy-conserving.

3%11%53%

A
b

so
rp

ti
on

E
m

is
si

on

900 1100625575
~~

3P0

3H4

~~
450 500

Wavelength (nm)

3P0

3H4

1D2

3H6

1G4

3P0

3H4

a) b) c)

Figure 35: Representation of energytransfer (a) and cross-relaxations (b and
c) considered in the model in the energy level diagram and their
respective spectral overlap. NIR spectra were kindly provided by
Leibniz Institut für Kristallzüchtung in Berlin.
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Energy transfer between ions with complex energy level schemes
can include intermediate energy levels resulting in well-known up-
conversion or cross-relaxation (c.f. Chapter 4). In the case of LiYF4:Pr3+,
two cross-relaxation processes are prominent and involve two ions in
levels (3P0, 3H4) that either enter the levels (3H6, 1D2) or (1G4, 1G4)
(compare Figure 35b and c) [69, 131]. Even though this process con-
serves the sum of the excitation energy in the nanocrystal, it is consid-
ered lossy, as it depopulates the upper 3P0 level. The energy transfer
rates only differ by the spectral overlap of the involved transitions.
Therefore, the characteristic lengths for the lossy cross-relaxations
and conserving energy transfer can be related to each other by a ratio
of the spectral overlap, see Section 9.2.2 for a detailed mathematical
description.

Besides spontaneous emission and cross-relaxations, multiphonon
quenching can depopulate the upper 3P0 level and populate the ad-
jacent 1D2 level. Although this process is highly unlikely in bulk
crystals, as the low phonon energy of 480 cm−1 requires at least 7

phonons. This process gains relevance in the case of nanocrystals be-
cause they are dispersed in organic solvents, which exhibit higher
phonon energies, leading to lower-order multiphonon interaction. In
this thesis, the nanocrystals were dispersed in toluene with oleic acid
as ligand system that both accept vibrational energies of the C-H
bonds of up to ca. 3000 cm−1 [132]. The energy difference between
the 3P0 and 1D2 lies in that same order of magnitude consequently
allowing for a single phonon transition. As already discussed in Part
II, LiYF4:Pr3+ nanocrystals thus exhibit an additional emission line
at 595 nm originating from the 1D2 level populated via the efficient
multiphonon quenching pathway.

Multiphonon quenching is also a form of Förster energy trans-
fer with the organic solvent acting as energy acceptor [106]. Conse-
quently, multiphonon quenching, as an energy transfer mechanism,
depends on a characteristic length mainly determined by the spectral
overlap of the involved transitions. This length can in principle be
calculated, but the single input parameters such as the dipole orienta-
tion strongly depend on the experimental conditions and are not read-
ily accessible[101]. As these conditions are unknown, simple calcula-
tions to obtain the characteristic lengths are not possible. In this the-
sis, the characteristic lengths were obtained by comparison between
experimentally and numerically determined excited state lifetimes.
The lifetime acts as the main control parameter which in principle
is sufficient but here, the measurement uncertainty of the quantum
yield was much higher than the respective uncertainty of the lifetimes.
Therefore, the quantum yield was only employed as additional con-
trol parameter to provide a simple cross check.
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9.2.2 Spectral Overlap

According to Equation 29,Equation 30, and Equation 34, the ratio be-
tween the characteristic length scales of energy migration and cross
relaxation can be determined from the spectral overlap between the
interacting ions. Therefore, the absorption and emission spectra of the
relevant transitions have to be measured. These spectra are depicted
in Figure 35. For the cross relaxation mechanisms, from all possible
mechanisms two were taken into account [131, 133, 134] whose spec-
troscopic data were experimentally available. The respective wave-
length range can be estimated from the energy levels between the in-
volved states. Therefore, absorption and emission spectra in the blue
spectral region are needed for the energy migration and in the red
region for the cross relaxation.

The spectra were recorded using different spectrometers such as de-
scribed in Chapter 7 and Chapter 8 but also USB-spectrometers were
used especially for the emission spectra. A bulk crystal with 0.5 at%
doping concentration served as sample for these measurements.

To determine the spectral overlap the peaks actually involved in the
respective transfer mechanism were selected and the spectrum was
cut to this particular region of interest. The number of peaks in the
measured spectrum was determined and then a respective number of
functions were fitted to the data. Pseudo-Voigt profiles served as fit
functions to account for all broadening mechanisms, c.f. Section 7.2.1.
The fit was accepted if its integral did not deviate more than 0.5 %
from the measured curve integral.

The fits of every absorption band were normalized on the photon
energy scale so that the integral of the curve is one [91, 130]. From this
data, the percental overlap was determined to be 53 %, 11 %, and 3 %
for the blue, the red, and the infrared spectral range, respectively. The
spectra and the overlap are depicted in Figure 35. on the wavelength
scale.

9.2.3 Relationship Between Energy Migration/Hopping and the Cross-Re-
laxations

For the Dexter processes, Equation 34 and Equation 30 were used to
obtain

r ′0
r0

=
ln J ′

ln J
. (52)

In this equation, r0 and r ′0 are the characteristic lengths, J and J ′

the spectral overlap of the Dexter-process driven energy transfer and
cross-relaxations, respectively.
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For the Förster processes, Equation 29 was used and it is evident
that d60 ∝ J and thus

d ′
0

d0
=

6
√
J ′

6
√
J

. (53)

The ratios in Equations Equation 52 and Equation 53 were used
in the simulations to express the characteristic lengths of the cross-
relaxations through the characteristic length of the energy migration
and hopping, respectively.

