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ABSTRACT ARTICLE HISTORY
The need to measure high repetition rate ultrafast processes Received 02 March 2022
cuts across multiple areas of science. The last decade has Accepted 14 April 2022
seen tremendous advances in the development and applica-
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tion of new techniques in this field, as well as many break- Ultrafast photonics;
through achievements analyzing non-repetitive optical Nonlinear fiber optics; Laser
phenomena. Several approaches now provide convenient systems; Ultrafast imaging;

access to single-shot optical waveform characterization, Quantum measurements
including the dispersive Fourier transform (DFT) and time-
lens techniques, which yield real-time ultrafast characteriza-
tion in the spectral and temporal domains, respectively.
These complementary approaches have already proven to
be highly successful to gain insight into numerous optical
phenomena including the emergence of extreme events and
characterizing the complexity of laser evolution dynamics.
However, beyond the study of these fundamental processes,
real-time measurements have also been driven by particular
applications ranging from spectroscopy to velocimetry, while
shedding new light in areas spanning ultrafast imaging,
metrology or even quantum science. Here, we review
a number of landmark results obtained using DFT-based
technologies, including several recent advances and key
selected applications.
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1. Introduction

In photonics, both frequency conversion mechanisms as well as the char-
acterization of ultrashort pulses (or broadband optical signals) constitute
the basis of extensive applications. These span advanced light source reali-
zation [1-3] (e.g. supercontinuum generation, intense ultrashort laser
pulses — Nobel Prize in Physics 2018), metrology [4] (e.g. frequency-comb-
based measurements — Nobel Prize in Physics 2005), quantum signal proces-
sing [5,6] (e.g. parametric-based two-photon interference) or even demand-
ing imaging techniques (multiphoton microscopy [7], coherent Raman
spectroscopy [8], etc.), to name a few. Such ubiquitous frequency conver-
sion and ultrafast phenomena have widespread impact in our daily life,
while efficient optical processing tools and architectures have been at the
foundation of the most recent technological advances as well as cutting-edge
fundamental studies in photonics.

Yet, the improvement of such ultrafast optical measurement tools is
intrinsically linked to the quality and the ability to resolve the required
wave packet characteristics. In this fast-evolving framework, optical char-
acterization techniques have improved significantly over the last few dec-
ades [3], mostly due to specific technological advances (e.g. higher electronic
bandwidth of photodetectors and oscilloscopes) along with the deployment
of hybrid measurement techniques (e.g. interferometric and optically based
gating) for the detection of ultrafast optical dynamics and/or ultrashort
events. Importantly, however, these measurement approaches typically
rely on either the averaging or the sampling of successive optical signals
originating from a periodic pulse train, usually generated with a laser
featuring tens of MHz repetition rate. As a consequence, most of these
techniques are limited to the characterization of fully coherent, stable or
periodic optical waveforms, at the risk of otherwise providing incorrect or
artificially averaged signals to the user.
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As an example, the field of nonlinear fiber optics [2,9] typically deals with
ultrafast trains (> MHz) of short pulses (< 10 ps), whose properties cannot
be easily captured in the frequency domain where spectrometers typically
have only kHz refresh rates, nor in the time domain where typical <100 GHz
detectors possess insufficient bandwidth to resolve the waveform. To over-
come these issues, a multitude of techniques based on optical interferometry
or pulse gating have been developed over the last decades [3,10]. These
include, for instance, well-known ubiquitous auto/cross-correlation mea-
surements (based on e.g. harmonic generation or polarization gating) as
well as their frequency or spatially resolved counterparts (such as the FROG,
XFROG, sonogram or GRENOUILLE techniques [11-13]). Although
widely used for their convenience, price and their potential to access the
complex optical field (after signal post-processing or deconvolution), these
architectures typically rely on scanning systems yielding measurements that
are temporally integrated over successive pulses. While single-shot varia-
tions of these techniques are available [14], they require extremely high peak
power and are limited in terms of refresh rate, still strongly hampering their
applicability. Other related approaches based on direct and sheared inter-
ferometry (such as SPIDER or SPIRIT techniques [15-17]) have shown
promise for single-shot applications, but these suffer from inherent com-
plexity (by using multiple optical fields for homodyne or heterodyne detec-
tion with the need of temporal or frequency synchronization) and the
requirement for signal retrieval (via algorithmic processing [18]).

However, many photonic applications based on ultrafast optical signal
processing need to access non-repetitive waveforms in a simple and con-
venient way, yet with highly resolved temporal or spectral properties paired
with the capability to access a continuous stream (or extensive data set) of
these fluctuating optical properties. It is worth noting that, historically, non-
repetitive and real-time measurement techniques stemmed from original
research aiming to alleviate the tradeoff between speed and accuracy in
analog-to-digital conversion of photonic signals [19], while theoretical
studies and early analytical derivation of the DFT can be traced back to
the eighties [20,21]. Additionally, dispersive Fourier transform techniques
were initially exploited to gain access to the accurate dispersion properties of
optical fibers, by performing an average spectral measurement in the tem-
poral domain, i.e. using the technique in reverse with respect to gaining
access to spectral statistics with a known dispersion [22]. Following these
early developments, the technological advances yielded landmark achieve-
ments in the field of nonlinear fiber optics, in particular through the first
observations of so-called ‘optical rogue waves’ identified experimentally as
statistical anomalies (i.e. ‘rare’ extreme events) in supercontinuum genera-
tion [23]. In particular, real-time measurement techniques allowed for the
straightforward identification of the system statistics (and its corresponding
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outliers), while subsequent work further expanded and refined this analysis,
for instance, providing the quantification of correlation functions in com-
plex noise-driven nonlinear dynamics [24-26].

