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Abstract

Let K be a field of characteristic O and let G and H be connected commutative
algebraic groups over K. Let Morg(G, H) denote the set of morphisms of algebraic
varieties G — H that map the neutral element to the neutral element. We construct
a natural retraction from Mory(G, H) to Hom(G, H) (for arbitrary G and H) which
commutes with the composition and addition of morphisms. In particular, if G and H
are isomorphic as algebraic varieties, then they are isomorphic as algebraic groups. If
G has no non-trivial unipotent group as a direct factor, we give an explicit description
of the sets of all morphisms and isomorphisms of algebraic varieties between G and
H. We also characterize all connected commutative algebraic groups over K whose
only variety automorphisms are compositions of automorphisms of algebraic groups
with translations.

Mathematics Subject Classification (2010) 14110 - 14140

In this note, we work over a ground field K of characteristic O that is not necessarily
algebraically closed. We define two categories € and ®: they both have as objects the
connected commutative algebraic groups over K. Given two such algebraic groups
G and H, the morphisms from G to H in € are all homomorphisms of algebraic
groups between them while the morphisms from G to H in ® are all morphisms of
pointed algebraic varieties between them (with the neutral element being the respec-
tive distinguished point). There is a canonical inclusion functor 7 : € — ®D as Cis a
subcategory of D.

The existence statement in the following theorem and the construction in its proof
were suggested by B. Kahn as a strengthening of an independent earlier proof of
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Corollary 3 below by the author. The proof of the automatic additivity and uniqueness
of the constructed functor is due to an anonymous referee of this note.

Theorem 1 There exists one and only one functor G : © — € such that GoF = idg.
Furthermore, this G commutes with the addition of morphisms, i.e., G(¢1 + ¢2) =
G(¢p1) + G(d2) for all morphisms of pointed algebraic varieties ¢; - G — H (i =
1,2).

If G has no non-trivial unipotent group as a direct factor, we will give an explicit
description of the sets of all (not necessarily pointed) morphisms and isomorphisms
of algebraic varieties between G and H (see Theorem 8 below). We will then use
this description to classify all connected commutative algebraic groups G over K
such that every automorphism of the pointed algebraic variety G, the neutral element
being the distinguished point, is an automorphism of algebraic groups (see Theorem
9 below).

The idea of the proof of Theorem 1 is the following: to a connected commuta-
tive algebraic group over K, we can associate its antiaffine part, its toric part, and
its unipotent part. A morphism of pointed algebraic varieties between two connected
commutative algebraic groups then naturally induces homomorphisms between the
respective antiaffine and toric parts as well as a morphism between the unipotent
parts. Using the canonical isomorphism between a commutative unipotent algebraic
group and the algebraic group associated to its Lie algebra in characteristic 0, we
replace this last morphism by its differential at the neutral element. We then check
that these homomorphisms patch together to give a homomorphism on the whole
domain and that the construction commutes with the composition of morphisms so
that we obtain a functor G with the desired property. Finally, we show that G is
unique with this property and that it automatically commutes with the addition of
morphisms.

The notation introduced in the following well-known proposition coincides with
the one used in [1] and will be used throughout this article:

Proposition 2 (Chapter 8 of [8], in particular Proposition 8.1, Example 8.4, Theo-
rem 8.27, and Propositions 8.36 and 8.37) Let G be a connected algebraic group
over a field K of characteristic 0. Then, G contains a smallest normal algebraic K -
subgroup H such that G/H is an abelian variety. This H is connected and affine
and we denote it by Gg. Furthermore, G contains a smallest normal algebraic K -
subgroup H' such that G/H' is affine. This H' is connected and antiaffine, i.e.,
O(H') = K, and we denote it by G .

We now prove Theorem 1.

Proof of Theorem I Let G and H be connected commutative algebraic groups over
K and let Og and Oy denote the respective neutral elements of G and H. Let ¢ :
G — H be a morphism of algebraic varieties such that ¢ (0g) = Op.
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On morphisms between conn. comm. alg. groups over a field of char. 0

In order to prove the theorem, we have to construct a homomorphism of algebraic
groups G(¢) : G — H. Furthermore, this construction should commute with com-
position and if ¢ is already a homomorphism of algebraic groups, we should have
G(¢) = ¢. Lastly, we want to show that this G is unique and commutes with addition.

By Proposition 3.1(i) in [1] (a scheme-theoretic variant of a structure theorem due
to Rosenlicht in [11]), the addition homomorphism induces an isomorphism (G 4 X g
Gant)/(Gatf N Gane) = G and the same for H. By Lemma 1.5(i) in [1], ¢ induces a
homomorphism of algebraic groups Gant — Hant.

Consider now the morphism Guir — H/Hygr induced by ¢. By Corollary 3.6 in
[7], this morphism is a homomorphism of algebraic groups since H / Hysr is an abelian
variety and G is connected. By Proposition 8.1 in [8], its image is a connected
affine algebraic group. But since H/H,s is an abelian variety, this image must be
trivial by Example 8.4 in [8], so ¢ induces a morphism of algebraic varieties G4 —
Hst.