9.2.4 Process Probabilities

The process probabilities for one ion were calculated from the respec-
tive rates Ri considering basic probability theory. There are six dif-
ferent events that are independent. These events are enumerated 1-6.
Additionally, there is the probability that nothing happens. First, the
probability for event i to occur is calculated in the time interval [0, ∆t]
while another event is still possible:

Pevent i occurs in[0,∆t] =

∫∆t

0

Riexp(−Ri · t)dt

= 1− exp(−Ri ·∆t). (54)

Next, the probability for event i to occur is calculated within the
above mentioned time interval but no further event n, n ̸= i occurs
within this interval:

Pi occurs, others don’t =

∫∆t

0

Riexp(−Ri · t)
6∏

n=1
n ̸=i

exp(−Rn · t)dt. (55)

Here, exp(−Rn · t) is the probability that event n does not occur (c.f.
Equation 54):

1− Pevent n occurs in[0,∆t] = exp(−Rn ·∆t). (56)

From that, Equation 55 can be reformulated:

Pi occurs, others don’t = Ri

∫∆t

0

exp(−

(
6∑

n=1

Rn

)
t)dt

=
Ri∑6

m=1 Rn
(1− exp(−

(
6∑

n=1

Rn

)
∆t). (57)

Since only one of the events is possible the probabilities must sum
up to unity. Therefore, the probability that nothing happens

P̄ = 1− (P1 + ... + P6), (58)
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with

P1 + ... + P6 =

6∑
i=1

Ri∑6
n=1 Rn

(1− exp(−

(
6∑

n=1

Rn

)
∆t)

= 1− exp(−

(
6∑

n=1

Rn

)
∆t)

= 1−

6∏
n=1

exp(−Rn∆t) (59)

and therefore P̄ becomes

P̄ =

6∏
n=1

exp(−Rn∆t). (60)

Additional events can be accounted for by extending the number
of processes in the sums and products.

9.3 software and computation

The previously presented numerical model was implemented and
used to simulate the excitation dynamics of LiYF4:Pr3+ nanocrystals.
In this section the implementation details and the resources that were
used for the computation are described.

9.3.1 Implementation

The model has been implemented in Python 3. The program only
needs the NumPy module (version > 1.18.4) for operation. NumPy
is considered the fundamental package for scientific computing. Re-
garding the program, the random library provided by NumPy plays
a prominent role since it provides the random numbers.

Generating true random variables is a complex task which can only
be accomplished using physical experiments [135, 136]. In numeric in-
vestigations it is sufficient to generate pseudo-random numbers. Se-
quences from such generators are calculated using deterministic algo-
rithms and thus can be repeated. In the present implementation the
pseudo-random number generator is provided by the Python pack-
age NumPy.

Random variables generated with NumPy in Python are repre-
sented in floating-point arithmetic. This representation causes a round-
off of any considered number, and introduces an error that is referred
to as truncation error. Specifically, NumPy uses double precision type
floating-point numbers, which are reliable up to 15–16 decimal places.
The resulting loss in precision leads to the notion of a finite machine
precision, which, in the given situation, is on the order of 10−16. In the
simulations, this loss of precision affects all floating-point numbers
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likewise. Consequently, random variables and probabilities underlie
the same precision which was considered sufficient.

The model was implemented into a highly modular program. It can
be readily extended to account for additional mechanisms or different
geometries. To properly distribute the ions in the bi-pyramidal geom-
etry of the LiYF4:Pr3+ nanocrystals the spatial library provided by
the SciPy module (version >0.12.0) was employed. The SciPy module
offers a collection of mathematical algorithms and convenience func-
tions for scientific computing which are built on the NumPy module.

9.3.2 Computational Resources

The simulations were run on a scientific computing cluster with 80

nodes provided by the Leibniz University IT Services (LUIS). Each
node consisted of two Intel Cascade Lake Xeon Gold 6230N 2.3 GHz
CPUs with 20 cores per CPU (40 cores per node, 3200 cores in total).
A total memory of 192 GB was available per node. Total storage of
100 GB was available and necessary since files containing the process
statistics easily exceeded 10 GB for one sample. The cluster is man-
aged through the SLURM workload manager [137]. The respective
jobscripts were generated automatically using Python 3 and included
information on the computing resources, the necessary software, and
the parameters relevant to the simulation. To make use of all available
computing resources the simulations were parallelized. While simu-
lations with <50 Ions and N=100 repetitions took only 5-10 minutes
per task more costly simulations with > 1k ions and N=10k took more
than 24 hours.
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The characteristic lengths are crucial parameters to the simulations
because they determine the rates and probability for the different
Dexter and Förster processes. The determination of these lengths was
a time consuming and complex task presented in this chapter.

10.1 statistics

Before determining the characteristic lengths, the nanocrystals of the
concentration series were simulated with arbitrary parameters and
multiple simulations were run to determine the statistical deviation.
The standard deviation σ was calculated by

σ =

√√√√ 1

N

N∑
i=0

(τi − τ̄)2, (61)

where τ̄ is the average simulated lifetime and τi the ith simulated
lifetime from a finite data set of N simulation runs.
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In Figure 36, the standard deviations of the simulated excited state
lifetimes is depicted for an increasing number of simulations. The de-
picted relation matches the expected 1/

√
N trend: For a total of N=100

simulations, the standard deviation amounts to 20 to 40% depending
on the sample. For N=1000 simulations, this deviation decreases to
10 to 15% and finally to 2 to 3% for N=10 000.

10.2 parameter search

To obtain the characteristic lengths, the respective three-dimensional
parameter space was scanned in an iterative approach as depicted in
Figure 37. First, the parameter space was scanned with N=100 sim-
ulations and broad parameter ranges of (0.1− 8nm, 2− 20Å, 0.1−
11nm) at a scanning resolution of (1nm, 2Å, 1nm) for multiphonon
quenching (MPQ), Dexter energy transfer (DET), and Förster energy
transfer (FET), respectively. To gradually narrow down this parame-
ter space, both, the number of simulations and the resolution of the
parameters were iteratively increased (see Figure 37).

In this way, more precise results could be obtained as the actual
parameters were approached.

d
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Figure 37: Graphical representation of the parameter search: To find the pa-
rameters in the three-dimensional parameter space an iterative
algorithm was applied that increases resolution and numerical
certainty at the cost of a broader scanning range.