While these seminal contributions triggered numerous research efforts in
the study of extreme event formation and their associated complex non-
linear dynamics [27] (an aspect further discussed in Section 2.1), it is,
however, worth noting that the advances in such ultrafast monitoring
were quickly exploited in many other fields where the use of real-time
measurements are paramount [28,29]. Indeed, needs for ultrafast detection
approaches of fluctuating signals directly arise from monitoring require-
ments in velocimetry [30,31], spectroscopy [32-37], imaging [38,39] and
microscopy [40-44]. Consequently, several key studies have been reported
in many research areas directly following the first implementations of time-
stretch techniques. In fact, for numerous applications requiring real-time
optical detection, a measurement of only the temporal or spectral waveform
intensity can prove sufficient, especially if a specific performance gain is
achieved by the architecture towards overall quality, simplicity or portabil-
ity. In this framework, several approaches to ultrafast measurements bor-
rowing concepts from ‘classical’ optics [3,45-49] have been implemented
over the last few years (see Figure 1), with successful impact beyond their
niche study or application in nonlinear photonics.

In particular, frequency domain measurements such as the dispersive
Fourier transform (DFT), based on a well-known phenomenon in
diffractive optics (Figure 1(a)), have received considerable attention
from the community for their simplicity and broad applicability.
Simply put, the dispersion of a highly dispersive fiber can be leveraged
during purely linear propagation of an optical waveform so as to
retrieve the equivalent spectrum in the time domain by exploiting the
different delays, respectively acquired by various spectral components
(see Figure 1(c)). Similarly, in the temporal domain, techniques such as
time lens (or variations such as time microscopy) exploit similar dis-
persive features to enable controllable magnification of the ultrashort
optical signal so that it can be readily recorded with fast (> GHz)
detection (see Figure 1(d)).

The DFT technique has become a widespread characterization tool
because of its intrinsic simplicity in allowing straightforward (direct) spec-
troscopic intensity measurements in real-time. As illustrated in Figure 2,
frequency-to-time mapping is achieved by time-stretching the broadband
pulses through group-velocity dispersion and, as a consequence, the output
pulses in the time domain then mimic their input spectrum. In the far-field
approximation, the mapping between time T and frequency w is given by
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Figure 1. Schematic illustration of the space-time duality in optics: The equivalence between
the diffraction (spatial domain) and dispersion (temporal domain) phenomena summarizes the
physical concepts underlying the frequency-to-time mapping approach used in the ‘Dispersive
Fourier transform’ technique as well as its implementation for the realization of so-called ‘Time-
lens’ measurements. (a) Diffraction of light through a circular aperture. (b) Convergent lens and
the construction of an enlarged image. (c) Principle of the dispersive Fourier transform
technique, allowing to readily map the broadband spectrum of a pulsed light source in the
temporal domain. (d) Principle of the time lens, allowing for the magnification of the temporal
optical waveform by the concatenation of two dispersive elements separated by an element
used to apply a quadratic temporal phase on the optical waveform (i.e. a lens in the temporal
domain).

T _ = /jmz wmfl (1)

_m:2 (m—1)! ’

where B,, are the m"™ order dispersion coefficients, z is the propagation
distance and f, = wy /27 is the central pulse frequency. When the higher
dispersion orders are negligible, this equation then writes as T(w) = f,zw
It is worth noting that Equation 1 is only valid if the so-called temporal
Fraunhofer approximation, analogous to the far field condition in the spatial
domain (see Figure 1(a)), is reached. In the diffraction case, this condition is
expressed as d >>2a°/A, where a is the aperture radius and d is the distance
between the aperture and the observation plane. Here, in the temporal
domain, the equivalent condition is written as ty” << |2f322|, where t, is the
pulse duration.

Without loss of generality, it is worth noting that other approaches of
space-time duality such as fractional or self-imaging (e.g. Talbot) effects or
those based on near field (Fresnel) diffraction analogous have also been
demonstrated [50-54]. However, we limit this review to the DFT cases
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Figure 2. Principle of DFT measurements. (a) A broadband optical signal is temporally stretched
after linear propagation in a highly dispersive fiber. The various spectral components of the
optical signal are mapped in the temporal domain so that the optical spectrum can be directly
retrieved from the pulse temporal intensity waveform. (b) For the retrieval and analysis of non-
repetitive events, real-time spectra from different pulses can be directly acquired from ultrafast
optoelectronic measurements (e.g. using a > GHz photodiode + oscilloscope detection system)
with the ability to readily analyze shot-to-shot fluctuations from successive traces. In this case,
the equivalent DFT spectral resolution is related to the bandwidth of the detection system as
well as the magnitude of DFT time-stretch. The achievable resolution is thus a tradeoff between
the digitizer sampling rate, the spectral bandwidth of the broadband optical signal and the
pulse train repetition rate (to avoid any temporal overlap between adjacent time-stretched
spectra).

relying on such a temporal Fraunhofer approximation (see, e.g., Ref [55]. for
a theoretical description of the DFT principle). In this latter case, the
spectral resolution OA of DFT is then limited by three main factors: accu-
mulated dispersion (intrinsically bounded by the repetition rate and spectral
extension of the optical signal to be measured), photodetector bandwidth
and oscilloscope sampling rate. It is then expressed as

oA = max(é\ldisa 6/\ph; 8/\08C)a (2)

OA4;s is the resolution imposed by the dispersion process and is expressed as

OAgis = A 2/DCZ, with D being the dispersion parameter. §,; and 0, are
the resolutions enacted by the photodetector and oscilloscope, respectively,

and written as 6,y o5 = (ﬁ,h,osch)fl, where f,, and f,, are the photode-
tector and oscilloscope bandwidths, respectively.

When these conditions are respected, in order to avoid any temporal
overlap between successive optical signals, continuous single-shot spectral
measurements can thereby be obtained simply using a photodetector and an
oscilloscope with sufficiently high bandwidths, as illustrated in Figure 2(b).
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Using this approach, landmark studies have been reported over the last
decade, spanning characterization of modulation instability processes and
supercontinuum formation as well as more advanced characterization of
laser mode-locking build-up and optical parametric oscillation dynamics
(see the Results section). Even beyond the fundamental study of complexity
and nonlinear dynamics in optical systems, the capture of fast non-
repetitive events in photonics has seen remarkable success in the last 15
years and many of these results have already been summarized [28,29].