By Theorem 16.13 in [8], we have a decomposition Gugr ~ (Gagr)s Xk (Gaff)u
into a part of multiplicative type (Gafr)s C Gafr and a unipotent part (Gagr), C Gagr
and similarly for Hagr. Since Gapr and Hygr are connected, so are (Gagr)s and (Hagr)s.
We identify Gagr with (Gagf)s Xk (Gatf)u-

By Proposition 12.49 in [8], the composition Guir — Haer — (Hygr)s of the
restriction of ¢ with the canonical projection is a homomorphism of algebraic groups.
This homomorphism then has to factor through (Gagr)s by Corollary 14.18(a) in [8].
So ¢ induces a homomorphism of algebraic groups (Gafr)s — (Hagr)s as well as a
morphism of algebraic varieties (Gafr)y —> (Haff)y-

We now construct a homomorphism ¢ : Guer Xk Gant = (Gagr)s Xk (Gaff)u XK
Gant — H. Equivalently, we construct three homomorphisms from (G 4¢f)s, (Gaff)u,
and G to H respectively: On Gy, we take the restriction of ¢. On (Gygr)s, We take
the induced homomorphism of algebraic groups to (Hagr)s from above. On (Gysr),,
we take the composition (Gafr)y, — Lie(Gagr)y — Lie(Hagr)y — (Hafr)u, Where the
morphism in the middle is the differential at Og of the restriction of ¢ and the two
other morphisms are the canonical isomorphisms between a commutative unipotent
algebraic group over K and the algebraic group associated to its Lie algebra (see
Proposition 14.32 in [8]).

We will now show that the following claim holds: if G’ C Gy is any algebraic
subgroup such that ¢|g : G' — H is a homomorphism, then ¥ |¢/x (05} = Plc’
(if we identify G’ and G’ x g {0g}). To prove this, let G; and G/, denote the part of
multiplicative type and the unipotent part of G’, respectively, then it suffices to show
that ¥ (G, xx (06} = @lc;, and ¥lGr x (06} = Pla, -

By Corollary 14.18(b) in [8], we have ¢ (G),) C (Hagr)s and so df|G;xK{OG} = ¢|G§
by the construction of . Thanks to the commutative diagram before Proposition
14.32 in [8], the homomorphism |G/ x4 05} 1s by construction equal to the com-
position G/, — LieG) — Lie(Haf)y —> (Haff)y, where the morphism in the
middle is the differential at Og of ¢|¢;, the two other morphisms are the canoni-
cal isomorphisms between a commutative unipotent algebraic group over K and the
algebraic group associated to its Lie algebra, and we identify G/, with G}, xx {0g}.
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It now follows from the commutative diagram before Proposition 14.32 in [8] that
VlG) xx {06} = ¢l - Thus, the above claim holds.

In particular, since ¢|g’ is a homomorphism for G’ = G N Gap, the claim
implies that ¥ : Gaf Xg Gant — H induces a homomorphism x : G — H. We
even get that y = ¢ if ¢ is already a homomorphism of algebraic groups. It is also
clear that the construction commutes with composition, so we set G(¢) = x.

It remains to prove that there exists only one functor G : ® — € such that G o
F = id¢ and that this G commutes with addition. Let therefore G denote an arbitrary
functor from ® to € such that G o F = idg. The objects of € and ® are the same and
F fixes each object, so G must also fix each object.

Furthermore, if ¢; : G — H (i = 1, 2) are two morphisms of D, then it follows
that (¢1, ¢2) : G —> H Xk H is a morphism of ®. If « : H xg H — H denotes
the addition morphism, we deduce that G(¢1 + ¢2) = G(a) o G((¢1,P2)) = x o
G((¢1, ¢2)) since « is a homomorphism of algebraic groups and G o F = idg. Let
pi - Hxg H— H (i = 1,2) denote the two canonical projections, which are also
homomorphisms of algebraic groups. We compute that p; o G((¢1, $2)) = G(p;i) o
G((@1,¢2)) = G(pi o (¢1, $2)) = G(¢i) (i = 1,2). We deduce that G((¢1, ¢2)) =
(G(#1), G(¢2)). Putting everything together, we deduce that G(¢; + ¢2) = G(¢p1) +
G(¢2), so G commutes with addition.

Let now ¢ : G — H denote an arbitrary morphism of ® and let (Gaf)s,
(Gatf)y, etc. be as above. The addition homomorphism of algebraic groups o :
Gant XKk (Gaf)s Xk (Gaf)y — G is surjective. Since G(¢p o 0) = G(¢) o o,
G(¢) is uniquely determined by G(¢ o o) thanks to Theorem 5.13 in [8]. For
H € {Gant, (Gaft)s, (Gau}, let ig @ H — Gant Xk (Gaff)s Xk (Gagf)y and
pPry : Gant Xk (Gatt)s Xk (Gatf)y — H denote the canonical inclusion and projec-
tion homomorphisms respectively. Since G(¢ o o) is a homomorphism of algebraic
groups, we have

Gpoo) = > G(¢poo)oinopry
He{Gant, (Gatt)s (Gaff)u }
= > G(@lu) o pry.

