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Abstract: We provide a rigorous lattice approximation of conformal field theories given
in terms of lattice fermions in 1+1-dimensions, focussing on free fermion models and
Wess—Zumino—Witten models. To this end, we utilize a recently introduced operator-
algebraic framework for Wilson—Kadanoff renormalization. In this setting, we prove
the convergence of the approximation of the Virasoro generators by the Koo—Saleur
formula. From this, we deduce the convergence of lattice approximations of conformal
correlation functions to their continuum limit. In addition, we show how these results
lead to explicit error estimates pertaining to the quantum simulation of conformal field
theories.
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1. Introduction

A rigorous mathematical formulation of quantum field theory (QFT) is one the central
challenges for the new millennium [82]. A variety of approaches to build arigorous theory
of QFT have been employed throughout the past decades and have lead to deep results
and insights—from constructive QFT [37,38,86] to algebraic QFT [3,47,64], vertex
operator algebras (VOAs) [6,31,32,89], and beyond [45,46,81]. However, a completely
satisfactory mathematical theory of QFT is still yet to be obtained. For this reason a
proof of the rigorous existence of (and mass gap for) Yang-Mills theory was selected as
one of the Clay maths prize problems.

Several key difficulties to obtaining a rigorous formulation of QFT are already epit-
omized by 1 + 1-dimensional gapless quantum field theories, in particular, conformal
field theories (CFTs) where a variety of constructions and classifications results has been
obtained [4,12,13,16,21,26,33,58,91].

A natural strategy to prove the existence of such a theory is to somehow realize
it as the limit of a sequence of discretized approximations (see [11,52-54,59,71] for
recent attempts in a Hamiltonian setting), or lattice models, on finite spatial lattices
AN = eny{—Lny,—Lny+1,...,Ly —2,Ly — 1} C enZ, where L = enry is the
length of the system. Associated to each lattice site x € Ay is a quantum degree of
freedom, typically modeled by a Hilbert space H,, so that one assigns the total Hilbert

space Hy C ®Xe An ‘H, to the system1 . One requires, further, a Hamiltonian HSN) for
each discretization

(N) _ L N
HO = ;81\/ Z h)(c )7

xeAy

which is a sum of self-adjoint operators h)(CN) on Hy with finite support centered on x.
A key additional ingredient that must be specified is a C*-algebra 2(y (considered as
a subalgebra of the bounded operators B(Hy) on Hy) of basic observables or fields,
corresponding to discretizations of their potential continuum counterparts. Given this
data the task is to assign mathematical meaning to the scaling limit of {2y, Hy, HéN)}.

A multitude of challenges must be overcome to realize this limit, in particular: (a)
specifying the mathematical data to compare the discretizations with differing lattice size

! In the cases considered in this paper the total Hilbert space is provided by fermionic Fock space Fa(hy)
based on a one-particle space by for a particle with spin hopping on A y, which can be realised as subspace
of a direct sum of tensor products of smaller Hilbert spaces.
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(and hence the topology for the limit); (b) identifying the correct lattice Hamiltonians
for a target QFT; (c) proving the convergence of the sequence; and (d) proving that the
requisite symmetry groups of the QFT are realized via projective unitary representations
on the limit space. The recovery of expected continuum symmetries, i.e., requirement
(d), typically poses severe difficulties (see [17,23,51,83] for major advances in two-
dimensional critical lattice models in the Euclidean framework).

The recently introduced operator-algebraic renormalization (OAR) [11,69,85] sup-
plies a novel approach to defining, and proving the existence of, the above limit in
Hamiltonian approach, thus overcoming the four challenges outlined in the previous
paragraph. To do this one introduces the following additional structures:

e Refining quantum channels, which are unital completely positive (ucp) maps, « % 4
Ay — An+1, connecting the observable algebras between the different scales. These
induce dual coarse-graining trace-preserving completely positive (tpcp) maps € 11\\,’ +
between the state spaces, or density matrices respectively preduals, B(Hy+1)« —
B(Hp)x, in the ultraweakly continuous case. Here, B(H ).« denotes the predual on

B(Hy), i.e. the trace-class operators on Hy .

e a sequence of initial (bare) states a)( )

(N)

on the algebras 2(y, possibly given by

(N)

a density matrix p; ° € B(Hy)«, which are renormalized according to w,,” =

(N+M)
© O[N+M

The scalmg limit is then obtained via the Gelf’and-Naimark-Segal (GNS) construc-
tion? {H oo, oo, o0} applied to the inductive limit Ao, = h_r)n N Ay and scaling-limit

(N)

state weo’ = limpy— o a)g) (the existence of the latter usually requires the imposi-

tion of additional renormalization conditions on the sequence ‘00 )) The convergence

H(N)

of Hamiltonians — H is considered in terms convergent operator sequences

limps— 0 lim supyy _, o | Hy ) _ % (HéM) )|« in a suitable operator topology (or their
associated unitary respectlvely automorphism groups) [22]. It is important to note that
this convergence is a direct extension of the convergence that describes the inductive-
limit algebra A, i.e., each element O € A is the limit of a convergent sequence Oy
in the sense that:

11m lim sup ||Ox — a¥ (Op)llc+ = 0.
—0 No>oo

To obtain a (full) CFT via an OAR scaling limit one needs to realize the infinite-
dimensional conformal group of symmetries via projective unitary representations on
the limit space. This requires the additional identification of a discretized family of
generators corresponding to the Virasoro algebra with central charge c [21],

[Li L) = %k = K) Lt + 8.0 15 (50 (507 = 1,
[Li L) = %k = K) Lt + 8.0 15 (50 (507 = 1),
[Li, L] =0.

Such a family is furnished by the Koo-Saleur (KS) approximants [60]

N) _ 1), ey N) 1y (N)
Ly _2<H’< +2Lsin<%eNk)[Hk » Ho ])

2 Informally, this means that the continuum Hilbert space and its inner product are reconstructed from the
correlation functions of the basic observables 2( in the scaling limit weo.
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L/({N) _ 2(H<N> ey [HYZ), H(N)])
2L sin(5enk)

where the lattice hamiltonian Fourier modes are given by

H(N) Z ethh(N)

xeAN

with k € T'y in the dual lattice. The inductive family of ucp maps a% 4] must be
carefully chosen to ensure the existence of (meaningful) scaling limits (interestingly the
inductive-limit algebra is somewhat insensitive to the specific realization of each map
[5]). We focus on two classes (and their combination): a real-space renormalisation group
based on wavelets and their scaling functions [20] which explicitly maintains locality
of the algebra and a momentum-space renormalisation group based on a sharp cutoff in
momentum space. With this preliminary data in hand we turn now to a summary of the
main results.

1.1. Main results. Let us give a brief overview of the results presented in this paper.
The main results are presented in abridged form as Theorems A to C accompanied by
references to the appropriate statements in the main text. The basis of our results is
a scaling limit construction for free lattice fermions using OAR. This entails that our
approximation results for CFTs, i.e. the convergence of the KS approximants and other
current-type fields, are currently restricted to free-fermion CFTs, products thereof and
certain CFTs embeddable into those (see below). Although, we phrase all results in
terms of complex fermion algebras, fully analogous statements also hold for suitably
defined self-dual fermion algebras (Majorana fermions), as explained in the main sec-
tions. Specifically, we consider scaling limits we of the ground state a) N of a quadratic
lattice Dirac Hamiltonian:

N M7 @ D (2 DY (1 27 (2
Hé )—gN Z (aHsN )(C) )(C)Ta)(c)+h.c.+k1v (a)(c)la;)—a)(c) a)(c ))>,
xeAN

in the massless case Ay = 0. Here, ay, ai are the usual annihilation and creation oper-

ators generating a complex fermion algebra 2 associated with the lattice A y.

The first main result of the paper concerns the convergence of the KS approximants
to the continuum Virasoro generators in projective unitary positive-energy representa-
tions with central charge ¢ = 2, 1 associated with free-fermion scaling limits weo. The
convergence holds on the natural domain of finite-energy vectors in Fock space (with

respect to the chiral conformal Hamiltonian L ¢ arising from HO(N)) [15]. Here and in
the following, + denotes the chiral and anti-chiral components defined in Sect. 2.4. In
the main text, this result is stated as Theorem 4.11, where all details can be found.

Theorem A (Convergence of the Koo—Saleur approximants for 7). Let wxo be a mass-

(N)

less scaling limit of the free-fermion ground state w, ~ and o its GNS representation.

The chiral Koo—Saleur approximants, Ly X, i, converge strongly to the continuum Vira-
soro generators, Ly +, on the dense, common core D, C Hoo spanned by finite-energy
vectors of the chiral conformal Hamiltonian L+ ¢:

Jim |G Moo (@ (L)t =L )l =0,

for all ¢ € Dgp.
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The proof of this theorem is a consequence of the basic Lemma 4.10 and exploits
the momentum-cutoff renormalization group given in Definition 3.9 in combination
with known results concerning the implementability of Bogoliubov transformations in
quasi-free representations of fermion algebras (see Sect. 2.1.1).

A version of this result for the Fock representation with ¢ = 0 (not of positive
energy) is given in Theorem 4.6 and another one for smeared Virasoro generators in
Theorem 4.16. Moreover, a similar result can be obtained for the lattice approximation
of Wess—Zumino—Witten (WZW) currents (see Sect. 5 and Theorem 5.1).

The second major result of our paper concerns correlation functions of fermion op-
erators under the action of conformal transformations generated by Virasoro generators.
Informally it states that the finite-scale dynamical correlation function approximate the
continuum dynamical correlation functions for arbitrary collections of operators in the
(chiral) fermion algebra (especially including trace-class generators of quasi-free deriva-
tions as in [94]). This results is referred to as Theorem 6.1 together with Corollary 6.2
in the main text.

Theorem B (Convergence of fermion correlation functions). Lets € C*(R) be a suffi-
ciently regular, compactly supported orthonormal Daubechies scaling function, and 7~
be the scaling limit representation of the fermion algebra 2 associated with the free-
Sfermion scaling limit weo. Then, for any convergent sequences {An}neN,, {Bn}neN,
with limits A, B € Ao and uniformly in t € R on compact intervals, we have:

Jim (@67 7 Ay ™ (By)RGY) = (oo oo (A)01 (00 (B) R0) -

where Q(()N), 7N are the GNS-vector and -representation of a)(()N). U,(N) and o; are

1-parameter (semi-)groups of Bogoliubov transformations generated by a (smeared)
Koo—Saleur approximant or a (non-)abelian current and their continuum analogues
respectively.

The proof of this theorem is implied the existence of the scaling limit of ground
states due to Lemma 3.11 and Lemmata 4.5, 4.10 & 4.15 because of the semi-group
convergence theorem [55, Theorem 2.16, p. 504], cf. also [24, Theorem 1.8, p. 141].

The final major result pertains to the correlation functions of the Virasoro algebra
in free-fermion CFTs yielding a result comparable to that presented in [96]. Similar
to Theorem B, we find that the correlation functions of smeared Virasoro generators
respectively their exponentials, which generate local Virasoro nets [12,33] (here with
central charge ¢ = % 1), are obtained as limits of ground state correlation functions of
the Koo—Saleur approximants. This results is referred to as Theorem 6.3 in the main
text.

Theorem C (Convergence of Virasoro correlation functions). Let s € C*(R) be a suffi-
ciently regular, compactly supported orthonormal Daubechies scaling function, and 1~
be the scaling limit representation of the fermion algebra U, associated with the free-
Sfermion scaling limit ws. Then, for any n € N and convergent sequences of smearing

. N—o0 . . .
functions Xy p —  Xp, N € Noand p =1, ..., n with sufficient regularity, we have:

n n
. N
Jim (e, 1‘[1 (o 0 @) (LE (X.p)): Qo) = (2, ]"[1 L(Xp) ) .
p= p=
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and similarly,

n
(N) . :
Jim (e, | |e’ o) LN Q) = (Qoos [ [ €F+ X 200
—00

p=1

Moreover, the finite-scale correlation functions of the scaling limit state ws, can be
approximated in terms of the renormalized finite-scale states:

n

Qoo [ | 1700 (@ (L Xy p)): Qo0)
p=1

= oM [T@L Xy p) — 0@ Xy p))
p=1

= A}@mdN)(]‘[(L(N)(XN,,,) o (L (Xn,p))

= lim w(N+M)(H( N (LX) — 0 M L X))
p=1

and similarly,

(Roos 1_[ el oo (@ (LY (X, p)): Qo) = w(N)(l_[ elLi N (Xnp)— zw(N)(LW)(XN,p)))

p=1 p=1
n
— lim wj(‘flv)(l_[eiL(iN)(XN_,,)fzw(N)(L(N)(X )
M
—00 =i

_ 11m w(N+M)(1_[elaN+M(Li Xy, =i ™Ml @ (xy, My

p=1
where a)( ) —w ooz andL(N)(X = X N) ¢ cimil
00 N) = v ZkeFNXN\kLi,k (similarly for L+ (X)).

The proof of this theorem is a consequence of the convergence of the scaling limit
procedure for the ground states stated in Lemma 3.11 in combination with the extension
of Theorem A to smeared Koo—Saleur approximants and Virasoro generators given in
Theorem 4.16. It equally well applies to WZW currents instead because of Theorem 5.1
and its generalization.

In view of the seminal work of Koo and Saleur [60], it should be noted that the
convergence of the KS approximants for free-fermion CFTs was anticipated therein.
Specifically, exact agreement with the Virasoro generators in expectation values with
respect to lattice ground states in a formal scaling limit construction was found for
central charges ¢ = 0, %, —2. Thus, our results yield a rigorous justification of the

computations in [60] for the cases ¢ = 0, % Moreover, our construction of scaling
limits wso using OAR provides a detailed mathematical framework for the scaling limit
considered by Koo and Saleur, allowing for the approximation of Virasoro generators
in an operator sense (strong operator topology) instead of expectation values (weak
operator topology). This is achieved by explicitly constructing a Hilbert space of states
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via the GNS representation of wy, corresponding to scaling limits of the low-lying
excited states relative to the lattice ground state a)(()N). Interestingly, the exact formal as
well as rigorous results for the approximation of the Virasoro generators by the Koo—
Saleur formula essentially rely on the definition of the correct scaling limit representation
by subtracting vacuum/ground-state expectation values, which corresponds to normal
ordering as the Virasoro generators and KS approximants are quadratic expression in
free fermions. Therefore, it appears reasonable to assume that the failure of the exact
computations in [60] for general central charge ¢ < 1, is due, at least in part, to the
insufficiency of this procedure in the general case. To allow for a more direct comparison
between [60], we translate our formulation in terms of fermions into the language of
Temperley-Lieb algebras [44,88] in Sect. 4.2.1.

We point out that in addition to the treatment of currents of WZW models, our re-
sults also cover the scaling limit of the transverse-field Ising model, which is intimately
related to the two-dimensional classical Ising model [65,79], in the following sense: (1)
the lattice ground states converge to their appropriate limit on the subalgebra of even ob-
servables (by the Jordan-Wigner isomorphism [26]), (2) the Koo—Saleur approximants
converge to the correct Virasoro generators in the representation associated with the
scaling limit (as also observed in [96]). The convergence with respect to the full observ-
able algebra including odd observables [7,63] and their conformal covariance requires
additional work going beyond the scope of the present paper and will be treated in a
separate publication adapting results from [78].

Although, in this paper, we restricted our treatment to scaling limits of fermion
systems and their quasi-free representations, or systems based thereon such as WZW
models, not least to show the validity of our approach to recover conformal symmetry
in the scaling limit via OAR in the clearest possible manner, the general method is not
restricted to this setting. But, to handle, for example, arbitrary rational CFTs, it will be
necessary to address lattice models involving anyonic chains [28,96]. To employ OAR to
such models, we need an appropriate family of refining maps. Such a potential family of
such maps is induced by the Jones—Wenzl projection [56,92]. However, this it is beyond
the scope of this paper and will be presented elsewhere.

Furthermore, our current treatment of WZW models only allows for a central charge
in the range r < ¢ < D, where D is the number of copies of fermions and r is the rank
of Lie algebra of the model. To allow for a central charge ¢ < 1, a natural next step is to
check the compatibility with the coset construction [39,40]

In addition, it would be interesting to understand whether the analysis presented
here extends to the setting of so-called “symplectic fermions” [34,57,77] with ¢ = —2
corresponding to one of the case where exact formal results were obtained by Koo and
Saleur [60]. Such an extension appears to be feasible because the algebraic structure of
the continuum chiral algebra generated by the symplectic two-component fermion can
be discretized by multi-scale decomposition using the adjoint conditional expectations
ozf\,’f , M > N, associated with the refining quantum channels (cp. Sect. 1.2). But, it needs
to be clarified whether such a discretization of the continuum model can be recovered
via the renormalization group flow in OAR from a suitable Hamiltonian lattice model,
e.g. the XX spin chain formulation of dense polymers [77]. This said, we leave a detailed
analysis of this case for future work.

1.2. Comparison with other approaches. The strategy outlined above is by no means
the only one may adopt to realize QFTs rigorously. Indeed, tremendous effort and major
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successes have been obtained by focussing on other approaches where the Hilbert space
of the quantum field theory is realized directly in the continuum or by probabilistic Eu-
clidean methods (see [86] for an overview), and most recently in the context of stochastic
quantization (see, e.g., [46,49]). Our approach can be viewed as closely related to the
quantum mechanical constructions of Glimm-Jaffe and others [35-37] in contrast with
Euclidean approaches. Moreover, considerable dividends are paid by the discretization
approach because, if realized correctly, one obtains a sequence of quantum lattice sys-
tems which are directly amenable to quantum simulation on quantum computers (we
comment on this aspect in Remark 4.20, see also [72]). This was emphasized by Zini
and Wang, who made the first concerted effort to realize CFTs via limits of Hamiltonian
lattice models. Below we summarize their approach to scaling limits in the context of
OAR.
Zini and Wang [96] define a low-energy scaling limit with the following data:

e A nested sequence of (energy-bounded) subspaces Hf, c HE', associated with
energy scales E' > E > 0,
e connecting unitiaries qbf, : HE, — 7‘[5 .1 for sufficiently large N, i.e. a stabilizing
dimension dim H%, = dg forall N >> 0,
e and the extension property: qﬁj’f, = d)ﬁé p for E' > E.
N
The scaling limit results from an inductive limit HZ, = lim Hf] along the connecting
—N
unitaries, and, by the extension property, gives a coherent system of energy-bounded
Hilbert spaces HE < HE C Moo for E < E’. The convergence of Hamiltonians

U
is understood in terms of convergent operator sequences limy_s oo limy7_ o || Hé‘]\é) —
E (N) E . . . .
DN H0| E@n_ N,)*||*, for some suitable semi-norm ||. ||, which should determine

H\E (e.g. by the second Trotter-Kato approximation theorem [73]). Here, | indicates the
restriction of the Hamiltonians to energies below E, and ¢ f,_) - results from the iteration
of the connecting unitaries between scales N < N’. Again, because of coherence in E,
this defines H acting on Hso.

Zini and Wang also define the notion of strong scaling limit, which describes the
case, when qbf,_) v results from the restriction of an isometry ¢n : Hy — Hpy+1 to the
energy-bounded subspace.