In this article, we focus on four key applications. In particular, we discuss
updated implementations of real-time-measurement techniques to address
key aspects of nonlinear fiber propagation, and also novel DFT approaches
to study dynamical evolution in fiber lasers and microresonators, with direct
impact on several aspects of metrology. We also provide recent examples of
the use of DFT for imaging ultrafast phenomena as well as underlining the
potential of DFT approaches for the characterization and control of quan-
tum photonics systems. Finally, we conclude with a discussion of the impact
of DFT within ‘smart’ photonics and machine learning.

2. Results
2.1 Measurement of non-repetitive events in nonlinear fiber optics

Although many applications of photonics directly benefited from DFT and
real-time measurement techniques, many efforts in this research direction
were oriented towards the measurement, study and analysis of nonlinear
fiber propagation dynamics. For instance, following the experimental dis-
covery of optical rogue waves [23] (initially obtained by supercontinuum
selective spectral filtering), DFT techniques have been implemented to
directly access single-shot fluctuations over the whole supercontinuum as
seen in Figure 3. This approach yielded straightforward identification of the
system statistics [56] and its corresponding outliers across the complete
broadband spectrum (even leveraging the full dynamic of the digitizer from
adaptive scaling) [24]. The statistics of such a fully extended (broadband)
supercontinuum are visible in Figure 3(b-d).

In addition to this more complete statistical characterization, DFT mea-
surements also provided new insights into extreme event formation during
the onset phase of nonlinear pulse propagation in fibers associated with
modulation instability (MI) dynamics [27]. In fact, this spectral broadening
phase is highly sensitive to the initial conditions of the system, and DFT can
provide a clear quantification of e.g. correlation functions in the complex
noise-driven dynamics [24,26,57]. Depending on the DFT and correlation
post-processing involved, one can, for instance, easily retrieve spectrally
resolved correlation maps as those illustrated in Figure 3(e-g). Moreover,
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one can leverage DFT monitoring to assess the impact of external factors
(such as optical seeding, pump chirp, fiber design, laser properties [26,58—
61]) on the system spectral stability.

Improvements on DFT techniques

Interestingly, these initial studies on MI and extreme event formation have
subsequently been a driving force in a broader refinement and optimiza-
tion of real-time measurement techniques [25,29]. For instance, improve-
ments on DFT measurements have been reported for the characterization
and analysis of octave-spanning spectra [62], as illustrated in Figure 4. In

(a) Experimental Setup

HNLF DCF
@ @ [z
1550 nm EDFA T n Real-Time
Laser ' (Cutback) H (Time Stretch) Detection
OSA + FROG 0SA

05 1.0 15 2.
Event intensity (a.u.)

Spectral intensity (dB)
Normalised frequency

40

1500 1550 1600 1650 1700 0.04 0.08 0.12 0.16

Wavelength (nm) Event intensity (a.u.)
(f) Expt. 1.0 1 (g) Sim.

o]

.g 1580 1580

=] £ €

c £ £

c

<

S m—p £ 1560 £

© c [=4

2 ° ]

8 ¢ 1540 g

i 1520
1520 1540 1560 1580 1520 1540 1560 1580 1520 1540 1560 1580
Wavelength (nm) Wavelength (nm) Wavelength (nm)

Figure 3. Typical DFT results for the real-time characterization and statistical analysis of spectral
fluctuations in nonlinear fiber optics. The DFT technique, via the setup shown in (a), can be used
to study a variety of dynamics highly sensitive to noise fluctuations, from a fully developed
broadband incoherent supercontinuum (top) to, e.g., the onset phase of nonlinear propagation
where spontaneous modulation instability takes place (bottom): (b) DFT experimental char-
acterization of an extended incoherent supercontinuum, exhibiting important shot-to-shot
spectral fluctuations. (c,d) The spectral intensity histograms reconstructed at different wave-
lengths exhibit very different distributions and illustrate how particular spectral regions are
prone to the appearance of statistically rare ‘extreme’ events. (e) Spectral fluctuations of Ml
sidebands sequentially recorded by DFT. The statistical analysis of these fluctuations can be
leveraged to reconstruct a map of spectral correlation (f) that can be directly compared to the
same Pearson correlation maps obtained from stochastic Monte-Carlo simulations (g). Adapted
from Ref. [24].
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this case, DFT was implemented at another central wavelength (i.e.
a region outside of the conventional telecom band where dispersion-
compensating fiber is optimized and widely available) and with an
extended bandwidth for which approximating the DFT as a result of
group velocity dispersion only was not valid anymore. In this regime,
the inclusion of a third-order dispersive term to the DFT analysis (as
well as the inclusion of detector spectral sensitivity) needed to be taken
into consideration for an efficient spectral reconstruction and a valid
statistical analysis — see Figure 4(b-d).

In a similar framework, several examples of DFT implementations can
provide significant spectral time-stretching, leading to a drastic reduction of
the measurable power level and thus required an active amplification
scheme to compensate the overall DFT system loss (and DFT-induced
dispersion of the input signal power) [29,32]. Other advanced ultrafast
optical processing techniques based on DFT analogues and relying on
fractional effects including, e.g., Talbot effect [63,64] or anamorphic time-
stretch [33,65,66] have also been implemented, either considering the spec-
tral or temporal domain. These are, however, paired with significant com-
plexity or constrained to specific applicative fields.

