
Empirical Formulae for the Influence of Real Film Thickness
Distribution on the Capacitance of an EHL Point Contact and
Application to Rolling Bearings
Volker Schneidera, Hai-Chao Liua, Norbert Badera, Alexander Furtmannb and Gerhard Polla

a
Institute of Machine Design and Tribology, Leibniz University Hannover, 30823 Garbsen

b
Flender GmbH, 46395 Bocholt, Germany

A R T I C L E I N F O

Keywords:
Rolling Bearing
Capacitance
EHL
Bearing Current

A B S T R A C T

Electrical bearing capacitance plays an important role in the prediction of harmful bearing currents,
which could lead to premature failure of the bearing and the entire drive system. The e�ect of rolling
speed, force, and material parameters on the electrical capacitance of an elliptical contact in elasto-
hydrodynamic lubrication has been studied numerically. An empirical equation that describes the re-
lationship between the areas of central film thickness and minimum film thickness of the HERTZ’ian
contact area has been derived. Additional, another formula to calculate the total capacitance of a
rolling bearing, based only on the HERTZ’ian contact capacitance with the central film thickness as
single parameter, has been developed. Finally, a comparison was made between the calculated capac-
ities and measured values.

1. Introduction
The number of drive systems with voltage source invert-

ers is increasing because of advantages in a faster dynamic
response and improved e�ciency [1]. However, inverter-
induced current as a result of steep voltage rise (e.g. capac-
itive bearing currents, electric discharge machining (EDM)
currents and ground currents) may damage the lubricant and
surface of rolling element bearings (e.g. grey frosting) and
can lead to premature failure of the whole drive system [2].
The harmful EDM current is caused by discharges of electri-
cally loaded elasto-hydrodynamic film (EHL) between race-
way and rolling element when a threshold voltage based on
a capacitance voltage divider or the bearing voltage ratio
(BVR) [3] is surpassed. To predict bearing voltage and EDM
current, knowledge about the capacitances of both a single
EHL contact and a whole bearing is required.

The capacitance of a model EHL contact can be deter-
mined assuming the EHL contact as a plate capacitor

C = ✏ � A
d

(1)

where ✏ = ✏0 � ✏r is the absolute permittivity of lubricants, A
the contact area, and d is the film thickness of the HERTZ’ian
contact zone. In addition, the influence of the regions out-
side the HERTZ’ian contact zone on the capacitance Coutside
must be taken into account (see Figure 1).

hC hmin

Body 1

Body 2

Ɛr

Outside range
Hertz‘ian contact

range Outside range

CHertz COutside

Figure 1: Electrical analogy model of an EHL contact.

The total capacitance of a contact Ctot,con is then a sum of
both proportions

Ctot,con = CHertz + Coutside (2)

CHertz may be approximated by

Chertz,hc = ✏0 � ✏r �
AHertz
hc

(3)

assuming the film thickness inside the HERTZ’ian contact
zone being equal to the central film thickness hc, which can
be calculated from empirical equations, e.g. HAMROCK-
DOWSON equation for point contacts [4]. Note that the por-
tion of total capacitance contributed from the gap outside the
HERTZ’ian contact zone Coutside is usually larger than CHertz
[5, 6, 7]. Coutside varies with contact geometry and hc, and
it is usually taken into account in the total capacitance deter-
mination of a contact Ctot,con through a factor kc

kc =
Ctot,con

CHertz,hc
(4)

which indicates the ratio between total capacitance and the
capacitance of the HERTZ’ian contact for a given contact.
An ideal kc factor would then take into account the e�ect of
the deformations of the bodies outside the HERTZ’ian con-
tact zones, as well as the influence of the real film thick-
ness distribution inside the HERTZ’ian contact on the total
capacitance. When looking at the contact area an EHL film
is characterized by a flat zone with a nearly constant film
thickness hc along the central line of entrainment direction.
Close to the outlet, a constriction with thinner film thickness
has been proven both experimentally and theoretically [8].
Typically, the EHL film of point contacts has a horse-shoe
shaped constriction. Through Eq. 1, it is easy to understand
that a thinner film leads to increased capacitance. There-
fore, one aim of this work is to investigate the influence of
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Nomenclature

Greek Symbols
↵p Pa*1

↵s *
↵t K*1

�(#)T 1_bar
�K ˘ 0.00651_K 1_K
�r m
✏ F_m
✏0 = 8.8541878 ù 10*12 A s_Vm
✏r *
✏air ˘ 1.0006 *
⌘0 Pa s
⌘0 U mPa s
� W_mK
E *
⌫ *
⌫rs mm2_s
�rs *
 
⇢ 1_m
'

˝

% kg_m3

%0 kg_m3

%s *
#

˝C
Roman Symbols
Ñv m_s
A m2

a m
A1...A4 *
a1...a5 *
aV 1_K
b m
C F
CMW *
D mm
d mm
dgap m
E Pa
E
® Pa

F N
G *
H *

h m
K0 GPa
K
®
0 *

k1...k3 *
kc total Hertz,hc *
ke k = a

b
*

KZ
= 3.1
= 5.1 *

Krs
= 3 � 10*8
= 6 � 10*8 *

kvh Hertz,hreal Hertz,hc *
L *
mr *
n 1_min
p Pa
Pd m
Q N
R m
r m
RZ m
tr (�) *
U *
Ub V
UCM V
V T p m3

V0 p = 0 m3

W *
w w = 2 �w0 m
w0 m
Z *
Subscripts
brng

c

con

r

RE

rs

th

tot

x

y

the thinner film thickness area on the total capacitance of a
contact. In literature the real EHL film shape was usually ig-
nored by assuming a uniform thickness of hc in simulations
[5, 6, 7, 9, 10, 11, 12].

