Journal of Cosmology and
Astroparticle Physics

PAPER » OPEN ACCESS You may also like

- No-scale inflation

Analytic extensions of Starobinsky model of John Ells, Marcos A G Garcia, Dimit V

Nanopoulos et al.

Inﬂatlon - On the equivalence of Starobinsky and
Higgs inflationary models in gravity and

pergravity
To cite this article: Vsevolod R. Ivanov et al JCAP03(2022)058 Zuergéi r\’;‘\aeto\,

- New one-parametric extension of the
Starobinsky inflationary model
Ekaterina O Pozdeeva and Sergey Yu
Vernov

View the article online for updates and enhancements.

This content was downloaded from IP address 89.245.22.234 on 26/05/2023 at 08:27


https://doi.org/10.1088/1475-7516/2022/03/058
/article/10.1088/0264-9381/33/9/094001
/article/10.1088/1751-8121/ab6a33
/article/10.1088/1751-8121/ab6a33
/article/10.1088/1751-8121/ab6a33
/article/10.1088/1402-4896/acc6a5
/article/10.1088/1402-4896/acc6a5

ournal of Cosmology and Astroparticle Physics

An IOP and SISSA journal

Analytic extensions of Starobinsky
model of inflation

Vsevolod R. lvanov,” Sergei V. Ketov,”“? Ekaterina O. Pozdeeva®
and Sergey Yu. Vernov®

?Physics Department, Lomonosov Moscow State University,

Leninskie Gory 1, 119991 Moscow, Russia

bInstitut fiir Theoretische Physik and Riemann Center for Geometry and Physics,
Leibniz Universitdt Hannover,

Appelstrasse 2, 30167 Hannover, Germany

¢Department of Physics, Tokyo Metropolitan University,
1-1 Minami-ohsawa, Hachioji-shi, Tokyo 192-0397, Japan

dKavli Institute for the Physics and Mathematics of the Universe (WPI),

The University of Tokyo Institutes for Advanced Study,

Kashiwa 277-8583, Japan

¢Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University,
Leninskiye Gory 1, 119991 Moscow, Russia

E-mail: vsvd.ivanov@gmail.com, ketov@tmu.ac.jp,
pozdeeva@www-hep.sinp.msu.ru, svernov@theory.sinp.msu.ru

Received November 25, 2021
Revised January 30, 2022
Accepted March 7, 2022
Published March 28, 2022

Abstract. We study several extensions of the Starobinsky model of inflation, which obey all
observational constraints on the inflationary parameters, by demanding that both the infla-
ton scalar potential in the Einstein frame and the F(R) gravity function in the Jordan frame
have the explicit dependence upon fields and parameters in terms of elementary functions.
Our models are continuously connected to the original Starobinsky model via changing the
parameters. We modify the Starobinsky (R -+ R?) model by adding an R3-term, an R*-term,
and an R3/%-term, respectively, and calculate the scalar potentials, the inflationary observ-
ables and the allowed limits on the deformation parameters by using the latest observational
bounds. We find that the tensor-to-scalar ratio in the Starobinsky model modified by the
R3/2_term significantly increases with raising the parameter in front of that term. On the
other side, we deform the scalar potential of the Starobinsky model in the Einstein frame in

powers of y = exp (—\/gqb/M pl), where ¢ is the canonical inflaton (scalaron) field, calculate

the corresponding F'(R) gravity functions in the two new cases, and find the restrictions
on the deformation parameters in the lowest orders with respect to the variable y that is
physically small during slow-roll inflation.
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1 Introduction

The duality relation between modified F'(R) gravity theories and scalar-tensor gravity theories
is the standard tool in modern cosmology, see refs. [1-5] for the original papers about the
duality transformation and refs. [6-9] for a review of F'(R) gravity theories and their physical
applications. In the literature, the duality relation is usually used only in one direction,
from an F'(R) gravity model to the equivalent scalar-tensor (or quintessence) model in the
Einstein frame with a propagating scalar field. In the context of inflationary models [10-19],
the scalar field is identified with the inflaton having the clear gravitational origin as a physical
excitation of the higher-derivative gravity (called scalaron).

A well-known example of the correspondence is given by the celebrated Starobinsky
model of inflation [10], whose action is given by

M? 1
Sstar. 19 = %/d‘lxv —9J (RJ + WR3> ; (L.1)

where we have introduced the reduced Planck mass Mp; and the inflaton mass m, in terms of
metric 9,}]u having the Ricci scalar curvature R, with the spacetime signature (—, 4, +,+).
The action (1.1) is dual to the quintessence (or scalar-tensor gravity) action

M? 1
Squint.[g,uua @b] = /d4$\/jg [;%R - §Q#Va#¢8y¢ - VStar‘(¢)‘| (1'2)



in terms of the canonical scalar ¢ and another metric g,, in the Einstein frame, related to
giy (in the Jordan frame) by a Weyl transform (see section 2 for details), and having the
Ricci scalar R. The induced scalar potential is given by

2
Vstar.(0) = ng%lm2 [1 — exp <—\/§¢/MP,>1 . (1.3)

The Starobinsky model is known as the excellent model of large-field slow-roll cosmological
inflation with very good agreement to the Planck measurements of the Cosmic Microwave
Background (CMB) radiation [20]. In particular, the observable CMB amplitude fixes the
only parameter of the Starobinsky model as m ~ 107°Mp;. It is also remarkable that the
Lagrangian (1.1) and the corresponding scalar potential (1.3) are very simple.

The Starobinsky model (1.1) is the particular case of the modified F'(R) gravity theories

having the action
Selgi) = [ d'ay/=g7F(Ry) (14)

with a differentiable function F. In contrast to Starobinsky’s Lagrangian quadratic in R,
the F(Ry) theories with generic functions F' do not lead to a simple scalar potential, and
the duality transformation itself is non-trivial. This is the reason why the induced scalar
potentials are often obtained and studied in the F'(R) gravity literature by numerical meth-
ods. Moreover, when starting from a generic F-function, one often arrives at a multi-valued
scalar potential with a number of branching cuts and points, see e.g., ref. [11] for some ex-
amples. Therefore, mathematically and physically well-defined F'(R) gravity functions have
to be carefully chosen.

One also has to avoid graviton as a ghost and scalaron (inflaton) as a tachyon. It leads

to further restrictions

F 2R
L>O and d

0 1.5
dR; dR2 =~ (1.5)

that restrict possible values of parameters and R [21, 22]. For example, in the Starobinsky
model, the first condition in (1.5) is violated for the large negative Ry < —3m?, where the
duality transformation does not exist.!

When considering an inflationary model in modified gravity as the effective gravitational
theory, its Hubble function H must be negligible against the Planck scale Mp; and the UV-
cutoff Ayry. This guarantees decoupling of heavy modes (like Kaluza-Klein modes and string
theory massive modes), which is required for consistency [25]. In the Starobinsky model, both
conditions are satisfied because H ~ O(m) and Ayy = Mp;, while the latter easily follows
from expanding the scalar potential (1.3) in power series with respect to the inflaton field ¢.
In this paper, we confine ourselves to non-negative values of the Ricci scalar curvature well
below O(M3)).