To extract information from the parameter scans, the simulated life-
times were averaged in two dimensions of the parameter space for all
four samples of the concentration series and the result was plotted
as a function of the remaining parameter. To further narrow down
the relevant parameter space the averaging window was iteratively
reduced in the two dimensions. This procedure was limited by sim-
ulation accuracy and resolution of the parameter steps. For the first
scan, a polynomial of 6th order as well as an exponential function
were fitted to the numerical results of the Förster and Dexter energy
transfer-related processes, respectively, see Figure 38.
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tainty at the cost of a broader scanning range. The indicated 30 %
represent the expected standard deviation of the simulated data
and limit the accepted parameter range.

This served as a first cross-check for the validity of the simulations
because these analytical functions govern the respective processes.
For the first iteration, those parameters which deviated around ±30%
from the average measured values (c.f. Figure 36) were chosen.

For the second scan, N=1000 independent instances were analyzed
with a resolution of 0.5nm, 1Å, 0.5nm for multiphonon quenching,
Dexter and Förster energy transfer, respectively. The results correlate
linearly, consequently, linear functions were fitted to the data which
yielded coefficients of determination close to one indicating an excel-
lent fit quality, see Figure 39.
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Figure 39: Graphical representation of the parameter search: To find the pa-
rameters in the three-dimensional parameter space, we applied
an iterative algorithm that increases resolution and numerical cer-
tainty at the cost of a broader scanning range. The indicated 15 %
represent the expected standard deviation of the simulated data
and limit the accepted parameter range.

To determine the first set of the characteristic lengths, the inter-
section between the linear functions and the averaged value from
the measurement were calculated. For improved accuracy, parame-
ters that deviated only around ±15% from the average measured ex-
cited state lifetime were simulated. From this last parameter scan, the
characteristic lengths were identified to be 3nm, 6Å, 4.5nm for mul-
tiphonon quenching, Dexter, and Förster energy transfer, respectively,
see Figure 40.



10.2 parameter search 83

Si
m

u
la

te
d

 L
if

et
im

e 
(µ

s)

r0 = 6 Å

3%

5 6 7
14

16

18

20

Characteristic Length DET (Å)

3%

d0,ET = 4.45 nm

R2 = 0.8789

4.0 4.25 4.5 4.75 5.0

14

16

18

20

Characteristic Length FET (nm)

d0,MPQ = 2.92 nm

R2 = 0.997

3%

2.5 2.75 3.0 3.25 3.5
12

16

14

18

20

22

Characteristic Length MPQ (nm)
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an iterative algorithm that increases resolution and numerical cer-
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The characteristic lengths were obtained by including the measured
excited state lifetime of the 1D2 level in the simulations. However,
having to include this level constitutes a disadvantages because the
1D2 lifetime needs to be known prior to any simulation thus prevent-
ing predictions of unknown nanocrystals with the presented numeri-
cal approach. To check for the potential to further simplify the energy
level scheme and enable predictions with the numerical approach the
last parameter scan was repeated with different 1D2 lifetimes, see Fig-
ure 41. Finally, parameters were obtained that deviated by less than
7% from the initial scan by neglecting emission from the 1D2 level.
Consequently, the simulations were continued with this less complex
model.
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and the blue lines constitute different approximations. Each pos-
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10.3 plausibility

In Section 8.2.4, a characteristic lengths of ∼ 3− 4nm was estimated
for multiphonon quenching from the spectroscopic results. With the
numerically determined characteristic length of 3nm the experimen-
tal estimate turned out surprisingly accurate and the spectroscopic
result serves as a first plausibility check.
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Figure 42: Comparison of the experimental figure-of-merit with the simu-
lated results obtained with the parameters from the characteristic
length determination. Note, that the markers represent the sam-
ples of the concentration series.

As a second check, the samples of the concentration series were
simulated with the identified characteristic lengths, and it was found
that the numerical results match the experimental value extraordinar-
ily well. As evident from Figure 42, the maximum deviation of simula-
tion and measurement amounts to only 10%, taking into account the
numerical and experimental errors of the excited state lifetime. For
the quantum yield, this deviation can not be determined accurately
due to the large experimental measurement error.
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Overall, the chosen numerical approach and the determined char-
acteristic lengths seem to describe the excitation dynamics of the
nanocrystals. For further verification, the samples of the size series
were employed, as described in the next chapter.





11
P R E D I C T I N G T H E E X C I TAT I O N D Y N A M I C S

Contents
11.1 Prediction of the Size Series . . . . . . . . . . . . . 87

11.2 Process statistics . . . . . . . . . . . . . . . . . . . . 88

Since the samples of the size series were not involved in the pa-
rameter search they are suitable to independently verify whether the
numerical approach and the characteristic lengths can describe and,
more importantly, predict the excitation dynamics in the nanocrystals.
Therefore, the characteristic length were used to simulate the excita-
tion dynamics of the size series. The results of these simulations are
presented in the present chapter.

11.1 prediction of the size series

The simulations of the size series yielded that the excited state life-
times were predictable with a maximum deviation of only 12.6%.
These samples were not involved in determining the characteristic
lengths. Furthermore, the ion density of these samples is one or-
der of magnitude higher than in the concentration series. It can be
concluded that these simulations verify and validate the numerical
model.
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Figure 43: Measured and simulated lifetime and quantum yield of the size
series. The numerical model predicts the spectroscopic perfor-
mance of these samples.

