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1 Introduction
Coupled finite and boundary element procedures provide an efficient and extensively investigated tool for
the numerical solution of elliptic interface and contact problems, particularly in unbounded domains [19,
36]. On the other hand, much of the current interest in boundary element procedures focuses on hyperbolic
problems in the time domain, both on Galerkin methods and convolution quadrature [4, 9, 11, 25, 27, 35].

The numerical solution of time-independent interface problems in unbounded domains by coupling
finite elements (FEM) and boundary elements (BEM) is well understood [19, 36]. For time-dependent scatter-
ing problems in unbounded domains, boundary elements in the time domain have attracted much recent
interest, either in the form of space-time Galerkin or convolution quadrature methods [4, 9, 11, 25, 35].
Much recent research has focused on convolution quadrature, with a fundamental contribution [6] followed
by extensions to a variety of FEM-BEM coupling procedures in two dimensions, including fluid-structure
interaction and nonlinear elastic and multi-physics problems [23, 24, 34], as well as efficient discretiza-
tions [22]. On the other hand, advancedGalerkin procedures for the coupling of finite elements and boundary
elements in the time domain are much less understood. A first procedure for discontinuous finite elements
coupled to Galerkin boundary elements was investigated in [1], while energetic formulations with continu-
ous finite elements were studied in [3, 4]. In three dimensions, the authors recently considered the analysis
and implementation for a fluid-structure interaction problem [16].

This article investigates a finite element and boundary element coupling based on a symmetric formu-
lation using for the exterior problem the total Calderón projector consisting of the retarded single layer and
double layer potentials and their normal derivatives on the interface boundary. For Ω a bounded Lipschitz
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domain, we consider the transmission problem between wave equations in the interior Ω =: Ω−, respectively
exterior Ω+ := Ωc := ℝ3 \ Ω, with homogeneous initial conditions:

ρ1
∂2u
∂t2
− μ1∆u = 0 (x, t) ∈ Ω− × (0,∞), (1.1a)

∂2v
∂t2
− ∆v = 0 (x, t) ∈ Ω+ × (0,∞), (1.1b)

u(x, 0) = u̇(x, 0) = 0 in Ω−, (1.1c)
v(x, 0) = v̇(x, 0) = 0 in Ω+, (1.1d)

γ−u − γ+v = f on Γ × (0,∞), (1.1e)
μ1∂−nu − ∂+nv = g on Γ × (0,∞). (1.1f)

Here μ1, ρ1 > 0, and n = nx is the unit normal vector, pointing towards Ω+. In the following we set c21 =
μ1
ρ1 .

For x ∈ Γ, we define
γ±v(x, t) := v±(x, t) := lim

x∈Ω±→x v(x, t)
and

∂±nv(x, t) :=
∂v±
∂n
(x, t) := lim

x∈Ω±→x nx ⋅ ∇v(x, t).
We use retarded potentials as in [3] to formulate the interface problem (1.1) as a coupled domain/boundary
integral equation, using a symmetric formulation of the Neumann-to-Dirichlet operator in terms of layer
potentials in the exterior. We obtain wellposedness of the continuous domain/boundary integral formula-
tions of system (1.1) in the time domain. The weak formulation is approximated using finite elements in Ω
and Galerkin boundary elements on Γ, based on tensor products of piecewise polynomial functions in space
and time. Well-posedness, a priori and a posteriori error estimates are obtained for the discretized problem.

The convergence rate of the error is determined by the singularities of the solution at nonsmooth points
of the interface Γ. Near an edge or a vertex, we obtain a singular expansion of the solution into a leading part
of explicit singular functions plus smoother remainder terms. The singular exponents are the same as for the
time-independent Laplace equation, and our result builds on Plamenevskii’s analysis for the wave equation
in a domain with edges or cone points [33].

The results obtained in this article for the error analysis and singular expansions provide the key ingredi-
ents to adapt recent work on higher-order boundary element methods from boundary to interface problems.
The singular expansion shows that graded meshes lead to quasi-optimal approximation of the solution by
the h version as established in [12, 29]. The expansion also allows the analysis of hp versions as in [14, 29].
Similarly, the a posteriori error estimates in the current article are analogous to those established for bound-
ary problems in [15, 17], and they are therefore expected to result in equally efficient space-time adaptive
mesh refinement procedures.

We discuss the numerical implementation of the space-time Galerkin method. Numerical experiments
illustrate the performance of themethod in 3Dmodel problems for the h version on both uniform and graded
meshes.

The article is organized as follows. Section 2 reviews the functional analytic setting and properties of the
boundary integral operators.Well-posedness of the symmetric coupling formulation is discussed in Section3.
There, also the regularity of solutions to the interface problem is studied. Section 4 presents an a priori error
estimate as well as an a posteriori error estimate of residual type. Numerical experiments are presented in
Section 5. The numerical implementation is discussed in an appendix.

2 Sobolev Spaces and Boundary Integral Operators
We review space-time anisotropic Sobolev spaces on the boundary Γ as a convenient functional analytic set-
ting for the analysis of the time dependent boundary integral operators. A detailed exposition may be found
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in [13, 21]. In particular, we introduce the retarded potentials for the wave equation and list the mapping
properties of the respective time dependent boundary integral operators (Theorem 1).

Let Γ = ∂Ω the boundary of a bounded Lipschitz domain Ω ⊂ ℝn. We recall the scale of Sobolev spaces
Hs(Γ). Their norms are defined using a partition of unity αi subordinate to a covering of Γ by open sets Bi.
Given diffeomorphisms φi from Bi to the unit cube in ℝn, the Sobolev norms are induced from ℝn, with
parameter ω ∈ ℂ \ {0}:

‖u‖s,ω,Γ = (
p
∑
i=1
∫
ℝn

(|ω|2 + |ξ|2)s|F{(αiu) ∘ φ−1i }(ξ)|
2 dξ)

1
2

.

Here, F = Fx →ξ denotes the Fourier transform Fφ(ξ) = ∫ e−ix⋅ξφ(x) dx. Because Γ is Lipschitz, these spaces
are independent of the choice of αi and φi when |s| ≤ 1, as for standard Sobolev spaces. Different ω ∈ ℂ \ {0}
induce equivalent norms on Hs(Γ). When a specific ω is fixed, we write Hsω(Γ) for Hs(Γ). We may now define
a family of space-time anisotropic Sobolev spaces:

Definition 1. For σ > 0 and r, s ∈ ℝ define

Hrσ(ℝ+, Hs(Γ)) = {u ∈ D+(Hs(Γ)) : e−σtu ∈ S+(Hs(Γ)) and ‖u‖r,s,Γ <∞}.

Here, D+(E) denotes the space of all distributions on ℝ with support in [0,∞), taking values in the Hilbert
space E = Hs(Γ). S+(E) ⊂ D+(E) denotes the subspace of tempered distributions. The spaces are endowed
with the norms

‖u‖r,s := ‖u‖r,s,Γ×ℝ+ = ( +∞+iσ∫
−∞+iσ

|ω|2r‖û(ω)‖2s,ω,Γ dω)
1
2

,

where û(ω) = Ft →ωu denotes the Fourier transform of u with respect to t.

The Sobolev spaces are Hilbert spaces. For r = s = 0 they correspond to the weighted L2-space with scalar
product ∫∞0 e−2σt ∫Γ uv dΓx dt.

We shall also use the spacesHr([0, T], Hs(Γ)) of restrictions to the finite time interval [0, T]. These spaces
inherit the properties of Hrσ(ℝ+, Hs(Γ)), see the discussion in [8, Remark b on p. 214]. Note that a function
Hrσ(ℝ+, Hs(Γ)), in particular, has r + s t-derivatives and s spatial derivatives in L2.

In the domain Ω we define space-time anisotropic Sobolev spaces Hrσ(ℝ+, Hs(Ω)) and Hrσ([0, T], Hs(Ω))
analogously to above, starting from the Sobolev spaces Hs(Ω) with norm

‖u‖s,Ω = infv ( ∫
ℝd

(|ω|2 + |ξ|2)s|Fv(ξ)|2 dξ)
1
2

.

Here the infimum extends over all extensions v ∈ Hs(ℝd) of u ∈ Hs(Ω), i.e. all v with v|Ω = u.
We recall the trace theorem in these spaces, see [20, Chapter 4, Lemma 5, resp. Lemma 7]: The trace

u → u|Γ×[0,T] extends to a continuous map

‖u|Γ×[0,T]‖0,1/2,Γ×[0,T] ≤ C‖u‖0,1,Ω×[0,T]. (2.1)

Similarly, the Neumann trace ∂u
∂n of a solution u to the homogeneous wave equation extends to a continuous

map

∂u
∂n
0,−1/2,Γ×[0,T]

≤ C‖u‖0,1,Ω×[0,T].