For On(.,.) = (., ON .)n, the sesquilinear form associated with Oy € Ay,
convergence is defined as convergence,

Jim1im Oy @y (). 9 () = 0F,

on HE (similar to the convergence of the Hamiltonians).
Zini and Wang observe [96, p. 898] that compatible embeddings 7y : Ay — An+1,

¢n o Oy = 1N (ON) o P,

in the special case of a strong scaling limit, yield an (operator-)algebraic scaling limit of
the observable algebras 2o, = h_r)n N 2y along these embeddings. They also conjecture
that higher-level anyonic chains have this property.

We now explain how these scaling limits are recovered via OAR: Assuming that we
have constructed the inductive limit algebra 2, together with a scaling limit state a)gg ),
we can perform the GNS construction at each scale N resulting in a sequence of triples
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(N+2 ¢N+2 :(N+2) Ql
Woo N+2
N+1l xﬁ N+1 Ta%i%
WD N WD Ay
N1 N+1 N
(V) ) l(SN];] o l((::V];r o) V) TQNH
Wo "Wy T Wy T T T Wee A

Fig. 1. Enriched version of Wilson’s triangle of renormalization [93]: Coarse-graining quantum channels
(£’s) between quantum states, refining quantum channels between observables/fields («’s), and low-energy
unitaries (¢’s) between renormalized representations (if existent)

{H(N) (N) Q(N)} together with isometries VI{,VH : SJOW SZOV“) induced by a%H

such that VI{,VHSZ(N) Q(NH) nd:
Vi o 78 (0n) = 7D (@i, (On) 0 VT,

Thus, we find that the compatibility condition of Zini and Wang is precisely recovered
by the inductive-limit structure of the scaling-limit Hilbert space H, in the operator-

algebraic formulation. Moreover, if the GNS representations {H(N), n,(év), Q%,V)} of the

finitely renormalized states a)%,v) are unitarily equivalent, e.g. assuming a Stone-von

Neumann-type result at finite scales, that is, if there are (connecting) unitaries,
(N ) (N)
¢M - HM+1’

we can recover the structure of a low-energy scaling limit (the extension property follows
again from the GNS construction because wgyﬁl = wﬁfl\m) ) a% +1)» such that N plays
the role of the energy scale E. The overall structure is illustrated in Fig. 1.

(Such structures are also achieved in the operator-algebraic renormalization of a
scalar lattice field [69].)

It is worth pointing out that such a structure is not immediately available for the
operator-algebraic renormalization of (free) massless chiral lattice fermions in 1+1-

dimensions considered here, where the finitely renormalized states a)xlv) are not pure
(due to the entanglement of the chiral halves) in contrast with their scaling limit (given
by the Hardy projection).

An important difference of our approach with the construction by Zini and Wang

is that our renormalized Hilbert spaces Hx,v) and the connecting unitaries qbz are not
necessarily associated with energy bounds, and indeed can be far more general, e.g., in the
wavelet approach formulated in [85] and in Sect. 3.1 the parameter N is associated with
a spatial resolution, while energy bounds are similar to the momentum-cutoff approach,
see [69] and Section 3.2. This flexibility enables us to overcome a major challenge
facing the construction of Zini and Wang’s strong scaling limit, namely that the addition
of irrelevant terms to the lattice discretizations, resulting in lattice-scale artifacts, makes
it difficult if not impossible to find connecting unitaries.

In summary, the core differences between the scaling limit construction of Zini and
Wang, and the OAR, may be summarized as follows:
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e In the framework of Zini and Wang, the Hilbert space H, of the scaling limit, in
other words the sector of the observables, is fixed from the outset by the specifica-
tion of the connecting unitaries (¢’s) and the energy-bounded subspaces, or by the
connecting isometries in the strong scaling limit. Then, the renormalization of the
Hamiltonian and other observables amounts to determining all compatible operators
(or sesquilinear forms), i.e. Q~, on Hoo. Because the sector is fixed by the provision
of the connecting unitaries, quantum states are in essence not renormalized.

e In the framework of operator-algebraic renormalization, we fix a minimal set of
observables over all scales, i.e. 2, the consistency of which is described by the
refining quantum channels («’s). In turn, the renormalization of states is used to find
(all) sensible, compatible states on 2, by starting from initial choices on each scale.

In this respect, we observe that the two notions of convergence of Hamiltonians (and
observables) relative to the scaling limit H«, can be compared using the GNS isometries,
because

V1<7V+1 ° ”ééV)(ON)(VlfJVH)* = nééVH)(alj\\;H(ON))pim Vi

where p; vy is projection onto the image of V]<,V ol

A second key contribution to the mathematical literature on approximations of CFTs
is found in papers building tensor-network approximations via matrix product states
[61,62] in the context of VOAs or wavelets and their scaling functions in a Hamiltonian
lattice setup [27,48,94]. Specifically, in the latter group of papers a central role is also
played by an inductive system of quantum channels aﬁl\,}, M > N, or more precisely
their adjoint conditional expectations [25],

a%:QLM—>QLN, M > N,

These are used to define coarse-grained fermion fields as well as finite-scale approxi-
mants of (trace-class) second-quantized one-particle operators. In that respect, it should
be noted that the main theorem of [94] concerning the approximation of correlation func-
tions of the continuum free fermion field only applies to the insertion of basic fermions
in the sense of our Theorem B, see [94, Theorem 4.4, p. 31]). Thus, more general oper-
ators such as Virasoro generators L4 ; or WZW currents are explicitly excluded. Such
restriction do not apply in the OAR approach we adopt here. Another important differ-
ence in comparison with the operator-algebraic approach is the need for a continuum
model to define the approximants using the conditional expectations «3’, which is not
intrinsically required by our method. It should also be noted that the approximation of
correlation functions achieved in [48,94] is deduced from an error bound of the form,

O1 ... 00) ™) — (01...01)comt] SOQN) + O(e loge),

requiring an e-dependent choice of scaling functions to define the lattice correlation
function (01 ... 0,)™), N = N(¢), and achieve a desired degree of accuracy prohibit-
ing a rigorous proof of convergence in the scaling limit. Although it should be said, that
N is expected to decay exponentially with &, which would entail the aforesaid conver-
gence, according to [94] and the references therein. Such an adaptation of the chosen
scaling functions to the accuracy goal of the approximation is not required by OAR.

Finally, let us comment on further results in the literature.

In [43] (see also [42]), there is very interesting work on the KS approximants in
the setting of the XXZ spin chain in terms of Temperley-Lieb algebras as in [60]. The
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authors consider a certain “weak-scaling” procedure, which we would paraphrase as
weak operator convergence of KS approximants and products thereof. Interestingly, the
weak convergence is restricted to a certain class of scaling states lattice states, which
we believe roughly correspond to the states identified by the GNS representation of the
scaling limit {2+, weo} in OAR. Moreover, [43] provides a wealth of conjectures, backed
by extensive numerics, concerning the limits appearing in the “weak-scaling” procedure,
and, thus, it would be worthwhile to investigate whether our methods allow for a proof at
least further progress, potentially exploiting the connection with the formulation based
on Temperley-Lieb algebras for general ¢ # 0 (see Section 4.2.1). In particular, it
would be interesting whether our methods allow to lift the “weak-scaling” procedure to
a “strong” version (in the sense of operator topologies).

As mentioned above, there is an ongoing concerted and very successful effort in the
Euclidean setting using classical probabilistic methods and, specifically, the concept of
discrete holomorphicity (see [18,19,51]) and references therein. In [51] it is shown how
to explicitly relate discrete holomorphic structures with the continuum Virasoro algebra,
thereby establishing a correspondence between correlation functions of lattice local
fields and their counterparts in the continuum. As this is analogous to various degrees
to what is achieved in the work presented here and the other Hamiltonian frameworks
discussed above, it would be interesting to explore potential connections. Concretely,
such an analysis could start from the ideas presented [29] and by exploiting the natural
connection between Euclidean and Hamiltonian formulation of critical systems via the
transfer matrix formalism.

1.3. Outline of the article. In this paper we develop the theory of OAR and apply it to
the discrete approximation of conformal symmetries in continuum CFTs. This yields an
explicit family of lattice systems and bounds which may be directly exploited to carry
out the quantum simulation of CFTs on quantum computers (see our companion paper
[72]).

The structure of the paper is as follows: In Sect. 2, we provide a detailed overview
of known results on complex and self-dual fermion algebras required for the proofs of
our results. Moreover, we introduce the necessary setup for fermions on lattices required
for our scaling limit construction. In Sect. 3, we introduce the scaling maps required for
OAR: (1) the wavelet renormalization group, (2) the momentum-cutoff renormalization
group. In addition, we discuss the compatibility of the wavelet renormalization group
with the quasi-local structure of the fermion algebra in the scaling limit, give a basic
decay estimate for wavelet approximations, and prove the convergence of the scaling
limit of the ground states of the lattice Dirac Hamiltonian. In Sect. 4, we discuss Koo—
Saleur approximants and their formal scaling limit yielding the Virasoro generators,
before we prove their convergence in the scaling limit as alluded to in Theorem A.
In Sect. 5, we explain the modifications necessary to apply the convergence results to
cover WZW currents. Finally, in Sect. 6, we apply the convergence results for the KS
approximants to deduce the convergence of (dynamical) correlation functions of various
kinds as exemplified by Theorems B & C.

2. Lattice Fermions in 1+1-Dimensions

2.1. The algebra of canonical anti-commutation relations. Let us recall some basic
structures and results concerning the canonical anti-commutation relations (CAR). For
further details we refer to the general references [9,26].
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The complex CAR algebra 2car (h) of a complex Hilbert space b, the one-particle
space, is the universal unital C*-algebra generated by anti-linear map,

a:bh — Acar(h), (H

referred to as annihilation operators and subject to,

{a@),d"m) =&y, {a@),am)=0=1{a"©@),d'm), &Eneh (2

where a (n) = a(n)* denotes the adjoint creation operator. Each a(§) is automatically

bounded: [|a(§)]l = [I&]ly. We will also refer to the maps a, a’ as a complex fermion.
We also recall that there is a x-isomorphism 2(car (h) = ®31216M2((C) which we come
back to in Sect. 2.7.

The irreducible standard Fock representation of 2car (h) on the anti-symmetric Fock

space §a(h) = @52, A" b, with vacuum vector o, is given by:
al© mA- A =EAM A ANy, MmA-- Ay €A, (3)

where ny A--- A, = (n!)%S,(m ® --- @ n,) with the projection, S_ : h®" — A"*b,
on the anti-symmetric subspace. Subsequently, we call P<, the projection onto the
subspace 65;'1:0 A™ b, and P, = P<; — P<n,—1. On §a(h), we denote by (=DF the
parity operator, i.e. the unitary operator implementing the grading of 2Acar () defined
by: a_1(a(€)) = a(—&) = —a(&), & € h. We remark that (—1)F ¢ Acar($) unless
dimb < oo.

To treat Majorana fermions, we need in addition to 2Acar the notion a self-dual
CAR algebra Aspc(h, C) for some (charge) conjugation C : h — bh. The C*-algebra
Aspc (9, C) is generated by an anti-linear map,

W h —> Aspc(h, C), “4)
which we refer to as the Majorana fermion or operator, subject to,

{W(), Wi} = (5. Cny, V()" = W(CP), §.neb. ®)

We note that complex and Majorana fermions can be related by a projection, P : h — b,
such that CP = (1 — P)C (called a basis projection):

Aspc(h, C) = Acar(Ph),  aE) =W(E), a'(§)=W(CE), EecPh (6

For the description of ground states of quadratic Hamiltonians, we need the notion of
a quasi-free states w on Acar (h) respectively ™Aspc(h, C) (gauge invariant in the first
case). In both cases, the state w is completely determined by its two-point function, i.e.

w(a(§)a’ () respectively w (W (§) W (1)*).
In the first case, the two-point function defines a positive operator, 0 < § < 1, such
that:
ws(a)a’m)
=& 0=y, 5, neb,
ws(@()...aE)a M) . Ouam)) = 8am det (&, (1= SHnj)p)} 2. (D)

Clearly, the vacuum vector 2 corresponds to S = 0. Moreover, wg is a pure state if and
only if § is a projection.
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In the second case, the two-point function also defines a positive operator,) < § < 1,
with the additional property CS = (1 — S)C, such that:

ws(W(E) ... W(En)) = pf(((&i, (1 = HCEj)p)7 i1, ®)

where pf denotes the Pfaffian, which we define to vanish for n odd. As before, the state
ws is pure if and only if S is a (basis) projection.

In both cases, the Gelfand-Naimark-Segal (GNS) representation of pure states, S* =
S, can be realized on anti-symmetric Fock space by:

wsa(®) = a((1 — $)E) +a' (J S§), £ ehb, €))
for some conjugation J : h — h with J§ = SJ, respectively,
7s(W (&) = a((1 — $)E) +a' (CSE), §ehb. (10)

Clearly, the notation is consistent with my being the Fock representation (3). In the
non-pure situation, an analogous realization on the doubled Fock space, §,(h®?) =
Ta(H)®2, via the Z,-twisted tensor product, Q[CAR(U)®ZZ2 = Acar (h®?) respectively
Aspc(h, €)%%2% = Aspe(h®2, € @ (—C)), is possible because,

S S3(1—8)2
Py = 1 1 ) 11
’ <S2(1—S)2 - ) (o

is a (basis) projection [2,66].

2.1.1. Implementation of Bogoliubov transformations Central to our analysis of the
recovery of conformal symmetry via lattice approximations is the question of imple-
mentability of Bogoliubov or quasi-free transformations of the complex and Majorana
fermion algebras, Acar (h) respectively ™Jspc(h, C), in quasi-free representations (9)
& (10). To this end, we briefly recall some well-known formulas and results and refer
to [2,14,26,30,66,76] for further details.

In its basic form a Bogoliubov transformation a7 is densely defined morphism of
the CAR associated with an invertible, bounded operator, T € B(h), on the one-particle
space:

ar(a’ () = a’(T8), ar(a(§)) = a(T~1*¢). (12)
Similarly a bounded operator G € B(h) yields a densely defined derivation ég by:
8(a’(©) = a'(GE), 3 (a(§)) = —a(G*e). (13)

In the Fock representation (3), Bogoliubov transformations and their derivations can be
implemented as (unbounded) operators on the dense subspace D(h) = a1 EBZiO A
of vectors with finite particle number by multiplicative, Fy, and additive, d Fy, second
quantization:

ar(@’(©) = Adrc (@' (&), 86" () = adaryc) (@’ (©),  (14)
where

Fo(Tym A Anp=Tni A---ANTny, Fo(T)2 = Qo,
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n
dFo(G)m A=+ Ay = an/\~-~/\GnmA--~Ann, dFo(G)S20 =0. (15)
m=1

Fy and d Fy are related by Fy = expd Fy via the identification T = exp(G), and we
have the obvious bound:

ld Fo(G) P<ull < nl|G]l. (16)

Moreover, we can expand Fy and d Fy in terms of annihilation and creation operators
because:

dFy(G) =) d'(G&)a(&) = a’ Aa, (17)

iel
for some orthonormal basis {&;};c7 of b, which satisfies:

[dFo(G1), dFo(G2)] = dFo([G1, G2]). (18)

We note that the parity operator is given by Fo(—1) = (= 1)F.

In the self-dual setting, 2spc(h, C), the same ideas apply with further constraints on
the admissible one-particle operators. Specifically, with respect to the conjugation C,
we require:

CT'*c =T, CG*C = —G. (19)

If we write G = i H instead, we will also have C H*C = — H. We denote the analogues
of Fp and d Fyy by Qg respectively d Qo in this case:

dQo(G) =)  SW(GE) V(&) = WAV, (20)
i€l

Starting from the basic case, it is possible to extend the notion of Bogoliubov transfor-
mations and their derivations as well as multiplicative and additive second quantization
to larger classes of operators on b, based on the bound:

ldFo(Ga®(m)...a"m)Q0oll < Y Imill - 1Gmll - - lImall. 1)

m=1

Important examples, that we will make use of, comprise contractions || 7' || < 1 as well as
unbounded (essentially) self-adjoint operators (H, D(H)), such that G = i H, or even
closed unbounded operators in the case of the generators of the Virasoro algebra.

As pointed out above, we are particularly interested in the implementability of Bo-
goliubov transformations in the context of quasi-free representations mg. In this context,
a key formula is the additive normal-ordered second quantization relative to a pure-state
representation g, S = S, in analogy with (17):

dFs(G) =Y :ms(a' (G&)a(&)) :
ieZ

=Y (a"(S:GEa(S:6)) — a' (S_8)a(I S-GE)

ieZ
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+a'(8:GE)a’ (J5_6)) +a(JS-GENa(S:6)))
= aTG++a — aTG’__a + aTG+_aT +aG_,a, (22)

with G' = JG*J, and similarly,

d0s(G) =Y ws(hW(GE) W (&) :

i€l
= %(aTGH.a — aTGZ_Cl + G+G+—aJr + aG_+a)
=a'Gira+ %(aTG.;.faT + aG7+a)7 (23)

with GT = CG*C.Here, S_ = S, S, = 1 — S, and we use block-matrix notation,

G =5,GS, +S.GS_+5.GS, +S_GS_ = ( I+ G+ (24)
G G__
as well as the standard symbol : - : for normal ordering with respect to the Fock vacuum

Qo3. These formulas show that d Fs(G) and d Q s(G) can be defined as operators on Fock
space if the off-diagonal parts G4_ and G_; are in the Hilbert-Schmidt class because:

la*Gi—a® Pyl < (n+2)[|Go—ll2, laGi—aP<yll < nllGi—ll2. (25)
Notably, the formulas (22) & (23) can be written as:

dFs(G) = ns(dFo(G)) — Try(G—-) = n5(dFo(G)) — ws(d Fo(G)),
dQs(G) = w5(dQo(G)) — 5 Try (G ) = 75(d Q0(G)) — ws(dQ0(G)),  (26)

when G __ is in the trace class. It is a consequence of these formulas that the commutator
identity (18) acquires an additional central term, called the Schwinger cocycle [66]:

cs(G1, G2) = Try([G1, G2]——) = Try((G1) —+(G2)+— — (G2) +(G1)+—), (27)
such that

[dFs(G1),dFs(G2)] = dFs([G1, G2]) +¢s(G1, G2),
[dQs(G1).dQ5(G)]=dQs(IG1. Ga2]) + 5¢5(G1, G2). (28)
It precisely the Schwinger cocycle cg that leads to the central charge in the commutation

relations of the Virasoro generators. For operators G1, G, with off-diagonal parts in the
Hilbert-Schmidt class the Schwinger cocycle satisfies the obvious bound:

les(G1, G2l < (G D=+ 121(G2) -2 + 1(G2) 4 121G D+ I2). (29)

3 j.e. creation operators to left and annihilation operators to the right with the appropriate signs due to the
CAR.
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2.2. Lattice fermions at different scales. We describe spatial fermions* with s compo-
nents at a (dyadic) resolution ey = 27Ngy, N e Ny, for some basic length scale gp in a
d-dimensional hypercubic volume, ’]I‘i =(S 1) xd — R4 2174 of size vol ’]I“Z = (2L)¢,
L > 0, by the one-particle space,

by = (AN ®C, Emn =Y (Eomdo, (30)

XeEAN
associated with the lattice,
Ay =en{—Ln,...,Ly — 1}¥ Cc TY, exLy = L. (31)
The subscript =+ refers to the unitary action of the translations rj(tN) Ay by + given
by:

y—x

W), = @nlrle P 32)

where we allow for the occurrence of a non-trivial phase which we also refer to as
boundary condition’ , because it encodes whether £ € N.+ can be considered as periodic
(+) or anti-periodic (—) on A . These two types of boundary conditions are also referred
to as Ramond sector (+) and Neveu-Schwarz sector (—) [21,26].

