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“I have no special talents. I am only passionately curious.”
Albert Einstein



Throughout this work, G = c = 1 units are used unless otherwise specified. The metric
signature (-,+,+,+) is also used.

Notation

G∗ gravitational coupling constant
gµν metric tensor
Rµν Ricci tensor
R Ricci scalar
T µν stress energy tensor
T ≡ gµνTµν trace of the stress-energy tensor
dµ partial derivative with respect to µ
∇µ covariant derivative with respect to µ
□ = gµν∇µ∇ν D’Alembertian operator

Acronyms

EOS equation of state
JFBD Jordan-Fierz-Brans-Dicke

MCMC Markov chain Monte Carlo
TOV Tolman-Oppenheimer-Volkoff equation
EFT effective field theory
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Abstract
LIGO’s detection of gravitational waves emitted by a binary black hole merger in 2015 opened

a new window into our universe. The era of multi-messenger astronomy began in 2017 with the de-
tection of binary neutron star merger GW170817 and its electromagnetic counterpart GRB170817A.
Gravitational wave observations have become a valuable tool for studying diverse areas of physics.
Gravitational waves are particularly suited to tests of general relativity in the strong field regime
and to studies of nuclear matter in extreme conditions. The work presented in this thesis uses
gravitational wave data to contribute to our understanding of neutron stars, nuclear matter, and
general relativity, explore the capabilities of current and future detectors, and provide a foundation
for future studies of alternate theories of gravity.

Binary neutron star merger GW170817 offered new insights into nuclear physics, astrophysics,
gravitational physics, and many other disciplines. The first study in this thesis combines the multi-
messenger signals from GW170817 with state-of-the-art nuclear theory to place tight constraints
on neutron star radii and tidal deformabilities, improving the radius measurement by a factor of 2.
This study also constrains the nuclear equation of state and predicts that future neutron star-black
hole mergers are unlikely to be disrupted and thus unlikely to have an electromagnetic counterparts.

The second study in this thesis builds upon the first and focuses on the capabilities of aLIGO-
Virgo, LIGO A+, LIGO Voyager, the Einstein Telescope, and Cosmic Explorer to study neutron
star-black hole mergers without electromagnetic counterparts. The results demonstrate that neither
the present LIGO-Virgo detector network nor its near-term upgrades are likely to distinguish be-
tween neutron star-black hole and binary black hole mergers. Third-generation instruments such
as Cosmic Explorer may be able to make the distinction given an event with favorable parameters.
This result emphasizes the need for third-generation detectors.

The third study widens the scope of this thesis and analyzes data from all gravitational wave
events detected to date to test for birefringence. Birefringence occurs when a wave’s left- and
right-handed polarizations propagate along different equations of motion. Bayesian inference was
performed on the 4th-Open Gravitational-wave Catalog (4-OGC) using a parity-violating wave-
form. The vast majority of events show no deviation from general relativity, but the two most
massive events (GW190521 and GW191109) support the birefringence hypothesis. Excluding
these two events, the constraint on the parity-violating energy scale is an improvement over pre-
vious results by a factor of five. Future detections of massive binary black hole mergers will help
shed light on the origin of this apparent birefringence.

The final study in this thesis provides a foundation that will improve future tests of general
relativity using neutron stars. Any gravitational waveform for a system with a neutron star must
include tidal effects. Even though tidal deformabilities in alternative theories can differ from their
general relativistic counterparts, tests of general relativity seldom take this into account. The tidal
deformabilities for static neutron stars in scalar-tensor theories with a focus on spontaneous scalar-
ization are derived. The results demonstrate that tidal deformabilities can differ significantly be-
tween theories. Future analyses can apply these results alone or combine them with the parameter
estimation methods developed in the first part of this thesis for more accurate tests of scalar modes
in gravitational waves from neutron star mergers.

neutron stars · gravitational waves · alternative theories of gravity
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1 | Introduction

LIGO detected gravitational waves from a pair of merging black holes for the first time in 2015
and opened up a new window to the universe [1]. The detection of binary neutron star merger
GW170817 [2] along with its electromagnetic counterpart GRB170817A [3] in 2017 began the era
of multi-messenger astronomy. LIGO has since announced nearly one-hundred confident gravi-
tational wave events [4–7]. These observations have led to new techniques for studying compact
objects and testing Einstein’s theory of general relativity in the strong field regime. Our knowledge
of neutron stars and the nuclear equation of state (EOS) have greatly improved, and increasingly
strong constraints have been placed on any possible deviations from general relativity.

This thesis aims to study neutron stars with gravitational waves, explore the capabilities of
current and future gravitational wave detectors to detect neutron stars, test existing gravitational
wave data for birefringence, and explore the behavior of neutron stars outside of general relativity.

This chapter briefly summarizes any necessary background information. The basics of general
relativity and gravitational waves are presented in Section 1.1. Section 1.2 focuses on the basics of
Bayesian inference and the data analysis methods used in this thesis. Section 1.3 discusses relevant
aspects of neutron stars. Theories of gravity beyond general relativity are discussed in Section 1.4.

The following three chapters of this thesis contain material that has been published in or ac-
cepted to scientific journals. Section 1.5 outlines the significance of each chapter and details the
contributions of the author. Chapter 2 was initially published in Nature Astronomy as Capano et
al. [8]. Chapter 3 is accepted for publication in the Astrophysical Journal as Brown et al. [9] and
available as a preprint [9]. Chapter 4 has been published in Physical Review D as Wang, Y. et al.
[10]. Chapter 5 is adapted from two papers currently in preparation.

Lastly, Chapter 6 gives a summary of the results of this thesis along with an outlook for possible
future research.

1.1 General Relativity
Einstein revolutionized the world’s understanding of gravity in 1915 with his theory of general
relativity. Both the concept of relativity and the idea of gravity as geometry were fundamental
shifts in how gravity was understood. John Wheeler once eloquently explained the idea underlying
general relativity as “Spacetime tells matter how to move; matter tells spacetime how to curve”
[11].

Spacetime is a 4-dimensional manifold that connects space and time and is described by the
metric tensor gµν . While the mathematics of general relativity is complex, Einstein’s theory can be
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expressed in a single line
Gµν = 8πTµν . (1.1)

The left-hand side expresses the geometry of spacetime or ‘how it curves’ and contains the Einstein
tensor Gµν . The right-hand side of the equation contains the stress-energy tensor Tµν , which
includes all matter-energy source terms.

This equation, and all equations in this introduction, are written in geometric units where G is
the gravitational constant, c is the speed of light in vacuum, and both are set to one (G = c = 1).
When necessary ℏ = 1 as well. We will also use Einstein notation, which means a set of matching
raised and lowered indices (i.e. Xµ

µ ) are summed over. As is conventional, Greek indices are for
4D spacetime and take on the values 0,1,2,3, and Latin indices are for spacial coordinates and run
over 1,2,3. Finally, we will assume that the spacetime metric has the (-,+,+,+) signature.

Taking a closer look at the Einstein equation, we start by explicitly defining the Einstein tensor;

Gµν = Rµν −
1

2
Rgµν , (1.2)

where the Ricci curvature tensor Rµν and the Ricci curvature scalar (R = Rµ
µ) contain infor-

mation about the curvature of spacetime. They are both contractions of the Riemann curvature
tensor Rαβµν , which is the most common way to describe the curvature of Riemannian or pseudo-
Riemannian manifolds such as spacetime. The Riemann curvature tensor, and thus the Ricci tensor
and Ricci scalar, depend only on the metric tensor and its derivatives

Rα
βµν = ∂µΓ

α
νβ − ∂νΓ

α
µβ + Γα

µγΓ
γ
νβ − Γα

γνΓ
γ
µβ , (1.3)

where Γα
µν is the Christoffel Symbol:

Γα
µν =

1

2
gαβ
(
∂µgβν + ∂νgβµ − ∂βgµν

)
, (1.4)

and ∂µ are ordinary derivatives taken with respect to a coordinate xµ.
The right-hand side of the equation contains the matter terms in the form of the stress-energy

tensor Tµν , which describes the density and flux of energy and momentum through spacetime. The
stress-energy tensor used throughout this paper is that of a perfect fluid:

Tµν = (ρ+ p)uµuν + pgµν , (1.5)

where uµ, ρ, and p are the four-velocity, density, and pressure respectively. The four velocity is
defined as

uµ = dxµ/dτ , (1.6)

where τ is the proper time.
The idea of curvature is intrinsic to general relativity, but it is not necessarily intuitive. We

typically consider a 2D surface, such as the surface of a ball, to be curved because of how it is
embedded in a higher (3D) space. This is an extrinsic definition of curvature. There is no proof
that spacetime is embedded in a higher dimensional (5D) manifold, and so an intrinsic idea of
curvature is necessary. The concept of intrinsic curvature depends on parallel transport. Consider
a flat 2D plane such as the one in Fig. 1.1; a vector that is transported along a closed loop on
the plane while kept ‘as straight as possible’ will point in the same direction at the end as at the
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Figure 1.1: A flat plane (left) and a sphere (right) with vectors parallel transported around a closed
loop on the surface. The plane is flat (has no curvature), so any vector parallel transported around
a loop on the surface will be parallel to the starting vector. The sphere is curved, and the vectors
before and after parallel transport along a closed loop are not parallel.

beginning. If the process is repeated on the surface of a sphere, the vector at the end will no longer
be parallel to the original vector. This idea is the basis of using parallel transport to define curvature
[12].

Objects move along paths that curve as little as possible in general relativity. On a flat plane, an
object moves along a straight line, but on a curved surface, the object moves along a curve. These
‘straightest possible paths’ are known as geodesics. A particle moving along geodesics without
any influence from non-gravitational forces is said to be in free fall [13].

Another way to think of geodesics in general relativity is to consider that they extremize the
proper time (τ ) between two points. In flat spacetime, a line is the shortest distance between two
points, and that geodesic is governed by the following equation:

d2xα

dτ 2
= 0 . (1.7)

Extending this idea to curved spaces gives the following equation of motion for geodesics

d2xα

dτ 2
= −Γα

µν

dxµ

dτ

dxν

dτ
. (1.8)

The Einstein field equations are a coupled system of non-linear partial differential equations for
the metric tensor gµν , which is commonly written either as a rank two tensor or in the form of a line
element ds2 = gµνdx

µdxν . These equations do not have analytical solutions except for in a handful
of simple cases and must be solved using numerical methods. A few known solutions include the
Minkowski metric, the Schwarzshild metric, and the Kerr metric. Schwarzschild’s famous metric
describes the vacuum solution around a static black hole [14], and the Kerr metric describes the
vacuum solution around a rotating black hole [15]. The simplest solution is the Minkowski metric,
which describes flat spacetime:

ds2 = −dt2 + dx2 + dy2 + dz2 . (1.9)

1.1.1 Gravitational Waves
Gravitational waves are one of the fundamental predictions of general relativity; they were first
proposed by Einstein in 1916 and are ripples in the fabric of spacetime itself [16]. The first gravita-
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tional waves were not detected by LIGO [1] until 2015, nearly a hundred years after their proposal.
Gravitational waves are generated by the non-uniform, non-spherically symmetric motion of

massive objects. There are many possible sources of gravitational waves, but all gravitational
waves detected thus far come from compact binary coalescences. As two massive objects orbit
each other, they emit gravitational waves, which carry away energy, shrinking their orbit until they
collide. The emitted gravitational waves travel radially away from the source and have two polar-
izations perpendicular to the direction of propagation. As they propagate, they distort spacetime,
and their passing can be detected by a change in the relative position of two test masses. The
amplitude of gravitational waves is minuscule, and so the measurable change in position of the test
masses is also very small, which makes them difficult to detect here on earth.

Gravitational waves that are far from their source can be considered as a small perturbation hµν
on an otherwise flat or Minkowski spacetime ηµν . The metric has the form:

gµν = ηµν + hµν , (1.10)

where |hµν | ≪ 1 everywhere. In this regime, we can work with linearized gravity to solve the
Einstein equation. Linearized gravity is an approximation that applies to spacetimes where any
changes hµν are small enough that terms of O(h2µν) or higher can be neglected.

Combining the approaches of Refs. [12, 13], we define ∂µ to be the derivative operator asso-
ciated with flat space ηµν . Indices are raised and lowered with ηµν rather than the complete metric
gµν . The exception to this is gµν , which is the inverse metric of gµν .

The first step to constructing the Einstein equation in linearized gravity is substituting the
metric Eq. (1.10) into the definition of the Christoffel symbol Eq. (1.4) and keeping linear order
terms:

Γα
µν =

1

2
ηαβ
(
∂µhβν + ∂νhβµ − ∂βhµν

)
. (1.11)

To linear order in hµν , the Ricci tensor is

Rµν = Rγ
µγν =∂γΓ

γ
µν − ∂µΓ

γ
γν (1.12)

=
1

2
(−□hµν + ∂µVν + ∂νVµ) ,

where h = hµµ, the □ operator is the flat spacetime wave operator, also known as the D’Alembertian,

□ ≡ ηµν∂µ∂ν = − ∂2

∂t2
+ ∇⃗2 , (1.13)

and Vµ is

Vµ = ∂γh
γ
µ −

1

2
∂µh

γ
γ . (1.14)

We will proceed to focus on waves that are a vacuum solution to the Einstein equations and per-
turbations on a flat spacetime. Gravitational waves also occur near a source where Tµν ̸= 0, but
working with the vacuum solution simplifies the Einstein equation to Rµν = 0. In making this
choice, the wave solution can be discussed without delving into more complex mathematics.

Gravitational waves that are vacuum solutions and perturbations on a flat spacetime are solu-
tions to the simplified equation

Rµν =
1

2
(−□hµν + ∂µVν + ∂νVµ) = 0 . (1.15)

9



In general relativity, there is the freedom to choose the gauge. Choosing the correct gauge can
often simplify the problem greatly. So far, it was assumed that ηµν = diag(−1, 1, 1, 1) and hµν
is some small, unknown, perturbation; while ηµν is fixed, hµν is not. Changes of hµν can still be
made so long as Eq. (1.10) remains unchanged. Such coordinate changes have a specific form

x′µ = xµ + ξµ(x) (1.16)

where ξµ(x) are four arbitrary functions of the coordinates xµ. ξµ(x) are of the same magnitude as
hµν . In other words, ξα(x) ≪ 1. Under a generic change of coordinates, the metric transforms in
the following way

g′µν(x
′) =

∂xγ

dx′µ
∂xδ

dx′ν
gγδ(x) (1.17)

Combining Eqs. (1.16) and (1.17), a new metric perturbation h′µν that satisfies Eq. (1.10) can be
defined:

h′µν = hµν − ∂µξν − ∂νξµ . (1.18)

As ξν is arbitrary, but small, it can be chosen so that Eq. (1.15) takes on a simpler form. Specifically,
it is chosen to ensure that V ′

α = 0. Eq. (1.15) reduces to the gravitational wave equation in this
case:

□hµν(x) = 0 , (1.19)

where we have dropped the prime. The wave equation is valid as long as the gauge conditions
hold:

Vµ = ∂γh
γ
µ −

1

2
∂µh

γ
γ = 0 . (1.20)

The wave equation appears throughout physics, and its solutions are well known. To solve the
gravitational wave equation, we start by searching for a solution with the familiar form of a plane
wave

hµν = aµνe
ik·x , (1.21)

where k = (ωk, k⃗), is a definite wave 4-vector and aµν is a tensor whose components are the wave
amplitudes.

The amplitudes of aµν are not arbitrary and are constrained by the wave equation and the gauge
conditions. To properly define the new metric, it is necessary to choose the vectors ξµ that do not
violate the gauge conditions. Inserting Eq. (1.18) into Eq. (1.20), we find that ξµ must satisfy the
following relation

□ξµ = 0 . (1.22)

Since both hµν and ξµ satisfy the wave equation, the transformation can be used to make any
four components of hµν vanish. Traditionally, the following choices are made

htj = 0 (1.23a)

hγγ = 0 (1.23b)

It follows from these choices that atµ = aγγ = 0. Combining these conditions with the gauge
constraint (Eq. (1.20)), yields

Vt =
∂htt
∂t

= iωkatte
ik·x = 0 (1.24a)
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Vi =
∂hji
∂j

= ikjajie
ik·x = 0 . (1.24b)

This implies that
att = 0 (1.25a)

kiaij = 0 . (1.25b)

The kiaij = 0 condition ensures that gravitation waves, similar to electromagnetic waves, are
transverse waves.

From the original ten free coefficients αµν , only two degrees of freedom remain. The four
time components vanish because of Eqs. (1.23a) and (1.25a). The combination of Eqs. (1.23b)
and (1.25b) leads to four further constraints, leaving only two independent values in aµν . By
orienting the coordinates such that the wave propagates in the ẑ direction, we can write the tensor
aµν explicitly. All aiz components vanish because the waves are transverse. This leaves a single
symmetric 2× 2 matrix whose trace must vanish (Eq. (1.23b)). We have the most general solution
to the linearized Einstein equation with a definite wave number expressed in Cartesian coordinates:

hµν(x) =


0 0 0 0
0 A+ A× 0
0 A× −A+ 0
0 0 0 0

 eiω(z−t) . (1.26)

This choice of gauge, where the transverse and traceless conditions are written out explicitly, is
known as the transverse-traceless gauge and is often denoted hTT

µν . The two amplitudes A+ and A×
represent the two gravitational wave polarizations generally referred to as ‘plus’ and ‘cross’.

The general equation for a plane wave moving in the ẑ is a linear combination of both the plus
and cross modes:

(hµν)TT (t, z) = h+(t, z)e
ij
+ + h×(t, z)e

ij
× (1.27)

where eij+ and eij× are the necessary combinations of the unit basis vectors eix and eiy, and

h+(t, z) = A+ cos(ωk(t− z)− ϕ+) (1.28)

h×(t, z) = A× cos(ωk(t− z)− ϕ×) (1.29)

where ϕ+,× are phase angles.
A completely generic waveform is a superposition of waves with the form in Eq. (1.26) with

different values of ω, A+, A×, and different directions of propagation.
There are many predicted astrophysical sources of gravitational waves; supernovae, compact

binary coalescences, and rotating non-axisymmetric neutron stars are a few candidates [17]. So
far, we have only detected mergers of compact objects, such as black holes and neutron stars [1, 2,
18], and it is these systems that are the focus of this thesis.

The gravitational wave signals emitted by compact binary coalescences have three parts: in-
spiral, merger, and ringdown [19, 20]. The inspiral phase occurs as the two objects orbit each
other. As they orbit, they emit gravitational waves, which radiate away energy and cause the orbit
to shrink and the velocities to increase. In turn, this causes the amplitude and frequency of the
emitted gravitational waves to grow and accelerates the inspiral process. While the inspiral phase
is the vast majority of the life span of any binary, only the end of the inspiral phase, where the
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Figure 1.2: Figure 2 in the LIGO paper on the first ever detected gravitational wave event:
GW150914 [1]. The upper panel shows a schematic of the three stages of a compact binary coales-
cence: inspiral, merger, ringdown. It also shows two gravitational waves (detected dimensionless
strain as a function of time) that are constructed to be as close to the observed signal of GW150914
as possible. The lower panel shows how the binary velocity and separation evolves over time as
the system coalesces.
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gravitational waves are strongest, is detectable on Earth. This inspiral phase can be modeled by a
post-Newtonian expansion [21, 22] or the effective-one-body formalism [23], and can be calculated
without full numerical solutions to the Einstein equations.

When the objects are close enough together, the merger phase begins. Two compact objects
merging while moving close to the speed of light is a fully relativistic event, dependent on the Ein-
stein equations. The approximations used to model the inspiral fail in this regime, and numerical
relativity is needed to solve the Einstein equations [24–26].

During the ringdown phase, the merger remnant settles down from it’s highly perturbed state
to its final one. The remnant can be either a black hole or a neutron star. Only a pair of low mass
neutron stars merging can create a stable neutron star remnant [27, 28]. The ringdown phase for a
merger with a neutron star merger is highly complex and can only be modelled with relativistic hy-
drodynamics. The ringdown phase for black hole remnants is modeled as perturbations of the Kerr
spacetime, which are radiated away. The solution to these perturbation equations is a superposition
of exponentially damped sinusoids [29, 30].

1.1.2 Gravitational Wave Detectors
The first gravitational waves were first detected in 2015 [1] almost one hundred years after they
were proposed by Einstein [16]. While detecting gravitational waves is conceptually straightfor-
ward, it presents a serious technical difficulty because the gravitational wave strain is O(10−20)
[1].

To understand how gravitational waves can be detected, first consider a pair of test masses at
rest in flat spacetime. As a gravitational wave passed through, the spacetime between them expands
and contracts, changing the proper distance between the two even though they remain at rest, or
equivalently, in free fall [13].

Take two particles A and B that are at rest in the coordinate frame (t, x, y, z). Then, choose the
spacial coordinates such that A is at the origin xiA = (0, 0, 0) and B is at some arbitrary position
xiB = (xB, yB, zB). As both A and B are at rest, the only non-vanishing component of their
4-velocities is the time component i.e.

uµA = uµB = (1, 0, 0, 0) . (1.30)

When the gravitational wave passes through, the change in spacetime will cause a change in the
proper distance between A and B. We need to solve the geodesic equation (Eq. (1.8)) in order to
follow the change in position of the test masses. Since we defined gravitational waves to be small
|hµν | ≪ 1, the changes in positions of the particles (δxiA and δxiB) are also small, and terms second
order or higher in δxiA,B can be neglected. Writing Eq. (1.8) in terms of δxi, which can be either
δxiB or δxiB, and using the fact that Γi

µν = 0 in flat spacetime, we have

d2δxi

dτ 2
= −δΓi

µνu
µuν = −δΓi

tt (1.31)

where uµ,ν are the unperturbed four-velocities from Eq. (1.30) and δΓi
µν are first order changes

to Γi
µν . δΓi

tt, which is calculated using the gravitational wave metric Eq. (1.26) and Eq. (1.11),
vanishes, and Eq. (1.31) becomes

d2δxi

dτ 2
= 0 . (1.32)
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Since the two test masses were at rest initially, both δxi = 0 and d(δxi)/dτ = 0 at τ = 0, the
above equation implies that

δxiA,B(τ) = 0 . (1.33)

The coordinate positions of the test masses remains unchanged, and their spacial coordinate
separation is similarly unchanged. This does not mean that their proper distance is unaffected [12,
13, 31].

The change in proper distance δL between two points is different from the coordinate separa-
tion. The proper distance between two points is [31]

δL =

∫
|ds2|1/2 (1.34)

Consider the same two test masses. A remains at the origin, but B is now on the x-axis some
distance L from A. A gravitational wave passes through, propagating along the z-axis. The proper
length L(t) measured along the x-axis as the gravitational wave passes through is

L(t) =

∫ xB

xA

|gµνdxµdxν |1/2 (1.35)

=

∫ B

A

|gxx|1/2dx (1.36)

=

∫ B

A

|(ηxx + hTT
xx )|1/2dx (1.37)

≈ L[1 +
1

2
hTT
xx (t, 0)] . (1.38)

To obtain the last line, it is necessary that the scale on which hTT
xx varies must be much greater than

the length from A to B so that hTT
xx can be assumed to be approximately constant over the distance

L. The change in distance δL is then given by

δL

L
=

1

2
hTT
xx (t, 0) . (1.39)

Since hTT
xx (t) is generally not zero, the change in proper length is nonzero as well. Furthermore, the

proper distance between the two test masses changes with time, just like hTT
xx . δL/L is known as the

dimensionless strain, and, in this example, it oscillates with half the amplitude of the gravitational
wave:

δL

L
=

1

2
A+ cos(ωk(t− z)− ϕ+) (1.40)

This example assumed that the test mass was along the x-axis, but the test mass B could be
anywhere in space. Repeating this calculation along the y- and z-axes yields a similar expres-
sion for the ŷ direction but not in the ẑ direction because ẑ is the direction of propagation. The
gravitational wave strain along the y-axis takes the form

δL

L
= −1

2
A+ cos(ωk(t− z)− ϕ+) . (1.41)
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Figure 1.3: The effect of a passing gravitational wave on a ring of particles in free fall. Each
subplot shows a ring of free falling particles in the xy-plane as they encounter a gravitational wave
traveling in the ẑ direction. The top row depicts the plus h+ polarization, and the bottom row
shows the cross h× polarization. The plus polarization first stretches spacetime the ŷ direction and
compresses it in the x̂ direction. Then it compress in the ŷ direction and stretches in the x̂ direction.
This causes the particles to move in a rough plus shape, hence the name of the polarization mode.
The cross polarization mode has the same effect except on a 45◦ angle.
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Figure 1.4: A schematic of (right) a Michelson interferometer and (left) a Michelson interferometer
with a power recycling mirror.

The two equations for δL/L give us an idea of how a ring of test masses in the xy-plane would
behave. Repeating the process with the cross-polarization hxy = hyx, we can completely determine
the behavior of free-falling particles in the path of a gravitational wave [13, 31].

This principle has been applied to gravitational wave detectors around the world [32–34]. The
first two of these detectors to observe gravitational waves were the two advanced Laser Interfer-
ometer Gravitational Wave Observatory (LIGO) detectors in the US [1]. Since then, the Italian
Virgo detector began taking data [35]. This thesis uses data from all of these detectors [36]. The
Japanese KAGRA detector has recently entered its first data-taking phase and is expected to join
LIGO and Virgo or the fourth scheduled observing run [32].

The change in proper distance between two free-falling test masses is miniscule δL/L ≲
O(10−20). The gravitational wave strain is measured with Michelson interferometers shown in
Fig. 1.4. Interferometers take advantage of laser interference patterns to measure the tiny changes
in proper distance between two test masses.

The test particles in these detectors are two mirrors (M), one at the end of each interferometer’s
arm, and a beam splitter. Light is emitted from a laser (L), split by the beam splitter, travels
along two perpendicular arms, reflected by the mirror test masses back to the beam splitter, and
recombined before traveling to the detector. The laser light travels a distance through each arm
(dx and dy) that is some multiple of its wavelength λ i.e. dx = nxλ where n is not necessarily an
integer. Destructive interference occurs when they differ by an odd number of half wavelengths,
and constructive interference occurs when two waves differ by an integral number of wavelengths.

∆Lconstructive = dx − dy = nλ n = 0, 1, 2, ... (1.42a)

∆Ldestructive = dx − dy =

(
n+

1

2

)
λ n = 0, 1, 2, ... (1.42b)

As the δL increases with arm length, a power recycling mirror (P) is added to each arm. Then the
beam bounces back and forth between the mirrors, increasing the effective arm length and thus the
detectable change. The beams are tuned to be out of phase when they reach the detector.
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When a gravitational wave passes through, it changes the arm lengths dx and dy causing the
interference pattern to change. ∆L changes over time between varying levels of constructive and
destructive interference as the gravitational wave passes through, and the detector picks up this
light pattern.

Consider a gravitational wave moving perpendicular to the detector along the z-axis with some
frequency ω. If the x- and y-axes are oriented along the two detector arms, both arms will contract
and expand in and out of phase:

δdx
dx

= +
1

2
a sin(ωt) (1.43a)

δdy
dy

= −1

2
a sin(ωt) (1.43b)

Combining Eq. (1.42) and Eq. (1.43), we can calculate ∆L and see that it varies with time as the
gravitational wave passes through:

∆L = (1 + δdx)dx − (1 + δdy)dy (1.44)

This equation assumes that the detector’s arm length dx = dy = d is much less than the wave-
length of the passing gravitational wave (d ≪ λGW ), which ensures that the metric tensor is
approximately constant for the time it takes for the laser light to travel through the detector.

A gravitational wave source could be anywhere in the sky, in which case some combination of
the plus and cross modes (h+,×) are detected [37]. This strain h(t) will depend on the location of
the source with respect to the detector:

h(t) = F+(θ, ϕ,Ψ)h+ + F×(θ, ϕ,Ψ)h× (1.45)

where θ and ϕ are the spherical angular coordinates of the source in the frame of the detector, and
Ψ is a polarization angle that relates the detector frame and the radiation frame.

The two response functions are

F+(θ, ϕ,Ψ) =
1

2
(1 + cos2 θ) cos(2ϕ) cos(2ψ)− cos(θ) sin(2ϕ) sin(2Ψ) (1.46a)

F×(θ, ϕ,Ψ) =
1

2
(1 + cos2 θ) sin(2ϕ) cos(2ψ)− cos(θ) sin(2ϕ) sin(2Ψ) (1.46b)

Due to the rotation of the earth, these are functions of time as well.
This is the basic concept for gravitational wave detectors. In practice there are a great many

technical challenges. As detected dimensionless strains are O(10−21), the detector must be ex-
tremely sensitive. For a more technical discussion of the design of existing detectors see [33, 34].

1.2 Data Analysis and Bayesian Inference
Parts of this thesis include analysis of real or simulated data from gravitational wave detectors
such as LIGO. The goal of the analysis is to either learn about the properties of the source or to
determine what models best fit the data. This analysis uses Bayesian inference, and this section
lays out the basics of the techniques used. The basis of Bayesian inference is Bayes theorem,
which can be derived from the basic laws of probabilities.
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Assuming that we have two statements A and B, it is possible to derive the following relation
from the product rule:

p(A,B) = p(A|B)p(B) = p(B|A)p(A) , (1.47)

where p(A,B) is the probability that both A and B are true and p(A|B) is the probability that A
is true given B is true. If both A and B are assumed to be true given some third statement C, then
the above equation becomes

p(A,B|C) = p(A|B,C)p(B|C) = p(B|A,C)p(A|C) . (1.48)

This can be rearranged into Bayes theorem, which is the basis of Bayesian inference [38]

p(A|B,C) = p(B|A,C)p(A|C)
p(B|C) . (1.49)

This work is interested in the relationship between some parameters ϑ⃗, the data d, and a gravita-
tional wave model or waveform h.

The data d = di(t) is the sum of time series data from a network of gravitational wave detectors
i. The data depends linearly on the detector noise ni(t) and any signal present hi(t, θ⃗):

di(t) = ni(t) + hi(t, ϑ⃗) . (1.50)

ϑ⃗ is a set of fourteen parameters that define gravitational waveform. Fig. 1.5 displays the in-
trinsic and extrinsic parameters. The parameters intrinsic to the binary determine the phase and
amplitude evolution of the gravitational waves emitted. These are the individual masses m1,2,
three-dimensional spin vectors χ1,2, dimensionless tidal deformabilities Λ1,2, and the binary’s ec-
centricity e. In the case of a black hole, the tidal deformability is zero. The extrinsic parameters,
which affect only the amplitude, fix the location of the source in relation to the detectors or visa-
versa. The five necessary angles are typically expressed as sky location (right ascension α and
declination δ), inclination of the binary ι, polarization ψ, and reference phase ϕ. The final pa-
rameters are the luminosity distance to the source dL and the coalescence time tc. The extrinsic
parameters are important because the detected gravitational wave strain is a combination of the plus
and cross polarization and depends on the extrinsic parameters (see Sec. 1.1.1 for more details).

h(t) = F+(t;α, δ, ψ)h+ + F×(t;α, δ, ψ)h× (1.51)

where F+,× are functions of the angles defining the location of the source.
The large number of parameters and the fact that many of the signal’s parameters are correlated

make Bayesian inference of gravitational wave signals difficult and computationally expensive.
Extensive work by the community has made gravitational wave inference possible [39, 40]. Despite
this, simplifications are often necessary in Bayesian inference of gravitational waves. For instance,
it is assumed initial eccentricity has been radiated away by the time the binary enters the detectors’
sensitivity bands is standard. Analyses also typically assume that the black hole spin vectors align
with the binary’s angular momentum. Based on electromagnetic observations of binary neutron
stars, the spins of neutron stars are often assumed to be negligible.

Substituting the values of interest, we re-express Bayes theorem as [40, 41]

p(ϑ⃗|d⃗(t), h) = p(d⃗(t)|ϑ⃗, h)p(ϑ⃗|h)
p(d⃗(t)|h)

. (1.52)
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Figure 1.5: The intrinsic (left) and extrinsic parameters (right) of a compact binary coalescence.
Intrinsic parameters are component mass m1,2, spin χ⃗1,2, and dimensionless tidal deformability
Λ1,2. The orbital momentum L⃗ is labeled for reference to the extrinsic parameters. The extrinsic
parameters are sky location (right ascension α and declination δ), distance dL, inclination ι, polar-
ization ψ, and phase ϕ.