To consider the contribution of the capacitance outside the
HERTZ’ian zone, BARZ [13] and WITTEK ET AL. [10] used a
universal value of kc = 3.5 giving a good approximation for
axially loaded rolling bearings. However, Coutside is a func-
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tion of film thickness and JABLONKA ET AL. [7] showed
that kc increases almost linearly from 1 to 3 as a function of
film thickness from 15 nm to 250 nm for a model EHL con-
tact. For a radially-loaded bearing, the rolling elements have
di�erent kc values due to varying loading distributions and
carrying areas. In literature, there is no appropriate formula
to describe kc as a function of film thickness or the related
DOWSON-HIGGINSON dimensionless groups, i.e. U , G, W .

Note that, using Eq. 1 and Eq. 2 also represent a possibil-
ity for mean film thickness measurement of an EHL contact
as long as the total capacitance can be measured experimen-
tally. This has been applied e.g. by [9, 14, 15, 16, 17, 7, 18].
Another potential approach to determine Ctot,con is to calcu-
late the deformation of the outside region using approxima-
tion formulae e.g. [19] in order to derive Coutside and then
add this toCHertz. This approach would take into account the
influence of the deformation of the outer region, but would
neglect the influence of the area of the film thickness lower
than hc. If the regions of lower film thickness play a role for
CHertz, a formula to describe the extent as a function of film
thickness or the DOWSON-HIGGINSON parameters would be
convenient for engineering applications to allow for a more
accurate prediction of the total contact capacitance.

This study presents two empirical formulae accounting
for the influence of real film distribution on the capacitance
of an elliptical EHL contact based on numerical EHL simu-
lations using multigrid techniques.

Analytical Method using kc-Factor

The factor kc(U ,G,W , ke) expresses the ratio between the
HERTZ’ian zone capacitance and the total contact capaci-
tance as described in e.g. [6, 20, 21]. In the area of the
HERTZ’ian contact, the presented factor is based on the pres-
sure-dependent permittivity distribution compared to the pre-
liminary work. The kc-factor thus includes the influences
of the region of lower film thickness and the region outside
the EHL-contact zone on the total contact capacitance. It is
therefore possible to infer the total capacitance of the contact
from the determinable capacitance of the HERTZ’ian contact
with the aid of the kc-factor.

Analytical Method using kvh-Factor

The kvh(U ,G,W , ke)-factor describes the relationship be-
tween the capacitance of the HERTZ’ian contact area at con-
stant lubricant film height hc and the capacitance consider-
ing the real lubricant film distribution of an EHL contact.
The factor is therefore used for a more precise description
of the HERTZ’ian capacitance. The influence of the outside
region on the total contact capacitance has to be determined
additionally, for example, by an analytical determination of
the deformations outside the contact zone.

In order to determine the factor kc and kvh, EHL con-
tact capacitances for di�erent speeds, materials and loads
have been determined analytically and in a numerical simu-
lation. By comparing the results from these two approaches,

the factors were determined. The analytical and numerical
approach is explained in detail in the following. The pro-
posed two formulae have been applied to analytical capaci-
tance calculations for a rolling element bearing under axial,
radial and combined load conditions. Capacitance measure-
ments of a rolling bearing have been carried out for compar-
ison and validation of the proposed factors.

2. Analytical Capacitance Calculation
2.1. Calculation for a Single EHL Contact

There are two di�erent approaches to calculate the total
capacitance for a single EHL contact. The basic procedures
are explained below.

Analytical Method using kc-Factor

For this approach it is only necessary to calculate the capac-
itance of the HERTZ’ian contact and multiply it by the factor
kc (see Eq. (53)).

Ctot,con = ✏0 � ✏r (p, #) � kc �
AHertz(FN,R,E

®)
hc( Ñv,FN,R,E

®, ⌘(p, #))
(5)

Analytical Method using kvh-Factor

For the second method it is necessary to determine the de-
formed regions outside the HERTZ’ian contact zone analyti-
cally. This approach is useful when the influence of the min-
imum film thickness on the HERTZ’ian capacitance is un-
known. Therefore the di�erent portions that are included in
the calculation of Ctot,con must be clarified firstly.

Figure 2 shows the di�erent regions that are included in
the capacitance calculation. The capacitance to be calcu-
lated is basically divided into three regions, the outside re-
gions and the EHL contact region itself. For the outside re-
gions, a distinction is made between the capacitance of the
inlet and outlet region Cinl. and Coutl.. In a simplified man-
ner, the outlet region Coutl. is assumed to span a right angle
characterized by a mixture of air and lubricant. The funda-
mental di�erence in the calculation of the capacitances for
both regions is the lubricant permittivity, which can be un-
derstood in the outlet region as a series connection of di�er-
ent permittivities of air and a thin layer of oil assumed to be
of the thickness 0.5 �hc at the top and bottom solid surfaces,
because it is the assumed amount of lubricant that can get
through the narrow EHL-contact.
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Outside egionR
Inlet - Fully flooded
Ambient Pressure

Direction of
ovementM

Outside egionR
Outlet - Oil-Air Mixture
Ambient Pressure

Hertz‘ian Contact
Minimum Film Thickness
Contact ressureP

h(x,y) h 0,5cav, c2 = ·h

h 0,5cav, c1 = ·h

Hertz‘ian Contact
Central Film Thickness
Contact Pressure

Body 1

Body 2

X

Y

b

a

y m
a

x

xmax

Considered
Area

Figure 2: Di�erent regions present in an EHL contact of two

lubricated bodies.

