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Abstract: The ability of laser systems to emit different adjustable temporal pulse profiles and
patterns is desirable for a broad range of applications. While passive mode-locking techniques
have been widely employed for the realization of ultrafast laser pulses with mainly Gaussian or
hyperbolic secant temporal profiles, the generation of versatile pulse shapes in a controllable way
and from a single laser system remains a challenge. Here we show that a nonlinear amplifying loop
mirror (NALM) laser with a bandwidth-limiting filter (in a nearly dispersion-free arrangement)
and a short integrated nonlinear waveguide enables the realization and distinct control of
multiple mode-locked pulsing regimes (e.g., Gaussian pulses, square waves, fast sinusoidal-like
oscillations) with repetition rates that are variable from the fundamental (7.63MHz) through its
205th harmonic (1.56GHz). These dynamics are described by a newly developed and compact
theoretical model, which well agrees with our experimental results. It attributes the control of
emission regimes to the change of the NALM response function that is achieved by the adjustable
interplay between the NALM amplification and the nonlinearity. In contrast to previous square
wave emissions, we experimentally observed that an Ikeda instability was responsible for square
wave generation. The presented approach enables laser systems that can be universally applied to
various applications, e.g., spectroscopy, ultrafast signal processing and generation of non-classical
light states.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Mode-locked lasers are quintessential for photonics technologies and find widespread application
in fields as diverse as spectroscopy, materials processing, biomedical research, and optical
communications [1–3]. Since their first realizations, mode-locking techniques have evolved
to enable the generation of laser field outputs with adjustable pulse duration, average power,
pulse energy, and repetition rate [4]. As a coherent pulse train corresponds to a phase-locked
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comb of optical modes in the spectral domain, mode-locking techniques generally operate by
coherently redistributing energy among the cavity modes via sideband generation. This is either
accomplished actively through modulators, or passively via nonlinear saturating elements [5].
Passive mode-locking techniques are preferred over active ones, since external and complex
synchronized driving circuits are not required. In addition, passive mode-locking schemes
deliver ultrafast and/or high repetition rate optical pulse trains [6]. Various nonlinear saturable
absorbers based on semiconductor materials have been developed and investigated to realize
passive mode-locking with low operational power thresholds, wavelength independency, and
high modulation depths [4].
Notably, the nonlinear amplifying loop mirror (NALM) architecture (consisting of a fiber

loop with a nonlinear element) can provide a power-dependent transfer function, analogously
to a saturable absorber [7]. Figure-eight NALM laser configurations (see below for a detailed
description) have been among the most influential fiber-based techniques for the generation
of short pulses (e.g. down to few tens of fs) with large spectral bandwidths (tens of nm)
[8,9]. Remarkably, NALMs have recently also been shown to enable the generation of the
narrowest-bandwidth Kerr nonlinearity mode-locked pulses to date (i.e. in the ns regime) [10].
Moreover, variations of NALM architectures have produced e.g. Gaussian pulses [10], square
wave pulses (via a so-called dissipative soliton resonance effect) [11], as well as higher harmonic
pulse trains [12]. Different pulse profiles are suited for specific applications in assorted fields
of science and technology. For example, ubiquitous Gaussian pulse profiles can be used, e.g.,
for ground-penetrating radars, sensitive measurements of material optical properties and for
fluorescence scanning microscope implementations [13–15]. Higher harmonic trains of Gaussian
pulses are beneficial for high speed lightwave communication and optical clocks [16]. In addition,
harmonic mode-locking has recently found application in increasing photon pair generation rates
for quantum technologies [17]. Similarly, less common square wave pulses can be employed to
perform optical gating, fast signal processing, as well as optical switching [18]. Square wave
pulses generated via a dissipative soliton resonance [19] are characterized by very low duty
cycles, which can hinder some beneficial applications. For example, a 50% duty cycle is useful
for clocking because it enables utilizing both rise and fall edges as clock triggers and hence,
minimizes the clock skew [20]. Therefore, the dynamic control over pulse profiles provided by
NALM configurations would offer the advantage of using a single, simple system. However,
achieving a versatile range of pulse dynamics from one device typically requires the precise
control of various parameters independently, such as gain and loss, and further requires careful
engineering of both the nonlinearity and the dispersion properties of the laser cavity [19,21]. It
therefore remains a challenge to achieve versatile output pulse profiles from a single, let alone a
low-complexity, laser system.

Here, we theoretically predict and experimentally observe coherent emission of i) mode-locked
(ML) pulses, ii) harmonically mode-locked (HML) pulses, iii) square waves (SWs), iv) modulated
square waves (MSWs), v) spike square waves (SSWs) and vi) fast field oscillations (FOs) from a
novel NALM configuration, externally tunable through polarization control and amplification.
Due to its intrinsic hybrid fiber-based/integrated configuration, the system is affordable, practical
and robust, allowing its use in field operations.

2. Laser scheme

The considered configuration is based on a figure-eight NALM (see Fig. 1). In a typical realization,
the input in the NALM stage is divided, by means of a beam splitter, into two counter-propagating
fields. Due to the different sequence of amplification and nonlinearity, the counter-propagating
fields experience a phase difference, which leads to an intensity-dependent interference at the
beam splitter and hence to an optical field coupling into the output port of the NALM (rather
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than a fiber mirror operation). The NALM thus acts as an artificial saturable absorber and can
therefore enable mode-locked laser operation [7].