HG{Ganl»(Gaff)ss (Gaff)u}

Thus, it suffices to show that G (@G, )s G (@l(Gum), ) and G (@ (Gy). ) are uniquely
determined. We have seen above that ¢|g,, is a homomorphism of algebraic groups
and so G (¢|Gam) = |G-

We have also seen above that ¢ ((Gafr)s) C Hag. Let ¢~$ : (Gaff)s — Hygr denote
the induced morphism. Since the inclusion morphism Hyg < H is a homomorphism
of algebraic groups, it follows that G (¢|(Gaﬁ.)s) is uniquely determined by G(¢). We
then deduce from the definition of (Hygr)s in Theorem 16.13 in [8] that the image of
Q(qg) is contained in (Hagr)s. Let ¢ : (Hagr)s — Hagr and 7w @ Hape — (Hagr)s denote
the canonical inclusion and projection homomorphisms respectively. By Proposition
12.49 in [8], 7 o ¢ is a homomorphism of algebraic groups. We deduce that

G@) =tomoG@) =toG(mod) =tomod

is uniquely determined. By the above, G (¢|(G,y), ) is uniquely determined as well.
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On morphisms between conn. comm. alg. groups over a field of char. 0

It remains to show that G (¢](G,q), ) is uniquely determined. We have seen above
that ¢ ((Gasf)y) C (Hafr)y. Since the inclusion morphism (Hygr), <> H is a homo-
morphism of algebraic groups, G (¢|(Gaﬁ.)u) does not depend on whether we regard
® (G, @S @ morphism with target Hygr or as a morphism with target (Hagr), C Hagy.
We may therefore assume that G = (Gyfr), and H = (Hygr),, and have to show that
G(¢) is uniquely determined. By Proposition 14.32 in [8], both G and H are isomor-
phic to some power of the additive group G, k. Using the fact that G commutes with
composition and fixes homomorphisms of algebraic groups, pre-composing with
the inclusion from some G, k, and post-composing with the projection on another
Gua.k, we may therefore assume that G = H = G, ¢ = SpecK[X]. Using that G
commutes with addition, we may furthermore assume that ¢ is induced by the ring
homomorphism K[X] — K[X] that maps X to ¢X”" for some ¢ € K and some
n € N ={1,2,...}. Since the morphism induced by X +> ¢X is an endomorphism
of algebraic groups and G commutes with composition and fixes homomorphisms of
algebraic groups, we may even assume that ¢ = 1.

We may also assume that n > 2 since G(idg, ;) = idg, .. We then want to show
that G(¢) is trivial. For A € K, letm,, : G, x — G, x denote the multiplication-by-
A homomorphism induced by the ring homomorphism K[X] — K[X] that maps X
to AX. We have ¢ o my = myn o ¢ and so

G(@) omy =m0 G(9).

But G(¢) is a homomorphism of algebraic groups, so G(¢) = m, forsome A € K. It
follows that 24 = 2"*A. Since n > 2, we deduce that A = 0 and so G(¢) is trivial as
desired. This completes the proof of the theorem. O

We get the following corollary:

Corollary 3 Let K be a field of characteristic 0 and let G and H be two connected
commutative algebraic groups over K. If G and H are isomorphic as algebraic
varieties over K, then they are isomorphic as algebraic groups.

The question to what extent the variety structure does or does not determine the
group structure of an algebraic group has also been studied recently by Popov in [10].
Corollary 3 says that the group structure is completely determined by the variety
structure if the algebraic group is connected, the ground field is of characteristic 0,
and we additionally impose a priori that the algebraic group is commutative.

The commutativity hypothesis is crucial here: for example, every unipotent alge-
braic group over a field K of characteristic 0 is isomorphic as a variety to A%
for some non-negative integer n by Proposition 14.32 in [8], but there exist non-
commutative unipotent algebraic groups over K, which are therefore not isomorphic
to GZ) x as algebraic groups for every non-negative integer 7.

Proof of Corollary 3 Let ¢ : G — H be an isomorphism of algebraic varieties and
let Og and Oy denote the respective neutral elements of G and H. After composing
with a translation, we can assume that ¢ (Og) = Og. Theorem 1 then furnishes an
isomorphism of algebraic groups G(¢) : G — H. O
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Remark 4 1f K = C and we weaken the hypotheses and only demand that the analyti-
fications of G and H are isomorphic as complex-analytic spaces, then Corollary 3 is
false, as pointed out to us by M. Hindry. For a concrete example, pointed out to us by
Z. Gao, consider the variety U over C from Section 7 of [9]; this variety U is a non-
trivial principal A(lc—bundle over an elliptic curve E = C over C. By Theorem 7 on p.
185 of [13], the variety U admits the structure of a connected commutative algebraic
group over C that is an extension of E by G, c. In Section 7 of [9], it is shown that
the analytifications of U and Gi’ ¢ are isomorphic and this fact is attributed to Serre.
On the other hand, U admits a surjective homomorphism of algebraic groups to E,
so U is not affine and hence cannot be isomorphic to Grzn,(c as an algebraic group.