Let now Γ be the boundary of a bounded Lipschitz domain Ω ⊂ ℝ3. In ℝ3 \ Γ, a solution v to the homo-
geneous wave equation may be represented in terms of the jump of the Dirichlet and Neumann data across
Γ: v = Dϕ − Sλ. Here for x ∈ ℝ3 \ Γ and t ∈ [0; T] for T > 0 fixed,

Sλ(x, t) =
T

∫
0

∫
Γ

G(t − τ, x, y) λ(y, τ) dsy dτ,

Dϕ(x, t) =
T

∫
0

∫
Γ

∂G
∂ny
(t − τ, x, y) ϕ(y, τ) dsy dτ
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are the single and double layer potentials for the wave equation defined from the fundamental solution

G(τ, x, y) = δ(τ − |x − y|)4π|x − y| .

Our couplingmethod uses the following boundary integral operators on Γ × [0, T]. For (x, t) ∈ Γ × [0, T])
we define the single layer operator V, the double layer operator K, the adjoint double layer operator K and
the hypersingular integral operatorW:

Vϕ(x, t) =
T

∫
0

∫
Γ

G(t − τ, x, y) ϕ(y, τ) dsy dτ ,

Kϕ(x, t) =
T

∫
0

∫
Γ

∂G
∂ny
(t − τ, x, y)ϕ(y, τ) dsy dτ ,

Kϕ(x, t) =
T

∫
0

∫
Γ

∂G
∂nx
(t − τ, x, y)ϕ(y, τ) dsy dτ,

Wϕ(x, t) =
T

∫
0

∫
Γ

∂2G
∂nx∂ny

(t − τ, x, y)ϕ(y, τ) dsy dτ.

For a Lipschitz boundary Γ, the following jump relations hold in the sense of distributions [21]:

(Sλ)−|Γ = (Sλ)+|Γ = Vλ, ∂−n(Dϕ) = ∂+n(Dϕ) = Wϕ,

∂+n(Sλ) = (−
1
2 I + K

)λ, ∂−n(Sλ) = (
1
2 I + K

)λ,

(Dϕ)+|Γ = (
1
2 I + K)ϕ, (Dϕ)

−|Γ = (−
1
2 I + K)ϕ.

We report from [9, 21] the mapping properties of the boundary integral operators for T =∞. Following
the discussion in Remark b on p. 214 in [8], they also hold in finite time intervals [0, T].

Theorem 1. The following operators are continuous for r ∈ ℝ:

V : Hr+1([0, T], H−
1
2 (Γ))→ Hr([0, T], H

1
2 (Γ)),

K : Hr+1([0, T], H−
1
2 (Γ))→ Hr([0, T], H−

1
2 (Γ)),

K : Hr+1([0, T], H
1
2 (Γ))→ Hr([0, T], H

1
2 (Γ)),

W : Hr+1([0, T], H
1
2 (Γ)))→ Hr([0, T], H−

1
2 (Γ)).

with corresponding norms in space Ω, resp. Γ.

3 Symmetric Wave Coupling
We analyze a symmetric coupling method for the time-dependent interface problem (1.1). Our approach
extends [2] and leads to the existence and uniqueness result in Theorem2.We also discuss a regularity result,
Theorem 3, for the behavior near singular points of the boundary.

The energy for the wave equation in Ω+ resp. Ω− is defined by

EΩ+ (t) = 12 ∫
Ω+ |v̇(x, t)|

2 + |∇v(x, t)|2 dx, EΩ− (t) = 12 ∫
Ω− |u̇(x, t)|

2 + |∇u(x, t)|2 dx

for t ∈ ℝ+. Using Green’s formula for a test function w ∈ H1(ℝ+, H1(Ω∓))

⟨∂∓nv, γ∓w⟩Γ×ℝ+ = ±(∇v, ∇w)Ω∓×ℝ+ ± (∆u, w)Ω∓×ℝ+ ,
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we obtain for the solution v to the wave equation in Ω+:

∂EΩ+
∂t
= ∫
Ω+ ∇v∇v̇ + v̇v̈ dx = ∫Ω+ v̇v̈ − ∆vv̇ dx − ∫Γ ∂

+
nvγ+ v̇ dsx = −∫

Γ

∂+nvγ+ v̇ dsx .

From the homogeneous initial conditions, we conclude that at time t = T

EΩ+ (T) = −⟨∂+nv, γ+ v̇⟩Γ×[0,T]. (3.1)

In the same way, we define the energy for the wave equation in Ω−:

EΩ− (T) = T

∫
0

∫
Ω− ∇u∇u̇ + u̇ü dx dt.

We remark that for u ∈ H0([0, T], H1(Ω−))we can estimate the corresponding norm with the energy norm in
the following way. First by using Cauchy–Schwarz inequality, we observe

|u(x, t)|2 =


t

∫
0

u̇(x, r) dr


2
=


t

∫
0

1 ⋅ u̇(x, r) dr


2
≤ (

t

∫
0

1 dr)(
t

∫
0

|u̇(x, r)|2 dr) = t(
t

∫
0

|u̇(x, r)|2 dr).

Therefore, we get

‖u‖20,1,Ω−×[0,T] =
T

∫
0

∫
Ω− |u|

2 + |∇u|2 dx dt +
T

∫
0

∫
Ω− |u̇|

2 + |u|2 dx dt

=
T

∫
0

∫
Ω− |u̇|

2 + |∇u|2 dx dt + 2
T

∫
0

∫
Ω− |u|

2 dx dt ≲ EΩ− (T), (3.2)

where the estimate depends on the time T on the parameters ρ1 and μ1. Analogously we achieve the same
estimate for v ∈ H0([0, T], H1(Ω+)):

‖v‖20,1,Ω+×[0,T] ≲ EΩ+ (T). (3.3)

Representing the solution of (1.1b) as v = Dγ+v − S∂+nv, the jump relations yield

1
2 (γ
+v) = K(γ+v) − V(∂+nv),

1
2 (∂
+
nv) = W(γ+v) − K(∂+nv). (3.4)

Testing now the first equation of (3.4) with ṁ ∈ H0([0, T], H− 12 (Γ)) and the second equation of (3.4) with
ω̇ ∈ H0([0, T], H 1

2 (Γ)) gives

0 = ⟨(K(γ+v)), ṁ⟩Γ×[0,T] − ⟨(V(∂+nv)), ṁ⟩Γ×[0,T] −
1
2 ⟨γ
+v, ṁ⟩Γ×[0,T], (3.5)

0 = ⟨W(γ+v), ω̇⟩Γ×[0,T] − ⟨(K(∂+nv)), ω̇⟩Γ×[0,T] −
1
2 ⟨∂
+
nv, ω̇⟩Γ×[0,T]. (3.6)

Testing (1.1a) with ẇ ∈ H0([0, T], H1(Ω−)) gives

0 =
T

∫
0

∫
Ω− ρ1üẇ dx dt −

T

∫
0

∫
Ω− μ1∆uẇ dx dt

=
T

∫
0

∫
Ω− ρ1üẇ dx dt +

T

∫
0

∫
Ω− μ1∇u∇ẇ dx dt −

T

∫
0

∫
Γ

μ1∂−nuγ−ẇ dsx dt.

Thus, setting

a(u, w) :=
T

∫
0

∫
Ω− ρ1üẇ dx dt +

T

∫
0

∫
Ω− μ1∇u∇ẇ dx dt
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gives
EΩ− (T)≲a(u, u) (3.7)

and hence
a(u, w) − ⟨μ1∂−nu, γ−ẇ⟩Γ×[0,T] = 0. (3.8)

Adding (3.5) and subtracting (3.6) from (3.8), yields

a(u, w) − ⟨g, γ−ẇ⟩Γ×[0,T] − ⟨∂+nv, γ−ẇ⟩Γ×[0,T]

+ ⟨K(γ+v), ṁ⟩Γ×[0,T] − ⟨V(∂+nv), ṁ⟩Γ×[0,T] −
1
2 ⟨γ
+v, ṁ⟩Γ×[0,T]

− ⟨W(γ+v), ω̇⟩Γ×[0,T] + ⟨(K(∂+nv)), ω̇⟩Γ×[0,T] +
1
2 ⟨∂
+
nv, ω̇⟩Γ×[0,T] = 0.

Further adding 0 = −12 ⟨γ
+v, ṁ⟩Γ×[0,T] + 1

2 ⟨γ
+v, ṁ⟩Γ×[0,T] together with (1.1e),

a(u, w) − ⟨g, γ−ẇ⟩Γ×[0,T] − ⟨∂+nv, γ−ẇ⟩Γ×[0,T] + ⟨K(γ+v), ṁ⟩Γ×[0,T]

− ⟨V(∂+nv), ṁ⟩Γ×[0,T] − ⟨γ−u, ṁ⟩Γ×[0,T] + ⟨f, ṁ⟩Γ×[0,T] +
1
2 ⟨γ
+v, ṁ⟩Γ×[0,T]

− ⟨W(γ+v), ω̇⟩Γ×[0,T] + ⟨(K(∂+nv)), ω̇⟩Γ×[0,T] +
1
2 ⟨∂
+
nv, ω̇⟩Γ×[0,T] = 0.