In our configuration, a semiconductor optical amplifier (SOA, Inphenix INC: 
IPSAD1507C-5213) was used in the NALM section to provide gain and thus intensity 
difference for two propagation directions at the spiral waveguide entrance. Importantly, the 
system employed an integrated waveguide (with a length of 45 cm confined in a 2x2 mm2 
footprint; for a description of the device see, e.g., [22–24]) as a nonlinear element. The 
waveguide features a group velocity dispersion of β2 = –10 ps2/km (~8 ps/nm·km) at 1550 nm 
and provides a sufficiently high third-order nonlinearity (with a nonlinear constant of 220 W-1 
km-1), which can introduce a large nonlinear phase shift over a short propagation length. An 
erbium-doped fiber amplifier (EDFA, Keopsys) was used to compensate the losses inside the 
cavity and force unidirectional operation by means of a built-in optical isolator. The NALM 
stage also employs a bandpass filter (200 GHz bandwidth at 1550 nm center wavelength) to 
limit the optical operation frequency. Combined with the moderate cavity length of ~40 m 
and reasonably low dispersion of the used optical components, this allows to neglect the 
influence of dispersion in our system (in contrast, e.g., to the strong dispersion required for 
operation in the dispersive soliton resonance regime). Note that the nonlinear response and 
losses associated to the waveguide, featuring a rectangular cross section, are polarization 
dependent [24] due to different bending losses for the quasi TE and TM modes of the 
waveguide [25]. This allowed us to use polarization controllers to regulate the nonlinear 
phase difference between the counterpropagating fields and the experienced losses. As a 
result, the ability to adjust nonlinearity and losses enabled us to access mode-locked regimes 
with different pulse profiles and patterns. These can be varied from traditional mode-locking 
to square wave pulses having 50% duty cycle, as well as their harmonics, in a controlled 
manner. 

It should be emphasized that using a spiral non-resonant waveguide response instead of an 
integrated high-Q microring resonator [10] provides a much higher optical bandwidth or the 
system, which leads to more versatility in terms of operating parameters. In addition to the 
strict limitations imposed by the narrow resonant frequencies of the microring (150 MHz) and 
its polarization anisotropy, a high-Q resonator has a certain light storage time leading to non-
instantaneous coupling between the two counter-propagating fields in the NALM. Although 
beneficial to the outstanding coherence properties of the pulse train reported in [10], these 
characteristics do not allow the same level of precise control and accurate attenuation of the 
dynamical processes experimentally shown in the arrangement based on an integrated spiral 
waveguide. 

 

Fig. 1. Schematic of the laser system for variable pulse profile emissions: An integrated 
nonlinear waveguide, a bandpass filter (200 GHz at 1550 nm), and a semiconductor optical 
amplifier (SOA) were employed in the NALM stage. A beam splitter and an EDFA with a 
built-in optical isolator were used in the amplifier stage. The polarization controllers in both 
(NALM and amplifying) stages are used to manipulate the nonlinear phase via the control of 
both linear losses and effective nonlinearity, leading to tunability between different operational 
regimes. 

Fig. 1. Schematic of the laser system for variable pulse profile emissions: An integrated
nonlinear waveguide, a bandpass filter (200GHz at 1550 nm), and a semiconductor optical
amplifier (SOA) were employed in the NALM stage. A beam splitter and an EDFA with
a built-in optical isolator were used in the amplifier stage. The polarization controllers in
both (NALM and amplifying) stages are used to manipulate the nonlinear phase via the
control of both linear losses and effective nonlinearity, leading to tunability between different
operational regimes.

In our configuration, a semiconductor optical amplifier (SOA, Inphenix INC: IPSAD1507C-
5213) was used in the NALM section to provide gain and thus intensity difference for two
propagation directions at the spiral waveguide entrance. Importantly, the system employed an
integrated waveguide (with a length of 45 cm confined in a 2× 2 mm2 footprint; for a description
of the device see, e.g., [22–24]) as a nonlinear element. The waveguide features a group velocity
dispersion of β2 = –10 ps2/km (∼8 ps/(nm·km)) at 1550 nm and provides a sufficiently high
third-order nonlinearity (with a nonlinear constant of 220 W−1 km−1), which can introduce a
large nonlinear phase shift over a short propagation length. An erbium-doped fiber amplifier
(EDFA, Keopsys) was used to compensate the losses inside the cavity and force unidirectional
operation by means of a built-in optical isolator. The NALM stage also employs a bandpass
filter (200GHz bandwidth at 1550 nm center wavelength) to limit the optical operation frequency.
Combined with the moderate cavity length of ∼40 m and reasonably low dispersion of the used
optical components, this allows to neglect the influence of dispersion in our system (in contrast,
e.g., to the strong dispersion required for operation in the dispersive soliton resonance regime).
Note that the nonlinear response and losses associated to the waveguide, featuring a rectangular
cross section, are polarization dependent [24] due to different bending losses for the quasi TE and
TM modes of the waveguide [25]. This allowed us to use polarization controllers to regulate the
nonlinear phase difference between the counterpropagating fields and the experienced losses. As
a result, the ability to adjust nonlinearity and losses enabled us to access mode-locked regimes
with different pulse profiles and patterns. These can be varied from traditional mode-locking to
square wave pulses having 50% duty cycle, as well as their harmonics, in a controlled manner.
It should be emphasized that using a spiral non-resonant waveguide response instead of

an integrated high-Q microring resonator [10] provides a much higher optical bandwidth for
the system, which leads to more versatility in terms of operating parameters. In addition to
the strict limitations imposed by the narrow resonant frequencies of the microring (150MHz)
and its polarization anisotropy, a high-Q resonator has a certain light storage time leading to
non-instantaneous coupling between the two counter-propagating fields in the NALM. Although
beneficial to the outstanding coherence properties of the pulse train reported in [10], these
characteristics do not allow the same level of precise control and accurate attenuation of the
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dynamical processes experimentally shown in the arrangement based on an integrated spiral
waveguide.