We denote the corresponding algebras of lattice fermions, complex and Majorana,
by:

Ay + = Acar By, +), By + = Aspc(hy =+, C), (33)

where C : hy + — by, + is the charge conjugation that we only specify explicitly in the
next subsection. We use the notation,

a =a@), v, = v, (34)

for the special set of generators of Ay + and By 4+ associated with the standard basis
of [)N,i:
s =6M®©..... 1 .....0 XEAN, j=1,0s.  (35)

Jjth component

The lattice Fourier transform,

ENU =" e ED) = (erj, E)v, E=ED,. D) e P(AN= BT,
XEAN

(36)
provides a unitary identification hy 4+ = €2(I'y 4+, 2Ly)~¢) ® C* where

Iy+=7{-Ln,...0, ..., Ly — 14, Ty_=

s

{—~Ly+1,..,0,.., Ly — $)9,
(37)

=~

4 Or time-zero fermions as opposed to spacetime fermions.
5 We restrict attention boundary conditions associated with phases £1, i.e. unitary representations of the
double cover of 'ﬂ"z , because we are interested in translation-invariant quadratic Hamiltonians in the following,

. . d .
but more general phases given by other coverings of T are conceivable.
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is the dual momentum-space lattice A y, and
. k() .
epj=e¢e RO,..., 1 ,...,0), keln+, j=1,...,5, (38)
Jjth component

is the plane-wave basis of fhy +.
We extend the Fourier transform and its inverse to 2y + and By, + by linearity:

&IEJ) =a(er ) = Z e—ikx(b)(cj)’ ¥ = ale ) = ﬁ Z eikx&[i])’

XeAy kel'y
\/I\IIE]) — \I[(ek’]) — Z e*ikx\y)(cj)’ \pil) — \il(e—x,j) — ﬁ Z eikx\i,]g])’ (39)
XEAN kel y
forx € Ay,k e 'y, j=1,...,s. Here, we also introduced the dual plane-wave basis
{ex,j |x € Ay, j=1,...,s) by analogy with (38). Thus, the lattice Fourier transform

provides us with x-isomorphims,

An.+ = Acar Ty .+, CLY) "D @ CY),
By + = Aspc(C>(Ty .+, CLN) ") @ C, C), (40)

which can be expressed by: &(é) = a(&) respectively \il(é) =W(E)foré e hy +.
In view of the construction of the scaling limit in Sect. 3, we also allow for N = oo,
where we put:

hoot = LX(TH+ ®C° = P (Toos, L) H ®C,  Toos = 77,
o, = T(Z+ )", @1)

with the continuum Fourier transform,

£V = FLlEV) = /Td dxe”™&) = (ee;. Ny, k€Twx  (@2)
L

for periodic and anti-periodic functions in LZ(T‘I{)i. As above, we have:

oo+ = Acar (Doo,+), Boo,+ = Aspc(hoo,+, C). (43)

2.3. The free lattice Dirac Hamiltonian in 1+ I-dimensions. Since our principal interest
lies with models that exhibit local conformal symmetries in the scaling limit, we restrict
from this point on to one spatial dimension (d = 1) and two-component fermions
(s = 1). Specifically, we undertake a detailed analysis of a discretized version of the
free Dirac Hamiltonian on the lattice A y as various models of conformal field theory can
be realized in terms of free fermions in the continuum [21,26,91,95]. In the staggered
lattice approximation6 [87] the massive Dirac-Hamiltonian as an element of Ay + is
given by:

HéN) = 8;]1 Z (aiﬂ_);;va(z) - a)((maf) +h.c.+ Ay (a)(cmafcl) - affﬁa)((z))) . (44)

X
xXeAy

6 We use the forward and backward difference to approximate the derivative of the two components respec-
tively. This avoids the notorious fermion doubling in lattice approximations of continuum fermion models.
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Here, Ay > 0 is a dimensionless “lattice mass” parameter, and “h.c.” denotes the her-
mitean conjugate of the preceding terms. Invoking the lattice Fourier transform, the
Hamiltonian (44) can be written in 2 X 2-matrix notation as a second quantized opera-
tor:

~(D\* —ike (1)
N) _ 1 a AN e N — 1\ [a -1 (N)
Hy" =5 ) (5@) (eikeN 1 i ) <&§2)> = ey'dFoh"), 45)
k

kel + k

=y ()-o=hi") (k)

where n,, (k) = (cos(enk) — De, +sin(eyk)ey + Aye; € R3, and o is the vector of
Pauli matrices:

) B () B (K N

The spectral decomposition of the one-particle Hamiltonian héN) k),

WY (k) = s, (k)(P(+) k) PC) (k)), (47)

is given in terms of the spectral projections’,

P (k) = Tore (@i ) 1 1" (k) (48)

with the lattice dispersion relation:

1

w3y (k) = (A%’v +4 sin(%st)z) . (49)
Atk = 0, we have h(()M(O) = Anog, and we diagonalize h(()N) (k) for all k € I'y + by:

Do @R+ dsign(o @y (0) — dy) e
VAN(k)=<W) ; 2sin(%st)le%gNk sign (k) 2sin(%aNk)]
(wry (K)+AN)2 (0 (K)=An)2
cosh(1 ;) isinh(%ﬁk)e—éwk)

i (50)
i sinh(30)e2*V*  cosh(3 %)

= cosh(ﬁk)_% (

ie. Yy (k)*h(N) (k)Yoy (k) = wyy (k)o,. In the second line, we introduced lattice ra-
pidities, 2 sm(ze ~k) = Ay sinh(), to exemplify the unitarity of y;,, (k) for Ay # 0.
Thus, the Bogoliubov transformation,

A1) A2 NOIN©
@& & =y 0@ a2, (51)
diagonalizes the Hamiltonian HéN):

N A(DTA(l AQ)T A2
HM =5 3 o, 0@ —ePe?). (52)

kel'n +

7 Apart from k£ = 0 and Ay = 0 where h(()N)(O) = 0 which is consistent with Péi>(0) = % 1,.
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The many-body ground state of H(gN), i.e. the lattice vacuum Q(()Ni at scale N, corre-
sponds to the half-filled Fock vacuum (Fermi sea):

e =0, et =o, Vk € Ty +. (53)

The unitary that implements the Bogoliubov transform (51) and relates the lattice vacuum
SZ(N) to the Fock vacuum of 2 4 is given by:

2)~(1 A2
Hexp(le Vka,ﬁ ) A IE )T+,u a( )a( )T))

kely +
—CXP(zL S wa®a" a(l)a(2)”r> (54)
kely,+
where
1 1 1
(vepp)? = coshfl (M)7 V_k)Z = —ie 25Nk (595)
cosh() 2 Mk

It is evident from the expression for U, , that the lattice vacuum is of even parity:

(—HFf Q(()Ni) = SZ(N) Alternatively, we can invoke another Bogoliubov transformation,
commonly used i 1n quantum field theory,

& = o), & =", VeeTvs (56

to obtain a description of the Fermi sea as a standard Fock vacuum:
el =o. &) =o, Vk € Ty . (57)

The Bogoliubov transformation (56) exemplifies the need for an additive energy renor-

malization of the Hamiltonian HéN) in the scaling limit N — oo:

kEFN,i kel'y +

The lattice vacuum Q(()Ni determines a quasi-free state on the fermion algebra 2y +:

wi(a@a’ () = (@) a@a’ Ha)
= > EPI WA = €0 - Sy, (59)

kely, +

where the one-particle operator is specified in momentum-space by S(()N) (k) = P,x(;) (k).

From this expression it is easy to obtain the massless lattice vacuum in the limit
An — O+, although the Ramond sector acquires a degeneracy in the zero mode (k = 0)
because héN)(O) =0

P (k) = 4 (1 + sign(k) (— sin(3enk)oy +cos(Senk)oy))

| isien(k)e—sken
=31.. ,, sen®e : (60)
isign(k)ez"*N 1
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with the convention sign(0) = 0. This way, P(+) —00) = ! 5 15 reflects a uniform prob-
ability distribution of the quasi-free state w(()l\i) at k = 0 compatible with the chiral
decomposition of hx + (see Section 2.4). But, the state is not pure because P)f ) _p is not

a projection®.

2.4. Chiral decomposition. The chiral parts of the lattice fermion algebras result from
applying the chiral projectors p4+ = %(]12 + ay)9 to the one-particle space hy +:

byt = (AN ®C* = C(AN): ® prC2 & P (Ay): @ p-C2 =1, @b}
(61)

Using the eigenvectors ey = 2’% (e1 £iep) of p+, we can introduce the complex chiral
fermions, 9[5\, L= QlCAR(hN i) by

V(€)= aes) =27 2(aV () Fia®? @) = (ex. @V (). a?©)).  (62)

At this point, we also fix the charge conjugation C (for all N < o0) as:
Cé =08, § €bn, (63)
which acts as complex conjugation with respect to the chiral decomposition:
CE=Ee +E e, (64)

for§+ = (e, &) and, thus, a(C&) = ¥, ($_+) + - (é;?_) This should be contrasted with
the standard conjugation, £ > £, on by that satisfies a(&) = ¥ (£_) + ¥_(&,).

In contrast with infinite-volume continuum theory, the massless ground-state projec-
tor P/\(Jr)_o does not factorize w.r.t. the chiral parts, in other words the massless lattice
vacuum is entangled relative to the chiral parts:

P:I:P( L ot pe = 1(1 £ sign(k) cos(Lenk)) pe,
pa P ps = hsign(0) sin(benk) Lo, o). 65)
~———— e —

=ny

In terms of these, the Hamiltonian (45) takes the form:

g™ L Z ‘?ﬂk ' sin(enk) —i(cos(enk) — 1) +2n W+\k
0 2L Uik i(cos(enk) — 1)+ Ay —sin(enk) ‘ﬁ lk
N,+
(66)

which, in the massless case (Ay = 0), is compatible (19) with the charge conjugation
C which allows for the identiﬁcation of the self-dual components, i.e. the Majorana

fermions %EV )i = QlSDc(b N i, C), of the complex massless chiral fields (see Sect. 2.6).

8 Another possibility is to enforce purity by putting sign(0) = 1 to have P(+)_0 0) =5 (112 +oy) which
is also compatible with the chiral decomposition.
9 In our parametrization of the Dirac Hamiltonian y5 = oy.
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Because of the entanglement of the massless lattice vacuum a)(()NjE relative to the

chiral decomposmon its restriction to chiral components defines non-pure quasi-free
states (p+ P 0(k) P+ 18 positive but not a projection):

wéNi)(lﬂi(E)l/fl(ﬂ))Zﬁ > L Esign(k) cos(benk)ERER),  (67)

kEFNVi

for&,n € b, = ATy, QLY.

2.5. The Majorana mass term. As stated above, the Hamiltonian (44) is a discretized
version of the massive Dirac Hamiltonian using the algebra 2y 4+, which is only com-
patible with the Majorana fermions By 4+ for vanishing lattice mass Ay = 0. To allow
for a massive Hamiltonian in terms of the Majorana fermions By +, the mass term
(proportional to A ) needs to be compatible with self-duality (19). This is achieved by
replacing the Dirac mass term in (44) with:

H =ey'an Do (a®ial +ala®) = o5 Y 0 (vl v = v v

xeAN xXeAN

1 Vi —IiAN\( Y4k

- 2Lke; <w k) (“\N 0 )(1# k) ©®
N, £

which results in the modified spectral projections,
P K) = 3 (@i (012 £ i (k) - 0), (69)

with ny, (k) = (cos(enk) — 1)ey + sin(enyk)ey + Ayey, and the modified dispersion
relation,

1

w5, (k) = (x%v +4(1 = ) sin(%stf)j . (70)

The modified spectral projections satisfy C P(+) P( )C consistent with (8), and,

thus, (59) defines a quasi-free state, also denoted w(N) by a slight abuse of notation, on
By +.

2.6. The self-dual components of the lattice Majorana Hamiltonian. The Hamiltonian
with the Majorana mass term,

Y = &3 3 (affng a® — aWfa® +hec. +,\N< @14 4 4Ty m))

xXeAn
_ 1 Z 1?+\k f sin(enk) —i((cos(enk) — 1)+ Ap) 1?+Ik
2LkeF Uk i((cos(enk) — 1)+ An) —sin(eyk) Vi
| =hy’ )

= ey dFo(hY)), (1)
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is compatible with the charge conjugation (63). Moreover, the projections on positive
and negative momenta (with an appropriate modification in the Ramond sector),

. 0(£k)é  k#£0,—Z
+ _ X . EN (i)
(P E)k_iﬁt(e:Finék)ei‘l‘nk:O,—gv > SGbN,iv (72)
are basis projections for C (see (5) and below):
(CPFE)(k) = (1 — PHCE (). (73)

Therefore, it is possible to formulate HéN) in terms of four Majorana fermions, W4, :
Ef)i — %E\Z,t)i and W h(i) ‘Bgf)iz

Wi(§) = Ya(PTE)+YL(CPTE),  Wi(§) = ya(PE) +y L (CPE), (74

for& e hﬁt)i, which correspond to the restrictions of the complex chiral fermions 14 to

positive and negative momenta. Then HéN) is given by self-dual second quantization:
Hy" = e (d Qo(hig) +dQo(hy)).  1dQo(hy”),dQothg )] =0,  (75)

In view of the diagonalization (52) of HéN) , it is worth noting that the Majorana fermions

(74) can be interpreted as the self-dual components of ¢, ¢@ in the (formal) scaling
limit N — oo of the massless case Ay = O:

oy = [R5 0 o= g [0ED +0(ER o =
o= 9(+k)“2)+9( et e =—" T T o k)A£1>+9(+k)Aa>T :

(76)

for k € I'so, +. Furthermore, it is evident from (75) that HéN)

massless Majorana fermions in this limit.

should decouple into four

2.7. Equivalence with the transverse XY model. In view of our companion article [72]
that discusses our results in relation to the quantum simulation of CFTs, we provide some
details on how to map the fermion algebra Ay + together with the Dirac Hamiltonian

HéN) to a Pauli algebra, ‘Bn+1,+ = Qxeay,, M2(C), in which each local matrix factor
resembles a (logical) qubit, using a Jordan-Wigner isomorphism. Under this mapping
the Dirac Hamiltonian becomes that of an XY model with a transverse field.

To begin with, we identify the algebra 2y + of two-component fermion with a one-
component fermion algebra, Aspc(C2(A N+1)+), on the doubled lattice A y41:

by =al, brreyn =a>’, X € Aw, (77)
which exploits the symmetry of HSN) given by: (a,(cl), ay )) > (a(z)Jf a)(CL);N) for all
x € Ay.Interms of b, b", the Hamiltonian (44) is mapped to:

HE™ = 63! > (bbrveyey = bibiuey,, +An(blby — 312)), (78)

XEAN+I
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with periodic or anti-periodic boundary conditions in accordance with (a‘, a®®). The

translation invariance of HéN) on A y41 subsumes the translation invariance on A y and
special field-exchange symmetry from above. In the momentum space representation,
the relation (77) between the single-component fermion @ and two-component fermion
(@, a?) is given by:

= Ybp + by =), a = Lefovakpt, —pT L), (719)
EN+1 £

N+1

where the two-component fermion can be considered to be periodically extended from

Iy +to Dygp +.
A follow-up Jordan-Wigner isomorphism,

by = ( I1 0}(,1))%(0)53) +io?), x € Anq1, (80)

YEAN+1
—L<y<x

yields a soluble transverse XY model (cp. [65]):

N 1 —1 3G 2) (2 1
( '= Z ( )O-;‘*‘LNH - 0( )U)§+)é‘N+] +)‘NJJ£ ))

x€AN+1
— 3 3 2 2
el &£ e, —eBe®, ), @1)

where (£) indicates the fermion boundary conditions while (4) labels the complement-
ing spin boundary conditions, such that boundary term in the second line vanishes on

the lattice vacuum Qész.

We can rephrase the diagonalization of HéN) as given in (52) in terms of the Fourier
transform of the one-component fermion b, b':

~ T ~
(N) _ by AN —i2sin(ey+1k)\ [ br
Hy ™= 4L Z (l;Tk) (i2 sin(ey4+1k) —AN AN (82)

kGFNH —k

The diagonalizing Bogoliubov transformation is completely analogous to (50) for k > 0:

1
o — | i (w)\N(k)+lN)2lSlgn(k)(wa(k) AN)2 %3
V)»N( )= <m> i 2s1n(sN+1k) sign(k) 25m(€1\/+1k)1 , (83)
(Lt)x]v(/<)+)~N)2 (w3 (k)—AN)2

which defines the diagonalizing fermion, (¢, 6ik)’ = Yan k)t by, ﬁ_k)’, leading to:

HV = 23" iy (e — denhy Y iy (0. (84)

kel n1,+ kel N1+

. . ~ _1, .o .
If we normalize the fermion, ¢y = (2Ly+1)” 2Ck, and subject it to another inverse
Jordan-Wigner transform similar to (80), we can write

N 1
HM =tegt S w05, (85)
kel 41+
Therefore, it is possible to express the lattice vacuum as a qubit product state: Q(N)

®kelys1 « | <), which allows for the initialization of a quantum simulation of (81) inits
many-body ground state following [90].
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3. Scaling Limits of Lattice Fermions

We now explain how to implement the scaling limit, N — oo, rigorously by operator-
algebraic renormalization [10,85] which in turn allows us to give precise statements

about the convergence of lattice quantities, e.g. correlation functions with respect to the

lattice vacuum a)(() jz or finite-scale Bogoliubov transformations and their implementers.

Following the recipe in [69], we define the scaling limit of lattice fermions, complex
and Majorana, by a renormalization group procedure in terms of an inductive system of
unital, injective *-morphisms,

N N+l N
oy AN+ —> Ay, ANy O Uy = O‘1/\\§+27 N € No, (86)
and similarly for 5y +. In the following we state the formulas for 2y + only, but they
equally apply to By +.

In present setting, we define the renormalization group {ax +1)NeN, as Bogoliubov
transformations associated with an inductive system of isometries between one-particle
spaces,

N . N+1 N N
Ry.i i bv+ —> DByt +, Ry o Ry, =Ry, N € Ny, (87)
with the additional requirement, RY N1 C=C RY N+1- 10 the self-dual case.