Define the bilinear form

A((u, ϕ, λ), (w, ω,m)) := a(u, w) − ⟨λ, γ−ẇ⟩Γ×[0,T] + ⟨Kϕ, ṁ⟩Γ×[0,T] − ⟨Vλ, ṁ⟩Γ×[0,T]

− ⟨γ−u, ṁ⟩Γ×[0,T] +
1
2 ⟨ϕ, ṁ⟩Γ×[0,T]

− ⟨Wϕ, ω̇⟩Γ×[0,T] + ⟨Kλ, ω̇⟩Γ×[0,T] +
1
2 ⟨λ, ω̇⟩Γ×[0,T]

as well as
F(w, ω,m) := ⟨g, γ−ẇ⟩Γ×[0,T] − ⟨f, ṁ⟩Γ×[0,T].

Then the weak formulation of the transmission problem (1.1) reads as follows:

For g ∈ H2([0, T], H− 12 (Γ)) and f ∈ H2([0, T], H 1
2 (Γ)) find u ∈ H1([0, T], H1(Ω−)), ϕ ∈ H1([0, T], H 1

2 (Γ)) and
λ ∈ H1([0, T], H− 12 (Γ)) such that

A((u, ϕ, λ), (w, ω,m)) = F(w, ω,m) (3.9)

holds for all w ∈ H1([0, T], H1(Ω−)), ω ∈ H1([0, T], H 1
2 (Γ)) and m ∈ H1([0, T], H− 12 (Γ)).

The solution to (3.9) is given by (u, ϕ, λ) = (u, γ+v, ∂+nv).
Setting w = u, ϕ = γ+v = ω, λ = ∂+nv = m above gives with (3.1) and (3.7)

EΩ− (T) + EΩ+ (T) ≲ a(u, u) − ⟨∂+nv, γ+ v̇⟩Γ×[0,T] = ⟨g, γ−u̇⟩Γ×([0,T] − ⟨f, ∂+n v̇⟩Γ×[0,T]. (3.10)

Therefore with the energy norm
|||(u, v)||| := (EΩ− (T) + EΩ+ (T)) 12 ,

we get from (3.9) and (3.10) the coercivity

|||(u, v)|||2≲A((u, ϕ, λ), (u, ϕ, λ)). (3.11)

From (3.2) and (3.3) and the coercivity and mapping properties of the integral operators we conclude

‖u‖20,1,Ω−×[0,T] + ‖ϕ‖20, 12 ,Γ×[0,T] + ‖λ‖20,− 12 ,Γ×[0,T] ≲ A((u, ϕ, λ), (u, ϕ, λ))
and

A((u, ϕ, λ), (w, ω,m)) ≲ (‖u‖20,1,Ω−×[0,T] + ‖ϕ‖20, 12 ,Γ×[0,T] + ‖λ‖20,− 12 ,Γ×[0,T]) 12
⋅ (‖w‖21,1,Ω−×[0,T] + ‖ω‖21, 12 ,Γ×[0,T] + ‖m‖21,− 12 ,Γ×[0,T]) 12 .

Standard arguments, as in [5, 13], now lead to the following existence and uniqueness result.
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Theorem 2. Let r ≥ 1. For g ∈ H1+r([0, T], H− 12 (Γ)) and f ∈ H1+r([0, T], H 1
2 (Γ)), there exists a unique solution

u ∈ Hr([0, T], H1(Ω−)), ϕ ∈ Hr([0, T], H 1
2 (Γ)) and λ ∈ Hr([0, T], H− 12 (Γ)) of (3.9).

If the transmission problem (3.9) is posed in a polyhedral domain, the interior and exterior solutions u,
respectively v, exhibit singularities at edges and corners of the interface. In the case of the wave equation
in domains with conical or wedge singularities, the asymptotic behavior of solutions has been studied by
Plamenevskii and collaborators since the late 1990s [26, 33]. Their results imply that at a fixed time t, the
solution to the wave equation admits an explicit singular expansion with the same exponents as for ellip-
tic equations. Recently, Müller and Schwab have used these results to obtain optimal convergence rates for
a finite element method in polygonal domains in ℝ2 (see [29]), which were later extended to ℝ3 by the
authors [12, 14].

To be specific, let 0 ≤ d ≤ 1 and K ⊂ ℝ3−d an open cone with vertex at 0, smooth outside the vertex.
We denote byK = K ×ℝd the wedge over K, with coordinates x = (y, z). We consider the transmission prob-
lem (3.9) for the wave equation for Ω = K.

The analysis uses the Fourier–Laplace transform Ft→ω in time to reduce the problem to an interface
problem for the Helmholtz equation

ρ1ω2û + μ1∆û = 0, x ∈ K,
ω2 v̂ + ∆v̂ = 0, x ∈ Kc ,

γ−û − γ+ v̂ = ̂f on Γ,
μ1∂−n û − ∂+n v̂ = ĝ on Γ

with suitable radiation conditions at infinity. For the Helmholtz equation, the singular decomposition of the
solution is known for every complex frequency ω, and the techniques introduced by Plamenevskii can be
used to translate it into the time domain [33].

For now we set ρ1 = 1. Singularities due to ρ1 ̸= 1 = ρ2 lead to weaker singularities at the interface. We
consider the model geometries K of a wedge (d = 1), respectively a corner (d = 0). For the wedge, we do
separation of variables in cylindrical coordinates (r, Θ, z)near the edge ofK, with r = |y| andΘ = y

|y| , while for
the corner spherical coordinates (r, Θ) are used. The separation of variables leads to a transmission problem
in the angular variable Θ on S3−d−1 \ Γ ∩ S3−d−1, involving an operator A(λ). With p = μ1 in S3−d−1 ∩K and
p = 1 otherwise, it is given on functions w on S3−d−1 by

A(λ)w = p(iλ)2w + ip(n − d − 2)λw − p∆Sw,

where ∆S is the Laplace–Beltrami operator on S3−d−1 and on S3−d−1 ∩ Γ we have the following interface
conditions:

[w] = 0, [p∂nw] = 0.

For a wedge, d = 1, the nonzero eigenvalues λ = λk of A are determined by a Sturm–Liouville problem.
If the opening angle of the wedgeK is α,

(pw) = λ2kpw for θ ∈ S1 \ {0, α}, [w]θ=0,α = 0, [pw]θ=0,α = 0. (3.12)

We here have p = μ1 for θ ∈ (0, α), and p = 1 otherwise.
Costabel and Stephan [10] reduce the spectral problem (3.12) to an explicit transcendental equation for

the eigenvalues λ = −iΛ. They are given by

μ±11 tan(αΛ2 ) = − tan(
(2π − α)Λ

2 ).

The associated eigenspaces are spanned by Φk, linear combinations of sin(Λkθ) and cos(Λkθ) in (0, α),
respectively (α, 2π).

Theorem 3. Let β ≤ 1 and assume that the line Imλ = β − 1 + 1−d
2 does not intersect the spectrum ofA. Further,

for d = 0 define
Jβ = {k :

1
2 > Im λk > β −

1
2},
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and for d = 1
Jβ = {k : 0 > Im λk > β − 1} ∪ A,

with A = {0} for β ≤ 0 and A = 0 otherwise. If (u, v) is a strong solution to the inhomogeneous transmission
problem forK near {0} ×ℝd, then u and v are of the form

∑
j∈Jβ

Γ(1 + νj)|y|iλjΦj(Θ)
Nj
∑
m=0

(∂2t − ∆z)m(i|y|)2m

22mm!Γ(m + νj + 1)
čj(y, t, z) + v0(y, t, z),

assuming that iλj ̸∈ ℕ. If iλj ∈ ℕ additional terms |y|iλj log(|y|) appear. The remainder v0 is less singular, with
regularity depending on β.

Corresponding results for Dirichlet and theNeumannproblems have been shown in [14, 33], and the analysis
extends to the transmission problem. See also [18, 30] for results in the time-independent case.

4 The FEM-BEM Coupling System
In this section the finite and boundary elements are introduced as tensor products of piecewise polynomials
in space and time. Later we derive an a priori error estimate for the Galerkin error (Theorem 4) extending
the estimates for the weakly singular and hypersingular time-dependent integral equations governing the
exterior Dirichlet and Neumann problem for the wave equation from [5, 12], respectively to the coupling
formulation (in Section 3) of the transmission problem. An adaptive Galerkin procedure based on residual
type error estimators can be based on the a posteriori error estimate in Theorem 5 which also extends results
for the exterior problems in [15, 17] to the interface problem.

We consider space-time discretizations based on tensor products of piecewise polynomials:
For simplicity, we assume that Ω is a polyhedral domain, with a tetrahedral mesh TΩ = {Ω1, . . . , ΩNo }

consisting of No tetrahedra. We assume that at most one face of each Ωj is contained in Γ. The induced trian-
gulation of the boundary Γ, TΓ = {T1, . . . , TNs }, should consist of closed triangular faces Ti such that each Ti
is a face of a Ωj.

