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Abstract. We associate a complete intersection singularity to a graded matrix factorization
of size two of a polynomial in three variables. We show that we get an inverse to the reduc-
tion of singularities considered by C. T. C. Wall. We study this for the full strongly excep-
tional collections in the triangulated category of graded matrix factorizations constructed by
H. Kajiura, K. Saito, and the second author.

0. Introduction

In his classification of singularities [16], C. T. C. Wall noticed that there is a relation
between series of singularities given by a reduction. More precisely, he considers
a linear reduction L of a complete intersection singularity in C* to a hypersurface
singularity in C* and a reduction A of a hypersurface singularity in C> of corank
3 to one of corank 2. The aim of this paper is to show that as an inverse of such a
reduction one can consider a graded matrix factorization of size two.

We consider weighted homogeneous deformations of an invertible polynomial.
We use the approach of [1] to define graded matrix factorizations for such defor-
mations. We classify weighted homogeneous deformations of invertible polyno-
mials of three variables and we define Dolgachev numbers for them. We consider
a graded matrix factorization of size two of such a deformation and associate a
complete intersection singularity to it. We show that we get the original singularity
back by L- or A-reduction. Moreover we consider graded matrix factorizations of
size two of invertible polynomials in two variables and show that they are related
to a reduction between hypersurface singularities in C> considered in [10].

In [12], H. Kajiura, K. Saito, and the second author constructed a full strongly
exceptional collection in the triangulated category of graded matrix factorizations of
apolynomial associated to aregular system of weights whose smallest exponents are
equal to —1. These polynomials define the 14 exceptional unimodal hypersurface
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singularities, the 6 heads of the bimodal series of hypersurface singularities, and 2
further singularities. They are weighted homogeneous deformations of invertible
polynomials of three variables. The exceptional collection is described by a certain
quiver. The graded matrix factorizations of size two listed in the paper correspond to
the outermost vertices of certain arms of the quiver. We show that they correspond
to singularities where the corresponding length of the arm (which is one of the
Dolgachev numbers) is increased by one. We thus obtain the picture of Fig. 2.
There is Arnold’s strange duality between the 14 exceptional unimodal hyper-
surface singularities and the extension [10] of it to the bimodal series and the
complete intersection singularities which reduce to the 14 exceptional unimodal
singularities and the 6 heads of the bimodal series. This can be considered as a
special kind of mirror symmetry. As a corollary of our main result we get that the
reduction is mirror dual to a special adjacency between these singularities.

1. Graded matrix factorizations for invertible polynomials

A polynomial f(xq,...,x,) € Clxy,...,x,]is called weighted homogeneous, it
there are positive integers wy, ..., w, and d such that f(A"'x1,...,A""x,) =
A f(xq1, ..., x,) for A € C*. We call (wq,...,w,;d) a system of weights. If
ged(wi, ..., wy, d) = 1, then the system of weights is called reduced.

Definition 1. A weighted homogeneous polynomial f(x, ..., x,) is called invert-
ible if the following conditions are satisfied

(i) it can be written

n n E
f(xlv"'v-xn)z ai x'”a
J
1

i=1 =

where a; € C*, E;; are non-negative integers, and the n x n-matrix E := (E;;)
is invertible over Q,
(ii) it has an isolated singularity at the origin.

Ejj . . . .
Let f(x1,...,Xy) = Y i a ]_[;":1 X; / be an invertible polynomial. Without
loss of generality, we assume that det E > 0. The canonical system of weights is

the system of weights (w1, ..., wy; d) given by the unique solution of the equation

wi 1
E|l @ | =det(E) | ], d:=det(E).

wy, 1
The canonical system of weights (wy, ..., wy; d) is in general non-reduced, define

cr=ged(wy, ..., wy, d).
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Definition 2. A weighted homogeneous deformation of an invertible polynomial is
a polynomial of the form

N n E
f('xla"-’-xn)z ai -x'ljv
J

i=1 j=1

where N > n, a; € C* E;; are non-negative integers, Zl vai [15 = lx

is an invertible polynomial with canonical weight system (wq, ..., wy; d), and
Ejj . .