The posterior probability distribution or simply posterior p(ϑ⃗|d⃗(t), h) gives the probability distribu-
tion of the parameters given the data and the hypothesis and is the end goal in Bayesian parameter
estimation. The likelihood L = p(d⃗(t)|ϑ⃗, h) indicates how likely the data is given the hypothesis
and specific parameter ϑi. Calculating the likelihood requires that the model h is generative, i.e.,
that the model allows us to predict the data given the parameters. The prior probability distribu-
tion or prior contains any a priori information on the parameters: for instance, neutron star masses
MNS are constrained to be be between one and three solar masses (1M⊙ < MNS < 3M⊙). Lastly,
the evidence Z = p(d⃗(t)|h) is also known as the marginalized likelihood. It is the likelihood L
marginalized, or integrated, over all variables, and so it is independent of them i.e.

p(d⃗(t)|h) =
∫
p(ϑ⃗|d, h)dϑ1...dϑn . (1.53)

Probability density functions are continuous distributions, and they describe the probability
over a finite interval rather than at a single point. Therefore, the results are presented not as a
single number but in a credible interval. The x% credible interval is the interval in which the true
value of the parameter lies with x% probability. In this work, we typically use the 90% credible
interval and write it as A+B

−C where A is the median value and A− C and A+B are the lower and
upper boundaries of the x-th percentile credible interval [40].

1.2.1 Data
There are two types of data used in this work: gravitational wave data from the LIGO-Virgo
(LVC) data release [36] and simulated gravitational wave data using detector sensitivity curves
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from LIGO-Virgo, LIGO A+, LIGO Voyager, the Einstein Telescope, or Cosmic Explorer 1 and 2
[42–44].

As was written in Eq. (1.50), we assume that the data di(t) is a combination of detector noise
ni(t) and a possible signal hi(t, ϑ⃗). The signal hi(t, ϑ⃗) in each detector is different because it
depends on the location and orientation of the detector. The noise is assumed to be stationary and
Gaussian. These assumptions are essential to parameter estimation, which is discussed in the next
section. When analyzing LIGO-Virgo Collaboration (LVC) data, an examination of the noise near
the signal can validate these assumptions.

Simulated gravitational wave data is generated using a gravitational waveform approximant
and a detector’s noise sensitivity curve. Stationary, white Gaussian noise is generated and then
colored by the power spectral density representative of the desired detector. The noise is then
added to waveform h(t, ϑ⃗) with parameters ϑ⃗.

Nearly all waveform approximants used in this analysis combine the inspiral, merger, and ring-
down signals and are calibrated against numerical relativity data. There are several types of wave-
form approximants constructed using different methods. They include analytical Post-Newtonian,
semi-analytical effective-one-body, and numerical relativity surrogate models. As Bayesian in-
ference evaluates waveforms O(109) times per analysis, waveforms need to be fast and efficient.
Waveforms from numerical relativity, which are slow and require significant computational re-
sources, are prohibitively expensive.

There are numerous waveform approximants for binary black hole mergers (IMRPhenomX-
PHM [45], IMRPhenomPv3HM [46], NRSur7dq4 [47]), binary neutron star mergers (TaylorF2
[48–53], IMRPhenomD NRTidal [54–57]), and neutron star-black hole mergers (IMRPhenomNSBH
[54, 56–58], SEOBNRv4 ROM NRTidalv2 NSBH [59]). As an inspiral-only model, TaylorF2 has
limited application, but it suffices for GW170817 as the portion of the signal picked up by the de-
tectors came from the inspiral phase.

1.2.2 Parameter Estimation

The goal of Bayesian parameter estimation is to determine posterior distributions p(ϑ⃗|d⃗(t), h) from
data using Bayes theorem. The goal of parameter estimation in this work is to determine the
properties of the gravitational wave source, e.g., masses, spins, tidal deformabilities, sky location,
and and distance.

From Bayes theorem, defined in Eq. (1.52), we can see that

p(ϑ⃗|d⃗(t), h) ∝ p(d⃗(t)|ϑ⃗, h)p(ϑ⃗|h) . (1.54)

The posterior depends only on the likelihood L and the prior. The evidence Z = p(d⃗(t)|h) is
independent of the parameters ϑ⃗ and acts only as a normalization factor that is the same for all
parameters. Therefore, it can be neglected during parameter estimation.

Often, only a subset of the full parameter space is of interest. In this case, the posterior proba-
bility is marginalized over the unwanted parameters by integrating p(d⃗(t)|ϑ⃗, H)p(ϑ⃗|H) over them.

As discussed briefly above, the prior contains any information known about the parameter ϑ
before considering the data. Since the posterior depends on the prior, it is important to choose
a prior carefully. Generally, one chooses the priors in a way that reduces any bias, but choosing
an appropriate prior distribution can decrease computation time and prevent non-physical results.
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An example of a prior choice is choosing declination δ and right ascension α to be uniform over
the entire sky. This limits the analysis to considering only sky locations that make physical sense
without favoring any specific region of the sky and skewing the results. While the choice of prior
is important, in the end, it is a specific choice based on considerations specific to each project. We
leave the discussion of specific prior choices to the individual chapters.

The observed data enters Bayes theorem through the likelihood L, which is the probability
of obtaining the data given a hypothesis or waveform and a specific set of parameters. PyCBC
Inference assumes that the noise is stationary, Gaussian, and not correlated between detectors
when calculating the likelihood. Gaussian noise, which is generated from stochastic processes,
follows the familiar Gaussian distribution [60]:

f(x) =
1√
2πσ

e−
1
2(

(x−µ)
σ )

2

(1.55)

Here we assume that the mean µ = 0 and the standard deviation σ > 0 is known. The noise is also
assumed to be stationary i.e., σ does not evolve with time.

The likelihood of a system with Gaussian noise n(t) is well known:

p(d⃗(t)|ϑ⃗, H) = exp

(
−1

2

N∑
i=1

⟨ñi(f)|ñi(f)⟩
)

(1.56)

whereN is the number of detectors in the network and ñ(f) is the frequency-domain representation
of n(t), which is obtained through a Fourier transform [61]. The inner product ⟨ãi(f)|b̃i(f)⟩ is
defined to be

⟨ãi(f)|b̃i(f)⟩ = 4R
∫ ∞

0

ãi(f)b̃i(f)

S
(i)
n (f)

(1.57)

where S(i)
n (f) is the power spectral density of the i-th detector’s noise.

From the definition of the data (Eq. (1.50)), the noise can be written as a function of the data
itself d(t) and the waveform model hi(t, ϑ⃗), both of which are known:

ni(t) = di(t)− hi(t, ϑ⃗) (1.58)

By substituting the above into Eq. (1.56), the definition of the likelihood can be rewritten into a
more useful form [61]:

p(d⃗(t)|ϑ⃗, H) ∝ exp

(
−1

2

N∑
i=1

⟨d̃i(f)− h̃i(f, ϑ⃗)|d̃i(f)− h̃i(f, ϑ⃗)⟩
)
. (1.59)

A stochastic sampler such as a Markov chain Monte Carlo (MCMC) sampler can then construct
the posterior distribution. An ensemble MCMC sampler selects a set of n samples ϑ⃗n from the prior
distributions, approximating a random selection of points in prior space. From this random distri-
bution, the MCMC chain evolves with each iteration l. For each set of parameters ϑ⃗(k)

l , the sampler
proposes a ‘jump’ or new set of parameters ϑ⃗(k)

l′ from a proposal distribution Q. This new point
ϑ⃗
(k)
l′ only depends on ϑ⃗(k)

l and no previous points. Based on a given acceptance probability, the
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Figure 1.6: A one-dimensional posterior distribution with two Gaussian peaks, both with σ = 1
and with µ = ±10. The prior is uniform between [-20,20]. The prior distribution is uniform and
plotted in blue. The target distributions for a temperature ladder T = (1, 2, 5, 10, 50) are shown.

new point is either rejected and ϑ⃗(k)
l+1 = ϑ⃗

(k)
l or accepted and ϑ⃗(k)

l+1 = ϑ⃗
(k)
l′ . After enough iterations,

the ensemble converges to a distribution proportional to the posterior probability distribution.
There are two samplers used in this thesis: a parallel tempered MCMC sampler called emcee pt

[62, 63] and a dynamic nested sampling algorithm dynesty [64, 65]. In this work, emcee pt
is primarily used in parameter estimation, and dynesty is primarily used in model selection.
dynesty is discussed in depth in the next section.

The emcee pt sampler combines an MCMC sampler with a process called parallel-tempering.
Parallel-tempering involves multiple chains evolving at different ‘temperatures’ T. The likelihood
evaluated for each chain is raised to the power of 1/T . As T → ∞, the posterior distribution being
sampled approaches the prior [62]. Fig. 1.6 demonstrates the effect of the temperature ladder.
High-temperature chains can move about the prior volume without becoming trapped in regions of
high density, and low-temperature chains explore high-density regions more effectively. Exchanges
between chains at different temperatures allow colder chains to move between widespread modes.
Parallel tempered MCMC samplers are particularly suited to posterior distributions with well-
separated modes[62].

1.2.3 Model Selection
The second use of Bayes Theorem in this paper is model selection. As the name suggests, Bayesian
model selection aims to determine to what extent the data favors one model over the other.

The basis of model selection is what is known as the Bayes factor B, which gives a numerical
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Figure 1.7: Figure 1 from the 2020 dynesty paper [64]. It contains a schematic representation
of the difference between a traditional MCMC sampler to a nested sampler. The MCMC sampler
samples the posterior directly, but the nested sampler breaks the posterior up into nested slices and
samples those before combining the slices together at the end.

indication of how much the data supports one hypothesis HA over another HB. When B > 1, HA

is favored over HB, and the larger B is, the more HA is favored.
Mathematically, the Bayes factor is the ratio of the evidences for two different models:

B =
p(d⃗(t)|HA)

p(d⃗(t)|HB)
=

ZA

ZB

, (1.60)

and the evidence is defined in Eq. (1.53).
Throughout this thesis, the evidences are calculated using a dynamic nested sampler called

dynesty [64, 65] accessed through the PyCBC Inference Toolkit [40]. Nested sam-
pling algorithms differ from MCMC approaches because they estimate the evidence instead of the
posterior. This makes nested samplers particularly suited to model selection.

Nested samplers break down the problem of sampling the posterior into three parts:

1. slicing the posterior into many simpler distributions

2. sampling each of the smaller distributions

3. combining the results from each slice to form a single posterior.

The algorithm begins by selecting N points, referred to as ‘live’ points, uniformly throughout
the prior. For each iteration i, the point ϑ⃗n

i with the lowest likelihood is saved to a list of ‘dead’
points along with a weight wi. This weight is an estimation of how much of the prior mass lies
between the likelihood hypersurfaces defined by the new dead point and the one before it. A new
point ϑ⃗n

i+1 is chosen by an MCMC sampler, and is only accepted if the likelihood of ϑ⃗n
i+1 is greater

than that of the saved point ϑ⃗n
i . This creates nested slices of likelihood [66]. Because dynesty is

a dynamic sampling algorithm, it will dynamically adjust the number of points in each likelihood
slice to maximize accuracy. The process is repeated until some cut-off criterion is met, and then
the weighted samples are then combined to reconstruct the prior.

The natural cut-off point for a method that calculates the evidence is one where the dead points
encompass the vast majority of the posterior [66]. In other words, the algorithm will stop when
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the estimated remaining evidence is smaller than some cutoff threshold. While the total evidence
is not known, a rough upper bound can be placed on the remaining evidence ∆Z . Intuitively, we
know that the maximum remaining evidence would occur if the entire remaining prior volume Xi

had the maximum likelihood value Lmax. The remaining evidence would be

∆Z ≤ LmaxXi . (1.61)

However, Lmax and Xi aren’t known exactly; they can only be estimated from the calculated
distribution. This means that the strict inequality becomes an approximate one:

∆Z ≲ LmaxXi . (1.62)

The final set of weighted samples {ϑ⃗1...ϑ⃗N}, can then be used to estimate the 1-D evidence integral
using standard numerical techniques. dynesty uses the 2nd-order trapezoid rule to minimize
integration errors. Thus, the evidence can be calculated using the following relation

Z =
N+K∑
i=1

1

2

[
L(ϑ⃗i−1 + L(ϑ⃗i)

]
× [Xi−1 −Xi] , (1.63)

where K is the number of iterations [66].

1.3 Neutron Stars and Tidal Deformability
Neutron stars are the ultra-dense remnants of massive stars that have gone supernova. They were
first proposed in 1933 by Baade and Zwicky [67] only two years after the discovery of the neu-
tron by Chadwick [68]. They remained undetected until 1968, when graduate student Jocelyn
Bell noted the presence of a persistent periodic source in the data from the Mullard Radio Astron-
omy Observatory just outside Cambridge [69]. This type of spinning neutron star with consistent
pulsating emission profiles became known as pulsars, and thousands have now been observed.

Neutron stars are one of the most interesting astrophysical objects in the era of multi-messenger
astronomy. Gravitational waves, electromagnetic waves, and neutrinos are all emitted by neutron
stars at various stages of their lives. They are important for studying ultra-dense matter and testing
gravity in the strong field regime because they are one of the most compact objects ever observed,
second only to black holes. The internal densities of neutron stars can reach densities many times
nuclear saturation density and far exceed anything that we can create in a laboratory on Earth. This
makes them critical to understanding the EOS of ultra-dense matter.

Neutron stars were originally thought to be supported entirely by neutron star degeneracy pres-
sure, but the star’s core densities are too high to be counterbalanced by neutron star degeneracy
pressure alone. Theories of ultra-dense matter with different compositions abound. Hyperons,
quark matter, and Bose condensates are a few possible candidates [70]. Improved observations
of neutron stars are needed to constrain these theories. The EOS is related to the mass and ra-
dius of the neutron star by the Tolman-Oppenheimer-Volkoff (TOV) equations. Measurements
of neutron star mass and radii came from electromagnetic observations until the detection of
GW170817 in 2017. Measurements confirmed theoretical predictions that neutron star masses
are 1.1M⊙ < Mns ≲ 2.1M⊙. It is possible to measure mass and radius with X-ray observation,
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Figure 1.8: The generic structure of a neutron star that shows four distinct regions: outer crust,
inner crust, outer core, inner core. The x-axis shows increasing radii and the axis at 45◦ is the
matter density.

but the radii were poorly constrained and heavily model dependent [71, 72]. Gravitational wave
event GW170817 [2] and its electromagnetic counterpart GRB170817A [3, 73] led to significantly
improved constraints on neutron star radii [8, 74–76], see Chapter 2 for details.

1.3.1 Equation of State
The EOS defines the relationship between the thermodynamic properties of matter: pressure, mass
density, and temperature. Neutron stars are remnants of a dead star and so generate none of their
own energy. They rapidly cools through neutrino emission [77–84]. For this reason, EOSs assume
that the temperature of the neutron star is negligible, and relates only the internal pressure p and
density ρ.

While the exact EOS inside of a neutron star is still unknown, the states of matter inside a
neutron star are not entirely mysterious [70, 85]. Neutron stars have four main layers: the outer
crust, the inner crust, the outer core, and the inner core [77]. Fig. 1.8 shows this layered structure.

The outer crust has the lowest densities with ×104g/cm3 ≲ ρ ≲ 4× 1011g/cm3. This layer is
formed primarily out of a lattice of nucleons that cluster into neutron rich nuclei and a degenerate
electron gas that permeates the lattice [86, 87]. The transition to inner crust occurs at densities
around 4×1011g/cm3 when the neutrons begin to ‘drip’ out of the nuclei and the nuclei can deform
away from spherical. The inner crust is made of a lattice of positively charged nuclei surrounded by
a gas of free neutrons and a background electron gas that maintains the over all neutral charge [86–
88]. The outer and inner crust are thin but important to understanding phenomena such as neutron
star glitches. The core is often broken into an inner and outer core. Densities in the core are greater
than ∼ 1.5 × 1014g/cm3 and can be as large as ∼ 10 times the nuclear saturation density nsat ≈
2.5×1014g/cm3. Near the nuclear saturation density, matter becomes a homogeneous neutron fluid
with some fraction of protons, electrons, and muons [77, 86]. This region is sometimes referred to
as the outer core. It is unknown exactly what happens at the higher densities of the inner core, but
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Figure 1.9: Mass-radius curves for three realistic EOSs.

popular theories propose that core may include hyperons, quark matter, or Bose condensates [70].
Due to the extreme nature of this matter, it cannot yet be studied in a laboratory on Earth [77, 89].

When studying neutron stars, it is necessary to relate the EOS describing the internal physics
to the astrophysical observables: mass, radius, and tidal deformability. When integrated together
with the structure equations discussed in Section 1.3.2, they define mass-radius relations such as
the ones shown in Fig. 1.9.

Any EOS can only support a limited mass Mmax; above this mass, it the star collapses down
to a black hole. This mass is generally around ∼ 2M⊙, but pulsar observations require Mmax ≥
2.16M⊙ [90]. The exact value of Mmax depends on the EOS, which means that by detecting
massive neutron stars it is possible to constrain the nuclear EOS. The EOS can also be constrained
by simultaneous measurements of the mass and radius.

There are many published EOSs; they have different underlying assumptions and have been
constructed using various methods. In this thesis, we limit the discussion to a specific family of
EOSs, which are defined by chiral effective field theory (EFT) and are used in Chapters 2 and 3.
For a more extensive discussion of the nuclear EOSs, see [70, 77, 85].

This work uses two sets of EOSs defined by chiral EFT. Chiral EFT is an EFT that describes
the strong force. It expands the interactions in power of momenta, describes interactions in terms
of nucleons and pions, and includes all operators consistent with the underlying chiral symmetries
of strong interactions [91–95]. This expansion defines a systematic order-by-order scheme that can
be truncated at a given order and, most importantly, enables reliable theoretical estimates of the
uncertainty from neglected contributions. The uncertainties in the EOS grow rapidly over nuclear
saturation, growing from ∼ 30% at nuclear saturation to a factor of ∼ 2 at twice nuclear saturation
density [96]. Since this theory breaks down at higher densities, the EOSs used in this thesis are
only defined by chiral EFT up to either once or twice nuclear saturation density [96, 97]. Above
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these densities, the EOSs are constrained only to have a speed of sound less than the speed of light
and to be able to support a two-solar-mass neutron star [98]. For each of the two families, 2000
individual EOSs distributed so that the radius of a 1.4M⊙ neutron star is approximately uniform
are generated.

1.3.2 Neutron Star Structure
Neutron stars are fully relativistic objects, and must be considered in full general relativity. Under-
standing their structure begins by understanding their effect on spacetime.

This section will focus on static, spherically symmetric stars for simplicity purposes. The
geometry exterior to a neutron star can be described by the well-known Schwarzschild metric [14]:

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dθ2 + r2 sin2(θ)dϕ2 , (1.64)

where M is the total mass of the star. This only applies exterior to the star. A metric that describes
the internal spacetime is also necessary. It is possible to construct a generic spherically symmetric,
time-independent metric:

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dθ2 + r2 sin2(θ)dϕ2 , (1.65)

where both ν(r) and λ(r) are functions of r only [99, 100].
Additionally, we assume that a neutron star’s stress-energy tensor is that of a perfect fluid

(Eq. (1.5)) and depends only on pressure p, density ρ, and the fluid’s 4-velocity uµ. Since the
matter in the neutron star is static, the spacial components of the 4-velocity vanish:

uµ = (e−ν/2, 0, 0, 0) . (1.66)

The stress-energy tensor then has the form T µ
ν = diag(−ρ, p, p, p) where pressure and density

are connected by some EOS p = p(ρ), which is discussed in more in the previous section: Sec-
tion 1.3.1. This leaves three unknown functions (ν(r), λ(r), p(r)) to be determined by solving the
the Einstein equation. Starting with the tt component of the Einstein equation i.e. G00 = 8πT00, it
is possible to write out an equation for eλ(r)

1

r2
d

dr

[
r(1− e−λ(r))

]
= 8πρ , (1.67)

which can be solved for eλ(r).

eλ(r) =

(
1− 2m(r)

r

)
, (1.68)

where
m(r) = 4π

∫ r

0

ρ(r′)r′2dr′ (1.69)

m is not the proper massmp because it is not integrated over the entire volume element 4πeλ/2r2 sin2 θdrdθdϕ,
and differs from the proper mass mp by the binding energy EB (i.e., mp = m+ EB).

An equation for ν(r) can be determined in a similar manner from the rr component of the
Einstein equation. By substituting the definition of λ(r) and ν ′(r) into the θθ component of the
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Einstein equations, one can retrieve an equation for the last unknown p̃(r). The equation for p̃(r)
is known as the TOV equation.

Written together, the structure equations for a spherical star in general relativity are

dm

dr
= 4πρr2 , (1.70a)

dν

dr
=
m(r) + 4πr3p

r(r − 2m(r))
, (1.70b)

dp

dr
= −(p+ ρ)

m(r) + 4πr3p

r(r − 2m(r))
. (1.70c)

These three differential equations together with an EOS define the neutron star’s structure [13,
101].

The structure equations can be combined with the EOS to learn about the neutron star’s physical
properties such as mass and radius. They also place constraints on the maximum and minimum
max of a neutron star. While the exact maximum mass varies between EOSs, it is possible to
demonstrate that neutron stars do have a maximum mass with a few basic assumptions [13]

1. ρ > 0

2. p > 0

3. dp/dρ > 0

4. (1− 2m/r) > 0

Assumption one is a general statement for matter, and assumptions two and three are related to
microscopic stability. If either of these equations o not hold, it becomes energetically favorable
for any small volume to collapse. The last condition comes from the Schwarzschild metric and is
necessary to ensure that the neutron star does not collapse into a black hole.

According to the TOV equation (Eq. (1.70c)), the pressure decreases with increasing radius
so long as the Schwarzschild condition holds. The density also decreases with radius because
dp/dρ > 0. The neutron star can be divided into a core, where ρ > nsat, and an envelope, where
ρ ≤ nsat, where nsat is the nuclear saturation density. The nuclear saturation density is roughly the
nuclear density for most nuclei all the way from helium to uranium [13].

Since the density decreases with radius, the mass of the core is constrained from the bottom:

M(r) = 4π

∫ r0

0

ρ(r)r2dr ≥ 4π

∫ rc

0

ρcr
2dr (1.71)

where r0 is the radius of the core. Solving for M , we find

M ≥ 4

3
πr30ρ0 (1.72)

This constraint can be combined with the Schwarzschild constraint, which limits the maximum
mass that can be supported without collapse to a black hole:

r0
2
> M . (1.73)
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Combining these two constraints gives

M ≤ 1

2

(
3

8πρ0

)1/2

. (1.74)

While more stringent constraints can be calculated using the structure equations and a specific
EOS, this brief exercise gives a straightforward example of how the structure equations constrain
the observable properties of a neutron star [13].

1.3.3 Tidal Deformability
Studying the nuclear EOS is a key part of modern astrophysics and one of the foci of this thesis.
Gravitational waves from binary neutron star mergers are a promising method for studying the
nuclear EOS; this is because the gravitational waveform depends on the finite size effects of the
neutron star [102, 103]. The change in the gravitational wave signal from the internal structure
of the neutron star in the inspiral phase depends on one parameter: tidal deformability λ. The
tidal deformability measures the strength of a neutron star’s response to an external field [102,
104, 105]. Mathematically, it is a proportionality constant between the static external tidal field,
(Eij...k), and the resulting induced multipole moment Qij...k:

Qij...k = −λEij...k . (1.75)

This ised a tensor equation, but both Eij...k and Qij...k can be decomposed into tensor harmonics:

Eij...k =
ℓ∑

m=−ℓ

EmY ℓm
ij...k(θ, ϕ) (1.76)

Qij...k =
ℓ∑

m=−ℓ

QmY
ℓm
ij...k(θ, ϕ) , (1.77)

where Y ℓm
ij...k(θ, ϕ) are the even parity tensor spherical harmonics defined by [106]. The tensor

relation in Eq. (1.75) can be expressed as a scalar relation

Qm = −λEm , (1.78)

and λ can be calculated from a single non-vanishing Em [102]. The leading order quadrupolar tidal
field Eij...k = Ri0j0

Much like the radius and mass, tidal deformability is an intrinsic property of a neutron star and
depends on the nuclear EOS. As such, measurements of tidal deformability can constrain nuclear
theory. The leading order (ℓ = 2) electric tidal deformability enters the gravitational waveform
at the 5th post-Newtonian order and can be measured directly in gravitational wave signals from
binary neutron star mergers [2, 8]. The tidal deformability is intrinsically related to the tidal Love
number k2

k2 =
3

2
GR−5 , (1.79)

where R is the radius of the neutron star. Tidal Love numbers were initially developed in New-
tonian physics [104, 105]. However, studying neutron stars requires a fully relativistic definition
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of tidal deformability. The first published relativistic calculations were for the ℓ = 2 electric tidal
deformability [102]. The relativistic theory of tidal Love numbers was soon expanded to ℓ > 2 and
to the odd parity tidal deformabilities, which have no Newtonian analog [107, 108].

In general relativity, the external tidal field and the induced multipole moment affect spacetime
in and around the neutron star. Exterior to the star, the behavior of the metric at large r can be
expressed in terms of Eij and Qij . In the local asymptotic rest frame, the gtt component of the
metric for large r has the form [109]

gtt = g0tt + htt = −
(
1− 2µ

r

)
+

3Qijn
inj

r3
+O(r−4)− Eijninjr2 +O(r3) (1.80)

where ni is the unit radial vector.
Gravitational measurements of neutron star properties (mass, radius, tidal deformability) began

with the first observed binary neutron star merger, GW170817. Studies of GW170817, including
the work presented in Chapter 2 of this thesis, have already improved our knowledge of the nuclear
EOS and ruled out some EOSs entirely by measuring neutron mass and star tidal deformability [8,
74, 75, 110].

Gravitational waves can also be used to study physics beyond general relativity, and various
studies have already used gravitational wave data to do so [111–117]. Regardless of the theory, any
gravitational waves emitted by a binary neutron star system depend on matter effects. These matter
effects may well differ between theories. Despite this, analyses of GW170817 outside of general
relativity typically do not use modified tidal deformability [118–120]. Indeed, tidal deformabilities
have only been calculated for a limited selection of alternative theories [121–124].

1.4 Alternate Theories of Gravity and Tests of General Rela-
tivity

Einstein’s general relativity has proven to be an incredibly successful theory of gravity. It not
only resolved existing problems with Newtonian physics such as the perihelion of mercury, it also
predicted phenomena such as gravitational lensing and gravitational waves. Despite its successes,
general relativity there are reasons to look beyond it, and numerous alternative theories of gravity
have been developed. None of these theories has proven to be as successful as general relativity.

Both theoretical and observational reasons exist to look beyond Einstein’s theory of general
relativity. Astrophysical observations of large-scale structures has led to two theories: dark matter
and dark energy. Assuming general relativity holds true, then observational evidence says that
only ∼ 4% of the universe is visible [125]. The rest is made up of dark matter and dark energy.
Dark matter is matter that interacts with gravity but not with electromagnetic radiation, and dark
energy is the vacuum energy driving the universe’s expansion. General relativity can explain these
phenomena, but alternative theories of gravity have also been developed to explain them.

The theory of dark matter has a long history; the idea of matter that neither emits nor absorbs
electromagnetic radiation was first presented in 1884 [126]. Nearly a century of observations
beginning in the 1920s and 30s have shown that stars in galaxies, particularly those at the outer
edge, orbit much faster than the observed luminous matter can explain. Fig. 1.10 displays the
difference between the expected and observed velocities. The rotation curves of spiral galaxies
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Figure 1.10: A schematic comparison of observed galactic rotation curves from spiral galaxies and
the galactic rotation curves expected based on luminous mass measurements and Kepler’s law.

are expected to resemble that of the solar system with objects from the center orbiting slowly
(1/r) because the bulk of the observable mass is in the galactic center. This idea is at odds with
observations, which show that speed of stars is approximately constant away from the galactic
center.

Dutch astronomers Oort and Kapteyn related the idea of dark matter to the unexpected stellar
velocities they observed [127, 128] in the 1920s and 30s. Researchers including Vera Rubin and
Kent Ford made detailed observations of twenty-one galaxies in the 1960s and 70s, confirming
that the rotation curves of galaxies do not match the theoretical predictions based on observation
of luminous matter [129, 130]. Gravitational lensing measurements also suggest the existence of
more mass than the observed stars can account for and provides further proof for the existence of
dark matter[131].

Common theories of dark matter include non-baryonic particles, macroscopic non-interacting
objects, and modified theories of gravity. Weakly interacting massive particles (WIMPS), were the
most popular theory of particle dark matter, but all laboratory experiments to date have failed to
detect the existence of WIMPS [132]. There are other proposed particles, such as axions [133], but
none of these have been detected. For details on the status of particle dark matter see e.g. [134].
Some theorists have proposed that dark macroscopic objects make up dark matter. These are called
massive compact halo objects (MACHOS). MACHOS can be black holes, neutron stars, brown
dwarves, or even something as yet unknown. However, observations have placed strong constraints
on these theories, making it unlikely that MACHOS could solve the dark matter problem [135,
136].

There are observations that dark matter cannot explain. One example is the Tully-Fisher re-
lation, which is an observational rule that connects the luminosity of a spiral galaxy to its radial
velocity [137]. The Baryonic-Tully-Fisher relation, which relates observed baryonic mass from
various wavelengths to the asymptotic radial velocity [138] has proven to be even more successful
than the original relation. One would not expect any relation between luminous matter and radial
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velocity if dark matter made up the vast majority of the mass of the galaxy.
Alternate theories of gravity have been proposed as solutions to this observational problem.

Instead of assuming that our understanding of gravity is correct and our observations are missing
the majority of the mass, these theories state that the observations of matter are correct but our
understanding of gravity is incorrect at large galactic scales. There are three main alternative
explanations to dark matter: modified Newtonian dynamics (MoND) [139], tensor-vector-scalar
(TeVeS) gravity [140], and emergent gravity [141].

Another observational motivation for alternate theories of gravity is dark energy. Dark energy
is an unknown form of energy that acts at the largest scales, countering the inward pull of gravity.
Observations of supernovae in the 1990s showed that the universe was not static or shrinking but
rather expanding at an accelerating rate [142]. Gravity is currently the only long range force among
the fundamental forces. In general relativity, gravity is purely attractive; so the universe should be
coming together, not moving apart.

Interestingly, the Einstein equation temporarily contained the cosmological constant Λ; Λ coun-
terbalanced the inward pull of gravity to ensure a static universe [143]:

Gµν + Λgµν = 8πTµν , (1.81)

Einstein later removed the cosmological constant from the equation. After the universe’s accelerat-
ing expansion was discovered decades later, the idea of the cosmological constant was resurrected
[144] as it is the simplest explanation for dark energy. Another model of dark energy, called
quintessence, states that the acceleration comes from the potential energy of a new physical scalar
field ϕ that weakly couples that matter and has some potential V (ϕ). This theory has more flexi-
bility than the cosmological constant because the potential can vary in space and time [145–147].
Modified theories of gravity, including scalar-tensor theories, are another possibility to explain the
observed acceleration.

There are also theoretical justifications for studying modified theories of gravity. One of the
leading theoretical reasons for modifying or expanding general relativity is the attempt to unify
gravity and the other fundamental forces. General relativity, as a classical theory, is incompatible
with quantum mechanics. Kaluza-Klein theory was one of the earliest attempts to unify gravity
and electromagnetism [148, 149]. This lead to scalar-tensor theory [150]. Since then, the field
of quantum gravity has grown significantly. Numerous theories, including string theory and loop
quantum gravity, have been developed, but none of these have been entirely successful [151].

This thesis explores two different alternative theories of gravity.
We search for the birefringence effect in Chapter 4, which is discussed in depth in the next

section Section 1.4.1. Birefringence arises from an EFT expansion of general relativity. Chap-
ter 5 focuses on scalar-tensor theory, which is one of the oldest and most well-studied theories of
modified gravity. Scalar-tensor theory is discussed in depth in Section 1.4.2.