Below ion densities of 8.5 ions per nm3, the simulation and mea-
surement agree within the respective uncertainties, see Figure 43.
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Above this value, the deviation increases. Interestingly, the deviations
increase with the size of the nanocrystals indicating that the model be-
comes less accurate for larger nanocrystals with a doping concentra-
tion of 5 at%. On one hand, this could result from the simplifications
introduced within the numerical model. For example, the determined
characteristic lengths might underlie inaccuracies if the considered
cross relaxations need to compensate for the cross relaxations that
were not considered in the model. Furthermore, the model traps en-
ergy that is quenched via cross relaxations although it might return
to the dynamics via upconversion processes. On the other hand, the
decreasing agreement of experiment and simulation with increasing
nanocrystal size could result from the slight size mismatch of the
Pr3+ ions that occupy the site of an Y3+ ion in the nanocrystals. This
mismatch might result in distortions and defects within the nanocrys-
tal that lead to the observed deviations. Altogether, one has to keep
in mind that the simulated dynamics do not necessarily constitute
the actual dynamics within the nanocrystals. However, the simulated
dynamics constitute a model that is able to return the correct control
parameters, namely the lifetime and quantum yield. Since the experi-
mentally and numerically obtained lifetime deviates by only ≈ 1.5µs
for 5 at% doped nanocrystals of 21 nm size the mismatch between ex-
periment and simulation might be acceptable for most applications.

For the quantum yield of the size series, the broad underground in
the emission spectra of the nanonanocrystals originating from oleic
acid content could not be readily removed from the measurement.
Therefore, the real experimental quantum yield is estimated to be
at least 1% lower than the values depicted in Figure 43. Due to the
comparatively large experimental error, the true deviation is difficult
to determine as described in Section 10.3.

11.2 process statistics

To gain a deeper insight into the excitation dynamics inside the na-
nocrystals the process statistics were analyzed. Interestingly, those
processes dominating the excitation dynamics start at a high level
and drastically decrease within the first microsecond, see Figure 60

to Figure 68 in the Appendix.
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Figure 44: The process statistics of all samples exhibit that multiphonon
quenching decreases with the nanocrystal size, and concentration
quenching drastically limits the performance of the nanocrystals.

However, the relative process maxima vary for the different sam-
ples as depicted in Figure 44. The multiphonon quenching shows a
maximum of around 10% for low ion densities and decreases with
higher ion density. This is plausible since the nanocrystal volume
increases and approaches bulk-like situations in which the surface-
to-bulk-ion ratio decreases and thus reduces the relevance of multi-
phonon quenching to the surrounding medium. While hopping pro-
cesses are negligible with relative process maximums well below 1%,
the migration processes strongly influence the dynamics. Migrating
energy transfer decreases with the ion density at the cost of an in-
crease in migrating cross-relaxation. This is comprehensible as con-
centration quenching is known to increase for high doping concentra-
tions [7]. Furthermore, the decrease in the multiphonon quenching
coincides with the decrease in the migrating energy transfer. It can be
inferred that energy migrates to the surface of the nanocrystals where
the quenching occurs. This process loses relevance with increasing
ion density as concentration quenching becomes more dominant.
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The previous chapter demonstrated that the numerical approach
can be employed to predict the excitation dynamics of the nanocrys-
tals. This finding implies that optimization of lanthanide nanocrystals
can be done numerically without the time consuming and resource
consuming synthesis of nanocrystals necessary for an experimental
approach. To showcase that, the results of a simple optimization ap-
proach are presented in this chapter.

12.1 simulation of core-shell nanocrystals

To demonstrate the numerical optimization potential, all nanocrys-
tal samples were simulated with an inert shell, see Figure 45a. This
numerical optimization step is only possible because the presented
modeling approach accounts for the spatial distribution enabling to
simulate the underlying surface effects in contrast to previous numer-
ical approaches based on rate equations [58, 138]. Based on simple
estimations, it is evident that the efficiency of the dipole-dipole inter-
action decreases to 1.5% if the distance between the energy donor and
acceptor is twice the characteristic length, see Figure 13 and Equa-
tion 51. Therefore, a shell thickness of 6 nm was chosen since it is
twice the characteristic length the parameter search revealed.

Figure 45b depicts the measured lifetimes and quantum yields of
the synthesized samples and the respective simulated results of the
numerically optimized nanocrystals (red-to-blue color coded bipyra-
mmids with border). The undoped shell led to a drastic increase in
the excited state lifetime. The lifetime of the concentration and size
series increased by 32% and 44%, respectively, with a maximum of
above 20µs. On the other hand, the quantum yield increases to a
maximum of 6%. This is only one percentage point above the mea-
surement uncertainty of the setup used in this thesis but constitutes
an increase factor of 3 compared to the value obtained without shell.
Furthermore, the increase of the quantum yield strongly depends on
the ion density and becomes vanishingly small at densities above one
ion per nm3, see Figure 45b. Altogether, there is no trend observable
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Figure 45: a) Schematic of the core-shell nanocrystals with a shell thickness
of 6nm. b) The shell (red-to-blue color-coded bipyramids with
border) drastically increases the excited state lifetime by a max-
imum of 44 % and also improves the quantum yield by 3.5 per-
centage points. c) The shell suppresses multi-phonon quenching.
The performance of such nanocrystals is limited through concen-
tration quenching.

in the results. This emphasizes the complex nature of the excitation
dynamics in lanthanide-doped nanocrystals and highlights that un-
derstanding the behavior of the nanocrystals through interpolation
of experimental data is not readily possible.

12.2 process statistics

Again, the process statistics were analyzed to gain deeper insights
into the underlying physics. As in the case of the core-only nanocrys-
tals, the processes dominating the excitation dynamics start at a high
level and drastically decrease within the first microsecond (see Fig-
ure 69 to Figure 77 in the Appendix). Again, the relative process max-
ima vary for the different samples as depicted in Figure 45c. The
shell reduces multiphonon quenching by a factor of approximately
5. It can be inferred that this reduction allows for the higher simu-
lated excited state lifetimes [34, 109–113]. Since the further processes
show no significant deviation from the core-only nanocrystals it can
be furthermore inferred that in core-shell nanocrystals concentration
quenching based on the Dexter transfer is the limiting process and
prevents higher quantum yields.
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12.3 resource-related potential

It is trivial that simulations save resources. However, in the case of
lanthanide nanocrystals the resource-related saving potential is enor-
mous because approaching the strategy of experimentally adding a
shell around lanthanide nanocrystals includes:

1. Synthesis of the core nanocrystals and growing the shell,

2. structural characterization (TEM, EDX, XRD, etc.), and

3. optical characterization (lifetimes and quantum yield).