We consider the space Vqh (Ω) of piecewise polynomial functions on TΩ of degree q ≥ 0 in space (continu-
ous if q ≥ 1); Vqh consists of traces on Γ of functions in V

q
h (Ω). The parameter h denotes themaximal diameter

of an element in TΩ.
In this article we consider the approximation of (4.1) on both quasiuniform and β-graded meshes. To

define β-graded meshes on the interval [−1, 1], by symmetry it suffices to specify the nodes in [−1, 0]. There
we let

xk = −1 + (
k
Nl
)
β

for k = 1, . . . , Nl.

For a cube the nodes of the β-graded mesh are tuples of such points, (xk , xl , xm), k, l,m = 1, . . . , Nl, by
symmetry extended onto the whole cube. In a general polyhedral geometry a gradedmesh is locally modeled
on these examples, see Figures 1 and 8. For β = 1 one recovers a uniform mesh.

For the time discretization we choose an equidistant mesh on the positive half-line

TT = {[0, t1), [t1, t2), . . . },

where tn = n(∆t); Vp∆t is the space of piecewise polynomial functions of degree p on TT (continuous and
vanishing at t = 0 if p ≥ 1, C1 if p ≥ 2).

The space-time approximation spaces are given by tensor products of the approximation spaces in space
and time, Vqh and V

p
∆t, associated to the space-time meshes TΩ,T = TΩ × TT , respectively TΓ,T = TΓ × TT . We

write
Vq,ph,∆t(Ω) := V

q
h (Ω) ⊗ V

p
∆t , V

q,p
h,∆t(Γ) := V

q
h (Γ) ⊗ V

p
∆t .

Note that V1,2
h,∆t(Ω

−) ⊂ H1([0, T], H1(Ω−)), V1,2
h,∆t(Γ) ⊂ H

1([0, T], H 1
2 (Γ)) and V0,1

h,∆t(Γ) ⊂ H
1([0, T], H− 12 (Γ)).
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The Galerkin discretization of (3.9) for p ≥ 2, q ≥ 1 then reads:

Find (uh , ϕh , λh) ∈ Vq,ph,∆t(Ω
−) × Vq,ph,∆t(Γ) × V

q−1,p−1
h,∆t (Γ) =: Xh,∆t such that

A((uh , ϕh , λh), (wh , ωh ,mh)) = ⟨g, γ−ẇh⟩Γ×[0,T] − ⟨f, ṁh⟩Γ×[0,T] (4.1)

hold for all wh ∈ Xh,∆t.

We have the following a priori error estimate:

Theorem 4. Let (u, ϕ, λ) ∈ H1([0, T], H1(Ω−)) × H1([0, T], H 1
2 (Γ)) × H1([0, T], H− 12 (Γ)) solve problem (3.9)

and let (uh , ϕh , λh) ∈ Xh,∆t satisfy the corresponding Galerkin equation (4.1). Then there hold

‖u − uh‖20,1,Ω−×[0,T] + ‖ϕ − ϕh‖20,1/2,Γ×[0,T] + ‖λ − λh‖20,−1/2,Γ×[0,T]
≲ inf
wh ,ψh ,μh∈Xh,∆t

(1 + 1
(∆t)2
){‖u − wh‖20,1,Ω−×[0,T] + ‖ϕ − ψh‖21,1/2,Γ×[0,T] + ‖λ − μh‖21,−1/2,Γ×[0,T]}.

Proof. Let (u, ϕ, λ) ∈ H1([0, T], H1(Ω−)) × H1([0, T], H 1
2 (Γ)) × H1([0, T], H− 12 (Γ)) solve problem (3.9) and let

(uh , ϕh , λh) ∈ Xh,∆t satisfy the corresponding Galerkin equation (4.1). Then with (ũ, ϕ̃, λ̃) ∈ Xh,∆t

‖u − uh‖20,1,Ω−×[0,T] + ‖ϕ − ϕh‖20, 12 ,Γ×[0,T] + ‖λ − λh‖20,− 12 ,Γ×[0,T]
≤ ‖u − ũ‖20,1,Ω−×[0,T] + ‖ũ − uh‖20,1,Ω−×[0,T] + ‖ϕ − ϕ̃‖20, 12 ,Γ×[0,T] + ‖ϕ̃ − ϕh‖20, 12 ,Γ×[0,T]
+ ‖λ − λ̃‖20,− 12 ,Γ×[0,T]

+ ‖λ̃ − λh‖20,− 12 ,Γ×[0,T]
.

We now estimate
‖ũ − uh‖20,1,Ω−×[0,T] + ‖ϕ̃ − ϕh‖20, 12 ,Γ×[0,T] + ‖λ̃ − λh‖20,− 12 ,Γ×[0,T].

To do so, we use the coercivity, (3.11), (3.2) and (3.3) with ̃r := Dϕ̃ − Sλ̃ and vh := Dϕh − Sλh, as well as
γ+( ̃r − vh) = ϕ̃ − ϕh and ∂+n( ̃r − vh) = λ̃ − λh:

‖ũ − uh‖20,1,Ω−×[0,T] + ‖ϕ̃ − ϕh‖20, 12 ,Γ×[0,T] + ‖λ̃ − λh‖20,− 12 ,Γ×[0,T]
≲ ‖ũ − uh‖20,1,Ω−×[0,T] + ‖ ̃r − vh‖20,1,Ω+×[0,T]
≲ |||ũ − uh , ̃r − vh|||2 ≲ A((

ũ − uh
ϕ̃ − ϕh
λ̃ − λh
)

T

,(
ũ − uh
ϕ̃ − ϕh
λ̃ − λh
)

T

)

= A((
ũ − u
ϕ̃ − ϕ
λ̃ − λ
)

T

,(
ũ − uh
ϕ̃ − ϕh
λ̃ − λh
)

T

) +A((
u − uh
ϕ − ϕh
λ − λh
)

T

,(
ũ − uh
ϕ̃ − ϕh
λ̃ − λh
)

T

)

= A((
ũ − u
ϕ̃ − ϕ
λ̃ − λ
)

T

,(
ũ − uh
ϕ̃ − ϕh
λ̃ − λh
)

T

) ,

where we have used Galerkin orthogonality. Now consider every term separately: Using the continuity of the
duality pairing and the continuous embeddings of the Sobolev spaces,

T

∫
0

∫
Ω− ρ1∂

2
t (ũ − u)∂t(ũ − uh) dx dt +

T

∫
0

∫
Ω− μ1∇(ũ − u)∇(∂t(ũ − uh)) dx dt

≲ ‖∂2t (ũ − u)‖−1,0,Ω−×[0,T]‖∂t(ũ − uh)‖1,0,Ω−×[0,T] + ‖∇(ũ − u)‖0,0,Ω−×[0,T]‖∇∂t(ũ − uh)‖0,0,Ω−×[0,T]
≲ ‖ũ − u‖1,0,Ω−×[0,T]‖ũ − uh‖2,0,Ω−×[0,T] + ‖ũ − u‖0,1,Ω−×[0,T]‖ũ − uh‖1,1,Ω−×[0,T]
≲ ‖ũ − u‖0,1,Ω−×[0,T]‖ũ − uh‖1,1,Ω−×[0,T].

With the inverse estimate and Young’s inequality we get for small ϵ > 0:

‖ũ − u‖0,1,Ω−×[0,T]‖ũ − uh‖1,1,Ω−×[0,T] ≲ 1
ϵ(∆t)2
‖ũ − u‖20,1,Ω−×[0,T] + ϵ‖ũ − uh‖20,1,Ω−×[0,T].
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For the coupling contributions we use [17, inverse estimate (3.182)]:

‖ϕ̃‖1,1/2,Γ×[0,T] ≲
1
∆t ‖ϕ̃‖0,1/2,Γ×[0,T].

Combined with the trace theorem (2.1) and Young’s inequality, we estimate

−⟨λ̃ − λ, γ−(∂t(ũ − uh))⟩Γ×[0,T] ≲ ‖λ̃ − λ‖0,−1/2,Γ×[0,T]‖γ−(∂t(ũ − uh)‖0,1/2,Γ×[0,T]
≲ ‖λ̃ − λ‖0,−1/2,Γ×[0,T](∆t)−1‖ũ − uh‖0,1,Ω−×[0,T]
≲

1
ϵ(∆t)2
‖λ̃ − λ‖20,−1/2,Γ×[0,T] + ϵ‖ũ − uh‖

2
0,1,Ω−×[0,T].