Corollary 3 is also false in positive characteristic as the well-known example
G =H = AIZFZ shows, with both neutral elements equal to (0, 0) and the group
laws given by the polynomials x1 + x2, y1 + y» and x1 + x2, y1 + y2 + x1x2 in the
coordinates x1, yi, X2, y2 on Aﬁ‘;z respectively; there cannot exist an isomorphism of
algebraic groups G — H since the kernels of multiplication by 2 do not have the
same dimension. More generally, if p is an arbitrary prime, the additive group of Witt
vectors of length 2 over I, is isomorphic to Gﬁ,F,, as a variety, but not as an algebraic
group (one is p-torsion, the other is not).

The construction in the proof of Theorem 1 very much depends on the choice of
base point and we now show that it does not extend to torsors. Recall that a torsor T
under a connected commutative algebraic group G over a field K of characteristic 0 is
anon-empty K -variety, i.e., a reduced and separated K -scheme of finite type, with an
actiono : T x g G — T of G such that the morphism (pry, o) : T xxk G — T xx T
is an isomorphism, where pry : T xx G — T denotes the canonical projection to 7'.

Proposition 5 Let K be a field of characteristic 0 and let € and ®' denote the
categories defined as follows: they both have as objects pairs (G, T) of a torsor T
under a connected commutative algebraic group G over K. Given two such pairs
(G, T)and (G', T"), the morphisms from (G, T) to (G', T') in &' are all pairs (¢, )
of a homomorphism of algebraic groups ¢ : G — G’ and a ¢p-equivariant morphism
¥ . T — T’ while the morphisms from (G, T) to (G', T') in ©' are all morphisms
of algebraic varieties from T to T'. Let €, ©, and F be as defined before Theorem 1.

Then, € can be canonically identified with a subcategory of € and © can be
canonically identified with a subcategory of ®’, the functor F canonically extends to
a functor F' : € — D', but the functor G from Theorem I cannot be extended to a
functor G’ : ®' — € that satisfies G' o F' = idg.

Proof The canonical identifications of € and ® with subcategories of ¢ and D’
respectively are obtained by identifying G with (G, G), where G is regarded as a
trivial torsor under itself, and, in the case of € and €, identifying ¢ : G — H
with (¢, ¢). The functor F’ fixes all objects and sends a morphism from (G, T) to
(G, T") in € to the associated morphism from 7 to T".

Suppose that G’ : ©" — €' is a functor that extends G and satisfies G’ o F' = idg-.
Fora, b, c € K, let Y, denote the morphism from G, g = SpecK[X], considered as

a trivial torsor under itself, to itself that is induced by the polynomial (X + a)? — a2,
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On morphisms between conn. comm. alg. groups over a field of char. 0

let 7 : G4 k — Gy, k denote translation by b, and let m. : G, k — G, x denote the
multiplication-by-c homomorphism. We have ¥, = t_,2 oyg o1, and all translations
are of course idg, 4 -equivariant.

It follows that

G'(Ya) = (idg, 4, T_s2) © §'(Y0) 0 (idg, 4, Ta) )]

for all @ € K. At the same time, we have that G’ (V,) = (my,, my,) foralla € K
since G’ extends G (recall that, by construction, G sends a pointed morphism between
powers of G, g to the homomorphism induced by its differential at the neutral
element via the canonical isomorphisms between powers of G, x and their Lie alge-
bras). Setting a = 0, 1 in this equation and plugging the results into Eq. 1, we deduce
that m, = myg, a contradiction. So no such G’ exists. O]

It would be interesting to know whether Corollary 3 could nevertheless be
extended to torsors:

Question 6 Let K be a field of characteristic 0. For i = 1,2, let T; be a torsor
under a connected commutative algebraic group Gi over K andleto; : T; xx G; —
T; denote the corresponding Gi-action. Suppose that Ty and T, are isomorphic as
algebraic varieties. Must they then be isomorphic as torsors, i.e., must there exist an
isomorphism of algebraic groups ¢ : G1 — Gy and an isomorphism of algebraic
varieties W : Ty — Tp such that oy o (W Xg ¢) =Y oay?

The following theorem and its proof were pointed out to us by B. Kahn as well as,
in the semiabelian case, by one of the referees.

Theorem 7 Question 6 has a positive answer if

(1) for some i € {1,2}, every variety automorphism of the base change of G; to
an algebraic closure of K is a composition of an automorphism of algebraic
groups with a translation, or

(2) Gq or Gy is a vector group.

Theorem 7 applies if G; or G, is a semiabelian variety since, over an algebraic
closure of K, every morphism from a connected algebraic group to a semiabelian
variety is a composition of a homomorphism of algebraic groups with a translation,
a fact which we will later generalize in certain situations. Later, we will also char-
acterize all connected commutative algebraic groups over K which satisfy condition
(1) in Theorem 7.

Proof Suppose that ¢ : 71 — T> is an isomorphism of algebraic varieties. Let Og,
and Og, denote the respective neutral elements of G and G». Fix an algebraic closure
K of K and base points t; € T; (I?) and , ;= Y (t)) € Tz(k). By abuse of notation,
we will often denote K -morphisms and their base changes to K by the same symbol.
By the definition of a torsor, the restriction of (prp, i)z : (TH)g xg (Gi)g —
(THg xg (T g to {t;} xg (Gj)g induces an isomorphism ¢; : (Gi))g — (Ti)g
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(i = 1,2). We obtain an isomorphism of algebraic varieties x := ¢, Lo Yol
(G1)g — (G2) k. By definition, we have

Y(ai(tr, 8) = (W og1)(g) = (L0 x)(g) = axt2, x(8))

for all g € G1(K). We also know that x(0g,) = Og, since ¥ (t1) = tp. Note that
(Gi)g» and hence also (T;)g, is irreducible by Summary 1.36 in [8] since G; is
connected (i =1, 2).