The inlet region, is assumed to be fully flooded. Thus in
Cartesian coordinates:

Cinl. = ÀA
✏0 � ✏r (p0, #) �

Aincr
h(x, y)

dx dy (6)

For x > 0:

x < y * a · x
2

b2
+ y

2

a2
> 1

and for x < 0

*ymax < y < ymax · x
2

b2
+ y

2

a2
> 1

Where:

xmax = ymax =
˘

2
2

� rRE

The capacitance of the outlet region can be described as fol-
lows:

Coutl. = ÀA

`

r

r

r

r

r

p

h(x, y) * hc
✏0 � ✏air � Aincr
≠́≠≠≠≠≠Ø≠≠≠≠≠≠̈

Air

+
hc

✏0 � ✏r � Aincr
≠́≠≠≠≠Ø≠≠≠≠≠̈

Lubricant

a

s

s

s

s

s

q

*1

dx dy (7)

A =
⌅

*xmax, xmax
⇧

ù
⌅

*ymax, ymax
⇧

When:

x > y * a · x > 0 · x
2

b2
+ y

2

a2
> 1

To describe the relationship between the HERTZ’ian capac-
itance by assuming a constant central film thickness and the

HERTZ’ian capacitance based on the real film thickness dis-
tribution, a factor kvh is introduced which depends on the
dimensionless parameters U , G, W and ke.

kvh(U ,G,W , ke) =
CHertz,real

CHertz,hc
(8)

Eq. (1) is therefore modified so that the capacitance of the
contact region considering a realistic film thickness distribu-
tion is:

CHertz,real = ✏0 � ✏r (p, #) � kvh(U ,G,W , ke)

�
AHertz(FN,R,E

®)
hc( Ñv,FN,R,E

®, ⌘(p, #))
(9)

The total capacitance of a contact is then the sum of the in-
dividual parts:

Ctot,con = Cinl. + Coutl. + CHertz,real (10)

2.2. Calculation for a Rolling Bearing
If the bearing is purely axially-loaded, all rolling ele-

ments may be regarded as being equally loaded. If the ca-
pacitance model for a single contact is transferred to a ra-
dially loaded rolling bearing, it must be considered that not
every rolling element is loaded equally. Under radial load,
a load zone is formed in which it is possible to calculate the
film thickness with EHL formulas such as the formulae pro-
vided by HAMROCK and DOWSON [4] (see Sec. 3.1). For
rolling elements outside the load zone, the distances between
a rolling element and a raceway can be calculated according
to the approach described in [22]. Taking into account the
bearing clearance Pd and the ring radial shift �r at  = 0,
the radial deflection, respectively clearance, at every angle
� can be calculated using the formula:

� = �r � cos * 0.5 � Pd (11)

It is assumed that the rolling element outside the load zone
is placed centrally between inner and outer ring. Since no
contact zone is established, the calculation is based on non
deformed rolling elements and raceways and is integrated
over the considered area as follows:

Ctot,con,unloaded = ÀA
✏0 � ✏r (p0, #) �

Aincr
h(x, y)

dx dy (12)

A =
⌅

*xmax, xmax
⇧

ù
⌅

*ymax, ymax
⇧

In order to determine the total capacitance of a bearing, it is
additionally necessary to consider the type of cage material
i.e. electrically conductive (steel or brass cage) or insulating
(polyamide cage). Figure 3 shows the electrical equivalent
circuit diagram of a ball bearing under full film lubrication,
in which each contact can be represented as a parallel con-
nection of capacitor and resistor [23]. The resistor is of in-
terest for modelling the electrical arc discharge across the
contact. By reaching the critical breakdown voltage of the
lubricant, the resistor value can be assumed to change over
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time. This work focuses on modelling the capacitance in
order to estimate the electrical load on the rolling bearing.
The modelling of the resistor has already been described in
detail in [24]. With a conductive cage, the rolling elements
are short-circuited among each other (assuming that there is
contact between rolling element and cage). In addition, ev-
ery inner ring (IR) contact and every outer ring (OR) contact
is short-circuited. This results in a parallel connection of the
IR and OR contacts which are connected in series. To calcu-
late the total capacitance for a bearing with conductive cage
and Z rolling elements, Eq. (13) is obtained [6].

Ctot,brng =

Z
≥

i=1
Ctot,con,IR,i �

Z
≥

i=1
Ctot,con,OR,i

Z
≥

i=1
Ctot,con,IR,i +

Z
≥

i=1
Ctot,con,OR,i

(13)

For rolling bearings with an insulating cage, the IR and OR
contact are in a series connection. Each rolling element is
then connected in parallel with the others. This results in
Eq. (14).

Ctot,brng =
Z
…

i=1

Ctot,con,IR,i � Ctot,con,OR,i

Ctot,con,IR,i + Ctot,con,OR,i
(14)

...

...

...