Because of the general properties of CAR algebras [9,26], we obtain the inductive-
limit objects:

oo, + = AcAR (Doo,+) = li_;)nﬁlzv,i, Doo,+ = h_;)n bn,+- (88)

At the level of states, 0¥) € 2[’;, . the renormalization group flow is defined by:
o)) = oMM oo N, M € Ny. (89)

A scaling limit of a family of lattice states {w™)} NeN, 1s defined as:

o = 1im o), N € Ny, (90)

M —o00

N+1

which is automatically projectively consistent, w., oa Nel = w , by continuity [10,69]

if it exists as a weak™*-limit and, thus, defines a state a)éo ) on Aoo,+. In this sense,

the inductive-limit objects (88) serve as carrier spaces of the scaling limit of a family
{0o™} yeny.-

The observation that the inductive-limit objects (88) can be characterized as the sets
of «- respectively R-convergent sequences [22],

hm limsup [|Oy — ay Mow)| =0, hm limsup ||Eny — R%(SM)HN =0, 91)

-0 N-oo N—oo

for Oy € Ay 4 respectively &y € by 1, motivates the following definition of the
scaling limit of sequences of composite operators with limits possibly not in 2 +'°

10 1n [22] the concept of convergent sequences is discussed for generalized inductive systems of Banach
spaces in the context of mean-field limits.
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Definition 3.1 (Convergent sequences of operators). Let {py}nen, be a sequence of
semi-norms, py : %An,+ — Rxo. A sequence of operators {On}nen, With Oy € Ay +
is called -convergent with respect to the family {pn} ven, if:
lim limsup py(On — aM (Ou)) =0.
M=o Nsoo

Similarly, let {gn}nen, be a sequence of semi-norms, gy : B(hy,+) — Rxo, we call a
sequence of operators {oy}neN,, Withoy € B(hy,+), R-convergent with respect to the
family {gn}nen, if:

lim limsupgy(oy — RN om RN ™) = 0.
M—o0 N0

Of course, R-convergence for one-particle operators is related to «-convergence by
the observation:

ap(dFo(on)) = dFo(Rpyon Ry™). (92)

In Sect. 4, we invoke families of semi-norms that are induced by semi-norms p, and
doo ON B(ga(hoo,:l:)) respectively B(hoo,:l:):

PN = Poooaly, gN = goo © (RN (ORI ™). (93)

Specific examples are strong operator semi-norms (for M € Np),

Poo(0) = 10a" (RE(D))...a”(REENQN, & €bus,j=1,.n,
Goo(0) = l0RY (&) s, £y, (94)

for operators O on §a(hoo,+) Or operators o on the one-particle space by +. This way,
we can study the convergence of sequences of operators at finite scales such as the lattice
Dirac Hamiltonian HéN) and its one-particle version h(()N), which should have limits that

are unbounded operators in the scaling limit.

3.1. Wavelet renormalization group. In the following, we make use of a specific re-
alization of the renormalization group using the theory of wavelets by adapting the
constructions in [69] to the fermionic setting.

To this end, we consider a compactly supported orthonormal scaling function, s €
L2(R), |Is|l 1 = 1, associated with a wavelet basis of L%(R) that satisfies the scaling
equation [20,67]:

s(x) = ZhnZ%s(Zx —n), x € R, (95)
nez

where the coefficients {/,},cz are called a low-pass filter''. Since our finite-scale
fermion algebras, Ay + and By 4, describe quantum systems in the finite volume § i,
we denote by,

sV =" 8;,%s(8;,1 (x +2Lm)), (96)

mez

1 The compact support of s enforces a that the low-pass filter has only finitely many non-vanishing elements.
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the rescaled and 2 L-periodized scaling function, which yield a wavelet basis of Lz(Si)
and satisfy in analogy with (95):

sV = Y sV (= eyan), xes}. (97)
neeyt Ans
The wavelet renormalization group is now defined as follows:

Definition 3.2 (Wavelet renormalization group). Given a compactly supported orthonor-
mal scaling function s € L*(R) with low-pass filter {4, },¢7, let,

i j N+1
RNGED)y= > 3 neli) (98)
xeAn I‘lEé‘;jilAN.‘_]
and
Révo(f(‘/)) — E %-)gl)s(szv)(, —x) = S(SN) *Ay %-(j)’ (99)
———
xeAy en)
=5,

for& = (& @, & (2)) € by, +, where we use the notation *, , to denote the convolution
with respect to the lattice A . The wavelet renormalization group is densely defnined
by:

aN. @) =aRy,(©), al@eE)=aRl©), Eebys.  (100)

We summarize some important properties of the maps R% +1 that follow immediately
from the properties of a (compactly supported) scaling function and its associated wavelet
basis, cf. [20,67,69]:

Proposition 3.3. The one-particle map of the wavelet renormalization group has the
following properties: Rll\\;ﬂ (ON.+ — BN+ is

1. well-defined,

2. C-compatible,

3. isometric, i.e. Rxﬂ* o R%H =1y,

4. asymptotically compatible, i.e. Révo” o R%H = RC’)VO.

Moreover, we have oo + = L2(S£)i ® C2, and Révo* o Révo = 1py,.

For our purposes it is convenient to explicitly derive the form of the wavelet renormal-
ization groups in the momentum-space representation via the Fourier transform, cf. (36)
& (42):

. . . 1 .
Ry, ) = Z%m()(SNHk)(Eper)ka RL G = e §(enk) Eperr- (101

1 ; . . .
where mo(eys1k) =272%, hye~ken+n (considered as periodic on I'n41,4), and
&per denotes the periodic extension of & from I'y + to I'y41 + respectively ' +. The
asymptotic compatibility and various convergence results, as we show in Sect. 4, turn
out to be a consequence of (applying the Fourier transform to (95)):
M
S(en.) = molens1 )8 (ena) = lim [ mo(ensn.). (102)
M—o0 Pl
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where the infinite product converges absolutely and uniformly on compact sets [20].
But, the convergence also holds in arbitrary Sobolev-type subspaces of L2(S£) provided
the scaling function is regular enough, s € C*(R), o > 0, e.g. those of the Daubechies
family, see Lemma 3.7 below.

As we are not only interested in the scaling limit of the fermions, Ay + and By 4, but
also that of implementers of Bogoliubov transformations and their generators, such as
dFs(G)andd Qs (Q) givenin (22) & (23), we introduce a modified version of the maps
Rx +1 adapted to the fact that the generators are quadratic in the fermions (i.e. currents).
To this end, consider the spaces,

(AN, CP) ={X: Ay — CP} =Ty, CP), (103)

of CP-valued differential loops (periodic boundary conditions) together with the obvious
extension of the (lattice) Fourier transform.

Definition 3.4 (Wavelet renormalization for differential loops). Given a compactly sup-
ported orthonormal scaling function s € L?(R) as in Definition 3.2. The wavelet renor-
malization group for CP-valued loops is defined by:

SNt XY = 2mo(enst )Xk SN = enflenb)(XEDe.  (104)

per
for X € [((Ay, CP).

In view of Proposition 3.3, we note that the wavelet renormalization group for currents
also satisfies asymptotic compatibility:

SNt o SN, =8N, (105)

but we refrain from formulating an associated (topological) inductive limit and simply
note thatim S Oj\é C [#(S}, CP)is afinite-dimensional subspace of differential C”-valued

C“-loops associated with the span of s~ and its A y-translates.
1

Clearly, the difference between RY, and SY is the geometrical scaling factor &,
respectively ey which reflects the fact that fermions are half densities while generators
are densities.

3.1.1. Quasi-local structure By analogy with case of lattice scalar fields, the wavelet
renormalization group is compatible with the real-space anti-local structure of the fermions
on the lattice and in the continuum. The simple reason for this compatibility is the finite
length of the low-pass filter {%,},c7, which entails that according to (98) and (100) the
fermion and Majorana algebras of a single lattice site at a given scale, ™Ay +(x) and
By, +(x), x € Ay, generated by a,, ai respectively W,, are mapped into localized
algebras at the successive scale, 2Any1,+(Iy) and By, +(Iy), generated by ay, a; re-
spectively W, for y € I, N Ay41, where I, C S,{ is an interval determined by the length
of the low-pass filter.
This observation allows for the following definition.

Definition 3.5. Let I C Si be an open interval, and denote by A y N/ denote the subset

of those x of intersection as subsets of S i such that x + supp(s®¥)) does not intersect
the boundary d/. Then, we define the local one-particle Hilbert spaces as:

by +(I) = (AN N1+ ®C? Chy 4,
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where the inclusion results from extension by zero. The twisted-local fermion and Ma-
Jjorana algebras are, thus, defined as:

Ay, £ (1) = Acar (b, = (1)), By +(I) = Bear(hy =), 0),
which are considered to be subalgebras of Ay + and By +.
As an immediate consequence of this definition we have the following properties:

Proposition 3.6. The local one-particle Hilbert spaces and twisted-local fermion and
Majorana algebras form inductive systems with respect to the wavelet renormalization
group. Specifically, we have:

Doo, (1) = h_,f,)nhN’i(I)’ Koo, £ (1) = I'%I)l%v,i(l), DBoo,+(I) = li_lrv)n%N,i(U

Moreover, we recover the (twisted) quasi-local structure of Aoo,+ and B, +:

Qloo,:l:(]) C 52‘oo,:l:(l/)» %oo,:t([) C %w,i(l/), IC I/’
oo, £ (1), Ao, £(IN]T = {0}, [Boox(1), Boo (N1 =1{0}, INI' =g,
Qloo,j: = U Qloo,i(l)a %oo,i = U %oo,i(l)a

1cs} ics;}

where [, | in the second line is the Z,-graded or twisted commutator with respect to the
grading given by the parity operator (—1)F [8].

3.1.2. A decay estimate We provide decay estimate on the finite products , ]—I;W:]
mo(en+nk), that directly implies (102) in Sobolev-type norms for compactly supported
Daubechies scaling functions by dominated convergence. The proof adapts a multi-scale
decomposition strategy in [20] used to obtain regularity estimates for such scaling func-
tions to finite products. A similar albeit less general statement can be found in a recent

article by one of the authors [69].

Lemma 3.7. Let ¢ = ¢ be a compactly supported Daubechies scaling function with
K >2ie.:

1+e—il K
kmo) = (257 )" kL), (106)
where g L is a certain trigonometric polynomial. Then, for j € N, and j~'M € N:
M
X[_zMn,zMn)(l)HKmO(zfnl)
n=1
¢ i 1sncinr\< K,
= X[—2Mz oMy (1) max{e™, ™ ’}<T|2> (L+ D™, (107)

where K; = j~'1og,(q;), ¢; = Supjer ]—Ifz;l kL7, and [k L] < 1+ C|l].

Proof. Clearly, x £(0) = 1and, thus, | g £(1)| < 1+C|I].Put, g £;(1) = [Ty k £Q7"1)

—1ag_ .
such that [T/ _~" g £;@~mi*Dpy = 1™ x£Q27"1) and q; = sup;ep [ £; (D).
Now:
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1. Assume |I| < 1:

JTIM—1
l_[ |K£j(2—mj+ll)| < eC(l—2_m)|” < eC.

m=0

2. Assume 2/M' =D < 1| < 2/M' for some M’ < j~'M:

jTIM—1 M'—1 jTiM—1
[T k@™ n= T Ik£;@™*On1 T] IxLj@ @+
m=0 m=0 n=M'
M —1
=[] Ixc;@ ™*Dn]
m=0
JTIM-M'—1
KL 0+D oM
,E, KL . )l

<€ = MK < L1

3. Assume 2M < |I| < 2Mx;

jTIM—-1

. -
[T ki@ ni<q] M =2"% <z Ma+upk.
m=0
g )
Thus, we have [T, |x £ = [T/ _3" " [k £, ™*D1)| < max{eC, 7 57}(1+
DX for |I| < 2. In combination with the formula [T, ‘1_6_212 U= e,
in(l
cos(%Z_"l)I = % the result follows. O
It is known that K, < (K — 1)(2 — %10g2(3) [20] implying:
3 K—o00
—K+K <—(1+(K-1) (3log,(3) — 1)) —> —o0. (108)
—_—

~0.1887

Thus, the decay in (107) can be made arbitrarily fast in a polynomial sense by increasing
K, and we note that K;, < K;, + C% for j1 < j»

For convenience, we state the following regularity estimate for the scaling function
from [20, Lemma 7.1.2]:

Lemma 3.8. Let ¢ = g ¢ be a compactly supported Daubechies scaling function with
K > 2, then it satisfies the following decay estimate:

5O < C'A+ 1~ KK (109)

for K = inf jen ICj. which implies s € C*(R) if K < K — (1 + ).



248 T. J. Osborne, A. Stottmeister

3.2. Momentum-cutoff renormalization group. A second renormalization group that we
make heavy use of in Sect. 4 implements a sharp cutoff in momentum space [69]:

Definition 3.9 (Momentum-cutoff renormalization group). Let xr,, . be the character-
istic function of I'y + C I'y41,4+ C o, +, and let:

A 1 A~ N 1 N
RN Gk =22 xry, () Gper )i RN (&) = &2 xry (k) Eper i, (110)

fore = (W @) ep N.+. The momentum-cutoff renormalization group is densely
defined by:

aN, @) =aRry,, &), al (@) = a(RY,(&)). (111)

The momentum-cutoff renormalization group enjoys the same properties as the
wavelet renormalization group, cp. Proposition 3.3.

Proposition 3.10. The one-particle map of the momentum-cutoff renormalization group
has the following properties: R%H tON+ = Oyt s

1. well-defined,

2. C-compatible,

3. isometric, i.e. R][\\,]H* o R%H =1y,,

4. asymptotically compatible, i.e. Révo” o R11\¥+1 = Révo.

Moreover, the inductive-limit Hilbert space agrees with that of the wavelet renormaliza-
tion group, hoo + = L*(S})x ® C% and RY* o RY, = 1y,

Letus also state the real-space form of the asymptotic one-particle maps of the momentum-
cutoff renormalization group:

1 p —1

N 1 7 i X (. —x)sin(mey (.—x))

RLE) = qpey D &ce' i e o (112)
xelAy

for& € hy +. This makes it evident that images, aévo (a(&)), of lattice-localized localized

operators, a(§), § € hy + (1), are not strictly localized in I C § ! in contrast with the
wavelet scaling maps.

3.3. The scaling limit of lattice vacua. We are now in a position to determine the scaling

limit of the family of lattice vacua {a)(()Ni) }nen, according to (89). Using either the wavelet
or the momentum-cutoff renormalization group, we find:

oy @@a () = (RN @), (1 = SV RY () vemt
=s— Y (RYEw P ORYDe.  (113)

2LN+m
kel nym, +

(N)

such that the scaling-limit states wq, 7,

renormalization condition,

N € Ny, is well-defined if we impose the

lim ey'ay =m, (114)
N—o0
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for some m > 0 (the physical mass of the continuum fermion):

o @®a’m) =5 > (REEw. PR (i) 2. (115)

kel“oci

where P (k) = Qom ()™ (@m(®) 1 + np(k) - 0) with o (k) = (m> +k%)? and
ny (k) = key +me;. If we use the Majorana mass term (68) instead of the Dirac mass

term, P,,(;') instead takes the form:

PO K) = Qoo (k) (wm (k)1 + np (k) - o), (116)

with n,, (k) = ke, + me,, which satisfies: CP,” = (1 — PS”)C for all m > 0. In this
case, the scaling limit is also well-defined as a state on B +:

QXL (WEYM) =5 Y (REE® PR (i) ce- (117

kelso,+

The one-particle operator Pé+) of the massless scaling-limit state is directly related
to the chiral projections p4, cp. (61):

PSP (k) = L(1 +sign(k)ay) = pignce)» (118)

which results in the following expression of the scaling limit on the chiral algebra Ql%)i

(and again similar for %E\;_L’)i),

o L EVIM) = 57 Y (0 L sign() RY )i RY (n)k.

keloo,+
Wl (WL EWEm) =0, (119)

such that the chiral parts decouple. As expected, we observe that the the scaling limit of
the massless lattice splits into independent components relative to the chiral decompo-
sition (61), and (119) is related to the projection, cf. (72),

P L%(S}) — H*(S}), (120)
onto Hardy space and its complement P~ = 1 — P*. Inverting the Fourier transform
in (119), we obtain a real-space expression that is seen to approximate the standard

infinite-volume two-point function in the limit L — oo [1]:

5 wmm sEN) (x")

O (= EVIE) = F / dx f dx' L) S*AN, TovEih

(SN) (en) (y/
—>:t—/dx/ yE kay SENI(X)E *kay S (X). (121)
x —x' £i0*

Now that we have established sensible candidates, (115) & (117), for the scaling
limits of the families of lattice vacua, we establish the convergence to these limits for
the wavelet renormalization group using the results of Sect. 3.1.2.



250 T. J. Osborne, A. Stottmeister

Lemma 3.11. Let {o™)} NeN, be a family of quasi-free lattice states, each defined by an
operator 0 < SN < 1on by .+ (CS(N) = (1 — SNC in the self-dual case). Assume
that for all N € Ny the kernel of S'V) is diagonal in momentum space and converges
point-wise to the kernel of an operator 0 < § <1 (CS = (1 — 5)C),

Jim S (k)i = Sk, kely+.ij=1.2 (122)
—00
where (ex i, SNMe; ;)n = 2Ln8 1 S™ (k)ij and (ex i, Se; j)oo = 2L8k1S(k);j. Then,
the renormalization group flow (89) of w™) converges to a)(SN) = wg o Olévo.'
. N N
Jim o}y — o] = 0. (123)

Proof. Itis sufficient to prove the statement for the two-point functions because the states
are quasi-free and the algebras 2 + and By 4 are generated (in norm) the by algebraic
span of annihilation and creation operators respectively the Majorana operators. We
state the proof only for the complex fermions 2 4+ as it is completely analogous for the
Majorana fermions By +. By the Cauchy-Schwarz inequality and the properties of the
renormalization group we have:

(@5 — of")@)a’ ()
= (RN (&), (RFMgNHMRN  — SRY)Y (1)) oo
< |EIINI(RYMSNFMRN  — SRY Y1) oo

<lelng > > I REMSNAORY  — SRY)(er,j)lloo

leTy 4+ j=12
1
2
< lelnlinly (s Do Y0 NREMSNRY, \ — SR (e II% )
leTy 4 j=12

Next, we evaluate the last factor in the last line explicitly:

oY Y IMREMSNADRN L — SRY (e )%,
lely.x j=12

== Y YD ek (RIGMSNHIRY L — SR (er,j))oo |

lely + j=1,2  kelg+i=1,2

= Y > Y BEnkPISETM) k)i — SK)ij1*80,% ¢~y mod 2L,

lely + k€l oo+ 1,j=1,2

where the last line follows from the scaling equation in momentum space (102), the
inner products,

M—N
M—N .
(ewis Ryg(er o = 8,27 (T motenank)) Y e/ 40
m=1

XEAN
M—-N

M-N
=2LN8112 2 ( 1_[ m0(8N+mk))50’%(k_l) mod 2Ly’

m=1
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1 )
(ex,is RN (e1, )00 = 8ij€ %5 (enk) Z emik=Dx

XEAN
1
= 2LN8ij8/%/S(€Nk)50’%(k_l) mod 2Ly (124)

forall k € I'no,+ and [ € I'y 4+, and the periodic extension of SN+M) (k)ijtok € oo +.
As a consequence of the decay estimate on § in Lemma 3.8, Lebesgue’s dominated
convergence theorem, and the fact that the states are quasi-free (7), we know that o™

converges to a)(SN) in the weak™ sense. Since the algebra 2y 4 is finite dimensional, we

know that this is equivalent to strong convergence, hence the result follows. O

Corollary 3.12. Assuming the renormalization condition (114), the renormalization
group flow of the family of lattice vacua a)(()Ni) converges to a)gg )i (in norm) at any

scale N.