Suppose first that G or G is a vector group. Since (G1) and (G2)g are iso-
morphic as algebraic varieties, it follows from Proposition 14.51 in [3] that both G
and G are affine. Furthermore, by Corollary 3, (G1)z and (G2) g are also isomor-
phic as algebraic groups. We deduce from this together with Corollary 14.9 in [8] that
both G| and G, are unipotent and hence, by Proposition 14.32 in [8], vector groups.
By Propositions 5 and 6 in Sections 1 and 2 respectively of Chapter III of [14], the
torsors 71 and 7> are both trivial, i.e., both have a K -rational point, and the theorem
follows from Corollary 3.

Suppose now that every variety automorphism of (G1)g is a composition of an
automorphism of algebraic groups with a translation; note that this is equivalent
to the same condition holding for the base change of G to an arbitrary algebraic
closure of K. By Corollary 3, there exists an isomorphism of algebraic groups
w : (G2)g — (G1)g. It follows that w o x is a composition of an automorphism
of algebraic groups with a translation. Since (@ o x)(0g,) = Og,, @ o x is an auto-
morphism of algebraic groups and therefore x = ™! o (w o x) is an isomorphism
of algebraic groups. If every variety automorphism of (G3) z is a composition of an
automorphism of algebraic groups with a translation, then it similarly follows that
x~! is an isomorphism of algebraic groups. In any case, we obtain that x is an
isomorphism of algebraic groups.

The Galois group Gal(K /K) acts on K -varieties, K-morphisms, and K -points
by base change in the usual way. For K-varieties V and W, a morphism of K-
varieties f : V — W, and ¢ € Gal(IE'/K), we will identify Vg, Wg, and fg
with o (Vg), o (Wg), and o (fi) respectively via the canonical isomorphisms. Let
now o € Gal(K/K) and g € G(K) be arbitrary, but fixed. Set h; = {i_l(a(t,'))
(i =1,2). We have x(h1) = &, ' (¥(o(t1))) = & ' (0(f2)) = hy since ¥ is defined
over K and rp = v (¢1). Furthermore, it follows from the definition of %, that

0 (£2)(0(x)(8) = a2(o(t2), 0 (x)(8)) = aa(2(2, h2), 0 (x)(8))-

Since o is a group action, we deduce that

0 (82) (0 (x)(8)) = ax(t2, ha +0(x)(8)) = La(ha +0(x)(g)).
On the other hand,
0(8)(0(x)(g)=0(20 x)(g) =a (Y o1)(g) = Y (0 (51)(g) = ¥(a1(o(f1), &)
=Y (ar(ar(ty, h1), @)=y (ai(t1,h1+g) = W ol)(hy +g) = (&0 x)(h1 + g)
= o(x(h) + x(8) = &a(ha + x(8)).

Since &3 _is an isomorphism, we obtain that o (x)(g) = x(g)- Thi_s holds for all
g € G1(K) and so, by Theorem 3.37 in [3], x = o (x). So x is Gal(K /K)-invariant
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On morphisms between conn. comm. alg. groups over a field of char. 0

and therefore descends to a morphism ¢ : G; — G3 by Proposition 2.8 in [5] or
Theorem 14.70(1) and Section (14.20) in [3] (note that y automatically descends to
a morphism defined over a finite Galois extension of K). It follows from Proposition
14.51 in [3] that ¢ is an isomorphism of algebraic varieties and Theorem 14.70(1) in
[3] implies that ¢ is also an isomorphism of algebraic groups since x is. We have

W), $(g) = aa(t2, & (W (1) + d(8) = L&y (W (1) + ¢(2))
= (W oliox NG W®) + b)) =i, x 7 & W)+ o))
= Y1 (t1, & () + ) = (e (t, & (1), 8) = Yt g)

forallt € Ty(K) and g € G{(K) and hence as o (¥ Xg ¢) = ¥ oy by Theorems
3.37 and 14.70(1) in [3] as desired. O]

As already mentioned, if the domain has no non-trivial unipotent group as a
direct factor, we can give an explicit description of the sets of all (not necessarily
pointed) morphisms and isomorphisms of algebraic varieties between two connected
commutative algebraic groups over a field of characteristic 0:

Theorem 8 Let G and H be two connected commutative algebraic groups over a
field K of characteristic 0 such that G is not isomorphic to a product U' xx G’ of a
non-trivial unipotent group U’ and an algebraic group G’.

Let ¢ : G — H be a morphism of algebraic varieties. Then, there exist a torus T,
a commutative unipotent group U, homomorphisms of algebraic groups p : G — T,
i:U — H,and ¥ : G — H, a translation t : H — H, and a morphism of
pointed algebraic varieties x : T — U (with the neutral element being the respective
distinguished point) such that¢p =t oy +io x op.