Insulating CageConductive Cage

IR

OR

RE &Cage

Figure 3: Electrical equivalent circuit of a bearing with dif-

ferent cage materials [6].

3. Distance Calculation for Capacitance
Determination
The calculated capacitances for both approaches strongly

depend on the film thickness in EHL contacts and the result-
ing distances outside EHL contact due to the deflection of
the bodies. In the following two sections, additional mod-
ifications that are included in the film thickness calculation
will be introduced.

3.1. Film Thickness and Contact Size Formulae
for EHL Contacts

The formula to calculate the dimensionless central film
thickness of point contacts Hc presented by HAMROCK and
DOWSON [4] was chosen to be the basis of the calculation.

Hc =
hc
Rx

= 2.69�G0.530�U0.67�W *0.067�(1*0.61�e*0.73�ke )

(15)

This equation is based on the dimensionless parameters for
material G, load W and speed U . They are expressed as:

U =
⌘0 Ñv

E®Rx
(16)

G = ↵pE
® (17)

W = Q

E®R2
x

(18)

With the elasticity modul E and and the Poisson ratio ⌫ of
contacting bodies 1, 2 the equivalent elastic modulus E

® is
then defined as

E
® = 2

H

1 * ⌫
2
1

E1
+

1 * ⌫
2
2

E2

I*1

(19)

With convex curvatures defined as negative, the composite
radius R is

R =
0

1
Rx

+ 1
Ry

1*1
=

H

1
r1x

+ 1
r2x

+ 1
r1y

+ 1
r2y

I*1

(20)

The area of the contact ellipse can be determined by semi-
axes a and b of the contact ellipse. These can be determined
in a good approximation using the formulae from HAMROCK
and DOWSON [4].

a = 3

v

6k2eEQ
⇡
≥

⇢E®
(21)

b = 3

v

6EQ
⇡ke

≥

⇢E®
(22)

Using the composite radius taken from Eq. (20), the curva-
ture of the bodies

≥

⇢ and the provided fits for the ellipticity
parameter k and the complete elliptical integral of second
order E (which are marked as Ñke and ÑE), the semi-axes can
be calculated.

…

⇢ = 1
R

(23)

Ñke = 1.0339 �
0

Ry

Rx

10.636

(24)

ÑE = 1.0003 + 0.5968
Ry_Rx

(25)

With the above formulae it is now possible to calculate the
central distance between the contracting bodies as well as
the size of the contact zone. However, the real film thick-
ness distribution of an EHL contact still depends on addi-
tional e�ects that are not represented by Eq. (15). These
e�ects are explained below and the influence of each on the
film thickness is highlighted. Ultimately, the capacitance is
calculated with the reduced film thickness, which takes the
various e�ects into account.
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3.1.1. Thermal Influence on EHL Film Thickness

The influence of the temperature rise due to reverse oil
flow in the inlet zone may be considered based on the work of
MURCH and WILSON [25], which reduces the film thickness
through a thermal correction factor CMW:

CMW = 3.94
3.94 + L0.62 (26)

L describes the thermal load parameter:

L =
⌘0 � ↵t � Ñv

�
(27)

The reduced film thickness is then calculated according to
the following formula:

hc,th = hc � CMW (28)

3.1.2. Starvation Influence on EHL Film Thickness

Another influence factor on the film thickness is starva-
tion, where the lubricant does not have enough time to re-
plenish the contact. This results in a reduced inlet lubricant
supply and a reduced oil film thickness. This may be repre-
sented by the kinematic replenishment/starvation reduction

factor �rs given by SKF [26].

�rs =
1

e
[Krs⌫rsn(d+D)

u

KZ
2(D*d) ]

(29)

hc,th,rs = hc,th ��rs (30)

3.1.3. Roughness Influence on EHL Film Thickness

A higher roughness of both contacting bodies leads to an
increased electrical capacitance and therefore has the same
e�ect as a reduced film thickness. This reduction was inves-
tigated by KREIL [27] and is summarized in the following
formula:

�hr = mr � RZ (31)

With the maximum height of the profile RZ and the dimen-
sionless roughness value mr :

mr = 0.3 � ln(2 � Ñv + 55) + tr (�) (32)

The directional value tr (�) considers the orientation of the
roughness grooves that correspond to the direction during
grinding.

tr (�) =
<

*0.0992 : � = 0˝(longit. grinding)
*1.0600 : � = 90˝(transv. grinding) (33)

The film thickness then reduces to:

hc,th,rs,r = hc,th,rs * �hr (34)

3.2. Distance Determination of Deflected Outside
Areas

The surfaces outside the HERTZ’ian contact zone also
experience a change in geometry due to the elastohydrody-
namic pressure. This directly a�ects the capacitance calcu-
lations for the contact. BRUESER [19] derived approxima-
tion Formulae ((35),(36), (37), (38), (39)) for the deflection
of two arbitrary curved bodies based on the work of TIMO-
SHENKO [28]. BRUESER made the assumption that the de-
flected area have the same radius as the undeflected body,
but with a shifted center (see Figure 4).

w
hc

h( , )x y

w(x,y)

S +Sx y

rRE

rRE

Hertz‘ian Contact

Side iew of ContactV

Figure 4: Distances between a deflected body and a plane -

side view [19].