Proof. The renormalization condition implies the point-wise convergence of the kernel
SV k) =1 -PP (k) — 1 —P for N — oo. g

Remark 3.13. The statement of Lemma 3.11 is remains valid if we replace the wavelet
renormalization group by the momentum-cutoff renormalization group. To see, this we
observe that:

1
eki, (RAMSNHMRY  — SRY (e ool = 2Lnef 8k l(SNV™M) (1) — S,

forall k € I'o,+ and [ € I'y + because:
(exir R (e D) = 2Ly6i;22 MMy ). (125)

1
(ex.is RN (e1,))00 = 2LNG;je Nk, 1-

4. Approximation of Conformal Symmetries

It follows from (119) that the chiral subalgebras of the fermion and Majorana algebras,

ng’)i and %gi)i, together with the scaling limit w4 = wézo Z_L are conformal field

theories with central charge ¢ = 1 respectively ¢ = % [21,26]. But, we would like to
understand how the Diff, (S i)-covariance arises in its differential form, i.e. the Virasoro

algebra, in the scaling limit from the lattice data, 2 x +, By, +, and a)(()sz To this end, we
combine the method of operator-algebraic renormalization and its specific realizations
introduced in Sect. 3 with the well-known results on Bogoliubov transformations and
their implementability collected in Sect. 2.1.1 to analyze the approximation of conformal
symmetries by the so-called Koo—Saleur formula [60], see also [68,96].

4.1. The Koo—Saleur approximants. To motivate the Koo—Saleur formula for the lattice
analogues of the Virasoro generators, we first introduce some terminology, following
[68]. The discussion stays rather formal and assumes that we are given a conformal field
theory defined on the circle § i with Hamiltonian,

H = /1 dx h(x), (126)
SL
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acting on some Hilbert space H, where £ is the Hamiltonian density (a local quantum
field on H). The Hamiltonian density is itself given by the chiral and anti-chiral energy-
momentum tensors, 7 and T, via

h(x) = 5= (T (x) + T (x)). (127)

The Fourier modes of the energy-momentum tensors,

_ 2L ikx c T _ 2L —ikx7 c
Ly = 5.7 /Sldxe T )+ 5380, Lk = G2 /Sldxe T (x) + 5700, (128)
L

L

for k € I'so +, form a representation of the Virasoro algebra with central charge c [21],

[Li, Lir] = £(k — K) Ly + Sk 05 (20 (50 = 1),
[Li, Lir] = £(k — K)Ligae + Sk 05 (20 (2 = 1),
[Li, L] =0, (129)

on H. Thus, the Fourier modes Hj of the Hamiltonian density & correspond to linear
combinations of the Virasoro generators:

H =L / dxe™h(0) = L+ Tk — 80, (130)
SL

with Hy = %H . In addition to the Virasoro generators, it is useful to consider their
smeared versions,

LX) =5 > Xily, L) =4 > XLk (131)

keloo + keloo +

for a sufficiently regular differential loop X € [*(S!, C) (cf. Definition 3.4 and below,
see, for example, [15,41] precise definitions of smeared Virasoro generators).
Now, the Koo—Saleur proposal is to introduce, by analogy, the lattice Fourier modes

of a lattice Hamiltonian, for example, HéN):

HM =Ley 37 ekon), (132)

xeAyN

where hV) 1 Ay — Ay, + or By 4 is a suitable lattice Hamiltonian density. Here, we

slightly abuse our notation for the sake of simplicity and denote Hk(g()) = %Hém by

HSN) as well. This leads to the following lattice analogues of Lj and Ly:

Definition 4.1 (Koo—Saleur approximants). The Koo—Saleur (KS) approximants of a
lattice Hamiltonian H™) with density /™) : Ay — 2y + or By 4 are given by'?:

N _ 1 g weN (N) 77 (N)
Ly _Z(Hk +2Lsin(%5Nk>[Hk +Ho ])

12 The prefactor ~ k! used in [68] has no intrinsic meaning on the lattice at finite scale and is replaced

by ﬁl sin(%s Nl ~ %k*l for small & which also avoids Fermion doublers at the boundary of the

Brillouin zone.
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Y )y &[ ) (N)])
L _2<H 2Lsin(Senk) Ho Ho (133)

fork e I frv . Given a differential loop X € [(Ay, C), we define the smeared KS approx-
imants by:

N N
tVx) == 3 & TV =51 Y /LY. a3

kEl—‘N’+ kel y +

An alternative formula for the Koo—Saleur approximants is obtained by replacing
ZSin(%e ~k) with the dispersion relation w;, N_o(k) of the free massless lattice Dirac

Hamiltonian HéN) because ﬁ| sin(%est)F1 Iy o wy =0 (k)7L

(1 +sign() LN + (1 — sign(k)ZY = HN + 4[ HY) HéN)],

Lywyy=0(k)

(1 +sign(k) L™ + (1 — sign(k) L = HY — —[H(N) H(N)], (135)

Lywyy=o(k)

In the following we show that the (smeared) KS approximants, L () (X)and Z(N) (X), as-
sociated with the free massless lattice Dirac Hamiltonian (44) converge to the (smeared)
Virasoro generators, L(Sév<> (X)) and Z(Sévo (X)) in a sense we make precise below.

As a direct consequence, we find that the (unitary'®) exponentials,

UM (X) = exp(i L™ (X)), TN (X) = expi L™ (X)), (136)
as well as the (automorphic) dynamics,
Uz()](V) = Adywx), _(N) = Ad— 7 137)

(tX)’

for X € [(Ay, R), converge to implementers of localized diffeomorphisms in Diff . (S i)
and their automorphic action on s, + respectively B oo, 4.

It is important to note that we have two degrees of freedom in the correspondence
between lattice and continuum models: it may be necessary to shift the ground-state
energy and scale the energy axis in order to match the two in the scaling limit. That is,
we should allow for hamiltonian the following adjustment of the lattice Hamiltonian

HM s gy HN + by 1, (138)

where ay, by € R are model-dependent constants.

4.2. The case of massless free lattice fermions. We determine the KS approximants for
the complex fermion algebra 2y + of the free massless (Axy = 0) Dirac Hamiltonian
(44) according to Definition 4.1 using the following lattice Hamiltonian density'#

N = eyl (a,(ci);,vafcz) aVq® +a)(c2_)ZNa)(C1) — a7 +h.c.> €eAnv+, x€AN

N 2 X
(139)

13 Note that L]((N)* = Lg\]’{) and Z](CN)* = Z(_A,'().

14 Note that the expression for h;cN) is chosen to be symmetric with respect to the basic lattice translation
x +— x + ¢ey. A different choice, for example, directly using the summand in (44) corresponds to partial
integration in the scaling limit and, thus, a modification by a total divergence.
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Although we evaluate (133) only for Ay = 0, we note that (71)) shows that the lattice
approximation effectively generates a contribution that behaves like Majorana mass at
finite scales. Similar to (45) and the Fourier modes of the lattice Hamiltonian density
are given by additive second quantization:

(N) _ L_—1 (N)y 1 A ()T 7 (N) A
H W= Zey dFo(hy ') = 57 Z Z A e Dijag™,
lely +1,j=1,2

. k
0 e V) cos(Lenk) — 1

(N) _
D= ien(+%) o1
e cos(zenk) — 1 0

(140)

Now, because of (18), the KS approximants are also given by additive second quantiza-
tion:

1" = LLey aRo(n" + @sinhenin ™! [, afV]).

L = SLeylary (n%) + @sinctenin ™ [ 16V). (141

Explicitly, we find for the KS approximants of the complex fermion algebra 2y +:

N N ~ ()T (N ~(j
L =rak™ =2 30 3 a g 0ua”,
lely +1,j=1,2

—isN(l+§)

(V) 1 —1| —sin(ey( + ’%)) e cos(%eNk) —1
G (D =z¢en | . Lk
el8N(+2)

cos(%eNk) —1 —sin(ey( + ]%))

() Z(N) ~ ()77 (N) ~(j

L) =LdR@ =5 30 3 a4t Oga,
€Ty + i,j=1,2

oien =%

S o1 sin(en(@ = 5) cos(zenk) — 1

o =Ley TN (142)
2N ient=p)

cos(%st) —1 sin(en( — %))

We find the explicit expressions for the KS approximants in terms of the chiral decom-

position (61) by applying the chiral projectors p+ to the one-particle operators E,(CN),
Z(N)
[P

My gt —sin(Yenk)?sin(en( +5) —iGsin(QenD)? +sin(Ren ( +k)?)
k N \iGin(SenD)? +sin(iey( +k)%)  —cos(Fenk)?sin(eny(+5) /-
(143)

1 2 & k e | 2 ol 2

—(N) 1 cos(zenk)”sin(ey(l — 3)) i(sin(zenl)” +sin(zey( — k)7)
G D =ey| AT T Y L1 2 _k :

z(s1n(25Nl) +sm(28N(l k)*) sm(4£Nk) sin(ey ({ 2))

(144)
From the latter expressions we can read of the KS approximants of the chiral and anti-

chiral subalgebras (62), i.e. p,ZIiN) OHp- = Z(_N,z respectively pj,((N) DOp+ = fogz

LN =Lare™) =2 Y cos(Genk)sin(en ( + 5N .

leTn +
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LN =Lar)y =L > cos(henk)?sin(en — )0, by (145)
leln +
A direct computation verifies the validity of the lattice analogue of the Virasoro algebra

(129) at ¢ = O for L,((N) and Z,EN) at first order in ey, with the following explicit
expressions for the chiral and anti-chiral subalgebras:

1 2 1 "2
V) ;N Lyn el 1, Co8(genk)” cos(zenk)” o ) )
LMoL ] = Lyogin(ley (k — K)) (L +R )
[ ook 71 2 cos(Len (k + k)2 — etk T ek
1 2 1 "2
N) N _ Lyl 1, Cos(zenk)” cos(zenk)” ) )
LML ,]:—N2s1n(—8N(k—k)) ( +R )
[ +,k +,k 3 2 COS(%EN(k+k/))2 +,k+k +,k+k
(146)
where the remainders Rglz, LR ,5?_/12, are in 0(812\/) and given by:
N .
RY ,z+k, = 1cos(}leN(k +k')? Zsm(sN(H k+k)sm(28N(l+ k+k)1ﬂ“+k+k,w I,
IEFN,i
N .
RN =Zcos(Gen (k+K)? Y sin(en (1= K5 sin(Gen (= K0P T o Vet
lel'n +
(147)

A similar computation starting from (75) yields the KS approximants for the two
copies of the Majorana algebra By 1 making up 2y +, which we also denote by L,EN)

—(N . .
and L,(( ) by a slight abuse of notation:
L =Lagee™) =2 3 Y 3o 0t Woor Yo,

lelN + 0,0'=%

) sin(en (1 + k) (1 — cos(en (I + 5)) — sin(en (I + 5))(1 — cos(en (I + 5)) cos(en §)
L=
—i(sin(zenD)? +sin(5en ( +k)D)(1 = cos(en (I + 5))
i(Sin(%SNl)z + Sin(%&‘N(l + k))z)(] +cos(eny(l + %))) )
" sin(en (1 + k) (1 + cos(e (I + 5 —sin(en( + 5)(1 — cos(en (l + ) cos(en ') |
(148)
LY = 240G = 4 37 30 300l Do b,
leTN + 0,0'=%
—(N) sin(en (! — k) (1 +cos(en (I = 5 +sin(en( = 5)(1 — cos(en (! — §) cos(en §)
W _ i
—i(sin(enD)? +sin(Yey (I — k)») (1 +cos(en (! — L))
i(sin(3enl)? +sin(yen (I — k)*)(1 — cos(en( — )
sin(en(d — k(1 — cos(en(l — ) +sin(en(d — £)(1 - costen(l — ) cosenty )

(149)

with identical expressions for W... The analogues of the restrictions (145) of L,((N) and

Z,iN) to the chiral and anti-chiral subalgebras are (in agreement with (145)):

N N
L) = Lagoe™)
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=21 “(sin(en (I + k) cos(sen (I + 5)?
leI‘NYi

+1 sin(en (1 + 5) (1 — cos(en (1 + 5)) cos(en SMV_ | _ iy Uy

= Z—; Z COS(%E,‘N]C)2 Sin(é‘N(l + %))‘i’_|_(1+k)\if_|l,

IEFN +

L™ = Lagoe™)
=i Z(Sln(é‘N(l — k) cos(Yen(l — £)?

leTn +

+4sin(en (= 5N(1 = cos(en (I — §)) cos(en 5)) Wa— -1 Pap

== Y cos(jenk)?sin(en ( — 5) W _q_p Uiy, (150)
lel“N,i

where we used the identity,
D0 3l k) + f(=A £ K, k) Vst Wy = Lydro Y f(,0), (151)
lely + lel'N +

which is a consequence of the self-dual CAR, to arrive at each of the last lines.

4.2.1. Relation with Temperley—Lieb algebras In the original work of Koo—Saleur [60]

an essential step consists in relating the Hamiltonian lattice density h)(CN) to generators
e, of a Temperley-Lieb algebra TLs with loop parameter §. Let us briefly explain how
such a relation with Temperley-Lieb algebras [44,88] arises in our setting, specifically
in the case ¢ = % which is intimately connected with the transverse-field Ising model
[79]. Invoking the self-dual formulation involving the Majorana mass term in Sect. 2.6,
we can rewrite the Hamilton (71) in terms of a pair of anti-commuting complex fermions
¢, ¢ in momentum space,

& = 0@+ 00T &Y =00 Pk +0RY ] (52)

which yields:

H(N) A(l) sin(enk) —i((cos(eyk) — 1)+ Apy) A(l)
216 IZ A(l)’f i((cos(enk) — 1)+ An) — sin(eyk) 6(_1,2'

! & —sin(eyk)  —i((cos(enk) — 1)+ An)\[ &
7%22 4%% C(@oggNk)—1)+AN) sin(enk) > 2t
(153)

Here, we restricted ourselves to anti-periodic boundary conditions (-) for simplicity.
Next, we apply additional Bogoliubov transformations,

20 D 5@ Y
79 —_ TO0x
Aa)' =e 47 532? ; Aé)T =ioge'" Aé)T (154)
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to arrive at two copies of the Hamiltonian of transverse-field Ising model with mixed-
sector boundary conditions [80]:

Ny _ 1 2,({1) ' A(z)
HyV =50y ACK hi (k) A<m +2LZ A(z)t hii (k) A(zw
kel_ _o\“—k kel_ o ok

(155)

where h( timk) = —sin(enk)oy + ((cos(enk) — 1) + An)o;. Now, we are in a position to
explicitly spell out the relation with two commuting‘ copies of the Temperley-Lieb alge-
bra TL;_ 5 (on 2N+2 strands). This is achieved by introducing the Majorana fermions
on the refined lattice A y41,

yD =D DTyl =@ =P, j=1,2, xeAy, (156)

and defining the Temperley-Lieb generators:

i 1 . i j .
o) =272 (1w ip g, v, j=12, x € Ayyi. (157)
This leads to:
N . ‘ o
HyY =4 sN+1Z Yo (=2, v vl v
j=lxeAyn
— 2[ eyt Z Yo (0 —amed vl ) —@—aw2Veyt,  (158)
j=lxeAy

Therefore, the KS approximants at criticality (An = 0) can be equivalently computed

using the Temperley-Lieb generators ex (see [84] for further explanations concerning
this perspective in the setting of OAR).

4.2.2. The formal scaling limit Before we turn to the analysis of the convergence of the
KS approximants in the scaling limit in the sense of Definition 3.1, we study their formal
limit in terms of the asymptotic renormalization group elements a . This allows us to
determine candidates for limit operators which should correspond to representatives of
the Virasoro algebra (129).

N
Complex fermions 2y . Let us consider the complex fermion case first. As L(N) L( )
have convenient expression in momentum space, we first observe that:

Oo(a(J)) Z e"k"ago(af(j)): Z eikxa(j)(s)(f’v)). (159)
XEAN XEAN

N

Thus, because ) is *-morphism, we find:

N A N ~(j
o (L) =2 Y Y aa@lhe  ogeka’

lely +i,j=1,2

O |
:%e,z\,z Za(’)'(sstffN))

X, yeEANI,j=1,2
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. . , _1
Z el(l+k)x£]((N)(l),'j€_lly a(])(ast)(,eN)),

lEFNi

(L) =2 Y 3 ZaHE" osela’

lely +1,j=1,2

. _1
= %812\, Z Za(’)T(estfN))

X, yeAN i,j=1,2

‘ _ . It
3 G 1) oD (6, 2560, (160)
lel'y +
Now, Wecanformally take the scaling limit N — oo using 812\, Zx,yeAN — fs;xsidx‘iy

and &, N s,EgN N Sy (in the sense of distributions), as well as,

N0 > g =-0+5p., OG0 =a-5p. 61

The latter can equally be expressed as a formal convergence of operators on the one-
particle space hoo, +:

=(N) (N)

N = RGN RN* s gy, ¢, =RNTRN* . (162)

Therefore, the formal scaling limit of the KS approximants is:

Ly = LaFy ), Ly = LdFO(Zk)
~ A A T A

— 27-[ Z Z [(j.)]jek(l)lj (J) — Z Z (l) Ek(l),/ (/)

leloo,+ i,j=1,2 lel"oo,il j=12
-1 kgt oo 1 kot o

=5 2 U5V =2 > U= DUy
1€l 00, + lelao,+

= LdFy(e_p) = L. = LdFy(tss) = Lix. (163)

where we invoked the chiral decomposition (62) in the last line. We give a precise
definition of £  as an unbounded operator on one-particle ), +) in the next subsection.
The definition of its (normal-ordered) second quantization as unbounded operator on
Fock space §a(hoo,+) is consequence of the results provided in Sect. 2.1.1, see especially
[14]. Similarly, a formal computation of the commutators in the scaling limit, again
exploiting that aY is a *-morphism, yields:

[Li, Ll = Sk —K)Lgw, [Li L] = 5k = K) Ly, [Lis Le] = 0. (164)

Thus, we formally recover a representation of the Virasoro algebra (129) (with central
charge ¢ = 0) in the scaling limit of complex lattice fermions. The vanishing of the
central charge is expected because the computation pertains to A 4+ itself respectively
to the Fock representation of 2. + with vacuum o, i.e. the Schwinger cocycle (27)
vanishes: cg—g = 0.

It is also possible to recover representations of the Virasoro algebra with non-
vanishing central charge (¢ # 0) in the formal scaling limit by passing to the GNS
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representations of A, + given by the scaling limits w(oo i = w4 of the lattice vacua

(115) & (119). But, at this point, we are forced to dlstlngmsh between (—)- and (+)-
boundary conditions as the scaling limit w_ is a pure state while w; is not because of
the degeneracies at zero momentum.

Let us first discuss the Neveu-Schwarz sector ((—)-boundary condition). According
to (118), the scaling limit w_ is a pure quasi-free state on 2, — determined by the
Hardy projection P* and its complement P~ = 1 — P* givenin (72) viaS = P~ @ P™.
Moreover, by (119) w_ is compatible with the factorization, 2, — = Qlé?f Rz, Qlég’)f,
in to chiral components. By (9) the GNS representation w_ of the restrictions of w_ =

(+) ® a)( ) can be realized on Fock space, §,(hoo,—) = Sa(hg)’_) ® Sa(hg’)_), as:
T (e (€)) = Yo (PEE) + Y L(J PTE), feh) (165)

where we choose the conjugation J é‘ = ET which satisfies J PT = P*J.
By analogy with (160), we compute the formal limit of %d F_ (fg,z) =m_ (ozévo(ﬁd
Fy (égE ))): resulting in:

LaF_ (@) - LdF_(x ) =t Lyx.