Furthermore, T and v (and therefore i o x o p) are uniquely determined by these
properties and by ¢. The unique functor G from Theorem 1 satisfies G(t ' o ¢p) =
and ¢ is an isomorphism of algebraic varieties if and only if  is an isomorphism of
algebraic groups.

Over a base field of arbitrary characteristic, any morphism of algebraic varieties
from a smooth connected algebraic group to a semiabelian variety is the composition
of a homomorphism and a translation thanks to Lemma 5.4.8 and Remark 5.4.9(i) in
[2]; see also Lemma 4.1 in [6], Theorem 2 in [4], and Theorem 3 in [12]. Under the
additional hypotheses that the base field is of characteristic 0 and that the domain is
commutative and has no non-trivial unipotent direct factor, Theorem 8 generalizes
this fact in that it allows any connected commutative algebraic group as codomain,
but yields the same conclusion if the codomain is a semiabelian variety.

If one could describe the set of isomorphisms of algebraic varieties between G
and H explicitly without requiring G to have no non-trivial unipotent direct factor,
one would in particular obtain an explicit description of the automorphism group of
affine space, which is a difficult open problem; the wide open Jacobian conjecture
gives a conjectural characterization of this automorphism group (in characteristic 0).

Proof of Theorem 8 Let ¢ : G — H be an arbitrary morphism of algebraic varieties.
Let Og and Oy denote the respective neutral elements of G and H.
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By Theorem 3.4 in [1], there exist a unipotent subgroup U; C G and a torus
T1 C G such that the addition homomorphism U; X x T1 X ¢ Gant — G is an isogeny.
Since U] contains no non-trivial finite algebraic subgroups, the kernel of this isogeny
must be contained in {Og} X g T1 X g Gant SO that

G = U xk (Tt Xk Gand)/(T1 N Gan)).

Our hypothesis on G now implies that U is trivial and so the addition homomor-
phism 77 x g Gane — G is an isogeny.

Fix an algebraic closure K of K. Again, by abuse of notation, we will often denote
K -morphisms and their base changes to K by the same symbol. The morphism ¢
induces a morphism ¢ : T1 Xg Gane — H, sending (¢, g) € Tl(K) X Gant(K)
to ¢(t + g) — ¢(g). For any fixed g € Gan(K), the induced morphism (T7) z —
(H / Har) g sends Og to the neutral element of H/H,g. By Corollary 3.6 in [7], this
morphism is a homomorphism of algebraic groups since (H/Haer) g is an abelian
variety. By Proposition 8.1 in [8], its image is an affine algebraic group. But since
(H /Hafr) g is an abelian variety, this image must be trivial by Example 8.4 in [8].
Hence, ¢; has to factor through H,gt.

But then for fixed ¢ € T7(K), the induced morphism (G ant) g — (Hafr) g must
be constant since Hygr is affine and G,y is antiaffine (note that antiaffineness is pre-
served under field extensions thanks to Lemma 1.1 in [1]). It follows that ¢ (t + g) =
¢ (g)+d2(¢) for some morphism ¢ : T} — Hyrandall g € Gant(lz), teT (IE'). By
Corollary 16.15 in [8], there exist a unipotent group U C Hygr and a torus T’ C Hyge
such that the addition homomorphism U x g T’ — Hyg is an isomorphism. Using
this isomorphism, we identify U x g T’ with Hy so that ¢p = (¢2.1, ¢2,2) with
¢2.1: Ty — Uand ¢y : Ty — T'. Furthermore, ¢»(0g) = Op, which implies the
same for ¢ 1 and ¢ ».

The group (71N Gant)(K) is finite. Suppose that r € (T1 N Gant)(K) andletn € N
denote the order of 7. For any t' € T} (K ), we have

n(g(t' +1) = g2(t) = n(p ") — (1) — ¢(t") + $(06)) = n(¢(0c) — ¢ (1))

by definition of ¢,. Since ¢|g,, is the composition of a homomorphism and a
translation by Lemma 1.5(i) in [1], we also have that

n(@0c) — ¢(—1)) = ¢(0g) — ¢ (1)) = ¢(06) — ¢(05) = On.

Putting the two chains of equality together, we deduce that n(¢(t' + 1) — ¢2(¢')) =
0. Since U (K) is torsion-free, ¢, 1 (' 4 t) = ¢2.1(¢'). It follows that the morphism
(TiNGan) g X g (T1) g — Ug thatis given by the addition homomorphism of (77) g
composed with (¢, 1) ¢ is the same as the morphism that is given by the projection to
(T1) g followed by (¢2,1) g thanks to Theorem 3.37 in [3], applied to the restrictions
of the two morphisms to each connected component of (71 N Gant) g X g (T1) g By
Theorem 14.70(1) in [3], the two corresponding morphisms (77 N Gan) Xg 11 —
U coincide as well. So, by Proposition 5.21 in [8], ¢»,1 factors through the torus
T :=T1/(T1 N Gant) = G/ Gane and is induced by a morphism of algebraic varieties
x : T — U which sends the neutral element of T to Op.
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Let p : G — T denote the canonical quotient homomorphism, leti : U — H
denote the canonical inclusion homomorphism, and let t : H — H denote the
translation by ¢(0g). Sety =t ' o(p —ioxop)sothat¢ =T oy +iox o p.