This effort can now be replaced by the simulations and allows to save
aforementioned resources.

Additionally, the necessary experimental effort is optimistically es-
timated to consume at least one person-month (20 days à 8 h; 160

h) plus operating costs for the synthesis and characterization instru-
ments. In contrast, the numerical approach took 2 hours at maximum
to start the simulations and another 6 hours at maximum for analysis
resulting in a time saving of more than 95 % compared to the exper-
imental approach. The simulations themselves took approximately
48 hours, however, no human interaction was necessary during this
period. Indeed, a high-end computing cluster was used but these sim-
ulations could also run on a personal computer.

Altogether, this highlights the potential the presented simulations
to save resources and their relevance to the field of nanocrystal syn-
thesis.





Part IV

C O N C L U S I O N





13
F U T U R E P R O S P E C T

Contents
13.1 Spatial Decay Dynamics . . . . . . . . . . . . . . . . 97

13.2 Intelligent Optimization . . . . . . . . . . . . . . . . 98

13.3 Prospect on Potential Application of Optimized
Nanocrystals in Photonics . . . . . . . . . . . . . . 100

The ability of the numerical approach to track the spatial dynam-
ics within the nanocrystals will for example allow to research effects
that currently cannot be investigated experimentally. Another promis-
ing direction is to numerically optimize LiYF4:Pr3+ nanocrystals and
transfer these nanocrystals into application. Such potential fields of
application are presented in this chapter as well, and a special focus
lies on applications that were already investigated during the creation
of this thesis.

13.1 spatial decay dynamics

The presented simulation approach enables the spatiotemporal anal-
ysis of the dynamics within nanocrystals and, thus, can open up new
research topics. To highlight this advantage, single core-only as well
as core-shell nanocrystals were simulated and the average distance of
the excitation energy from the center of the nanocrystals was calcu-
lated, see Figure 46.

Independent of the structural characteristics, energy seems to move
toward the surface of the nanocrystals, even in the case of core-shell
structures. This is indeed an interesting observation, but it has to be
kept in mind that these results only depict the spatial energy move-
ment in one single nanocrystal.

Nonetheless, it is noteworthy that some of the nanocrystals exhibit
oscillations of the average energy position, see the insets in Figure 46.
These oscillations point towards a special type of energy trapping
where energy transfer occurs so fast that no competing loss mecha-
nism can extract the energy from the nanocrystal. These oscillations
were observed only for nanocrystals from the concentration series
and, therein, only for the two samples with the lowest number of
ions. The longest continuous oscillation lasted for about 1µs (6% of
the lifetime) and took place between 1nm and 2nm from the cen-
ter of the respective nanocrystal. However, a series of short-timed
oscillations (ca. 300ns, 1.5% of the lifetime) that were interrupted
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Figure 46: Spatial analysis of single nanocrystals consisting of core-only
(left) and core-shell (right): Energy tends to move towards the
particle surface and that some ion pairs seem to act as oscillating
energy traps.

by periods of stagnation at one position was also observed within
one nanocrystal. This whole series lasted about 35µs and took place
about 3.5nm from the center of the nanocrystal. Remarkably, the en-
ergy has been trapped in this individual nanocrystal for more then
twice the lifetime determined in the experiments and simulations. It
can be speculated that such an effect can be exploited to drastically
increase the spontaneous emission lifetime or to store information
within nanocrystals.

To draw more detailed conclusions multiple simulations and an in-
depth analysis are required. Both will be performed in future works.
At the same time, the experimental demonstration of these effects
poses a great challenge since the motion of the energy needs to be
spatially tracked on a sub-nanoscale. This could be achieved by com-
bining atomic resolution electron tomography [139] with real-time
single photon detection [140].

13.2 intelligent optimization

Apart from that, Monte Carlo approaches will allow for further inves-
tigations on the excitation dynamics within nanocrystals. During the
time this thesis was written, first manuscripts were published that em-
ployed Monte Carlo approaches, e.g., for enhancement of the upcon-
version emission of NaYF4:Er3+,Yb3+ nanocrystals [141], to prevent
quenching in LiYF4:Yb3+ nanocrystals [67], or to investigate the influ-
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ence of different quenching mechanisms in K2TiF6:Mn4+ phosphors
[142].

One obvious application of the Monte Carlo approach presented
in this work is to numerically optimize lanthanide nanocrystals. The
most simple nanocrystal optimization approach would be an iterative
scanning approach, comparable to the parameter search presented in
Chapter 10. In this case, the parameters to be optimized, e.g., doping
concentration, core geometry, and shell thickness, would be employed
as parameter space and simulations for every parameter triple need
to be run. The experiences drawn during the present thesis show that
such a procedure is extremely time-consuming.

Therefore, intelligent optimization approaches could be highly fa-
vorable. One promising strategy is called Bayesian optimization which
is a probabilistic, model-based approach for finding the global opti-
mum, e.g. maximum or minimum, of black-box functions. It consists
of four components as sketched in Figure 47 (i) the black-box function,
(ii) the surrogate model, (iii) the acquisition function, and (iv) an opti-
mizer. The black-box function refers to the target function that needs
to be optimized. This function is typically unknown or expensive-to-
evaluate. The surrogate model is typically a Gaussian Process that
approximates the black-box function as a multivariate Gaussian dis-
tribution. A Gaussian Process models the black-box function as a
collection of random variables with a mean and covariance function
determined by the available observations. The mean and covariance
function together form a probabilistic model of the black-box function
that can be used to predict unobserved points. The acquisition func-
tion balances exploration and exploitation by guiding the selection of
the next evaluation point. One often-used acquisition function is the
so-called expected improvement which is a measure of the expected
increase in the target function compared to the current best value.
The optimizer is used to maximize the acquisition function to deter-
mine the next evaluation point. Once the global optimum is found
or a pre-defined stopping criterion is met the optimization process
stops.