Assuming that there is a pressure distribution according to
HERTZ, the maximum deformation occurs at the center. In
polar coordinates we get:

w0 =
8 � (1 * ⌫

2)
⇡ � E

� p0

�

⇡

2

 
0

rmax

 
0

v

1 *
⇠

rRE � cos'
b

⇡2
*
0

rRE � sin'
a

12
drd'

(35)

The elliptical contact area is limited by (see Figure 5):

rmax =
y

x

x

x

w

1
⇠

rRE�cos'
b

⇡2
+
⇠

rRE�sin'
a

⇡2 (36)

With semi-axes a and b calculated with Eq. (21) and (22).
The replacement contour of the deflected area then intersects
the undeflected area at a distance a1 and b1 from the center
(see Figure 5). These points of intersection are calculated
using quadratic equations Eq. (37) and Eq. (38) given by
BRUESER.
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a
1

a

b

Undeflected reaA

Deflected Area

y

x

b1

Hertz‘ian
ontact reaC A

Top iew of ContactV

r(φ)
r1(φ)

φ

Figure 5: Di�erent areas of a deflected body - top view [19].

b
2
1(4b
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(37)

and

a
2
1(4a

2+w2)*a1(aw2+4a3)+w2(w
2

16
+ a

2

2
*r2RE)+a

4 = 0

(38)

With the calculated points of intersection it is now possible
to determine the film thickness between the two surfaces of
a contact. In comparison to Figure 4, the formula for the
deformed area is obtained.

h(x, y) = h0 + Sx + Sy +w(x, y) *w (39)

Where:
Sx =

x
2

2�Rx

Sy =
y
2

2�Ry

3.3. Electrical Parameters for Capacitance
Calculation

The last point to be clarified concerns the physical prop-
erty of the relative permittivity ✏r , which varies with tem-
perature and pressure. The density % is directly related to
the temperature and pressure. As more molecules are com-
pacted into a certain volume when the lubricant is compressed,
the electrical polarization is increased correspondingly [29].
Several ways for the permittivity calculation will be shown
and discussed.

3.3.1. Temperature- and Pressure dependent Relative

Permittivity

A model to calculate the relative permittivity of a lubri-
cant is the modified CLAUSIUS-MOSSOTTI equation [30, 31,
32]. It is based on the temperature and pressure-dependent
change in density of the lubricant.

✏r (p, #) =
✏r0 + 2 + 2 � (✏r0 * 1) � %(p, #)_%0
✏r0 + 2 * (✏r0 * 1) � %(p, #)_%0

(40)

The CLAUSIUS-MOSSOTTI-equation requires knowledge of
the reference density %0 and and reference relative permit-
tivity ✏r0. The reference density at 15 °C is usually provided

%s 1032.9770508
↵s 0.0005829
a1 0.0997101
a2 4508.5515539
a3 *13.1593486
a4 0.0112271
a5 *0.0000028
A1 0.0209645
A2 4.5773726
A3 816.7267611
A4 0.0018826
k1 0.0039212
k2 0.0031227
k3 0.0005351

in lubricant data sheet and the reference relative permittivity
can be determined experimentally at ambient pressure, see
for example WITTEK [20].
A di�erent approach is provided in form of the BODE equa-
tion [33, 34] which is based on measurements using a quartz
viscometer. It also describes the temperature- and pressure
dependence of viscosity of the lubricant.

✏r (p, #) = ✏r (#) + k3 � [%(p, #) * %(#)] (41)

With:

✏r (#) = k1 � �(#)*0.5T � %(#)1_6 + k2 � # (42)

�(#)T =
a1

a2 + a3 � # + a4 � #2 + a5 � #3
(43)

BODE uses the parameters a1..a5, A1..A4, %s, ↵s and k1..k3
in his equations which need to be determined experimen-
tally using a high pressure viscometer in order to describe
the lubricant properties more precisely. Knowledge of the
reference density and reference relative permittivity, like in
Eq. (40), is also necessary. An exemplary set of parame-
ters is summarized in Table 1 for a 75W-90 gear oil, which
was used in this study. The relative permittivity of the used
75W-90 oil is plotted over pressure at di�erent temperatures
in Figure 6.
This work will use the BODE-equations for this specific char-
acterized lubricant. As shown by FURTMANN [6], they ex-
press the lubricant physical properties more precisely and
form a solid basis for the capacitance calculation.
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Figure 6: Pressure and temperature dependent relative per-

mittivity using the equations provided by BODE.

3.3.2. Temperature- and Pressure dependent Density

The two permittivity equations in the last section require
the pressure and temperature dependent density %(p, #). An
often used approach is the density equation provided by DOW-
SON AND HIGGINSON [35] with temperature influence taken
into account.

%(p, #) = %0

�
0

1 + 0.5988 ù 10*9p
1 + 1.697 ù 10*9p

* 0.00065(# * #R)
1

(44)

Eq. (44) was derived at relatively low pressures (< 350
MPa). A more precise correlation suitable for high pressures
would be the TAIT-equation of state [36, 37]. It describes the
Volume V of the material at a certain temperature and pres-
sure relative to the volume at ambient pressure V0.

V

V0
= 1 * 1

1 +K
®
0
ln
0

1 + p

K0(#)
(1 +K

®
0)
1

(45)

where K0(#) is a temperature modified version of K0

K0(#) = K00 exp(*�K#) (46)

where K00 is K0 at zero absolute temperature. Additionally
the volume at ambient pressure V0 relative to the volume VR
at the reference temperature #R is calculated as:

V0
VR

= 1 + aV(# * #R) (47)

A set of parameters for typical lubricants is provided by BAIR
and shown in table 2.
BODE o�ers another group of equations for the description
of pressure and temperature dependences of density and vis-
cosity, which, like Eqs. 41 to 43, are based on experimen-
tally determined coe�cients.