1.4.1 Birefringence
Birefringence is a phenomenon in which a wave’s left- and right-hand modes propagate along
different geodesics. Birefringence has been observed in electromagnetic waves but not in gravita-
tional waves. Gravitational waves detected by current detectors travel vast distances; gravitational
waves from the most distant gravitational wave event, GW190521, travelled around 5,000 Mega-
parsecs before reaching the Earth. We need a metric that describes the curvature of the universe
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on cosmological scales to adequately describe the propagation of these gravitational waves. The
Friedmann–Robertson–Walker (FRW) metric is a cosmological solution to the Einstein equation.
It assumes that spacetime is homogenous, isotropic, expanding, and path-connected [152–158].
Path-connected means that a continuous path can connect any two points in the space. The FRW
metric is associated with the ΛCDM model and is often called the standard model in cosmology
[159]. The metric takes the form

ds2 = dt2 − a2(t)
(
dx2 + dy2 + dz2

)
(1.82)

where a(t) is constrained by the Einstein equations.
As discussed in Sec. 1.1.1, linearized gravity is a valuable framework for studying gravitational

waves and will be used here. The linearized Einstein-Hilbert action in the FRW universe is

S =
1

16πG

∫
dtd3xa3

[
1

4
ḣ2ij −

1

4a2
(∂khij)

2

]
, (1.83)

where a is the cosmic scale factor and hij is the small deviation from the universal metric (|hij| ≪
1). The equation of motion for the circular gravitational wave polarization modes hA can be derived
from this linearized action:

h′′A + 2Hh′A + k2hA = 0 , (1.84)

where H is the Hubble parameter, k is the wave number, and a prime denotes the derivative with
respect to the cosmic conformal time τ , and A = L,R represents the right- or left-hand polar-
izations respectively. In general relativity, both left- and right-hand polarization follow the same
equation of motion. In other words, there is no birefringence.

Birefringence can occur in theories of gravity beyond general relativity. It arises from the
EFT extension of gravity. EFT is a non-theory-specific framework for constructing non-general
relativistic actions. It includes action terms that purposely preserve or violate certain symmetries.
It can also be mapped to specific theories by the correct choice of constants [160].

The leading order EFT terms are terms with three derivatives [160–162]:

ϵijkḣil∂jḣkl (1.85a)

ϵijk∂2hil∂jhkl , (1.85b)

where i, j... = 1, 2, 3 refer to spacial coordinates, ∂j denotes spacial derivatives, dot denotes deriva-
tives with respect to time, ∂2 is the Laplacian, and ϵijk is the antisymmetric symbol. These terms
violate parity symmetry, which is the symmetry under inversion of spacial coordinates, because
they are not symmetric in the spacial indices. We obtain the leading order EFT action by adding
these terms ti the linearized Einstein-Hilbert action

S =
1

16πG

∫
dtd3xa3

[
1

4
ḣ2ij −

1

4a2
(∂khij)

2 +
1

4

(
c1

aMPV

ϵijkḣil∂jḣkl +
c2

a3MPV

ϵijk∂2hil∂jhkl

)]
,

(1.86)

where MPV is the energy scale and c1,2 are two undetermined functions of cosmic time. The
reduced Planck’s constant has been set to one along with G and c (G = c = ℏ = 1). c1 and c2 vary
between theories and can be chosen to match any specific theory [163–172].
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From this new action, new equations of motion can be derived. The equation of motion for the
gravitational wave circular polarization modes hA is

h′′A + (2 + νA)Hh′A + (1 + µA)k
2hA = 0 , (1.87)

where µA and νA are the phase and amplitude birefringence parameters. They have the exact forms

νA = −[ρAc1k/(aMPV)]
′/H,

µA = ρA(c1 − c2)k/(aMPV), (1.88)

and ρA = ±1 for left- and right-handed polarizations and represents broken parity symmetry. The
two polarizations follow two different equations of motions because νA and µA have opposite signs
for the left- and right-hand polarization modes. In other words, birefringence occurs. The general
relativistic equation of motion (Eq. (1.84)) can be retrieved by setting µA = νA = 0 in Eq. (1.87).

To retrieve the modified left- and right- handed circular polarization modes, one needs to solve
Eq. (1.87). The polarization modes take the form

hPVL (f) = (1 + δh)hGR
L (f)e−iδΨ(f) (1.89a)

hPVR (f) = (1− δh)hGR
R (f)eiδΨ(f) . (1.89b)

Gravitational wave polarizations are typically expressed as plus (h+) and cross (h×) modes rather
than as circular modes; the waveform can be re-expressed as

h+ = (hL + hR)/
√
2 (1.90a)

h× = (hL − hR)/(
√
2i) . (1.90b)

1.4.2 Scalar-Tensor Theory
One of the most straightforward and well-studied classes of alternative theories is scalar-tensor
theories of gravity. In scalar-tensor theory, dynamical scalar field(s) are added to the Einstein-
Hilbert action. Scalar-tensory theory was developed for Kaluza-Klein theories and the need for
gravity in 5D [150]. Later work introduced scalar fields as an attempt to incorporate Mach’s
principle into gravity [173]. Today scalar-tensor theory is an alternative to dark energy. Scalar
degrees of freedom are also critical for string theory, superstring theory, and other supergravity
theories [174].

Scalar-tensor theory was first proposed by Jordan [150] and further developed by Jordan [175],
Fierz [176], and Brans and Dicke [173]. The original theory, known as Jordan-Fierz-Brans-Dicke
(JFBD) theory, is the simplest case of scalar-tensor theory, where the constant scalar field is defined
by a single dimensionless parameter ωBD. The modified action in JFBD theory has the form:

S =
1

16π

∫ √
−g̃
(
ϕR̃− ωBD

ϕ
g̃µν∂µϕ∂νϕ

)
+ Sm[Ψm]d

4x , (1.91)

where ϕ is the scalar field, g̃µν is the metric, and R̃ is the Ricci scalar. Sm denotes the action of the
matter, which is a function of the matter fields Ψm.
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The left-most term of Eq. (1.91), known as the non-minimal coupling term, depends on ϕR̃ and
replaces the standard Einstein-Hilbert Lagrangian LEH :

LEH =
1

16πG

√−gR . (1.92)

This means there is no longer a gravitational constant G but rather a gravitational function G̃ =
G(ϕ), which depends on the scalar field ϕ.

Later works generalized this action to include arbitrary functions of the scalar field ω(ϕ).
The ω(ϕ) term allows for theories that deviate significantly from general relativity in high en-
ergy regimes while still passing solar system constraints that strongly limit the JFBD parameter
[177–179]. An arbitrary potential λ(ϕ) can also be added to the action. This potential acts as a
cosmological term, similar to Einstein’s cosmological constant [177, 179]. It is also possible to
include multiple scalar fields [180], but this work will not explore these theories.

Taking all of this into account gives a more general Lagrangian of the form

S =
1

16π

∫ √
−g̃
(
ϕR̃− ω(ϕ)

ϕ
g̃µν∂µϕ∂νϕ+ 2λ(ϕ)

)
+ Sm[Ψm, g̃µν ]d

4x . (1.93)

When working in scalar-tensor theory, it is necessary to choose a conformal frame. Two con-
formal frames are used extensively in the literature: the Jordan and the Einstein frames. Jordan
originally wrote the action as it appears in Eq. (1.91), and this is now known as the Jordan frame.
In this work, we denote Jordan frame values with a tilde. The correct choice of frame has been the
subject of much debate historically [181]. Today it is generally agreed that non-Cavendish type
experiments measure Jordan frame quantities, but the equations are more straightforward in the
Einstein frame [124, 172, 182–184]. The matter fields couple to g̃µν ; this can be seen in Eq. (1.93).
Using the conformal transformation

g̃µν = A2(φ)gµν , (1.94)

the action Eq. (1.93) can be rewritten to better resemble the Einstein-Hilbert action:

S =
1

16π

∫ √−g
(
R− 2gµν∂µφ∂νφ

)
+ Sm(ψm;A

2(φ)gµν)d
4x , (1.95)

where φ is the scalar field in the Einstein frame. There is one free parameter: the coupling function
A(φ). In JFBD theory, A(φ) = eα0φ, and the Brans-Dicke parameter ωBD and the coupling
function are related by the following equation:

α0 ≡ (3 + 2ωBD)
1/2 . (1.96)

By varying the Einstein frame action, the scalar-tensor field equations can be derived:

Gµν = 8πG∗Tµν + T (φ)
µν (1.97a)

□gφ = −4πG∗α(φ)T (1.97b)

Tµν is the stress-energy tensor in the Einstein frame, and T is the contracted stress-energy tensor
T = T µ

µ = gµνTµν . This is related to the Jordan frame stress-energy tensor (T̃µν) in the following
manner

Tµν ≡ 2√
|g|

δSm

δgµν
= A2(φ)T̃µν (1.98)
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The matter stress-energy tensor is defined in the physical frame and takes the same form as in
general relativity (Eq. (1.5)). T (φ)

µν can be considered the stress-energy of the massless scalar field
and has the form

T (φ)
µν ≡ 2∂µφ∂νφ− gµνg

αβ∂αφ∂βφ . (1.99)

Lastly α(φ) ≡ d lnA(φ)/dφ. When α(φ) is set to zero, the equations reduces to those of general
relativity.

There are stringent constraints on the value of α0 in JFBD theories from solar system experi-
ments [185, 186]. Gravitational wave observations have also been used to put bounds on α0 [117].
These constraints significantly limit the strong-field behavior as well as the weak-field behavior.
Damour and Esposito-Ferèse discovered the ‘spontaneous scalarization’ effect, which allows large
deviations from general relativity in the strong field regime while still being consistent with the
strict solar system constraints. They defined

A(φ) = e(
1
2
βφ2) (1.100)

and found that scalarization occurs for β ≲ −4.5 [187]. A follow-up study showed that scalariza-
tion occurs for β ≲ −4.35 [188]. Further studies have shown that neutron stars may dynamically
scalarize during the inspiral phase of binary neutron star mergers [182], which makes these theories
especially interesting for studying binary neutron star mergers with general relativity.

1.5 Clarifications of Contributions
Chapters 2, 3, and 4 contain work which has previously been published or accepted for publication
and was done in collaboration with several colleagues. This section lays out the contents of each
chapter, clarifies the roles of all authors, and focuses on the work done by the author of this thesis.

1.5.1 Chapter 2
Chapter 2 contains work that was originally published as Capano, C.D., Tews, I., Brown, S.M. et al.
Stringent constraints on neutron-star radii from multimessenger observations and nuclear theory.
Nat Astron 4, 625–632 (2020). https://doi.org/10.1038/s41550-020-1014-6 [8].

For the majority of the duration of this project, the author of this thesis was the lead author. As
published in the original paper, the author’s roles were primarily in formal analysis, software de-
velopment, validation of results, visualization, draft writing, and revision. The author contributed
to the gravitational wave analysis portion of the paper along with D. A. Brown, C. D. Capano, S.
De, B. Krishnan, and S. Kumar. Nuclear theory contributions were made by I. Tews and S. Reddy,
and analysis of the electromagnetic counterparts was provided by B. Margalit.

While lead author of this project, the author of this thesis performed the bulk of the parameter
estimation work with suggestions and assistance by S. Kumar, S. De, C. D. Capano, and D. A.
Brown. The paper was written collaboratively by D. A. Brown, C. D. Capano, I. Tews, and the
author before being reviewed and edited by all contributing authors. The authorship order was
adjusted due to considerations of the software development, which was led by C. D. Capano and
assisted by others, including the author of this thesis.
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This work combines a Bayesian analysis of the GW170817 data with state-of-the-art nuclear
theory and constraints from the electromagnetic counterpart to GW170817. This work constrained
both the tidal deformability and radius of neutron stars. The novel parameter estimation method
in this work is an improvement from previous methods because it uses realistic EOSs and ensures
that both neutron stars have the same EOS. The radius of a 1.4M⊙ neutron star was constrained to
be 11.0+0.9

−0.6 km at the 90th percentile credible interval. At the time of publication, this paper placed
the strongest constrain up to that date on neutron star radii by a factor of ∼ 2. Furthermore, these
results have implications for future results. We predicted that neutron star-black hole binaries are
unlikely to be disrupted and thus unlikely to have electromagnetic counterparts. This prediction
has important implications for future analyses of neutron star-black hole systems. Since the date
of the publication, two neutron star-black hole mergers have been announced by the LIGO-Virgo
collaboration, neither of which had an electromagnetic counterpart.

The EOSs are defined at low densities by chiral EFT and were generated by I. Tews. In order to
use these EOSs, the PyCBC Inference sampler needed to draw neutron star mass, radius, tidal
deformability from a file. This capability was added to the PyCBC Inference Toolkit by
S. De. Furthermore, the method required sampling over many EOSs and opening the correspond-
ing files to retrieve the mass-radius-tidal deformability relationship. This capability was added
to the code by the author. Integration of the dynesty sampler into the PyCBC Inference
Toolkit was done primarily by S. Kumar. In addition to providing assistance on these three
things, C. D. Capano developed and improved much of the PyCBC Inference Toolkit,
including but certainly not limited to the application of the parallel tempered MCMC sampler.

The parameter estimation results were then combined with information from the kilonova
ejecta, which showed that there was a short lived remnant that was neither a stable neutron star
nor a black hole formed by prompt collapse and placed a bound on the maximum mass of a neu-
tron star. That analysis was done by B. Margalit and folded into the gravitational results by C. D.
Capano and the author of this thesis.

1.5.2 Chapter 3
Material in chapter 3 was originally published under Brown, S.M., Capano, C.D., Krishnan, B.
Using Gravitational Waves to Distinguish Between Neutron Stars and Black Holes in Compact
Binary Mergers. Astrophys J (accepted 2022). https://doi.org/10.48550/arXiv.
2105.03485 [9]. This paper has been accepted for publication by the Astrophysical Journal.
The author is the first author of this work, which is available on arXiv as a preprint.

All formal analysis and any and all verification of results in this chapter was performed by the
author. It was written by the author under the guidance of C. Capano and B. Krishnan. C. Capano
suggested verification methods and corrections, and comments by C. Capano and B. Krishnan were
incorporated.

Chapter 3 contains a study of the capabilities of current and future gravitational wave detectors
to distinguish neutron star-black hole binaries from binary black holes using gravitational waves
alone. Neutron star-black hole systems are unlikely to have an electromagnetic counterpart (see
Chapter 2). This means that evidence for the existence of a neutron star in the binary must come
from gravitational waves. This evidence is especially important for objects that are in the mass gap
between neutron stars and black holes such as the 2.6M⊙ object in GW190814 [18]. The results
presented in this chapter show that current gravitational wave detectors and their near term up-
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grades are unable to distinguish neutron stars from black holes in neutron star-black hole systems.
It also demonstrates that 3G detectors can successfully make this measurement under certain con-
ditions, which strengthens the arguments in favor of funding the Einstein Telescope and Cosmic
Explorer 1 and 2.

In this work, Bayesian parameter estimation and model selection are carried out using the
PyCBC Inference Toolkit [40]. The analysis was run on the ATLAS cluster [189].

1.5.3 Chapter 4
Material in chapter 4 was originally published as Wang, Y., Brown, S.M. et al. Tests of Gravitational-
Wave Birefringence with the Open Gravitational-Wave Catalog Phys. Rev. D 106, 084005 2022.
https://link.aps.org/doi/10.1103/PhysRevD.106.084005 [10]. This work con-
tains an analysis of gravitational wave events from 4-OGC [190] to search for evidence of birefrin-
gence in publicly available gravitational wave data [36].

Y. Wang led this project in collaboration with the author, L.Shao, and W. Zhao. The paper
was put together by Y. Wang and the author and revised by all authors. L. Shao and W. Zhao pro-
vided their expertise in the EFT extension of general relativity as well as their understanding of the
birefringence effect and its relation to alternative theories of gravity. Analysis of the gravitational
wave data was done by Y. Wang and the author. Y. Wang modified existing waveforms to include
birefringence. The parameter estimation was done jointly by Y. Wang and the author. Following
the parameter estimation, we performed Bayesian model selection. Y. Wang performed the com-
putation. Y. Wang and the author shared the responsibility for interpreting the results. In-depth
studies of two events were necessary. This analysis included an injection study done by both Y.
Wang and the author, employing the author’s knowledge of injections from Chapter 3. Finally, Y.
Wang, assisted by the author, led the additional statistical analysis.

Birefringence is a non-general relativistic effect that causes asymmetry between the left and
right-hand propagation modes. It arises from the EFT extension of general relativity and is a
feature of several theories of gravity, including Chern-Simons gravity [163, 165–168], Hořava-
Lifshitz gravity [169–171], and ghost-free scalar-tensor gravity [172]. The chapter found that the
two most massive events in the gravitational wave catalogue exhibited evidence of birefringence;
none of the other events deviated significantly from general relativity. This is interesting but is not
conclusive evidence for birefringence. Analysis of future gravitational wave events will be needed
to make any definite statements about physics beyond general relativity.

1.5.4 Chapter 5
Chapter 5 is adapted from two manuscripts that are in preparation and have not yet been accepted
to or published by any journal. The work was led by the author, and the author of this thesis is
primary author on both papers. The first paper is available as a preprint on arXiv as Brown, S.
Tidal Deformability of Neutron Stars in Scalar-Tensor Theories of Gravity for Gravitational Wave
Analysis https://arxiv.org/abs/2210.14025 and will be submitted to the Astrophysi-
cal Journal. The second is a letter for the Astrophysical Journal Letters titled Tidal Deformability
of Neutron Stars in Scalar-Tensor Theory. This chapter details the derivations of the various tidal
responses of neutron stars in scalar-tensor theory. It also discusses the numerical methods used to
calculate the properties of neutron stars.
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This work was lead by S. Brown under the guidance of B. Krishnan. All derivations contained
therein (e.g., perturbations, tidal Love numbers, tidal deformabilities, and conformal transforma-
tions) were done by the author. S. Brown developed all code used and generated all visualizations.
The paper was written by the author and revised by the author helpful with comments from S.
Kumar, X. Jiménez Forteza, and B. Krishnan. The author would like to thank G. Creci, S. Kumar,
S. Datta, X. Jiménez Forteza, P. Mourier, and B. Allen for their valuable discussion.

This chapter is designed to improve future tests of alternative theories of gravity using gravita-
tional waves from binary neutron star mergers. Gravitational waves depend on the tidal deforma-
bilities of the merging objects; tidal deformability is zero for black holes but strictly greater than
zero for neutron stars. With current gravitational wave detectors, there is a large uncertainty on
the tidal deformability. This uncertainty is similar to or larger than the expected deviations from
general relativity. Understanding exactly how the tidal deformabilities in alternative theories differ
from general relativity will help decouple the deviations from general relativity and the uncertainty
in the tidal deformability measurements.

In order to use the tidal love numbers derived in this chapter for gravitational wave analysis, it
is necessary to calculate the numerical relations between the mass, radius, and tidal deformability
of neutron stars with different EOSs. The methods used for this are laid out in this chapter. Then
results are shown for several realistic EOSs.
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2 | Stringent Constraints on Neutron Star
Radii From Multimessenger Observa-
tions and Nuclear Theory

This chapter contains material published as Capano, Collin D., Tews, Ingo, Brown, Stephanie M. et
al. Stringent constraints on neutron star radii from multimessenger observations and nuclear the-
ory. Nat Astron 4, 625–632 (2020). https://doi.org/10.1038/s41550-020-1014-6.

2.1 Abstract
The properties of neutron stars are determined by the nature of the matter that they contain. These
properties can be constrained by measurements of the star’s size. We obtain stringent constraints
on neutron star radii by combining multimessenger observations of the binary neutron star merger
GW170817 with nuclear theory that best accounts for density-dependent uncertainties in the EOS.
We construct EOSs constrained by chiral EFT and marginalize over these using the gravitational
wave observations. Combining this with the electromagnetic observations of the merger remnant
that imply the presence of a short-lived hyper-massive neutron star, we find that the radius of
a 1.4M⊙ neutron star is R1.4M⊙ = 11.0+0.9

−0.6 km (90% credible interval). Using this constraint,
we show that neutron stars are unlikely to be disrupted in neutron star black hole mergers, and
subsequently, that such events will not produce observable electromagnetic emission.

2.2 Introduction
Neutron stars are arguably the most fascinating astrophysical objects in the multimessenger era.
Gravitational waves, electromagnetic radiation, and neutrinos produced by various neutron star
phenomena carry information about the mysterious dense matter in their cores. The nature of this
matter contains important information needed to understand phases of matter encountered in Quan-
tum Chromodynamics—the fundamental theory of strong interactions. Measuring a neutron star
radius or compactness is critical to interpreting multimessenger observations of neutron stars and
determining the EOS of dense matter [85]. Until recently, measurement of neutron star radii relied
on X-ray observations of quiescent and accreting neutron stars. These analyses typically obtained
radii in the range 10–14 km and had poorly understood systematics [71], although this situation is
likely to improve with recent observations by NICER [191, 192]. The multimessenger observation
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of the fortuitously close binary neutron star merger GW170817 [2] provides information that can
independently and more accurately determine neutron star radii.

We combine state-of-the-art low-energy nuclear theory, constrained by experimental data, with
multimessenger observations of the binary neutron star merger GW170817 [2] to measure the
radii of neutron stars and constrain the nuclear EOS. Using conservative assumptions about nu-
clear physics and the properties of the electromagnetic counterpart, we obtain the most strin-
gent constraints on neutron star radii to date. We find that the radius of a 1.4M⊙ neutron star
is R1.4M⊙ = 11.0+0.9

−0.6 km.
Previous analyses of GW170817 have either neglected constraints on the EOS from nuclear

physics or used a parameterization informed by a large number of nuclear physics models [2, 74,
75, 193, 194]. Neither approach properly accounts for the density-dependent theoretical uncer-
tainties in our current understanding of dense matter. For the first time, we employ a strategy that
allows us to overcome this deficiency. At low density, chiral EFT describes matter in terms of
nucleons and pions in which interactions are expanded in powers of momenta and include all op-
erators consistent with the underlying symmetries of strong interactions [91–95]. This expansion
defines a systematic order-by-order scheme that can be truncated at a given order and, most impor-
tantly, enables reliable theoretical uncertainty estimates from neglected contributions. Quantum
Monte Carlo techniques are then used to solve the many-body Schrödinger equation to obtain the
EOS [195]. The resulting EOS is characterized by an uncertainty that grows with density in a man-
ner that can be justified by fundamental theory. We extend the EOSs to higher densities, where the
low-energy EFT expansion breaks down in a general way [96, 97], while ensuring that the speed of
sound is less than the speed of light and that the EOSs support a two-solar-mass neutron star [98].
The multimessenger observations of GW170817 are then used to constrain these EOSs. This en-
sures that they are consistent with: (i) the detected gravitational waves during the inspiral; (ii) the
production of a post-merger remnant that does not immediately collapse to a black hole (BH); and
(iii) the constraints that the energetics of the gamma-ray burst and kilonova place on the maximum
mass of neutron stars, Mmax.

In neutron matter, chiral EFT interactions are expected to provide a good description of the
EOS up to 1 − 2 nsat where nsat = 0.16 fm−3 is the nuclear saturation density. Previous cal-
culations show that uncertainties grow quickly with density, from roughly 30% in the energy at
saturation density to a factor of 2 at twice saturation density [96]. To be conservative, we generate
two collections of nuclear EOSs that differ in the density range restricted by ab initio calculations:
chiral EFT constraints are either enforced up to nuclear saturation density or up to twice nuclear
saturation density. These two sets of EOSs are extended to higher densities as described earlier and
allow us to study the impact of the assumption that chiral EFT remains valid up to twice nuclear sat-
uration density. For each of the two families, we generate 2000 individual EOSs distributed so that
the radius of a 1.4M⊙ neutron star is approximately uniform. The left-most panel of Fig. 2.1 shows
the resulting prior on R1.4M⊙ . For each set of EOSs, we use stochastic samplers [40] to compute
the posterior probabilities in such a way that the tidal deformability of GW170817 is consistent
with a specific EOS. When generating model gravitational waveforms, the stochastic sampler ran-
domly draws the neutron star masses from a uniform distribution between 1 and 2M⊙, and then
randomly draws a specific EOS to compute the tidal deformability of each star. The sky-position
and luminosity distance of the source are fixed to those of the electromagnetic counterpart [3, 73].
This procedure allows us to constrain nuclear effective field theories from the gravitational wave
observations directly and to compute marginalized posterior probabilities for the star’s radii using
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a model-independent non-parametric approach.

Figure 2.1: Comparison of the estimated radius of a 1.4M⊙ neutron star, R1.4M⊙ , at different
stages of our analysis. In all panels, 1D marginal distributions are indicated by the shaded regions,
with the median and the plus/minus 95th and 5th percentiles indicated by the lines. The left panel
shows the marginalized prior on R1.4M⊙ , assuming chiral EFT up to nsat (blue) and 2nsat (orange).
Subsequent panels show the posterior on R1.4M⊙ from the gravitational wave analysis alone, the
posterior with the constraint that the estimated total mass Mtotal to be less than the threshold mass
for prompt collapse Mthresh, and the posterior with the additional constraint that the maximum
neutron star mass Mmax supported by all EOSs ≤ 2.3M⊙. The right panel shows posteriors on
R1.4M⊙ from De et al. [193], and R1 ≈ R1.4M⊙ from the EOS-insensitive and parameterized EOS
analyses reported by Abbott et al. [75] (labelled LVC). In all analyses, a uniform prior was used
on the component masses.

The second panel of Fig. 2.1 shows the result of constraining nuclear theory with the gravita-
tional wave observations. We find that the gravitational wave observation GW170817 constrains
the maximum radius of neutron stars but is not informative at low radii, which is consistent with
previous analyses [75, 193]. The lower limit on the radius is set by nuclear theory and the require-
ment that the EOS must support a neutron star of at least 1.9M⊙ [98]. If one assumes that the chiral
EFT description is valid only up to nuclear saturation density, it is possible to obtain large neutron
stars inconsistent with the tidal deformability constraint from GW170817. In contrast, if a descrip-
tion in terms of nuclear degrees of freedom remains valid up to twice nuclear saturation density
and the EFT approach can be applied, as suggested by earlier work [196], then nuclear theory pre-
dicts neutron star radii and tidal deformabilities that are consistent with GW170817. GW170817
excludes simpler phenomenological models for the EOS that are uninformed by nucleon-nucleon
scattering data and which predict considerable stiffening of the EOS between nsat and 2nsat.

The electromagnetic counterparts to GW17081 can provide additional constraints on the EOS.
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Since modeling the counterparts is challenging, we use a conservative approach that relies only
on qualitative inferences from the kilonova and gamma-ray burst observations. The properties of
these counterparts are inconsistent with either direct collapse to a black hole or the existence of a
long-lived neutron star remnant [28, 197]. This allows us to place two further constraints on the
allowed EOSs.

First, we discard samples from the posterior in which the total gravitational mass of the binary
exceeds the threshold for prompt collapse to a black hole. Several approaches have been taken
to calculate this threshold mass [198, 199]. Here, for each EOS in our sample, we use relations
calibrated to numerical relativity simulations of Ref. [198], including uncertainties. The third
panel of Fig. 2.1 shows the effect of this constraint on the neutron star radius, which significantly
constrains the lower limit onR1.4M⊙ [197]. Second, we apply an upper limit on the maximum mass
of neutron stars implied by the inconsistency of the electromagnetic counterparts with a long-lived
neutron star remnant [28]. We adopt a conservative estimate for this limit, Mmax < 2.3M⊙ [200],
consistent also with the 68.3% credible interval of the recently reported 2.14+0.10

−0.09M⊙ pulsar [201].
The fourth panel of Fig. 2.1 shows the result of applying this constraint.

When constraining the allowed EOSs to those for which the maximum neutron star mass is
less than 2.3M⊙, we find that the predicted range for R1.4M⊙ does not significantly change for any
prior we investigated. This implies that there is no correlation between R1.4M⊙ and Mmax. Such
a correlation is typically found for smooth EOSs, e.g., EOSs that assume a description in terms of
nucleons to be valid in the whole neutron star. In this case, limiting Mmax would also constrain
R1.4M⊙ . However, the sets of EOSs used here include EOSs with phase transitions that generally
break this correlation and effectively decouple the high-density EOS, which sets Mmax, from the
low-density EOS, which determines R1.4M⊙ [96]. Consequently, we include EOSs that have both
the largest possible R1.4M⊙ and a sufficiently small maximum mass. Thus, enforcing an upper
limit on Mmax has a negligible impact on the predicted radius range. This decoupling highlights
the importance of methods constraining the EOS in different density regimes.

The right-most panel of Fig. 2.1 compares our results to previous analyses [75, 193]. Our
constraint of R1.4M⊙ = 11.0+0.9

−0.6 km is the most stringent bound on the neutron star radius to date
by a factor of ≃ 2. Fig. 2.2 shows the resulting mass-radius relation for our two EOS sets and the
marginalized posterior distributions of the component masses and radii for the two neutron stars in
GW170817. Table 2.1 summarizes our findings for the radii, tidal deformabilities, and maximum
neutron star masses for the two EOS sets. In addition, we present results for the maximum pressure
explored in any neutron star, Pmax, and the pressure at four times nuclear saturation density, P4nsat .

Comparing the constraints summarized in Table 2.1 for both EOS sets, i.e., EOSs constrained
by chiral EFT up to nsat with those constrained up to 2nsat, indicates that both EFT-based predic-
tions for the EOS are consistent with each other and with observations. These findings suggest
that, in the absence of phase transitions in this density regime, the EFT description of neutron-
rich matter remains useful and reliable up to 2nsat and excludes a considerable stiffening of the
EOS between (1 − 2) nsat. Despite the larger uncertainties in the EOS at higher densities, the
electromagnetic and gravitational wave observations are combined with EFT-based EOSs up to
2nsat—for the first time— to improve the constraint on the neutron star radius significantly. This
has important implications for dense-matter physics and astrophysics.

For dense-matter physics, we can derive robust constraints on the pressure of matter at moder-
ate densities by combining our low-density EOSs with the lower bound on the neutron star radius
derived from electromagnetic observations and the upper bound from gravitational wave observa-
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Figure 2.2: Neutron star mass-radius curves and marginalized posterior distributions of the source
component massesm1,2 and radiiR1,2, assuming a prior uniform in component masses, with chiral
EFT enforced up to nsat (left) and 2nsat (right) and all additional observational constraints en-
forced. The dashed, horizontal red lines indicate the range of masses spanned by the prior. The
top dotted red line indicates the maximum neutron star mass constraint. Any EOS that has support
above that line is excised. Each gray-black line represents a single EOS, which we sample directly
in our analysis. The shading of the lines is proportional to the marginalized posterior probability
of the EOS; the darker the line, the more probable it is. The contours show the 50th and 90th per-
centile credible regions (blue for the more massive component, orange for the lighter component).
The 1D marginal posteriors are shown in the top and side panels; the corresponding priors (without
electromagnetic constraints) are represented by the dotted blue and orange lines. Quoted values
are the median plus/minus 95th and 5th percentiles.
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tions. The pressure at 4nsat is found to be P4nsat = 161+58
−46 MeV/fm3. This, taken together with the

lower pressures predicted by nuclear theory in the interval (1− 2) nsat, supports earlier claims that
the speed of sound in massive neutron stars must exceed c/

√
3 [202], where c is the speed of light.

We also provide improved estimates of the maximum pressure that can be realized inside neutron
stars [203], Pmax ≤ 890 MeV/fm3.

Our constraints on the neutron star radius and deformability impact the ability of gravitational
wave observations to distinguish between binary black hole mergers and mergers containing neu-
tron stars [204]. The gravitational wave observations of GW170817 alone do not rule out the
possibility that one or both objects in the merger were black holes [205]. If Advanced LIGO and
Virgo were to observe a source at comparable distance to GW170817 once they reach design sen-
sitivity its signal-to-noise ratio would be 100. Using simulated signals of this amplitude, we find
that the gravitational waves could easily distinguish between a binary black hole merger and the
merger of two neutron stars governed by the SLy or AP4 EOSs with a Bayes factor greater than
106.