3. Theoretical model for NALM architecture

The complex laser dynamics are governed by the combined effects of gain, loss, and nonlinearity.
Benefiting from the negligible impact of dispersion in the cavity loop, we modeled the system
by means of a delay differential equation (DDE) derived using a lumped-element approach
(previously employed to describe mode-locked operation in lasers [26]). Note that a simple
DDE model designed for an analytical treatment of the dynamics in the long time-delay limit
has been recently proposed by some of the authors in [27]. In this paper, we explore a more
sophisticated, ‘ad hoc’ model tailored to describe the experimental configuration presented above
(see also Appendix), and focus on the control of the NALM nonlinear response and corresponding
dynamics. Here, we specifically target hysteresis as well as a variety of mode-locked states and
their harmonics.
The model reads:

Γ−1 ÛE(τ) + E(τ) =
√
κ
2 exp 1

2 [(1 − iα)GSOA(E(τ − 1))+

GEDFA(E(τ − 1))]Φ(τ − 1)E(τ − 1),
(1)

where the time variable τ ≡ t/T is normalized to the cold cavity round trip time T; E(τ) is a
slow-varying normalized complex field amplitude inside the cavity defined at the point just
before the beam splitter (see Fig. 1); Γ is the dimensionless filter bandwidth corresponding
to the narrowest band-limiting element of the system (here the bandpass filter); κ is the total
field intensity attenuation per round trip due to the linear non-resonant losses inside the cavity
(adjustable with the polarization controllers); and α is the linewidth enhancement factor of the
SOA [28]. The active medium dynamics in the SOA are fast (∼1 ns) compared to the cavity
round trip time of the NALM laser (∼0.1 µs). Therefore, we can adiabatically eliminate the SOA
material response and consider GSOA(F)= JSOA/[1+ SSOA |F |2] as a description of the cumulative
saturable gain of the SOA. Here JSOA is the SOA small signal gain parameter and SSOA is inversely
proportional to the SOA saturation intensity. For simplicity, we consider the EDFA gain in a
similar manner: GEDFA(F)= JEDFA/[1+ SEDFA |F |2] with the corresponding parameters JEDFA,
and SEDFA. Since the dynamics of the EDFA are much slower (∼100 µs) than the NALM laser
cavity round trip time, the EDFA is considered to provide linear gain, which we accounted by
taking SEDFA � SSOA. Φ(τ) is the nonlinear field response of the, NALM given by:

Φ(τ) =

{
1 − exp

[
−iγ |E(τ)|2

2
(expGSOA(E(τ)) − 1)

]}
exp
−iγ |E(τ)|2

2
, (2)

where γ is an effective total third-order nonlinear coefficient. This function is a product of two
terms. The first term represents the interference between two counterpropagating fields at the
output of the NALM after the beam splitter, where −iγ |E(τ)|2(expGSOA(E(τ)) − 1)/2 accounts
for the nonlinear phase difference between the two field directions which can be controlled by
means of the SOA gain. The second term is the phase shift without this attenuation. As it directly
follows from Eq. (2), in the absence of nonlinearity (γ = 0) as well as for GSOA(E(τ))= 0, the
destructive interference at the beam splitter, caused by equal phase shifts for both clockwise and
counter-clockwise paths, does not allow light to be coupled from the output port of the NALM
into the amplifying stage.

We classify the laser performance in relation to the SOA gain and cavity losses, and distinguish
two cases based on the NALM response in Eq. (2). For low values of the SOA gain, the NALM
response amplitude |Φ(τ)| gradually increases with the intensity of the cavity field, and saturates
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at larger intensities (see Fig. 2(a)). The NALM response is, therefore, identical to that of a
saturable absorber with very high contrast, which leads to a stable laser off state for the entire
parameter range of the SOA since the perturbations of the laser-off state are effectively damped.
The dynamics observable when integrating Eq. (1), are similar to the standard mode-locked
operation of a common semiconductor laser with a long cavity [29,30]. In such case, the near
transform-limited, pedestal-free fundamental mode-locked pulse train and its harmonics are not
self-starting and are bistable to the laser off state. The pulse shape essentially corresponds to a
Gaussian profile.

cavity field, and saturates at larger intensities (see Fig. 2(a)). The NALM response is, 
therefore, identical to that of a saturable absorber with very high contrast, which leads to a 
stable laser off state for the entire parameter range of the SOA since the perturbations of the 
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The pulse shape essentially corresponds to a Gaussian profile. 

The character of the NALM response drastically changes for larger SOA gain values due 
to an increased phase asymmetry between propagation directions introduced inside the 
NALM, leading to a more complex response with multiple extremes (see Fig. 2(a)). In this 
case, the system behavior is essentially reminiscent of the Ikeda model [31, 32], which is 
characterized by the appearance of period-two square waves (with respect to the cavity round 
trip time) of the continuous dynamic system through the so-called Ikeda instability, 
manifested by the appearance of the period doubling bifurcation of the corresponding discrete 
dynamic system. 

In the limit of a large Γ, the model Eqs. (1)–(2) can be written as a discrete map relating 
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The interference character of the NALM response is manifested by the sine function 
which is standard for Ikeda-like models, yet is attenuated by the nonlinear amplification of 
the SOA and EDFA. The map in Eq. (3) therefore results from two essential processes in the 
device: combined nonlinear amplification in the SOA and EDFA, and nonlinear loss 
modulation by the NALM. The result is the Ikeda instability of the cw solution, leading to 
switching between two intensity states. This occurs on a period-two timescale with respect to 
the cavity round trip time, and therefore leads to the supercritical appearance of mode-locked 
SW pulses with 50% duty cycle. We attribute the appearance of the SW regime of the laser to 
the balance between the highly nonlinear NALM response, gain, and loss inside the cavity. In 
turn, it leads to the appearance of the stable period-two orbit of this map (see Fig. 2(b)). 
Harmonics of this period-two orbit are also possible, and appear as an odd number fraction of 
the period-two orbit cycle as described in [30, 31], see our further discussion in this paper.  

 

Fig. 2. (a) Amplitude response of the NALM as a function of the field intensity for different 
SOA gain values: JSOA = 1.5 (black), JSOA = 2.25(green), JSOA = 3.0 (blue). (b) An illustration 
of the full system response function in the limit of a large filter bandwidth Γ as given by the 
right-hand side of Eq. (3) (black). The blue line demonstrates an example (for JSOA = 3.13) of a 
stable period-two orbit of the map which corresponds to a periodic switching between two 
intensity values (1.1→0.5→1.1→...; the grey line is |En|

2 = |En+1|
2). The dashed black line 

Fig. 2. (a) Amplitude response of the NALM as a function of the field intensity for
different SOA gain values: JSOA = 1.5 (black), JSOA = 2.25(green), JSOA = 3.0 (blue). (b)
An illustration of the full system response function in the limit of a large filter bandwidth Γ
as given by the right-hand side of Eq. (3) (black). The blue line demonstrates an example (for
JSOA = 3.13) of a stable period-two orbit of themapwhich corresponds to a periodic switching
between two intensity values (1.1→0.5→1.1→. . . ; the grey line is |En |2 = |En+1 |

2). The
dashed black line illustrates the right-hand side of Eq. (3) for JSOA = 1.5, when period-two
orbits and therefore SWs do not exist. The other parameters are: κ = 0.3, SSOA = 1, γ = 3,
JEDFA = 1.5, SEDFA = 0.1.