In fact, the simplicity of DFT has made this technique mainstream for the
advanced spectral monitoring of incoherent optical signals. However, one of
the main drawbacks of this technique is linked with the requirement of
ultrafast oscilloscopes and the limited bit depth of their ADCs (8 or 12 bits at

(a) Experimental setup
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Figure 4. Example of DFT implementation for the experimental analysis of octave-spanning
supercontinuum: (a) Experimental setup. (b) Single shot spectra obtained experimentally by
DFT measurements. (c) Superimposed single shot (grey dashes) and mean (black line) DFT
spectra obtained from real-time DFT measurement and compared to optical spectral analyzer
‘averaged’ measurement (red dashes). (d) Octave spanning spectral correlation map (via
Pearson coefficient) reconstructed form experimental DFT shot-to-shot spectral fluctuation
analysis. Adapted from Ref. [62].
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best - see, for instance, Ref [29]. for a detailed discussion on noise and
ultrafast digitizers ENOBs). This corresponds typically to a dynamic range
around 30 dB, which may in fact prove insufficient for particular applica-
tions. For instance, machine learning analysis of the spectral data set
has been demonstrated to predict the emergence of extreme events via
DFT measurements [67], but required higher dynamic ranges than those
available from conventional DFT schemes (>50 dB), reached in this case by
means of mechanical scans and 2D detectors.

Accessing the time domain: Time-lens & alternatives

DFT techniques are extremely powerful in monitoring broadband spectral
fluctuations, but unfortunately they neither allow for a direct nor an indirect
access to the temporal structure of ultrashort optical pulses. A typical
example is the case for the randomly localized breather structures emerging
from MI during nonlinear fiber propagation (as illustrated in Figure 5) -
with durations in the picosecond regime — which cannot be readily captured
by conventional electronic systems.

For well-defined physical problems, this access to the spectral domain
only may not be a stringent limitation, and these hurdles may even be
circumvented by a priori knowledge of the dynamics at play or by the use
of machine-learning to gain insight in the temporal properties of the optical
waveform [67,69]. However, for many studies, accessing the time domain in
real-time and with sub-picosecond resolution is of paramount importance.
For instance, the prediction of analytical-like structures such as solitons on
finite background from noise-driven MI [70] or the formation of Riemann
waves as shock-wave prototypes [71,72] directly benefited from experimen-
tal real-time measurement techniques in the temporal domain [73-75].

In fact, while specific implementations of non-repetitive measurements
have been developed over the years, such as ‘time microscopy’ [74], most of
these systems such as the ‘time-lens’ (TL) essentially rely on the space-time
duality [76] and time-stretch techniques [19,28,29]. With compact on-chip
implementations relying on e.g. four-wave mixing [77-80], time lens sys-
tems are now commercially available, making them compatible with a wide
range of applications. A typical example is shown in Figure 6, where time-
lens measurements give a 76 times magnification of randomly generated
picosecond ‘breathers,” allowing their straightforward measurement with
a 30 GHz bandwidth detection system [73].

Importantly, it is worth noting that DFT and TL approaches are comple-
mentary and have already proved to be highly successful to gain insight into
not only numerous physical phenomena such as nonlinear frequency conver-
sion processes but also in other optical cavity systems for which TL measure-
ments helped gain important insights into complex dynamics [81,82], as
further discussed in the next section. Finally, we would like to emphasize
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Figure 5. Sea of random picosecond pulses, as typically generated via modulation instability
during nonlinear fiber propagation (results obtained from numerical GNLSE simulations [68]).
Resolving such non-repetitive pulses would theoretically require a direct detection with
a bandwidth close to THz values, a figure out of the range of current electronic detectors.

that temporal imaging systems, based on peculiar space-time duality imple-
mentations, are still at the forefront of current research. Recent results include
the demonstration of single-shot and full-field measurements via heterodyne
time lens arrangements (such as the SEAHORSE technique, allowing complex
field reconstruction with excellent <100 fs temporal resolution) [83-85] or the
denoising and real-time capture of ultrafast noisy optical waveforms by
leveraging a suitably tailored spectral Talbot effect [86].

2.2 Time-stretch techniques applied for the characterization of laser and
optical cavities dynamics

Study of fiber laser oscillations build-up and mode-locking dynamics
It is well known from early studies on laser oscillators that such systems
exhibit intriguing dynamics, including periodic attractors, chaotic behaviors
and a myriad of nonlinear effects. In the last year, the emergence of DFT
associated with the performances of recent fast digitizers has allowed the
photonics community to take another look at the transient dynamics at
stake in ultrafast laser, with the aim of fully characterizing the processes
involved in the birth, evolution and stabilization of ultrashort pulses. In
particular, mode-locked (ML) lasers have been the ideal playground to
leverage the high-throughput capabilities of DFT for recording shot-to-
shot spectra on thousands of cavity roundtrips, from laser build-up to
steady-state. Indeed, mode-locked oscillators are now the work-horses of
many optical technologies and applications, such as multiphoton micro-
scopy, distance measurements and frequency metrology (frequency combs),
as well as nonlinear frequency conversion or THz sources. Therefore,
understanding their intrinsic dynamics is indeed of particular importance.
The pulse-resolved spectral evolution of femtosecond pulse trains, from
the initial fluctuations to transient interference dynamics has for instance
been studied in the common Kerr-lens ML Ti:Sapphire laser using DFT
[87]. ML fiber lasers are, however, even more adapted to DFT
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the quadratic phase was applied from four wave mixing (FWM) with a linearly chirped pump
pulse co-propagating in a silicon waveguide. The 90 ps chirped pump pulses are generated
from a femtosecond pulse subsequently stretched through propagation in a fiber of dispersion
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further propagation in segment D,. The overall temporal magnification is 76.4 such that the
temporally stretched replica can be resolved using a 30 GHz bandwidth detection system.
Adapted from Ref. [73].