Detecting the presence of matter from the inspiral of the compact objects is more challenging
for neutron star–black hole binaries. We simulated a neutron star–black hole binary containing
10M⊙ black hole and a 1.4M⊙ neutron star that has a dimensionless tidal deformability at the
upper bounds of our 90% credible interval, Λ = 370. We place the source at the same distance as
GW170817 and assume that the detectors are at design sensitivity [206]; this binary has a signal-
to-noise ratio of 190. We calculate the Bayes factor comparing a neutron star–black hole model
to a binary-black hole model (i.e. zero tidal deformability for both compact objects). Even at this
extremely large signal-to-noise ratio, we find that the Bayes factor is ∼ 1 meaning that the models
are indistinguishable. The inspiral waveforms of binary black holes and neutron star–black hole
mergers become less distinguishable as the neutron star mass increase, the deformability decreases,
or the black hole mass increases, and any effect of matter becomes even harder to measure with
gravitational waves alone. Electromagnetic counterparts or post-merger signatures will therefore
be critical to distinguish between binary black hole, binary neutron star, and neutron star–black
hole mergers observed by Advanced LIGO and Virgo [207].

The composition and amount of ejecta from binary neutron stars and neutron star–black hole
binaries, which powers the electromagnetic emission, is sensitive to the neutron star radius [208–
210]. Our limits have implications for electromagnetic signatures and their observability. This is
especially true for mergers such as S190814bv, which was recently reported by the LIGO and Virgo
collaborations [211]. A kilonova or gamma-ray burst counterpart is only expected if the neutron
star is tidally disrupted before the merger; a condition which depends crucially on the neutron star
radius. Fig. 2.3 summarizes the parameter space of neutron star–black hole mergers where a mass
ejection (and a corresponding electromagnetic counterpart) is expected based on fits to numerical
relativity simulations [212]. Our novel constraints on R1.4M⊙ imply that ∼ 1.4M⊙ neutron stars
cannot be disrupted in such mergers by non-spinning black holes, unless the black hole mass is
unusually low (< 3.4M⊙). More generally, our constraints on neutron star radii will be useful to
predict and test correlations between electromagnetic and gravitational wave observations in the
future [213].

Our improved constraints on the neutron star radius have implications for the interpretation
of electromagnetic observations of neutron stars, in particular for X-ray observations of accreting
neutron stars in low mass X-ray binaries (LMXBs). Recent observations suggest the presence of
accretion-driven heating and cooling of the neutron star inner crust [214]. The interpretation of
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the X-ray light curves in terms of the fundamental properties of the matter in the inner crust such
as its thermal conductivity and specific heat is sensitive to the assumed neutron star radius [215].
Similarly, the radius is a key parameter in models of X-ray bursts and quiescent surface emission
of neutron stars in LMXBs. In the past, this sensitivity has been exploited to place constraints
on neutron star radii. Knowing the radius could shed light on other astrophysical aspects of these
commonly observed X-ray phenomena [216].

Observations of neutron star mergers with higher signal-to-noise ratios will improve these con-
straints. Using a simulated signal at a signal-to-noise ratio of ∼ 100, we find that the gravitational
wave signal alone would improve the constraint on R1.4M⊙ by a factor of 2 relative to our result
that uses the multimessenger observations of GW170817. For a signal of this amplitude, we will
be able to place a lower bound on the neutron star radius from the gravitational wave observa-
tion, independent of the electromagnetic counterpart. However, to realize this measurement in
practice, improved waveforms will be needed so that modelling systematics do not bias the mea-
surement[217, 218].

Over the next ten years, the LIGO and Virgo detectors are expected to gain an additional factor
of ∼ 3 in sensitivity [219]. In addition, the Japanese KAGRA detector and LIGO India are expected
to be operational. With these improvements, we estimate the rate of binary neutron star mergers
with a signal-to-noise ratio ≥ 100 to be one per 4+36

−3 years [4]. Constraints on R1.4M⊙ from grav-
itational wave observations alone will be dominated by these relatively rare, high signal-to-noise
ratio events. In contrast, multimessenger methods of constraining the EOS can provide signifi-
cant improvements even for low signal-to-noise events with detected electromagnetic counterparts
[213]. These methods are thus extremely promising, however their susceptibility to systematics
will need to be better understood.

We combined multimessenger observations of the binary neutron star merger GW170817 and
the best current knowledge of the uncertainties associated with the EOS of dense matter to de-
termine the neutron star radius. This also allows us to place stringent bounds on the pressure of
matter at moderate density where theoretical calculations remain highly uncertain. Our robust up-
per bound on the neutron star radius of R1.4M⊙ = 11.0+0.9

−0.6 km is a significant improvement, with
important implications for multimessenger astronomy and nuclear physics. To allow our results to
be used by the community for further analysis we provide the EOSs used as our prior and the full
posterior samples from our analysis as supplemental materials.

2.3 Methods

2.3.1 Nuclear Equations of State From Chiral Effective Field Theory
Nuclear EFT methods [94, 95] represent a consistent and efficient way of constructing models for
nuclear interactions while incorporating symmetries of the fundamental theory for strong interac-
tions, as well as low-energy constraints from nuclear experiments. This is especially useful when
extrapolating nuclear interactions to regimes where experimental data is scarce or not available, in
particular for neutron-rich systems. Among nuclear effective field theories, chiral EFT starts from
the most general Lagrangian containing both pions and nucleons, consistent with all the fundamen-
tal symmetries for nuclear interactions. Since this Lagrangian has an infinite number of terms, the
separation of scales between typical momenta in nuclear systems and all heavier degrees of free-
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dom is used to expand the Lagrangian in powers of p/Λb. Here, p is the typical momentum scale
of the system at hand Λb ≈ 600Mev [220] is the breakdown scale, which determines when heavier
degrees of freedom become important and the EFT breaks down. This expansion defines a system-
atic order-by-order scheme for the interaction, that can be truncated at a given order and enables
the estimation of reliable theoretical uncertainties from neglected contributions. Chiral EFT de-
scribes nuclear interactions in terms of explicitly included long-range pion-exchange interactions
and parameterized short-range contact interactions. These short-range interactions depend on a set
of unknown low-energy couplings, that absorb all unresolved high-energy degrees of freedom, and
are adjusted to reproduce experimental data.

To generate our families of EOSs, we start from microscopic quantum Monte Carlo calcula-
tions of the neutron-matter EOS using two different nuclear Hamiltonians from chiral EFT up to
2nsat [196]. The two Hamiltonians used in this work were fit to two-nucleon scattering data, the
binding energy of the alpha particle, and the properties of neutron-alpha scattering, and reliably
describe these systems [221]. They also have been benchmarked in calculations of nuclei up to
16O with great success [222, 223]. In neutron matter, the limit of applicability of these EFT in-
teractions has been estimated to be around twice nuclear saturation density [196]. Each of the
two Hamiltonians we employ here has an associated theoretical uncertainty band stemming from
the above-mentioned truncation of the chiral series at a finite order. These bands serve as an es-
timate for the uncertainty due to the limited description of nuclear interactions. The difference
between the two Hamiltonians explores the remaining scheme and scale dependence of the chiral
interactions. These two sources of uncertainty dominate the neutron-matter calculations.

From these neutron-matter calculations, we then construct the neutron star EOS by extending
the pure neutron matter results to beta equilibrium and adding a crust [224]. This allows us to ex-
tend our neutron-matter uncertainties to the EOS of neutron stars up to 2nsat. At higher densities,
chiral EFT breaks down because short-range details that are not resolved in the chiral EFT descrip-
tion become important. To be able to describe neutron stars up to the highest masses, we need to
extend our calculations to higher densities in a general and unbiased fashion, i.e., without making
assumptions about the properties of the EOS or its degrees of freedom. To achieve this, we use the
results from our microscopic calculations where they remain reliable, up to a density ntr which we
choose to be either nsat or 2nsat. We then compute the resulting speed of sound, cS , in neutron star
matter with its uncertainty band for the two Hamiltonians. For each Hamiltonian, we select a cS
curve up to ntr from the uncertainty band, by sampling a factor ferr ∈ [−1, 1] which interpolates
between upper and lower uncertainty bound. At densities above ntr, we sample a set of points
c2S(n) randomly distributed between ntr and 12nsat, and connect these points by line segments.
We only require the speed of sound to be positive and smaller than the speed of light, c, i.e., the
resulting curve has to be stable and causal. For each such curve, we construct a related curve that
includes a strong first-order phase transition, by replacing a segment with a random onset density
and width with a segment with cS = 0. We then reconstruct the EOS from the resulting curve in the
cS plane and solve the Tolman-Oppenheimer-Volkoff equations. We have explored the sensitivity
of neutron star properties to the number of points in the cS plane, and constructed extensions with
5-10 points. The differences between these different extensions have been found to be very small.
For the EOSs explored here, we chose a 6-point extension. We repeat this procedure for equal
numbers of EOSs of O(10, 000) for the two microscopic Hamiltonians [225].

The resulting family of EOSs is constrained by low-energy nuclear theory as well as general
considerations on stability and causality. Finally, we enforce that each EOS reproduces a neutron
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star with at least 1.9M⊙, which is a conservative estimate for the lower uncertainty bound for
the two-solar-mass neutron star observations [98]. For each of the two families of EOSs, one for
ntr = nsat and one for ntr = 2nsat, we then randomly select 2000 EOSs that have a uniform prior
in R1.4.

2.3.2 Gravitational Wave Parameter Estimation
We use Bayesian methods to measure the tidal deformability of GW170817 and to infer the EOSs
that are most consistent with the observations. Given time-series data from the Hanford, Liv-
ingston, and Virgo detectors d⃗ =

{
d⃗H(t), d⃗L(t), d⃗V (t)

}
and a model waveform h, the probability

that the binary has a set of parameter values ϑ⃗ is

p(ϑ⃗|d⃗(t), h) = p(d⃗(t)|ϑ⃗, h)p(ϑ⃗|h)
p(d⃗(t)|h)

, (2.1)

where p(d⃗(t)|ϑ⃗, h), p(ϑ⃗|h), and p(d⃗(t)|h) are the likelihood, prior, and evidence, respectively.
The I indicates additional assumed information, such as the field theory used to describe nuclear
interactions. We assume that the detector noise is wide-sense stationary colored Gaussian noise
with zero mean, and is independent between observatories. In that case, the likelihood is

p(d⃗(t)|ϑ⃗, H) ∝ exp

(
−1

2

∑
i=H,L,V

⟨d̃i(f)− h̃i(f, θ⃗)|d̃i(f)− h̃i(f, θ⃗)⟩
)
. (2.2)

where the brackets ⟨·, ·⟩ indicate an inner product that is weighted by the inverse power spectral
density of the noise in each detector.

We use the gravitational wave data associated with the GWTC-1 release [4] from the Grav-
itational Wave Open Science Center (GWOSC) [226]. Specifically we use the 4096 s duration
16 384 Hz sampled frame data for GW170817 from the list of GWTC-1 confident detections,
which we downsample to 4096Hz. These data contain a non-Gaussian noise transient in the L1
data, which we remove by subtracting the glitch model made available in LIGO document LIGO-
T1700406. We include these glitch-subtracted data in our data release. Two hundred seconds of
data spanning [t0 − 190 s, t0 + 10 s) are filtered starting from 20Hz, where t0 = 1187008882.443
is an estimate of the geocentric GPS time of the merger obtained from the modeled searches that
detected GW170817 [2]. The power spectral density of the noise is estimated using a variant of
Welch’s method [227] on 1632 s of data that precedes the start of the analysis time.

To sample the posterior probability over the full parameter space we use MCMC [62, 63]
and Nested Sampling stochastic samplers [64] in the PyCBC Inference framework [40]. The
resulting probability-density function can be numerically marginalized to provide estimates of sin-
gle parameters. Marginalizing p(d⃗|ϑ⃗, h)p(ϑ⃗|h) over all parameters provides an estimate of the
evidence p(d⃗|h). Taking the ratio of evidences for different physical models p(d⃗|hB)/p(d⃗|hA) pro-
vides the Bayes factor B, which quantifies how much the data supports model B relative to model
A. We assume that the binary consists of two compact objects with spins aligned with the orbital
angular momentum, and that the binary has negligible eccentricity by the time it can be detected
by the LIGO and Virgo interferometers. Under these assumptions, the observed gravitational wave
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depends on 13 parameters: six “intrinsic” parameters – the mass m1,2, dimensionless-spin magni-
tude χ1,2, and tidal deformability Λ1,2 of each component star – and seven “extrinsic” parameters
– the binary’s right ascension α, declination δ, luminosity distance dL, inclination ι, coalescence
time tc, reference phase ϕ, and polarization ψ. We fix the sky location and luminosity distance in
our analysis to α = 13h 09m 48.1s, δ = −23◦ 22′ 53.4” [3]; dL = 40.7Mpc [73]. The phase ϕ
is analytically marginalized over using a prior uniform between 0 and 2π. We also use uniform
priors on ψ ∈ [0, 2π), cos ι ∈ [−1, 1), and tc ∈ t0 ± 0.1 s. For the dimensionless spin components
χ1,2 we use a prior uniform in [−0.05, 0.05). This is consistent with the fastest-known pulsar in a
double neutron star system [228], and was used in previous studies of GW170817 [2, 75, 193].

Observations of millisecond pulsars yield a large variance in possible neutron star masses,
with the largest observed masses estimated to be 2.01 ± 0.04M⊙ [228] and 2.17+0.11

−0.10M⊙ [201].
We therefore use a prior distribution uniform in [1, 2) M⊙ for the detector frame component
masses in our main analysis. Assuming the standard ΛCDM cosmology [229], this corresponds
to m1,2/M⊙ ∼ U(0.99, 1.98) in the source frame at 40.7 Mpc. Electromagnetic observations of
double neutron star systems in the galaxy have yielded a best-fit neutron star mass distribution of
p(mNS/M⊙) ∼ N (µ = 1.33, σ = 0.09) [71]. We repeated our analysis using this distribution as
our prior on each component mass and we find that our results are insensitive to the choice of mass
prior.

We directly sample over individual EOSs instead of Λ1,2 or the combined dimensionless tidal
deformability Λ̃. For each of the 2000 EOSs for each model, we order the equations by the radius
they yield for a 1.4M⊙ neutron star, R1.4M⊙ . The EOSs are generated such that the distribution
of R1.4M⊙ is approximately uniform in the range supported. This results in the marginal prior on
each star’s radius R1,2 to also be approximately uniform for both of our mass priors, since the
radii do not vary much over the mass ranges considered. We then sample over an EOS index
kEOS ∼ U [1, 2000]. Using the index and the two component masses m1,2, we calculate Λ1,2, with
which we generate a model gravitational wave h(t, ϑ⃗) and measure the likelihood, Eq. (2.2). In
this manner, we ensure that both component masses use exactly the same EOS, with all sampled
EOSs being constrained by chiral EFT.

We use restricted TaylorF2 post-Newtonian waveforms [48–53] in our analysis. The effect
of analyzing GW170817 using different waveforms was studied in Ref. [194] with unconstrained
EOSs. To test the effect of using TaylorF2 waveforms in this study, we repeat the nsat analysis
with the uniform mass prior using PhenomDNRT [54–57]. We also tested whether increasing the
sample rate to 8192Hz had any effect using this waveform model. We found negligible differences
in all three cases; we therefore only report results using the TaylorF2 model.

2.3.3 Constraints on Neutron Star Radii From Multimessenger Observa-
tions

Observations of the kilonova associated with GW170817 indicate that a large ∼ 0.02 − 0.08M⊙
amount of mass was ejected, and that this ejecta must contain components with both large and
small electron fraction [230]. These inferences are inconsistent with numerical simulations of
binary neutron star mergers in which the remnant promptly (within milliseconds) collapses to
form a black hole. These simulations generally find a low amount of ejected matter with only high
electron fraction, at odds with the optical and near-infrared observations of GW170817. Therefore,
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electromagnetic observations of GW170817 are inconsistent with a prompt collapse to a black hole.
Systematic numerical studies of binary neutron star mergers have found that the condition for

prompt collapse depends primarily on the total binary mass in comparison to an EOS-dependent
threshold mass [198, 199, 231]. (See [232] for possible effects of large mass ratios; however, such
mass ratios are not expected if neutron stars are drawn from a distribution similar to the population
of galactic binary neutron stars [213].) Bauswein et al. [198, 231] show that this threshold mass
increases as a function of the neutron star radius and maximum mass, following

Mthresh ≈Mmax

(
2.380− 3.606

GMmax

c2R1.6M⊙

)
± 0.05M⊙. (2.3)

We apply this condition to posterior samples for each EOS in our analysis to impose the require-
ment that the binary should not promptly collapse into a black hole upon merger. For each EOS
in our sample we calculate the threshold mass using the above expression. To account for the
systematic error in Eq. (2.3), a random draw from a normal distribution with a standard deviation
of 0.05 is added to each threshold mass sample. We then discard samples from the posterior for
which Mtotal < Mthresh. This rules out EOSs with low R1.4M⊙ , as shown in Fig. 2.1. Bauswein
et al. [197] first used similar methods to place a lower bound of R1.6M⊙ ≥ 10.64km. However,
that study required EOS independent assumptions regarding causality to relate Mmax to R1.6M⊙ .
Additionally, they imposed a more stringent constraint Mtotal < Mthresh − 0.1M⊙ to obtain this
value, and find instead R1.6M⊙ > 10.27 km for the more conservative assumption Mtotal < Mthresh

that we adopt here. Our results are consistent with these previous findings, but manage to place a
slightly stronger lower limit on the radius (in the conservative case).

The electromagnetic observations of GW170817 are also inconsistent with a long-lived merger
remnant. If even a small fraction of the remnant’s rotational energy is extracted through electro-
magnetic torques (as expected if the remnant neutron star develops even a modest external dipole
magnetic field) this would deposit sufficient energy into the surrounding medium to be incompati-
ble with energetic constraints from the kilonova and gamma-ray burst afterglow modelling [28]. A
long-lived neutron star would also be in tension with the observed 1.7s delay between the gamma-
ray burst and merger [233–235]. This requirement places an upper limit on Mmax of roughly
∼ 2.2M⊙ [28, 233–235]. To err on the side of caution we here adopt a more conservative esti-
mate Mmax < 2.3M⊙ [200]. We implement this constraint by discarding samples whose EOSs
do not satisfy this requirement on Mmax. As described in the main text, this has little affect on
R1.4M⊙ because our EOSs allow for the most general behavior above nsat or 2nsat including phase
transitions, such that the high-density EOS, which sets Mmax, is effectively decoupled from the
low-density region that determines R1.4M⊙ .

2.3.4 Conditions for Neutron Star Tidal Disruption
Neutron star–black hole mergers have been studied extensively in the literature starting from the
pioneering work of Lattimer and Schramm [236]. Despite this, an electromagnetic counterpart
to such mergers has not yet been unambiguously detected. The most promising counterparts,
optical/near-infrared kilonovae or a gamma-ray burst, depend on whether significant matter can be
stripped off the neutron star prior to merger. The condition for the neutron star to be tidally dis-
rupted before merger depends sensitively on the neutron star radius as well as the neutron star mass
and black hole mass and spin [208, 237, 238]. Previous work has investigated this parameter space
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identifying regions where electromagnetic counterparts may be expected and their observational
signatures (e.g. [208, 239, 240]); however the unknown neutron star radius introduced an inherent
uncertainty in such analyses. Our new constraint on R1.4M⊙ allows us to reduce the uncertainty in
this four-parameter space and provide more precise predictions on whether electromagnetic coun-
terparts may be expected for neutron star–black hole mergers given MBH, MNS, and χBH inferred
from the gravitational wave signal.

Foucart et al. [212] presented a systematic numerical study of mass ejection from neutron
star–black hole mergers and provided a fitting formula for the amount of mass remaining outside
the black hole horizon shortly after merger and which could produce detectable electromagnetic
emission, Mdet,

Mdet ≈MNS

[
αη−1/3

(
1− 2

GMNS

c2RNS

)
− βη−1RISCO

RNS

+ γ

]δ
. (2.4)

In the above, (α, β, γ, δ) = (0.406, 0.139, 0.255, 1.761) are parameters fit to the numerical relativ-
ity simulations, η is the symmetric mass ratio, andRISCO(χBH) is the radius of the innermost stable
circular orbit (ISCO) of the black hole and depends on its spin parameter χBH [241]. In Fig. 2.3
we have shown curves along which Mdet = 0 as a function of the black hole mass and spin, and
for different neutron star masses. Above each curve (higher spin) the neutron star would cross the
black hole ISCO before being tidally stripped of any matter, and a kilonova or gamma-ray burst
counterpart would not be expected.

2.3.5 Prospects for Tighter Constraints On Neutron Star Radii
We explore the prospects for improving constraints on the neutron star radius and tidal deformabil-
ity. We study the impact of a louder signal-to-noise ratio and the choice of waveform models used
in the likelihood computation for such loud signals. We generate realizations of stationary Gaus-
sian noise for the Advanced LIGO and Virgo detectors, colored by the power-spectral densities
representative of the design sensitivity of the detectors [206]. A simulated signal with parameters
representative of those for GW170817 is added to the noise. The EOS determining the structure of
this system is the median from our 2nsat analysis of GW170817. We place the source at a sky lo-
cation such that an optimal contribution to the signal-to-noise ratio is obtained from the network of
detectors. Specifically, the parameters of our simulated signal are m1 = 1.48M⊙, m2 = 1.26M⊙,
χ1 = −0.030, χ2 = −0.026, Λ1 = 136, Λ2 = 345, dL = 40.7Mpc, ι = 149◦, ψ = 273.8◦,
tc = 1187008882.4283648, α = 16h 15m 4.9s , and δ = −32◦ 52′ 5.16′′. We use the PhenomDNRT
model to construct the simulated signal. The resulting injected signal has a signal-to-noise ratio
of ∼ 100. This represents the best possible scenario of observing GW170817 with the Advanced
LIGO-Virgo detectors (keeping the luminosity distance unmodified). However, within the next
decade the sensitivity of the LIGO detectors is expected to surpass the sensitivity we have assumed
here [219]. It is therefore reasonable to expect that a binary neutron star will be detected at this
signal-to-noise ratio within the next decade.

We perform a parameter estimation analysis on the simulated data using the same prior and
settings as in the 2nsat analysis described above. To study the effect of waveform systematics,
which are significant at these signal-to-noise ratios, we do an analysis using the TaylorF2 waveform
model, and compare to an analysis using the PhenomDNRT model. Fig. 2.1 shows a comparison of
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the R1.4M⊙ and Λ̃ posterior probability densities obtained from the two analyses of the simulated
data with that obtained from our gravitational wave only analysis of GW170817. Using TaylorF2,
the measurements of R1.4M⊙ and Λ̃ improve by factors of 1.6 and 1.8 respectively, compared to
GW170817. With PhenomDNRT, the measurements of R1.4M⊙ and Λ̃ are improved by factors
of 2.9 and 3.2 relative to GW170817, respectively. This illustrates that at higher signal-to-noise
ratio, parameter measurement accuracy is significantly improved with the use of better waveform
models.

2.4 Data Availability
All data is available in the manuscript or the supplementary materials. Full posterior data sam-
ples are available at https://github.com/sugwg/gw170817-eft-eos. The gravita-
tional wave data used in this work was obtained from the Gravitational Wave Open Science Center
(GWOSC) at https://www.gw-openscience.org.

2.5 Code Availability
All software used in this analysis is open source and available from https://github.com/
gwastro/pycbc.
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Figure 2.3: Parameter space of neutron star–black hole mergers delineating regions where the
neutron star is tidally disrupted before merger (upper-left), from those in which the merger occurs
without any mass ejection (lower-right). In the latter case, neither a gamma-ray burst nor a kilonova
electromagnetic counterpart would be expected. Each curve shows the minimal black hole spin
χBH required to disrupt a neutron star of a given mass (labeled) and as a function of the black
hole mass MBH, calculated following [212]. The criterion depends sensitively on the neutron star
radius. Our finding of R1.4M⊙ = 11.0+0.9

−0.6 stringently constrains this parameter space and implies
a narrow uncertainty width around each curve (shaded red/grey regions). For comparison, the
1.4M⊙ curves for weakly-constrained neutron star radii, 9 km < R1.4M⊙ < 15 km, span the
entire yellow-shaded region, providing only weak predictive power. Our new constraint on R1.4M⊙

implies that typical neutron stars cannot be disrupted by non-spinning black holes, except possibly
for unusually low black hole mass. The grey curves show a rough bound on the parameter space
of allowed neutron star masses, where MNS ≤ Mmax < 2.3M⊙ as described in the text, and the
lower limit MNS > 1M⊙ is expected in standard astrophysical neutron star formation scenarios.
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Observable Analysis stage nsat 2nsat

R1.4[km]
Prior 12.1± 2.6 10.9± 1.4
+GW 10.5+1.8

−1.2 10.5+1.3
−1.0

+EM 11.2+1.2
−0.8 11.0+0.9

−0.6

Λ̃
Prior 330+1780

−300 160+630
−130

+GW 180+340
−100 190+210

−100

+EM 270+260
−100 256+139

−75

Mmax [M⊙]
Prior 2.39+1.09

−0.48 2.12+0.41
−0.21

+GW 2.01+0.33
−0.10 2.01+0.34

−0.11

+EM 2.07+0.20
−0.14 2.10+0.18

−0.17

Pmax[MeV/fm3]
Prior 517+512

−371 644+437
−394

+GW 730+350
−380 730+350

−440

+EM 600+380
−330 570+320

−320

P4nsat [MeV/fm3]
Prior 170+182

−111 158+142
−101

+GW 123+107
−70 125+118

−68

+EM 154+58
−49 161+58

−46

Table 2.1: Summary of the radius of a 1.4M⊙ neutron star R1.4M⊙ , the tidal deformability Λ̃,
the maximum neutron star mass Mmax, the maximum pressure explored in neutron stars Pmax,
and the pressure at four times nuclear saturation density P4nsat at different stages in our analysis.
We quote the prior values, values after applying gravitational wave (GW) constraints, and finally
values when both constraints from electromagnetic (EM) observations are applied. Quoted values
are the median plus/minus 95th and 5th percentiles.
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2.7 Supplementary Material

2.7.1 Comparison to Previous Multimessenger Constraints
Recently, Radice and Dai [74] and Coughlin et al. [242] also performed multimessenger parameter
estimation for GW170817. Radice and Dai [74] imposed a lower limit on the tidal deformability
of the merging neutron stars based on arguments that the mass surrounding the remnant after
merger (that can subsequently become unbound and contribute to the kilonova through secular
disk winds [243–246]) is strongly correlated with Λ̃ [247]. Combining this lower limit with the
gravitational wave data and translating their resulting constraints on Λ̃ into R1.4M⊙ using an EOS
insensitive relation [193], they find R = 12.2+1.0

−0.8 ± 0.2 km. Coughlin et al. [242] performed joint
electromagnetic and gravitational wave parameter estimation, directly fitting the kilonova photom-
etry using results from radiative transfer calculations [248] and numerical relativity simulations,
along with modeling of the associated gamma-ray burst GRB170817A. Sampling in Λ̃ space and
similarly translating their results into radius constraints using the EOS insensitive relation of De et
al. [193], they obtained R ∈ (11.1, 13.4)± 0.2 km [242].

These earlier studies differ from our present work in several respects. First and foremost, we
combine systematic nuclear theory with the gravitational wave and electromagnetic observations.
We use theoretically motivated EOSs that comply with low-density nuclear experimental data and
neutron star mass measurements while allowing for the most general behavior at large densities,
and are therefore able to directly constrain the neutron star radius rather than the tidal deformability.
This alleviates the need of assuming a universal relation between Λ̃ and R1.4M⊙ , and allows us
to explore the parameter space in the most self-consistent way. Furthermore, we have adopted
conservative assumptions regarding the electromagnetic constraints, based on purely qualitative
features of the electromagnetic counterparts. While quantitatively fitting these counterparts as
in Coughlin et al. [242] provides a promising avenue for future investigation, the uncertainties
associated with such modeling are still poorly constrained. In this respect, it is unsurprising that
the lower limit on R1.4M⊙ we obtain here (and which is governed primarily by the electromagnetic
constraint) is lower than in these previous studies as we have made conservative assumptions. As a
final note, we point out that our results are also consistent with early suggestions for a small neutron
star radius (≤ 12km) as a possible way to explain the ‘blue’ kilonova component of GW170817
[249].
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Figure 2.4: Posterior probability distribution of R1.4M⊙ and Λ̃ for a simulated GW170817-like
signal at a signal-to-noise ratio of ∼ 100, compared to our gravitational wave only analysis of
GW170817. Solid red lines show the parameters of the simulated signal. The top and side panels
show 1D marginal posterior distributions for the parameters, with the dashed lines showing the 5th
and 95th percentiles. The titles quote the median ± the 95th and 5th percentile for each parameter.
The contours show the 90% credible region of the 2D marginalized posterior. All of these analyses
used the 2nsat prior for the EOSs.
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3 | Using Gravitational Waves to Distinguish
Between Neutron Stars and Black Holes
in Compact Binary Mergers

This chapter contains material published as Brown, Stephanie M., Capano, Collin D., Krishnan,
Badri Using Gravitational Waves to Distinguish Between Neutron Stars and Black Holes in Com-
pact Binary Mergers. Astrophys J (accepted 2022). https://doi.org/10.48550/arXiv.
2105.03485

Abstract
In August 2017, the first detection of a binary neutron star merger, GW170817, made it possible to
study neutron stars in compact binary systems using gravitational waves. Despite being the loudest
gravitational wave event detected to date (in terms of signal-to-noise ratio), it was not possible to
unequivocally determine that GW170817 was caused by the merger of two neutron stars instead
of two black holes from the gravitational wave data alone. That distinction was primarily due
to the accompanying electromagnetic counterpart. This raises the question: under what circum-
stances can gravitational wave data alone, in the absence of an electromagnetic signal, be used
to distinguish between different types of mergers? Here, we study whether a neutron star-black
hole binary merger can be distinguished from a binary black hole merger using gravitational wave
data alone. We build on earlier results using chiral effective field theory to explore whether the
data from LIGO and Virgo, LIGO A+, LIGO Voyager, the Einstein Telescope, or Cosmic Explorer
could lead to such a distinction. The results suggest that the present LIGO-Virgo detector network
will most likely be unable to distinguish between these systems even with the planned near-term
upgrades. However, given an event with favorable parameters, third-generation instruments such
as Cosmic Explorer will be capable of making this distinction. This result further strengthens the
science case for third-generation detectors.

3.1 Introduction
Neutron stars are unique laboratories for studying ultra-dense, relativistic matter. Multimessen-
ger observations of neutron star mergers provide unique opportunities to extract relevant physical
information (such as compactness) from them. Measurements of neutron star compactnesses and
radii are vital to constraining the EOS of ultra-dense matter [85]. In addition to gravitational wave
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observations of the neutron star mergers GW170817 and GW190425 [2, 250], X-ray observations
of accreting neutron stars [71, 72] have placed constraints on neutron star mass and radii. Of these,
the recent results from NICER are especially promising [191, 192, 251].

The observation of GW170817 and its electromagnetic counterpart led to several important
advances. The detection of the electromagnetic counterpart was possible because the LIGO-Virgo
observation constrained the sky location of the event to 28 deg2. It was the detection of gamma-
ray burst GRB170817A 1.7 seconds after GW170817 that provided the initial evidence that this
event contained neutron star matter. Transient electromagnetic follow-ups [3, 73] further sup-
ported the neutron star hypothesis and provided more information about the binary. The combi-
nation of electromagnetic and gravitational wave observations led to new constraints on neutron
star physics. For instance, analyses of GW170817 placed upper limits on the radius of a 1.4M⊙
neutron star: 11.0+0.9

−0.6 km [8], 12.2+1.0
−0.8 ± 0.2 km [74], 10.8+2.4

−1.9 km [193]. The LIGO-Virgo Col-
laboration constrained the radii of the two components of GW170817 (M1 = (1.36, 1.58)M⊙,
M2 = (1.18, 1.36)M⊙) to 11.9+1.4

−1.4 km [75]. Later work constrained the properties of this event
further M1 = 1.45+0.08

0.06 , R1 = 12.36+0.52
−0.38 and M2 = 1.28+0.05

0.06 , R2 = 12.32+0.66
−0.43 [76]. Combining

gravitational wave observations GW170817 and GW190425 with NICER results led to constraints
on the radius of a 1.4M⊙ of 12.33+0.76

−0.81 km and 12.18+0.56
−0.79 km [110].