2
[Lik, Lywl=Lk =KLy +(5) cprCan, tar)
= Lk — KLy + S 015 (20 (2K)? = 1), (166)

where we used the fact that £4 ; has off-diagonal parts in the Hilbert-Schmidt class.
This shows that we formally obtain a representation of the Virasoro algebra with central
charge ¢ = 1 as expected, and the GNS vector of w_ has conformal weight 7 = 0,
ie. Ly 0Q0 =0.

In the Ramond sector ((+)-boundary condition), we purify @, by doubling according
to (11). The doubled projections, taking the role of P* in the Neveu-Schwarz sector,
are explicitly given by,

0(+k) 0 14l

PSizﬁ ( ) ek®<ek,'>oo+ﬁ 21 12 60®<607')009
0 6(Fk) +1 1
k€T oo\ (0} 22

(167)
on h(i) ® b(i) The GNS representation 4 of w; = wf) (24 a)fr_) is then realized on
Falhoo+ @ Doot) = Fa(hS) )2 @ Ful(h)®? by:

T (Y (§) = Y (Ps, (E®O) + ¥ L(J ® J)Ps. (6 ®O)), &b, (168)

where {4 on the right hand side is the obvious two-component extension.
Computing the formal limit as in (166) of the KS approximants with respect to
leads to:

LdF+(€( )—>LdF+(Zik) t Ly,

2
(L, L] = 2k = KL i + (£) epg, (g, L)
= Lk — k) Ly + Skt 015 (2 (5K +2). (169)
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We recover the Virasoro algebra (129) with ¢ = 1 by redefining the limit at zero mo-
mentum,

Lig:=2dFi(tep) + g, (170)
which shows that the GNS vector of w, has conformal weight h = %, 1e. L1 0Q0®R) =
%Qo ® Q.

Majorana fermions ‘B y . The computation of the formal limit of the KS approximants
in the Majorana case is structurally identical, hinging only on the formal convergence
(162) of the one-particle operators (148) & (149):

(V0 > gl = -0+ 5Hia -0, B0 > L) = - 5o,
(171)
Therefore, we only state the final results pertaining to B, + itself,
Ly = £d0o(t0). Ly = Ld o)
= Z—,,l Z (+ %)‘ijflf(l#c)‘i’—ll = ﬁ Z (U %)‘i'+|7(lfk)‘i’+|l
l€l o0+ l€el 00+
=LdQo(t_s)=L_y. =LdQo(ts 1) = Lex. (172)
and the scaling limits of the lattice vacua w_,
Lig=Ld0 (). (173)
and w,,
Lij=%d0,(lxp)+ 158k0. (174)
both of which have ¢ = % and conformal weight 7 = 0 respectively 7 = %. The

normal-ordered quantizations d O+ and d Q_ are defined with respect to the self-dual
analogues of (165):

T (Wi (&) = Y (PEE) + YL(CPTE), Eebl . (175)
T (Wi (§) = Y (Ps, (E ®0) +YL(C B (—C)Ps, (E @), &bl (176)

4.2.3. Convergence of the KS approximants In the computation of the formal scaling
limit in Sect. 4.2.2, we have seen that establishing convergence of one-particle operators
(162) in a rigorous way is central to deduce the convergence of the KS approximant to
the Virasoro generators in the scaling limit. Now, we make this idea precise and argue

—(N .
that such a result shows that {L,(CN)} NeN, and {L,(( )} NeN, are convergent sequences in
the sense of Definition 3.1 with limits given by L; and L;. We focus on the convergence

of the chiral and anti-chiral components, {LE_ZY;} NeNp» to L+ x as the convergence of the
other components follows along the same line albeit the limits are the zero operators.
Moreover, we show that the result extends to smeared KS approximant (134) and Virasoro
generators (131).
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We explicitly provide the statements for the complex fermion algebra Qloo + =

le '+ Bz, 91( 1. The statements in Majorana case Boo + = %(J')i ®z, %( 4 are
completely analogous

Virasoro generators. As a preparation for the convergence statement, we need to prop-

erly define the one-particle operator £ ; of the chiral and anti-chiral Virasoro generators

as unbounded operators on hg )i ~12(s! )+

Definition 4.2 (One-particle Virasoro generators). The operators £ ; associated with

Ql(i) and %( ‘1 are given on the standard dense invariant domain Dsq C L%(S Di
spanned by the plane waves {e; }mer,, 4 Dy the expressions:

tex=5 > (FHanuoa. (177)

lelso,+

where ¢; is short hand for (e;, - ) forall l € I'no, +. Since we are particularly interested
in associated unitary groups and,

= e, (178)
holds on Dy, we define the real and imaginary parts of £ g,
rak = 5ag+le ), g = 2 ek — Lo p), (179)

on Dgq as well.

‘We note that (178) implies that £  is closable. In view of this definition, we use the
following notation for the one-particle KS approximants (145),

e =2 " cos(henk)?sin(en( F §)erk @ 2, (180)

leT N +

and for the real and imaginary parts,
N N N N N
rM =M e ). = 2@ - . (181)
as these evidently satisfy:
e =0 (182)

The following bounds for all j € Ny are straightforward:

|m|% k=0
165 gemlZo < 2L L raziken ) ,
Ikl T +3) k#0

[2m | k=0

I gemle = 2GR Y oy oy (FUden ) e (183)
GI A T ) £#0
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with an analogous bound for ||L]i ©€m ||§O. Here, I'(x + 1) = xI"(x) denotes the Gamma
function. These bounds imply that each plane wave e,, is an analytic vector for £ g,
r+ k and 4+ x because the series,

oo o0 . o

J j J i
> L gemlloo <00, D Slrd yemlloo <00, D Ll semllo < 00,
j=0 j=0 j=0

are convergent for some ¢ > 0. By Nelson’s analytic vector theorem [70,74] we have:

Corollary 4.3. The plane waves {e;;}mer., . C Dsa are a total set of analytic vectors
for €4 i, r+ 1 and i1 k. Moreover, ry i and L . are essentially self-adjoint on Dgg.

Because of these observations, we do not distinguish between the €+ ¢, r4 , t+ x and
their closures in what follows.

Remark 4.4 (Majorana one-particle Virasoro generators). In the Majorana case the one-
particle Virasoro generators need to satisfy the implementability condition (19) which is
met by the one-particle KS approximants (180) and the one-particle Virasoro generators
(177):

We are now in a position to establish the convergence of the one-particle KS ap-
proximants to the one-particle Virasoro generators in the sense of Definition 3.1 using
the asymptotic maps Révo : EZ(FNi, Ly = hst) b(i) LZ(Si)i, ei-
ther from the wavelet or the momentum-cutoff renormalfzatlon group. In particular, we
show the convergence of (162) in the strong operator topology on a dense, common core

D C hoo :|:’
Jim (05 ~ €208 100 =0, (185)

for all £ € D. A similar state holds for the real and imaginary parts (179) & (181).
For the momentum-cutoff renormalization group, we use D = Dgq because:

_1
RY(ex) =&y  ex, kely, (186)

where ¢;, € b . on the left but ¢; € b 1 on the right, i.e. UNGN0 (b(i) ) = Dgq.
For the wavelet renormalization group, we use D = Dy defined as:

= J REOyL), (187)

NeNy

which agrees with the span of the wavelet basis associated with the scaling function
s@0) e L2(S £)+ by construction [20]. That Dy is dense common core for the one-
particle Virasoro generators and their real and imaginary parts is due to the following
argument:

We observe that the graph norms of £ i, r+ x and (4 ; are bounded by the norm of
the first-order Sobolev space h! (Too,+):

1§17, , = 16113 + lex.8 3 < max{l+(Z0% (D HE NG )
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and similarly for [|§]|,,, and [|§]|,.,. But, it is known that Dgg and Dy (provided the

scaling function s is sufficiently regular) are dense in /' (Ioo,+) [50]. It follows that the
graph-norm closures of Dgyq and Dy agree, and we conclude that Dy is a core for £ ,
r+x and tx x [73].
Wavelet renormalization. In this paragraph RAI‘,], and Ré\’o as well as aﬁ and aé\’o denote
the wavelet renormalization group of Definition 3.2.

We formulate the essential convergence statement (185) as a lemma:

Lemma 4.5 (Convergence of the one-particle KS approximants). Let £ € Dy and s €
C*(R) a sufficiently regular, compactly supported orthonormal scaling function. Then:

lim [|(8) — ¢ =0,
lim (1) - e 08 oo
where Z;le = RéVOE;IY,zRéVO*, and similarly:
~ ~(N) : (N)
Jim (G = re gl = 0. Jim 1) — 0 o = 0.
Proof. We only spell out the proof for E(i  and £ ;. We first observe that:

i (R @) = 1) (RY.(RY ) = RY NU(RY €))).

for N > M and & € by because (RY)*RY, = 1y, . Now, the Cauchy-Schwarz inequal-
ity implies:

IR, (¢ ) (RN €))) — € (RE N2,
<HEW, 2 Y. o D ems REEL)RY @)))oo

meleo, + lely +

=N (M,m,1)

— (em Lk (RM (e1)) oo %

=fr,£(M,m,l)

Next, we derive explicit expression for fk(fi) (M, m,l)and fi + (M, m,I)touse the domi-

nated convergence theorem with respect to 22 (Too,4, L)~ 1) to deduce the convergence
of the limit N — oo:

£ )
+

M, m,
=5 Z cos(3enk)” sinen (2 F 5))(em, RX (ensr)) oo (en, RN (eD)n
T

._‘A

k M
j (€m enzgk)oo(en, Rog(er))oo
—_———

=2L8 sk

feeM,m, 1) =5+

Explicitly evaluating the inner product as in (124), this leads to:

1
N
f( )(M m,l) = 4neMcos(4£Nk) S(eym) Z 2Ly sin(ey(n F 2))8 L(m (nFK)) mod2L y
nel'y +
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N—-M

X 2LM3y L,y mod2L [T motepjm
j=1

1
=%81%/1 os(4eNk)2s(eNm) Z 2LNsm(sN(n¢2))8 L(m (1K) mod2L y
neleo, +
N—M
X 2L Ly iy moaziyy Xn @ [ [0 jm
j=1
1 51n(8N(m:l:%))

2LM8M cos(4st) S(eym) Z N
nez

%, £ (mtk+ Zn—1) mod2L yy

N—-M
ATy (m Lk + 2 ) [ [rmotensjm+k + 2 ),
j=1

S &M, m, 1) = 2L2LM5MS(8M(mik))(mi2)50 L k1) mod2Lyy”

where xr,, is the indicator function of the sublattice I'y + C I'so +, and we evaluated

the sumovern € oo + using g, Lm— (nij))mOdzLN form the second to third line. Finally,
we use the periodicity, mo(epr+j(m + n)) = mo(epmsjm) forallm € g+, n € Z

and j =1, ,N — M, and:

Bo,g(mimg—;nfz) mod2Ly 80,%(mikfl)+2N—MLMn mod2Ly 80,§(mikfl) mod2Ly*

Thus, we arrive at:
N sin(e (mi )
f( (M, m, 1) = 271 2LM€M C05(48Nk) $(enm) Z N—8 0, L (mtk—1) mod2L yy
nez

N-—-M
x xrymtk + Zn) [ [motems; (m=*k)
j=1

sin(ey ( +k 5)
jEL2LM£Mcos(4e91\/k)2s(e1\/ )%8 L (ntk—1) mod2Ly

S(em (mtk)
X Senmzk)’ S

because ), . xry (m :|:k+ n) = 1 forany fixed m £k € ' +. We also used (102).

Next, we write:

N
f( )(M m, l)— ZLMSMf (Mvm)‘so,g(mik—l) mod2L

JexM,m, 1) = %2LM£/%1fik(M7 m)go,%(mik—l) mod2L y *

where we defined:
N(m+2)) S(enm)

N
£ (M. m) = §(en (m + k) cos(Ley ky? D Sewm)

Se(M,m) = §(ep(m +k)(m + 5).
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This allows us to conclude that we have pointwise convergence (in m € I'so +):
lim £V (M, m) = fu(M
1m fk ( 3m)_fk( ?m)s
N—o0
for arbitrary M < N and k € %Z, and, thus, also pointwise (in m € ['s):

- (N)
1 M,m,l) = M,m,l),
Nl_rgofk,i( m,l) = fi,+(M,m,1)

for arbitrary / € I'ps +. It remains to show that limy_, fk(ft)(M, WD) = foeWM, D)

in Ez(Foo,i, (2L)~ 1), which follows from the dominated convergence theorem if we
provide a gx (M, .) € £>(Too.+, (2L)~") such that:

N
LA (M, m)| < gk (M, m).
The existence of such a gx (N, .) is implied by,

N (M, m)| < 10m 4+ 5)3enn (m + 1) | 52598 < Crl(m + $)3 (e (m + 1)),

S(ey(m+k) | —

for some Cy > 0, because of the uniform continuity of §, and the decay estimate (109)
for sufficiently regular s € C*(R). § is uniformly continuous since lim|— o |S(k)| = 0
and s(k) = ]_[;’O: | mo (277 k) is locally uniformly convergent. O

The lemma implies the convergence of the KS approximants in the standard Fock
space representation (¢ = 0).

Theorem 4.6 (Covergence of the KS approximants). Let s € C*(R) be a sufficiently
regular, compactly supported orthonormal Daubechies scaling function. The KS ap-

proximants, L;N,Z, converge strongly to the continuum Virasoro generators, L+ i, on the

dense, common core Sglg(Dw) C Sa(bfff )ﬂ:) spanned by anti-symmetric Fock vectors
with finitely many one-particle excitations in Dy (finite Dy -particle number), i.e.:

Jim @ (L) ~ Lepa’ @) . ..a Gl =0, (188)

foralln €e Ngand &, ...,&, € Dy.

Proof. We have by the definition of second quantization:

dFy(0)a’ (&) ...a"(E)Q =) a' &) ...a' (&) ...a" &),

k=1

for any one-particle operator o on D, C [)%’)i such that &1, ..., &, € D,. Thus, because
of (21), we know that (188) is implied by (185). |

The lemma also implies the convergence of the unitary Bogoliubov transformations
associated with the KS approximants to those of the Virasoro generators (a more general
statement for smeared KS approximant and Virasoro generators is stated below). Let
us note that a quasi-free representation s admits an implementation of the Virasoro
generators Ly x by normal-ordered second quantization (22) provided the one-particle
operators {4 j satisfy the off-diagonal Hilbert-Schmidt bounds (25), for example, the
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representations 7+ of the scaling limit states (165) & (168). Thus, for admissible quasi-
free representations, we have:

. ~(N)
5" = Ad o, (rs(a! ©) = 75 (g,
01 = Ad juarsis ) (s(a’ (§) = s (a’ (e"744E)), (189)

ildFs(ri,k)

where the unitary e is well-defined by essential self-adjointness of d Fs(r+ k)

(see below Theorem 4.11), and similarly for Z(ile and ¢4 x by Corollary 4.3. By construc-
tion the relation with the KS approximants is:

dFs@) = : s (dFoe"))) : = : ms @ (L)) . (190)

The analogous statements hold in the Majorana setting, for example, for the scaling limit
representations (175) & (176).

Corollary 4.7 (Convergence of KS Bogoliubov transformations). Let s € C¥(R) be a
sufficiently regular, compactly supported orthonormal Daubechies scaling function. In
any admissible quasi-free representation g, we have:

()
00,+>

Jlim (15 (s (4) — o1 (s (A = 0. VA

and uniformly on compact intervals in t € R.

Proof. Tt is sufficient to prove the statement for a = a' (&) with & € hfj’)i, because the

multinomials A = a¥(&))...a"(&)a(Ews1) . . . a(Egem) form a norm total set in ng)i

and we have:
15" (AB) — 01 (AB)|| < 115, (A) — o (MBI + [ All16," (B) — 01 (B,

forall A, B € mg (thfy)i). Now, let o = r4 k, t+ x and oW = ring, Tile. Then, because
of (189), we have:
~ i ~(N) .
16 (s (@’ (€)) — or (s @ @Il = s @’ (@ €)) — ms@’ (e
< 1" = )& | .

Now, limy_ e 17" — €i'®)&|ls = O uniformly on compact intervals in t € R
because limy_ o0 [|(6Y) — 0)&[|oo = O for all £ € Dy by Lemma 4.5 which entails
strong resolvent convergence [73]. O

Remark 4.8. For multinomials A = a'(&1)...a"(&)a(€ns1) . .. a(Enem) we have the
estimate:

n+m n+m ito™ _ ito
)Z (e illos o1

15" (715 (A)) — oy (s (AN ]| < <l_[ 181 loo &l

=1 k=1
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Corollary 4.9 (Convergence of KS Bogoliubov derivations). With the same assumptions
and notation as in Corollary 4.7, we have the convergence of the quasi-free derivations,

%|,:o5z(N)(ﬂs(a($))) = i[:dFs(6™):, a(§)] = a(io™M¢),
4 or(ms(@(€) = il:dFs(0):, a()] = a(iof).

for A e Q(( 4 in the algebraic span of a' (€), a(&) with & € Dy.. Moreover, we have:

n+m n+m ~(N) _
I:dFs@ ™), Al — [:d Fs(0):, Al|l < (1"[ ||-§1||oo) yo MO Z 0B (g9

11 =

for A=a%&)...a"E)aEnm) ... aluim).

Momentum-cutoff renormalization. The convergence results for the wavelet renormal-
ization group lead to the convergence of the KS approximants to the Virasoro generators
in the standard Fock representation (¢ = 0). Clearly, we would like to achieve a similar
statement for non-vanishing central charge (¢ # 0). Specifically, we would like to de-
duce the convergence of the KS approximants in the representations 4 of the scaling
limit states (165) & (168) as well as (175) & (176). Such a result is achieved by using
the momentum-cutoff renormalization group of Definition 3.9. Although, we initially
lose the compatibility with the quasi-local structure (see Proposition 3.6) in this way, we
explain in the next paragraph of this subsection how to remedy this issue by combining
the wavelet renormalization group with the momentum-cutoff renormalization group for
smeared KS approximants and Virasoro generators.