%(p, #) = %(#)

1 * a1 � ln
⇠

a2+a3�#+a4�#2+a5�#3+p
a2+a3�#+a4�#2+a5�#3

⇡
(48)

with

%(#) = %s � (1 * ↵s � #) (49)

K
®
0 11

K0 9 GPa
aV 8 ù 10*4 1_K
�K 0.0065 1_K

U 0.56...22.52 � 10*11
G 3300...4615.4
W 3.44...298.58 � 10*6
ke 3.125...7.878

⌘(p, #) = A1 � exp(
A2 � %(p, #)

%g(#) * %(p, #)
) (50)

%g(#) = A3 � (1 + A4 � #) (51)

The set of BODE-parameters for the 75W-90 oil used is also
given in Table 1.

4. Numerical Simulation for the two formulae
kc and kvh
In order to determine the factors kc(U ,G,W , ke) and

kvh(U ,G,W , ke) based on a realistic film thickness distri-
bution, the multigrid method introduced into EHL by LU-
BRECHT AND VENNER [39, 40] is used to solve the cou-
pled Reynolds, surface elastic deformation and load balance
equations. Results of this multigrid method were already
presented in the work of LIU [41], where he pointed out the
e�ect of solid body temperatures on EHL traction, film thick-
ness and film temperature rise.
Simulations were carried out for a broad ’U ,G,W , ke’- pa-
rameter range. The speed and therefore the parameter U

have been varied for each load selected. In order to include
the influence of the geometry into the simulation, the ellip-
ticity factor ke was selected in a way that the geometries
of inner- and outer ring contacts of a 6206 and 6008 deep
groove ball bearing (DGBB) were represented. In addition,
parameter G was adjusted for each parameter combination
of U , W and ke using the piezoviscous properties of three
di�erent oils. An overview of the range of the parameters is
given in Table 3.
As is shown in Figure 7 it becomes apparent that the film
thickness distribution is by no means constant. This non-
uniform film thickness distribution makes it necessary to de-
termine the relation between the analytically determinable
central film thickness hc and the real film shape, that is, the
kvh and kc factor. For rapid engineering application it would
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be useful to still rely on the analytical HAMROCK and DOW-
SON equations combined with the kvh and kc factor.

Figure 7: Film thickness distribution of an EHL-contact re-

sult of multigrid-calculation. The area is shown inverted

for better illustration (U = 0.562 � 10*11,G = 0.46154 �
104,W = 3.44074 � 10*6, ke = 3.125).

4.1. Determination of Factor kvh
Based on the analysis of the obtained numerical results

from the multigrid-method, the factor kvh(U ,G,W , ke) is
determined. It describes the ratio between the capacitance
of the HERTZ’ian contact area using the realistic film thick-
ness distribution obtained through the simulation and the
HERTZ’ian contact capacitance determined analytically by
assuming a uniform hc central film thickness distribution.
First, the capacitance is calculated based on the numerically
calculated real film thickness (as shown in Figure 7) and
pressure distribution (see Figure 8) which clearly shows the
typical pressure distribution of an EHL contact with the PETRU-
SEVICH-pressure-spike [42] in the outlet region.

Figure 8: Pressure distribution of an EHL contact result of

multigrid-calculation (U = 0.562 � 10*11,G = 0.46154 �
104,W = 3.44074 � 10*6, ke = 3.125).

Using the realistic film distributions as inputs for the capac-
itance calculations presented in Sec.3, it is possible to cal-
culate a more realistic capacitance distribution as shown in
Figure 9. In the region of the PETRUSEVICH-pressure-spike
the local capacitance is usually higher which may be due to
the pressure dependent relative permittivity of the lubricant
(see Sec. 3.3.1) and the lower film thickness region. There
is also a discontinuity at boundaries between the region that
is completely filled with lubricant and the region that has a

mixture of lubricant and air (see Figure 2) due to the series
connection of di�erent permittivities. This can be explained
by the series connection of the relative permittivities of lu-
bricant and air. The total capacitance of the contact area
CHertz,hreal is then a summation of all the local parts shown
in Figure 9.

Figure 9: Capacitance distribution of an EHL contact re-

sult of the multigrid-calculation (U = 0.562 � 10*11,G =
0.46154 � 104,W = 3.44074 � 10*6, ke = 3.125).