The character of the NALM response drastically changes for larger SOA gain values due to
an increased phase asymmetry between propagation directions introduced inside the NALM,
leading to a more complex response with multiple extremes (see Fig. 2(a)). In this case, the
system behavior is essentially reminiscent of the Ikeda model [31,32], which is characterized by
the appearance of period-two square waves (with respect to the cavity round trip time) of the
continuous dynamic system through the so-called Ikeda instability, manifested by the appearance
of the period doubling bifurcation of the corresponding discrete dynamic system.
In the limit of a large Γ, the model Eqs. (1)–(2) can be written as a discrete map relating the

field intensity |En+1 |
2 at the (n+ 1)th cavity round trip to that of the precedent nth round trip:

|En+1 |
2 = κ exp( JSOA

1+SSOA |En |
2 +

JEDFA
1+SEDFA |En |

2 )×

sin2( 14γ |En |
2(1 − exp JSOA

1+SSOA |En |
2 ))|En |

2.
(3)

The interference character of the NALM response is manifested by the sine function which is
standard for Ikeda-like models, yet is attenuated by the nonlinear amplification of the SOA and
EDFA. The map in Eq. (3) therefore results from two essential processes in the device: combined
nonlinear amplification in the SOA and EDFA, and nonlinear loss modulation by the NALM.
The result is the Ikeda instability of the cw solution, leading to switching between two intensity
states. This occurs on a period-two timescale with respect to the cavity round trip time, and
therefore leads to the supercritical appearance of mode-locked SW pulses with 50% duty cycle.
We attribute the appearance of the SW regime of the laser to the balance between the highly
nonlinear NALM response, gain, and loss inside the cavity. In turn, it leads to the appearance of
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the stable period-two orbit of this map (see Fig. 2(b)). Harmonics of this period-two orbit are
also possible, and appear as an odd number fraction of the period-two orbit cycle as described in
[30,31], see our further discussion in this paper.
In order to explore the diverse nonlinear dynamics of the system, we numerically integrate

Eq. (1) while slowly changing the SOA gain parameter JSOA. To simplify the numerical
integration, we considered the number of longitudinal modes determined by the filter width Γ to
be 20. This parameter plays a crucial role in the laser dynamics, i.e. increasing the mode number
will cause more complex states and pulse profiles as well as a higher number of coexisting
multistable states. The SOA gain JSOA is the control parameter for the NALM response variation
used in the numerical calculations. Here the bifurcation diagram with gradually increasing
JSOA is presented in Fig. 3(a). For low JSOA values, the bifurcation diagram shows that the
system operates in a mode-locked regime (fundamental (ML) or harmonic (HML), Figs. 3(b) and
3(c)). Increasing JSOA leads to the appearance of quasiperiodic pulsations followed by chaotic
oscillation. In this respect, the NALM hybrid laser mimics the behavior of a long cavity laser
with a saturable absorber.

illustrates the right-hand side of Eq. (3) for JSOA = 1.5, when period-two orbits and therefore 
SW do not exist. The other parameters are: κ = 0.3, SSOA = 1, γ  = 3, JEDFA = 1.5, SEDFA = 0.1. 
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 Fig. 3. Numerical simulations proving the hybrid NALM laser reconfigurability. 
(a) Bifurcation diagram showing laser intensity extrema for different operation regimes 
obtained by varying the SOA gain parameter JSOA, ML – mode-locked regime; MSW – 
modulated square wave regime; SW – square wave regime; SSW – spike square wave regime; 
FO – fast oscillation regime. Color plots in (b-g) correspond to those of the areas in (a).  (b) 
ML at JSOA = 2.1; (c) harmonic ML at JSOA = 2.1; (d) SW at JSOA = 3.528; (e) MSW at JSOA = 
3.54; (f) SSW at JSOA = 3.131; (g) FO at JSOA = 3.055. The parameters are: Γ= 20, α = 0. The 
other parameters are the same as in Fig. 2. 

For higher SOA gains, when the NALM response is sufficiently nonlinear (the blue line in 
Fig. 2(a)), the system exhibits square wave (SW) operation. There are two windows of 
distinguishable dynamical regimes between areas of chaotic oscillations which are 
characterized by the appearance of SW pulses (Fig. 3(d)), modulated SW oscillations (MSW, 
Fig. 3(e)), spike SW (SSW, Fig. 3(f)), their harmonics and fast oscillations (FO, Fig. 3(g)). 
Further increasing the SOA gain invokes quasiperiodic oscillations, and ultimately, chaos. For 
an SOA gain decrease, the system demonstrates hysteretic behavior, and the sequence of the 
regimes is the following: chaos, modulated FO, FO, the fifth harmonic of SW, the third 
harmonic of SW, SW, chaos, MSW, SSW, chaos, quasi-periodic ML, and the second 
harmonic of ML. The shapes of the SW pulses are only determined by the phase relationship 
of the lasing modes, and therefore the SW and SSW regimes are dynamically identical and 
result from the same period-two orbits map in Eq. (3). Therefore, we can conclude on the 
basis of our theoretical analysis that, experimentally, there are two degrees of freedom we can 
use to change the system dynamical behavior from traditional ML operation to SW then FO 
and so on: the SOA gain, which can be adjusted by changing the injection current; the losses 
and the effective nonlinearity, which can be tuned by means of the polarization controllers. 