Blackbox
Acquisition

Function

Surro
gate

Proposes new 
location

No

Yes
Maximized?

Figure 47: Flow chart of a Bayesian optimization algorithm.
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Since Bayesian optimization can find the global maximum of a un-
known function, it is particularly interesting for the maximization of
the lifetime and quantum yield of LiYF4:Pr3+ nanocrystals. In the
case of the excitation dynamics simulations, the numerical approach
presented in this thesis will be assigned to generate observed points
that serve to explore the black-box function. The optimization pro-
cess can reveal optimal parameters for doping concentration, core
size, and shell thickness. Such optimization process might lead to
completely new nanocrystal designs. This approach will be pursued
further in future works.

13.3 prospect on potential application of optimized na-
nocrystals in photonics

Praseodymium-doped nanocrystals with high excited state lifetimes
and quantum yields are predestined for several applications. To give
a further outlook, these applications will be highlighted and supple-
mented in this section.

Bulk crystals of LiYF4:Pr3+ are well-known for efficient lasing in
the visible spectral range but can be only implemented in alignment-
prone free-space resonators. Nanocrystals, on the other hand, have
the potential to be applied in arbitrary forms. For example, com-
bining nanocrystals with polymers of optical quality such as PMMA
might yield novel opportunities in combination with additive manu-
facturing, especially, since common laser-active dopants for polymers
such as Rhodamine B show extensive bleaching and need high pump
energies as was demonstrated in [20]. Since the maximum amount of
nanocrystals in such polymer is limited to 0.5wt% the requirements
for the efficiency of the nanocrystals is very high [40].

Another interesting host medium for a composite laser is fused sil-
ica glass since a LiYF4:Pr3+ nanocrystal doped optical fiber would
allow for a rugged and flexible visible fiber laser that is compatible to
standard fiber components [6, 143]. However, doping LiYF4 nanocrys-
tals into such glass is a big challenge because fused silica is manufac-
tured at temperatures around 2000 ◦C while LiYF4 melts at 850 ◦C

and will diffuse due to the high temperatures during preform manu-
facturing. This could be circumvented by filling capillary fibers with
a dispersion consisting the nanocrystals. This approach is currently
explored using CdSe/CdS core/crown nanoplatelets [37].

Optimized lanthanide nanocrystals also find application in nan-
othermometry that uses two thermally coupled energy levels in lan-
thanide ions to measure temperature via ratiometry of the respective
emission lines. This measurement principle has been applied to dif-
ferent sensing concepts. For example, a sensor based on a polymer
fiber was demonstrated that can withstand high electric fields of up
to 12.5 kV/cm [40]. In another concept, upconversion nanocrystals
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were attached to a fused silica fiber to measure the temperature in-
side a proton exchange membrane water electrolysis cell [37]. In a
further numerical work, it was demonstrated that lanthanide-doped
nanocrystals can be used for nanothermometry below the diffraction
limit [44]. The nanocrystals used in this field are mostly NaYF4:Er3+,Yb3+

nanocrystals, so-called upconversion particles. They are excited in the
infrared spectrum and nonlinear energy transfers between the absorb-
ing Yb and emitting Er ions allow for visible emission, however, at
quantum yields well-below a few percent. The low quantum yields
call for comparatively high optical excitation powers that result in
self heating and might distort the measurement [40]. Therefore, opti-
mized LiYF4:Pr3+ nanocrystals with high quantum yields exhibit the
potential to replace the upconversion nanocrystals. The presented nu-
merical approach might hence contribute to the optimization of up-
conversion nanocrystals.

With their forbidden 4f transitions, trivalent lanthanides exhibit life-
times in the range of micro- and milliseconds which makes them
promising candidates for quantum memories. One challenge in this
field is to find quantum memories compatible with the world-wide
fiber network, i.e., such memories need to be implemented in fiber
technology and operate in the telecom wavelength range. Praseo-
dymium-doped nanocrystals could play an integral role since they
exhibit optical transitions compatible with telecommunication, e.g.,
the ones involving the 1G4 level. Although there is currently no ap-
proach known to integrate single LiYF4:Pr3+ nanocrystals in fused
silica fibers or respective fiber components solving this constitutes an
interesting challenge for future works. In any case, it would have to
be ensured that the ions in a quantum memory nanocrystal cannot
interact with each other to prevent information loss. This could be
achieved through low doping concentrations at comparatively large
particle sizes or multiply alternating doped cores and undoped shells
with suitbale thickness.

Altogether, the work presented in this thesis forms a excellent ba-
sis to further research fundamentals and applications of lanthanide-
doped nanocrystals. „There is plenty of room at the bottom“ [30].
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The numerical simulations on the excitation dynamics in lanthanide
nanocrystals presented in this thesis contribute to a deeper under-
standing of the underlying processes. They carry the potential to
enable the numerical optimization of nanocrystals and reveal new
spatiotemporal effects. So far, current approaches were based on rate
equations and spatially limited because they consider an averaging
model that cannot account for single ions. These approaches origin
from the modeling of laser active bulk crystals and, consequently,
play a minor role in nanocrystals research.

This thesis presented a new numerical approach based on a Monte-
Carlo algorithm that can describe and, more importantly, predict the
excitation dynamics in lanthanide-doped nanocrystals. The presented
approach accounts for all relevant processes that determine the excita-
tion dynamics. Physical processes, energy levels, or custom nanocrys-
tal geometries can readily be added or removed which makes the ap-
proach flexible and, thus, applicable for all types of lanthanide-doped
nanocrystals.