Now estimating the retarded single and double layer potential:

⟨(K + 12 I)(ϕ̃ − ϕ) − V(λ̃ − λ), ∂t(λ̃ − λh)⟩Γ×[0,T]

≲ (

(K + 12 I)(ϕ̃ − ϕ)

0,1/2,Γ×[0,T]
+ ‖V(λ̃ − λ)‖0,1/2,Γ×[0,T])‖λ̃ − λh‖1,−1/2,Γ×[0,T]

≲ (‖ϕ̃ − ϕ‖1,1/2,Γ×[0,T] + ‖λ̃ − λ‖1,−1/2,Γ×[0,T])‖λ̃ − λh‖1,−1/2,Γ×[0,T])

≲
1

ϵ(∆t)2
‖ϕ̃ − ϕ‖21,1/2,Γ×[0,T] +

1
ϵ(∆t)2
‖λ̃ − λ‖21,−1/2,Γ×[0,T] + ϵ‖λ̃ − λh‖

2
0,−1/2,Γ×[0,T],

where we used the mapping properties of V and K, the inverse estimate and Young’s inequality. We continue
with the other coupling contribution:

−⟨γ−(ũ − u), ∂t(λ̃ − λh)⟩Γ×[0,T] ≲ ‖γ−(ũ − u)‖0,1/2,Γ×[0,T]‖∂t(λ̃ − λh)‖0,−1/2,Γ×[0,T]
≲ ‖ũ − u‖0,1,Ω×[0,T]‖λ̃ − λh‖1,−1/2,Γ×[0,T]

≲
1

ϵ(∆t)2
‖ũ − u‖20,1,Ω×[0,T] + ϵ‖λ̃ − λh‖

2
0,−1/2,Γ×[0,T],

where we used the trace theorem (2.1), the inverse estimate and Young’s inequality. Moving the terms with
positive powers of ϵ to the left-hand side and choosing a fixed sufficiently small ϵ > 0, we conclude

‖ũ − uh‖20,1,Ω−×[0,T] + ‖ϕ̃ − ϕh‖20,1/2,Γ×[0,T] + ‖λ̃ − λh‖20,−1/2,Γ×[0,T]
≲

1
(∆t)2
‖ũ − u‖20,1,Ω−×[0,T] + 1

(∆t)2
‖ϕ̃ − ϕ‖21,1/2,Γ×[0,T] +

1
(∆t)2
‖λ̃ − λ‖21,−1/2,Γ×[0,T]

and therefore

‖u − uh‖20,1,Ω−×[0,T] + ‖ϕ − ϕh‖20,1/2,Γ×[0,T] + ‖λ − λh‖20,−1/2,Γ×[0,T]
≲ (1 + 1
(∆t)2
)(‖ũ − u‖20,1,Ω−×[0,T] + ‖ϕ̃ − ϕ‖21,1/2,Γ×[0,T] + ‖λ̃ − λ‖21,−1/2,Γ×[0,T]).

Taking the infimum yields the assertion.

Next we derive an a posteriori error estimate for the FEM-BEM coupled system. In the derivation we require
an approximation result: Let Π∆t be the orthogonal projection from L2(ℝ+) to Vq∆t, Πh the orthogonal projec-
tion from L2(Γ) to Vph (Γ). Their approximation properties lead to corresponding properties of the composed
operator Πh ∘ Π∆t for space-time, similarly to [13]):

Lemma 1. Let f ∈ Hsσ(ℝ+, Hm(Γ) ∩ Hr(Γ)), 0 < m ≤ q + 1, 0 < s ≤ p + 1, r ≤ s, |l| ≤ 1
2 such that l ⋅ r ≥ 0. Then:

∙ If l, r ≤ 0,
‖f − Πh ∘ Π∆t f‖r,l,Γ ≤ C(hα + (∆t)β)‖f‖s,m,Γ ,

where α = min{m − l,m − m(l+r)m+s }, β = min{m + s − (l + r),m + s − m+sm l}.
∙ If l, r > 0,

‖f − Πh ∘ Π∆t f‖r,l,Γ ≤ C(hα + (∆t)β)‖f‖s,m,Γ ,

where α = min{m − l,m − m(l+r)m+s }, β = m + s − (l + r).
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The residual a posteriori error estimate reads as follows:

Theorem 5. Let (u,ϕ, λ)∈H1([0, T],H1(Ω−))×H1([0, T],H 1
2 (Γ))×H1([0, T],H− 12 (Γ))and (uh , ϕh , λh) ∈ Xh,∆t

satisfy the wave coupling problem (3.9) respectively the corresponding Galerkin equation (4.1). Let
Ns
⋃
j=1
∂Ωj = T̃ =

m
⋃
i=1
Ti ,

where each Ti is a face of one Ωj .With [v], a jump into face Ti, the following a posteriori error estimate holds:

‖uh − u‖20,1,Ω−×[0,T] + ‖ϕh − ϕ‖20,1/2,Γ×[0,T] + ‖λh − λ‖20,−1/2,Γ×[0,T] ≲ η21 + η22 + η23 + η24 + η25,
where

η21 =∑
Ωi
‖ρ1üh − μ1∆uh‖20,0,Ωi×[0,T], η22 = ∑

Ti∩Γ=0


[
∂uh
∂n ]


2

1,0,Ti×[0,T]
max{∆t, h},

η23 = ‖−λh − g + μ1∂
−
nuh‖21,0,Γ×[0,T]max{∆t, h}, η24 =


(K + 12 I)ϕh − Vλh − γ

−(uh) + f


2

1,1/2,Γ×[0,T]
,

η25 =

(K + 12 I)λh −Wϕh



2

1,−1/2,Γ×[0,T]
.

This a posteriori error estimate is analogous to those for boundary problems in [15, 17]. We therefore expect
equally efficient space-time adaptive mesh refinement procedures as in these works.

Proof. Let (u, ϕ, λ) ∈ H1([0, T], H1(Ωc)) × H1([0, T], H 1
2 (Γ)) × H1([0, T], H− 12 (Γ)) and let (uh , ϕh , λh) ∈ Xh,∆t

satisfy (3.9) respectively the corresponding Galerkin discretization (4.1). We define v := Dϕ − Sλ and vh :=
Dϕh − Sλh with γ+(v − vh) = ϕ − ϕh and ∂+n(v − vh) = λ − λh. Then by using the trace theorem together with
(3.11) and Galerkin orthogonality, we get

‖uh − u‖20,1,Ω−×[0,T] + ‖ϕh − ϕ‖20, 12 ,Γ×[0,T] + ‖λh − λ‖20,− 12 ,Γ×[0,T]
≲ ‖uh − u‖20,1,Ω−×[0,T] + ‖vh − v‖20,1,Ω+×[0,T] ≲ |||uh − u, vh − v|||2
≲ A((

uh − u
ϕh − ϕ
λh − λ
)

T

,(
uh − u
ϕh − ϕ
λh − λ
)

T

) = A((
uh
ϕh
λh
)

T

,(
ũ − u
ϕ̃ − ϕ
λ̃ − λ
)

T

) − F((
ũ − u
ϕ̃ − ϕ
λ̃ − λ
)

T

)

=
T

∫
0

{∫
Ω− ρ1üh∂t(ũ − u) dx + ∫Ω− μ1∇uh∇(∂t(ũ − u)) dx
− ∫

Γ

λhγ−(∂t(ũ − u)) dsx + ∫
Γ

(K + 12 I)ϕh∂t(λ̃ − λ) dsx − ∫
Γ

Vλh∂t(λ̃ − λ) dsx

− ∫
Γ

γ−(uh)∂t(λ̃ − λ) dsx − ∫
Γ

Wϕh∂t(ϕ̃ − ϕ) dsx + ∫
Γ

(K + 12 I)λh∂t(ϕ̃ − ϕ) dsx

− ∫
Γ

gγ−(∂t(ũ − u)) dsx + ∫
Γ

f∂t(λ̃ − λ) dsx} dt.

Next, using integration by parts on each element Ωi,

|||(uh − u, vh − v)|||2 ≲
T

∫
0

{∑
Ωi
∫
Ωi

ρ1üh∂t(ũ − u) dx + ∫
Ωi

μ1∇uh∇(∂t(ũ − u)) dx − ∫
Γ

(λh + g)∂t(ũ − u) dsx

+ ∫
Γ

((K + 12 I)ϕh − Vλh − γ
−(uh) + f)∂t(λ̃ − λ) dsx

+ ∫
Γ

((K + 12 I)λh −Wϕh)∂t(ϕ̃ − ϕ) dsx} dt
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=
T

∫
0

{∑
Ωi
∫
Ωi

(ρ1üh − μ1∆uh)∂t(ũ − u) dx + ∑
Ti∩Γ=0
∫
Ti

μ1[
∂−uh
∂n ]
(∂t(ũ − u)) dsx

+ ∫
Γ

(−λh − g + μ1
∂−uh
∂n )

γ−(∂t(ũ − u)) dsx

+ ∫
Γ

((K + 12 I)ϕh − Vλh − γ
−(uh) + f)∂t(λ̃ − λ) dsx

+ ∫
Γ

((K + 12 I)λh −Wϕh)∂t(ϕ̃ − ϕ) dsx} dt

≲∑
Ωi
‖ρ1üh − μ1∆uh‖0,0,Ωi×[0,T]‖ũ − u‖1,0,Ωi×[0,T]

+ ∑
Ti∩Γ=0


[
∂uh
∂n ]
1,0,Ti×[0,T]

‖ũ − u‖0,0,Ti×[0,T]

+ ‖−λh − g + μ1∂−nuh‖1,0,Γ×[0,T]‖γ−(ũ − u)‖0,0,Γ×[0,T]

+

(K + 12 I)ϕh − Vλh − γ

−(uh) + f
1,1/2,Γ×[0,T]

‖λ̃ − λ‖0,−1/2,Γ×[0,T]

+

(K + 12 I)λh −Wϕh

1,−1/2,Γ×[0,T]
‖ϕ̃ − ϕ‖0,1/2,Γ×[0,T].