As we have mentioned above, the SW operation in our model is mode-locked, and admits 
harmonics with period as an odd number fraction of the period-two interval. The maximum 
number of  harmonics is defined by the width of the spectral filtering Γ and is bigger for 
broader filters. For Γ=2000 which is close to the experimental value, it is possible to observe   

Fig. 3. Numerical simulations proving the hybrid NALM laser reconfigurability. (a)
Bifurcation diagram showing laser intensity extrema for different operation regimes obtained
by varying the SOA gain parameter JSOA, ML – mode-locked regime; MSW – modulated
square wave regime; SW – square wave regime; SSW – spike square wave regime; FO –
fast oscillation regime. Color plots in (b-g) correspond to those of the areas in (a). (b)
ML at JSOA = 2.1; (c) harmonic ML at JSOA = 2.1; (d) SW at JSOA = 3.528; (e) MSW at
JSOA = 3.54; (f) SSW at JSOA = 3.131; (g) FO at JSOA = 3.055. The parameters are: Γ= 20,
α= 0. The other parameters are the same as in Fig. 2.

For higher SOA gains, when the NALM response is sufficiently nonlinear (the blue line
in Fig. 2(a)), the system exhibits square wave (SW) operation. There are two windows of
distinguishable dynamical regimes between areas of chaotic oscillations which are characterized
by the appearance of SW pulses (Fig. 3(d)), modulated SW oscillations (MSW, Fig. 3(e)), spike
SW (SSW, Fig. 3(f)), their harmonics and fast oscillations (FO, Fig. 3(g)). Further increasing the
SOA gain invokes quasiperiodic oscillations, and ultimately, chaos. For an SOA gain decrease,
the system demonstrates hysteretic behavior, and the sequence of the regimes is the following:
chaos, modulated FO, FO, the fifth harmonic of SW, the third harmonic of SW, SW, chaos, MSW,
SSW, chaos, quasi-periodic ML, and the second harmonic of ML. The shapes of the SW pulses
are only determined by the phase relationship of the lasing modes, and therefore the SW and SSW
regimes are dynamically identical and result from the same period-two orbits map in Eq. (3).
Therefore, we can conclude on the basis of our theoretical analysis that, experimentally, there are
two degrees of freedom we can use to change the system dynamical behavior from traditional
ML operation to SW then FO and so on: the SOA gain, which can be adjusted by changing the
injection current; the losses and the effective nonlinearity, which can be tuned by means of the
polarization controllers.
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As we have mentioned above, the SW operation in our model is mode-locked, and admits
harmonics with period as an odd number fraction of the period-two interval. The maximum
number of harmonics is defined by the width of the spectral filtering Γ and is bigger for broader
filters. For Γ=2000 which is close to the experimental value, it is possible to observe the 51st

harmonics of SW,MSW and SSW as shown in Fig. 4. The period of these oscillations corresponds
to approximately 1/25th of the cavity roundtrip time.the 51st harmo
corresponds to
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Fig. 4. Numerically obtained harmonics of various square-wave regimes for Γ= 2000:
(a)–(c) correspond to the regimes (d)–(f) in Fig. 3. The other parameters are the same as in
Fig. 3.

4. Experimental results and discussion

The experimental realization for the figure-eight NALM laser architecture is shown in Fig. 1. The
nonlinear element, a 45 cm spiral waveguide used in the NALM stage, provides a large nonlinear
phase-shift over a short propagation length (characteristic nonlinear length LNL = 1.7 km). An
advantage of our configuration is that the nonlinearity in the waveguide [33–35] is a few hundred
times higher than in previous realizations, typically based on long fiber cavities (see e.g. [36]).
The high nonlinearity of the NALM used in the setup enables a sufficient phase shift over a
reduced cavity length for the observation of different mode-locked pulse profiles in a single
system.

The two polarization controllers, PC1 in the NALM stage and PC2 in the amplifying stage, are
used to change both losses and effective nonlinearity. The pulse profiles were detected using
a high-speed photo-detector (10GHz, Lab Buddy DSC-R403) and a high-speed oscilloscope
(Agilent, DSO-X 92804A, 28GHz, sampling rate 10 GSa/s). An optical spectrum analyzer and
a RF spectrum analyzer were used to characterize their spectral properties. To experimentally
obtain the mode-locking dynamics, we operated the EDFA and the SOA at gain levels of 11 dB
and 7.1 dB, respectively. The laser had an active cavity length of 33.8 m, corresponding to a
fundamental cavity frequency of f r = 7.63MHz (round trip time of 131 ns).
Slowly increasing the SOA gain resulted in a passively mode-locked operation featuring a

Gaussian pulse profile at the NALM laser threshold of 4.4 dB. Changing the cavity losses and
modifying the effective nonlinearity in the NALM through adjusting the polarization controllers
PC1 and PC2 or the SOA driving current, allowed switching between different mode-locking
regimes. We observed various mode-locked pulse profiles such as ML in Fig. 5(a), HML in
Fig. 5(b), SW in Fig. 5(c), SSW in Fig. 5(d), MSW in Fig. 5(e) and FO in Fig. 5(f). The
observation can be understood as follows: the adjustment of the polarization controller PC1
allows to increase or decrease the effective losses of the optical field in the waveguide (the quasi
TE and TM propagation modes experience different losses), thus leading to continuous changes
in the nonlinear phase. The equivalent effect can also be observed by varying the nonlinear phase
shift in the NALM stage via the SOA gain. However, the saturation of the SOA gain restricts
the nonlinear phase variation, which ultimately constrains the observation of switching between
different multistable mode-locked regimes. As evident from Fig. 5(a)–(f), the experimental
observations show strong agreement with the theoretical simulated results. The large nonlinear
phase-shift emerging from the used waveguide configuration results in a reduction of the amount
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of power required to achieve mode-locking. In particular, we observed mode-locked dynamical
states at an average optical output power of ∼300 µW (intracavity power ∼2.7mW) with different
pulse profiles [37]. We would nevertheless like to mention that by operating the SOA near the
NALM laser threshold (SOA= 4.4 dB), we observed the suppression of all dynamical pulse
profiles except the ML pulse due to the limited nonlinear phase variations that can be induced at
low SOA gains. In contrast, the evolution of the dynamical states shows low sensitivity to the
EDFA gain. Incidentally, this is in full agreement with our theoretical findings.
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Fig. 5. (a) Experimental time traces showing different passively mode-locked dynamical
states obtained by varying the polarization controllers PC1 and PC2 for fixed EDFA and SOA
gain levels of 11 dB and 2.3 dB, respectively. (a)–(f) correspond to the regimes obtained
theoretically and shown in Fig. 3 (b)–(g).