]_[;;1 X; /" are monomials of the same degree d for 1 <i < N.

Note thatthe case N = n is permitted, i.e., the weighted homogeneous deformations
of an invertible polynomial include the invertible polynomial itself.

Definition 3. Let f(x,...,x;) = ZlN:] a; ]—I;?=1 xfij be a weighted homoge-
neous deformation of an invertible polynomial. Consider the free abelian group
&\ Zx; L f generated by the symbols X; for the variables x; fori = 1,...,n
and the symbol f for the polynomial f. The maximal grading L y of the invertible
polynomial f is the abelian group defined by the quotient

n
Ly:= @Zii ® Zf/]f,

i=1

where [ is the subgroup generated by the elements

n
f_ZEl'j)_éjy i=1,...,N.
=1

Note that Ly is an abelian group of rank 1 which is not necessarily free. We
have the degree map deg : Ly — Z defined by x; — w;/cy, f = d/cy,
where (wq, ..., wy; d) is the canonical system of weights of f. This map is an
isomorphism if and only if the canonical system of weights is reduced, see [8,
Proposition 17].

Let f(x1,...,x,) be a weighted homogeneous deformation of an invertible
polynomial. We recall the definition of an L ¢-graded matrix factorization of f, see
[1] and the references therein.

Let § = Clxy, ..., x,]. This is naturally an L s-graded algebra:

S = @ 7.
ZELf
For any L y-graded S-module M, let M (7) denote the L y-graded S-module, where
the grading is shifted by [ € L :
M =@ MOy, My = M.
pELf

The grading shift by lelL r induces a functor (f) on the category of finitely
generated L y-graded S-modules.
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Definition 4. An L ;-graded matrix factorization of f is

_ fo
Fi=(F == R ),
il

where F and Fy are L y-graded free S-modules of finite rank and fy : Fo — F1,
fi: Fp —> Fo(f) are morphisms such that fi o fo = f -idg, and fo(f) o f1 =
f - idp,. The rank of F is equal to the rank of Fy and it is called the size or the
rank of the matrix factorization F.

Let f(x1,...,x,) be a weighted homogeneous deformation of an invertible
polynomial with reduced weight system (wy, ..., wy,; d). We define

gfi=wr+ -+ wy, —d.

Let f(x, y, z) be a weighted homogeneous deformation of an invertible poly-
nomial in three variables. We shall associate Dolgachev numbers to f. This is
done as follows. Let Ry := Cl[x, y,z]/(f). Letr > 3, A = (@1, ..., «,) and let
A = (A3, ..., ;) bean (r —2)-tuple of complex numbers with A3 = 1, 4; # A for
i #j,i,j =3,...,r.Let R4, be the ring associated to the weighted projective
line corresponding to the tuple of numbers A = (ay, ..., ®;) [11], namely the
factor algebra

Ray =C[X1,..., X1/
where I, is the ideal generated by the polynomials

X=X+ 0XY, i=3,.,r

1

We shall consider a classification of weighted homogeneous deformations of
invertible polynomials according to the classification of invertible polynomials in
three variables in [8]. In each type except V, two of the three monomials are replaced
by a product of m terms involving parameters (A3, ..., A,42). In the case of type
V,wesetm = 1.

Definition 5. The Dolgachev numbers of a weighted homogeneous deformation

f of an invertible polynomial is the (m + 2)-tuple (m > 1) of numbers A =

(a1, a2, a3, ..., a3) defined by the embedding Ry <> Ra 3 given by Table 1.
—_— ‘

m

It follows from the embedding Ry < R4 » into the ring of a weighted projective
line that Ly = Z.