The performance of the numerical approach was demonstrated em-
ploying LiYF4:Pr3+ nanocrystals. A total of nine samples, of which
four constituted a concentration series and five constituted a size se-
ries, were investigated. These samples were synthesized and struc-
turally characterized at the Fraunhofer CAN. The structural charac-
terization presented in the first part of this thesis yielded important
key input parameters to the numerical simulations of the nanocrys-
tals such as the morphology, size, and number of Pr3+ ions.

A comprehensive spectroscopic analysis was carried out and pre-
sented in Part II of this thesis. This analysis consists of absorption and
emission spectroscopy, i.e., emission spectra, excited state lifetimes,
and quantum yield. By comparison of the spectroscopic behavior of
the nanocrystals to macroscopic bulk crystals strong multiphonon
quenching was found which results in small quantum yields well
below 5 %. At the same time, the multiphonon quenching efficiently
populates the 1D2 state, which yields strong emission at 595 nm that
cannot be observed by exciting the 3P0 level in bulk crystals. The ex-
cited state lifetime of this transition was found to be limited by cross-
relaxations and is comparable to the 1D2 lifetimes of bulk crystals
for small nanocrystals with low doping concentration. The results of
the spectroscopic analysis supported building the numerical model
that was used to simulate the excitation dynamics. The excited state
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lifetimes and quantum yields acted as control parameters for the nu-
merical results.

The numerical approach and simulation results were presented in
Part III of this thesis. A Monte Carlo algorithm was developed that
can model the excitation dynamics by taking the spatial position of
single ions into account. The underlying physical processes rely on
a characteristic length that cannot readily be determined analytically
since relevant experimental parameters such as dipole-dipole orien-
tation or the local overlap spectra, are not experimentally accessible.
Consequently, these parameters were determined in an iterative scan-
ning approach using only the nanocrystals from the concentration
series. With these parameters, the central result of the present thesis
was achieved: the numerical results predicted the lifetimes and quan-
tum yields of the size series with a maximum deviation of 12.6 %.
Furthermore, analysis of the process statistics enabled insight into
the mechanisms that drive the excitation dynamics in the nanocrys-
tals. In a first optimization step, a prominent strategy to improve the
quantum yields of lanthanide-doped nanocrystals was applied, and
simulations with a undoped shell added to the nanocrystals were
performed. This optimization yielded drastically increased lifetimes
and quantum yields of which the maximal values were improved
by 44 % and 3.5 percentage points, respectively. It is worth to men-
tion that these simulations consumed much less resources than pre-
vious employed experimental approaches. Consequently, the numer-
ical approach presented in this thesis carries the potential to consti-
tute a paradigm change in nanocrystal research. Apart from that, the
model allows for new insights in dynamics inside lanthanide-doped
nanocrystals. For example, the spatial analysis of the excitation dy-
namics in single nanocrystals revealed oscillations that point towards
a new type of energy trapping.

In the future, this numerical approach will be combined with in-
telligent optimization algorithms to develop LiYF4:Pr3+ nanocrystals
with bulk-like 3P0 lifetimes and high quantum yields with applica-
tions in laser physics, nanothermometry, or even quantum memories.
The possibility to resolve the spatial dynamics enables investigations
on spatiotemporal effects in lanthanide-doped nanocrystals that are
currently not accessible in experiments. The universality of the nu-
merical approach allows for application in other lanthanide nanocrys-
tal systems such as the prominent classes of upconversion or photon
avalanching nanocrystals.
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A D D I T I O N A L R E S U LT S F R O M T H E S T R U C T U R A L
C H A R A C T E R I Z AT I O N

Contents
15.1 Transmission Electron Microscopy Pictures . . . . . 107

15.2 Element Mapping and Linescans . . . . . . . . . . 110

The results presented in this part of the Appendix were obtained
and provided by the Fraunhofer Center for Applied Nanotechnology.

15.1 transmission electron microscopy pictures

Figure 48 shows detailed TEM pictures for the concentration series.

a)

b)

c)

d)

Figure 48: TEM pictures of the concentration series a) 0.7 at%, b) 1.05 at%,
c) 1.14 at%, d) 1.47 at%.
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108 additional results from the structural characterization

Figure 49 shows detailed TEM pictures for the first sample of the
size series.

Figure 49: TEM pictures of the 12 nm sized nanocrystals with 5 at% doping
concentration

Figure 50 shows detailed TEM pictures for the first sample of the
size series.

Figure 50: TEM pictures of the 13 nm sized nanocrystals with 5 at% doping
concentration
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Figure 51 shows detailed TEM pictures for the first sample of the
size series.

Figure 51: TEM pictures of the 16 nm sized nanocrystals with 5 at% doping
concentration

Figure 52 shows detailed TEM pictures for the first sample of the
size series.

Figure 52: TEM pictures of the 19 nm sized nanocrystals with 5 at% doping
concentration



110 additional results from the structural characterization

Figure 53 shows detailed TEM pictures for the first sample of the
size series.