Here, in the final step we have also integrated by parts in t. In the following note that

‖ũ − u‖1,0,Ωi×[0,T] ≤ ‖ũ − u‖0,1,Ωi×[0,T].

We now choose
ũ = uh + Πh ∘ Π∆t(u − uh)

for the second and third term in order to use Lemma 1. Further, choose ũ = uh for the first term and ϕ̃ = ϕh
and λ̃ = λh. Then

|||(uh − u, vh − v)|||2 ≲∑
Ωi
‖ρ1üh − μ1∆uh‖0,0,Ωi×[0,T]‖uh − u‖0,1,Ωi×[0,T]

+ ∑
Ti∩Γ=0


[
∂uh
∂n ]
1,0,Ti×[0,T]

‖uh − u‖0,1/2,Ti×[0,T]max{∆t, h}
1
2

+ ‖−λh − g + μ1∂−nuh‖1,0,Γ×[0,T]‖γ−(uh − u)‖0,1/2,Γ×[0,T]max{∆t, h}
1
2

+

(K + 12 I)ϕh − Vλh − γ

−(uh) + f
1,1/2,Γ×[0,T]

‖λh − λ‖0,−1/2,Γ×[0,T]

+

(K + 12 I)λh −Wϕh

1,−1/2,Γ×[0,T]
‖ϕh − ϕ‖0,1/2,Γ×[0,T].

Using Young’s inequality and the trace theorem,

|||(uh − u, vh − v)|||2 ≲∑
Ωi
‖ρ1üh − μ1∆uh‖20,0,Ωi×[0,T] + ∑

Ti∩Γ=0


[
∂uh
∂n ]


2

1,0,Ti×[0,T]
max{∆t, h}

+ ‖−λh − g + μ1∂−nuh‖21,0,Γ×[0,T]max{∆t, h}

+

(K + 12 I)ϕh − Vλh − γ

−(uh) + f


2

1,1/2,Γ×[0,T]

+

(K + 12 I)λh −Wϕh



2

1,−1/2,Γ×[0,T]
+ ‖ϕh − ϕ‖20,1/2,Γ×[0,T]

+ ‖λh − λ‖20,−1/2,Γ×[0,T] + ‖uh − u‖
2
0,1,Ω−×[0,T].

Combining the last three terms with the left-hand side yields the estimate.
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5 Numerical Results
In this section we present the numerical results obtained from the space-time Galerkin formulation in Sec-
tion 4, using the discretization discussed in the appendix. We use a discretization of (4.1) by low-order
finite and boundary elements, in particular with piecewise constant test functions in time. As shown in the
appendix, one obtains a marching-on-in-time scheme, which solves a system of the following structure in
time step n ≥ 3:

(

μ1∆t
2 A + ρ1∆tM [0, −

∆t
2 RI]

T 0
[0, RI] −V0 K0 − 1

2 I
0 (K)0 + ∆t

4 I −W0

)(
un

λn

ϕn
)

=(

Gn + Gn−1 − μ1∆t2 Aun−1 + 2ρ1
∆t Mu

n−1 − ρ1∆tMu
n−2 + [0, ∆t2 RIλ

n−1]T

Fn − Fn−1 − RIun−1Γ +∑
n−1
m=1 Vn−mλm −∑

n−1
m=1 Kn−mϕm − 1

2 Iϕ
n−1

∑n−1m=1Wn−mϕm −∑n−1m=1(K)n−mλm − 1
2
∆t
2 Iλ

n−1

) . (5.1)

See the appendix for the detailed expressions for the matrix entries in this system and their efficient compu-
tation.

The choice of the approximation spaces does not satisfy the conditions in Theorem 4. The numer-
ical experiments show that in practice one may use an efficient implementation by a marching-on-in-time
scheme, withmuch reducedmemory requirements andwithout the need to solve a global space-time system.

All examples use μ1 = 1, so that the wave speed is given by c1 = 1
√ρ1 . The first examples investigate the

proposed method on uniform meshes.

Example 1. For Ω = [−1, 1]3 we consider the solutions (u, v) to the coupled system (3.9) for times up to T = 5
and their numerical approximations (uh,∆t , vh,∆t) by (5.1). Wave speeds c1 = 1 and c1 = 1

√2 are considered.
We choose the data so that an exact solution is given by

u(x, t) = (sin((tc1 − x1)π))5(H(−1 + tc1 − x1) − H(−3 + tc1 − x1)),

v(x, t) = |x| − t2|x| (1 + cos(
π(|x| − t)

0.9 ))H(0.9 − ‖x| − t|).

The discretized system (5.1) is studied on a sequence of uniform meshes as depicted in Figure 1 for uniform
time steps ∆t so that ∆t

hmax
≃ 0.2828427. Here hmax is the diameter of the largest triangular face in the mesh.

Refinement levels n = 4 (125 nodes), 8 (729 nodes), 16 (4913 nodes) and 32 (35937 nodes) are used.

In the case c1 = 1, Figures 2 (a) and 3 (a) illustrate the qualitative behavior of the exact and numerical solu-
tions by plotting the norms ‖u‖L2(Ω), ‖v‖L2(Γ), respectively ‖uh,∆t‖L2(Ω), ‖vh,∆t‖L2(Γ), as a function of time. Fig-
ure 4 (a) plots the errors ‖u − uh,∆t‖L2(Ω×[0,T]), ‖v − vh,∆t‖L2(Γ×[0,T]) as a function of the degrees of freedom of
the space-time system. A convergence rate of approximately 0.2 is observed, corresponding to a convergence
rate of 0.8 with respect to the mesh size h.

Note that we are using ansatz and test functions of lower polynomial degree than required in the a priori
error estimate, Theorem 4, which requires piecewise quadratic polynomials in time for uh,∆t.

The obtained convergence rates are close to those observed for fluid-structure interaction in [16], com-
patible with linear convergence in h, ∆t. Note that based on the a priori analysis and the trace theorem for
Sobolev spaces, onemight naively expect slower convergence for v than for u (by a difference of the rates 0.5)
in the norms used here. However, as shown in [28] for time-independent FEM-BEM coupling, under mild reg-
ularity assumptions the BEM solution v converges at a rate 0.5 faster than predicted from a joint estimate
for (u, v). This exactly cancels the above difference of rates and leads to identical convergences rates for u,
v in the space-time L2-norms on Ω, resp. Γ. The identical observed convergence rates for u, v are therefore
expected and in line with those known for FEM-BEM coupling in time-independent problems [28] in the case
of uniform meshes.

Analogous results are obtained for c1 = 1
√2 . Figures 2 (b) and 3 (b) show the qualitative behavior of

the norms ‖u‖L2(Ω), ‖v‖L2(Γ), respectively ‖uh,∆t‖L2(Ω), ‖vh,∆t‖L2(Γ), as a function of time. Figure 4 (b) depicts



852 | H. Gimperlein, C. Özdemir and E. P. Stephan, Error Estimates for FE-BE Coupling

(a) Uniform, cube (b) Graded, cube (c) Uniform, Fichera cube

Figure 1: Uniform and graded meshes for cube and Fichera cube, refinement level n = 4.
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Figure 2: L2(Ω) norm of u, Example 1.
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(b) c1 = 1
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Figure 3: L2(Γ) norm of v|Γ, Example 1.
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(b) c1 = 1
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Figure 4: L2(Ω × [0, T]) error of uh,∆t , L2(Γ × [0, T]) error of vh,∆t |Γ on uniform cube, Example 1.
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Figure 5: L2(Ω) norm of uh,∆t , L2(Γ) norm of vh,∆t |Γ, Example 2.
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Figure 6: L2(Ω × [0, T]) error of uh,∆t , L2(Γ × [0, T]) error of vh,∆t |Γ on uniform cube, Example 2.

the error ‖u − uh,∆t‖L2(Ω×[0,T]), ‖v − vh,∆t‖L2(Γ×[0,T]) as a function of the degrees of freedom of the space-time
system, compatible with the convergence rate of 0.2 (degrees of freedom), respectively 0.8 (h), observed
for c1 = 1.

A second example studies a scattering problem for which the exact solution is not known.