For a given SOA current we observe switching between different states by varying the
polarization settings. In this case such dynamics emerge from the nonlinear optical NALM
response and not from a thermal effect, which is a clear evidence for the optical multistability of
the system.

Harmonicallymode-locked pulses and SW: Harmonicmode-locking (HML) has been previously
reported for the generation of MHz to GHz repetition rate output pulse trains (i.e. few to thousands
of harmonics) in the normal dispersion regime or in the dissipative soliton regime [38,39]. This
phenomenon relies upon pulse-shaping through gain saturation for the normal dispersive regime,
or the soliton peak-power limiting effect for the dissipative soliton resonance regime [39].
Through a simple variation of the polarization controllers, we observe HML (Fig. 5(b)) as well as
harmonic mode-locked SWs (Fig. 5(c)–(e)) pulses at judiciously chosen polarization settings. In
general, the generation of HML and harmonic mode-locked SW requires high intracavity powers
(few hundred mW to W) in order to induce a sufficient nonlinear phase shift [39]. However, the
high nonlinearity of the waveguide enables the required nonlinear phase-shifts necessary for
high harmonics even at low-power operation. Therefore, we observe HML pulses at milliwatt
intracavity powers.
Hysteretic behavior: Similar to other mode-locked lasers based on semiconductor saturable

absorbers [29], the NALM laser proposed here shows hysteretic-like behavior among different
dynamical states. For the experimental observation of such behavior, we operated the SOA at
4.4 dB, corresponding to the laser operation near the NALM laser threshold for Gaussian-shaped
mode-locked pulses. By further increasing the SOA gain parameter while keeping the polarization
controllers fixed, we observe various mode locking dynamical states ranging from ML, quasi-ML
dynamics, to MSW, SSW, SW pulses for SOA gains of 4.4, 5.3, 6.9, 7.3 and 7.4 dB, respectively.
However, when we decrease the SOA current, we observed the states changing from SW to SSW,
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MSW, FO, quasi-ML to ML for SOA gains of 7.4, 7.1, 7.0, 6.8, 6.3 and 5.3 dB, respectively.
Such observations clearly show that different pulse profiles correspond to diverse operating
values when increasing or decreasing the SOA gain. The hysteretic behavior is caused by the
co-existence of multiple stable operation regimes that can be accessed by increasing/decreasing
the SOA current, leading to different initial conditions for the adjusted parameter set.

Spectral and temporal characteristics: Let us discuss the formation of SW pulses in nonlinear
cavities. There are three formation mechanisms known in the literature: the dissipative soliton
resonance (DSR) effect, the noise-like pulses (NLP) mechanism, and the Ikeda instability. For the
DSR effect, the SW pulse width can broaden indefinitely when the pump power is increased. Note
that the pulse amplitude remains constant. This SW formation effect was theoretically explained
in the framework of the cubic-quintic Ginzburg-Landau equation [40,41], but its experimental
realization requires strict cavity parameter designs [42]. The DSR phenomenon can always be
witnessed with its characteristic Kelly sidebands in the optical spectral profile [43]. In contrast,
the NLP mechanism leads to a wave packet consisting of sub-picosecond pulses (with randomly
varying amplitude and/or pulse widths), which lack temporal coherence [44,45]. Experimentally,
the NLP regime features unusual spikes in the autocorrelation trace [46]. Finally, the formation
of a SW through the Ikeda instability is strictly determined by the cavity round trip time [31].
In order to identify the origin of SWs observed in our experiments, we have analyzed the

optical spectra, autocorrelation traces and RF spectra for the Gaussian HML, SW, and FO shown
in Fig. 6. None of the spectra presents any signs of spectral modulation or Kelly sidebands,
which confirms the absence of the DSR effect. The autocorrelation traces for the SW pulses show
a constant level over the 200 ps scanning range with no spikes, which confirms that the SW pulse
cannot be related to the NLP mechanism.

controllers PC1 and PC2 or the SOA driving current, allowed switching between different 
mode-locking regimes. We observed various mode-locked pulse profiles such as ML in 
Fig. 5(a), HML in Fig. 5(b), SW in Fig. 5(c), SSW in Fig. 5(d), MSW in Fig. 5(e) and FO in 
Fig. 5(f). The observation can be understood as follows: the adjustment of the polarization 
controller PC1 allows to increase or decrease the effective losses of the optical field in the 
waveguide (the quasi TE and TM propagation modes experience different losses), thus 
leading to continuous changes in the nonlinear phase. The equivalent effect can also be 
observed by varying the nonlinear phase shift in the NALM stage via the SOA gain. 
However, the saturation of the SOA gain restricts the nonlinear phase variation, which 
ultimately constrains the observation of switching between different multistable mode-locked 
regimes. As evident from Fig. 5(a)–(f), the experimental observations show strong agreement 
with the theoretical simulated results. The large nonlinear phase-shift emerging from the used 
waveguide configuration results in a reduction of the amount of power required to achieve 
mode-locking. In particular, we observed mode-locked dynamical states at an average optical 
output power of ∼300 ߤW (intracavity power ~2.7 mW) with different pulse profiles [37]. 
We would nevertheless like to mention that by operating the SOA near the NALM laser 
threshold (SOA = 4.4 dB), we observed the suppression of all dynamical pulse profiles except 
the ML pulse due to the limited nonlinear phase variations that can be induced at low SOA 
gains. In contrast, the evolution of the dynamical states shows low sensitivity to the EDFA 
gain. Incidentally, this is in full agreement with our theoretical findings. 