measurements, and many efforts have been recently devoted to capturing
the instabilities and behaviors of their various mode-locking regimes.
Among them, the real-time characterization of dissipative solitons (i.e.
with nonlinear gain and losses) has attracted much interest as the soliton’s
stability against perturbation but also the interaction between individual
solitons (bound states) have much in common with similar phenomena in
other areas of physics. The booting dynamics and dissipative soliton for-
mation in ML fiber lasers have then been thoroughly investigated [88,89]
and the unstable dynamics of specific systems [90], such as the soliton-
similariton configuration [91], have been unveiled. The latter was for
instance studied with the setup shown in Figure 7(a), and a typical
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dynamical evolution is depicted in Figure 7(b) where DFT has been used to
efficiently track the transition from a noisy regime to an explosion regime
and eventually to the steady-state. Interestingly, following the Wiener-
Khinchin theorem, one may also retrieve the field autocorrelation from
the Fourier transform of these DFT spectra, illustrated in Figure 7(c), thus
allowing us to study in detail the evolution (e.g. temporal separation and
phase) within multiple or complex pulse states [91,92]. In fact, exotic
dynamics, such as noise-like pulses [93] or soliton explosion [94] have
also been observed in ultrafast fiber lasers. Among such fascinating effects,
the concept of bound state formation has attracted much attention. Such
a phenomenon appears when multiple dissipative solitons coherently inter-
act or assemble to form a ‘soliton molecule,” where the molecular analogy is
suggested by the particle-like nature of the solitons, and the presence of
a strong binding mechanism [95]. The dynamical features of such soliton
molecules have been characterized using DFT-based spectral interferometry
[92,96-98] and novel self-localized structures, such as breathing dissipative
solitons [99] or vector dynamics [88,100], have been identified.

Interestingly, DFT can be used to study and track the binding properties
of these soliton molecules, where the phase evolution between localized
optical structures can be readily obtained by DFT-based spectral interfero-
metry [96]. DFT has further proved its utility to probe and to allow the
control of such bound states [101] but also to track complex break-up and
collision dynamics together with time-lens measurements [82]. In addition
to such soliton dynamics, DFT has also been used to observe other intri-
guing phenomena in laser oscillators, such as extreme events [90,102] or
more recently the optical Sagnac effect [103]. The latter is highlighted in
Figure 7(d), where it is manifested as a specific modulation pattern on the
DFT spectra.

Tracking OPO dynamics and spectral correlations with DFT and mutual
information analysis

As highlighted previously, DFT is an eflicient tool for capturing non-
repetitive events on relatively extended time ranges and to generate large
data ensembles, then enabling the use of various statistical tools to extract
relevant information about the system’s dynamics. For instance, we have
seen in section 2.1 that Pearson correlations or higher-order moments can
be used to unveil the dynamics of complex and/or nonlinear phenomena
such as supercontinuum generation [24,62], modulation instability [26,57],
four-wave mixing [61] or even random lasing [60]. The study of wavelength
intensity correlations is then very insightful as it allows to reveal energy
transfers or dependency between different spectral regions. Pearson correla-
tion, however, faces a limitation as it can only evidence the linear depen-
dency between two variables and give information about the strength and
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Figure 7. Examples of fiber laser evolution dynamics characterized via DFT analysis over
hundreds of cavity roundtrips. (a) Experimental setup for the study of a fiber laser exhibiting
soliton-similariton dynamics via DFT. (b) Single pulse mode-locking obtained after a transition
from a noisy operation and an explosion regime (white dashed box), with an abrupt spectral
broadening clearly captured by DFT measurements. (c) DFT measurements can be used to study
the dynamical evolution of a soliton molecular state. The spectra evolution can be used to
retrieve autocorrelations of the field, stemming from a ‘molecule state’ with a periodically
oscillating phase. Panels (a-c) are adapted from [91]. (d) Experimental observation of the Sagnac
effect in a bidirectional fiber laser, illustrated by a change in the tilted modulation pattern
within the DFT spectra. Adapted from [103].

nature (negative or positive) of the linearity. In order to obtain improved
physical insights, it has been shown that mutual information analysis (MIA)
could replace Pearson correlations as it rather quantifies the general depen-
dency between two variables (either linear or nonlinear). Despite such
a remarkable ability, MIA has been hardly used in nonlinear optics, but
has already proved useful to track the spectral dynamics of fiber lasers
[60,88]. The mutual information between two variables X and Y is given by:

Pyy(x,y)
33 pote s () ?

x€X yeY

where Pyy(x, y), Px(x) and Py(y) are the joint probability mass function and
marginal mass functions of X and Y, respectively.

At the frontier between laser oscillators and nonlinear optics, it is well-
known that optical parametric oscillators exhibit rich spectro-temporal
dynamics and particular wavelength correlations, and their study can then
prove relevant in the frame of several quantum optics applications (see
below). However, DFT-based studies on optical parametric oscillators
have been mostly limited to X(z)—based bulk OPOs [104,105]. On the
other hand, fiber optical parametric oscillators (FOPOs) based on degen-
erate four-wave mixing have been little studied to date. DFT has been used
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recently on a FOPO [106] but without investigating spectral correlations.
Consequently, a recent work by Touil et al. [107] leveraged the simplicity
of DFT together with mutual information analysis to track energy trans-
fers in a picosecond FOPO, as depicted in Figure 8(a). In this work, the
nonlinear medium (a small core diameter fiber) is pumped in the normal
dispersion regime at 1550 nm, and an optical delay line is set to synchro-
nize the resonating signal (around 1490 nm) or idler (around 1650 nm)
with the following pump pulses and to tune the emission wavelengths.
After acquiring thousands of single-shot spectra, MIA has been combined
with least square (LSQ) regression in order to infer the sign and magnitude
of the dependency between the spectral regions of interest (residual pump,
signal, idler) and to efficiently track the FOPO dynamics and conversion
efficiency.