When using an F(R) gravity model for describing inflation, an agreement with the CMB
observables (the amplitude of fluctuations Ag, the scalar power spectrum index ng and the
tensor-to-scalar ratio r) is also required. As regards the scalar potential, it is reasonable to
demand a Minkowski (or de Sitter) vacuum and the boundedness of the potential from below.

!An absence of the duality transformation does not imply non-existence of smooth solutions on which
the function dF/dR; changes its sign. In the Friedmann-Lemaitre-Robertson-Walker (FLRW) universe such
solutions do exist [23] but in more general spacetimes, e.g., with a Bianchi I metric, anisotropic instabilities
arise and isotropic solutions are not stable [24].



Taken together, all these restrictions also significantly restrict possible choices of F' function
and scalar potential.

In this paper, we consider analytic deformations of the Starobinsky model (1.1), which
obey all the above mentioned restrictions, at least for small values of the deformation pa-
rameters. The inverse duality transformation relating a generic scalar potential V' (¢) in the
action (1.2) to the corresponding F'(R) gravity function in eq. (1.4) is known in the paramet-
ric form [17, 26, 27]. However, it is often impossible to get an explicit analytic solution to
the F-function in terms of elementary functions for a given scalar potential. For example, a
simple quadratic scalar potential (a mass term) leads to the complicated F-function in terms
of the special (Lambert) function. It is therefore of interest to find other cases (generalizing
the Starobinsky model) where both functions V(¢) and F(R) exist in terms of elementary
functions. It is certainly relevant for studying the parameter spaces of cosmological models
because analytical methods are superior to numerical methods there.

The Starobinsky model is just the simplest model of inflation with sharp predictions
for the inflationary observables and no free parameters, i.e. it has the maximal predictive
power. However, its viable extensions may be required by future experiments, should the
observed values of the scalar perturbation index ngs and the tensor-to-scalar ratio r deviate
from their values in the Starobinsky model of inflation. Having more freedom in the choice
of new parameters consistent with inflation is also useful for other purposes, such as studies
of reheating and astrophysical constraints [6-9], or formation of primordial black holes [28].
In the context of inflationary models, we are only interested in the physically viable theories
consistent with CMB measurements. In this paper, we find some continuous deformations of
the Starobinsky model under the additional condition that both functions V(¢) and F(R)
can be explicitly given in a finite form in terms of elementary functions, and focus on the
deformations with only one free parameter.

Our motivation can thus be summarized as follows. The Starobinsky model gives sharp
predictions for observables, so that any new viable extension of the model is worth investi-
gating because future measurements may deviate from its predictions. Also, the Starobinsky
model has no free parameters, whereas its extensions have new parameters. A full investiga-
tion of the parameter space requires both analytic and numeric methods because numerical
calculations alone are often possible only for specific values of the parameters. Given extra
parameters, it is important to provide specific constraints on their possible values. On the
technical side, it is desirable to identify a “small field” in the Starobinsky model, which can
serve for an expansion with respect to that field in possible extensions.

Our paper is organized as follows. In section 2 we review the duality transformations
between F'(R) gravity theories and scalar-tensor theories in both directions, formulate the
equations of motion, and define the slow-roll approximation for inflation. The polynomial
deformations of the Starobinsky model in F'(R) gravity by adding the R term or the R*
term in the context of slow-roll inflation are studied in section 3. These terms may arise as
the quantum gravity corrections from Planck scale physics. We estimate their contribution
to inflation by finding the upper limits of their coefficients, via demanding consistency of
slow-roll inflation with CMB observations [20, 29]. The scalar potentials in these models
are drastically different from that in eq. (1.3) at very large values of the scalar curvature,
independently upon the smallness of the deformation parameters. In section 4 we study the
impact of adding the R%/2 term to the Starobinsky model of inflation, where our methods
also apply. In section 5 we begin with the scalar potential (1.3), give the two new examples of
its one-parametric deformation, which are also consistent with observations, and find the cor-
responding F'(R) gravity functions in the explicit analytic form. Section 6 is our conclusion.



2 Setup

2.1 Duality transformations

The F(R) gravity action (1.4) can be rewritten as

Silgi. o /d4 Fo(Rj—0)+F], (2.1)
where the new scalar field o has been introduced, and F (o) = dl;g”) . Eliminating o via
its algebraic equation of motion, R; = o, yields back the action (1.4) when assuming that
F,o(0) = d*F/do? # 0. After the Weyl transformation of the metric

Guw = 21;;1257)9,;@ (2.2)
one gets the following action in the Einstein frame [3]:
Selgu. o / dzy—g l Pl (2") 9" 8,00,0 — V] , (2.3)
where we have introduced the functions
ho) = Mbip2 and Vi) =k Pt (2.4)

2F2 AF?

Introducing the canonical scalar field ¢ instead of ¢ as

3 2
¢ = \/;MPZ In [%EU] (2.5)

allows one to rewrite the action Sg to the standard (quintessence or scalar-tensor) form:

2
Plow. 0] = [ d'ev=g [M;IR — 59" 0~ v<¢>] . (26)

The inverse transformation reads as follows [17, 26, 27]:

V6
[MPZV¢ + M?Dg] exp <\/7MPZ> , (2.7)

M2, | V6 2V 2 ¢
F == %4 2\[ 2.8
2 [MPI 9 + M]QJ[] exp < 3 MPZ ) ( )

where V4 = %, defining the function F'(R;) in the parametric form with the parameter ¢.
Being motivated by the potential (1.3), we find useful to introduce the non-canonical

dimensionless field )
= — = 2.9
y=rexp ( 3M pl> 2F , (2.9)

because it is (physically) small during slow-roll inflation. Defining V (y) = V(¢) and using

Ry

ﬂ__ 2y v
d¢ 3Mpy dy’



we simplify egs. (2.7) and (2.8) as follows:

2 Voo
Ryj=—5|2—-V,]|, 2.10
F= yV2 - Vy:y : (2.11)

respectively.
Equation (2.9) can be obtained as a consequence of egs. (2.10) and (2.11). Using
egs. (2.9) and (2.10), we get
M4
Foo = —— (2.12)
4 (234‘/,1/ -2V - y2V,yy>

In the Starobinsky model we have
Y 2 3 9ar2
Vstar.(y) = Vo(1 —y)*, where Vj= M Mz, . (2.13)

The general equations in this section should be supplemented by demanding the exis-
tence of real solutions, choosing appropriate branches and imposing the physical no-ghost
and no-tachyon conditions, which restrict choices of the allowed functions F(R;) and V(o).