Denoting by RY and RY as well as &}, and o}, the momentum-cutoff renormalization

group throughout this paragraph, the one-particle operators Z,((Ni are now given by:

i) = £ 3 cos(le k)zwer(zzpk)e,ij@el (193)

lely +

To prove the analogue of Theorem 4.6 for w4 (withc =1, %), we need to compare

the matrix elements of EE_L & With those of £ :

@) wn =£L2L 8 cos<4eNk>2—““(£”(”ﬂ” xry (WFK) Xy (1),
(s Rmn = +L2L8,0 i (0T L), (194)

If we have an approximating sequence {0V} NeN, of o on the one-particle space [j oo, i’
the convergence of their normal-ordered second quantizations can be analyzed using the
following estimate because of (16) & (25):

ldFs(@™) — 0)a (RY (n1)...a"(RY (1) Q0|

<

n
(Z [ ™) =0)4se RY (i) oo+ (6™ —0)"_ _ Roﬂg(nuum}
Toic a1

k=1

£+ NG = o)l +n1G™ = o)) [Tl (199)
=1
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For 6V) = Z;Nz and 0 = €4 , we find:

1Y) — )0 O RE I,
(en(F5) 2
<l (£ S xry mOCERFR)O(En) cos(4£Nk)2%X N(n:Fk)—(n:F%)‘ :
neloo, 4+
N
YY) — e )13

2O 9<i<n¢k)>9(¢n>\cos(4aNk)2M

neloo,+

2y (FR) Xy () — <n:F2>) (196)

The sums in these estimates are finite (for fixed M) which entails convergence for
N — oo. Itis evident from (196), that we have the analogue of Lemma 4.5:

Lemma 4.10. Let £ € Dgyyq. Then:

Jm @) el =0, Tim (@) — exp)ssE o =0,

li &N — =0,
Nl—r>noo K¢ +k +k)+=xll2

where EiN,Z = RNK(N)RN* and similarly:

. ~(N
Jlim 1G], = res)€lloe = O, lim |7 = re)asElloo =0,
N—oo ’
lim ||(7F) ) — =0,
Nosco ”(r:I:,k ri,k)i:F”oo
lim W =0, li N =0,
Jim (1@~ 0k o Jim 1@ — e 2at o

lim [|GY) — =0.
v ”(L:I:,k t+.1)+F oo

Because of Remark 4.4, similar estimates as (195) and (196) also hold for dQg in
Majorana setting. Applying the lemma, we have:

Theorem 4.11 (Covergence of the KS approximants for w+). The KS approximants,
L; ,1 converge strongly to the continuum Virasoro generators, Ly , on the dense, com-

mon core %'ilg (Dgg) C Sa(béf,)i) spanned by anti-symmetric Fock vectors with finitely
many one-particle excitations in Dgy (finite Dgq-particle number):

Jim G L)) —Lia’ @) ...a'E)Qoll =0, (197)

foralln € Ngand &1, ...,&, € Dgq.

By Corollary 4.3 and (195), Silg (Dgtg) contains a total set of analytic vectors for
L4 ,and by Nelson’s analytic vector theorem [70] the real and imaginary parts of L

are essentially self-adjoint on Silg(Dstd). This implies strong resolvent convergence of
the KS approximants and, therefore [73]:
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Corollary 4.12 (Convergence of KS unitaries). Consider the unitaries,

Ut(N) _ eiza’Fi(é(N))’ U, = eita’Fi(o)’
for o™) = F(Nk), ti\,}z and 0 = r i, t+ k. Then,

lim [|(UN) = Upgl =0,
N—o00

forall ¢ € Sa(hg,)i) uniformly on compact intervals int € R.

As in the previous section, Lemma 4.10 implies the following convergence statement
for the Bogoliubov transformations (189):

Corollary 4.13 (Convergence of KS Bogoliubov transformations for 7). In the quasi-
[free representations wy, we have:

lim 5 (i (4)) — o (ra (A =0, vA e 2L

00,%>

and uniformly on compact intervals int € R.

Remark 4.14 (Moebius group in the Neveu-Schwarz sector). We note that the Hilbert-
Schmidt norms in (196) vanish in the Neveu-Schwarz sector ((—)-boundary condition)
for k = 0, j:” ie. ||(£(N) Eki)ijFH% = 0 for the approximation of the Virasoro
generators correspondmg to the Moebius group. Therefore, a simple extension of Lemma
4.5 is sufficient to prove Theorem 4.11 in this case using the wavelet renormalization
group.
Smeared KS approximants. We combine the wavelet and momentum-cutoff renormal-
ization groups to analyze the convergence of the smeared KS approximants (134) to the
smeared Virasoro generators (131). In this way, it is possible to exploit the convergence
of the KS approximants in the non-trivial quasi-free representations 7+ while, at the
same time, preserving localization in real space in the sense of Proposition 3.6.
Throughout this paragraph we denote by RN and RY as well as aly » and ol the
momentum-cutoff renormalization group, Whlle S ,f,’, and Sol\é denote the wavelet renor-
malization group for differential loops (see Definition 3.4).

Lemma 4.15 (Convergence of smeared one-particle KS approximants). Lets € C*(R)
be a sufficiently regular, compactly supported orthonormal Daubechies scaling function.
For M € Ny and X € [(Ay, C), we consider,

VSN = 5= > SN eeSE ) = Y MK )ilar,

kel + k€l oo+

for any N > M.Then,
Jim [ (S (X)) — e (SE (X)) 4100 =0,
Jim 7 (S (X)) — £ (SE XN lloe =0,
for & € Dy, and,

Jlim 1@ (SM (X)) — e (SY (X)) axll2 = 0.
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Proof. For sufficiently regular s, we know that,
Ce(SMX)) = 57— Y §emk) Xper b ks
k€l o0 +
is well-defined on Dy because of (108). Now, we use,
(S (x) — xS (X))
= I SM ) — xry SE ) + 28 (xry SH (X)) — e(SH (X)),

to write:

1LY (SM (X)) — (S XN rx& oo < 1EL(SM (X0 — xry SY(X) 116 ll0o
+ 1L Gtry S X0) — (S (X)) 28 [l oo
L (SN (X)) = £x(SM(XNE N0 < 10L7 (SN (X) = xry SH(XDEloo
+ 1@ (xry SM (X)) — 04 (SH(X))E [loo
L (SN (X)) = e (SH XN x 2 < 1ED(SM(X) = xry SEX) £ ]2
+ 1@ (xry SM (X)) — L2 (SY (XM= l2

Now, let £ = RX (i) for n € hx. By the Cauchy-Schwarz inequality we have:

1ED (SM(X) — xry SM (X)) e RE 112,

2 1 1
<lnlkst= Y Isx D em

leTk + kel'n +
N—-M

x ( [T motensik —f(eMk))ffperk(if,l)ﬁRo’;wz)nio
Jj=1

N—-M R 2
<Inlks= Y. (ﬁ >+ |sMk|)2‘3\eM< [T motemsik) - g(ng)>xperk\ )
Jj=1

leTk + kely +
1 (N)
x (ﬁ Z (1+ |8Mk|) ||(f xR (el)||oo)
kely +

and,

1L Geryy SM (X)) — € (SM (X 2a RE )12
<l s Y lsr Y emenk) Xper i (xry () (EL) = (Ex k) RE (en) 1%

IEFK + kel“oogr

28] A - 2
<l e (ﬁ > (1 lewrkl)™ |enrs eark) Kper )

lelkg + keloo +

x (ﬁ 37 (1 +learkl) Gy W @D = ) s RE @)1 )

kel oo+
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For sufficiently large § > 0 and o > 0, this implies the first convergence statement
because of (196), Lemma 3.7, and the polynomial boundedness of ||£7$Y,z Ré{o (e1)]loo and
161k RE (e))]loo in k € T'so 4+ due to (183).

The case without the restriction to the diagonal parts ()it of the block-diagonal
decomposition (24) is analogous. Similarly, we find:

~“(N
125"

V=M 2
< (ﬁZ(l +lewrkl) e | [ Trotearsik) = 5enh| 1%per |k|2)

(SM(X) — xry SM(X) <113

kely + j=1
728 ~
x (ﬁZ (1+ leark]) ||<£§EN,;)i¢||§),
kely +
and,
@D Gery SMX) — £ (SY (X113

R 2
< <ﬁ Z (1 + IeMk|)28)8M§(8Mk)Xper Ik‘ )

keloo +

x(ﬁZ(l +leark) NGy 7L — ei,mﬂn%).

keloo +

Again for sufficiently large § > 0 and « > 0, the convergence of the second statement

follows using (196), the observation that || (ff,g)ﬂ l2 and || (£ &)+ |2 are polynomially
bounded in k € I'og +:

EN

~ i kyy\2
1D 18 = (42D 0En—RoGE) cos(Genb) (T2 ) iy (n ),

I’lEFN,i

I3 = (42 Y 0(En — DOFR) (nF 52,

neloo +
O

As before, we use the preceding lemma to deduce the following result on the conver-
gence of the KS approximants (cf. (195)).

Theorem 4.16. (Convergence of smeared KS approximants for 71) Lets € C*(R) be a
sufficiently regular, compactly supported orthonormal Daubechies scaling function, and

let X € (A y, C) forsome M € Ny. Then, the smeared KS approximants, L;N) (S]A\;[ (X)),
converge strongly to the continuum Virasoro generators, Li(Sg (X)), on the dense

domain Silg (Dga) C Sa(héf,)i) spanned by anti-symmetric Fock vectors with finitely
many one-particle excitations in Dgyq (finite Dgq-particle number):

Jim s @ (L (SY (X)) —La(SEXNa’ E)...a’ Gl = 0. (198)

foralln € Ngand &, ...,&, € Dyq.
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By theresultsin [15], Szlg (Dsiq) is adomain of essential self-adjointness of L (X) for

real smearing functions X € [% (S', R) (the representations 7+ have positive energy and
¢ > 0, see also [41]). Thus, the preceding theorem implies strong resolvent convergence
of the smeared KS approximants and, therefore [73]:

Corollary 4.17 (Convergence of smeared KS unitaries). For X € [(Ap, R), consider
the unitaries,

UM (SY (X)) = XAy, () = KO
Then,

Jim WM 00 = U0l =0,

forall ¢ € Sa(f)g’)i) uniformly on compact intervals int € R.

Remark 4.18. We can lift the restriction to sequences {SIA\;’ (X)}nen, With X € [(Ayr, C)
(called basic sequences in [22]) by:

I xn) =20 =8 Xy =S¥ (Xpr) + 20 (SM (X )
— L (SY (X)) +e(SM(X) - X),

for Xy € [(Ay, C)and X € 19(S}, C) (@ > 0). Then, assuming we have a S-convergent

. . N . .. .
sequence of smearing functions X y 3 X in the sense of Definition 3.1 for a suitable
sequence of Sobolev-type semi-norm {py s} neN,>

lim limsup py s(Xny — S%(XM)) =0,
M—00 N 00
we conclude the convergence of the KS approximants as in (198). In principle this

allows us to reconstruct the smeared Virasoro generators for smooth smearing functions
X € (S, ©).

In analogy with the Corollaries 4.7 & 4.13, Lemma 4.15 implies the convergence of
the Bogoliubov transformation with smeared generators, see (137):

Corollary 4.19. (Convergence of smeared KS Bogoliubov transformations) Let s €
C*(R) be a sufficiently regular, compactly supported orthonormal Daubechies scaling
function. In the quasi-free representations w4, we have:
. ~(N) _ (€5
Jim 500 e (A) — oo (re(AD =0, VA A,

uniformly on compact intervals int € R, forany M € Ny and X € [(Ay, R).

Error estimates. In this paragraph, we discuss some basic estimates of the approxi-
mation errors occurring in the proofs of Theorems 4.6 & 4.11. Explicit control of the
approximation errors is particularly interesting in view of the potential simulation of
conformal field theories on quantum computers using a lattice discretization.

Let us begin with a discussion of the approximation error in Lemma 4.5. The structure
of the proof, and specifically considering,

S 1M M m) — fi M, m)P

meloo, +
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2
2sin(eny (m+5)  §enm)

en(m+k)  S(en(m+k)

= Y eum+knm+ 5

melso +

cos(%eNk)

-1

3

(199)

suggests a simple strategy to obtain a specific error bound by estimating against the
decay of §:

2

251n(sN(m+2)) S(eym) _
enk) N (m+ ) S(en(m+k)) !

Y emm+k)om + 5[

melso, +

cos(4

2sin(8N(Wl+§)) Sexym) 1

1
cos(zenk) en(m+k)  SCen(m+h)

272 L ky—28
S(% sup (1+ Z{m +3|)
melso +

)
15Cep (. + 5D 15 (200)

forsome 8 > Oand [|§(ea (.+5)11210s = 57 Lero, . 1+ Z1mD2 D[S (ep (m+5)) .
The regularizing factor (1 + §|m + '§‘|)_25 has the effect that,

Error?(8, L, k, N) := % sup error’(8, L, k, N, m) Nz

melso +

error2(8, L,k,N,m):

Ly . k-2 2sm(e~<m+2>> Seym)
(1+ Ly + &)= |cos(Lenk) en T Ten ooy |

’

(201)

with a rate determined by 6 = §(L, k). To obtain a precise numerical bound we also

need to estimate ||5(sp (. + %)) ||i1+5, which will decrease with increasing regularity of
s.

According to the proof of Theorem 4.6, we can estimate the Fock-space norm in
(188) using (199):

@ (L)) = Liv)a” &1)...a” E) ol
<"LError(8, L.k, N) 1§ (en .+ D)o Tllpllac (202)
p=1

where &, = Roﬁg(np) forp=1,...,nand M < NI,
The supremum in (201) can be estimated for 6 € [0, 2] as follows:

Error’(8, L, k, N)

2
_ 26 ky—26 1, pa2sinenm+s)  Seym)
= ( 7 sup( ~ +enlm+5)) "7 |cos(zenk) enGueD) Sen () 1
28 k=26 1 asinr+en 5 5 g
o k= 1 SIPXTEND)  six —
<2 ( ) Sgﬁ(“\’ +lx+enzl) cos(zenk) crenk Fren® 1
(203)

15 Note that the states a’(£])...a"(£,)Q0 have the norm [la” (&) ...a (&) Q0| = [T, oo, for
&1, ..., & orthogonal.
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Thus, we find for k = 0:

. 2
sin(x)
> 1’

Error(8, L,0, N) < 22 (7)™ sup(Z +|x[)
xeR

28|sin(x) 1 2
X

, (204)

272 28 —
()% sup |x|
xeR

|—25

. 2
and sup, g X “nxﬂ — 1‘ is a finite constant of order unity for § € [0, 2] since

|Sinxﬁ — 1>~ % +O(x%). As long as N is sufficiently large, we expect essentially the

same behavior for k # 0 because of the uniform continuity of § in (203). This suggests:
Error®(8, L, k, N) < Cs.p x 272V, (205)
with an explicitly computable proportionality factor Cs, 1, k.

Remark 4.20. (CFT simulation) Concerning the simulation of the a free-fermion CFT
on a quantum computer, the scale parameter N reflects the number of qubits used in
the simulation because it determines the size of the real-space lattice Ay which forms

the basis for the Hilbert space on which the KS approximant L;N,z acts. The second

scale parameter M reflects the resolution at which the Fock states a'(&1) ...a"(&,)Q0
are resolved. It should, therefore, be strictly less than N reflecting at least a doubling of
the sampling frequency in accordance with the Nyquist-Shannon theorem. At the same
time, if we fix the length scale L of the spatial circle Si on which the CFT is supposed
to live, we are forced to choose M in accordance with the regularity parameter K > 2
of the Daubechies scaling function s = g s since supp(xs) = [0, 2K — 1]. This suggest
a lower bound on M in terms of K according to ey/(2K — 1) ~ L to ensure that stem)
is well-localized in Sl.

The choice, &, = Roﬁg(n p), p = 1,...,n, for the one-particle states means that
an arbitrary n-particle state aJ‘(él) .. .aT(én)Qo is approximated by projecting its one-
particle amplitudes onto the subspace generated by the wavelet basis determined by the
scaling function s up to a resolution scale g3y = 2 Mgy, i.e.:

np = Roﬂg*sp — Z <S(8M)(. —X),S;'[,)S(EM)(_ —x)

XEA M

M
=Y (G =X, Ep)sC =)+ Y D (W —x), )Y —x),

x€Ao Jj=0x€eA;

where ¥ is the wavelet associated with s.
The inner products of the states 74 (a' (§1))...77+ (a T(£,))Q0 are accessible according

to Lemma 3.11 in terms of the lattice correlation functions of w(()szz

(@’ (R (1)))Q0. 2 (a” (RY () 20) = lim (a}, (RN ()i, aly (RN (1 )wg).

lim
N—o00

where we explicitly indicated that the creation operators a};, are to be realized by the

quantum simulation at scale N.

Let us continue with a few remarks on the estimation of errors occurring in Lemma
4.10 using the momentum-cutoff renormalization group.
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Remark 4.21. (Error of time-evolution) The error bound on the one-particle generators
directly translates to an error bound on the unitary implementer of time evolution (k = 0)

by the fundamental theorem of calculus since [Zgg, exp(itf+,0)] = 0 implies:

. 5(N) ,
(e 0 — e =) RY (5,) 0o < 11121

— L2 0)RE (M)l (2006)
Thus, we can explicitly estimate the error for the analogue of (191) as well as the
approximation of time-dependent correlation functions as in Theorem 6.1 below. For
the same reason, we can estimate the approximation of correlation functions involving
U, = exp(itL4 o) by those involving U,(N) =exp(itdF_ (Z(i"’()))), cf. Corollary 4.12. By
a similar reasoning that leads to (205), we have for § € [0, 2]:

N : 12
1Y) = e RM 12, < 3 (sup %) I3, (2)* Y 0 (kn) In 0,

\—/_/ nel'y +

=~ fors=2
(207)

which shows that the asymptotic approximation error for the time-evolution behaves as
~ 272N for fixed M (§ = 2).

Remark 4.22. (Error estimates for k # 0) For k # 0, the error bound on the generators
can be used to obtain an error bound (asymptotic in the time #) for the associated unitary
groups acting on analytic vectors {e, }mcn, Which are in the image of RY. To this end,
we observe that:

5()

1" = e")E oo < 1 (6N - o)s||oo+2 1@ ™) = 0)Eloo

Jj=2

which is convergent for some ¢t > 0 whenever £ is analytic for oM. 0. Thus, we can,

for example, consider o) = r(N) and o = r4 ; and exploit (183) to deduce for k # 0:

P - j JM
IGEEDT =L Demlloo < 4L(E )< ) Ik]| TERD)

This immediately implies (for sufficiently small # > 0 if k # 0):

kD1)?
M) s emlloo +4 L ('m(: +|+' 'Tk)m (208)

PO itra -
(e — e ey g < 17

D(%1+3+))
because ( ) |k|/ W
approximation of the unitary group associated with ¢ .

Thus, we find that for small # > 0 (independent of N) the approximation error (in the
limit N — oo) for the unitary groups can be explicitly estimated in terms of the error
given for the generators.