For a given SOA current we observe switching between different states by varying the 
polarization settings. In this case such dynamics emerge from the nonlinear optical NALM 
response and not from a thermal effect, which is a clear evidence for the optical multistability 
of the system. 

Harmonically mode-locked pulses and SW: Harmonic mode-locking (HML) has been 
previously reported for the generation of MHz to GHz repetition rate output pulse trains (i.e. 
few to thousands of harmonics) in the normal dispersion regime or in the dissipative soliton 
regime [38, 39]. This phenomenon relies on pulse-shaping through gain saturation for the 
normal dispersive regime, or the soliton peak-power limiting effect for the dissipative soliton 
resonance regime [39]. Through a simple variation of the polarization controllers, we observe 
HML (Fig. 5(b)) as well as harmonic mode-locked SW (Fig. 5(c)–(e)) pulses at judiciously 
chosen polarization settings. In general, the generation of HML and harmonic mode-locked 
SW requires high intracavity powers (few hundred mW to W) in order to induce a sufficient 
nonlinear phase shift [39]. However, the high nonlinearity of the waveguide enables the 
required nonlinear phase-shifts necessary for high harmonics even at low-power operation. 
Therefore, we observe HML pulses at milliwatt intracavity powers. 

Hysteretic behavior: Similar to other mode-locked lasers based on semiconductor 
saturable absorbers [29], the NALM laser proposed here shows hysteretic-like behavior 
among different dynamical states. For the experimental observation of such behavior, we 
operated the SOA at 4.4 dB, corresponding to the laser operation near the NALM laser 
threshold for Gaussian-shaped mode-locked pulses. By further increasing the SOA gain 
parameter while keeping the polarization controllers fixed, we observe various mode locking 
dynamical states ranging from ML, quasi-ML dynamics, to MSW, SSW, SW pulses for SOA 
gains of 4.4, 5.3, 6.9, 7.3 and 7.4 dB, respectively. However, when we decrease the SOA 
current, we observed the states changing from SW to SSW, MSW, FO, quasi-ML to ML for 
SOA gains of 7.4, 7.1, 7.0, 6.8, 6.3 and 5.3 dB, respectively. Such observations clearly show 
that different pulse profiles correspond to diverse operating values when increasing or 
decreasing the SOA gain. The hysteretic behavior is caused by the co-existence of multiple 
stable operation regimes that can be accessed by increasing/decreasing the SOA current, 

Fig. 6. Experimental optical spectra for different dynamics: harmonic-ML, SW and FO
with a central wavelength of ∼1550 nm (first column). The corresponding autocorrelation
trace (second column). Experimental radio-frequency (RF) spectrum showing clear and
narrow peaks at the repetition rate of the dynamical states, confirming stable lasing operation.
RF spectrum recorded with a resolution bandwidth (RBW) of 30Hz, centered at the carrier
frequency and with a 1MHz frequency span (third column).

Therefore, we conclude that the theoretical model based on the DDE (and presented in section
2), fully describes our experimental observations, where the appearance of SW pulses can be
related to the Ikeda instability. To the best of our knowledge, this finding has not been reported
experimentally for the case of an active nonlinear mode-locked system.
The recorded fundamental RF spectra for different pulse dynamics are shown in Fig. 6

(resolution bandwidth (RBW) of 30Hz, 1MHz span, see third column), and have narrow
bandwidths in the range of 1.2–1.5 kHz thus confirming stable mode-locked operation. For
all mode-locked dynamical regimes, we observe a stable output power of 300 µW over ∼20
minutes with a timing jitter of ∼12-14 ps, and an SNR of >40. Instabilities associated with the
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optical output can be further minimized to a great extent by incorporating various conventional
stabilization techniques [47].

5. Conclusion

We have demonstrated a passively mode-locked laser system, allowing multiple dynamical
emission regimes from a single compact architecture. The scheme is based on a NALM
configuration including an integrated nonlinear spiral waveguide and a bandpass filter. Our
findings show that, by adjusting the nonlinear phase via a polarization-dependent intensity
control or the gain via modifying the SOA current, one can achieve various mode-locked optical
pulse profiles from one simple setup. We also obtain a variety of different pulse profiles such
as higher harmonic mode-locked pulses, square waves, square waves with spikes, modulated
square waves and fast oscillations. Differently from previous schemes, and due to the high
nonlinearity of the waveguide, the NALM laser presented here shows mode-locking even for
very low average power operation (∼µW). Our theoretical model, based on a delayed differential
equation tailored to a figure-eight laser configuration, well describes the behavior of the observed
laser dynamics. We predicted theoretically and confirmed experimentally that the mode-locked
SW oscillations originate from the Ikeda instability, and are purely caused by the interplay
of gain, losses, and nonlinearity. To the best of our knowledge, this is the first experimental
observation of mode-locked SW pulses caused by the Ikeda instability. The numerical results of
various mode-locked laser regimes such as Gaussian-like pulses, square-wave pulses, and their
harmonics were obtained within a single model based on a delay differential equation approach.
The proposed laser configuration, offering a variety of mode-locked pulse profiles in a stable and
controlled manner at a reduced power consumption, is a promising solution for many practical
applications and can be an all-optical replacement of electronics waveform generators.

Appendix: Derivation of the delay differential equation model

We propose a model for a nonlinear amplifying loop mirror (NALM) laser on the basis of a
time-domain lumped element approach [48] by treating the laser components (such as gain
media, filters, nonlinear elements) as integral or integro-differential operators acting on the
slowly varying complex field amplitude E(t), where t is the local time of the pulse propagating
through a dispersion-free ring cavity. We consider the field evolution during the cavity round
trip time T in the presence of a bandwidth limiting element. This allows us to transform the
delay iteration equation into a delay differential equation (DDE). Experimentally, the optical
spectrum consists of more than 104 modes which cannot be resolved numerically. We limit our
consideration to the case of a narrow filter bandwidth Γ=O(10), which also allows adiabatic
elimination of the material dynamics, where O(10) denotes the limiting bandwidth value to be in
the order of 10 in the numerical simulation [49]. Finally, we assume that counter-propagating
fields within the ring cavity do not interact with each other. The SOA and the nonlinear element
are placed asymmetrically in the NALM so that in the pulsed operation only one pulse at a time
is temporally localized in the element, which avoids interactions.
In Fig. 7, we show the schematic of i) a figure-eight laser with an embedded erbium doped

fiber amplifier (EDFA) and ii) a NALM consisting of a semiconductor optical amplifier (SOA) as
well as a nonlinear element (NE, e.g. an integrated spiral waveguide or a microring resonator).
Here the operators K̂, ĜSOA/EDFA, D̂ represent the intracavity elements.