The simple extensions of the Starobinsky model in the form (1.3) are given by the
so-called T-models [30] or the o = 1 attractors [31] with the canonical potential

Y
Vig)=1f (ta h\/gMP) (2.14)

in terms of a regular (monotonic) function f(z), where we have introduced the new dimen-
sionless variable 5

V6Mpy

In terms of this variable, the Starobinsky potential (1.3) takes the simple form

z = tanh

>0 . (2.15)

Vstar.(2) = 4Vo (Z i 1>2 : (2.16)

The simplest T-model of inflation is defined by the even simpler function
V(z) = 4Vp2?. (2.17)

All these models have the same values of the inflationary observables ns; and r because for
large values of the inflaton field ¢ we have z =~ 1 — 2exp (—\/2/3§[)/Mpl>. The inverse
transformation (2.7) and (2.8) in terms of the new variable (2.15) takes the form

Ry = @(1 +2) {(1 + z)% + 14:] (2.18)
and
F= (122)2 Kiii) %—F (12_VZ>2} . (2.19)



These equations are suitable in the framework of the pole inflation near z ~ 1_ [32-34]. For
example, in the Starobinsky model we find

z

. —
RJ = 6m 11— and FStar. = 4%m . (220)
The variable z is simply connected to the variable y of eq. (2.9) as
1—y 1—-=2
=_< = ) 2.21
Tty YT (2.21)

It is to be compared to the map z(Z) between a disc and a half-plane in complex analysis,

z—1 1
z:z and 2= te

2.22
z+1 1—2z"~ ( )

with 0 < z < land 1 < Z < oo in our (real) case. It gives the mathematical origin of the vari-
able y because y = 271, and allows us to rewrite egs. (2.18), (2.19) and (2.20) in the regular
form (without poles) in terms of the real variable Z that is large during slow-roll inflation.

2.2 Equations of motion

In the spatially flat FLRW universe with the metric
ds? = — di* + aX(1) (da? + dy? + d=?) |

the action (2.6) leads to the standard system of evolution equations:

6M3,H? = ¢ + 2V, (2.23)
IMEH = — ¢, (2.24)
¢+3Hd+Vy=0, (2.25)

where H = a/a is the Hubble parameter, a(t) is the scale factor, and the dots denote the
derivatives with respect to the cosmic time ¢. Equation (2.23) is the Friedmann equation. In
the inflationary model building, the e-foldings number

N, =1In (aend) , (2.26)
a

where acnq is the value of a at the end of inflation, is considered instead of the time variable.
Using the relation d/dt = — H d/dN,, one can rewrite eq. (2.23) as follows:

2V

S 2.27
= G (2.27)
where Q = H? and y = ¢/ = —¢/H, and the primes (here and below) denote the derivatives

with respect to N.. Equations (2.24) and (2.25) yield the dynamical system of equations:

1 1 1dV
Q== ¢=x, =355 —5-7. 2.28
M3, 03N T Qs (2.28)
Using eq. (2.27), we rewrite the last equation as
1 M2, —x?dV
X' =3x - 3 OMb— X (2.29)

oMZ, X T 2V dg



2.3 Slow-roll approximation and inflation observables

We associate the spacetime of our Universe with the Einstein frame. The slow-roll parameters
are defined by [35]

-\ 2
M3, (V¢>2 y* (Vy
— 9 — 7 i 2.30
‘T \v 3\v ) (2:30)
Vv 2 N .
a2 B0\ _ 2Y
n = Mp, < v > =37 (Vy ‘HJVyy) . (2.31)

The scalar spectral index ng and the tensor-to-scalar ratio r in terms of the slow-roll
parameters are given by [35]

ng =1 — 6e+ 21, r = 16e. (2.32)

In the slow-roll approximation, we have ' < x and x < Mp;. Hence, the function
¢(N.) can be found as a solution of the differential equation

2

when demanding that € = 1 corresponds to the end of inflation with a = aeng.
Equation (2.33) is equivalent to
’ 2y2vy

YT g1

(2.34)

Using eq. (2.33), we connect ns and V' as follows:?

d d 1
ns =1+ aN. [ln N (—v)] (2.35)

that allows us to reconstruct V(N,) for a given ng(Ne).

The main cosmological parameters of inflation are given by the scalar tilt ng and the
tensor-to-scalar ratio r, whose values are constrained by the combined Planck, WMAP and
BICEP /Keck observations of CMB as [20, 29]

ns = 0.9649 £ 0.0042 (68%CL)  and  r<0.036 (95%CL). (2.36)

The theoretical values of these observables are sensitive to the duration of inflation and the
initial value of the inflaton field, ¢;. For instance, in the case of the Starobinsky inflation,
we find

oi/Mpy | 5.2262 | 5.4971
Ng 0.961 | 0.969
r 0.0043 | 0.0027
N, 49.258 | 62.335

*When using the notion of the effective potential [36], it is possible to get an analogue of eq. (2.35) in
more general models with the scalar field non-minimally coupled to the Ricci scalar and the Gauss-Bonnet
term [37, 38].



The values of ny and r do not depend upon the scalaron mass m. The amplitude of
scalar perturbations is given by
2V
A= —5—— , 2.37
* O 3mEMpr (2.37)
while its observed value (Planck) is As = 2.1 x 1079. Therefore, eq. (2.37) relates the height
of the inflationary potential to the tensor-to-scalar ratio r.
In the Starobinsky model, we have

N2m?
Ay = ——r 2.
24m2 M3, (2:38)

that determines the value of m/Mp; ~ O(107°).

The primordial power spectra of scalar and tensor perturbations in the inflationary
models based on f(R) gravity were first quantitatively derived in refs. [39, 40].

3 Polynomial modifications of Starobinsky model

3.1 The (R + R? + R3) gravity models of inflation

To the best of our knowledge, adding the higher-order terms in R was first proposed in
ref. [4]. The slow-roll large-field inflation models, continuously connected to the Starobinsky
model, were also studied in refs. [11, 13-16, 18, 19, 41-43]. We revisit only those models that
allow a fully analytic treatment in our approach by using the non-canonical field y defined by
eq. (2.9). We do not change the coefficient in front of the R? term but add a single term with
a higher power in R and a dimensionless parameter in front of it. The most obvious option
is a modification of the Starobinsky model by adding an R? term, while the corresponding
scalar potential can be derived in the analytic form. It is natural to interpret the higher-
order terms in R as the quantum gravity corrections to the Starobinsky model. It is our
purpose to evaluate the size of those corrections that are consistent with the recent CMB
measurements [20, 29] by using our methods.

A generic (R + R? + R?) gravity action is given by

M?3 1+ 4 5
S3—gen. = %/dllxv -9 [(1 +61)Ry + (Gm;)R?i + 36%}% ; (3.1)

where we have introduced the three dimensionless parameters d;, i = 1,2,3. Similarly to
the Starobinsky case, inflation is supposed to be mainly driven by the R? term with the
dimensionless coefficient in the action, while the coefficient in front of the additional R term
has the negative (mass) dimension. The latter is usually exploited in the inflation literature
via the standard argument that the higher-order curvature terms (beyond the quadratic
order) are suppressed by powers of the Planck mass and, therefore, are irrelevant. We use
the Starobinsky mass in eq. (3.1) instead, while the variable Rj;/m? is not small during
inflation (our parameters ¢; do not have to be small). We also assume that all the coefficients
in S3_gen. are non-negative in order to avoid problems with ghosts and negative values of the
scalar potential.