2. Graded matrix factorizations of size two
We shall now consider L 7-graded matrix factorizations of size two for the following
two cases

(A) fisaweighted homogeneous deformation of an invertible polynomial in three
variables,
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Table 1. The image of the generators in R4 3

Type f(x,y,2) x y z
n rL
I [ om —axm) 420 X Xa X3 Xms2
»n p1—1
1T —)61_12":32@W —Ajx m) +zP3 xP3 X2 X1X3-+ Xm42
» rL
I, 7]_[;":52(1 mo—Apx m )+ xyP2 Xf3 X3 Xme2 X1Xa
21 ri—1
O —xy[[20 = K ) +zP3 X1 x5 X1X2X3 -+ Xy
P2 pP1—
IV xR —ax ) +yzP XPX, x}! X1X3- - Xpmao
Vo xdly 4 yP2g 3 XoX¥P X3XP X xP
Type «; o o3
1 P
I o o pP3
I Bp—1 L P3
116} DBpi—-1 & P2
. 2Bop—1 Bp-1  p
P3 Pip2—pi+l
v Zp-1 B &)
V. @ep-q+1 B -+ gqp -+l

(B) f is an invertible polynomial in two variables.

(A) Let § = C[x, y, z] and let f(x, y, z) be a weighted homogeneous defor-
mation of an invertible polynomial of the form

[y, 2) =pi(x,y, Dhi(x,y,2) + pa(x, y, 2D)ha(x, y, 2),

where p; € Sp, for some pi €L r»i =1,2,and py, p; forms aregular sequence in
S. Asin [5, Section 2] (cf. [1, Definition 2.11]), we consider the Koszul resolution
of the L y-graded S-module M = S/(p1, p2)

0 — S(—p1 — p2) — S(=p1) ® S(—p2) — S — S/(p1, p2) — 0.

fo
This yields the L ¢-graded matrix factorization Q := ( Fp ——= F ) of f such
N

that
Fo=SO0) & S(f = p1— p2), Fi=5(f = p1) & S(f - p2),
and fp and f are given by the matrices

o = <h1(x,y,Z) —pz(x,y,z)> and g, = ( pi(x.y.2) pz(x,y,Z))
h2(x7yvz) Pl(x»yaz) _hQ(X,y,Z) hl(-xvyvz)

respectively.
We associate to the matrix factorization a complete intersection singularity in
C*. Denote the coordinates of C* by w, x, y, z.
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Definition 6. The complete intersection singularity (X, 0) is the singularity
defined by

Fo(w,x,y,2) = (Fp1(w,x,y,2), Fga(w,x,y,2))
= (—h1(x,y,2) + wpa(x, y,2), ha(x, y,2) + wp1(x, y, 2)).

We can get the function f back from F by the linear reduction considered, in
the case p1(x, y,z) = y and pa(x, y, z) = z, by Wall [16, 7.9]. Namely, let L,,F o
be the elimination of the variable w from the functions Fgp 1, Fp ». This is given
by the resultant Ry, (Fg,1, Fg,2) of the functions with respect to the variable w. We
have

LyFo = Ry(Fg,1, Fp2) =detq = f.

Now suppose that pi(x,y,z) = y, p2(x,y,2) = z, ha(x,y,z) = z and
hi(x,y,2) =2a(x, y)z + b(x, y). Then

(Fo1(w,x,y,2), Fga(w,x,y,2)) = (—hi(x,y,2) + wz, z + wy)
and the substitution z = —wy in Fg 1 gives
Fo(w,x,y): = Fo1(w,x,y, —wy) = —w?y — hi(x, y, —wy)
= —w’y + 2wya(x, y) — b(x, y).

Thus (X g, 0) is in this case a hypersurface singularity defined by Fp = 0. The
discriminant of the polynomial Fp(w, x, y) in the variable w is

AwFo(w,x,y) = y?a(x, y)* — yb(x, y).

This is the reduction Ay, Fp of the polynomial Fyp considered by Wall in [16, 7.3].
The polynomial f is equal to

f(x.y.2) =27 4+ 2ya(x, y)z + yb(x, y).
Under the substitution 7 := z + ya(x, y) this becomes
[ 3D =2 = yalx, y)* + yb(x,y) =2 — AwFo(w, x, ).

(B) Now let S = C[x, y] and let f(x, y) be an invertible polynomial of the
form f(x,y) = x?y# + y3, where « > 5. We consider the Koszul resolution of
the L y-graded S-module M = S/(x2, y?)