By construction, we have that

Yt +8) =98 —90c) + ¢22(t) (@)

for all g € Gan(K) and all ¢ € T;(K). Furthermore, the addition homomorphism
T1 xk Gant — G 1is surjective.

Thus, if g1, g2 € G(K), then there exist 1, t» € T;(K) and g1, 82 € Gani(K) such
that g; = t; + g; fori = 1, 2. Using Eq. 2, we deduce that

V(g1 +8) =9t +0)+ (81+82) =081+ 8) —d(0g) + d22(t1 +12).

Since ¢22(0g) = Op, it follows from Proposition 12.49 in [8] that ¢, is a
homomorphism of algebraic groups and hence

V(g1 +82) =d(g1+ 82) — ¢(0c) + ¢2.2(t1) + ¢22(12).

But Lemma 1.5(i) in [1] implies that ¢ (g1 +82) —¢(0) = ¢(81) —#(0G) + ¢ (g2) —
¢(0g) and it follows that

V(g1 + 82) = (9(g1) — ¢ (06) + ¢2,2(t1)) + (¢#(82) — ¢ (0G) + ¢2,2(12)).
Applying Eq. 2 again, we deduce that

V(g1 +8) =v(t +g1) + ¥+ g) =v(@1) + ¥(8).

It follows that i is a homomorphism of algebraic groups. We compute that the
functor G from Theorem 1 satisfies

G lop)=GW+ioxop) =GW) +ioG(X)op=GW) =y

as desired since the homomorphism of algebraic groups G(x) : T — U must be
trivial thanks to Corollary 14.18(b) in [8]. This implies that ¥ is an isomorphism of
algebraic groups if ¢ is an isomorphism of algebraic varieties.

The uniqueness of 7 is clear since T : H — H is a translation, so determined
by t(0g), and 7(0g) = ¢(0¢). The uniqueness of i follows from the fact that a
difference of two compositions of the form i o x o p is a homomorphism of algebraic
groups if and only if it is trivial thanks to Corollary 14.18(b) in [8].

Finally, suppose that ¥ is an isomorphism of algebraic groups. We want to show
that ¢ is an isomorphism of algebraic varieties. We can assume without loss of gener-
ality that T = idg. It follows from Corollary 14.18(a) in [8] that the homomorphism
of algebraic groups p o ¢y ! oi : U — T is trivial. This implies that
(idH—io)(opolp_l)o(idH—f—io)(opot//_l)=(idH—l—ioxopow_l)o(idH—io)(opolp_l) =idy

aswell as (idy —ioxopoy ) o¢p = . So¢isan isomorphism of algebraic
varieties and we are done. L]

We can now characterize the connected commutative algebraic groups that satisfy
condition (1) in Theorem 7:

Theorem 9 Let G be a connected commutative algebraic group over a field K of
characteristic 0. The following are equivalent:
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(1) Every variety automorphism of G is a composition of an automorphism of
algebraic groups with a translation.

(2) Every variety automorphism of the base change of G to an algebraic closure of
K is a composition of an automorphism of algebraic groups with a translation.

(3) G is antiaffine or G is a semiabelian variety or there exists an antiaffine semi-
abelian variety H over K such that G = G, xk xg H as algebraic groups.

Proof We first show that (1) implies (3). We take n € N U {0} maximal such that
G~ GZ, x Xk H as algebraic groups for some algebraic group H over K. Being a
quotient of G, H is automatically connected and commutative. If n > 2, then there
exist automorphisms of G, - that fix the neutral element, but are not automorphisms
of algebraic groups, e.g., (X1, ..., X,) — (X1 + X2, X, ..., X,), a contradiction
with (1). Son < 1.

Suppose first that H is not a semiabelian variety. Hence, there exists an injec-
tive homomorphism of algebraic groups i : G, ¢ < H. Any non-trivial K-torus,
being affine, admits a non-constant morphism of algebraic varieties to G, x. By
post-composing with a translation, we can assume that this morphism sends the neu-
tral element to the neutral element. Hence, if H has a non-trivial torus quotient, then
Theorem 8 implies that there exists an automorphism of the algebraic variety H that
fixes its neutral element, but is not an automorphism of algebraic groups, another
contradiction with (1). So in particular, H/Hyy has no non-trivial torus quotient, so
must be a vector group by Proposition 2 and Proposition 14.32 and Theorem 16.13(b)
in [8].

By the same Proposition 14.32 and Theorem 16.13(b) in [8], Hafr is isomorphic
to a product of an algebraic group of multiplicative type and a vector group. Since
there are no non-trivial homomorphisms of algebraic groups from an algebraic group
of multiplicative type to a unipotent algebraic group by Corollary 14.18(b) in [8]
and since any algebraic subgroup of a vector group over K is a direct factor of that
vector group, the canonical homomorphism Hyef — H/Hyye, Which is surjective by
Proposition 3.1(i) in [1], admits a section. It follows that H >~ Hyy X g (H/Hant).
Since n was taken maximal, we deduce that H = Hyy. If n = 1, then we can
consider the morphism of algebraic varieties idg +io¢o p,where p : G - G/H ~
Gua.k is the canonical projection and ¢ : G, x — G, k is an arbitrary morphism
of algebraic varieties that fixes the neutral element, but is not a homomorphism of
algebraic groups. Since p o i is the zero morphism, we have that

(idg+iogpop)o(idg—iopop)=(Gdg—iopop)o(idg+io¢op)=idg,

soidg+io¢o p is an automorphism of algebraic varieties. Furthermore, idg+io¢op
fixes the neutral element. But idg 4+ i o ¢ o p is not an automorphism of algebraic
groups; otherwise, it would follow that ¢ is a homomorphism of algebraic groups.
We obtain a contradiction with (1) and it follows that » = 0. So G is antiaffine and
we are done.