The corresponding inflaton scalar potential (2.4) is given by

V(o) Mo (1 + 02+ 3%0) 16Vp52 [3(1 + d2) + 655]
g = = y
192 [1 ot (1252) o 4 du Uzr 3[12(1 4 01) + 4(1 + 62)5 + 0352

(3.2)
where the dimensionless variable & = o/m? has been introduced.
It is easy to see that V(0) =0, V(&) > 0 at & > 0, and V tends to zero at 6 — +o0,
while the potential has a maximum at some positive value of . The extreme equation V/ = 0
has only one positive root given by

146

i (3.3)

&max. =6
This case is qualitatively different from the pure R2-gravity inflation, because at d3 = 0
the potential (3.2) is a monotonically increasing function of &, approaching a positive constant
at & — 400, whereas when d3 > 0 one must have & < Gpax. during and after (hilltop)
inflation.
To study the impact of the R3-term on inflation in more detail, let us consider the
simplest non-trivial case with d; = d = 0, in which eq. (2.9) implies
—=14-+-—=5°. 3.4
y + 3U+ 127 (3.4)
Equation (3.4) is a quadratic equation on & as a function of y. The only positive root
of this equation is given by

5= 523 [\/1 +303 (y~ 1 —1) — 1] = 53 l\/l + 303 <e\/§¢/MPl — 1> - 1] : (3.5)

3

Using egs. (2.4) and (2.9), we find the scalar potential in terms of y or the inflaton field
¢ as follows:

2
Viy) = ;;;/gy [y + 2\/y(y +303(1 — y))} (y - \/y(y +303(1 — y))) :

2
V(gp) = ;‘%Q_Q\/%QS/MPZ <\/1 + 365 (e\/%(b/MPl _ 1) _ 1) (3.6)

X

1+2\/1+363 (e\/2/3¢/MPl _1)] .

It is worth noticing that Vgtar.(y) is reproduced in the limit d3 — 0.
When 63 = 1/3, the potential (3.6) is greatly simplified to

V(g) = gvo [yQ — 3y + 2\/@} _ %Voe—Q\/ 2/3¢/Mp, (1 + 2eV3/2¢/Mp _ 36\/2/3¢/Mpz> )
(3.7)
In terms of the variable z defined by eq. (2.15), the potential reads
2V [(14 (1805 — 1)2)(2 = 1)? = [(2 = 1)2 = 1203(z — 1)2)*"?]
B 2763(1 + 2)%(z — 1)

V(2) (3.8)
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Figure 1. The normalized potential V(¢)/Vy of eq. (3.6) for d3 = 0.000001 (red), d3 = 0.000247
(blue), and d3 = 1/3 (green).

We also find in this case

m? (z — 1+ /(12032 + 1 —2)(1 — z))

RJ: (53(1—2’)

and
Ry ((SgRJ + 2m2) - o (535 + 2)

© T 12mt + 05RE 1 2m2R, 12+ 036° 1 25

The profile of the potential V(¢) is given on figure 1. The maximum occurs at

Pmax. = \/EMPl In[2(2+6,%)], (3.11)

while this value does not depend upon m.

As is clear from figure 1, the plateau of the potential (on the left-hand-side from the
maximum) becomes longer, as well as the duration of slow-roll, with decreasing ds.

The key discriminator for viable inflation in the given class of models is the value of the
scalar perturbation index ns. For example, in the case of the potential (3.7) with 03 = 1/3,
the ng never exceeds 0.9 for any value of the canonical inflaton field ¢, so that it is not
suitable for inflation.

The condition ¢; < @dmax. yields the additional restriction on the possible initial values
of ¢. Equation (3.11) can be written to the following form:

03 = 4 5 (3.12)
(e\/%(ﬁmax./MPl _ 4)

being represented by the blue curve on the left-hand-side of figure 2.
The upper bound on the parameter d3 can be estimated by assuming the observable
value of ns to be calculated at the maximum of the potential. Then we find

8v/03 (1 + 4/93 + 443)

3(3v33 +1) 2V +1)° (3.13)

ns(¢max.) =1-

~10 -
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Figure 2. The allowed range of d5 and ¢ from the observational constraints (Planck): 0.961 < ng <
0.969 (left), and the dependence of ns upon d3 (right), under the assumption that inflation started at

the maximum of the potential.

Since observations require ng > 0.960, we get d3 < 0.0002467. The dependence of n,
upon d3 is given on the right-hand-side of figure 2. Therefore, the domain of allowed values

of d3 and ¢ is highly restricted.

Since viable inflation requires 3 < 1, it allows us to consider d3 as a truly small

parameter and expand the potential in power series of d3 as follows:

Y, _ 2 y—1 9y —1)* 3
V() =Voly = D |1+ 55 =0+ = 3+0(a3)] .

In this approximation, using egs. (2.30) and (2.31), we get

49 2 dy+1 ,
~ 1)
EETOTE ) AT s AR DR
_4dy(2y —1) 3y+1 21y + 16

T3y —1)? 3yly—1) 0 122 B

and, hence,
8y(y+1) B 2(3y — 1)5 21y —13
By—12 Byy-1)" 6y>

The conditions €(yend) = 1 and yeng = 2v/3 — 3 at 63 = 0 give

62 .

45 — 26+/3 2146+/3 — 3717
3ot 2
12v/3 — 9 (4\/3 _ 7)

Solving eq. (2.34), we get for small d3:

Yend = 2V'3 — 3 + 53,

3(yIn(y) + 1) N 3y? — 3y + Ly N 3(70y* — 110y3 + 80y? — 25y + 2)
= 3

N,
¢ 4y 16y3 640>

- 11 -

(3.14)

(3.15)

(3.16)

62 — Ny, (3.17)



where Ny can be obtained by the condition N¢(yendq) = 0:

(18961021/3 — 3284145) In(2v/3 — 3) — 293328+/3 + 508059
4(2v/3 — 3)5(4/3 — 7)2
N 2578194+/3 — 4465563 +_187776774[—-325238913 5
16(2v/3 — 3)5(4V/3 —7)2 ° 640(2v/3 — 3)5(4/3—T1)2 °

With a value of §3 within 0 < §3 < 0.00025 we obtain Ny ~ 1.040.

In figure 2, one can see that suitable values of ¢ are not less than in the case of the
Starobinsky inflation. So, to calculate inflationary parameters we should take ¢ > 5.226 Mp;
that corresponds to y < 0.0140. For these values, N, is an increasing function of d3, so
the number of e-folding during inflation is always more than 49.26 that corresponds to the
Starobinsky model. The request N, < 65 gives the additional restriction of the maximal
value of d3. Namely, for d3 = 0.00012, the condition ng > 0.961 gives ¢ > 5.438 Mp;. The
corresponding N, > 65.1 that is not suitable for inflationary scenario.