Example 2. For Ω = [−1, 1]3 we consider the solutions (u, v) to the coupled system (3.9) for times up to
T = 5 and their numerical approximations (uh,∆t , vh,∆t) by (5.1). We choose the wave speed c1 = 1 and data
corresponding to an incoming plane wave with wave vector k = 0.2 ⋅ (1, 1, 1):

g(x, t) = sin( t10)
2
cos(k ⋅ x − ‖k‖t), (5.2)

f(x, t) = 2
10 sin( t10) cos(

t
10) sin(k ⋅ x − ‖k‖t) − ‖k‖ sin(

t
10)

2
cos(k ⋅ x − ‖k‖t). (5.3)

The discretized system (5.1) is studied on the sequence of uniform meshes from Example 1. Figure 5 shows
the behavior of ‖uh,∆t‖L2(Ω) and ‖vh,∆t‖L2(Γ) as a function of time. Note the more slowly varying behavior of
the solution compared to Example 1.

In Figure 6 we compare the results against a benchmark

‖u‖L2(Ω×[0,T]) ≃ 0.52184 and ‖v‖L2(Γ×[0,T]) ≃ 0.5205923,

obtained by extrapolation. We observe a convergence rate of approximately 1
3 as the number of space-time

degrees of freedom increases, corresponding to a rate 4
3 with respect to h. The convergence rate is again

compatible with linear convergence in h, ∆t.

Example 3. For the Fichera cube Ω = [−1, 1]3 \ [0, 1]3 shown in Figure 1 (c) we consider the solutions (u, v)
to the coupled system (3.9) for times up to T = 3 and their numerical approximations (uh,∆t , vh,∆t) by (5.1).
We choose the wave speed c1 = 1 and data corresponding to the exact solution as in Example 1.

The discretized system (5.1) is studied on a sequence of uniform meshes, illustrated in Figure 1 (c). Refine-
ment levels n = 4 (117 nodes), 8 (665 nodes), 16 (4401 nodes) and 32 (31841 nodes) are used.
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Figure 7: L2(Ω × [0, T]) error of uh,∆t , L2(Γ × [0, T]) error of vh,∆t |Γ on Fichera cube, Example 3.

Figure 7 plots the error ‖u − uh,∆t‖L2(Ω×[0,T]), ‖v − vh,∆t‖L2(Γ×[0,T]) as a function of the degrees of freedom
of the space-time system. A convergence rate of approximately 0.2 is observed, corresponding to a rate of 0.8
with respect to themesh size h. Note that the convergence rate agrees with the rate observed in Example 1, in
spite of the more singular geometry, as the exact numerical solutions correspond to each other. Furthermore,
for the transmission problems we consider the Fichera cube is not more challenging than a cube, as the
reentrant corner in Ω corresponds to the reentrant corners ofℝ3 \ Ω for the exterior problem.

The final example considers the numerical approximation on graded meshes:

Example 4. For Ω = [−1, 1]3 we consider the solutions (u, v) to the coupled system (3.9) for times up to T = 5
and their numerical approximations (uh,∆t , vh,∆t) by (5.1). We choose the wave speed c1 = 1

4 and the data
(5.2), (5.3) corresponding to an incoming plane wave with wave vector k = 0.2 ⋅ (1, 1, 1), as in Example 2.

The discretized system (5.1) is studied on a sequence of 2-gradedmeshes, illustrated in Figure 1 (b), with the
same number of degrees of freedom as for the uniform meshes in Examples 1 and 2.

The singular behavior of ∂v∂n near edges and corners is depicted in Figure 8 at time t = 3. The leading sin-
gular exponent for ∂v∂n at an edge is> −

1
3 , so that the asymptotic behavior is narrowly concentrated around the

edges. This is in agreement with the regularity result, Theorem 3. In Figure 8 the narrow singularity is better
resolved on the 2-graded mesh (left), and the numerical solution also takes on higher values near the edge
than on the uniform mesh (right). This qualitative observation is quantitatively reflected in the convergence
rate. Figure 9 compares the numerical results for ‖uh,∆t‖L2(Ω×[0,T]) and ‖vh,∆t‖L2(Γ×[0,T]) against a benchmark,
obtained by extrapolation. We observe a convergence rate for v of approximately 0.6 as the number of space-
time degrees of freedom increases, corresponding to a rate > 2with respect to h and ∆t. The convergence rate
on the 2-graded mesh is approximately twice the convergence rate observed on uniform meshes.

Figure 8: ( ∂v∂n )h,∆t on a graded (left), resp. uniform (right) cube at t = 3, Example 4.
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Figure 9: L2(Ω × [0, T]) error of uh,∆t , L2(Γ × [0, T]) error of vh,∆t |Γ on graded cube, Example 4.

A Discretization and MOT-Algorithm
This appendix discusses the details of the discretization (4.1), which leads to the space-time Galerkin equa-
tions (5.1). Even though these matrices are sparse in each time step, their assembly is the most time con-
suming part in the MOT algorithm. The explicit formulas for their entries below reduces the computation
to numerical quadratures over certain light cones El. This structure is crucial for the practical implemen-
tation in standard time-domain boundary element codes, see [7, 37]. Details of an efficient hp-composite
Gauss-quadrature for the light cone integrals are discussed in [11, 31, 32].

The numerical solution in Section 5 uses the following ansatz and test functions:
∙ uh,∆t = ∑Ntm=1∑

Ns
i=1 u

m
i β

m
∆t(t)η

i
h(x) ∈ V

1,1
h,∆t(Ω

−) piecewise linear in time and piecewise linear in the interior
space Ω−,

∙ ẇh,∆t = ηlh(x)γ
n
∆t(t) ∈ V

1,0
h,∆t(Ω

−) piecewise constant in time and in piecewise linear in the interior space
Ω− with l = 1, . . . , Ns and n = 1, . . . , Nt,

∙ λh,∆t = ∑Ntm=1∑
Ns
i=1 λ

m
i β

m
∆t(t)ρ

i
h(x) ∈ V

0,1
h,∆t(Γ) piecewise linear in time and piecewise constant in space Γ,

∙ mh,∆t = γn∆t(t)ρ
i
h(x) ∈ V

0,0
h,∆t(Γ) piecewise constant in time and piecewise constant in space Γ for n =

1, . . . , Nt and i = 1, . . . , Ns ,
∙ ϕh,∆t = ∑Ntm=1∑

Ns
i=1 ϕ

m
i β

m
∆t(t)ξ

i
h(x) ∈ V

1,1
h,∆t(Γ) piecewise linear in time and piecewise linear in space Γ,

∙ ω̇h,∆t = γn∆t(t)ξ
j
h(x) ∈ V

1,0
h,∆t(Γ) piecewise constant in time and piecewise linear in space in Γ for n =

1, . . . , Nt and j = 1, . . . , Ns .
For the discretization of the hypersingular operator note ηlh|Γ = ξ

j
h for some j:

⟨Wϕh,∆t , ω̇h,∆t⟩Γ×ℝ+ = 1
4π

T

∫
0

∬
Γ×Γ

{
−nx ⋅ ny
|x − y|

ϕ̇h,∆t(y, t − |x − y|)ω̈h,∆t(x, t)

+
(curlΓ ϕh,∆t)(y, t − |x − y|) ⋅ (curlΓ ω̇h,∆t)(x, t)

|x − y| } dsy dsx dt

=
Nt
∑
m=1

Ns
∑
i=1
φmi [− ∬

En−m
(nx ⋅ ny)ξ ih(y)ξ

j
h(x)

(∆t)|x − y|4π dsy dsx + 2 ∬
En−m−1
(nx ⋅ ny)ξ ih(y)ξ

j
h(x)

(∆t)|x − y|4π dsy dsx

− ∬
En−m−2
(nx ⋅ ny)ξ ih(y)ξ

j
h(x)

(∆t)|x − y|4π dsy dsx]

+
Nt
∑
m=1

N ̃s
∑
i=1
φmi ∬

Γ×Γ

(curlΓ ξ ih)(y) ⋅ (curlΓ ξ
j
h)(x))

4π|x − y| Yn−m dsy dsx

=:
Nt
∑
m=1

Ns
∑
i=1
Wn−m
j,i φmi ,
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where

Yn−m(x, y) =
T

∫
0

βm∆t(t − |x − y|)γ
n
∆t(t) dt

= (2(∆t))−1(|x − y|2 − 2|x − y|(n − m + 1)(∆t) + ((n − m + 1)(∆t))2)χEn−m
+ (2(∆t))−1(|x − y|2 − 2|x − y|(n − m − 2)(∆t) + ((n − m − 2)(∆t))2)χEn−m−2
+ (2(∆t))−1(−2|x − y|2 + 2|x − y|((n − m − 1)(∆t) + (n − m)(∆t))
− (((n − m − 1)(∆t))2 + ((n − m)(∆t))2) + 2(∆t)2)χEn−m−1 .

For l ∈ ℕ0,
El = {(x, y) ∈ Γ × Γ : tl ≤ |x − y| ≤ tl+1} ⊂ Γ × Γ

and

χEl (x, y) =
{
{
{

1 if (x, y) ∈ El,
0 otherwise.