0 —> §(—2% —25) —> S(—2%) ® S(—2y) — S — §/(x%,y*) — 0.
This yields the L y-graded matrix factorization Q := ( Fo % F ) of f such
that :

Fo=S0)®S(f — 25 —25). F = S8(f—2%) @& 5(f - 29),

and fop and f; are given by the matrices

x@2yf 2 K2 y2
= d =
q0 ( y %2 and g1 —y x@2yp

respectively.
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Definition 7. We define a singularity (X, 0) by
Fo(w.x.y) i= (Fo,1(w. x.y). Foa(w.x.y)) = (723 + 232 y - =42
If we substitute y = %xz in Fg 1, we obtain the function

Fo(w,x):=Fp (w,x, %xz) = wix + x*TF 2y,

Thus (X g, 0) is in fact a hypersurface singularity defined by Fp = 0.

We get the function f back from Fg by the reduction considered in [10, p. 19],
namely Fg is of the form Fp(w,x) = wix + x3A(w,x), where A(w, x) =
xTP3wh and RFp(w,x) = w? + x°A (L, x) = f(x, w).

3. Graded matrix factorizations of size two for regular systems of weights
withe = -1

We shall now consider the graded matrix factorizations of size two for the regular
systems of weights with ¢ = —1. They were determined in [12]. There are 22 such
systems of weights. They define the Fuchsian hypersurface singularities of genus
0 (see, e.g., [7]). Let W = (a, b, c; h) be such a weight system. By definition, it is
reduced. The number ey is defined by ey :=a+b+c—h.Let Ay = (a1, ..., o)
be the signature of the system of weights W. Then (¢, ..., o) corresponds to the
signature of the corresponding Fuchsian singularity. For r = 3, there are 14 such
weight systems which correspond to the 14 exceptional unimodal singularities. Here
the polynomial fi is an invertible polynomial and its canonical system of weights
coincides with (a, b, c; h). For r = 4, there are 6 corresponding to the heads of
the bimodal series. There are 2 more with » = 5. The corresponding equations are
weighted homogeneous deformations fy of an invertible polynomial, see Table 2.

This again implies that L 5, = Z. Thus all the regular systems of weights with
ew = —1 can be given by weighted homogeneous deformations f of invertible
polynomials withe ; = —1 and L y = Z and the L ¢-graded matrix factorizations of
f correspond to the graded matrix factorizations considered in [12]. The Dolgachev
numbers are equal to the signature of the system of weights.

It will turn out that the graded matrix factorizations of size 2 correspond to some
of these singularities, but also to the Fuchsian complete intersection singularities
of genus O (see [7]). There are 8+5+2 of them for certain signatures («q, ..., o).

Let W be a regular system of weights with ey = —1 and signature Ay =
(o1, ..., 0p). In [12], a full strongly exceptional collection in the triangulated cat-
egory of graded matrix factorizations associated to W was constructed. The full
strongly exceptional collection is described by the graph shown in Fig. 1.

It turns out that a graded matrix factorization of size 2 corresponds to the end
point V; 4 of some arm.

Theorem 1. Let [ be a weighted homogeneous deformation of an invertible poly-
nomial with ey = —1 and Ly = Z. Let A = (ay, ..., q,) be the Dolgachev



416 W. Ebeling, A. Takahashi

Table 2. Type of fw

w fw Type P1.p2.p3 A=Ay
6,1421:42 —(y3 —x7) 422 Lm=1 372 3,72
4,10,1530 —x(y° — x2) 422 M, m=1 352 452
38,1224  —x(y*—x)+2° M,m=1 243 34,3
6,8,1530 —x(y3 —x*) 4272 H,m=1 532 83,2
46,1122 —xy(y? —x3) + 72 M,m=1 432 6,42
35918  —x(y3 —x) + yz3 IVm=1 233 3,53
451020 —x(y2—x)+72° M,m=1 225 52,5
34816  —x(y2—x) + yzt IVVm=1 224 43,4
68924  —x(y2—x)+23 M,m=1 423 92,3
467518 —x(y3 —x2) + y22 V,m=1 332 472
35615  —xy(y —x2) 423 MLm=1 323 6,33
456,16  —x(y% —x3) + yz? IV,m=1 422 6,52
34,513 —z(xz—y3) +yx3 \Y% 322 34,5
34412 —xy(y —x)+ 24 Mm=1 224 44,4
2,69;18  —x(y3 —x)(y3 — Agx) + 22 M,m=2 362 23,22
24714 —xy(y —xB)(y — rgx?) + 22 MLm=2 532 4222
24512 —x(? —x)(y% — Aax) + yz2 IVm=2 342 2,522