An example of the MI-LSQ maps generated in this experiment is shown
in Figure 8(b), which fully represents the conversion efficiency (i.e. the
phase-matching state) between pump and idler waves on a single wave-
length basis but also the effect of pump fluctuations on this conversion
efficiency (magnitude of the coefficient). Interestingly, this study showed
that when increasing the pump intensity fluctuations above a given level, the
FOPO exhibited a specific behaviour where the conversion efficiency oscil-
lated between a high-efficiency state with strong pump depletion (state 1)
and a low-efliciency state (state 2), as represented in Figure 8(c). In addition,
plotting MI-LSQ maps in that case remarkably showed that the idler’s
pump-induced fluctuations increased by a factor higher than 60 and are
20 times greater than those of the pump itself. In addition, MI-LSQ allowed
to evidence that the spectral correlations could be shaped to a certain extent,
which could be useful for quantum optics applications. Using DFT-based
MIA then appears as a very simple and efficient tool to study the dynamics
of nonlinear systems and could prove superior to standard correlations in
a lot of cases involving nonlinear dependencies.

Characterization of frequency comb dynamics via DFT

DFT-diagnosis is intrinsically limited by the repetition rate of the optical
signal studied. Indeed, most of the time, DFT is achieved through an optical
fiber in which the ultrashort pulses temporally stretch by a factor of more
than a million. Studying high repetition laser sources is consequently not
directly doable as the stretched pulses would temporally overlap in the
dispersive fiber, causing a loss of information. Some techniques based on
compressive sensing and consisting in applying a random binary mask to
the pulses and then recovering them numerically have been implemented
[42] to overcome this limitation, but they remain costly and require a lot of
postprocessing. This limitation results in DFT being used for the most part
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on MHz sources as seen in previous sections, omitting trending GHz
sources such as frequency combs generated by microresonators (also called
microcombs).

Laser cavity solitons in microcavities nested in a fiber loop have recently
emerged as a highly efficient, self-recovery approach for generating optical
microcombs. In such microcombs, the generation of self-localized waves
with a broad spectrum, high average powers and an unparalleled mode
efficiency compared to traditional micro-cavity-based frequency combs
have been demonstrated [108]. A typical implementation of the setup that
is able to produce this new category of waves is depicted in Figure 9(a). It
comprises a nonlinear Kerr micro-cavity (50 GHz free spectral range)
responsible for the broadband generation, which is nested in a fiber ampli-
tying loop providing energy to the system. In this case, amplification is
achieved using an Erbium-doped fiber amplifier (EDFA). A delay line is
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used to adjust the temporal matching between pulses circulating in the
microcavity and in the fiber cavity. By only adjusting these two parameters,
one can obtain a broad range of regimes, from the well-known Turing
pattern regime to the recently described laser cavity solitons (LCSs). As
mentioned earlier, this setup delivers pulses at a 50 GHz repetition rate,
which is incompatible with any DFT application. In particular, administrat-
ing to the pulses the dispersion needed to reach the far-field condition
(Figure 2) would result in pulses overlapping.

This problem is solved by optically sampling the laser emission rate using
amplitude modulation via an electro-optical modulator connected to a pulse
generator as seen in Figure 9(a). By lowering the repetition rate to 33 MHz,
the signal duty cycle can be reduced thus allowing pulse temporal stretching
without overlap. Nevertheless, as most modulation system bandwidths do
not allow to select single pulses at this repetition rate, bunches of 10 pulses
are kept and the approximation that these can be considered as one average
pulse is made. This approximation can be justified by the fact that this study
is focused on longer timescales for which the pulse-to-pulse variation is
negligible. Thus, a 10 pulse bunch can be considered as one average pulse,
allowing the study of the spectral evolution over longer timescales. This step
is achieved using a 3 GHz pulse generator (Keysight 8133A) with a 10 Gb/s
LiNbO; optical intensity modulator. The signal is modulated over a 300 ps
width window, at a 30 ns repetition rate. The modulated signal can then be
submitted to a DFT diagnostic. To do so, a 10 km-long telecom dispersion

(@) Microcomb generation Modulated Dispersive Fourier Transform =777 “Ampitade Moduiaton
Optic: \p ctrum

N anaiyser
Microresonator ! l H A ' . k l ! l !

Q ) % ‘ ata processing me

) o

L (O
EDFA, Dalay| 7
/s ispersive Fourier ime
y er

Line AmpH d

/" Generation " phodode Fastosciloscope

Fibre cavity

(b)

09S1L

SPSl
(wu) yrbusprepm

Wavelength (nm)

0gsL

500 1000 1500 2000 -60
Roundtrip number PSD (dBm)

0

Figure 9. DFT characterization of high repetition-rate frequency combs. (a) Microcomb gen-
eration: A Laser Cavity-Solitons train is emitted from a microresonator nested in a fiber cavity.
Modulated Dispersive Fourier Transform: the repetition rate of the pulse train is reduced using
an electro-optic modulator connected to a pulse generator (1,2). DFT is then achieved through
a DCF (3) and data is processed using a fast oscilloscope. (b) Typical DFT-plot of a Turing
pattern, startup and stable regime over 2000 roundtrips. Optical spectrum analyzer plot on the
right for comparison [109].
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compensation fiber (DCF) is used, with a dispersion of D = —1360 ps/nm
(B2=1730 ps” at 1550 nm). Using this technique, one must be careful about
the peak power of the input pulses, as nonlinearities can easily affect
femtosecond pulses in dispersive fibers. Figure 9 illustrates a typical DFT-
plot of a Turing pattern acquired by this setup [109]. The regime can be seen
starting from noise and quickly stabilizing after 200 roundtrips. An optical
analyzer trace is displayed on the right showing good agreement with the
DFT trace.