Suppose now that H is a semiabelian variety. If n = 0, then (3) holds, so suppose
thatn = 1. If H is antiaffine, then (3) holds, so let us suppose that H is not antiaffine
and aim to obtain a contradiction. It follows that H/Hyy is a non-trivial algebraic
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group. By Proposition 2, H/Hyy, is affine. By Proposition 3.1(i) in [1], the canonical
homomorphism Hysr — H /Hyy is surjective. Since H is a semiabelian variety, Hyfr
is a torus and so H/Hyy, is a non-trivial torus. As above, there exists a non-constant
morphism of algebraic varieties ¢ : H/Han — G, k that sends the neutral element
to the neutral element. By Corollary 14.18(b) in [8], ¥ is not a homomorphism of
algebraic groups. Let w : G = G,k xxk H — (Gu.x xx H)/(Go,x Xk Hant) =
H/H,y denote the canonical projection and let ¢ : G, x ~ Gy x Xk {Op} —
Gg.x Xk H =~ G denote the canonical inclusion, where Oy denotes the neutral
element of H. Consider the morphism of algebraic varieties idg +toy o : G — G.
Since 7 o ¢ is the zero morphism, we have that

(idg4+toyom)o(idg —toYom)=(Gdg —toyom)o(idg +toyom) =idg,

s0idg+toyr o is an automorphism of algebraic varieties. Furthermore, idg +toom
fixes the neutral element. But idg + ¢ o ¥/ o 7 is not an automorphism of algebraic
groups; otherwise, it would follow that ¥ is a homomorphism of algebraic groups.
We obtain a contradiction with (1) as desired.

We now show that (3) implies (1). If G is antiaffine, (1) follows from Lemma
1.5(G) in [1]. If G is a semiabelian variety, (1) follows from Lemma 5.4.8 and Remark
5.4.9(1) in [2]. So suppose that there exists an antiaffine semiabelian variety H such
that G ~ G, x xx H. We will identify G with G, x xx H for simplicity. Let
¢ : G — G be any automorphism of algebraic varieties. We can assume that ¢
fixes the neutral element and want to show that ¢ is an automorphism of algebraic
groups. Fix an algebraic closure K of K. By Remark 5.4.2(iii) and Proposition 5.4.5
in [2], every morphism of algebraic varieties from G, g to Hy is constant. Since H is
antiaffine and therefore Hy is antiaffine by Lemma 1.1 in [1], every morphism from
Hg to Ga,[g is constant. It follows that ¢ = ¢1 xg ¢2, where ¢1 : Goxk — G,k
and ¢» : H — H are automorphisms of algebraic varieties that fix the respective
neutral element. By what we have already shown, ¢, is an automorphism of algebraic
groups. On the other hand, ¢ is an automorphism of algebraic varieties that fixes the
neutral element, so must be induced by a linear polynomial with vanishing constant
term and must therefore also be an automorphism of algebraic groups. It follows that
¢ is an automorphism of algebraic groups and so (1) holds.

We now show that (2) and (3) are equivalent by showing that condition (3) is
equivalent to the same condition for the base change of G to some algebraic closure of
K.ByLemma 1.1 in [1], an algebraic group over K is antiaffine if and only if its base
change to some algebraic closure of K is antiaffine. By Remark 5.4.2(iii) and Lemma
5.4.3 in [2], an algebraic group over K is a semiabelian variety if and only if its base
change to some algebraic closure of K is a semiabelian variety. Finally, if there exists
an antiaffine semiabelian variety H over K such that G >~ G, g x g H as algebraic
groups, then Gan =~ H is a semiabelian variety and G/ Gane =~ G, k as algebraic
groups. On the other hand, if Gy is a semiabelian variety and G/Gant =~ Gy x
as algebraic groups, then it follows by an analogous argument as the one for H ~
Hant X x (H / Hapy) earlier in this proof that G =~ (G/Gant) Xk Gant =~ Ga k Xk Gant
as algebraic groups. Since affineness is preserved under field extension, it follows
from Lemma 1.1 in [1] and Proposition 2 that the formation of G, commutes with
field extension. Corollary 14.9 and Proposition 14.32 in [8] imply that a connected
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affine commutative algebraic group over K is isomorphic to G, g as an algebraic

group if and only if its base change to some algebraic closure K of K is isomorphic
to G, g All together, this shows that condition (3) is equivalent to the analogous
condition for the base change of G to some algebraic closure of K. By what we have
shown already, this implies that (2) and (3) are equivalent. O]
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