Being less explicit about the one-particle vectors used in (196) (or (191) in general),
we can always get the following bound for the approximation error, valid for all # > 0,

< 2(|m| + %|k|))/j!. An analogous bound holds for the
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when restricting to a spectral subspace b;’f’i = Py, — M]b(of,)i of o for some finite cut-off
M < oo,
1™ = €)oo < 1 16Y) = 0)E 1o
+(L+a) (@™ — (1+M0)|§ oo +b(e" = (1+1)]§ oo,

with & € f)iﬁt, and assuming the powers of the approximants (6"))/ are constructed
as uniformly o/ -bounded operators, i.e. [|[(6'M))/ & |00 < all0/&|loo + I || o-

4.2.4. Koo—Saleur approximants of the equivalent XY model For completeness and in
view of our companion article [72], we also provide the expressions for the KS approx-
imants in terms of the single-component fermion b using (79):

(N) _ 1 I;I’ —L (N) l;l
Ly’ =g Z (;;T ) emaenk Sk 11 mod 2”2 @0 (571)’
A b

1I'eT Ny, =

E,({N)(l’, )= % ( —etoNk sin(en (1 + %)) _i(eaenk s1n(8N2) + e aenk sin(ey 5 l+k))> ’

z(eZgNk sin(ey %) + e denk sin(ey 2)) _eenk sin(ey l;l )

—N) _ b\ iewc S(V) by
L =% > (;;T ) ety tmoa 2l (D) (l;f )
-1
+

1,I'eT Ny, =

( e~ Nk sm(eN(l——)) —i(e” fenk sin(ey 5 )+e48Nksm(sN Zk)))

i(e_ISNk sin(ey %) +eaenk sin(ey 7)) e 3ENk sin(en 5~ K )

(209)

Alternatively, we may derive the KS approximants directly in terms of the single-
component fermion on the doubled lattice A y41, which results in:

AT A

(N _ 1 by (N) by
Ly =z Z (l;T ) G @ <l;’r )

LU'el Nyt = -l

. ’ —ieny1 (1+5) 1
N = —sin(en+1(0 +17))  e7"NETR) cos(5en+1K)
D = | . ok )
k devn =) cos(Ley k) —sinener (1 +1))

—(N I;/ N
LY =% Z(;;-#) ”(Vl)( )
LI'eT N1 =

N sin(e [+ e=iEnn (=5 cog(Len. ik
7 )(l’ D=swi| (l/(+£])+l( 1 ) . (2/N+1 ) . (210)
e N1 0+2) cos(Sen41k) sin(en41 (I +1)

But, it should be noted that these alternative expressions are not directly comparable to
those in (209) because they arise through the Fourier transform on A y41, not Ay, and,
therefore, refer to the (symmetrized) Hamiltonian density

h(N) 8N+l (b bx+gN+l bibj\;‘h‘?NJrl + bx*5N+l b bT b‘)

X—EN+1 X
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of the single-component fermion which is related to the Hamiltonian density of the
two-component fermion by the half-shift x — x + en41:

RN = M 4 g ) x €Ay, @11)

5. Approximation of Wess—Zumino—Witten Currents

We use the same approach that shows the convergence of the KS approximants to the
Virasoro generators in the scaling limit to approximate the currents of some Wess—
Zumino—Witten models. Similar to the Virasoro generators and the KS approximants the
currents of these WZW models can be obtained as normal-ordered second quantizations
of certain one-particle operators [21,26,91], i.e. normal-ordered fermion bilinears.
The U (1)-current. For simplicity, we describe the adaptation of the procedure for the
(chiral) U (1)-current,

Jo(x) = m (W )T () 2, xesh, (212)

in the Neveu-Schwarz sector of ng‘;)_ first. J_(x) is a local bosonic field on {S’a(bg)’_)
with the following commutation relations [75]:

[J-(x), ()] = 5=85(x — ) (213)

which reflect the presence of a non-trivial central charge ¢ = 1. At finite scales, the
direct analogue of J_(x) is given by the lattice current:

TNy =yl v, x Ay, (214)

+|x

as an element of Ql;:,r)f. As for the Virasoro generators, J_ can be approximated by
JMN) in the scaling limit representation 7_ on Sa(bg)’_) using the asymptotic maps
ozévo : ng:,“)_ — ng;)_ as in the Theorem 4.6 using the wavelet renormalization group,

@ IM ) = o (P EE T (P sEV) - (215)

and similar for the momentum-cutoff renormalization group as in Theorems 4.11 and
4.16.

We infer from (215) that the approximants for the wavelet renormalization group are
localized operators in the even subalgebra of Qlf;) _ with alocalization region determined

by the support of the scaling function s)(fN ),

In momentum space, we have the following picture:

Jok=:dF (=2 > il 0m G,
1€l o0, —

~(N (N R
WM =dRoGMYy = =3 Ul (216)

ZEFN<_
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such that : 7_ (@ (JI) = = dFe(GY) - with jV = RY i (RY)*. The one-
particle operators jk(N), Jk are the (unitary) momentum-space translations on hx’)_ re-

spectively b

(GO
o0, —

N8, =&, Gem = Em s, 217)

for & € bg:,'?_ or bg)’_, satisfying the implementability condition (19) and with matrix
elements:

GMYn = 2L 58N G)mn = 2L nsk- (218)

m,n+k’

Since the off-diagonal parts of ji satisfy the Hilbert-Schmidt condition,

IG5 =Y 0(EOF® — k) < oo, (219)

neleo, -

and,
(N (N . .
jiE = U, i = je (220)

the expression for f,,k in (216) results in a densely defined, closable operator on
&a(hg)’_) [14,26]. As before, we define the smeared U (1)- and lattice current,

INX) =5 D KN, =5 Y Kok (@2D)

kel'y + kel oo +

and their one-particle analogues,

VX =52 3 R, =5 > X (222)

kel + k€loo,+

for with sufficiently regular X € [%(S}, C) respectively X € [(Ay,C) :. For real
X = X,ie. iX € u(l), the Lie algebra of U (1), J_(X) and JN(X) are self-adjoint
and induce automorphic Bogoliubov transformations of Ql(o?_ respectively Q[X,r)_:

Ady 000 (@' () = @' Ng), Ad o (1@ (©) = 7@ (T Vg)),
(223)

for& e b;}r)_ or hg})ﬁ, andt € R.

Compafing the matrix elements (218) with those of the one-particle operators of the
Virasoro generators and the KS approximants (194), we deduce that all convergence
results of Sect. 4.2.3 equally apply to the approximation of the U (1)-current by (214) in
the scaling limit. Notably, some of the proof of the results for the U (1)-current simplify
slightly because the one-particle operators ji, k € I'so +, are bounded. As an illustration

we state the analogue of Theorem 4.16:
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Theorem 5.1 (Convergence of smeared lattice currents for 7_). Let s € C*(R) be a suf-
ficiently regular, compactly supported orthonormal Daubechies scaling function, and let
X € (A, C) for some M € Ny. Then, the smeared lattice currents, J(N)(S%(X)),

converge strongly to the U (1)-current, J_ (SOAg (X)), on the dense domain Sglg (Dga) C

Sa(bg,)i) spanned by anti-symmetric Fock vectors with finitely many one-particle exci-
tations in Dgyq (finite Dyg-particle number):

Jim (o (VSN (X)) =T (S0’ @) - aT Gl =0, (224)

foralln € Nygand &, ...,&, € Dyq.
Proof. The proof is identical to that Theorem 4.16 using the analogue of Lemma 4.15
with the additional simplification that we have uniform bounds:
(N .
17V RE @)l = 1, Ik R (enlloo = 1.
O

WZW-currents. We illustrate the adaptation of the procedure for the U (1)-current to
non-abelian currents by the example of the level-1 (chiral) (D)1 -currents. Here, u(D)
denotes the Lie algebra of U (D), the unitary group in D dimensions. The {i(D)-currents
are given by:

D
Ty = Y @l i= 4 >0 eI (225)
i,j=1 kelso -
where the matrices {t“}ﬁi?l are a basis of the Lie algebra u(D), and we use D-

component (chiral) complex fermions Qlf;) _(D) =Acar ([j((;))’ _ ®CP). The finite-scale
analogues of the non-abelian currents and the associated approximants are given by:

D
i j —ikx 7(N), 7(N), .(N),
](N)’I’L(_x) — Z t;‘jwi’&i‘wi{i — ﬁ Z e lk)CJk( )M’ Jk( )1 :dFO(]IE )H)’
i,j=1 kely,—

(226)

with the one-particle operators that also satisfy the implementability condition (19):

D D
(N, g 2 g 2
G 8im = 1l mt G Eim = D171t @27)
j=1 j=1
(+) D ; (+) D St _ ;
for by ® C” respectively § € b, _ ® C”. The finite-scale one-particle operators are
mapped to the scaling limit by f,fN)’M = RY( jk(N)‘” )(RY)*. where asymptotic maps

are used componentwise.

It is natural to use the Hilbert-Schmidt norm ||. ||2, p on the basis elements ¢ as it is
directly related to the Killing form on u(D), and by the Cauchy-Schwarz inequality we
have:

D
(N), i ~n2 w2 S(N) Ay 12 ey 2 2
1 0 g < Nt ||2,DX;||(]k Millyy = 115D oo
1=
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V€ gon < ||t“||2DZ||(Jk5) I = 1B DI oo (229
i=1

The convergence results for the non-abelian lattice currents as, for example, in Theorem
5.1 follow directly from the estimate:

1 = ORI ®(CD_||M”zDZ”(](N)—jk)Rfo(ﬂi)”go, (229)
i=1

as this reduce the problem to setting of the U (1)-current.
A similar reasoning applies to any non-abelian g -current of the form (225) associated
with a (simply-laced) Lie algebra g and representation A determining the level k = k()),

possibly by using the Majorana algebras %5:,',)_ and %5,2_ instead.

6. Approximation of Correlation Functions

The convergence results of the previous sections for the approximation of Virasoro
generator, their unitaries and the associated Bogoliubov transformations allow for the
approximation of (chiral) correlation functions of the resulting fermionic continuum
field theories in the scaling limit. Explicit error bounds can be obtained along the lines
outlined in the last paragraph of Section 4.2.3.

Fermion correlation function. Using either the wavelet or the momentum-cutoff renor-
malization group, we obtain the following approximation theorem concerning the dy-
namical (chiral) correlation functions of fermions. We state the theorem for complex
fermions Qloo -+, but an analogous statement holds for the Majorana fermions %( 4 as
is clear from the structure of the proofs in Sect. 4.2.3.

Theorem 6.1. (Convergence of fermion correlation functions) Given the quasi-free rep-
resentations w+ of the fermion algebra ng,)i arising from the scaling limit states w+.

Then, for any M € Ng, A, B € ngj) . and uniformly in t € R on compact intervals, we
have: ’

Jim (@) 7 @ ()0 Y @ (B L)

= (Qo, 74 (@M (A))or (r (X (B)) Q) ,

where w(()Nﬂz, n(iN) are the GNS-vector and -representation of a)(()Nﬂz and Q2 € Sa(hgi)i) is

the standard Fock vacuum. a( ) and oy are 1-parameter (semi-)groups of (automorphic)
Bogoliubov transformations generated by a finite-scale KS approximant (145) or a (non-
Jabelian current (214) & (226) and their scaling limits respectively.

Proof. Let us first introduce the short hands:
Ct(N)(A, B) — (CO(()N:I:, niN)(A)at(N)(n,(N)(B)) (N)
Ci(A, B) = (0, 7+ (A)o; (4 (B))20) |
for either A, B € ngfi orA,B e Qloo 1, as well as,

M (A, B) = (0, 725" (14 (B) ) .
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with the approximation &,(N) of o, given by 6,(N) = Ad, @ (Uy ) because crt(N) =

Adyy (1) is inner by construction, i.e. Uy(t) € ngvi)i Thus, the statement can be
rephrased as:

Jim @ (A). af (B)) = Coall(4). el (B)).

‘We observe that:

V@M (), aM(B)) = (@), 7 (@ (A) Aduy o (@M (B)) o)

= Wy (M (A) Ady, ) (@ (B))),
CV (@A), a2 (B)) = (Qo. (11 0 ) (@ (A) Adyy ) (e (B)))S2)
= wx (el (ay (A) Ady, ) (@) (B)))) (230)
Thus, we can estimate:
ICMaM(A). ad(B) — Ci(a(A), a2(B))]
< 1M @A), ad(B) — CVall(A), ol(B))]
+1CMal(a), ol(B) — Ci(al(A), al(B)|
< 1(Q0, 2 (@A) G — 07) (1 (@2 B) Q)|
+1(@d wéNp(aN(A)AdUNm (aN(B))|
< 1ANG™N = o) (e (@B |
+1(@L" = of ")) (@M (A Ady, ) (@M (B)
Thus, the result follows from Corollary 4.7 (or 4.13 & 4.19) provided:

Jim (@ — of") (@M (A) Adyy oy @M (B)) = 0.

But, this is itself a consequence of Corollary 4.7 and the fact that w4 is the scaling
limit of w(N) To see this, we observe that Corollary 4.7 implies for g = mg (the
standard Fock-space representation) that Oy = ay M(A) Adyy (l)(oz% (B)) converges to

an element O € Ql(  forany M e Ng : A, B € Ay and ¢ € R (uniformly on compact
intervals):

lim 1lim Oy —aj (Ok)[ = lim lim [laX(On) — @y (0x)||
K—o0co0 N—>oo K—o0c0 N—oo
< lim lim ||agVo(0N)—0||+ lim lim [|aY(ON)
K—oo N K—00 N—oo
—al(aNox)l
= lim [laX,(On) = O + lim |0 —aX (0k)|
N—o0 K—oo
=0,

with O defined by 7o(e™ (A)o, (o(@™ (B)), and mo(aY,(On) = mo(a (A)s "
(7o (ozoﬁg(B))). Finally, the scaling limit construction of w4 gives (see Lemma 3.11):

lim wg (@ (0k) = 0@k (0k), VK € N,
N—o0



282 T. J. Osborne, A. Stottmeister

which defines w4 on the dense subalgebra eNp ¥ fo(m%)i) The extension to O €

Ql( "1 can be determined via the approximating sequence oKX (0k):

01(000) = lim w:@f(0x) = lim  lim g (@ (0))

lim  Jim_ w52 (ON) + Jim 1im w2 (0N — o (0k))
N—o0

—oo N
= lim w(N)(ON)
N—o0

which proves the result. To achieve uniform convergence in # on compact intervals, we
need the following estimate:

(@ = o) (0N < 100N — af (0K + 1] — 0 D) @k (0k)]

+ o Aok (0k) — On)
(K) (K)

<210y — a0+ 1@ — 0§y D(0K)]
<2(Jle (0n) — Ol + 10 — X (0x)I)
+of — ok L0k ]l.

Since, by Corollary 4.7, |, (Oy) — O] and || O — «X (Ok)|| can be made uniformly

small for ¢ in a compact interval, we only need to show that this is possible for ||a)(K)

wg\,K) K+ Il Ok || as well. But, this follows from the fact that a)g\, ) K.+ approximates wiK)

in the sense of Lemma 3.11, and provided |Ug (t)]| < C ; ) is uniformly bounded in ¢
on compact intervals / C R (obviously true in the unitary case) because:

1okl < 1Uk 1Al BI.
u]

Corollary 6.2. The statement of Theorem 6.1 remains valid, if A, B € Ql;j) . (for some
M € Ny) are replaced by convergent sequences {An}neNy, {BN)}NeN, in the sense of
(91). Then

Jim (@) 7 (An)o ™ @ (By))wg D) = (. m (Ao (m(B) )

where limy 0 @ (Ay) = A and limy o @ (By) = B
Proof. This follows using,
(@5 78 (A)of) — (R0, 71(4)0)
= (5. 78 (An)wy)) — (R0, (el (An))R0)
+ (Qo. (@ (AN))R0) — (R0, 7+ (A)Q0)
= (0t — o) (AN) + 0x @ (Ay) — A),
repeatedly applying the triangle inequality, and the observation that,
Jim X (Avo ™ (By)) — Aoy (B)]| = 0,

by applying Corollary 4.7 to the standard Fock-space representation 7. O
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Virasoro correlation functions Since the (smeared) KS approximants converge to
the (smeared) Virasoro generators in the scaling limit representations 4 using the
momentum-cutoff renormalization group (possibly in combination with the wavelet
renormalization group for the smearing functions) by Theorems 4.11 and 4.16, we obtain
an analogue of Theorem 6.1 for correlation functions involving the Virasoro generators
or their associated unitaries, cp. [96]. A subtle difference arises from the fact that the
KS approximants are only strongly operator-convergent on the Fock-space vectors with

finite particle number in momentum space, sﬂ‘ (Dstq), and not operator-convergent in
the sense of Corollary 6.2. Again, we state the theorem for complex fermions 2[00 1, but
an analogous statement holds for the Majorana fermions ‘Bgo,)i.

Theorem 6.3 (Convergence of Virasoro correlation functions). Let s € C*(R) be a suf-
ficiently regular, compactly supported orthonormal Daubechies scaling function. Given

the quasi-free representations w4 of the fermion algebra Qléf ?i arising from the scaling

limit states w+. Then, for any n € N and S-convergent sequences of smearing functions
N —>oo

Xn,p X, N € No and p = 1, ..., n with sufficient regularity as in Remark 4.18,
for example, Xy , = SN (Xp) for Xp € [(AMp’ R), we have:

Jlim (€0, H (s 0 ) (LY (Xnp): Q0) = Q0. [ | LX) .
pP= 1 [):]

and similarly,

n n
it (N) . .
Jim (0, [ eireee 70X g) = (@, [T e+ X000
p:l p:l

where 2 is the standard Fock vacuum of ga(h(i) ). Moreover, the finite-scale cor-
relation functions of the scaling limit state wi can be approximated in terms of the
renormalized finite-scale states:

(0. [ ] : (e 0l (Xw.p): Q0)
p=1

= (N>(]_[<L<N><XN,p>— @ X0

: (N) (N) (N) 7 (N)
= A}gnoowM,i(l_[]@i Xw.p) — oL (X p))
p=
= Jim o (N+M)<l_[< N o LY X ) — ol (LX)
p=1

and similarly,

n n
it (V) . S (N) (N),; (N)
(Q, [ e oreoem " iy — M) (T efts” K iek (L2 Koy

p=1 p=1
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(N) 7 (N)

N) il Xy p)—iof)) L Xy p)
— lim a) :t p M+t p
M—o00 M+ (l_[ )
— lim w(()NQM)(H ia (L Xy p)—iof M@, (L (X, My |
M—o00 ’ p=1
where a)E_LN) = w4 0 aévo.

Proof. The statements follow from a direct application of Theorem 4.16 and Corollary
4.17, the identity,

(s o)L X )= (s 0 )L Xy p) — 0§ (LY Xy p),

and the convergence, according to Lemma 3.11, of the renormalized states w](‘flv)i at finite

scales to the scaling limit a)( ).

(S0, (ﬂ me @l X = [ Le(X )20

p=1 p=1
= D10, ( [T @K o) @NL L X : — LX)
g=1 p=q+l

(ﬁ Li(X,,))szon

p=1

< ZH [T @220 Qo | (7 @ e w0~ L (X, )
p=q+1

(231)

(ﬁLi(Xp))QO ,
p=I

and similarly,

n n
(N) .
(R, (l—[ ol @ (LY X p)): _ l—[ gzLi(X,,))QON
— =1

< Z (0. ( l—[ i@ (LY (X, ,,»))( i @ (LY Xy g _ eiLi(Xq))
p=q+l

( 1;[ ) 20)

p=1
n n N N

= H I @ LY Xy g H H(e’””i(“évo“(i XN _ iLi(Xq)>
q=1 p=q+l

g—1
(TTem0)e]

p=1
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qg—1
(eiﬁi(aévo(Lg:N)(XN.q)))i _ eiLi<Xq)>< I eiLi(Xp)> QO” (232)
p=1

n
=2
g=1

In the case of correlation functions of Virasoro generators, we need two additional ob-
servation: First, || ]_[';:1 (T4 (ozévo (L(iN) (XN, p)): Rl can be bounded uniformly in N

in terms of || ]_[;=1 L1 (X )]l for sufficiently regular X, as powers of the approxi-

mants : (74 o aévo)(L(iN) (Xn,p)) : are uniformly bounded (in N) by L4 (X ). Second,
H;=1 L1(X,)) is given by a convergent sum (depending on the regularity of X ) of

Fock-space vectors with finite particle number in momentum space. O

Remark 6.4 (Mixed correlation functions). Theorem 6.1 & 6.3 can be combined to obtain
convergent expressions for mixed correlation functions, i.e. those containing insertions

of operators in ng’)i respectively %S}i, Virasoro generators, WZW currents and their
associated unitaries.
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