Though GW170817 led to new constraints on the radii and tidal deformabilities of neutron
stars, it alone was not sufficient to determine that the event was a binary neutron star rather than
a binary black hole. The evidence that this was a binary neutron star merger came from obser-
vations of the electromagnetic counterpart. In future observations, we will likely not be in the
fortuitous position of having a clear electromagnetic counterpart. To date, LIGO-Virgo has de-
tected two neutron star-black hole binaries, neither of which had an electromagnetic counterpart
[18]. Furthermore, if the mass of any of the binary components happen to lie within the mass gap,
gravitational waves are the most promising avenue by which to determine whether the object is
a black hole or a neutron star. This leads to the questions: under what conditions can a gravita-
tional wave signal alone differentiate between a binary neutron star and a binary black hole? Can
a neutron star-black hole binary be differentiated from a binary black hole by gravitational wave
observations alone? This work addresses the second of these questions for current and future grav-
itational wave detectors. Current detectors may not be able to successfully differentiate between
neutron star-black hole binaries and binary black holes, making future detectors vitally important.
The importance of future detectors for studying neutron stars in binary neutron star mergers was
shown in a recent paper [252].

In addition to the current LIGO-Virgo detectors, we consider LIGO A+, LIGO Voyager, the
Einstein Telescope, and Cosmic Explorer. The plans for LIGO A+ aim to improve the detection
range of binary neutron stars at 1.4M⊙ by a factor of 1.9 [253]. These improvements to LIGO may
occur as soon as three years from now. Further plans exist for LIGO Voyager, which will further
increase detector sensitivity [254]. Power spectral density curves for the design sensitivity of these
two detectors are publicly available [43] and are used in our analysis. Beyond LIGO A+ and
LIGO Voyager, there are plans for third-generation (3G) detectors such as the Einstein Telescope
(ET) and Cosmic Explorer. We consider the Einstein Telescope and both Cosmic Explorer’s first
run (CE1) expected to take place in the 2030s and its second run (CE2) which is planned for
the 2040s. Cosmic Explorer is expected to vastly increase the number of neutron stars detected
by expanding the redshift horizon for binary neutron star detections out to z = 3.1 in the first
run. With predicted signal-to-noise ratios going up by an order of magnitude for nearby sources,
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third-generation detectors will significantly improve our tidal deformability measurements [255].
We use standard Bayesian model selection tools in our analysis. The evidences are calcu-

lated using the dynamic nested sampling package dynesty [64, 65] accessed through the PyCBC
Inference Toolkit [40]. In this analysis, we employ neutron star EOSs derived from chiral
EFT, a theory that uses an effective description of nuclear matter in terms of nucleons and pions
[91, 92, 94, 95]. The chiral EFT framework not only leads to EOSs consistent with all symmetries
of the strong interactions and known experimental constraints, but it also provides reliable uncer-
tainty estimates. We use the same subset of the EOSs employed successfully in [8] to improve
constraints on neutron star radii.

We show that, at least for the proposed gravitational wave detectors within the next decade
(namely LIGO A+ and LIGO Voyager), it is very unlikely that gravitational wave observations
alone will be able to distinguish neutron star-black hole binaries from binary black holes. Third-
generation gravitational wave detectors will be required for this purpose. Sec. 3.2 details our model
selection procedure, Sec. 3.3 presents the main results, and Sec. 3.4 concludes with a discussion
of the implication of these results.

3.2 Methods

Consider a network of gravitational wave detectors, and let di(t) denote the gravitational wave
strain time series data in the ith detector as a function of time t. The collection of all time series
data in the network will be denoted d⃗. The data is the sum of detector noise ni(t) and a possible
astrophysical signal h(t), which depends on certain parameters which we collectively denote ϑ⃗:

di(t) = ni(t) + hi(t; ϑ⃗) . (3.1)

The central goal of a Bayesian analysis is to calculate the posterior probability distributions p(ϑ⃗|d⃗(t))
of the parameters ϑ⃗. The basis of this is Bayes’ Theorem

p(ϑ⃗|d⃗(t), h) = p(d⃗(t)|ϑ⃗, h)p(ϑ⃗|h)
p(d⃗(t)|h)

. (3.2)

The fourteen parameters appearing in ϑ⃗ are discussed below. The prior, p(ϑ⃗|h), represents the
knowledge that we have about the parameters before considering the data. The likelihood function,
L = p(d⃗(t)|ϑ⃗, h), is the probability of obtaining the observation d⃗(t) given a waveform h with
parameters ϑ⃗.

In order to obtain a posterior distribution on one or a few parameters, we marginalize over the
other parameters by integrating p(d⃗(t)|ϑ⃗, h)p(ϑ⃗|h). Marginalizing over all parameters yields the
evidence. Comparing the evidence (Z = p(d⃗(t)|h)) of two different models (HA and HB) gives
the Bayes factor,

B =
p(d⃗(t)|HA)

p(d⃗(t)|HB)
. (3.3)

This number indicates how much the data supports one model over the other. When B > 1, HA is
favored over HB; the larger B is, the more HA is favored. In this study, the Bayes factors express
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how muchA, the neutron star-black hole model, is favored overB, the binary black hole model. We
measure evidences using the dynamic nested sampling package dynesty [64, 65]. To crosscheck
our results, we analyze a subset of our signals using a parallel-tempered MCMC sampler called
emcee pt [62, 256]. The resulting posteriors were consistent with those generated by dynesty.

We generate simulated gravitational waves from neutron star-black hole binary (NSBH) merg-
ers and add these to simulated Gaussian noise colored by the target detector configuration’s power
spectral density. Gravitational waves from neutron star-black hole mergers depend on multiple
variables ϑ⃗. The most relevant parameters for this work are the component masses m1,2 and the
dimensionless tidal deformabilities Λ1,2, which are defined as

Λ1,2 =
2k2
3

(
c2R1,2

Gm1,2

)5

. (3.4)

Here R1,2 are the radii of the individual stars, and k2 is the tidal Love number, which is determined
from the EOS and the mass. The leading order effect of Λ1,2 on the waveform is through the
combined tidal deformability parameter:

Λ̃ =
16

13

(12q + 1)Λ1 + (12 + q)q4Λ2

(1 + q)5
, (3.5)

where we define the mass ratio q = m2/m1 ≥ 1. The tidal deformability is the primary means to
distinguish black holes from neutron stars using gravitational waves and infer the EOS of neutron
stars. By definition, a black hole has zero tidal deformability, while larger values of Λ correspond
to stiffer EOSs.

As the binary inspirals, merges, and then settles into a stable black hole, it emits gravitational
waves. Gravitational waves have two polarizations, denoted as h+,×. The intrinsic parameters
affect the phase evolution of the gravitational waves. Some parameters, such as the chirp mass and
symmetric mass ratio, also affect the amplitude of the gravitational wave. The symmetric mass
ratio ν and chirp mass M are defined respectively as

ν =
m1m2

(m1 +m2)2
, M = µ3/5M2/5 . (3.6)

In the source frame, say one aligned with the source axis, h+,× depend on the direction to
the detector; equivalently, in a geocentric frame, h+,× depend on the orientation of the source.
Furthermore, the detectors do not detect h+ and h× directly, they detect the gravitational wave
strain:

h(t) = F+(t;α, δ, ψ)h+ + F×(t;α, δ, ψ)h× (3.7)

where F+ and F× are functions of the angles defining the location of the source. These angles
are typically expressed as sky location (right ascension α, declination δ) and polarization angle
ψ. Additionally, the amplitude depends on the inclination angle ι and the luminosity distance of
the source. These extrinsic variables affect only the amplitude of the gravitational waveform. The
last variable that defines the detected strain is the detection time tc (which determines the detector
position and orientation).

We employ the PyCBC Inference Toolkit [40] to generate the gravitational wave-
forms. This requires a specification of the parameters ϑ⃗ and a waveform approximant. In the
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Figure 3.1: Mass-radius and mass-tidal deformability curves for the two EOSs used in this analysis
compared to commonly used EOSs. The dashed horizontal line is at 1.4M⊙. The two equations
used in this paper are labelled as ‘stiff’ and ‘maximum likelihood’. The stiff and maximum likeli-
hood EOSs corresponds to Λ = 369 and Λ = 162 for a 1.4M⊙ neutron star respectively.

data analysis, colored Gaussian noise is added to the generated waveform using the detector power
spectral density curve. We use a waveform approximant that combines inspiral, merger, and ring-
down portions of the signal and has been calibrated to numerical relativity results (see e.g., [23,
257–260]). The bulk of the results presented in this work use the waveform approximant SEOB-
NRv4 ROM NRTidalv2 NSBH [59], which is tailored to neutron star-black hole systems. The
waveform approximants IMRPhenomD NRTidal [54, 56–58] and IMRPhenomNSBH [261] were
considered as well; however, we found SEOBNRv4 ROM NRTidalv2 NSBH to be the best choice
for this analysis. We note here that neutron star-black hole systems present a considerable chal-
lenge for existing signal models and significant uncertainties remain. This is especially true at the
high signal-to-noise ratios possible for third-generation detectors. For this reason, we compare the
results for all three waveforms.

We set the neutron star mass to the standard 1.4M⊙ and vary the mass of the black hole between
(5, 10, 15, 20)M⊙ and the distance between (40, 80) Mpc. For the neutron star, we choose two of
the EOSs based on chiral EFT that were favored by parameter estimation in a previous work [8].
The first of these equations is the maximum likelihood EOS found therein. However, this EOS
is quite soft and leads to small tidal deformabilities (Λ = 162 for a 1.4M⊙ neutron star). As
neutron stars with large tidal deformabilities are easier to distinguish from black holes than those
with small ones, we also consider a stiff EOS. The EOS is the stiffest EOS in the 90th percentile
credible interval of [8] (Λ = 369 for a 1.4M⊙ neutron star).

For both the injection and the parameter estimation, the sky location is fixed to the reported sky
location of GW170817 [3]:

α = 13h 09m 48.1s , δ = −23◦ 22′ 53.4” . (3.8)

For the injection, the polarization, inclination, and coalescence time are set to

Ψ = π , tc = 1187008882.4434 , ι = 0.35 . (3.9)
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The choice of sky location and inclination is arbitrary, and the effects of choice of sky location
are discussed in Section 3.4. For the analysis with DYNESTY, we set up the parameter estimation
to be as similar to the analysis for GW170817 as possible. As was done for GW170817 [8, 193],
we fix the sky location and distance. While it is unlikely that the sky location of a detected neutron
star-black hole system will be known to such accuracy, fixing the sky location in the analysis
significantly reduces computation time and does not effect the resulting Bayes factors. To confirm
this, we performed a series of parameter estimation runs where the sky location was a variable
parameter and found the Bayes factors to be completely consistent. The variable parameters in
our parameter estimation were the individual masses, spins, coalescence time, inclination, and
polarization. The prior for the neutron star mass object was uniform on [1, 2]M⊙ and for the black
hole it was uniform on [mBH − 2,mBH +2]M⊙. The spin priors were both low spin U [0.05, 0.05],
which has been used in previous analyses of GW170817 (see e.g., [2, 8, 193]). We constrained
the inclination ι and polarization ψ angles such that ψ ∈ [0, 2π) rad and cos ι ∈ U [−1, 1), and the
coalescence time tc was assumed to be uniform in the range tc ∈ t0±0.1 sec where t0 is the trigger
time.

The tidal deformability parameter estimation is what differs between our two models. To test
the binary black hole hypothesis, the tidal deformability of both objects is set to 0 in the parameter
estimation. We looked at two cases for the neutron star-black hole model parameter estimation.
In one case, we sampled over the EOS for the neutron star mass object. The EOS has a uniform
prior in radius at 1.4M⊙, and there are 2,000 equations in the prior. The equation selected by the
sampler was then used to calculate the tidal deformability given m1 and m2. In the other case, we
set the EOS as a static variable in the parameter estimation. The reason for this is that, while the
nuclear EOS is currently not well constrained, it is expected that experiments such as NICER will
significantly improve our knowledge over the next decade. To take this into account, we consider
the extreme case: the one in which the EOS is known exactly and is thus fixed in the parameter
estimation.

3.3 Results
To determine if gravitational waves can distinguish between neutron star-black hole binaries and
binary black holes, we look at the natural log of the Bayes factor (lnB) between two models.
There is much debate on what constitutes evidence, strong evidence, decisive evidence, and so
on. Commonly cited statistics papers such as [262] state that log10 B ≥ 2 (lnB ≥ 5) can be
considered decisive evidence in favor of a model. However, this is questionable for gravitational
wave model selection because of the high dimensionality, complexity and several degeneracies of
the parameter space (which are not yet fully understood). Additionally, using different sampler
settings and different noise realizations can lead to variations in lnB of about ±2 at the 1σ level
when lnB ≈ 5, and around ±4 when lnB ≈ 10. Taking account these uncertainties, we have
decided to require a higher threshold thereby ensuring that our conclusions remain conservative
regarding the capabilities of the gravitational wave detectors that we consider. We require

lnB ≥ 10 (3.10)

for decisive evidence.
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The errors quoted in this paper are based on the standard deviation of lnB across instances of
the same injection parameters but with different noise realizations. Except for the specific case
of mBH = 5M⊙, the errors for the current LIGO-Virgo detector network, LIGO A+, and LIGO
Voyager are < 1. For the Einstein Telescope and Cosmic Explorer 1, the errors are < 2.5, and
for Cosmic Explorer 2, the errors are < 4. The errors in the case of mBH = 5M⊙ are larger (for
details see Table 5.5.1). The maximum error for the current LIGO-Virgo detector network is ≈ 1.0.
This increases to 2.5 for LIGO A+, 4.7 for LIGO Voyager, ≈ 16 for Einstein Telescope, ≈ 19 for
Cosmic Explorer 1, and ≈ 29 for Cosmic Explorer 2. The relative error decreases by nearly an
order of magnitude as signal-to-noise ratio increases, from ∼ 1 for aLIGO and Virgo to ∼ 0.1 for
Cosmic Explorer 2.

As mentioned earlier, we shall present results for a 1.4M⊙ neutron star with a black hole com-
panion of mass (5, 10, 15, 20)M⊙, and we shall take the distance to be 40 or 80Mpc. The neutron
star EOS shall be either of the ones shown in Fig. 3.1. We shall consider the following detector
networks:

• The current LIGO-Virgo network at design sensitivity in the zero-detuned high power con-
figuration [42]

• The LIGO A+ upgrade [43]

• LIGO Voyager [43].

• The Einstein Telescope [43].

• The first observational run of the proposed 40 km Cosmic Explorer detector in the “compact
binary” configuration [44].

• The second observational run of the proposed 40 km Cosmic Explorer detector, again in the
“compact binary” configuration [44].

The results of our analysis for the various combinations of masses, distances and detector network
are shown in Figs. 3.2 to 3.4 and in Tables 3.A.2-3.A.7

The Figs. 3.2 and 3.3 show the Bayes factors for the 5M⊙ and 10M⊙ black hole cases respec-
tively. As expected, the 5M⊙ case leads to larger Bayes factors since the tidal effects on the neutron
star are more significant. Nevertheless, for both cases, the important observation for our purposes
is that the Bayes factors exceed our chosen threshold of Eq. (3.10) for the third-generation detec-
tors (The Einstein Telescope and Cosmic Explorer). The Voyager results in Fig. 3.2 for the stiff
EOS surpass the threshold slightly. However, the variation is seen to be large. Furthermore, this
is not the case for the maximum likelihood EOS or for a 10 solar mass black hole companion. In
a fine-tuned case, LIGO Voyager might be able to do this measurement. However, as it requires
the event to be closer than any binary detected to date, to have a black hole companion that is
smaller than any black hole observed by LIGO thus far, and to have a nuclear EOS that is rather
optimistically stiff, it is unlikely. This same conclusion is evident in Fig. 3.4, which shows all
the combinations that we have considered: lnB > 10 almost exclusively for the third-generation
detectors.

The precise numerical values for the Bayes factors are found in Tables 3.A.2-3.A.7. Looking
at Table 3.A.2, we see that for the current LIGO-Virgo detector network | lnB| < 1.5 in all cases.
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For the upgraded detector LIGO A+, the range of Bayes factors is [0.0, 4.8] for the variable EOS
analysis and [−0.2, 5.2] for the constant EOS analysis. From Table 3.A.3, we see that except for
the 5M⊙ black hole companion and the 90th percentile stiff EOS all | lnB| ≤ 1.0. We also see that
the largest Bayes factor occurs, as expected, for the 90th percentile stiff EOS with a 5M⊙ black
hole at 40Mpc. With the LIGO Voyager, we once again see the highest Bayes factor for the 5M⊙
black hole companion and the stiff EOS gravitational wave. In this case, we have 13.4 for the
variable EOS case and 14.1 for the constant EOS case. Excluding these values, the range of lnB
is [0.2, 2.6] for the variable EOS and [−0.1, 2.9] for the constant EOS case.

The results using the third-generation detectors (the Einstein Telescope, Cosmic Explorer 1,
and Cosmic Explorer 2) are more optimistic. We finally see multiple values above the threshold of
10, though in two cases, the 1σ error falls below the cut-off. Looking at Table 3.A.5, we see that
for the Einstein Telescope, there are now three instances for both the variable and constant EOS
cases that exceed our Bayes factor threshold. In all cases, this occurs for a black hole companion
of mass 5M⊙. For the stiff EOS, we have lnB of (81.8, 82.9) at 40Mpc and (17.4, 18.4) at 80Mpc
for the (variable, constant) EOS cases. Additionally, for the maximum likelihood EOS, at 40Mpc,
we have lnB of (12.6, 13.4) for the variable and constant EOS, respectively. The results improve
further when looking at Cosmic Explorer 1 and 2, particularly for the maximum likelihood EOS.
We now see multiple results above the threshold at the 1σ level. For the stiff EOS we have lnB of
(130.9, 132.3) at 40Mpc and (29.2, 30.4) at 80Mpc for the (variable, constant) EOS cases. Addi-
tionally, for the maximum likelihood EOS, at 40Mpc, we have lnB of (21.2, 22.2) for the variable
and constant EOS, respectively. In Table 3.A.7, it can be seen that the results of Cosmic Explorer
2 are very similar to those of Cosmic Explorer 1. We have lnB > 10 for cases with a low black
hole mass, for both EOSs, out to 80Mpc for both EOSs. For Cosmic Explorer 2 we see for the first
time, the possibility of distinguishing a neutron star with a 10M⊙ black hole companion. Note,
however, that this occurs only for the stiff EOS at 40Mpc.

Finally, we note that current waveform models for neutron star-black hole binaries have limi-
tations in high signal-to-noise ratio and high mass ratio regimes such as the ones explored in this
paper. Developing more accurate waveform models is important for analyzing real data. However,
in our studies, we inject simulated signals in noise and recover them with the same signal model.
Thus it is most important that the signal model capture the same qualitative features as the true
signal. We considered two neutron star-black hole models, SEOBNRv4 ROM NRTidalv2 NSBH
and IMRPhenomNSBH, as well as the older IMRPhenomD NRTidal model. Figure 3.5 compares
the results from all three waveforms for the mBH = 5M⊙ case. For LIGO-Virgo and its upgrades,
all three waveforms agree at the 2σ level. For the 3G detectors, however, IMRPhenomD NRTidal
gives significantly lower results than the two neutron star-black hole waveforms. We see that for
all three waveforms, the results qualitatively agree: The Bayes factors for Einstein Telescope and
the first and second runs of Cosmic Explorer remain comfortably above the threshold.

However, a closer look reveals that IMRPhenomNSBH is unsuitable for use with 3G detec-
tors when mBH > 10M⊙. As the mass of the black hole companion increases, tidal effects de-
crease, and the gravitational waves emitted grow more similar to those of a binary black hole
system. This means that the Bayes factor of the neutron star-black hole case over the binary black
hole case should approach one for large black hole masses. This is indeed the behavior observed
with SEOBNRv4 ROM NRTidalv2 NSBH and IMRPhenomD NRTidal. However, for IMRPhe-
nomNSBH, we find that lnB increases as the black hole companion mass increases from 10 to 20
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Figure 3.2: Natural Log Bayes factor for each detector with mBH = 5M⊙. The vertical line spans
the range of Bayes factors for a given detector. The red line on the left indicates a variable EOS
run, and the blue line on the right indicates a constant EOS The horizontal black line corresponds
to the lnB = 10 cut-off. As the 3G detectors have significantly high Bayes factors, the plots are
split with different y-axis for current and third-generation detectors.

M⊙ (see Fig. 3.6). This is clearly unphysical behavior and deserves further explanation1. Digging
still deeper, the problem turns out to be the gravitational wave amplitude; IMRPhenomNSBH uses
an older ansatz for the amplitude [263] (which was not originally intended for neutron star-black
hole systems). Figure 3.7 compares the gravitational wave amplitude as a function of frequency
for two different values of Λ, for the mBH = 20M⊙ case, for both approximants (along with
the amplitude spectral density for the Cosmic Explorer 1 detector). We clearly see that while the
SEOBNRv4 ROM NRTidalv2 NSBH model shows no dependence of the amplitude on Λ, which
is what we expect for these high mass configurations, the IMRPhenomNSBH model shows a large
dependence on Λ for the post-merger signal which is clearly unphysical. This incorrect behav-
ior explains the effect shown in Fig. 3.6. Due to this non-physical behavior, we choose to use
SEOBNRv4 ROM NRTidalv2 NSBH for our analysis.

3.4 Discussion
The results demonstrate that the current LIGO and Virgo detectors are not sufficient to differentiate
between neutron star-black hole and binary black hole systems. In fact, the success of A+ and
Voyager for this purpose is dubious. There were no cases for either LIGO-Virgo or LIGO A+
where the lnB exceeded our threshold, and only a fine-tuned case for LIGO Voyager. However,
it is important to note that the cases with the highest lnB always occur with the stiff EOS, the
5M⊙ black hole companion, and at 40Mpc. This is not surprising. The stiff EOS was selected
specifically for this property, and the signal-to-noise ratio at 40Mpc is higher than at 80Mpc.

It can be seen that the ability to differentiate between a neutron star-black hole system and a

1We thank Jonathan Thompson for discussions on this issue.
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Figure 3.3: Natural Log Bayes factor for each detector withmBH = 10M⊙. The vertical line spans
the range of Bayes factors for a given detector. The red line on the left indicates a variable EOS
run, and the blue line on the right indicates a constant EOS. The horizontal black line corresponds
to the lnB = 10 cut-off.

Figure 3.4: Natural Log Bayes factor for all combinations of parameters and detectors as a function
of the signal-to-noise ratio. The right and left plots correspond to the constant and variable EOS
cases. In each plot, the right panel shows the results for the maximum likelihood EOS and the left
panel shows the stiff EOS. The marker color corresponds to the detector, and the marker shape
indicates the mass of the black hole. The black horizontal line shows the cut-off of lnB = 10.

binary black hole system does not directly correspond to the signal-to-noise ratio. The highest
lnB occurs for mBH = 5M⊙, even though systems with mBH = 10, 15, and 20M⊙ have higher
signal-to-noise ratios. The tidal effects decrease as mass increases, and this effect is clearly of
greater importance than the increase in signal strength. Detection of a neutron star-black hole
system with a low mass ratio will almost certainly be required to give evidence of neutron star
matter in the gravitational wave signal. Additionally, the nuclear EOS itself is an important factor
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Figure 3.5: Comparison between the IMRPhenomD NRTidal, IMRPhenomNSBH, and SEOB-
NRv4 ROM NRTidalv2 NSBH waveform approximants. For each detector, the variable EOS
analysis is on the left (circle marker) and the constant EOS analysis is on the right (square marker).
Each point corresponds to the average value of ten runs with different noise realizations, and the
error bars are 2 standard deviations. The horizontal black line indicates the cut-off of lnB = 10.

in how soon we will and how likely we are to distinguish a neutron star-black hole system from a
binary black hole system. Finally, in this analysis, we have made a particular choice of sky location
and inclination angle of the source. This orientation, corresponding to GW170817, is a favorable
one. As expected, repeating the simulations with randomly chosen sky-positions generally leads
to smaller Bayes factors. However, even in this case, the Bayes factors for the Einstein Telescope,
Cosmic Explorer 1 and Cosmic Explorer 2 remain comfortably above the threshold, while for
Voyager, the results get closer to the threshold. Our basic conclusions therefore remain unchanged.

When looking at LIGO Voyager, we saw that in one case the results were close to our cut-off.
Keep in mind, however, that this analysis was done with design sensitivity curves and this result
occurs only for the fine-tuned case of a very close binary with a very small black hole that has a
rather stiff EOS. Despite LIGO-Virgo’s recent detection of an object in the mass gap, 5M⊙ is still
on the low end of what we expect for black hole masses. Looking at Fig. 3.3, it’s evident that,
when the companion mass increases to even 10M⊙, the Bayes factor drops rapidly regardless of
distance or EOS for all detectors. If the EOS is as soft as the analysis of GW170817 suggests, then
LIGO Voyager will certainly be unable to distinguish neutron star-black hole systems from binary
black holes regardless of how close or loud the signal is.

3G detectors will likely be required to obtain decisive evidence of neutron star-black hole sys-
tem from gravitational wave data. We see here that the proposed designs for the Einstein Telescope
and Cosmic Explorer may very well allow for these detections. Looking at Fig. 3.2 and Table
3.A.6, we see that regardless of the nuclear EOS, there are systems which have lnB > 10. Thus,
if current analyses of GW170817 are accurate, we will be waiting until the Einstein Telescope or
Cosmic Explorer for gravitational wave evidence of neutron star-black hole systems. Additionally,
3G detectors seem to be able to do this measurement at distances out 80Mpc (stiff EOS), which
greatly expands the number of candidate systems. Even with very sensitive future detectors, the
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Figure 3.6: Natural Log Bayes factor plotted as a function of black hole mass for all six detectors
considered using the IMRPhenomNSBH waveform approximant. All data points are at d = 40Mpc
and have a stiff EOS (Λ = 369).

ability to distinguish neutron star-black hole systems from binary black holes is very dependent on
the mass of the black hole in the binary.
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Figure 3.7: IMRPhenomNSBH and SEOBNRv4 ROM NRTidalv2 NSBH waveform strain am-
plitude as a function of frequency plotted along with the Cosmic Explorer 1 amplitude spectral
density. Both panels show waveforms with a black hole mass of 20M⊙ The red line corresponds
to the Λ = 0 case (the waveform of a binary black hole) [59], and the grey line corresponds to a
waveform with a stiff EOS (Λ = 369).The top panel shows unphysical dependence of the post-
merger amplitude on Λ.

Table 3.A.1: Log Bayes Factor and standard deviation for selected cases.
MBH [M⊙] d[Mpc] EOS LVC A+ Voyager ET CE1 CE2

5 40 stiff 1.3± 1.0 4.8± 2.5 13.4± 4.7 81.8± 16.5 130.9± 19.0 294.4± 29.4

5 40 soft −0.3± 0.7 0.0± 1.1 1.3± 1.5 12.6± 3.8 21.2± 5.0 51.2± 8.0

5 80 stiff 0.2± 0.5 0.9± 0.7 2.6± 1.2 17.4± 4.1 29.2± 5.6 70.2± 8.8

5 80 soft 0.4± 0.6 0.6± 0.9 1.1± 1.7 3.9± 1.8 6.2± 2.2 14.6± 3.3

10 40 stiff 0.3± 0.2 0.6± 0.4 1.1± 0.8 4.8± 2.3 7.3± 2.3 16.5± 3.8
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Table 3.A.2: Neutron Star-Black Hole with LIGO-Virgo
90th% Stiff Maximum Likelihood

MassBH [M⊙] Distance [Mpc] SNR lnB var lnB const lnB var lnB const
5 40 139 1.3 1.4 -0.3 -0.1

10 40 168 0.3 0.0 0.9 0.2
15 40 180 0.6 0.2 0.1 -0.2
20 40 190 0.3 0.0 0.3 0.1
5 80 69 0.2 0.2 0.4 0.3

10 80 84 0.2 -0.1 0.3 0.1
15 80 90 0.3 -0.2 0.3 0.0
20 80 95 0.3 0.0 0.2 0.0

Table 3.A.3: Neutron Star-Black Hole with LIGO A+
90th% Stiff Maximum Likelihood

MassBH [M⊙] Distance [Mpc] SNR lnB var lnB const lnB var lnB const
5 40 264 4.8 5.2 0.0 0.1

10 40 316 0.6 0.1 1.0 0.5
15 40 329 0.5 0.1 0.3 -0.2
20 40 344 0.3 -0.2 0.4 -0.2
5 80 132 0.9 0.6 0.6 0.5

10 80 158 0.3 -0.1 0.3 0.0
15 80 164 0.4 -0.1 0.3 -0.1
20 80 172 0.3 0.0 0.3 -0.1

Table 3.A.4: Neutron Star-Black Hole with LIGO Voyager
90th% Stiff Maximum Likelihood

MassBH [M⊙] Distance [Mpc] SNR lnB var lnB const lnB var lnB const
5 40 604 13.4 14.1 1.3 1.6

10 40 738 1.1 0.6 1.6 0.9
15 40 791 0.6 0.2 0.5 0.1
20 40 837 0.4 0.1 0.2 -0.1
5 80 302 2.6 2.9 1.1 1.1

10 80 369 0.6 0.2 0.4 0.0
15 80 396 0.6 0.2 0.4 0.2
20 80 419 0.6 0.1 0.2 -0.1
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Table 3.A.5: Neutron Star-Black Hole with the Einstein Telescope
90th% Stiff Maximum Likelihood

MassBH [M⊙] Distance [Mpc] SNR lnB var lnB const lnB var lnB const
5 40 1582 81.8 82.9 12.6 13.4

10 40 1935 4.8 4.7 1.9 1.7
15 40 2091 1.3 1.6 1.0 0.6
20 40 2233 0.4 0.0 0.3 -0.1
5 80 791 17.4 18.4 3.9 4.6

10 80 968 0.8 0.4 0.1 -0.2
15 80 1045 0.6 0.6 0.4 0.1
20 80 1116 0.4 -0.1 0.2 -0.1

Table 3.A.6: Neutron Star-Black Hole with Cosmic Explorer 1
90th% Stiff Maximum Likelihood

MassBH [M⊙] Distance [Mpc] SNR lnB var lnB const lnB var lnB const
5 40 2888 130.9 132.3 21.2 22.2

10 40 3617 7.3 7.5 2.1 2.1
15 40 4055 1.8 1.9 1.0 0.5
20 40 4390 0.6 0.3 0.2 0.0
5 80 1444 29.2 30.4 6.2 7.1

10 80 1809 0.6 0.2 -0.4 -0.4
15 80 2028 0.8 0.8 0.5 0.2
20 80 2195 0.2 0.0 0.5 0.1

Table 3.A.7: Neutron Star-Black Hole with Cosmic Explorer 2
90th% Stiff Maximum Likelihood

MassBH [M⊙] Distance [Mpc] SNR lnB var lnB const lnB var lnB const
5 40 4385 294.1 295.6 51.2 52.5

10 40 5491 16.5 16.9 4.2 4.4
15 40 6151 3.4 3.7 1.7 1.4
20 40 6655 1.1 0.8 0.4 0.1
5 80 2193 70.2 71.7 14.6 15.8

10 80 2745 2.3 1.6 -0.3 -0.2
15 80 3075 1.1 1.3 0.4 0.2
20 80 3328 0.3 -0.1 0.2 -0.1
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4 | Tests of Gravitational Wave Birefrin-
gence With the Open Gravitational Wave
Catalog

This chapter contains material published as Wang, Yifan Brown, Stephanie M., Shao, Lijing and
Zhao, Wen Tests of Gravitational-Wave Birefringence with the Open Gravitational-Wave Catalog
Phys Rev D (accepted 2022). https://doi.org/10.48550/arXiv.2109.09718

Abstract
We report the results of testing gravitational wave birefringence using the largest population of
gravitational wave events currently available. Gravitational Wave birefringence, which can arise
from the EFT extension of general relativity, occurs when the parity symmetry is broken, caus-
ing the left- and right-handed polarizations to propagate following different equations of motion.
We perform Bayesian inference on the ninety-four events reported by the 4th-Open Gravitational-
Wave Catalog (4-OGC) using a parity-violating waveform. We find no evidence for a violation
of general relativity in the vast majority of events. However, the most massive event, GW190521,
and the second most massive event, GW191109, show intriguing non-zero results for gravitational
wave birefringence. We find that the probability of association between GW190521 and the pos-
sible electromagnetic counterpart reported by Zwicky Transient Facility (ZTF) is increased when
assuming birefringence. Excluding GW190521 and GW191109, the parity-violating energy scale
is constrained to MPV > 0.05GeV at 90% credible interval, which is an improvement over pre-
vious results from twelve events by a factor of five. We discuss the implications of our results on
modified gravity and possible alternative explanations such as waveform systematics. More detec-
tions of massive binary black hole mergers from the upcoming LIGO/Virgo/KAGRA run will shed
light on the true origin of the apparent birefringence.