, —(23 = 0)(2 = Agx) + xy? 2,2,6 3,3,2,2
23,6:12 —(22 = x)(2% = Aqx) + x)3 om=2"5 34 2,2,3,3
23410 —x(y — x2)(y — Aax?) + yz2 IV,m=2 522 4322
2,3,3:9 —x(y = x)(y — Aax) + yz3 IVim=2 323 3,233
2,2,5;10 —xy(y —x)(y — gx)(y — X5x) + Z2 Ml,m =3 4472 222272
2,2,3;8 —x(y —x)(y — Agx)(y — Asx) + yz2 IVm=3 432 23,222

Vo
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numbers of f. If the L y-graded matrix factorization V; y,; is of rank 2, then the
corresponding singularity val_ has the signature (a1, ..., d,) witha; = o; + 1
anddj = aj for j #i.

Proof. We consider the matrix factorizations for the cases of Table 1 and examine
conditions under which there exist maps of the local ring of the corresponding
complete intersection singularity to the ring of a weighted projective line of type
(@i, ..., ar). We indicate the matrix factorization, the mapping, the index i where
we have an increase of «; by one, and the condition under which the mapping gives
an embedding.

M m > 2, m|p1, m| p2. We consider the matrix factorization

3 PL
(T2 —axm) =2
qo = -1 P pL
z"3 —(ym —xm)
Mapping:

(m—1)2122

P ri L
x=X1X3ma y=X2X3'", Z=X3 " Xg X2,

_ yb3—1, p3—1
w = X, = Xogo

Increase of o3 under the condition:
P1 Pz

(m —1D=— (p3—1D="2

ey

Iy) m = 1, m|(p1 — 1), m|p2. We have two essentially different matrix fac-
torizations:

(a)
o (nm“(y’if —ux ) —z)

7Pl —Xx

Mapping:

Py
x=X, " y=X1X2, z=X"X3+ X2,
_ vyl p3—1
w = X3 X

Increase of o1 under the condition:

p2(p3— D(p1— 1) = ps(p1 — 1) + m + pa. 2
(b)
A2 —hix' 5 —z
q0 = 1 P 21 :
Zp3 —(y m — X m )
Mapping:

P pi-1 n _ylei=bre
P3ym m +im=1) m2
x=XUX7, y=XoX3" , z=X1X5 X4 X2,
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_ yp3—lyp3—1 p3—1
w=X" X e X

Increase of o3 under the condition:

—1
(2+W—DQL£ﬂym—n
m m
-1
_ 2)192 F—— 3)

(IIp) m > 2, m|p1, m| p3. We consider the matrix factorization

rn rL
qo = (H?:f(z mo— X m) -y )

xy! —(gm —xm)
Mapping:
P (m—1) 153 r1
x=X"Xy", y=X; "Xy X2, 2= X1 X0 X5,
(m=D 5 pr—1 pa—1
w =X, X X0
Increase of o3 under the condition:
pP3 P1p3 P1p3
Eirm-D=F (- =m- D" 4yt L )
m m m

One can show that the other possible matrix factorization

P rL
_ (T2 —axm)  —x
q0 = i} rL
yr —(zm —xm)
has no solution.
) m > 1, m|(p1 — 1), m|(p2 — 1). We have the essentially different matrix
factorizations:

(a)
Pt pri=t
o= (y M0 — a) —z).