We come to the conclusion that the model under investigation gives the inflationary
parameters that do not contradict observations only if d3 < 0.00012 and the inflation started
in the narrow domain of the scalar field ¢ values (a part of the marked green domain in the
left picture of figure 2), which implies that this inflationary scenario is rather unrealistic.
The same model was also studied in detail in refs. [18, 19]. A similar inflationary model in
the framework of the unimodular gravity was proposed in ref. [42].

It is no surprise that the dimensionless parameter d3 in front of the R3-term must be
very small® because slow roll inflation in f(R) gravity only applies for the range of R (in the
large curvature regime) where f(R)/R? is a slowly-changing function of R, together with its
first and second derivatives with respect to In R [22]. Our considerations above provide the
quantitative estimates for the d3 and ng.

L=
(3.18)

3.2 The (R + R? + R*) gravity model of inflation

In this subsection, we consider another model defined by

M3 1 4R
PR = 557 | Rt G o+ g

(3.19)

with the dimensionless parameter d4 > 0, as the natural alternative to the previous model.
We compute the inflaton scalar potential from eq. (9) as follows:
52(8 + 35%44) 262 (8 + 304572)

V=V =V , 3.20
0 7y Y(12 1 46 + 6,6%)° (3.20)

where y is related to F’ by eq. (2.9). In the case under consideration we have

y l=14+ -4 -5 . (3.21)

Solving the cubic equation (3.21) yields & in terms of !,

VA 4
364 Z

o=

. where Z::d(ﬂﬁ@—l—1)+6V§¢%B@—L—U2+1&M”)6j (3.22)

3Tt also applies to the parameter d, in front of the R*-term studied in the next subsection 3.2.

- 12 —
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0.51

Figure 3. The scalar potential in the (R + R? + R*) model (red) versus the scalar potential in
the Starobinsky (R + R?) model (green). The parameter value is §4 = 10~7. The approximated
potential (3.24) in the (R+ R?+ R*) model is given by the blue line with the same value of §; = 10~7.

Assuming §4 < 1 and using eq. (3.22), we can expand 62 in power series of d, near zero
as follows:

5103(y~ ' —1
4 5103y )
2 16
Substituting eq. (3.23) into eq. (3.20), we get the scalar potential with the same accuracy,

652 +0(83) - (3.23)

O (et VN e AR 8 Vb VP

AP [CREUSITAES PR TTRES
~ T 9 1 2 81/ 1 &)
~ Vstar.(y) {1 3 (y - 1) 0q + 16 (y - 1) 54} , (3.24)

where the potential VStar,(y) has been defined by eq. (2.13).

The profile of the scalar potential in the (R+ R?+ R*) model versus the scalar potential
of the Starobinsky (R + R?) model is given in figure 3.

The slow-roll parameters are

2( +14) (- 1)’y
16

€~ P 3y~ 104 + o3 (3.25)

and

4t -2) 3243 y_15 C8ly T (10 TP+ 13y P 44y - T)
3(y1—1)> 2 ! 16

Accordingly, the inflationary observables ng = 1 — 6¢ 4+ 21 and r = 16¢ are given by

81y~1 (=9y=3 + 25y~2 — 23y~ +7) 63
8

6%. (3.26)

3y=2 — 14y~ ' -5
3(y~' —1)°

ng ~

_ gy~ (2y—1 ~ 3) 54 —

~13 -
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Figure 4. The green area on these pictures describes the values of the parameter 64 and ¢ = ¢; that
are in agreement with the observed values of the spectral index ns and the tensor-to-scalar ratio . The
upper boundary of the green area (dark blue curve) corresponds to ns = 0.961 and the lower boundary
(blue curve) corresponds to ngy = 0.969. In the left picture, the blue area gives the values of §, and
¢; leading to the observed values of 7, the red curve corresponds to the maximum of the potential V',
and the grey curve shows the boundary of applicability of our approximation. In the right picture,
the magenta area shows the values of the parameter é4 and ¢; required for inflation with a decreasing
scalar field. The yellow area corresponds to the e-foldings number N, of the Starobinsky inflation for
the allowed interval 0.961 < n, < 0.969, the left black dotted line corresponds to N, ~ 49.258, the
right orange dotted line corresponds to N, ~ 62.335, and the red line corresponds to r = 0.0027.

and

r oo ﬁ —asy st omy T (v 1) (v - 1) e

The e-foldings number N, as a function of the inflaton field is

N, = 3 (y_l +lny> + 27 (y_l — 1)464

4 s 128 (3.27)

+ 5o (7—1y—7 9y 6 £ 9y5 — 20y4 + 2573 — 18y~ + 7y—1) 52 — Ny |
where the integration constant Ny is fixed by the condition €(yend) = 1. A numerical solution
to the condition € = 1 with 64 < 107° yields the approximate values of the field and the
e-foldings number at the end of inflation as ¢eng = 0.9402Mp; and Ny = 1.040. The relevant
values of the canonical inflaton field ¢; at the beginning of inflation versus the values of d4
are given in figure 4.

The red curve in the middle of the left picture in figure 4 gives the function 6(¢max),

where ¢max is the point of the maximum potential of V. This function can be presented in
an analytical form

Yk + 1= \Jymdx — 30yimkx — 15
9 (2ymax +1) (ymax — 1)2

64 ((bmax) =

)

— 14 —



where Ymax = Y(Pmax). The scalar field ¢ tends to zero during inflation if its initial value is
less than ¢max-

As shown in figure 4, the maximum allowed value of 4 is about 2 x 10~7. In the case of
the Starobinsky inflation, d4 = 0, limiting the maximum value of the scalar spectral index ng
leads to a minimum value of the ratio of the tensor to the scalar r = 0.0027. When d4 > 0,
the minimum value of r decreases. In the right picture of figure 4, the red line corresponds
to the value r = 0.0027 for 04 # 0. To the left of the red line we have r > 0.0027, and
r < 0.0027 to the right.

Our consideration provides quantitative estimation for value of d4 for which the param-
eters ng and r are consistent with current observations.

4 The (R + R3? 4+ R?) gravity model of inflation

4.1 The inflaton potential

Our methods apply to yet another model of inflation based on the modified gravity with the
(R + R%? 4 R?) terms,
M?2 1 0 32

where we have introduced the dimensionless parameter 6.

The R3/%-term in F(R) gravity (or in the Jordan frame) arises in an approximate descrip-
tion of the Higgs field with a small cubic term in its scalar potential and a large non-minimal
coupling to R [44]. The R%/? term also appears in the (chiral) modified supergravity [12, 45].