4.1 Introduction
The advanced LIGO and Virgo [264, 265] detectors have completed three observation runs (O1-
O3) and announced the detection of ninety confident gravitational wave events in the Gravitational-
Wave Transient Catalog (GWTC) [4–7]. Additional compact binary coalescence events are re-
ported by independent analysis [190, 266–270] of the public data [36]. The most recent version
of Open Gravitational Wave Catalog, 4-OGC [190], used PyCBC Inference Toolkit [271]
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to search the public data from all three observation runs and reported ninety-four events [268].
4-OGC agrees with GWTC for all confident events with a probability of astrophysical origin
pastro > 0.99. The detection of gravitational waves has enabled numerous precise tests of gen-
eral relativity in the strong, dynamical field [111–117] and high energy (sub-GeV) regimes [272].
All the tests to date have confirmed that gravitational wave data is consistent with the predictions
of general relativity.

This work tests gravitational wave birefringence using the currently largest population of grav-
itational wave events from 4-OGC. Birefringence of gravitational waves emerges when the parity
symmetry, which is the invariance of physical laws regarding the inversion of spatial coordinates, is
broken between the left- and right-handed gravitational wave polarizations. While parity symme-
try is conserved in general relativity, theories where parity is violated have been proposed such as
Chern-Simons gravity [163, 165–168], Hořava-Lifshitz gravity [169–171], ghost-free scalar-tensor
gravity [172], and the symmetric teleparallel equivalent of general relativity [164] to account for
dark matter and dark energy. Parity violation also arises at high energy scales in quantum gravity
theories such as loop quantum gravity and string theory [163].

We utilize an EFT extension of the linearized Einstein-Hilbert action to study how deviations
from general relativity affect gravitational wave propagation. EFT is a flexible framework that
includes all action terms that purposely preserve or violate certain symmetries. The leading order
higher derivative modification of the linearized action comes from terms of mass dimension five
that violate parity [160, 161]. Parity violation leads to an asymmetry in the propagation speeds and
amplitudes of the left- and right-hand polarization of gravitational wave, which, in turn, leads to
phase and amplitude birefringence, respectively. Given the relationship between parity violation
and Lorentz violation[273], our tests have implications for constraining the standard model exten-
sion of gravity [274, 275], which is the most general EFT extension of linearized general relativity
that violates Lorentz symmetry.

Tests of gravitational wave birefringence were first done in Ref. [276], where they checked for
waveform peak splitting in the first-ever detected gravitational wave event, GW150914. Ref. [277]
constrained birefringence using the gravitational wave propagation speed measured from the binary
neutron star merger event GW170817 [2], and Refs.[115, 278–284] placed further constraints on
birefringence using GWTC events.

We test for gravitational wave birefringence in ninety-four gravitational wave events and find no
evidence of birefringence in ninety-two events. Intriguingly, we find two outliers, GW190521 and
GW191109 010717 (hereafter GW191109), the most and second most massive binary black holes
in 4-OGC [190, 285, 286], favor the birefringence waveform over the general relativity waveform
with Bayes factors 11.0 and 22.9, respectively (lnBnonGR

GR = 2.4 and 3.1). Excluding these two
outliers, we place constraints on the cutoff energy scale MPV > 0.05GeV, which is more stringent
than Ref. [272] by a factor of five due to the larger data set and the more advanced waveform.
The result can be mapped to the standard model extension coefficient

∣∣ς⃗ (5)∣∣ < 9× 10−16m, which
characterizes isotropic birefringence with mass dimension d = 5.

The nonzero results may be caused by non-Gaussian noise fluctuation, systematic errors in
waveform templates, or physical effects that are outside the standard assumptions for quasi-circular
binary black hole mergers, e.g., the presence of orbital eccentricity [287, 288], a hyperbolic en-
counter [289], or even entirely new physics [290]. We assess how the background noise affects the
Mpv measurement for both GW190521 and GW191109 by injecting 100 general relativity signals
into the detector noise around the observed coalescence time for each event. The results suggest
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that our detection of general relativity deviation for GW190521 and GW191109 is not likely an
artifact of the noise.

Lastly, we consider the possible electromagnetic counterpart of GW190521, which ZTF ob-
served and comes from an active galactic nucleus [291, 292], by comparing the sky location poste-
riors for GW190521 with and without birefringence. Prior analyses of GW190521 do not strongly
favor association with the EM counterpart. Ref. [293] reported the Bayes factor of lnB ≳ −4
which disfavors a sky location fixed to that of the electromagnetic counterpart. However, if we
assume gravitational wave birefringence, we find evidence in favor of the association with the
electromagnetic counterpart with lnB of 6.6.

4.2 Waveform Templates for Gravitational Wave Birefringence
We briefly overview the construction of waveform templates to test gravitational wave birefrin-
gence following Ref. [160]. From the perspective of EFT, the leading order modifications to
the linearized Einstein-Hilbert action are terms with three derivatives and mass dimension five:
ϵijkḣil∂jḣkl and ϵijk∂2hil∂jhkl [160–162], where i, j... = 1, 2, 3 refer to spatial coordinates, ∂j de-
notes spatial derivatives, dot denotes derivatives with respect to time, ∂2 is the Laplacian, ϵijk is the
antisymmetric symbol, and hij is the tensor perturbation of metric. Notably, both terms violate par-
ity. Therefore, EFT suggests that the leading order modification to gravitational wave propagation
arises from parity-violation. We do not consider the more complicated anisotropic gravitational
wave birefringence, for which the effects can be found in Refs. [276, 284, 294]. Combining the
above higher derivative terms with the linearized Einstein-Hilbert action gives

S =
1

16πG

∫
dtd3xa3

[
1

4
ḣ2ij −

1

4a2
(∂khij)

2 +
1

4

(
c1

aMPV

ϵijkḣil∂jḣkl +
c2

a3MPV

ϵijk∂2hil∂jhkl

)]
,

(4.1)

where a is the cosmic scale factor, MPV is the energy scale at which higher order modification
starts to be relevant, and c1 and c2 are two undetermined functions of cosmic time; the speed of
light and the reduced Planck’s constant are set to c = ℏ = 1. Eq. (4.1) is the generic form of
the action; c1, c2 and MPV can be mapped to the corresponding model parameters in a specific
modified gravity theories [163–172], as explicitly demonstrated in Ref. [160].

The equation of motion for the gravitational wave circular polarization modes hA, where A =
R or L for the right- and left-hand modes, is

h′′A + (2 + νA)Hh′A + (1 + µA)k
2hA = 0 , (4.2)

where H is the conformal Hubble parameter, k is the wavenumber, and a prime denotes the deriva-
tive with respect to the cosmic conformal time τ , µA and νA are the phase and amplitude birefrin-
gence parameters. They have the exact forms

νA = −[ρAc1k/(aMPV)]
′/H,

µA = ρA(c1 − c2)k/(aMPV), (4.3)
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ρA = ±1 for left- and right-handed polarizations represents broken parity of gravitational waves
during propagation.

We focus on velocity birefringence because the modification to gravitational wave strain from
amplitude birefringence is negligible [160]. The general relativity solution can be found by setting
µA = νA = 0 in Eq. (4.2).

Solving Eq. (4.2) gives the left- and right-handed circular polarization modes with parity vio-
lation. They are related to the general relativity waveform by

hPVL (f) = hGR
L (f)e−iδΨ(f) & hPVR (f) = hGR

R (f)eiδΨ(f). (4.4)

The plus (h+) and cross (h×) modes of gravitational wave are given by h+ = (hL + hR)/
√
2 and

h× = (hL − hR)/(
√
2i).

For binary black holes, we use the IMRPhenomXPHM [45] general relativity waveform ap-
proximant, which includes sub-dominant harmonics and effects of precession; the IMRPhenomD NRTidal
[54, 56–58] and IMRPhenomNSBH [261], waveforms, which account for tidal deformability, are
used for binary neutron stars and neutron-star–black-hole mergers respectively.

The phase modification to the general relativity waveform takes the following form

δΨ(f) =
(πf)2

MPV

∫ z

0

(c1 − c2)(1 + z′)dz′

H0

√
ΩM(1 + z′)3 + ΩΛ

, (4.5)

where H0 is the Hubble constant, z is the cosmic redshift, the frequency term f 2 corresponds
to a modification at 5.5 post-Newtonian order, ΩM is the matter density, and ΩΛ is the dark en-
ergy density. We adopt a ΛCDM Cosmology with parameters ΩM = 0.3075, ΩΛ = 0.691, and
H0 = 67.8 km s−1 Mpc−1 [229] to convert luminosity distance to redshift for Eq. (4.5). As most
gravitational wave detections are from the local Universe, we make the simplifying assumption
that c1, c2 are constants and c1 − c2 is of order unity. This is done by attributing its order of mag-
nitude to MPV. Also note that we do not consider the special case where c1 = c2 exactly, and thus
µA = 0, in this work. This is the case for dynamical Chern-Simons gravity [295–297] and the
constraints on amplitude birefringence in this case can be found in Refs. [115, 281].

4.3 Bayesian Inference
We use Bayesian parameter estimation and model selection to test gravitational wave birefringence.
Given data d(t), which is a sum of the detector noise n(t) and a possible gravitational wave signal
h(t, ϑ⃗) characterized by parameters ϑ⃗, Bayes theorem states that

P (ϑ⃗|d, h) = P (d|ϑ⃗, h)P (ϑ⃗|h)
P (d|h) , (4.6)

where P (ϑ⃗|d, h) is the posterior probability distribution for parameters ϑ⃗, P (ϑ⃗|h) is the prior
distribution containing any a priori information, P (d|ϑ⃗, h) is the likelihood for obtaining the data
given model parameters, P (d|h) is a normalization factor called evidence, and h is the hypothesis
for modeling the data. This work considers two competing hypotheses: HGR where GWs are
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accurately described by general relativity and HnonGR where GWs have birefringence and are
described by Eq. (4.4). The Bayes factor, or the ratio of the evidences of two hypotheses,

BnonGR
GR =

P (d|HnonGR)

P (d|HGR)
, (4.7)

quantifies the degree that data favor one hypothesis over another.
Using PyCBC Inference [40], we numerically sample over all gravitational wave intrinsic

(mass m1,2, spin s⃗1,2, and, in the case of neutron stars, tidal deformability Λ1,2) and extrinsic
parameters (luminosity distance dL, inclination angle ι, polarization angle Ψ, right ascension α,
declination δ, coalescence time tc, and phase ϕc) as well as the parity violation parameter M−1

PV

for H1. The priors for the intrinsic and extrinsic parameters are the same as those in the 4-OGC
[268] which are uniform for mass, spin amplitude, polarization, coalescence phase, and time. The
distance prior is uniform in comoving volume. The spin orientation, sky location, and spatial
orientation priors are isotropic. The prior for M−1

PV is uniform in [0, 200]GeV−1 except for the two
outlier events which use [0, 1000].

Assuming M−1
PV is a universal quantity, the M−1

PV posteriors from the individual gravitational
wave events can be combined to obtain an overall constraint,

p(M−1
PV|{di}, HnonGR) ∝

N∏
i=1

p(M−1
PV|di, HnonGR), (4.8)

where di denotes data of the i-th gravitational wave event.

4.4 Results

We find that ninety-two out of ninety-four events are consistent with general relativity; the M−1
PV

posteriors are shown in Fig. 4.4.1, with the most constraining events individually indicated in the
legend. In general, the tightest constraints are all from events with relatively low mass (∼ 10M⊙)
binary black hole mergers e.g., GW190707 093326 has component masses of 12.9M⊙ and 7.7M⊙
[268]. This result is unsurprising because the birefringence effect is more significant at higher
frequencies, where low mass binaries spend more time (see Eq. (4.5)).

The overall constraint is obtained by multiplying the posterior distributions of the individual
events together using Eq. (4.8). We find the 90% upper limit of M−1

PV to be 19 GeV−1, which
corresponds to MPV > 0.05GeV. This result is more stringent than previous results, based on
twelve gravitational wave evens, by a factor of five [272]. Note that Ref. [272] used h = 1 not
ℏ = 1. Taking this into account, their result is MPV > 0.01GeV. This improvement is due to the
increased number of events analyzed and the use of improved gravitational wave waveforms [45]
with longer duration and higher harmonic modes.

The limit onMPV can be easily mapped to bounds on the standard model extension coefficients
that describe isotropic birefringence of gravitational waves at mass dimension d = 5, via

∣∣ς⃗ (5)∣∣ ∼
1
4
M−1

PV [276, 298]. For MPV > 0.05GeV, one gets
∣∣ς⃗ (5)∣∣ < 9 × 10−16m, which is comparable to

limits from Refs. [278, 282].
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Figure 4.4.1: The M−1
PV posterior distributions for all 4-OGC events except GW190521 and

GW191109. The legend indicates the events that give the tightest constraints. The vertical dashed
line denotes the 90% upper limit for M−1

PV from combined results.

4.4.1 GW190521 and GW191109

We find non-zero results for birefringence in GW190521 and GW191109 withM−1
PV = 400+460

−230 GeV−1

and 220+150
−100 GeV−1 (90% credible interval). Furthermore, the Bayes factors support the non-

general relativity hypothesis: BnonGR
GR = 11.0 and 22.9, respectively (lnBnonGR

GR = 2.4 and 3.1).
TheM−1

PV, source frame chirp mass Msrc = (m1m2)
3/5/(m1+m2)

1/5, and mass ratio q = m1/m2,
posteriors are shown in Fig. 4.4.2. m1/2 are the heavier/lighter binary component masses. Intrigu-
ingly, GW190521 and GW191109 are the most and second most massive events found in 4-OGC.

To investigate any systematics causing the apparent deviation from general relativity, we per-
form two more birefringence tests for the outlier events using a different phenomenological tem-
plate model IMRPhenomPv3HM [46] and a numerical relativity surrogate model NRSur7dq4 [47].
We find consistent support for non-zero M−1

PV in the posteriors for these runs. We further check
the data quality around GW190521 and GW191109 by calculating the background noise power
spectral density variation (see [299] for definition), which measures the noise non-stationarity. For
GW190521, the power spectral density variation in a one-hour interval around the event only de-
viates from Gaussian stationary noise by ≲ 0.1 (except for a glitch in LIGO Hanford 400s after
the event), showing no significant deviation from other ordinary times. However, the LIGO de-
tector data for GW191109 contains non-Gaussian and non-stationary transient noise artifacts or
glitches [7]. Due to this, we performed our analysis using data with the glitch removed released by
LIGO/Virgo [7].

To further quantify whether detector noise could be the cause of the observed non-zero re-
sult, we simulate 100 general relativity signals with parameters drawn from the GW190521 and
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Figure 4.4.2: Chirp mass, mass ratio, and M−1
PV posterior distributions for GW190521 and

GW191109. The dashed (solid) two-dimensional contours denote the 50% (90%) credible in-
tervals. The diagonal plots are the one-dimensional marginalization for the posterior.

GW191109 posteriors [190] and inject them into the LIGO/Virgo detector noise nearby the GW190521
and GW191109 triggers, respectively (see the appendix for technical details). We find only 1(4)
events, out of 100 injections, have lnBnonGR

GR larger than what we found for GW190521(GW191109).
We thus conclude that the false alarm rate for detecting birefringence is 1(4) in 100 observations.

Lastly, we consider the possible electromagnetic counterpart for GW190521 reported by the
ZTF [291, 292]. Interestingly, we find that including birefringence significantly improves the
chance of association. Fig. 4.4.3 shows the right ascension (α), declination (δ), and luminosity
distance posteriors from the birefringence analysis. The red lines mark the independent measure-
ments by ZTF (α = 3.36 rad, δ = 0.61 rad, and redshift=0.438). The Bayes factor supports
coincidence with lnBoverlap = 6.6 in favor of the association. The general relativity analyses did
not favor association. For instance, Ref. [293] reports lnBoverlap ∼ −4.4.

4.5 Discussion and Conclusion
We test for gravitational wave propagation birefringence using state-of-the-art waveform templates
and 4-OGC, the most extensive gravitational wave catalog currently available. Combining the
results from all of the events except the outliers GW190521 and GW191109, we constrain the

79



Figure 4.4.3: Posterior distributions for luminosity distance dL, right ascension α, and declination δ
for GW190521 assuming birefringence. The median values and 90% credible interval are denoted
with dotted vertical lines; the vertical color bar shows the signal-to-noise-ratio. The red lines mark
the sky location of a possible EM flare associated with GW190521.

lower energy scale cutoff to MPV > 0.05 GeV, which is an improvement over previous constraints
by a factor of 5. The constraint on MPV allows us to limit the standard model extension isotropic
birefringence parameter with mass dimension d = 5 to

∣∣ς⃗ (5)∣∣ < 9 × 10−16m. These results show
that gravitational wave astronomy is a promising future avenue by which to study gravity at high
energies.

We surprisingly find evidence in support of gravitational wave birefringence for GW190521
and GW191109, which happen to be the most and second most massive events in 4-OGC. Fur-
thermore, we find that including birefringences increases the likelihood of association between
GW190521 and its possible electromagnetic counterpart.

We find no disparity between three state-of-the-art waveform approximants and no significant
issues with the data quality for GW190521. While there is a glitch in the GW191109 data, it was
removed by LIGO/ Virgo, and our analysis suggests the noise fluctuation is unlikely to have caused
the non-zero M−1

PV result.
However, it is well documented that GW190521 is an exceptional event that may not fit well

into the simple quasi-circular binary black hole merger picture. For instance, Refs. [287, 288]
show that GW190521 is consistent with the merger of a binary black hole system with eccentric
orbit, Ref. [289] gives a Bayes factor that highly favors a hyperbolic encounter over a quasi-circular
merger, and Ref. [290] shows that GW190521 could be genuinely new physics, such as a proca
star collision. The accuracy of current general relativity waveform approximants is limited at the
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merger stage. This is quite relevant for GW190521 and GW110919 as most of the data is in the
merger band. Our work provides further evidence for non-standard physical effects in gravitational
wave data, which the available general relativity waveform approximants cannot currently account
for. Even if the apparent deviation from general relativity is from new physics, our gravitational
wave birefringence model can not provide a universal explanation. A possible extension might
include a parity violation that depends on the masses of the binary.

As the advanced LIGO and Virgo detectors are upgraded and the KAGRA detector joins the
network, we expect more high mass detections similar to GW190521 and GW191109, which may
provide further insight into the physics behind the observed behavior of these outliers.

We release all posterior files and the scripts necessary to reproduce this work in https:
//github.com/gwastro/4ogc-birefringence.
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Appendix

4.A Investigation of Data Quality Systematics by General Rel-
ativity Injection

We investigate the data quality to determine if non-stationary or non-Gaussian noise could be
responsible for the apparent deviation from general relativity for GW190521 and GW191109. We
generate 100 general relativity waveforms with the IMRPhenomXPHM [45] template and inject
them into the LIGO and Virgo data near the coalescence times of GW190521 and GW191109. The
waveform source parameters (component masses and spins, sky location, source orbital orientation,
gravitational wave polarization angle, and coalescence phase) are sampled from the GW190521
and GW191109 posteriors released by 4-OGC [190]. For GW190521, the waveforms are injected
into the time interval [-20, 20] seconds around the trigger time of GW190521. However, we
exclude the region [-4,4] seconds around the trigger time, where the event is predominant over the

81

https://github.com/gwastro/4ogc-birefringence
https://github.com/gwastro/4ogc-birefringence


noise. Both LIGO detectors contain transient noise artifacts at the merger time of GW191109 [7].
We have analyzed GW191109 using a deglitched version of data released by LIGO and Virgo [7].
However, a cleaned version of the data in the region of GW191109 is not readily available. To
avoid the glitches, which were removed for the GW191109 analysis, we inject our signals into a
segment of data [-100, -30] seconds from the trigger.

The injections are then analyzed the same as the actual event using the method presented in
the main text. For the parameter estimation, all priors are the same as those used to analyze the
GW190911 and GW190521 respectively.

The injections’ M−1
PV posteriors are shown in the first row of Fig. 4.A.1. For comparison,

the figure also shows the GW190521 and GW191109 posteriors. We note that some results for
GW191109-type injections have a spikey or multi-modal shape; we attribute this to the noisy data
around GW191109.

We find that, in rare cases, the background noise fluctuation can produce non-zero peaks for
M−1

PV. To assess the significance of our non-zero M−1
PV results for GW191109 and GW190521,

we extract the Bayes factor from the posteriors using the Savage-Dickey density ratio; the second
row of Fig. 4.A.1 shows the results. Using lnBnonGR

GR as a statistic, only 1 in 100 and 4 in 100
simulations exceed the Bayes factor from GW190521 and GW191109, respectively. The false
alarm rate or p-value to reject the null hypothesis that general relativity is correct is thus 1(4) out
of 100 realizations.

We take the mean of M−1
PV of all injections to determine the background distribution for the

null hypothesis and note that the background is qualitatively different from the actual data results.
Overall we do not find strong evidence that background noise artifacts caused the non-zero results
for testing GR.
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Figure 4.A.1: First row: the Bayesian posteriors of M−1
PV for 100 general relativity injections that

mimic GW190521 (left) and GW191109 (right). The posteriors for GW191109 and GW1905121
are plotted for comparison. The average posterior of the 100 injections is shown. Second row:
the cumulative distribution of lnBnonGR

GR for general relativity injections. The histogram shows the
number of injections with lnBnonGR

GR equal or less than certain values. The Bayes factor for the real
events is plotted as a comparison.
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5 | Tidal Deformability of Neutron Stars
in Scalar-Tensor Theory

The work contained in this chapter has not been submitted to or published in a peer reviewed
journal. However, it contains material that is available on arXiv as an preprint: Brown, Stephanie
M. Tidal Deformability of Neutron Stars in Scalar-Tensor Theories of Gravity for Gravitational
Wave Analysis. arXiv:2210.14025 (2022).

Abstract
Gravitational waves from compact binary coalescence are valuable for testing theories of gravity in
the strong field regime. By measuring neutron star tidal deformability in gravitational waves from
binary neutron stars, stringent constraints were placed on the equation of state of matter at extreme
densities. Tidal Love numbers in alternative theories of gravity may differ significantly from their
general relativistic counterparts. Understanding exactly how the tidal Love numbers change will
enable scientists to untangle effects from physics beyond general relativity from the uncertainty
in the equation of state measurement. In this work, we explicitly calculate the fully relativistic
l ≥ 2 tidal love numbers for neutron stars in scalar-tensor theories of gravitation. We use several
realistic equations of state to explore how the mass, radius, and tidal deformability relations differ
from those of general relativity. We find that tidal Love numbers and tidal deformabilities can differ
significantly from those in general relativity in certain regimes. The electric tidal deformability can
differ by ∼ 350%, and the magnetic tidal deformability differs by ∼ 200%. These deviations occur
at large compactnesses (C = M/r > 0.2) and vary slightly depending on the equation of state.
This difference suggests that using the tidal Love numbers from general relativity could lead to
significant errors in tests of general relativity using the gravitational waves from binary neutron
star and neutron-star–black-hole mergers.

5.1 Introduction and Motivation
Compact objects such as neutron stars and black holes are essential for testing general relativity in
the strong field regime. Gravitational waves emitted by compact objects by LIGO-Virgo have im-
proved our understanding of gravity in the strong field regime. The LIGO/Virgo collaboration has
detected almost one-hundred compact binary coalescences to date: two binary neutron star merg-
ers, two neutron star-black hole mergers, and more than eighty binary black hole mergers [4, 5, 7].
An independent analysis of the available data found even more events [190, 267, 268]. Analysis
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of these events has already placed limits on possible deviations from general relativity [10, 111,
112, 117, 272]. Recently, waveforms for various alternate theories of gravity have been developed
and applied to parameter estimation. These waveforms allow for stringent tests of various theories
of gravity and more general tests for physics beyond general relativity, such as scalar and tensor
propagation modes [114, 115, 300].

Neutron stars are also unique laboratories for studying nuclear physics at ultra-high densities.
Information about neutron star matter is encoded in gravitational waves from binary neutron star
and neutron star-black hole mergers. Neutron stars contain vital information needed to understand
phases of matter encountered in Quantum Chromodynamics. The tidal deformability encodes in-
formation about the nuclear EOS in gravitational waves. Studies of binary neutron star merger
GW170817 have improved our knowledge of the nuclear EOS [8, 74, 75, 110]. Despite this, the
nuclear EOS is still unknown. Studying neutron stars in alternative theories of gravity is challeng-
ing because deviations in neutron star properties caused by non general relativistic effects are of
the same order of magnitude as the uncertainty in the EOS. Understanding how the mass-radius-
tidal deformability relationships deviate from general relativity is essential to untangling these
differences.

Tidal deformability connects gravitational waves and the nuclear EOS. Tidal deformabilities
and the associated tidal Love numbers relate an applied external tidal field to the induced internal
multipole moment, measuring the magnitude of deformation under a given tidal force. Love num-
bers were initially defined in Newtonian gravity [104, 105] and then expanded to general relativity
by Flanagan and Hinderer [102, 103]. The concept was further expanded and made more concrete
in several follow-up papers, including Binnington and Poisson [108] and Damour and Nagar [107].

This work focuses on scalar-tensor theory, one of the most natural and best studied alternate
theories of gravity. The theory was initially motivated partly by Mach’s principle [173] and partly
in an attempt to expand general relativity to five dimensions [301]. However, it is still of inter-
est today. Scalar degrees of freedom are critical for string theory, superstring theory, and other
supergravity theories [174]. Therefore scalar-tensor theories can sometimes be used as a phe-
nomenological proxy for more complex extensions of general relativity. Furthermore, scalar fields
have been proposed as an alternative solution to the dark energy problem [302–304].

Scalar-tensor theories add a massless scalar field (φ) to the standard general relativity metric
(gµν). The metric and the scalar field are coupled into an ‘effective metric’ g̃µν = A2(φ)gµν . The
earliest versions of this theory were presented more than half a century ago by Jordan, Fierz, and
Brans and Dicke [173, 176, 301]. In the simplest scalar-tensor theory, known as JFBD (Jordan,
Fierz, and Brans and Dicke), the scalar field is coupled to the metric by the coupling function
A(φ) = eαφ. Solar system experiments have placed stringent constraints on the value of α. These
constraints also significantly limit the strong-field behavior. Damour and Esposito-Ferèse discov-
ered the ‘spontaneous scalarization’ effect, which allows large deviations from general relativity in
the strong field regime without violating the strict solar system constraints. Damour and Esposito-
Ferèse definedA(φ) = eβφ

2/2 and found that scalarization occurs for β ≲ −4.5 [187]. A follow-up
study showed that scalarization occurs for β ≲ −4.35 [188].

In this work, we calculate the tidal Love numbers of neutron stars in scalar-tensor theories
of gravity, focusing on the spontaneous scalarization case. Sec. 5.2 presents the equilibrium
configuration for neutron stars in scalar-tensor theory. Sec. 5.3 discusses the first order linear
time-independent perturbations upon which the tidal deformabilities depend. Sec. 5.4 details the
method for deriving the various tidal Love numbers. Sec. 5.5 presents the results and demonstrates
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how the Love Numbers in scalar-tensor theories differ from those in general relativity. The paper
concludes with Sec. 5.6, which discusses the results.

5.2 Neutron Stars in Scalar-Tensor Theory
Scalar-tensor theories are a straightforward alternative to general relativity. They depend on both
a metric tensor (gµν) and a massless scalar field (φ) and are typically expressed in one of two
conformal frames: the Einstein frame and the Jordan frame. Historically, there has been much
debate over the correct choice of frame [181], but it is now agreed that experiments measure Jordan
frame quantities even though the field equations simplify in the Einstein frame [124, 172, 182–
184].

In the Jordan frame, the action is

S =
1

16πG

∫ √
−g̃
(
ϕR̃− ω(ϕ)

ϕ
g̃µν∂µϕ∂νϕ+ 2λ(ϕ)

)
d4x+ Sm[Ψm, g̃µν ] . (5.1)

where the tilde denotes Jordan frame quantities, ϕ is the Jordan frame scalar field, g̃µν is metric, R̃
is the Ricci scalar, ω(ϕ) is a function of the scalar field that characterizes a specific scalar-tensor
theory, and λ(ϕ) is the scalar potential. Sm denotes the action of the matter, which is a function
of the matter fields Ψm and the Jordan metric g̃µν . Due to the ϕR̃ term, the gravitational constant
G becomes a function of the scalar field G̃ = G(ϕ). Throughout this work, we will continue to
denote Jordan frame quantities with a tilde.

The Jordan frame is the physical frame, but the field equations are typically expressed in the
Einstein frame, where the metric and scalar decouple. A conformal transformation relates the two
frames:

g̃µν = A2(φ)gµν . (5.2)

Using this transformation, the action can be re-written in a way that resembles the Einstein-Hilbert
action:

S =
1

16πG∗

∫ √−g(R− 2gµν∂µφ∂νφ− 2λ(ϕ))d4x+ Sm[Ψm, A
2(φ)gµν ] (5.3)

where all quantities are related to the Einstein metric gµν . R is the scalar curvature, G∗ is the bare
gravitational coupling constant which is set to 1, along with c, from here on. This paper will focus
on the λ(ϕ) = 0 case.

Much of the work presented here is applicable for any A(φ), but when necessary, the sponta-
neous scalarization coupling function [187] is used:

A(φ) = e
1
2
βφ2

. (5.4)

The modified field equations, derived from the Einstein frame action have the form

Gµν = 8πG∗Tµν + T (φ)
µν (5.5a)

□gφ = −4πG∗α(φ)T , (5.5b)
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where α(φ) ≡ d lnA(φ)/dφ and T (φ)
µν can be considered the stress-energy of the massless scalar

field and has the form
T (φ)
µν ≡ 2∂µφ∂νφ− gµνg

αβ∂αφ∂βφ . (5.6)

Tµν is the stress-energy tensor in the Einstein frame, and T is the contracted stress-energy tensor
T = T µ

µ = gµνTµν . Tµν is related to the Jordan frame stress-energy tensor (T̃µν) in the following
manner

T µν ≡ 2√
|g|

δSm

δgµν
= A6(φ)T̃ µν . (5.7)

Note setting α(φ) to zero, retrieves the general relativity field equations.
We model neutron stars as static, spherically symmetric, non-rotating objects and assume that

neutron star matter can be described as a perfect fluid. The stress-energy tensor for a perfect fluid
is defined in the physical frame

T̃µν = (ρ̃+ p̃)ũµũν − p̃g̃µν (5.8)

where ũµ is the four-velocity of the fluid and ρ̃ and p̃ are the energy density and pressure in the
Jordan frame. We assume that p̃ and ρ̃ are related by some barotropic EOS so that

δρ̃ =
dp̃

dρ̃
δp̃ . (5.9)

where δp̃ and δρ̃ are the Eulerian fluid perturbations. As the star is static, only the t component of
the four-velocity is non-zero:

uµ = (eν/2, 0, 0, 0) (5.10)

Conservation of energy and momentum is defined in the physical or Jordan frame i.e., ∇̃µT̃
µ
ν = 0.

Transforming to the Einstein Frame gives

∇νT
ν
µ = α(φ)T ∇µφ . (5.11)

The metric for a static, spherically symmetric, self-gravitating object is

ds2 = gαβdx
αdxβ = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdϕ2) (5.12)

where ν and λ are functions of r and e−λ = 1− 2µ(r)/r.
The modified TOV or structure equations, which can be derived from the field equations and

the equation for conservation of energy, have the form

dµ

dr
= 4πG∗r

2A4(φ)ρ̃+
1

2
r(r − 2µ)ψ2 (5.13a)

dν

dr
= 8πG∗

r2A4(φ)p̃

r − 2µ
+ rψ2 +

2µ

r(r − 2µ)
(5.13b)

dφ

dr
= ψ (5.13c)

dψ

dr
= 4πG∗

rA4(φ)

r − 2µ

[
α(φ)(ρ̃− 3p̃) + rψ(ρ̃− p̃)

]
− 2(r − µ)

r(r − 2µ)
ψ (5.13d)

dp̃

dr
= −(ρ̃+ p̃)

[
4πG∗

r2A4(φ)p̃

r − 2µ
+

1

2
rψ2 +

µ

r(r − 2µ)
+ α(φ)ψ

]
(5.13e)

where µ is the mass function. ψ = ∂rφ is used throughout this paper for improved readability.
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5.3 Stationary Perturbations
In this section, we compute the linear, time-independent scalar and spacetime perturbations follow-
ing the method initially laid out by [305]. The complete system of time-dependent perturbations
in scalar-tensor theory was calculated in [306], and the perturbation equations in this section have
been cross checked with the extant results.