zP31 —X
Mapping:

p3+(mfl)+P2
: pr1—1 p3 P2
x =X, Ly =X1XP 2= X2 X0 X5 Xna,

_ w3 lyp3-l p3—1
w=2Xy" X3" X

Increase of o1 under the condition:
p2(p3—D(p1 = 1) =ps(p1 =) +(m —1) + pa. )]
(b)

_1 —1
Zp3_1 —(ypzT —xplT)

P Nt
o = (xy [T —dx ) —z )
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Mapping:
pr—1 p1-1 1)1*1+p2m71+(m71)(p1*1)(2112*1)
m

¥ =X{PX" Ly = XX = XXXy "

_ y3—lyps—lypi—1 p3—1
Xgo X2, w=X" X357 Xy Xm+2

Increase of o3 under the condition:

—1 —1 —D(p2—1
(m R ZEnh A (p1 )(zpz )) (rs— 1)
m m

m
-1 -1
::(p1 ;;éz ) — ©)

AV)ym > 1,m|(p1—1),m|p>. We have three essentially different factorizations.

()
g0 = (nm-i-Z(y — A x m ) —Z>

yzP3~ 1 —x

Mapping:

m+pp

p3+
x=X, T X y= X1 X5 2= XX X,

_ yPi—lyp3—1 p3—1
w =X, X3 Xk

Increase of «; under the condition:

p2p3—D(pr— D =ps(pr— D+ m+1—p1)+ po. (N
(b)
m—+2
_ ( m _— A m ) _—
q0 (TI v ﬂn x" _x>
Mapping:

pl+(p1fl)(p3fl>+m
P3 D3 7
x=X"X3 y=1X, , 2=X1X0X3- X402,

— P3 p3
w=X3" X,
Increase of o under the condition:

p2(pi(p3—1) —p3)=(p1 — D(p3 — 1) +m. (8

This equation is equivalent to Eq. (7).
©

(TR — ) —z
a0 p3—1 _ e I ’
vz (y m X m)
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Mapping:
p1—1 24 (m— 1)(p| Dpy
x=XDX, X3‘”, y=X'"X;", z=XiX, " X X2,
_ yp3—1 I+(m=1) pm pP3— 1 p3—1
w=XP""X, XPTex

Increase of o3 under the condition:

2 (p1— Dp2 1—1  (pr—Dp2
(p—-i-(m—l)#)(m—l)—}—p =P
m m m m

©)
Similarly as in (II), one can show that the other matrix factorization
Hm+2(y m — )\_ x m ) —y
q0 = r1—1 .
27 —(7 —xT)

has no solution.
(d) We also have to consider a special matrix factorization in the case m = 1.
We can write the equation as

Fx,y,2) = —y(eyP2™h — gP3) 4 xP1,

Then we have the matrix factorization
_ xyP2=l —zp3
q0 = P11 —y

pl+ 1 —1
x=X§3X§3, y=x 1)2 . 2= X1X2X3, w:X§?3(p1 )

Mapping:

Increase of o under the condition:

p3(pr—=D(p2 =1 =pi(po— 1) +2 (10)
This equation is equivalent to Eq. (8) withm = 1.
(V) The equation is

f(-xy Vs Z) = _Z(xzp3_1 - ypz) + yxpl.

Then we have two matrix factorizations:

(a) (xzps—l —ym _x>
q0 = -

yxpl 1 —Z
Mapping:
— o+l -1 —pa+1
x = X§2X§73, y = X{)3X2X3, 7 = X1X§1p2 p2+ ) w = X{)'i X:I;IPZ P2t
Increase of «y under the condition:

p2pr —D(p3 —1) =(p1 — D(p3 — 1 + 2. (11)
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(b) . xzP3—1 —yP2 —y
qO - xpl —z

Mapping:
¥ =X1XoXP y = XD G = XD w = XD X

Increase of 1 under the condition (11).

In the cases I, I1(b), II,, III(b), and IV(c), one can exchange the factor with
A3(= 1) in the lower right corner of the matrix factorization by any of the factors
corresponding to A;, i = 4, ..., m + 2, and interchange X3 and X;. This leads to
an increase of «; instead of «3. In Case III(a), one can interchange the variables x
and y to get an increase of «>.