2.3 Example of DFT application: Time-stretch imaging of laser-induced
shock waves

Conventional imaging systems such as CCD sensors are intrinsically limited
by the trade-off between sensitivity and frame rate, and are often too slow to
capture ultrafast phenomena. As a consequence, considerable efforts have
been devoted to the development of ultrafast imaging systems in the last
decade. On the one hand, the best performances to date in terms of frame
rate are undoubtedly obtained by single-shot techniques which exhibit Tera-
frames-per-second (Tfps) rates [110,111] with versatile setups [112] but with
relatively low sequence depths (i.e. number of images acquired). Such tech-
niques are then well-suited to track ultrashort phenomena on the picosecond
timescale but are unable to acquire data on longer timescales and then to
capture non-repetitive and unpredictable events or to perform high precision
statistical analysis. On the other hand, the ability of DFT for fast continuous
single-shot measurements can be leveraged for all-optical imaging in
a technique known as amplified time-stretch imaging or serial time-encoded
amplified imaging (STEAM) [38]. The principle of this technique is to encode
an image (spatial domain) onto the broadband spectrum of an ultrashort
pulse (spectral domain), which is then mapped into the time domain using
DEFT, followed by the recording of the image using a high-speed digitizer. In
this 2-step process, the space-to-frequency mapping is performed using
diffractive and dispersive elements while the frequency-to-time mapping is
obtained using DFT within an amplifying scheme, as shown in Figure 10(a).

In order to reach the sensitivity levels required to observe the physical
phenomena of interest but also to compensate for the losses in peak power
due to the time-stretching process, the optical signal needs to be significantly
amplified throughout its propagation. When working in the telecom wave-
length range, such an amplification can be easily obtained using consecutive
fibered stages based on different mechanisms, as shown in Figure 10(a). First,
Erbium-doped fiber amplifiers (EDFAs) can be used prior and after the time-
stretching process to reach the necessary power levels. Second, the dispersive
medium (i.e. an optical fiber) itself can be used as an amplifying medium
through the process of Raman amplification. Such an amplification is
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obtained by propagating several pump beams (two in the case presented
here) with wavelengths precisely shifted away from the image beam so that
the latter gets a homogeneous amplification over its spectrum through
Raman gain. In the example presented here [113], as the signal to amplify
is centered at 1560 nm, two fiber-coupled laser diodes centered at 1446 and
1462 nm, respectively, are used. This setup has been implemented in order to
track the propagation of laser-induced supersonic shock waves (SWs) (see an
example of such a SW in Figure 10(b)) and to perform statistics in order to
reveal SW-to-SW fluctuations. The study of the fast dynamics involved in
laser matter-interactions has indeed been a hot topic in the last decade as it
impacts various research fields such as material analysis (e.g. LIBS), micro-
machining, nanoparticles production or high-harmonic generation. In the
work by Hanzard et al. [113], summarized in Figure 10, time-stretch imaging
has been used to monitor the full dynamics of single SW and to acquire
sufficient velocity statistics. The transient phenomena have been encoded
onto a 1-D spectral sheet, allowing to monitor the complex gas dynamics
following laser ablation on a long timescale, from SW deceleration (Figure 10
(d,e)) to other gas discontinuities such as plasma contact waves (Figure 10
(c)). This work then proves DFT-based imaging to be particularly suited to
study SW dynamics and interactions as well as fast non-repetitive events
occurring in laser ablation. Time-stretch imaging, which is usually based on
standard ultrafast optics lab equipment, could then be routinely used as
a complementary method to single-shot imaging techniques or streak cam-
eras for a wide span of scientific applications.
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2.4 Leveraging DFT for advanced quantum measurements

Combined with infrastructure employed to detect and manipulate quantum
signals, the framework of quantum-inspired DFT has been developed to
enable processing quantum signals at the single-photon level. It brings
advantages by delivering improvements in run-time as well as sampling
rate, enhancing sensitivity, and importantly enabling time-efficient charac-
terization of photonic quantum states. In a similar fashion to classical DFT
concepts, in quantum-inspired DFT, a non-classical signal propagates
through a dispersive element whereupon the frequency components of the
single-photon signal are mapped onto the temporal domain, such that the
time-stretched output wave packet entirely mimics the characteristics of the
spectral wave function. In lieu of intensity photo detectors, a single-photon
detection system is deployed whose combination with a timing electronics
module enables to record single-photon as well as coincidence detection
events at given times. The repetitive execution of experiments comprising
synchronized detections with the repetition rate of the excitation source
allows to measure the statistics governing the process under study. It is
important to note that the single-photon detections are probabilistic events
and an ensemble of events is required to gain information on the quantum
signal. Every single detection therefore contributes to the formation of
a histogram from which the probability distribution corresponding to the
spectral shape of the non-classical signal can be retrieved. Nevertheless,
under the quantum-inspired DFT approach, correlations in non-repetitive
signals can also be obtained through comparison of dependent and inde-
pendent statistics (see below).

The performance of the quantum-inspired DFT scheme strongly depends
on the characteristics of the single-photon detection system and the dis-
persive element employed. Large detector bandwidth, i.e. high timing reso-
lutions with low jitter and high dispersion, brings adjustable access to high-
frequency resolution. A high quantum efficiency at the same time allows for
high sensitivity of this measurement concept.

As an eflicient technique, quantum-inspired DFT has served optical coher-
ence tomography (OCT) imaging by addressing the extremely low optical
power levels emitted by scattering or highly absorptive objects, yet with com-
parable quality to standard OCT systems. Accordingly, fast and ultra-sensitive
OCT imaging has enabled high-fidelity capture of fluctuations at permissible
optical power densities that meet the human-eye safety thresholds [114].

Quantum-inspired DFT has also proved useful towards obtaining repe-
titive spectral and temporal statistics of optical parametric processes, such as
spontaneous parametric down conversion (SPDC) and spontaneous four
wave mixing (SFWM), two widely exploited photon-pair sources with
applications in quantum information processing and quantum-enhanced
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metrology. Indeed, the source characterization has benefited from single-
photon spectrometers — a combination of DFT with a fiber-based dispersive
medium and single-photon detection system - in obtaining unprecedented
spectral resolution and significantly improved integration time per mea-
surement [115-117], by comparison to traditional characterization techni-
ques that suffer from low sampling rate and long run-time implementation
[116,118,119].