We use the Regge-Wheeler gauge [307], which separates the metric perturbation hµν into its
even and odd parity components hµν = h+µν + h−µν . [306] demonstrates that the metric in both
frames can be written in the Regge-Wheeler gauge using the proper redefinition of the metric
components between frames.

For this analysis, as we are interested in time-independent perturbations, all functions (H0, H2, K, h0,
and h1) are functions of r only. Furthermore, the tr termH1 typically present in the Regge-Wheeler
gauge vanishes.

The Einstein metric can be written in the following way:

hµν = h+µν + h−µν (5.14)

where

h+µν =
∞∑
ℓ=2

ℓ∑
m=−ℓ


eνH0,ℓm 0 0 0

0 eλH2,ℓm 0 0
0 0 r2Kℓm 0
0 0 0 Kℓmr

2 sin2 θ

Yℓm(θ, ϕ) (5.15)

and

h−µν =
∞∑
ℓ=2

ℓ∑
m=−ℓ


0 0 −h0,ℓm sin−1 θ∂ϕ h0,ℓm sin θ∂θ
0 0 −h1,ℓm sin−1 θ∂ϕ h1,ℓm sin θ∂θ

sym sym 0 0
sym sym 0 0

Yℓm(θ, ϕ) (5.16)

where Yℓm(θ, ϕ) is the spherical harmonic function for l,m, and sym indicates that the metric is
symmetric.

The explicit form of the conformal transformation between the Jordan and Einstein frame per-
turbation (h̃µν → hµν) is needed to determine the Jordan frame tidal deformability. The conformal
transformation is obtained by perturbing Eq. (5.2) and substituting in the Regge-Wheeler metric
[306]. This gives

hµν =
1

A2(φ)
h̃µν −

2

A(φ)
gµνδA . (5.17)

where δA is the variation of the conformal factor; it is a function of the scalar field perturbation
δφ = δφ(r). The relationship between δA and δφ depends on the functional form of the conformal
factor. In the case of spontaneous scalarization δA = βAφδφ. The explicit relationships between
the individual metric perturbations are

H̃0 = A2(φ)H0 − 2AδA (5.18a)

H̃2 = A2(φ)H2 + 2AδA (5.18b)

K̃ = A2(φ)K + 2AδA (5.18c)
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h̃0,1 = A2(φ)h0,1 (5.18d)

We dropped the ℓm subscripts from H0, H2, K, h0, and h1 for readability and will continue to
do so throughout this work.

The complete set of perturbation equations needed to calculate the tidal deformability are laid
out in Appendix 5.B.

In general relativity, the full system of time-independent perturbed equations can be reduced
to one differential equation for each parity: one for the even parity tensor perturbation (H) and
one for the odd parity tensor perturbation (h). Scalar-tensor theories have an additional equation
for the scalar field, which is of even parity. The metric and the scalar field are decoupled in the
Einstein frame; therefore, the equations for H and δφ decouple. The Jordan frame perturbation H̃
depends on both H and δφ.

5.4 Neutron Star Tidal Deformability
We derive and compute the scalar-tensor tidal Love numbers and tidal deformabilities using the
method developed by [102] and extended in [107, 108].

Tidal deformabilities (e.g., λ) relate an applied external tidal field ( Eij...k) to the induced multi-
pole moment (Qij...k). To linear order in Eij...k, the tidal deformability is a proportionality constant
between the two [102] i.e.,

Qij...k = −λEij...k . (5.19)

Both Eij...ℓ and Qij...ℓ can be decomposed into tensor harmonics

Eij...k =
ℓ∑

m=−ℓ

EmY ℓm
ij...k(θ, ϕ) (5.20)

Qij...k =
ℓ∑

m=−ℓ

QmY
ℓm
ij...k(θ, ϕ) (5.21)

where Y ℓm
ij...k(θ, ϕ) are the even parity tensor spherical harmonics defined by [106]. This means that

the tensor relation in Eq. (5.19) can be expressed as a scalar relation

Qm = −λEm . (5.22)

To calculate λ it is sufficient to calculate one non-vanishing Em [102].
The external tidal field and the induced multipole moment affect space-time in and around the

neutron star. Outside the star, the large r behavior of the metric can be written in terms of Eij and
Qij [102, 109]. For example, the metric expansion for a spherically symmetric star of mass M in a
quadrupolar tidal field Eij for large r is

gtt = g0tt + htt = −
(
1− 2µ

r

)
+

3Qijn
inj

r3
+O(r−4)− Eijninjr2 +O(r3) (5.23)

where ni is the unit radial vector. The scalar tidal deformability is defined analogously to Eq. (5.19)
except that it relates an applied scalar field to an induced multipole moment of the scalar field.
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5.4.1 Electric Type Love Numbers

In general relativity, the electric or even parity Love numbers are calculated from the gtt = g
(0)
tt +htt

component of the metric and are based on a single, second order linear differential equation for
H = H0 = H2. However, in scalar-tensor theory, there are two types of even parity perturbations:
scalar and tensor. The even parity metric tidal Love numbers kℓ define how the body responds to a
change in the metric. The scalar tidal Love numbers κℓ define how the body responds to a change
in the applied scalar field. As the scalar field and the metric are not coupled in the Einstein frame, a
change in the matter field does not induce a scalar perturbation, and vice-versa1. The perturbation
equations for the tidal Love number calculation must be derived carefully to first order in either
the scalar perturbation or the metric perturbation but not both. This approach differs from previous
approaches in [121] and [124].

There are two master equations: one second order linear differential equation for the tensor
perturbation H = H0 = H2, which comes from the perturbation of the field equation Eq. (5.5a),
and one for the scalar perturbation δφ which comes from the scalar wave equation Eq. (5.5b).

While the differential equation for φ can be derived directly from the scalar wave equation (see
Eq. (5.89)), the differential equation for H is derived from the a system of equations Eqs. (5.83)
to (5.88) and is obtained by the following steps (which have been widely used in general relativity
[102, 107, 108]):

• Eq. (5.83) −→ H0 = H2 ≡ H

• Eq. (5.84) −→ Kr = Hr + νrH

• Eq. (5.85) −→ K ′′ = H ′′ + νrH
′ + νrrH

• Eq. (5.87) −→ δp = 1
2
(p+ ρ)H

• Eq. (5.88) −→ H ′′ + c1H
′ + c2H = 0

This gives

H ′′ +

(
2

r
+

1

2
(νr − λr)

)
H ′ −

(
eλ
l(l + 1)

r2
+

(
2µ

r(r − 2µ)
+ rψ2

)2
)
H = 0 (5.24)

δφ′′+
(2
r
+

1

2
(νr −λr)

)
δφ′+ eλ

(
− l(l + 1)

r2
δφ+16A3πα(3p− ρ)δA+4A4π(3p− ρ)δα

)
= 0 .

(5.25)
where a prime (’) denotes derivative with respect to r and λ refers to the metric function and not
the tidal deformability. In the case of spontaneous scalarization, Eq. (5.25) becomes

δφ′′ +
(2
r
+

1

2
(νr − λr)

)
δφ′ + eλ

(
− l(l + 1)

r2
+ 4A4πα(3p− ρ)(1 + 4αφ)

)
δφ = 0 . (5.26)

External to the star, Eqs. (5.24) and (5.26), reduce to

H ′′ +
2(r − µ)

r(r − 2µ)
H ′ −

(
eλ
l(l + 1)

r2
+
( 2µ

r(r − 2µ)
+ rψ2

)2)
H = 0 (5.27a)

1We thank Gastón Creci for his insights on this matter.
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δφ′′ +
2(r − µ)

r(r − 2µ)
δφ′ −

(
eλ
l(l + 1)

r2

)
δφ = 0 . (5.27b)

Eq. (5.27a) depends on the ψ, and so is coupled to the scalar wave equation (Eq. (5.5b)). As long
as ψ > 0, there is no analytical solution to Eq. (5.27a). Only approximate solutions exist at the
surface of the star (p̃ = 0) because ψ ̸= 0. Since φ asymptotically approaches a constant value
φ∞, the derivative ψ vanishes at large r. In this regime, Eq. (5.27a) has an exact solution. The
solutions to Eqs. (5.27a) and (5.27b) are

H = c1Q
2
ℓ

( r
µ
− 1
)
+ c2P

2
ℓ

( r
µ
− 1
)

(5.28a)

δφ = d1Qℓ

( r
µ
− 1
)
+ d2Pℓ

( r
µ
− 1
)
, (5.28b)

where Pm
ℓ and Qm

ℓ are associated Legendre functions of the first and second kind.
In order to determine c1, c2, d1, and d2, we match the asymptotic behavior of the two solutions

i.e.

H =
8

5
c1

(
r

µ

)−3

+O
((

r

µ

)−4
)

+ 3c2

(
r

µ

)2

+O
(
r

µ

)
(5.29a)

δφ =
2

15
d1

(
r

µ

)−3

+O
((

r

µ

)−4
)

+
3

2
d2

(
r

µ

)2

+O
(
r

µ

)
(5.29b)

to the expansion of and the scalar field and the gtt component of the metric (Eq. (5.23)) respectively.
This gives us c1, c2, d1, and d2 in terms of the tensor tidal deformability λ and the scalar tidal

deformability λs respectively. For example, in the ℓ = 2 case, we have

c1 =
15

8

1

µ3
λE , c2 =

1

3
µ2E (5.30)

d1 =
45

2

1

µ3
λE , d2 =

2

3
µ2E . (5.31)

By requiring continuity of the logarithmic derivatives

y =
rH ′

H
& w =

rδφ′

φ
(5.32)

and thus of H, δφ, and their derivatives at the surface of the star, it is possible to determine λ and
λs in terms of µ, r, and either y or w respectively. This is done by substituting ?? and Eq. (5.28a)
or ?? and Eq. (5.28b) into Eq. (5.32) and solving for λ or λ(φ).

The tidal Love numbers are connected to the tidal deformabilities by the following equations

kℓ =
(2ℓ− 1)!!

2
λR−(2ℓ+1) & κℓ =

(2ℓ− 1)!!

2
λsR

−(2ℓ+1) (5.33)

While this approach is sufficient to define λ, difficulty arises in numerically calculating λ and
kℓ because Eq. (5.28a) is only a solution to Eq. (5.27a) in the large r limit. It is not a solution near
the surface of the star where numerical matching is typically done. In this region, an exact solution
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does not exist. While there is not an exact solution, an approximate series solution to Eq. (5.27a)
can be constructed order by order in powers of r/µ. The leading order behavior of H is

H ≈ aℓ

(
r

µ

)ℓ

+ a−(ℓ+1)

(
r

µ

)−(ℓ+1)

(5.34)

However, the leading order solution alone is not accurate enough for our purposes. The solution to
Eq. (5.27a) is a linear superposition of the growing and diminishing solution with two coefficients
aℓ and a−(ℓ+1) which are determined by the boundary conditions.

To create a more accurate solution, we construct two series solutions by adding higher order
terms, one growing and one diminishing. From here higher order terms are added to construct a
solution with the form

H ≈aℓ
((

r

µ

)ℓ

+ α+
1

(
r

µ

)ℓ−1

+ α+
2

(
r

µ

)ℓ−2

+ ...+ α+
n

(
r

µ

)ℓ−n
)

(5.35)

+ a−(ℓ+1)

((
r

µ

)−(ℓ+1)

+ α−
1

(
r

µ

)−(ℓ+2)

+ α−
2

(
r

µ

)−(ℓ+3)

+ ...α−
n

(
r

µ

)−(ℓ+1+n)
)

For numerical purposes, the series is truncated at order n = 13. This ensures the series has
converged within 0.5%.

Note that H has only two degrees of freedom (aℓ,a−(ℓ+1)). All other constants, α+ and α−,
are functions of these two. The constants are determined by substituting one series solution, either
growing or decaying, into Eq. (5.27a) and solving for the coefficients order by order.

Lastly, by matching aℓ and a−(ℓ+1) to Eq. (5.23) and then substituting Eq. (5.35) into Eq. (5.32),
the approximate tidal deformability λ can be derived in the same method described above.

5.4.2 Magnetic Type Love numbers
The odd parity or magnetic Love numbers jℓ and their associated tidal deformabilities σl are func-
tions of the odd parity metric perturbation h−µν(h0, h1). The odd parity metric perturbations h0 and
h1 (Eq. (5.16)) are coupled only to the explicit fluid velocity perturbation U(r)Yℓm:

δuµ = [4πe−ν/2r2A4(ρ+ p)]−1
(
0, 0, ∂ϕYℓm(θ, ϕ), ∂θYℓm(θ, ϕ)

)
sin−1 θ U(r) . (5.36)

The odd parity metric perturbations can be constrained by three equations, which come from the
tϕ, rϕ, and θϕ components of the perturbation equations (see Eqs. (5.90) to (5.92)). There are
multiple approaches to the magnetic Love number in the literature, but two are worthy of note
[308]. The earliest two publications on magnetic tidal deformabilities [107, 108] have approaches
that are fundamentally different and whose results do not agree. The first approach developed by
Binnington and Poisson [108] assumes a strictly static fluid i.e., h0t = h1t = U = 0. The second
approach from Damour and Nagar [107] assumes an irrotational fluid. Instead of initially setting
h0t = h1t = U = 0, this approach calculates the full Regge-Wheeler equation and then takes the
static limit (ω → 0). Note that these approaches seem equivalent at a surface level but do not lead
to the same answer because the irrotational approach picks up a non-vanishing term from the fluid
velocity perturbation. This chapter lays out both approaches and clarifies the subtle differences
between them.
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Static Approach

In this section, we apply the static method derived in [108] to scalar-tensor theory; we assume that
the perturbations are strictly static i.e., h0t = h1t = U = 0 and consider the odd parity perturbation
equations Eqs. (5.90) to (5.92). Under this assumption, Eq. (5.91) becomes

h1 = 0 , (5.37)

and Eq. (5.92) becomes independent of h0 and constrains only h1.
The final remaining equation, Eq. (5.90), yields a second order differential equation for h0.

e−λh′′0 −
[
4πrA4(φ)(p+ ρ) + e−λrψ2

]
h′0 (5.38)

−
[ l(l + 1)

r2
− 4µ

r3
+ 8πA4(φ)(p+ ρ)− 2e−λψ2

]
h0 = 0 ,

where the prime (’) denotes a derivative with respect to r. This equation is consistent with Eq. B7
in [306].

In the region exterior to the star, µ(r) = µ and p̃ = ρ̃ = 0 and Eq. (5.38) takes on a simpler
form.

e−λh′′0 −
[ l(l + 1)

r2
− 4µ(r)

r3
− 2e−λψ2

]
h0 = 0 (5.39)

This equation differs from the general relativity equation by the factor of −2e−λψ2 [108].
Eq. (5.39) is now coupled to the scalar wave equation (Eq. (5.5)) and no longer has an exact
solution. This differs result from the f(R) results [121]. In f(R) theories φ approaches zero
as r → ∞, whereas in the theories considered here φ approaches a constant, non-zero value.
Rather than matching solutions at the surface, [121] matches the numerical solution to an analytical
solution at some rmatch, beyond which the ψ term can be neglected. rmatch is defined by the
Compton wavelength of the scalar field.

Since Eq. (5.39) is true for all r > rs, including the large r regime where r ≫ rs and ψ → 0,
there is an exact solution in the large r limit. This is sufficient to define the tidal Love numbers.
However, as was the case with the electric tidal deformability, there is no analytical solution at the
surface of the star. This solution can be approximated following the method laid out in Sec. 5.4.1
or a method similar to that used in the f(R) case.

Furthermore, the irrotational approach is considered more physically relevant than the strictly
static approach. As the irrotational case is more realistic and has an analytical solution, we will
focus on the irrotational approach [308–310].

Irrotational Approach

In the irrotational approach, which was initially presented in [107], it is assumed that the pertur-
bations have a standard e−iωt time dependence i.e. hi(r, t) = hi(r)e

−iωt.
Previous authors [107, 311–313] have noted that Eq. (5.92) can be solved for h0 in terms of h1

unless one assumes that h0t = 0 (for that case see Sec. 5.4.2).
Under this assumption, Eq. (5.92) can be rewritten as

h0t = e(ν−λ)/2(Ψr)′ (5.40)
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where Ψ is defined such that
h1 = e(λ−ν)/2Ψr . (5.41)

Assuming that h0(r, t) = h0(r)e
−iωt, Eq. (5.40) can be used to define h0:

h0 =
i

ω
e(ν−λ)/2(Ψr)′ . (5.42)

It is evident from this equation that h0 is not well defined in the ω → 0 limit [308]. Substituting
Eq. (5.42) and Eq. (5.41) into Eq. (5.90) gives the following master equation:

Ψ′′ +
eλ

r2
[2m+ 4πr3A4(p− e)]Ψ′ + eλ

[
e−νω2 +

6m

r3
− l(l + 1)

r2
+ 4πA4(p− ρ)

]
= 0 . (5.43)

This agrees with Equation 40 in [306].
Since it is assumed that the neutron star is static, we are interested in the ω → 0 limit. The

master equation becomes

Ψ′′ +
eλ

r2
[2m+ 4πr3A4(p− e)]Ψ′ + eλ

[6m
r3

− l(l + 1)

r2
+ 4πA4(p− ρ)

]
= 0 . (5.44)

Outside of the star, this equation simplifies further:

Ψ′′ + eλ
2m

r2
Ψ′ + eλ

[6m
r3

− l(l + 1)

r2

]
= 0 . (5.45)

Interestingly, this equation, unlike the static master equation (Eq. (5.38)), does not depend explic-
itly in φ or ψ. Therefore external to the star, the solution to Eq. (5.44) is known and identical to
the general relativity solution. All non-general relativistic effects arise from matching the internal
and external solutions at the surface of the star.

We briefly demonstrate the difference in the static and irrotational solutions in scalar-tenor
theory. The method presented in [308] is applied to the scalar-tensor problem.

Using the axial component of the stress-energy tensor conservation equation (Eq. (5.11)) and
assuming ω ̸= 0, one finds that

U(r) = −4πA3(ρ+ p)e−νh0 . (5.46)

Substituting Eq. (5.46) into Eq. (5.90) and then taking the ω → 0 limit, the following differential
equation for h0 is obtained

e−λh′′0 −
[
4πA4(φ)(p+ ρ)r + e−λrψ2

]
h′0 (5.47)

−
[ l(l + 1)

r2
− 4m

r3
− 8πA4(φ)(p+ ρ)− 2e−λφ2

r

]
h0 = 0 .

There is a sign change in the 8πA4(φ)(p + ρ) term between Eq. (5.38) and Eq. (5.47). The dif-
ference occurs because U(r) = 0 for the static approach and U(r) ̸= 0 in the irrotational case.
So while there is irrotational fluid motion in one case, the other has a completely static fluid. As
a result of this difference, the irrotational tidal Love numbers are negative while the static Love
numbers are positive.
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Returning to the main goal of this work, calculating jℓ and σℓ, we use the similarity between the
irrotational master equation and its general relativity counterpart to define the solution. Eq. (5.45)
has an exact solution of the form

ψext(R) = bpψp(R) + bqψq(R) = bpR
l+1 − bq

4
R3∂R

[
(R)−4F

(
l− 1, l+2; 2l+2;

2M

r

)]
(5.48)

where R = r/µ and F is a hypergeometric function. For l = 2, F is expressible in terms of simple
functions.

bq and bp are determined by the boundary conditions at the surface of the star. Since both ψ and
ψ′ are required to be continuous at the surface of the star, the logarithmic derivative yodd = rψ′/ψ
must also be continuous at the surface of the star.

jℓ and σℓ are therefore defined to be

jℓ ≡ −C2ℓ+1
ψ′
p(Rs)− Cyoddψp(Rs)

ψ′
q(Rs)− Cyoddψq(Rs)

(5.49)

and
σℓ =

ℓ− 1

4(l + 2)

jℓ
(2ℓ− 1)!!

C2ℓ+1 , (5.50)

where Rs = rs/µ and C is the compactness.
jℓ and σℓ are, at a glance, identical to their general relativity counterparts, but the scalar-tensor

and general relativity values differ because all non-general relativistic effects are contained in
the value of yodds calculated by integrating Eq. (5.44) along with the modified TOV equations
(Eq. (5.13)) inside the star.

5.5 Results

5.5.1 Electric Love Numbers
This section presents the electric tidal Love numbers and the associated tidal deformabilites and
compare them to the general relativity results. There are two degrees of freedom needed to define
a specific case of spontaneous scalarization: β and φ∞. β is constrained by binary pulsar exper-
iments to β < −5 at the 1σ level [314]. In this work we use several values of β to demonstrate
the results: β = −4.5,−5,−5.5,−6. Generally, we compare only the β = −4.5 and β = −6.
This gives us two sets of results, one conservative and one optimistic. The value of the scalar field
at infinity, φ∞, is tightly constrained by the Cassini experiment [315]. That experiment directly
constrains the Brans-Dicke parameter ωBD to be > 4× 104. The value of the scalar field at infinity
is related to the Brans-Dicke parameter by the equation

φ∞ =
2

|β|

√
π

3 + 2ωBD

. (5.51)

This constrains φ∞ to < 2.7 × 10−3 and < 2.0 × 10−3 for β = −4.5 and β = −6 respectively.
We use φ∞ = 10−3 for all results presented. Changing φ∞ to 2.0 × 10−3 increases the deviation
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from general relativity. Conversely, changing φ∞ to 10−4 decreases the deviation from general
relativity. These differences grow with increasing compactness and are less than 1% for the values
considered.

Using Eq. (5.28a) and Eq. (5.33), it is possible to define the tidal Love number in the large r
limit. The scalar tidal Love number can be similarly calculated.

The ℓ = 2 tidal Love numbers are defined as follows

k2 =
(
8(2C − 1)2C5(2 + 2C(y − 1)− y)

)
× (5.52a)[

5(2C(6 + C2(26− 22y)− 3y + 4C4(1 + y) + 3C(−8 + 5y)

+ C3(6y − 4))− 3(1− 2C)2(2 + 2C(y − 1)− y) ln[1− 2C])
]−1

κ2 =
(
4C5(2C − 1)(2C2w − 6Cw + 3w + 6C − 6)

)
× (5.52b)[

45(2C(C(12− 9w) + 3(−2 + w) + C2(−2 + 6w))

+ (−1 + 2C)(−6 + 6C + 3w − 6Cw + 2C2w) ln[1− 2C])
]−1

,

where y = rH ′/H and w = rδφ′/δφ.
y is traditionally evaluated at the star’s surface for numerical applications. However, Eq. (5.52a)

is not valid when r = rs. Close to the star ψ ̸= 0, and the solution to Eq. (5.27a) can only be
approximated. After constructing a series solution that is accurate to better than 0.5% for even
the largest values of ψ considered (see Sec. 5.4.1), we compared values from the exact solution
(Eq. (5.52a)) evaluated at the surface to the values of k2 calculated from the approximate solution.
The tidal deformabilities agreed to better than 3% for all values of β explored. The percent dif-
ference between the approximate and the exact values is strongly dependent on the compactness,
and increases with increasing compactness. In the cases where β ≤ −5, the difference between
the series and exact approaches remains less than the differences between scalar-tensor theory and
general relativity for the entire parameter space. For the case when β = −4.5, the difference
between approximate and exact solutions exceeds the difference between general relativity and
scalar-tensor theory for C ≈ 0.25, with the exact number depending on the EOS.

Figure 5.5.1 shows how the electric tidal Love numbers and tidal deformabilities differ in
scalar-tensor theory and general relativity. Three different equations of state are considered: FPS,
SLy, and MS1. These equations of state cover a wide range of stiffness and support a maximum
mass of > 1.8M⊙. FPS and SLy are both within constraints from analyses of GW170817 [2, 8].
However, as NICER results favor stiffer equations of state, we include MS1 [110, 191, 192, 251].

Fig. 5.5.1 plots the physical or Jordan frame values, which are related to their Einstein frame
counterparts by Eqs. (5.109) and (5.110).

λ̃2 and k̃2 are plotted against the neutron star’s compactness, in this case defined as the TOV
mass over the Jordan frame radius.

It is clear that the spontaneous scalarization effect can lead to significant deviations from the
general relativity tidal deformabilities. It is also clear that the deviations are strongly dependent
on the objects compactness and the coupling constant. For the case where β = −6, the tidal Love
number differs at most by ∼ 20 − 25% and the tidal deformability differs by ∼ 350%. The peak
occurs around C̃ ≈ 0.29, with the exact value varying by EOS. In the more conservative case where
β = −4.5, this reduces to ∼ 5% and ∼ 20% for the tidal Love number and tidal deformability,
respectively, and the peak occurs around C̃ ≈ 0.23.
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Figure 5.5.1: Panel (a) shows the ℓ = 2 Jordan frame tidal deformability as a function of compact-
ness, (b) shows the tidal Love number again as a function of compactness, (c) shows the percent
difference between the tidal deformability in scalar-tensor theory and general relativity as a func-
tion of the pressure at the center of the star, and (d) shows the percent difference between the tidal
Love numbers in scalar-tensor theory and general relativity as a function of the pressure at the
center of the star. The value of the scalar field at infinity φ∞ for all cases presented here is 10−3.
Three realistic nuclear equations of state (SLy, FPS, and MS1) are shown in black, blue, and red
respectively. In both figures the results for β = −6 and β = −4.5 are shown with dash-dot and
dotted linestyles. The purple line in (c) and (d) indicate the percent different between the analytical
and approximate approaches to calculating the tidal Love number and tidal deformability.

The tidal deformability curve for scalar-tensor theories has a different shape than those in
general relativity: a second peak appears. This peak is very small for the weak coupling case,
but for more negative coupling constants, there second peak is clear. This second peak is caused
by the spontaneous scalarization effect, which causes large deviations from general relativity in
conditions with strong gravitational fields [187, 316].

As the difference between scalar-tensor theory and general relativity is much greater than the
difference between the two methods of calculating kℓ, we consider Eq. (5.52a) evaluated at the
surface of the star to be sufficiently accurate for gravitational wave parameter estimation with
current detectors.

We show the Jordan frame ℓ = 2 scalar tidal Love numbers and tidal deformabilities in
Fig. 5.5.2. Scalar Tidal Love numbers will effect scalar gravitational wave emission [317]. We
find that scalar tidal deformabilities are much smaller than electric tidal deformability, around two
orders of magnitudes smaller even for strongly scalarized cases. Additionally, the scalar tidal de-
formabilites and tidal Love numbers depend strongly on the coupling constant, with strong scalar-
ization leading to negative scalar tidal love numbers.
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Figure 5.5.2: Panel (a) shows the ℓ = 2 Jordan frame scalar tidal deformability as a function of
compactness, (b) shows the scalar tidal Love number again as a function of compactness. The
value of the scalar field at infinity φ∞ for all cases presented here is 10−3. In both figures the
results for β = −6 and β = 4.5 are shown. Three realistic nuclear equations of state (SLy, FPS,
and MS1) are shown in black, blue, and red respectively. In both figures the results for β = −6
and β = −4.5 are shown with dash-dot and dotted linestyles.

The ℓ = 3, 4 tidal Love numbers are in Appendix 5.D.

5.5.2 Magnetic Love Numbers
This section presents the magnetic tidal Love number and the associated tidal deformabilites in
scalar-tensor theory and compare them to the general relativity results.

The exact equations for the magnetic tidal Love numbers jℓ and tidal deformabilities σℓ can be
determined by substituting Eq. (5.48) into Eq. (5.49) and Eq. (5.50).

The explicit equation for the ℓ = 2 or quadrupolar tidal Love number is

j2 =
(
96C5(2C − 1)(y − 3))

)
× (5.53)[

5(2C(12(y + 1)C4 + 2(y − 3)C3 + 2(y − 3)C2 + 3(y − 3)C − 3y + 9)

+ 3(2C − 1)(y − 3) ln(1− 2C))
]−1

where C = µ/rs is the Einstein frame compactness and y = yodd(rs) = rsΨ
′/Ψ is the logarithmic

derivative a the surface.
Fig. 5.5.3 shows the Jordan frame l = 2 love numbers and tidal deformabilities and the dif-

ference between the general relativity and scalar-tensor tidal effects. The Jordan frame values
are related to their Einstein frame counterparts by Eq. (5.101a) and Eq. (5.101b). The conformal
transformations are derived in Appendix 5.C.
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Figure 5.5.3: Panel (a) shows the absolute value of the magnetic ℓ = 2 Jordan frame tidal de-
formability as a function of the neutron star compactness, (b) shows the tidal Love number again
as a function of the neutron star compactness, (c) shows the percent difference between the per-
cent difference between the tidal deformability in scalar-tensor theory and general relativity as a
function of the pressure at the center of the star, and (d) shows the percent difference between the
tidal Love numbers in scalar-tensor theory and general relativity as a function of the pressure at the
center of the star. The value of the scalar field at infinity φ∞ for all cases presented here is 10−3.
Three realistic nuclear equations of state (SLy, FPS, and MS1) are shown in black, blue, and red
respectively. In both figures the results for β = −6 and β = −4.5 are shown with dash-dot and
dotted linestyles.

It is clear that tidal Love numbers and tidal deformabilities differ between general relativity
and scalar-tensor theory. For the optimistic case where β = −6, the tidal Love number has a
maximum deviation of ±12%and the tidal deformability has a maximum deviation of ∼ 200%.
This maximum deviation occurs at C̃ ≈ 0.22. In the more conservative case where β = −4.5, we
find that the peak occurs at C̃ ≈ 0.18 and the deviation changes to ∼ 1% and ∼ 15% respectively.

In general relativity empirical relationships between the ℓ = 2 dimensionless magnetic and
electric tidal deformabilities have been found [318]. The dimensionless magnetic tidal deforma-
bility Σ2 and the dimensionless electric tidal deformability Λ2 have a quasi EOS independent
relationship:

ln(−Σ2) =
5∑

n=0

an(lnΛ2)
n . (5.54)

We find that the scalar-tensor tidal deformabilities can be fit to a similar relationship, with the
coefficients depending on the value of β. Regardless of equation of state, R2 > 0.999 for all cases

There does not appear to be a similar relationship between the scalar deformability and the
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Figure 5.5.4: Quasiuniversal relations between the dimensionless magnetic tidal deformability Σ2

and the dimensionless electric quadrupolar tidal deformability Λ2. Only the irrotational magnetic
tidal deformability is shown in this figure. Three equations of state (SLY, FPS, and MS1) are
shown in different linestyles, but they are indistinguishable. In both figures the results for general
relativity, β = −4.5, and β = −6 are shown in black, red, and blue respectively.

Table 5.5.1: Fit Coefficients
Theory a0 a1 a2 a3 a4 a5

GR −1.99 4.51× 10−1 1.60× 10−2 6.51× 10−4 −1.07× 10−4 3.74× 10−6

β = −4.5 1.25 -3.46 1.76 −3.65× 10−1 3.66× 10−2 −1.41× 10−3

β = −5 -2.82 1.05 −2.10× 10−1 6.26× 10−2 −9.18× 10−3 4.93× 10−4

β = −5.5 -2.88 1.34 −3.53× 10−1 8.90× 10−2 −1.06× 10−2 4.64× 10−4

β = −6 -3.42 1.72 −4.11× 10−1 8.28× 10−2 −8.35× 10−3 3.20× 10−4

electric tidal deformability. The scalar tidal deformability depends very strongly on β and Λ(φ)/Λ
can take on very different shapes. It may be possible to construct a relationship between the
scalar deformability and the electric tidal deformability for a specific β but there is no general
relationship.

5.6 Discussion
This work presents the electric, magnetic, and scalar tidal Love numbers and tidal deformabilities.
We find that the electric and magnetic tidal effects may differ significantly from their general
relativistic counterparts (∼ 350 and ∼ 200 for electric and magnetic respectively). These large
deviations occur at larger compactnesses (∼ 2) and are caused by the spontaneous scalarization
effect. The exact deviation and the compactness where this maximum deviation occurs are EOS
dependent.