The possible values of ¢ are restricted by the condition (1.5). Given ¢ > 0, we find

MR = 90\ 3 >
F, = 6(\@+4) — =2 (276 - 16) > 0 (4.2)

when § > —44/3/9, and

M3, 99

only when § > 0. Hence, the condition § > 0 is necessary to get a stable F'(R) gravity model
for all Ry > 0.
The corresponding scalar potential (2.4) is given by

4V (30v/ 7 + 6
V= Voo (3 \@+~J) . (4.4)
(6 + 95/ + 25)2
Equation (2.9) in this case is a quadratic equation on v/, and its only real solution is
3(1— 96
PGl o {%y —\/3y(2762% — 16y + 16)} . (4.5)

The potential (4.4) can be rewritten as

5 0 _ 3
V= 33047 (s+30y)(s—9y)
243V 64y? 16(1 —y) 16(1 —y) ’ (4.6)
=== 1+ ——— +1 1+ —— 1
256 (3 + 2762y + ) < + 2762y ) ’

where we have introduced s = /3y(2752y — 16y + 16).
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Figure 5. The potential V(¢) for § = 0 (red), § = 1/5 (blue), § = 4v/3/9 (green), and 6 = 5 (black).

When 6 = 41/3/9, the F, function is a perfect square, and the potential simplifies as

Vi) = 22 (3+ VB) (1 = VB)* (1.7

or
3
Vipecial () = ? (c#/ /oM _ 1) (14 36/(/BMP0) =220/

The profile of the potential V(¢) as a function of the canonical inflaton ¢ is given in
figure 5.

It is possible to further generalize our model by replacing the R%/%-term by the (R +
Ry)?/?-term with a positive constant R [12, 13].

4.2 The inflationary parameters

Equations (2.30) and (2.31) give the slow-roll parameters in our model (4.1) as

4842 [s6 + (8 — 982)y]”

(s—95y)* (s +3dy)° (4.8)
and
4y [24(35 +2)(36 — 2)(276% — 16)y> — (275(21562 — 165 — 803) + 768)y* — s34
e (30y+s)(s—90y)°s - 49)
Therefore, according to eq. (2.32), the inflationary parameters are given by
=14 8y (35(36(96% — 16)s + 72082 — 256)y? — s35(395y + 5)) (4.10)

(=98y +5)2(36y+s)*s
8y [720(4 — 96%)(276 — 16)y" + ((—12156" — 4320° 4 768)s — 1445(450° — 16))y°]
(=90y +5)(30y+s)s

~16 —



and )
_768y* (—96%y + s6 + 8y)

(=96y+s)* (36y+s)°
The slow-roll evolution equation (2.34) allows us to relate N. with y at the end of
inflation,

(4.11)

9
N, = (8 _ 5—2> In [05% (95 — s) + 24 (1 — 4y) 8% + 8 (35 + 4y)|
3 s (4.12)
62 —-2)1 — — N,
where the integration constant Ny is fixed by the condition N¢(yenq) = 0. The analytic
formula for Ny(d) is obtained by substituting N, = 0 and y = yenq (see below). It results in
a long equation that is not very illuminating, so we do not present it here.
It follows from eq. (4.8) that the condition € = 1 with arbitrary positive parameter &
leads to a quadratic equation on y = yenq With the only solution as

3(4 — 362 + V/30%) — \/9(4 — 352 + v/362)2 — 72(2 — 302)
2(2 — 362)(3 4+ 2v/3) '
It is worth noticing that this solution has no singularity at 6 = /2/3, while yenq(d) is a

smooth monotonically decreasing function.
The slow-roll parameters € and 7 remain finite in the limit § — +o0o at fixed y,

(2y +1)? 24y +y+ 1)
3(1-y)*’ 3(1—y)?
Since the value of y at the end of inflation is determined by the condition €(yenq) = 1,

Yend also approaches a finite limit as § — +o00, which is given by a solution to the equation

(2y +1)?
_ =1. 4.15
T30y (4.15)
This equation has only one positive solution Yend|s—+o0o = 3v3 — 5~ 0.196.
The amplitude of scalar perturbations (2.37) is given by

Yend = (4.13)

€oo(y) =

Moo (y) = (4.14)

B (=98y +5)° (36y+ s)> m?
® T 3538044y472 (—9 02y + 56 + 8y)*

(4.16)

The observed value of A determines the value of the parameter m.

We summarize our results for various values of the parameter ¢ in table 1 and figure 6.
The values of the tensor-to-scalar ratio r at 6 = 5 are about four times more the corresponding
values in the Starobinsky model. When § > 5, the r is almost constant. The value of yeng
at 6 = 25 is close to its value at 6 — 4o00. Unlike the models with the R® and R* terms,
the potential has no extremum at ¢ < 0, so there is no fine-tuning of initial conditions.
The number of e-foldings before the end of inflation monotonically increases for § > 1.
Restricting this number to be less or equal to 65, we get an estimation for the maximal value
of the parameter as 4 = 100 at which the model still does not contradict observations.

When § = 41/3/9, the function F , simplifies as

EU:A?(\W&+\/§)2.
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0 | Yend | Yinp.—0.961 | Yimon.—0.969 | NVen.—0.961 | Nesn.—0.969 | Tns=0.961 | Tn,=0.969
0 | 0464 | 0.0140 0.0112 49.3 62.3 0.0043 | 0.0027
0.2 | 0.395 | 0.00682 0.00505 45.0 56.8 0.0096 | 0.0065
3 10.299 | 0.00146 0.000968 48.1 60.9 0.0152 | 0.0099
1 ]0.279 | 0.000939 | 0.000616 49.4 62.4 0.0157 | 0.0102
5 10205 | 4.32-107% | 2.75-107° 56.3 69.7 0.0168 | 0.0108
10 | 0.199 | 1.08-107° | 6.91-1076 58.7 72.0 0.0168 | 0.0108
25 |0.197 | 1.74-107% | 1.11-1076 61.4 74.8 0.0169 0.0108
50 | 0.196 | 4.34-1077 | 2.77-10"" 63.5 76.9 0.0169 | 0.0108
100 | 0.196 | 1.09-1077 | 6.92-107% 65.5 79.1 0.0169 | 0.0108

Table 1. The values of y, N, and r corresponding to ng = 0.961 and n, = 0.969, respectively, and
the values of yenq for some values of the parameter 9.

501

40

30

20+

10

Figure 6. The inflaton field values against the values of the parameter 6. The green area corresponds
to the observational restrictions on ns; and r. The blue area is defined by the restrictions on r only.
When 6 > 5, the allowed domain is restricted by the lines § 4y = const.

Accordingly, the slow-roll parameters are also simplified as

and

49 (2\/§ + y)2

3(VI—9)° BVi+y)*

4y* (2y/y+ 2y — 1)

77:

In this special case we find

ng=1-—

3(Vi—v)’ (Byvu+y)

8y (Ty + 4y /¥ + v* + 3/Y)

~ 18 —

3(vi—v)’ (Bvi+y)’

(4.17)

(4.18)

(4.19)



and )
64y? (2,/y + v)

= ) . (4.20)
3(VI—y) Bvy+y)
Equation (4.12) also simplifies to
N, = ——i—gl —gln(\f—i—Q)—N (4.21)
e — 4\/» ny ] Y 0> :

so that € = 1 is at yenq = (\/6v3 — 8 — 1), and the integration constant Ny is given by

Ny = —é {21111(\/6\/5—8— 1) = 9In(1+\/6v3 - 8) + (6 + 4V3) (1+ 6\/3—8)]

~ 148 . (4.22)

The inflationary parameters in the special case are also given in table 1. It is worth
noticing that the values of the tensor-to-scalar ratio r are significantly higher than those in
the Starobinsky model.