In order to determine the factor kvh, it is necessary to cal-
culate the analytically determinable HERTZ’ian capacitance
CHertz,hc , which is solely based on the central film thickness
as shown in Eq. (3). For the calculation, the same input
parameters are used as for the simulation. The pressure dis-
tribution is calculated according to the HERTZ’ian approach
and the influence of the PETRUSEVICH-pressure-spike is ne-
glected.
With both calculated quantities, the kvh factor can be cal-
culated according to Eq. 8. With the help of all results of
the simulation, a system of equations can be set up to op-
timize the non-linear least squares using e.g. the LEVEN-
BERG-MARQUARDT-algorithm [43, 44] in order to find an
equation that matches the simulated results the best.
A total of around 900 simulations were used for the evalua-
tion. The range of values is shown in Table 3. The Formula
to be determined is similar to the EHL film thickness for-
mulae by DOWSON and HIGGINSON. The exponents of the
dimensionless parameters were determined using the opti-
mization algorithm:

kvh = 0.7772 �U0.0451 �G0.1522 �W *0.0245
p �k*0.0921e (52)

Figure 10 shows the progression of kvh as functions of the
dimensionless parameters U ,G,W , ke. It can be seen that
the factor in the examined area is in large parts approxi-
mately one. Accordingly, if the more realistic film thick-
ness distribution is taken into account, the capacitance of
the HERTZ’ian contact area is increased over a wide range
compared to the capacitance, in which only hc is taken into
account. In addition, the ratio kvh increases as the ellipticity
factor or the load parameter W is reduced, as well as when
the material G or the speed parameter U is increased. In the
range of low speeds it is possible that the factor drops below
one. This is due to the fact that in the simulated film thick-
ness distribution at very low speeds, the mean film thickness
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in the HERTZ’ian contact falls below the value of the central
film thickness.
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Figure 10: Function of factor kvh plotted over the speed pa-

rameter U with a variation of the load parameter W , mate-

rial parameter G and the ellipticity ke.

4.2. Determination of Factor kc
Analogously to the determination of the factor kvh, the

factor kc, which describes the ratio of the HERTZ’ian contact
capacitance in comparison to the total capacitance of a single
contact (see Eq. (4)), was determined. Therefore it is firstly
necessary to calculate the capacitance of the HERTZ’ian con-
tact area using only the central film thickness, as described
in Sec. 4.1. Secondly it is necessary to add up all incremen-
tal parts of the simulation using the realistic film thickness
distribution, of the inner and outer regions of the EHL con-
tact.
Similar to factor kvh, factor kc can be approximated using
the following empirical formula based on numerical simula-
tions:

kc = 9.5923 �U0.3305 �G0.3413 �W *0.3342
p � k0.1391e (53)

The variation of the factor kc over various range of the di-
mensionless parameters is displayed in Figure 11. The in-
crease in kc in terms of speed parameter U agrees with the
behaviour described by JABLONKA and GLOVNEA [7]. The
higher the film thickness, the greater the influence on the ca-
pacitance from the regions outside of the contact. The film
thickness increases, for example, at higher speed or lower
loads. Due to an increased film thickness the proportion of
the region outside the HERTZ’ian contact zone in the total
capacitance increases.
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Figure 11: Function of factor kc plotted over the speed pa-

rameter U with a variation of the load parameter W , mate-

rial parameter G and the ellipticity ke.

5. Application to Rolling Bearings and
Discussion
Figures 12 to 14 show the comparison between mea-

sured capacitances by one of the authors FURTMANN [6] for
a rolling bearing and the analytical results using the devel-
oped approaches in this study. Generally, a good agreement
under axial load was achieved. The results under radial and
combined load show a good qualitative progression but they
are smaller than the measured values. This may be due to
the selected operating bearing clearance for the calculation,
which is discussed in the following.
The bearing capacitance was measured by a method devel-
oped by FRANKE and WITTEK [21, 20]. A voltage step is
applied between the bearing inner- and outer-ring, which are
separated by the EHL films (capacitor like behaviour). By
recording and analysing the voltage during the charging pro-
cess, the total capacitance of the bearing and, in a further
step, the average film thickness can be determined. Note
that this method only works reliably as long as there are no
asperity contacts between the two surfaces; otherwise, the
asperity contacts would short-circuit the contact and there-
fore it would fail to charge the capacitor.
A 75W-90 gear oil was used for the measurements. The
Figures 12 to 14 show a typical behaviour of measured ca-
pacitances. The physical properties of this oil can be found
in Table 1. The further the operating conditions are in the
regime of mixed or starved lubrication, the higher the stan-
dard deviation due to short-term asperity contacts between
the two surfaces. The influence of starvation is also visible
in Figures 12 and 13. Due to the relatively high viscosity at
a lower temperature of 20 ˝C, the oil cannot flow back into
the raceway as quickly as for example at 40 ˝C with a lower
viscosity (see Figure 14). This starvation behaviour can be
reproduced very well by the approaches presented and is in
line with the measurements. It should be pointed out that the
results were calculated using a theoretical mean operating
bearing clearance of +3.5 µm. The operating clearance di-
rectly influences the calculable load distribution in the bear-
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ing [45, 46]. Under radial load, for example, the load for
the individual rolling element can be reduced by a intention-
ally applied preload of the bearing. This in return directly
influences the calculable capacitance, because more rolling
elements form a contact zone [47, 48].
Figure 12 shows the results for an axially loaded 6008 DGBB,
where every rolling element is loaded equally and it is easier
to calculate the bearing capacitance, see for example [9, 6].
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Figure 12: Comparison between measurement and calcu-

lation under axial load with a theoretical mean operating

clearance of +3.5 µm.

Figure 13 shows the comparison between measurements and
calculation for a 6008 bearing under a radial load. The calcu-
lation of the capacitance under radial load slightly underesti-
mates the capacitances measured in the experiments. How-
ever, the overall qualitative progression is in a good approx-
imation.
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Figure 13: Comparison between measurement and calcu-

lation under radial load with a theoretical mean operating

clearance of +3.5 µm.