This paper approaches tidal effects through the lens of gravitational wave parameter estimation.
The mass-radius-tidal deformability relationships explored in this paper can be applied directly to
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GW parameter estimation of GWs from binary neutron star and neutron star-black hole systems.
The ℓ = 2 electric tidal deformability is the leading order tidal effect for gravitational waves. Given
that this number can vary by ∼ 350 between scalar-tensor theory and general relativity, it may be
necessary to take modified tidal effects into account when doing tests of general relativity using
gravitational waves from systems with neutron stars.

We present an analytical expression for the magnetic tidal Love numbers in scalar-tensor the-
ory for the first time. The results establish that the magnetic Love numbers are only implicitly
dependent on the scalar field and have an analytical solution. This is in agreement with Ref. [306],
which shows that the time-dependent perturbation equation is only implicitly dependent on the
scalar field. However this was discussed only in the context of perturbations and not of tidal Love
numbers.

The magnetic Love numbers in this paper can be compared to their f(R) counterparts because
f(R) theory and scalar-tensor theory are mathematically similar. When calculating tidal Love
numbers a difference arises in part due to the behavior of the scalar field at infinity. In f(R) theory,
the scalar field and its derivative go to zero at infinity, and the tidal deformability can be evaluated
at some distance away from the neutron star where both the scalar field and its derivative are
sufficiently small. This is different from the scalar-tensor theories considered in this paper where
the scalar field asymptotically approaches a constant. Additionally, the coupling function differs
between theories with A(φ) ∝ eαφ in f(R). Despite this, the perturbation equations inside the
star should agree when the correct substitutions for A(φ) and α(φ) have been made because they
are mathematically similar. However, our perturbation equation differs from Eq. (23) in [121].
Comparing the tidal Love numbers themselves, shown in Fig. 5.5.3, with the results from [121],
it is clear that the qualitative features seem to agree, with the deviation from general relativity
increasing with compactness. However, the difference between general relativity and scalar-tensor
theory are smaller than those between general relativity and f(R), at least for physically allowed
values of β and φ∞.

This paper also includes the even parity tidal Love numbers and tidal deformabilities. The
ℓ = 2 electric tidal Love numbers in scalar-tensor theory were initially presented in [124] in the
context of the so-called “I-Love-Q” relations. The methods in this paper differ significantly from
those in Ref. [124].

There are both metric and scalar perturbations in the even parity case, and the relationship
between them is not trivial. In the Einstein Frame, the metric tensor and the scalar field are not
coupled. As a change in the metric should not affect the scalar-field and vice-versa, it is important
to construct two independent first-order perturbation equations. One for the metric perturbation and
one for the scalar. This differs from the approach in [124], where the two even parity equations
are coupled. It is unsurprising, then, that Eqs. (5.24) and (5.25) are different from the equations
presented in [124]. The resulting tidal Love numbers must also differ. The definition for the
scalar tidal Love number in this paper also differs from that in [124]. [124] does not include a
source term in their definition of the scalar tidal Love number and we do. This is because they are
considering the perturbation in the scalar field produced by a change in the metric rather than by a
change in the scalar field. This paper also includes the ℓ = 3, 4 even parity Love numbers and tidal
deformabilities in Sec. 5.D, which have not been presented before.

The results demonstrate that tidal Love numbers and tidal deformabilities can differ signif-
icantly between scalar-tensor theory and general relativity. This is consistent with other results
in the literature, which show that tidal Love numbers in f(R) theory and scalar-Gauss-Bonnet
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gravity [121, 122] also differ significantly from their general relativistic counterparts. As grav-
itational waves emitted by neutron stars depend on the tidal deformability, it is essential to take
the changes in the mass, radius, and tidal deformability into account when studying gravitational
waves from neutron stars in theories beyond general relativity. The deviations from general relativ-
ity in the gravitational waves are smaller than or similar to the uncertainty in the tidal deformability
measurement. By taking the modified tidal deformability into account, the small deviations from
general relativity in the waveform can be more accurately determined.

Appendix

5.A Numerical Methods
This section lays out the numerical techniques used to calculate the mass, radius, and tidal de-
formability relations shown in Sec. 5.5, Figs. 5.5.1 to 5.5.3

First, the structure equations presented in Sec. 5.2 are solved numerically using Scipy’s solve ivp
with the ‘DOP853’ option, which is an eighth order Runge-Kutta method. To validate the results,
the ‘DOP853’ results are compared to those from the older odeint solver and solve ivp’s ‘RK45’
option, which is a Runge-Kutta solver that uses a fifth order accurate formula but calculates the ac-
curacy using the fourth order method [319]. Next, the perturbation equations are added to the TOV
solver, and the tidal deformabilities and Love numbers are calculated from Eqs. (5.49), (5.52a)
and (5.52b).

As discussed in Sec. 5.2, in scalar-tensor theories, the structure equations can be expressed
either in the Jordan Frame or the Einstein Frame. The code takes advantage of the relative simplic-
ity of the Einstein frame structure equations to numerically construct the neutron star model. The
Jordan frame quantities are calculated at the end of the code, using the Einstein frame values and
the conformal transformations in Appendix 5.C.

5.A.1 Background Configuration
For numerical integration, the equations need to be posed as first order ordinary differential equa-
tions of the form

y′i(x) = f(x, yi, y
′
i) . (5.55)

where x = r is the independent variable and y =M, ν, φ, ψ, and p are the dependent variables.
It is important to consider that the values of r,M, ν, ψ, and p may vary greatly in magnitude,

which can lead to numerical errors and instabilities. Codes often use scale factors to mitigate the
numerical errors. In [320] it is claimed that by choosing ρ = ρ0ρ̂, p = ρ0p̂,M = r0M̂ , and r = r0r̂
the form of the modified TOV equations remains unchanged so long as ρ0r20 = 1. However, this is
not the case.

This code uses a new set of scale factors. Specifically, we scale only ρ̃ and p̃ and not M or r.
With ρ = ρ̃0ρ̂ and p = p̃0p̂, we are able to lay out the structure equations used in the code:

dµ

dr
= 4πG∗r

2A4(φ)ρ̃0ρ̂+
1

2
r(r − 2µ)ψ2 (5.56a)
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dν

dr
= 8πG∗

r2A4(φ)p̃0p̂

r − 2µ
+ rψ2 +

2µ

r(r − 2µ)
(5.56b)

dφ

dr
= ψ (5.56c)

dψ

dr
= 4πG∗

rA4(φ)

r − 2µ

[
α(φ)(ρ̃0ρ̂− 3p̃0p̂) + rψ(ρ̃0ρ̂− p̃0p̂)

]
− 2(r − µ)

r(r − 2µ)
ψ (5.56d)

dp̂

dr
= − 1

p̃0
(ρ̃0ρ̂+ p̃0p̂)

[
4πG∗

r2A4(φ)p̃0p̂

r − 2µ
+

1

2
rψ2 +

µ

r(r − 2µ)
+ α(φ)ψ

]
(5.56e)

In order to solve these equations, the numerical solver requires initial conditions. In this case,
the initial conditions are defined near the center of the star (r ≈ 0). Due to numerical instabilities
at r = 0, the code starts at some small, but finite radius (e.g. r0 = 10−5 m). We used a convergence
test to ensure that r0 was sufficiently small and would not effect the final results.

We know that
µ(r = 0) = 0 (5.57a)

ν(r = 0) = 0 (5.57b)

ψ(r = 0) = 0 (5.57c)

and the initial pressure p varies. However, the scalar field is defined at infinity φ(∞) = φ0 and not
at r = 0. The shooting method is employed to convert the boundary value problem into a initial
value problem.

The process begins with an initial guess for φ(r = 0) = φc. The system of equations is
then integrated outward to the star’s surface, which is defined to be where the pressure vanishes
(p̃ = 0). The code then calculates the value of the scalar field at infinity φ∞ using the relationship
between φs, the value of φ at the surface, and φ∞. The connection between φs and φ∞ can be
found by solving the scalar wave equation outside of the star and matching the interior and exterior
solutions:

φ∞ = φs +
2ψs√

ν ′ 2s + 4ψ2
s

arctanh

(√
ν ′ 2s + 4ψ2

s

ν ′s + 2/rs

)
, (5.58)

where subscript s indicates values evaluated at the surface and the prime (’) denotes derivative with
respect to r.

The code then compares the calculated value of the scalar field at infinity φ∞ to the actual value
of the scalar field at infinity φ0. The parameter ∆φ = φ∞ − φc is calculated, and if ∆φ is greater
than some tolerance (here ∆φ ≤ 10−5), then the value of φc is updated and the process is repeated.
The process is repeated until the φ∞ agrees with φ0 within some tolerance. For a more in depth
discussion on the shooting method see, for instance, [321].

In order to solve the TOV equations, it is necessary to provide an EOS p̃(ρ̃) which relates the
Jordan frame pressure and density. In this work, we consider a variety of EOSs. All EOSs are
defined in the physical frame. In order to include realistic EOSs, our code takes in EOS data from
external data files. The code obtains the density at any point by taking the given pressure and the
data from the file and interpolating.

The Sly [322], FPS [323], and MS1 [324] EOS are considered because they are commonly
used in literature and useful for comparison with previous results [85, 325].
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5.A.2 Tidal Deformability
The definitions of the tidal deformabilites were derived in Sec. 5.5, now we focus on calculating
them. First, we must integrate the perturbation equations for H,Ψ, and δφ along with the scalar-
tensor TOV equations. The initial value problem solver requires that we recast the second order
differential equations Eqs. (5.24), (5.26) and (5.44) into first order differential equations. There are
two ways to do this. One, any second order differential equation can be recast as a system of two
first order differential equations. Two, a single first order differential equation for the logarithmic
derivative (e.g. y = rH ′/H) can be obtained from the original equation. Both approaches are
valid. As the definitions of the tidal deformabilities and tidal love numbers Eqs. (5.49), (5.52a)
and (5.52b) depend on the logarithmic derivative, we recast Eqs. (5.24), (5.26) and (5.44) into first
order differential equations for the logarithmic derivative. These equations now have form:

dy(r)

dr
= −1

r

(
y2(r) + y(r)F (r) + r2Q(r)

)
(5.59)

For the magnetic perturbations

F (r) =

(
1− 2µ

r

)−1(
2µ

r
+ 4πA4(φ)r2(p̃− ρ̃)

)
− 1 (5.60a)

r2Q(r) =

(
1− 2µ

r

)−1(
ℓ(ℓ+ 1)µ

r
+ 4πA4(φ)r2(p̃− ρ̃)− 6

)
(5.60b)

For even parity tensor perturbations

F (r) =

(
1− 2µ

r

)−1 (
1 + 4πA4(φ)r2(p̃− ρ̃)

)
(5.61a)

r2Q(r) =

(
1− 2µ

r

)−1(
−ℓ(ℓ+ 1) +

4πA4(φ)r2(p̃+ ρ̃)

dρ/dp
+ 4πA4(φ)r2(9p̃+ 5ρ̃)

)
(5.61b)

−
((

1− 2µ

r

)−1

(2µ+ 8πA4(φ)r3p̃) + r3ψ2

)2

For the scalar perturbations

F (r) =

(
1− 2µ

r

)−1 (
1 + 4πA4(φ)r2(p̃− ρ̃)

)
(5.62a)

r2Q(r) =

(
1− 2µ

r

)−1 (
4πA4(φ)r2(1 + 4φα(φ))β(3p̃− ρ̃)− ℓ(ℓ+ 1))

)
(5.62b)

The initial conditions are
yeven(r = 0) = 2 (5.63a)

yscalar(r = 0) = 2 (5.63b)

yodd(r = 0) = 3 (5.63c)

The values of yodd, yeven, and yscalar at the surface are then determined, and the Love numbers
can be calculated. Lastly, the Jordan frame values are calculated using then conformal transforma-
tion derived in appendix 5.C.
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5.B Perturbation Equations

5.B.1 Perturbed Energy-Momentum Tensor
In this section of the appendix, the exact forms of the fluid stress-energy tensor perturbations are
given. Subscripts are used to denote derivatives.

The pressure and density perturbations are defined in the physical frame to be δp̃(r)Yℓm and
δρ̃(r)Yℓm. The fluid velocity and its perturbations are also written in the Jordan frame. In the case
of static tides, the fluid velocity perturbation is generally a function only of the metric perturbations
and does not have explicit velocity perturbations. Furthermore, as the tides are static, the total
perturbed four velocity has the form:

ûµ = uµ + δuµ = (û0, 0, 0, 0) (5.64)

where the tilde has been dropped for readability. The time component of ûµ differs from uµ because
the perturbed metric differs from the unperturbed metric.

The even parity velocity perturbations are

δũt = − 1

2A
e−ν/2H0Yℓm (5.65a)

δũi = 0, i = 1, 2, 3 (5.65b)

While time independent perturbations do not depend explicitly on fluid velocity perturbations,
the time-dependent equations do. The two methods presented in Sec. 5.4.2 differ in the way
that the fluid velocity term U(r) is treated. In both cases, the explicit dependence vanishes, but
their results differ because of how they treat this term. The time-dependent odd parity velocity
perturbations are

δũϕ =
eν/2U(r)e−iωt

4πA4(φ)(p̃+ ρ̃)
csc θ∂θYℓm (5.66a)

δũν = 0, ν = 0, 1, 2 (5.66b)

The components of ûµ are calculated by lowering the contravariant four-velocity ûµ with the total
metric gµν = (g0µν + hµν).

Additionally the perturbed matter stress-energy tensor depends on the the Eulerian fluid per-
turbations: δρ̃(r)Yℓm and δp̃(r)Yℓm respectively. We assume a barotropic EOS, and so

δρ̃ =
∂ρ̃

∂p̃
δp̃ . (5.67)

Using these definitions and assuming that by symmetry ∂ϕYℓm = 0, the non-zero components of
the perturbed matter stress-energy tensor are as follows:

δT t
t = −

(
4A3(φ)ρ̃δA+ A4(φ)δρ̃

)
Yℓm (5.68)

δT t
ϕ = −

(
A4(φ)ρ̃h0 +

A(φ)

4π
eνU

)
sin θ∂θYℓ (5.69)
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δT r
r =

(
4A3(φ)p̃δA+ A4(φ)δp̃

)
Yℓm (5.70)

δT r
ϕ = A4(φ)p̃ h1 sin θ∂θYℓm (5.71)

δT θ
θ =

(
4A3(φ)p̃δA+ A4(φ)δp̃

)
Yℓm (5.72)

δT ϕ
t = −

(
A4(φ)ρ̃h0 +

A(φ)

4π
eνU

)
sin θ∂θYℓ (5.73)

δT ϕ
r = A4(φ)p̃ h1 sin θ∂θYℓm (5.74)

δT ϕ
ϕ =

(
4A3(φ)p̃δA+ A4(φ)δp̃

)
Yℓm (5.75)

The nonzero components of the perturbed energy momentum tensor for the scalar field T (φ)
µν

have the following form

δT
(φ)
00 = −2eν−λ[Hψ2 − ψδφ′]Yℓm (5.76)

δT
(φ)
03 = −eλψ2h0 sin θ∂θYℓm (5.77)

δT
(φ)
11 = 2ψδφ′Yℓm (5.78)

δT
(φ)
12 = 2ψδφ∂θYℓm (5.79)

δT
(φ)
13 = −e−λψ2h1 sin θ∂θYℓm (5.80)

δT
(φ)
22 = r2e−λ[(H −K)ψ2 − 2ψδφ′]Yℓm (5.81)

δT
(φ)
33 = r2e−λ[(H −K)ψ2 − 2ψδφ′] sin2 θYℓm (5.82)

5.B.2 Equations for Even Parity
The following equations are derived from the even parity metric perturbation equations. The first
six come from perturbing the Einstein equation: Eq. (5.5).

• Eq 5.83 is δG2
2 − δG3

3 = 8πG∗(δT
2
2 − δT 3

3 ) + (δT
(φ)2
2 − δT

(φ)3
3 )

• Eq 5.84 is δG2
1 = 8πG∗δT

2
1 + δT

(φ)2
1

• Eq 5.85 is ∂r
(
δG2

1 = 8πG∗δT
2
1 + δT

(φ)2
1

)
• Eq 5.86 is δG1

1 = 8πG∗δT
1
1 + δT

(φ)1
1

• Eq 5.87 is δG2
2 + δG3

3 = 8πG∗(δT
2
2 + δT 3

3 ) + (δT
(φ)2
2 + δT

(φ)3
3 )

• Eq 5.88 is δG0
0 − δG1

1 = 8πG∗(δT
0
0 − δT 1

1 ) + (δT
(φ)0
0 − δT

(φ)1
1 ).
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H0 = H2 (5.83)

K ′ = H0,r + ν ′H0 − 4ψδφ (5.84)

K ′′ = H ′′
0 + ν ′′H0 + ν ′H0,r − 4ψ′δφ− 4ψδφ′ (5.85)

(l(l + 1) + 2)K =
(
l(l + 1)− 2e−λ(1 + rν ′ − r2ψ2)

)
H0 − 2e−λrH0r (5.86)

+ e−λr(2 + rν ′)K ′ − 16πA4(φ)r2δp̃

16πA4(φ)r2δp̃ =e−λ

(−4 + rλ′ − 3rν ′

2r

)
H0r + e−λ

(
4− rλ′ + rν ′

2r

)
K ′ (5.87)

− e−λH0rr + e−λK ′′ − e−λ

(
4rψ2 − (λ′ − ν ′)(2 + rν ′) + 2rν ′′

2r

)

e−λK ′′ − e−λ

(−4 + r(λ′ + ν ′)

2r

)
K ′ +

(
e−λr(λ′ + ν ′ − 2rψ2)− l(l + 1)

r2

)
H0 (5.88)

= −8πA4(φ)

(
1 +

dρ

dp

)
δp

The equation for the scalar perturbation δφ is derived by perturbing scalar wave equation
Eq. (5.89)).

δφ′′ =

(−4 + rλ′ − rν ′

2r

)
δφ′ + eλ

l(l + 1)

r2
δφ+ 16πA3(φ)eλα(ρ̃− 3p̃)δA+ 4πA4(φ)eλ(ρ̃− 3p̃)δα

(5.89)

5.B.3 Equations for Odd Parity
The static and irrotational methods used in this paper differ in their treatment of time deriva-
tives. Even though the tidal Love numbers themselves are time-independent, we present the time-
dependent equations in this section.

Combining the δGµν with the matter stress-energy tensor and scalar stress-energy tensor terms
results in the following three equations:

• Equation 5.90 is δGtϕ = 8πδTtϕ + T
(φ)
tϕ

• Equation 5.91 is δGrϕ = 8πδTrϕ + T
(φ)
rϕ

• Equation 5.92 is δGθϕ = 8πδTθϕ + T
(φ)
θϕ
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e−λ(h0rr − h1rt)−
2e−λ

r
h1t +

[
4πrA4(φ)(p+ ρ) + e−λrψ2

]
(h1t − h0r) (5.90)

− 1

r3

[
l(l + 1)r − 4m+ 8πA4(φ)(p+ ρ)r3 − 2r3e−λψ2

]
h0 − 4A(φ)eνU = 0

e−ν(h0rt − h1tt)− 2
e−ν

r
h0t −

[
l(l + 1)− 2

r2

]
h1 = 0 (5.91)

e−νh0t −
1

r2

[
2m− 4πr3A4(φ)(ρ− p)

]
h1 − e−λh1r = 0 (5.92)

5.C Conformal Transformations
The tidal Love numbers in this paper were derived in the Einstein frame; however, as experiments
measure Jordan frame quantities, it is necessary to obtain the Jordan frame quantities using a
conformal transformation. We assume here that the Jordan frame metric g̃µν is related to the
Einstein frame metric gµν by a conformal factor A(φ):

g̃µν = A2(φ)gµν , (5.93)

where A(φ) = e
1
2
βφ2

. By construction, the Einstein frame metric is asymptotically flat. This
implies that

g̃µν → A2(φ)ηµν . (5.94)

where ηµν = diag(−1, 1, 1, 1) is the Minkowski metric. As the Jordan frame metric is also asymp-
totically flat or Minkowskian, the r̃ and t̃ components must be related to their Einstein frame
counterparts in the following way: r̃ = A(φ)r and t̃ = A(φ)t. Furthermore, the effective gravita-
tional constant G̃ is no longer a constant in the Jordan frame and is not necessarily equal to the bare
gravitational constant G which appears in the Einstein frame equations. The relationship between
the two is known [182]:

G̃ = eβφ
2
∞

[
G+

βφ2
∞

4π

]
. (5.95)

We need the conformal transformations for the perturbations between the two frames to trans-
form the tidal Love numbers and tidal deformabilities from the Einstein frame to the Jordan frame.
These are presented in Sec. 5.3.

5.C.1 Magnetic
The odd parity perturbation in the Einstein frame h0 is related to the odd parity perturbation in the
Jordan frame by

h̃0 = A2(φ)h0 . (5.96)

From the definition of Ψ (Eq. (5.41)), it is straightforward to show that it transforms as

Ψ̃(r̃) = A2(φ)Ψ(r) . (5.97)
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To properly define the magnetic tidal deformability in the Jordan frame, Ψ̃ must have the same
leading order behavior as Ψ i.e.

Ψ̃ext(R̃) = b̃pR̃
ℓ+1 + b̃qR̃

−ℓ (5.98)

where R̃ = r̃/µ̃ = A2(φ)r/µ. Eqs. (5.97) and (5.98), can be used to relate b̃q,p to their Einstein
frame counterparts:

b̃p = A−4(φ)bp & b̃q = A6(φ)bq . (5.99)

The Jordan frame tidal Love number j̃ℓ is defined to be

j̃ℓ = C̃2ℓ+1 b̃q

b̃q
. (5.100)

From Eqs. (5.99) and (5.100) it follows that

j̃ℓ = jℓ (5.101a)

σ̃ℓ =
(
A2(φ∞)

)2ℓ+1
σℓ (5.101b)

5.C.2 Electric
To transform the scalar Love number between frames, it is only necessary to know the relationship
between the scalar field in the Einstein (φ) and Jordan frames (ϕ)

ϕ = e−βφ2

. (5.102)

By perturbing this equation, the relationship between the Jordan frame tidal deformability λϕ and
it’s Einstein frame counterpart λφ can be derived:

λϕ =
(
A2(φ∞)

)2ℓ+1
λφ. (5.103)

The tidal Love numbers are related by
κϕ = κφ. (5.104)

In the case of the even parity tensor tidal Love number, the transformation between frames is
more complex due to mixing of the scalar and tensor perturbations. The relationship between the
even parity metric perturbations in the two frames is constrained by the choice of gauge. Taking
equation relating the time-time component of the metric perturbation in the Jordan frame H̃ to the
Einstein frame metric perturbation H and the Einstein frame scalar perturbation δφ from Sec. 5.3,
we have

H̃ = A2(φ)H − 2A(φ)δA . (5.105)

In the spontaneous scalarization case, this becomes

H̃ = A2(φ)(H − 2βφδφ) . (5.106)

109



Combining this with the leading order behavior of the perturbations, which are known to be

H = −Eijr2 +O(r) +
3Qij

r3
+O(r−4) (5.107)

= −Eijr2 +O(r)− 3λEij
r3

+O(r−4)

it is possible to define the Jordan frame tidal deformabilty λ̃J :

λ̃J =
A2ℓ+1(φ∞)(λEEE

ij − 2βφ∞λφEφ
ij)

EE
ij − 2βφ∞Eφ

ij

(5.108)

where E denotes Einstein frame tensor quantities and φ denotes Einstein frame scalar quantities.
From this equation, it is clear that the Jordan frame tidal deformability is related linearly to the
even parity scalar and tensor tidal deformabilities. The exact relationship is

λ̃J = A2ℓ+1(φ∞)(λE + λ(φ)) . (5.109)

Finally, we determine the tidal Love numbers to have the following relationship

k̃ℓ = kℓ + κℓ (5.110)

5.D Higher Order Love numbers
Using Eq. (5.28a), Eq. (5.28b), and the methods presented in Sec. 5.4.1, we determine the equa-
tions for the ℓ = 3, 4 tidal Love numbers and tidal deformabilities at large r.

The ℓ = 3, 4 even parity tensor tidal Love numbers are defined as

k3 =8(1− 2C)2C7(−3− 3C(−2 + y) + 2C2(−1 + y) + y)× (5.111)[
7(2C(15(−3 + y) + 4C5(1 + y)− 45C(−5 + 2y)− 20C3(−9 + 7y) + 2C4(−2 + 9y)+

5C2(−72 + 37y)) + 15(1− 2C)2(−3− 3C(−2 + y) + 2C2(−1 + y) + y) ln(1− 2C))
]−1

k4 =32(1− 2C)2C9(−7(−4 + y) + 28C(−3 + y)− 34C2(−2 + y) (5.112)

+ 12C3(−1 + y))×
[
147(2C(C2(5360− 1910y) + C4(1284− 996y)− 105(−4 + y)

+ 8C6(1 + y) + 105C(−24 + 7y) + 40C3(−116 + 55y) + C5(−8 + 68y))

+ 15(1− 2C)2(−7(−4 + y) + 28C(−3 + y)− 34C2(−2 + y) + 12C3(−1 + y)) ln(1− 2C))
]−1

and the scalar tidal Love numbers are

κ3 =12C7(−1 + 2C)(−5(−3 + w) + 15C(−2 + w)− 12C2(−1 + w) + 2C3w)× (5.113)[
175(−2C(C2(96− 71w)− 15(−3 + w) + 15C(−9 + 4w) + C3(−6 + 22w))

+ 3(−1 + 2C)(−5(−3 + w) + 15C(−2 + w)− 12C2(−1 + w) + 2C3w) ln(1− 2C))
]−1
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κ4 =(64C9(−1 + 2C)(35(−4 + w)− 140C(−3 + w) + 180C2(−2 + w) (5.114)

− 80C3(−1 + w) + 8C4w))×
[
3675(−2C(105(−4 + w)− 190C3(−4 + 3w)−

105C(−16 + 5w) + 4C4(−6 + 25w) + 10C2(−206 + 89w)) + 3(−1 + 2C)(35(−4 + w)−

140C(−3 + w) + 180C2(−2 + w)− 80C3(−1 + w) + 8C4w) ln(1− 2C))
]−1

.
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6 | Conclusion and Outlook

The work presented in this thesis expands our understanding of neutron stars, nuclear matter, and
general relativity, explores the capabilities of both current and future gravitational wave detectors,
and forms a foundation for future studies of alternate theories of gravity.

Neutron stars are arguably the most fascinating astrophysical objects in the modern, multi-
messenger era as they emit gravitational waves, neutrinos, and electromagnetic radiation at differ-
ent stages of their lives. GW170817 and its electromagnetic counterpart have been the subject of
numerous studies for this reason. This work starts by exploring what multi-messenger information
from GW170817 and its electromagnetic counterpart can teach us about neutron stars and nuclear
matter. Chapter 2 presents a novel, genuinely multi-messenger approach to studying GW170817
that combines gravitational wave data, electromagnetic data, and state-of-the-art nuclear theory.
We improved the measurement of neutron star radii by a factor of approximately two and provided
new constraints on neutron star tidal deformability. The radius constraint also enabled us to predict
the future behavior of neuron star-black hole mergers.

There are only two observed binary neutron star mergers thus far, but more will be detected as
current detectors are upgraded and new detectors come online. By applying the multi-messenger
approach from this paper to future events we will improve our knowledge of neutron stars. Even if
a binary neutron star merger has no electromagnetic counterpart, as was the case with GW190425
[250], applying the parameter estimation method from Chapter 2 will allow scientists to constrain
neutron star properties better than previous methods.

LIGO-Virgo announced the detection of two neutron star/black hole systems (GW200105 162426
and GW200115 042309) for the first time in 2021 [18]. As was predicted in Chapter 2, neither
one of these mergers has an electromagnetic companion, and they can only be studied with grav-
itational waves. Early research established that the gravitational wave data alone could not prove
that the smaller objects in these two mergers were neutron stars. Even GW170817 did not have
sufficient gravitational wave evidence to prove that the event was a binary neutron star merger
rather than a binary black hole merger. This leads to a question: under what circumstances can we
tell a neutron star from a black hole? That is one of the main questions explored in this thesis and
the focus of Chapter 3.

We show that distinguishing neutron stars from black holes is difficult using a gravitational
waves. We apply the parameter estimation method developed in Chapter 2 and find that there is
little chance of our current detectors or their upgrades being able to distinguish a neutron star-
black hole merger from a binary black hole merger. Distinguishing these two types of systems
will almost certainly require third-generation detectors, and events like GW190814 with objects
in the mass gap will remain a mystery until then. These results demonstrate the importance of the
Einstein Telescope and Cosmic Explorer 1 and 2.
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We acknowledge that all current studies of future detectors, including the one in this thesis,
are limited by the existing waveform approximants. Therefore, we look forward to improvements
in gravitational waveform modeling and being able to study the capabilities of third-generation
detectors more accurately.

While studying neutron stars is fascinating and an important scientific goal, it is only one of
the many uses of gravitational wave data. LIGO data is also useful for tests of general relativity
in the strong-field regime. The literature contains many tests of general relativity using gravita-
tional wave data [111–117]. However, the birefringence phenomenon has been largely overlooked.
Birefringence occurs when the left- and right-hand gravitational wave polarization modes differ. It
arises from the effective field theory extension of general relativity.

In this thesis, we test for birefringence on the most up-to-date gravitational wave catalog [190].
4-OGC includes two neutron star-black hole mergers, two binary neutron star mergers, and more
than eighty binary black hole mergers. While the overwhelming majority of events are consis-
tent with general relativity, there is evidence of birefringence in the two most massive events:
GW190521 and GW191109 010717. GW190521 has been the subject of numerous studies, sug-
gesting that GW190521 could be as straightforward as an elliptical binary or as exotic as a proca
star merger. While the findings presented in this thesis do not conclusively prove the existence of
birefringence or other physics beyond general relativity; they indicate that further studies of high
mass events are critical and lend strength to the idea that there is something outside the standard
binary black hole merger model in the data. We must rely on future events to learn more. As
the catalog of compact binary mergers grows, we will continue to explore the data, testing for
birefringence and other interesting phenomena such as the presence of scalar or vector modes.

There are many ways to test general relativity using gravitational waves, and some of these use
data from neutron star mergers. However, the exact properties that make neutron stars interesting
make them tricky subjects for tests of general relativity. The nuclear equation of state affects
the gravitational wave strain through the tidal deformability. Current tests of general relativity,
including the one presented in Chapter 4, use general relativistic tidal deformabilities.

It is necessary to understand how tidal effects differ between general relativity and alternative
theories because the uncertainty of the tidal deformability measurement is considerable. The un-
certainty is the same as or larger than any expected deviation from general relativity. Therefore,
analyses that neglect to include changes in the tidal effects may fail to identify deviations from
general relativity because the deviations are hidden by the tidal uncertainties.

We derive the magnetic and electric tidal ℓ ≥ 2 Love numbers of neutron stars in scalar-
tensor theory in Chapter 5 of this work and expand the limited research on tidal Love numbers
beyond general relativity. The results indicate that analyses using incorrect Love numbers may
have significant bias or error because tidal deformabilities can differ significantly between general
relativity and alternative theories such as scalar-tensor theory.

The altered relationships between mass, radius, and tidal deformability computed in this work
are designed to be used in gravitational wave parameter estimation. We plan to apply these results
to GW170817 data and perform Bayesian parameter estimation and model selection. The goal
of such a study is to demonstrate how the modified tidal deformabilities can effect the results of
Bayesian analysis. This research is limited to scalar-tensor theory at this point in time, but the
lesson holds for other alternative theories: modified tidal effects cannot be neglected.

This thesis demonstrates the value of gravitational wave data and deepens our understanding
of nuclear physics and general relativity. There are currently only seven years of gravitational
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wave data available, and our knowledge will improve as more data accumulates and detectors are
upgraded and built. This thesis provides the groundwork for future studies and demonstrates that
future detectors and observations are essential for studying neutron stars and general relativity. The
work contained herein is part of the beginning of a long and exciting journey towards understanding
our universe through the lens of gravitational waves.
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