Figure 53: TEM pictures of the 21 nm sized nanocrystals with 5 at% doping
concentration

15.2 element mapping and linescans

Figure 54 exemplarily shows the element mapping of the 1.05 at%
doped nanocrystals with 10 nm size and one 5 at% doped sample
resulting from the EDX analysis. The mapping shows Fluorine, Yt-
trium, and Praseodymium inside the nanocrystals. Note, that the sec-
tion for the 1.05 at% doped nanocrystals is much smaller than for the
5 at% doped nanocrystals which distorts the impression of the real
Praseodymium doping concentration in the mapping pictures.
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Figure 54: Mapping



112 additional results from the structural characterization

Figure 55 shows an exemplary linescan over 75 nm of 5 to 6 nanocrys-
tals doped with 1.47 at% that reveals a high resolution information
about the Fluorine, Yttrium, and Praseodymium content in the nanocrys-
tals. Such linescan is obtained by recording an EDX spectrum across
a chosen line (indicated yellow in Figure 55. While the Fluorine and
Yttrium lines clearly indicate the presence of the nanocrystal in the
scanned line the Praseodymium line is less clear. This is due to the
fact that the nanocrystals used for this linescan exhibit an average of
only 37 ions per nanocrystal. The resolution of the used EDX seems
to reach a limit at such low ion density.
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Figure 55: Mapping
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L I F E T I M E F I T T I N G R E S U LT S

Figure 56 shows the fitting result for the 3P0 lifetime measurement of
the concentration series.
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Figure 56: Dependence of the fit result of the 3P0 excited state lifetimes for
the concentration series of LiYF4:Pr13+ nanoparticles on the ini-
tial time stamp. a) 0.7 at%, b) 1.05 at%, c) 1.14 at%, d) 1.47 at%.

Figure 57 shows the fitting result for the 1D2 lifetime measurement
of the concentration series.
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Figure 57: Dependence of the fit result of the 1D2 excited state lifetimes for
the concentration series of LiYF4:Pr3+ nanoparticles on the initial
time stamp. a) 0.7 at%, b) 1.05 at%, c) 1.14 at%, d) 1.47 at%.
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114 lifetime fitting results

Figure 58 shows the fitting result for the 3P0 lifetime measurement
of the size series.
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Figure 59 shows the fitting result for the 1D2 lifetime measurement
of the concentration series.
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P R O C E S S S TAT I S T I C S R E S U LT S

Contents
17.1 Core-Only Nanocrystals . . . . . . . . . . . . . . . . 117

17.2 Core-Shell Nanocrystals with 6 nm shell thickness 122

This part of the appendix provides the individual process statis-
tics of the core-only nanocrystals (Section Section 17.1) and core-shell
nanocrystals (Section Section 17.2

17.1 core-only nanocrystals

Figure 60 shows the process statistics for the 0.7 at% doped nanocrys-
tals.

Figure 60: Process statistics of 0.7 at% doped LiYF4:Pr3+ nanoparticles.
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118 process statistics results

Figure 61 shows the process statistics for the 1.05 at% doped nanocrys-
tals.

Figure 61: Process statistics of 1.05 at% doped LiYF4:Pr3+ nanoparticles.

Figure 62 shows the process statistics for the 1.14 at% doped nanocrys-
tals.

Figure 62: Process statistics of 1.14 at% doped LiYF4:Pr3+ nanoparticles.
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Figure 63 shows the process statistics for the 1.47 at% doped nanocrys-
tals.

Figure 63: Process statistics of 1.47 at% doped LiYF4:Pr3+ nanoparticles.

Figure 64 shows the process statistics for the 5 at% doped and
12 nm sized nanocrystals.

Figure 64: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 12nm size.
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Figure 65 shows the process statistics for the 5 at% doped and
13 nm sized nanocrystals.

Figure 65: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 13nm size.

Figure 66 shows the process statistics for the 5 at% doped and
16 nm sized nanocrystals.

Figure 66: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 16nm size.
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Figure 67 shows the process statistics for the 5 at% doped and
19 nm sized nanocrystals.

Figure 67: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 19nm size.

Figure 68 shows the process statistics for the 5 at% doped and
21 nm sized nanocrystals.

Figure 68: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 21nm size.
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17.2 core-shell nanocrystals with 6 nm shell thickness

Figure 69 shows the process statistics for the 0.7 at% doped core-shell
nanocrystals.

Figure 69: Process statistics of 0.7 at% doped LiYF4:Pr3+ nanoparticles with
a shell of 6nm thickness.

Figure 70 shows the process statistics for the 1.05 at% doped core-
shell nanocrystals.

Figure 70: Process statistics of 1.05 at% doped LiYF4:Pr3+ nanoparticles
with a shell of 6nm thickness.
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Figure 71 shows the process statistics for the 1.14 at% doped core-
shell nanocrystals.

Figure 71: Process statistics of 1.14 at% doped LiYF4:Pr3+ nanoparticles
with a shell of 6nm thickness.

Figure 72 shows the process statistics for the 1.47 at% doped core-
shell nanocrystals.

Figure 72: Process statistics of 1.47 at% doped LiYF4:Pr3+ nanoparticles
with a shell of 6nm thickness.
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Figure 77 shows the process statistics for the 5 at% doped and
12 nm sized core-shell nanocrystals.

Figure 73: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 12nm size and a shell thickness of 6nm.

Figure 74 shows the process statistics for the 5 at% doped and
13 nm sized core-shell nanocrystals.

Figure 74: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 13nm size and a shell thickness of 6nm.
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Figure 75 shows the process statistics for the 5 at% doped and
16 nm sized core-shell nanocrystals.

Figure 75: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 16nm size and a shell thickness of 6nm.

Figure 76 shows the process statistics for the 5 at% doped and
19 nm sized core-shell nanocrystals.

Figure 76: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 19nm size and a shell thickness of 6nm.
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Figure 77 shows the process statistics for the 5 at% doped and
21 nm sized core-shell nanocrystals.

Figure 77: Process statistics of ≈ 5 at% doped LiYF4:Pr3+ nanoparticles
with 21nm size and a shell thickness of 6nm.
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A D D I T O N A L S I M U L AT I O N PA R A M E T E R S

Apart from the parameters mentioned in the main text of this work,
the parameters summarized in Table 3 were used in the numerical
simulations,

parameter value unit

Single Ion Lifetime ∼ 50 µs

Local field corrected lifetime 48.35 µs

Refractive Index LiYF4 1.4526

Refractive Index Toluene 1.4969

Effective Bohr radius 1.8 Å

Table 3: Summary of the parameters used in the simulation. Parameters that
are not stated in this table are to be found in the main text of the
paper.
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