The matrixWn−m is a sum of integrals over the three light cones En−m , En−m−1 and En−m−2.
Similar formulas are obtained for the discretizations of the retarded single layer potential operator Vn−m,

the retarded double layer potential operator Kn−m, and the adjoint discretized retarded double layer potential
operator Kn−m:

⟨Kλh,∆t , ω̇h,∆t⟩Γ×ℝ+ =
T

∫
0

∬
Γ×Γ

nx ⋅ (x − y)
4π|x − y| (

λh,∆t(y, t − |x − y|)
|x − y|2

+
λ̇h,∆t(y, t − |x − y|)
|x − y| )ω̇h,∆t(x, t) dsy dsx dt

=
Nt
∑
m=1

Ns
∑
i=1
λmi ∬

Γ×Γ

nx ⋅ (x − y)
4π|x − y|3

ρih(y)ξ
j
h(x)Y

n−m(x, y) dsy dsx

+
Nt
∑
m=1

Ns
∑
i=1
λmi [ ∬

En−m nx ⋅ (x − y)((n − m + 1)
ρih(y)ξ

j
h(x)

4π|x − y|2
−

ρih(y)ξ
j
h(x)

4π(∆t)|x − y|) dsy dsx

+ ∬
En−m−1 nx ⋅ (x − y)(−(2(n − m) − 1)

ρih(y)ξ
j
h(x)

4π|x − y|2
+ 2

ρih(y)ξ
j
h(x)

4π(∆t)|x − y|) dsy dsx

+ ∬
En−m−2 nx ⋅ (x − y)((n − m − 2)

ρih(y)ξ
j
h(x)

4π|x − y|2
−

ρih(y)ξ
j
h(x)

4π(∆t)|x − y|) dsy dsx]

=:
Nt
∑
m=1

Ns
∑
i=1
(K)n−mj,i λmi

and

⟨Vλh,∆t , ṁh,∆t⟩Γ×ℝ+ =
T

∫
0

∫
Γ

∫
Γ

1
4π

λh,∆t(y, t − |x − y|)
|x − y|

ṁh,∆t(x, t) dsydsx dt

=
Nt
∑
m=1

Ns
∑
i=1
λmi [ ∬

En−m (−(n − m + 1)
ρih(y)ρ

j
h(x)

4π|x − y| +
ρih(y)ρ

j
h(x)

4π(∆t) ) dsy dsx

+ ∬
En−m−1 ((2(n − m) − 1)

ρih(y)ρ
j
h(x)

4π|x − y| − 2
ρih(y)ρ

j
h(x)

4π(∆t) ) dsy dsx

+ ∬
En−m−2(−(n − m − 2)

ρih(y)ρ
j
h(x)

4π|x − y| +
ρih(y)ρ

j
h(x)

4π(∆t) ) dsy dsx]

=:
Nt
∑
m=1

Ns
∑
i=1
Vn−mj,i λmi .
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Finally, we consider the discretized double layer potential operator

⟨Kϕh,∆t , ṁh,∆t⟩Γ×ℝ+ =
T

∫
0

∬
Γ×Γ

ny ⋅ (x − y)
4π|x − y| (

ϕh,∆t(y, t − |x − y|)
|x − y|2

+
ϕ̇h,∆t(y, t − |x − y|)
|x − y| )ṁh,∆t(x, t) dsy dsx dt

=
Nt
∑
m=1

Ns
∑
i=1
φmi [ ∬

En−m ny ⋅ (x − y)(−(n − m + 1)
ξ ih(y)ρ

j
h(x)

4π|x − y|3
+

ξ ih(y)ρ
j
h(x)

4π(∆t)|x − y|2
) dsy dsx

+ ∬
En−m−1 ny ⋅ (x − y)((2(n − m) − 1)

ξ ih(y)ρ
j
h(x)

4π|x − y|3
− 2

ξ ih(y)ρ
j
h(x)

4π(∆t)|x − y|2
) dsy dsx

+ ∬
En−m−2 ny ⋅ (x − y)(−(n − m − 2)

ξ ih(y)ρ
j
h(x)

4π|x − y|3
+

ξ ih(y)ρ
j
h(x)

4π(∆t)|x − y|2
) dsy dsx]

+
Nt
∑
m=1

Ns
∑
i=1
φmi [ ∬

En−m
−ny ⋅ (x − y)
4π(∆t)|x − y|2

ξ ih(y)ρ
j
h(x) dsy dsx

+ ∬
En−m−1

2ny ⋅ (x − y)
4π(∆t)|x − y|2

ξ ih(y)ρ
j
h(x) dsy dsx

+ ∬
En−m−2 −

ny ⋅ (x − y)
4π(∆t)|x − y|2

ξ ih(y)ρ
j
h(x) dsy dsx]

=:
Nt
∑
m=1

Ns
∑
i=1
Kn−mj,i φmi .

The remaining matrices do not involve the retarded potentials and therefore do not require special quadra-
tures. In particular, the mass matrices on the boundary Γ are given by

⟨λh,∆t , ω̇h,∆t⟩Γ×ℝ+ = Ns∑
i=1
(∫

Γ

ρih(x)ξ
j
h(x) dsx)

(∆t)
2 λ̃ni

=:
Ns
∑
i=1
Ij,i λ̃ni ,

where

λ̃ni =
(∆t)
2
{
{
{

λ1, n = 1,
λn + λn−1, n ≥ 2,

and

⟨ϕh,∆t , ṁh,∆t⟩Γ×ℝ+ = Nt
∑
m=1

Ns
∑
i=1
φmi (∫

Γ

ξ ih(x)ρ
j
h(x) dsx)φ̃

n
i =

Ns
∑
i=1
Ij,iφ̃ni

with

φ̃ni =
{
{
{

−φ1, n = 1,
−φn + φn−1, n ≥ 2.

Themass and stiffnessmatricesM, respectively A, for the finite element discretization inΩ− are standard and
therefore omitted. We have

Nt
∑
m=1

Ns
∑
i=1
umi ∫

Γ

ηih|Γ(x)ρ
j
h(x) dsx

∞

∫
0

βm∆t(t)γ̇
n
∆t(t) dt =: RI(−u

n
Γ + u

n−1
Γ ),

Nt
∑
m=1

Ns
∑
i=1
λmi ∫

Γ

ρih(x)η
l
h|Γ(x) dsx

∞

∫
0

βm∆t(t)γ
n
∆t(t) dt =: RI

∆t
2 (λ

n + λn−1).
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For the right-hand side:

∫
ℝ+ ∫Γ gẇh,∆t dsx dt =

(∆t)
2 ∫

Γ

(gn + gn−1)ηlh|Γ(x) dsx =: G
n + Gn−1,

∫
ℝ+ ∫Γ f ṁh,∆t dsx dt = ∫

Γ

(f n−1 − f n)ρjh(x) dsx =: −F
n + Fn−1,

where gn = g(x, tn), g ≈ ∑Ntm=1 gmβ
m
∆t(t) and f n = f(x, tn), f ≈ ∑

Nt
m=1 fmγ

m
∆t(t).

Altogether we obtain a marching-on-in time scheme: For n = 1,

(

μ1∆t
2 A + ρ1∆tM [0, −

∆t
2 RI]

T 0
[0, RI] −V0 K0 − 1

2 I
0 (K)0 + 1

2
∆t
2 I −W

0

)(

u1

λ1

ϕ1

) =(

G1 + G0

F1 − F0

0
) .

We obtain for the second time step (n = 2),

(

μ1∆t
2 A + ρ1∆tM [0, −

∆t
2 RI]

T 0
[0, RI] −V0 K0 − 1

2 I
0 (K)0 + 1

2
∆t
2 I −W

0

)(

u2

λ2

ϕ2

) =(

G2 + G1 − μ1∆t2 Au1 + 2ρ
∆tMu

1 + [0; ∆t2 RIλ
1]T

F2 − F1 − RIu1Γ + V
1λ1 − K1ϕ1 − 1

2 Iϕ
1

W1ϕ1 − (K)1λ1 − 1
2
∆t
2 Iλ

1

) .

For later time steps n ≥ 3 we obtain (5.1):

(

μ1∆t
2 A + ρ1∆tM [0, −

∆t
2 RI]

T 0
[0, RI] −V0 K0 − 1

2 I
0 (K)0 + 1

2
∆t
2 I −W

0

)(

un

λn

ϕn
)

=(

Gn + Gn−1 − μ1∆t2 Aun−1 + 2ρ1
∆t Mu

n−1 − ρ1∆tMu
n−2 + [0, ∆t2 RIλ

n−1]T

Fn − Fn−1 − RIun−1Γ +∑
n−1
m=1 Vn−mλm −∑

n−1
m=1 Kn−mϕm − 1

2 Iϕ
n−1

∑n−1m=1Wn−mϕm −∑n−1m=1(K)n−mλm − 1
2
∆t
2 Iλ

n−1

) .

This system is solved repeatedly until reaching time step Nt ≥ 3.
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