In particular, D̂ is an operator describing a band-limiting filter which in the frequency domain
reads:

D̂Ã(ω) =
1

1 − i(ω − ωF)/∆
Ã(ω), (4)
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nd EDFAĜ  read:

SOA
ˆ (G A t

EDFAĜ
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Fig. 7. Schematics of the figure-eight laser based on a nonlinear amplifying loop mirror
(NALM). SOA – semiconductor optical amplifier, NE – Kerr-nonlinear element, EDFA –
erbium doped fiber amplifier. Propagation in the NALM is characterized by two counter
propagating fields as indicated by color arrows. Black arrows show input/output fields at
the NALM ports. The points in the scheme have been labeled so to correspond to the field
indices in the main text, where further explanations can be found.

where Ã(ω) is the Fourier transform of the complex field amplitude A(t); ω is the field frequency;
ωF is the filter transmission peak frequency; and ∆ is the filter bandwidth. Note that the
frequencies are defined in relation to an arbitrarily chosen cold cavity mode.
Further, K̂ is an operator describing a Kerr-type nonlinearity with a phase shift depending

(under the assumption of negligible losses) on the input field intensity as [50]:

K̂±A(t) = A(t) exp(−iγ± |A(t)|2), (5)

where the indices “+” and “–“ correspond to clockwise and counter-clockwise propagation,
respectively; γ± are the total nonlinear coefficients which account for asymmetry in the nonlinear
coefficients due to the opposite propagation directions. This asymmetry is related to the
polarization anisotropy of the nonlinear element, as well as to the presence of the polarization
controller in one of the NALM arms. We assume, for simplicity, that the polarization anisotropy
is negligible, hence γ+ = γ− = γ, and there is no asymmetry in the nonlinear element operator,
so that K̂+ = K̂− = K̂.
The gain operators ĜSOA and ĜEDFA read:

ĜSOAA(t) = A(t) exp
(1 − iα)GSOA(A(t))

2
, (6)

ĜEDFAA(t) = A(t) exp
GEDFA(A(t))

2
, (7)

where GSOA/EDFA(A) = JSOA/EDFA/(1 + SSOA/EDFA |A|2) are the cumulative SOA and EDFA
saturable gains. Here JSOA/EDFA are corresponding small signal gain parameters; SSOA/EDFA are
inversely proportional to the saturation intensities; α is the linewidth enhancement factor. Here
we assume that the material response of the SOA (∼1 ns) is much faster than the timescales
determined by the filter and the cavity round-trip time (∼0.1 µs), and that the EDFA acts as an
almost linear gain element (SEDFA � SSOA).
Let us consider E0(t) as the initial field amplitude just before the beam splitter. The two

counterpropagating fields inside the NALM can be written as:

E+(t) = K̂ĜSOA
E0(t)
√
2

, (8)

E−(t) = −iĜSOAK̂
E0(t)
√
2

, (9)

The sequence of operators reflects the different order of elements in which the opposite-direction
fields go through when propagating inside the NALM.
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The two counter-propagating fields in the NALM combined at the beam splitter undergo a
phase shift given by [51]:

E1(t) = (E+(t) − iE−(t))/
√
2, (10)

and after passing through the rest of the cavity the field can be written as:

E2(t) =
√
κD̂ĜEDFAE1(t), (11)

where κ is an intensity attenuation coefficient accounting for the reflectivity of the output splitter
as well as other linear losses inside the laser cavity.
As we are considering a closed loop configuration, we define point 0= point 2 (see Fig. 7).
Combining Eqs. (8)–(11), and now replacing E2(t) → E(t), E0(t) → E(t − T), we can describe

the field evolution inside the cavity as a delayed iteration:

E(t) =
√
κ

2
D̂ĜEDFA[K̂, ĜSOA]

E(t − T)
√
2

, (12)

where [K̂, ĜSOA] ≡ K̂ĜSOA − ĜSOAK̂ is the commutator of the operators K̂ and ĜSOA, which
describes the interference of two counter-propagating fields outside the NALM. Only the laser
off solution E(t) = 0 exists if the operators commute, i.e. [K̂, ĜSOA] = 0, due to destructive
interference.
The operator D̂ expansion leads to a DDE as described in [26]:

∆
−1 ÛE(t) + E(t) =

√
κ

2
ĜEDFA[K̂, ĜSOA]

E(t − T)
√
2

, (13)

where the dot stands for differentiation with respect to the time t. In Eq. (13) we assume, for the
sake of simplicity, that one of the cold cavity frequency modes coincides with the filter peak
frequency, which can be shown to lead to the condition ωF = 0 (again, see [26]).

We expand the operators in Eq. (13) using Eq. (4)–(7) and considering a small gain saturation
in the EDFA, and therefore GEDFA([K̂, ĜSOA]E(t − T)) ≈ GEDFA(E(t − T)):

Γ−1 ÛE(τ) + E(τ) =
√
κ
2 exp 1

2 [(1 − iα)GSOA(E(τ − 1))+

GEDFA(E(τ − 1))]Φ(τ − 1)E(τ − 1),
(14)

where dot now means differentiation with respect to the dimensionless time τ ≡ t/T . Here
Γ ≡ ∆T is the normalized filter bandwidth; Φ(τ) describes the asymmetry-driven nonlinear
response of the NALM:

Φ(τ) =
(
1 − exp

[
− 1

2 iγ |E(τ)|
2(expGSOA(E(τ)) − 1)

] )
×

exp(−iγ |E(τ)|2/2).
(15)
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