The amplitude of scalar perturbations at the special value of ¢ is given by

2V m?*(1 - /)’ (3 + vy)°
As = T~ 5 : (4.23)
3m2Mp,r 128m2 M3, (2 + /Y)?

Its observed value A, ~ 2.1 -107? implies m ~ 2 - 107°.

5 Deforming the scalar potential in the Starobinsky model with analytic
F-functions

The Starobinsky inflation based on the inflaton potential (1.3) is a large ¢-field inflation,
with the relevant values of ¢ around the Planck scale. Hence, the field y defined by (2.9) is
small during slow-roll inflation. The inflaton potential (1.3) as a function of y is

V(e)=V(y) =V [1-2y+0 ()], (5.1)

where only the first two terms are essential for the CMB observables [46]. The inflaton
potential (1.3) can therefore be modified as

V(y) =V [1 -2+ y*w(y)] (52)

with arbitrary analytic function w(y) without changing the CMB observables predicted by
the Starobinsky model, at least for those values of w that are not very large. The Starobinsky
model appears at w = 1 with inflation taking place for positive values of R ;.

The physical conditions (1.5) are satisfied with the potential (5.2). In particular, we
find the second derivative Fl,,(y) in the form

MPl
3m? (2 + 2539 + 1 0%

Fooly) = (5:3)

~19 —



Equation (2.10) reads

. Rj 1 1 2dw>
LY. 4
=g =3(L-1-50%) (54)
and eq. (2.11) is given by
1 dw
F—Vo(z—w—ydy> (5.5)
As a check, in the Starobinsky case, w =1 and V = V(1 — )2, and eq. (2.10) gives
R; -1
=(1+—= . 5.6
v=(1+35%) (5)
Substituting it into eq. (2.11), we get
M} R?
Fstar.(Ry) = =2 (R . 5.7
Star. (1) 5 <J+6m2>, (5.7)

as it should be. Moreover, when w is an arbitrary constant, we find
F(Ry) = Fstar.(Ry) — A, (5.8)
where A = Vj(1 — w) is a cosmological constant.

5.1 New casel

As a new example, let us now consider the non-trivial case with
w(y) = wo + w1y, (5.9)

where wg < 1 and w1 > 0 are constants. The constant w; should be positive for the potential
V bounded from below. The inequality wg < 1 is needed for positivity of a cosmological
constant, see eq. (5.8).

Equation (5.4) leads to the depressed cubic equation

2 R 2
y3+<1+‘]2) —— =y’ +py+q=0 (5.10)
w1 3m w1
with the negative discriminant
32 R;\® 108
A= — (4p3 272:—<1 ) - =<0 5.11
( Pt el ) W 3m2 2 <0, (5.11)

so that it has only one real root given by the Cardano formula

> 3\ > 5\
S+ q4+p) +(—q— q+p) (5.12)

3\ /3 2\ /3
1 8 Ry 1 8 RJ)
=— (1414 —(1+ 2L — (141 1 .
BE ( +\/ R ( +3m2> ) RTE ( \/ +27w1< T )
1

—90 —
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Figure 7. The scalar potential of the canonical inflaton field ¢ (left) and the related F'(R)-function
(right) in the case of the deformation of the Starobinsky model for some values of the parameter wy:

0, 1, 5, and 10.
Equation (5.5) yields the explicit F-function in this case as follows:

F 1
70 = ? — Wy — 2w1y (513)

A 1/3 A 1/37 2
2/3 8 J 8 < J)
- 144/1 1 1-4/1 14+ L
“1 (+V/+mm('+%ﬂ>> +( ¢’+wm Tz
3 R 3 1/3 5 7 3 1/3
2/3 J J
B (1+”¢1+ENW1(1+zmﬂ> ) *_(1_'¢1+wa1(1+3nﬂ) )

—Wwo ,
where
1/3 1/37~
2/3 8 8
= 1 1 1—4/1
wo = wq ( + + 27601) +< +27w1> ]
- 1/ - 1/ (5.14)
2/3
-2 1 1 1—4/1 .
“1 <+ +mm> +< +WM> ]

The limit w; — 0 is smooth and gives back the case (5.8). The shape of the scalar potential
of the canonical inflaton field ¢ is shown on the left-hand-side of figure 7: it remains largely
unchanged for the values of the deformation parameter up to wy &~ 10, though the “waterfall”
down to the minimum becomes steeper and the non-vanishing vacuum expectation value
(¢) # 0 appears for w; > 0. Since a vacuum expectation value should be less than Mp; , we
find that the deformation parameter w; < 2 (1 - e_\/%) e3V2/3 ~12.9.

The corresponding F'(R) gravity functions are shown on the right-hand-side of figure 7.
Compared to the Starobinsky curve (w; = 0), they have larger values in the given range of
Rj/m?. For larger values of R;/m?, all those F-curves converge to the Starobinsky curve.

The results of our numerical calculation for the index ng of scalar perturbations and the
tensor-to-scalar ratio r, as the functions of e-folds V., are given in figure 8 for the values of
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Figure 8. The index ng (left) of scalar perturbations and the tensor-to-scalar ratio r (right) as the
functions of e-folds N, in the case I of the deformation of the Starobinsky model for some values of
the parameter wy: 0, 1, 5, and 10.

the parameter w; equal to 0, 1, 5, and 10. As is clear from figure 8, there are (small) changes
in the duration of inflation and its initial and final moments.
From eq. (5.3) we get a simple formula for the second derivative F,, as

2
MPl

F ="
»UU(y) 6m2 (]-‘I’leg) )

(5.15)

so that the F'(R) gravity model (5.13) satisfies the conditions (1.5) with w; > 0.

5.2 New case I1

Our approach suggests another one-parametric deformation of the Starobinsky potential (1.3)
as follows:

V() = Vo |1 — e~ V2B6/MP1_ ce—szb/wl} v (1-y- ) (5.16)

where we assume the parameter ¢ > 0. This potential can be realized in supergravity [47],
while the potential (1.3) is recovered at ¢ = 0. The Minkowski minimum of the poten-
tial (5.16) is realized by demanding V (y) = V'(y) = 0 that yields a quadratic equation whose

solution is given by
v1+4(—-1
Ymin. = 2CC . (517)

The potential (5.16) can also be rewritten to the form (5.2) with the w(y)-function
w=1-2¢C+2Cy+ 2. (5.18)

Accordingly, eq. (5.4) takes the form

R
C2y4+Cy3+<1—|—37;2>y—15ay4+by3+cy2+dy+e:0 (5.19)
with B
a=C% b=(, c¢=0, d:1+37n‘:2, e= —1. (5.20)
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The discriminant of the quartic equation (5.19),