The solutions to the Egs. (1)—(11) are precisely the entries of Table 2 and
two extra ones. Equation (1) has the solution I, m = 2, (p1, p2, p3) = (4,4,3),
A = (2,2,3,3). This corresponds to the minimally elliptic singularity V(/ 1 of [6]
withweightsystem W = (3, 3, 4; 12) and ey = —2. Equation (9) has the additional
solution IV, m = 1, (p1, p2, p3) = (3,3,4), A = (8,7,4). This corresponds to a
singularity with the weight system W = (12, 8, 7; 36) with ey = —9. O

Remark 1. The proof shows that the statement of Theorem 1 only holds in this
very special situation. Namely, it shows that, except for two exceptional cases, the
weighted homogeneous deformations f of an invertible polynomial with & f = —1
are the only weighted homogeneous deformations of an invertible polynomial with
the property that there exists an L ¢-graded matrix factorization Q of size 2 such that
the corresponding singularity F has the signature (&1, ..., &) witho; = o + 1
and &; = o for j # i where A = (a1, ..., ) are the Dolgachev numbers of f.

Remark 2. The reduction is a relation between the singularities. Not all possi-
ble extensions of the signatures are realised. For example, the following pairs
are missing: (2,3,7) &~ (2,3,8), (2,4,5) £ (2,4,6), (3,3,4) & (3,3,9),
(2,2,2,3) & (2,2,2,4). In these cases, the graded matrix factorization V, 4, for
the singularities with signature (2, 3, 7), (2, 4, 5), (3, 3, 4),and (2, 2, 2, 3) isof rank
4. In these cases, the function fw can be given by fw(x,y,z) = fv/v (x,y)+ 72,
where f}, (x, y) is the invertible polynomial in two variables given by

2,3,7):x"+9° (2,4,5):x°y+y> 3,3,4) : x5+ (2,2,2,3): 20y + 7.

We shall consider the L -graded matrix factorization of size 2 of f}, and the
corresponding reduction R defined in Sect. 2(B). We enhance the reduction by
these cases.

Example 1. We consider the case W = (4, 10, 15; 30), Ay = (2,4,5), fw =
Oy + 3+ 22, f‘jv = x7y + y3. This is the singularity E13 in Arnold’s notation.
We consider the graded matrix factorization of fj, given by

3 2
_ (XY Y
é]o—(y xz)-

ThenFg(w, x) = w3x + wx?*. This is the singularity Z1, with signature (2, 4, 6).



422 W. Ebeling, A. Takahashi

Table 3. Dolgachev numbers, Kodaira types, and grades

Type of Dolgachev numbers Kodaira type ¢ D=-72
2,3,¢c;c>17 II(k) 1 c—6

2,b,¢c;b,c >4 MI(ky, ko) 2 b+c—8
a,b,c;a,b,c>73 IV(ky, kp, k3) 3 a+b+c—9
a,b,c,d;a,b,c,d >2 Ig(kl,kg,kg,lq) 4 a+b+c+d-—38

The isolated hypersurface singularities defined by regular systems of weights
with ¢ = —1 and r < 4 and the isolated complete intersection singularities which
reduce to them are Kodaira singularities [10] or minimally elliptic singularities
[13]. The minimal resolution is of Kodaira type II, III, IV or 16‘ (see [10]) and it
carries a fundamental cycle Z (see [3, p. 132]). The self-intersection number of
the fundamental cycle D := —Z? is called the grade of the singularity [10]. Let
(X, 0) be any of the singularities of Table 2 with Dolgachev numbers o1, ..., o
and » < 4 or of the isolated complete intersection singularities which reduce to
them. According to [10] or [13], there is the correspondence between certain types
of Dolgachev numbers, Kodaira types, the number ¢ of parameters k; of the Kodaira
type, and the grades indicated in Table 3 (see also [15, p. 515]).

By [16, Corollary 7.9.2], the Kodaira type and hence the number ¢ of a singu-
larity and its reduction are the same.