Specifically, in recent realizations, highly time-energy correlated photon
pairs (so-called signal and idler photons) were generated by pulsed-driven
SPDC processes within a periodically poled lithium Niobate (PPLN) wave-
guide (see Figure 11(a)).

The frequency components of the SPDC output spectrum were stretched
in time through the DFT process within a DCF. The frequency-dependent
time-delayed arrival of the spectral components at the detection system
were temporally resolvable thanks to the low timing jitter of the SNSPDs
which lay in the range of approx. 25 ps. Together with a group delay
dispersion of 960 ps/nm this combination led to a frequency resolution of
approximately 3 GHz. Two single-photon detectors were employed to
measure simultaneously two photons at a time. The time-resolved two-
fold coincidence detections synchronized with the pulsed laser repetition
rate (50 MHz) enabled the reconstruction of the joint spectral intensity (JSI)
(see Figure 11(b)) as an important characteristic of time-energy entangled
photon sources, providing information on the frequency correlation and its
bandwidth. Relating dependent statistics, i.e. two-photon coincidence
events form the same excitation pulse, to independent statistics, i.e. coin-
cidence events from consecutive excitation pulses, allows to measure the
coincidence to accidental ratio (CAR) corresponding to different signal/
idler frequency combinations. The CAR over the frequency range is in
particular important to assess the quantum source performance, especially
for applications in reconfigurable quantum networks.

At the same time, the quantum-inspired DFT can give further informa-
tion on the purity and number of frequency modes of the quantum signal
when combined with a Hanbury Brown and Twiss (HBT) experimental
configuration. Specifically, in a recent work, the quantum-inspired DFT was
deployed to demonstrate for the first time the direct implementation of
frequency-domain HBT interferometry, revealing the dependency of
the second-order auto-correlation function on frequency components, i.e.
vy = vand v, = v+ Av, expressed as

g(z)(vhh) =-
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Figure 11. (a) Experimental setup to implement quantum DFT employed for spectral character-
ization of photon pairs created in pulsed-excited SPDC process in a PPLN waveguide. (b) Joint
Spectral Intensity (JSI) determined by quantum DFT: CAR versus signal and idler frequency. (c)
Coincidence detection as a function of the frequency difference Av between the spectral
components of the signal photon. The inset figure illustrates the dependency of g'?)(4v) on
frequency difference, Av.

with af and 4 being the single-photon creation and annihilation operators,
respectively. Specifically, in the same experimental setup as described above,
the signal (or idler) photon is directed merely through a DCF, and a 50:50
beam splitter is used to send the photons to two single-photon detectors for
coincidence detection, allowing the determination of the frequency-resolved
g% (Av) associated with the signal (idler) spectral range (see Figure 11(c)).
Importantly, this gives access to single-photon wave packet characteristics.
In particular, it allows the direct determination of the single-mode fre-
quency bandwidth, here 106 GHz, which was not directly possible to
measure with previously adopted characterization techniques relying on
time-resolved measurement of g (7).

In conclusion, quantum-inspired DFT brings many advantages related to
system sensitivity and direct characterization of photonic quantum states,
with a plethora of application possibilities in imaging, metrology and quan-
tum information processing.
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3. Discussion

Owing to their inherent simplicity, DFT techniques and associated time-
stretch instrumentation have had a tremendous impact in various fields of
ultrafast photonics, spanning fundamental studies of laser build-up dynamics
and the emergence of extreme events from noise-driven nonlinear interac-
tions in fiber optics. Dispersive Fourier transform has now become a standard
characterization tool (which has been thoroughly refined for dedicated appli-
cative frameworks), while, at the same time, the ready availability of time-lens
systems brought about advanced diagnostic techniques in many labs around
the world, even those whose expertise is not necessarily focused on the
development of ultrafast photonic diagnostic tools. As a result, these systems
are now employed in a wide variety of applications, extending the landscape of
standard approaches available for processing and measuring light properties
in areas covering microscopy, imaging, spectroscopy, physical monitoring,
metrology, as well as quantum science. The development of DFT has been
a clear example of how the arrival of a new characterization technique has led
to numerous new advances in different fields, and new ways of revisiting
instability phenomena that had only been incompletely measured in the past.

While many avenues of ultrafast optics are currently being explored with
DFT [28,29], it appears clear that the inherent processing speed and capabilities
to generate and handle large data sets make these real-time characterization
approaches extremely valuable for extending the dimensionality of DFT analy-
sis (in e.g. multimode fiber [120] or systems based on frequency combs
(4,108,121,122]). In parallel, quantum inspired DFT implementations are
expected to open new bridges between classical, nonlinear and quantum photo-
nics, from both an applied viewpoint (with directly relevant applications such as
imaging, ultrafast quantum processing, etc.) to the fundamental study of noise-
driven and unstable nonlinear dynamics associated with low power optical
signals (e.g. in regimes placed between spontaneous, induced and cascaded
frequency conversion processes). In addition, the complementary implementa-
tions of DFT, TL and/or heterodyne techniques now allow to access the
complex optical field structure in a straightforward manner, lifting intrinsic
limitations associated with averaged or deconvolved measurements. Altogether,
we expect these advances to allow for the exploration of novel frontiers in
ultrafast and laser physics, but also to tackle more fundamental challenges in the
study of light-matter interactions. Specifically, we foresee these latest develop-
ments in ultrafast optical monitoring to act as a strong catalyst to enable new
implementations of ‘smart photonic systems’ which can readily exploit real-
time measurements for machine learning analysis and optimization of complex
optical wave packets [67,69,123,124]. There is no doubt that, once again, DFT
and real-time measurements may prove a game changer to bridge gaps between
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an ever-growing variety of multidisciplinary applications in photonics and
beyond.
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