R Ry \* Ry \?
A:—256§6—192C5(1+J>—3§4 9(1+") —2<1+"> +9
3m? 3m? m
R;\?
4031+ =L
<(+@mg,

is negative, so that there are two distinct real roots and two conjugated complex roots. The
equivalent depressed quartic equation

b -1
gt +pi* +qi+r =0, where g:y—F@:y%—%, (5.22)
has the following parameters:
R
30° 3 b +8a%d  1H+8C(1+ g5
p= - = - p<0, =T ) B
8a 8¢? 8a3 8¢3
and
3+ 256¢2 + 64¢ (1 + 24,
r— (L+3%) (5.24)

2564

The Ferrari formula gives the roots of the depressed quartic equation in terms of the quantities

Ag = —3bd + 12ae = —3¢ <1 + R") —-12¢2 <0,
3m?2

Ry \?
(1+3m2) 1
1/3
Ay 4 /AT - 4A3 1/ 2 1 A
Q=( 1 ﬂ 8= S ACEE It

2 2 Q

Ay = 27b%e 4 27ad? = 27¢> >0,

(5.25)

2\/ " 3?

where in our case @ > 0, S > 0 and 27A = 4A3 — A? < 0. The real roots are given by

b 1 1 1 14+8¢(1+ £
y1,2__—Si2\/—452—2p+q—__SiJ_452+3_’_ ( 32).

1a S A 2 4¢? 8S¢3
(5.26)
In the limit ¢ — 04 we find
3 1 R; 1
p—>—8—<2, q—>8—Cg, Ay — 0, Ao—>—3g“(1+3m2>, Q — /Ao, S—>R.

Actually, only the root with the upper sign choice in eq. (5.26) leads to the physical so-
lution connected to the Starobinsky model because the lower sign choice implies the negative
value of y and, therefore, should be discarded. The scalar potential and the F' function are
given in figure 9 for some values of the deformation parameter (. Since a vacuum expectation
value should be less than Mp;, we find a restriction on the deformation parameter,

¢ < (1 - eV2/3> V23 29, (5.27)
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Figure 9. The scalar potential of the canonical inflaton field ¢, and the related F(R) function in
case II.
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Figure 10. The index n; (left) of scalar perturbations and the tensor-to-scalar ratio r (right) as the
functions of e-folds N, in case II for some values of the parameter ¢: 0, 1/2, 1, and 2.

The results of our numerical calculation for the index ng of scalar perturbations and
the tensor-to-scalar ratio r, as the functions of e-folds Ng, in case II are given in figure 10
for the values of the parameter ¢ equal to 0, 1/2, 1, and 2. There are (small) changes in the
duration of inflation and its initial and final moments, similarly to case I.

From eq. (2.12), we find

Fooly) = M, >0
W= Gm2 (1+ 2¢y® + 3¢2y%)
To the end of this section, we comment on case II with a negative parameter ( = —|(|.

The critical points of the potential (5.16) correspond to three solutions,

_1F V21|C_| el = L (5.28)

Y1,2
21|

To get slow-roll inflation, we need |¢| < 1/4. It leads to the scalar potential with two minima
and one maximum, while only one minimum has y < 1, thus leading to hilltop inflation with
restricted initial conditions.
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6 Conclusion

In this paper, we studied several extensions of the Starobinsky inflation model of the (R+ R?)
gravity in the context of F'(R) gravity and scalar-tensor gravity, including the known models
(section 3) and the new ones (sections 4 and 5) by using our methods. These models are
consistent with cosmological observations and have no ghosts, while both the F-function and
the inflaton (scalaron) potential V(¢) are available in the explicit analytic form including
their dependence upon the parameters. The last feature appears to be very restrictive. We
focused on the models with only one free parameter for simplicity. Of course, the list of such
models can be extended but not much. Besides the physical and observational constraints,
on the one side, it is must be possible to invert the dependence of a polynomial in R upon
the inflaton field ¢ as an analytic function R(¢), see section 3. On the other side, it must be
possible to analytically invert a function R(y), see section 5. It is only possible when there is
an analytic formula for the roots of the polynomials, which restricts their order to 4 or less.

In sections 3 and 4 we deformed the Starobinsky (R + R?) gravity model of inflation
and found the inflaton potential in the analytic form in the three specific cases, by adding
an R3 term, an R*-term and an R3/? term, respectively. In section 5 we started from the
opposite side, by deforming the scalar potential of the Starobinsky model, and derived the
corresponding F-function in the analytic form in the two different models with a single
parameter, and found the lower and upper bounds on the values of the parameters. The
new models in section 5 are very close to the original Starobinsky model of inflation, as
regards their cosmological parameters. However, unlike the Starobinsky model, the inflaton
(scalaron) acquires a non-vanishing vacuum expectation value in those models.

The asymptotic de Sitter solution in the pure (R4 R?) model at very large positive values
of R turns out to be unstable against any correction of the higher order in R in the F-function
that drastically changes the behavior of the scalar potential before inflation. Even though
those values of R are apparently beyond the scope of applicability of the modified F(R)-
gravity as the effective theory of gravity, it introduces a dependence upon initial values of the
inflaton field that must roll down to the left from the maximum of the potential (see figures 7
and 9) for viable hilltop inflation. In other words, the higher-order (in R) quantum corrections
imply tuning the initial conditions for inflation.* This feature is apparently universal because
there is no fundamental reason for the absence of quantum corrections proportional to the
higher powers of R. This observation is, however, limited to the perturbative treatment with
respect to the R-dependence of F-function.

Consistency with CMB observations in our models demands the higher order terms in
R to be negligible against the R? term during inflation. We achieved it via demanding the
dimensionless coefficients in front of the higher-order terms to be small enough because the
variable & = R/m? is not small during inflation. We found the upper limits on the values
of the coefficients at the R and R* terms. However, we are not aware of any fundamental
reason demanding those coefficients to be small.’

Unlike the R and R* terms, the modification of the Starobinsky model by the R3/2
term does not lead to significant constraints on its coefficient in slow-roll inflation, at least
for 0 < 6 < 100. However, the R3/2 term has a significant impact on the value of the tensor-

“The similar results were obtained in the (R + R? 4+ R*) model [19].
Tt might be possible to get a flat potential for very large inflaton field values via a resummation of all
higher-curvature corrections, e.g., in the framework of asymptotically-safe quantum gravity [48, 49].
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to-scalar ratio r (see table 1 in section 4)% and, therefore, implies higher production rate of
primordial gravitational waves caused by inflation. There is another source of primordial
gravitational waves caused by possible formation of primordial black holes; in the framework
of F(R) gravity it was studied in ref. [50].

More restrictions of the F-function and the inflaton scalar potential arise when de-
manding their minimal embedding into supergravity, along the lines of refs. [45, 51, 52]. For
instance, the R? term is excluded in supergravity, whereas only case II in subsection 5.2 is
extendable in the minimal supergravity framework that requires the scalar potential to be
a real function squared. The R3/2 term also arises in certain versions of the chiral F(R)
supergravity [45].
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