The possible reductions between these singularities are visualized in Fig. 2.
Here a usual arrow refers to a reduction corresponding to Theorem 1, a dashed
arrow to the special reduction R described in Sect. 2(B). The Dolgachev numbers
of the regular systems of weights for ¢ = —1 are denoted by usual letters, those of
the remaining singularities are denoted by scriptstyle letters. We also indicate the
names of Arnold for the hypersurface singularities [2] and of Wall [16] (see also
[7]) for the complete intersection singularities.

On the other hand, each of these singularities has another triple or quadruple
of numbers, the Gabrielov numbers, see [8] for the definition in the case of the
hypersurface singularities and [9] in the case of the complete intersection singular-
ities. They also have types like the Dolgachev numbers, but for them the columns
corresponding to £ and D are interchanged, see Table 4. Note that the grade D cor-
responds to the type of Gabrielov numbers, see [13, Theorem 3.13]. More precisely,
according to [13, Theorem 3.13], for 1 < D < 3, the singularity is a hypersurface
singularity and, for D = 4, it is a complete intersection singularity. For D = 1, the
singularity is given by an equation of the form z> + y* + g(x, y, z) = 0, where
the polynomial g(x, y, z) has only terms of degree > 4, see also [13, Table 1]. For
D = 2, the singularity is given by an equation of the form z> + h(x, y) = 0, where
the polynomial 2 (x, y) has only terms of degree > 4, see also [13, Table 2]. Finally,
for D = 3, the equation is f(x, y,z) = 0, where the polynomial f(x, y, z) has
only terms of degree > 3.

The hypersurface singularities with r = 3 are the 14 exceptional unimodal
singularities. There is Arnold’s strange duality [2] between these singularities which
interchanges Dolgachev and Gabrielov numbers.
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237 < — — 238 239 2310
Era Zn Q1o I
245 < — — 246 247 248
/ E/ Z/ Qu Jio
255 <—— 256 —__ 257 9266
Wiz S11 Lio Kip
334 < - —-335 336 337
/ E/ Z/ Q12 I
344 <——— 345 7 346 355

~— v

/ M/ S12 L1y Kiy

444 <— 445 2223 < - -2224 2225 2226
Uiz M/ Js/ Z/ Q2,0 J50
2233 =—— 2234 __ 2235 92244

/ M S1,0 Lio Kio

2333 =<—— 2334

/ Uio Mo

3333
I
Fig. 2. The pyramid of reductions
Table 4. Gabrielov numbers, grades, and numbers £
Type of Gabrielov numbers D=-72 l
2,3, ¢c;¢c>17 1 c—6
2,b,c;b,c >4 2 b+c—8
a,b,c;a,b,c >3 3 a+b+c—9
a,b,c,d;a,b,c,d >?2 4 a+b+c+d-—38

There is another partial order between singularities, namely the adjacency. We
consider a special type of adjacency, namely the s-adjacency of singularities as
defined by H. Laufer in [14, Definition 4.12]. The s-adjacency corresponds to a
deformation with constant grade. By [14, Theorem 4.13], the s-adjacencies between
the 14 exceptional unimodal singularities are given by Fig. 3, where the numbers
correspond to the Gabrielov numbers. This is the pyramid of adjacencies given in
[2, p. 255].
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237 238 239
Ei2 Ei3 B4
245 246 247
/ Z”/ o o
255 =—— 256
Wiz Wis
334 335 336
/ Q/ Q11 Q12
344 <— 345
/ S11 S12
444
Uiz

Fig. 3. The pyramid of s-adjacencies between the 14 exceptional unimodal singularities

Remark 3. Note that the s-adjacency is a special case of adjacency. For example, the
general adjacency between the 14 exceptional unimodal singularities corresponds
to the natural partial ordering between the Gabrielov numbers, see [4].

A comparison of Fig. 2 restricted to the 14 exceptional unimodal singularities,
Fig. 3, and Arnold’s strange duality yields the following corollary of Theorem 1.

Corollary 1. Denote Arnold’s strange duality by X <> X*. If a singularity Y is a
reduction of X, then the dual singularity X* is s-adjacent to the dual singularity Y*.
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