For a combined load situation as shown in Figure 14, the
results show a similar behaviour as under radial load in Fig-
ure 13. Overall the approach that uses the kc-factor shows a
better result compared to the kvh-factor.
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Figure 14: Comparison between measurement and calcula-

tion under combined load with a theoretical mean operating

clearance of +3.5 µm.

The di�erence between measurements and calculations may
be a result of the selected bearing clearance on which the
load zone calculation is based. The actual operating bearing
clearance of FURTMANN’s experiments is unknown, which
is the reason why the calculations were conducted for the
mean operating clearance of +3.5 µm. As already mentioned,
the HERTZ’ian contact areas have a large influence on the to-
tal capacitance calculation of a contact. A radial load creates
a load zone depending on the size of the internal clearance,
so that either more or fewer rolling elements carry the ap-
plied load [49]. The larger this load zone, the greater the
total capacitance of a bearing as there are more HERTZ’ian
contact areas. The influence of the internal clearance (from
-9 µm to +16 µm) on the total capacitance of a radially- and
axially-loaded bearing is shown in Figure 15 and 16, respec-
tively (see the hatched area). If all tolerances in the system
are taken into account, i.e. the fit of the bearing seats, the
bearing internal clearance class and the operating tempera-
ture, there is a range between the minimum and maximum
theoretical operating internal clearance. It becomes clear
that the influence of the bearing clearance under radial load
has a greater influence on the total capacitance than under
axial load.
Under axial load, all rolling elements are loaded equally,
which means that only the contact force and angle change
when the operating bearing clearance is lowered or raised.
While, at a radial loading condition, the amount of loaded
rolling elements varies because the size of the load zone in-
creases or decreases.
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Figure 15: E�ect of internal clearance on the calculated

total capacitance of a radially loaded DGBB. The hatched

area shows the range between the theoretical minimum op-

erating bearing clearance of -9 µm and the theoretical max-

imum operating bearing clearance of +16 µm for the given

tolerances.

Figure 16: E�ect of internal clearance on the calculated

total capacitance of an axially loaded DGBB. The hatched

area shows the range between the theoretical minimum op-

erating bearing clearance of -9 µm and the theoretical max-

imum operating bearing clearance of +16 µm for the given

tolerances.

6. Conclusion and Outlook
In this study, two approaches were presented with which

it is possible to calculate the capacitance of a DGBB in order
to estimate the electrical bearing load in drive systems. The
kc-factor describes the ratio between the total capacitance of
an EHL contact and the capacitance of the HERTZ’ian con-
tact using only the central film thickness. The kvh-factor de-
scribes the relationship between the HERTZ’ian contact ca-
pacitance using the real film distribution and the HERTZ’ian
contact capacitance using exclusively the central film thick-
ness.
The kvh-factor considers the influence of the minimum film
thickness on the total capacitance of a HERTZ’ian contact.

As can be seen in Figure 10, the factor is always around 1
and therefore has only a very small influence on the capac-
itance of a contact and an entire rolling bearing. The influ-
ence of the minimum lubricant film thickness on the capaci-
tance is therefore negligible. In comparison to the kc-factor,
the kvh-factor additionally requires the calculation of the de-
formations of the areas outside the HERTZ’ian contact zone.
Therefore the kc-factor is easier to use. In addition, the re-
sults using the kc-factor showed a better agreement with the
measured results compared to the kvh-factor. To conclude,
it summarizes which formulae are needed in order to calcu-
late the capacitance of an EHL contact and a rolling bearing
using either the kc- or kvh-factor.

Analytical Method using kc-Factor

Using the kc-factor (Eq. (53)), the total capacitance of a con-
tact can be calculated using Eq. (5). The needed HERTZ’ian
contact area can be calculated with the aid of the HERTZ’ian
half-widths a and b (Eqs. (21) and (22)). The film gap be-
tween the raceway and the rolling element can be calculated
using the EHL-Eq. (15) with additional reduction factors,
see Eq. (28), (30) and (34). Finally, the temperature and
pressure dependences of the relative permittivity of lubri-
cants has to be determined. Either Eq. (40) or (41) can be
used for this.

Analytical Method using kvh-Factor

With the aid of the kvh-factor (Eq. (52)), the height distribu-
tion of the whole contact has to be calculated. This includes
the HERTZ’ian contact as well as the regions outside the con-
tact ellipse that also experiences a change in geometry. The
total capacitance is then calculated using Eq. (10). To cal-
culate the deformation outside the HERTZ’ian zone analyt-
ically it is necessary to use an approximation method like
the one described in Eq. (39). The central film thickness
of the HERTZ’ian contact area is calculated analogous to the
kc-method using Eq. (15) modified with Eq. (28), (30) and
(34). Again in analogy to the previously introduced method,
the relative permittivity is calculated according to Eq. (40)
or (41).

To further improve the model, it would be useful to take
a closer look at the temperature distribution in the contact,
especially when there is slide-to-roll ratio. As described in
Sec. 3.3.1, the permittivity of the lubricant is strongly de-
pendent on density and therefore on temperature. Due to lo-
cal shear stress in the contact and the Heathcote- or drill-slip,
temperature rise as shown in [50, 51, 52] occur. The pre-
sented model assumes an isothermal contact, whereby the
permittivity only changes locally due to the pressure distri-
bution. Therefore, it is likely that by taking into account the
temperature distribution e�ected by the local shear stress,
the calculation results could be further improved.
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