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Abstract

Due to the visco-elasto-plastic material behavior, the added energy to concrete speci-

mens during fatigue tests is transformed into another form of energy. Besides the

description of the energetic material behavior of concrete, the elastic and the plastic

part of the energy as well as the dissipation energy are analyzed for different speci-

mens. Especially the dissipation energy shows a correlation with the damage pro-

cess as a result of the cyclic loading. Regarding this correlation, a new energetic

damage model is introduced. With this model, a degree of damage during the tests

and the development of the damage parameter over the load cycles can be deter-

mined. First tests with the developed model show good and plausible results.
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1 | INTRODUCTION

Despite decades of research, the damage and degradation
behavior of concrete under cyclic loading has not yet been
fully understood and has numerous influencing factors.1

Besides the analysis of the strain development and
the degradation of stiffness during fatigue tests, the
warming of the specimens was being on focused more in
the past.2–10 It was shown that specimens were heated up
dependent on the stress amplitude, the maximum stress
level and the loading frequency. Furthermore, a correla-
tion between the increase in temperature and the damage
behavior was recognized.2

Within this paper, the energetic behavior of concrete
specimens is described first and then, pure compressive
loaded fatigue tests are analyzed in an energetic manner.
Thereby, a correlation between the dissipation energy
and the damage process can be determined. Based on this

correlation, a damage model is introduced and used for
the analysis of an experimental testing series.

2 | ENERGETIC CONSIDERATION
OF THE MATERIAL BEHAVIOR

Specimens or structural components dissipate energy due
to their displacement as a result of the mechanical load-
ing. This energy has to be seen as mechanical work
which is physically described by the force and displace-
ment parameters. Therefore, the stress–strain curves
regarding the loading and unloading processes describe
the deformation behavior as well as the energetic behav-
ior of the material. For an ideal-elastic material behavior
the loading and unloading curve are identical and
according to Wischers,11 the elastic energy Eel is
described by the area below the curve (Figure 1).

In contrast, for an elasto-plastic material behavior, a
part of the deformation is irreversible and the loading
and unloading curve are shifted parallel to each other
(Figure 2). While the area below the unloading curve still
describes the elastic energy Eel, the area between the
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loading and the unloading curve describes the plastic
energy Epl.

Besides the elastic and plastic deformation parts, the
deformation behavior of concrete consists also of a viscous
part. This viscous behavior is shown with the reloading
curve in Figure 3. At the beginning of the reloading pro-
cess, the deformation is lower than the deformation of the
unloading curve before. The enclosed area is called hys-
teresis and characterizes the dissipation energy Eδ, which
is described in the next chapter.

3 | DISSIPATION ENERGY

The dissipation energy Eδ describes the absorbed energy
during a load cycle which is transformed and remains in
the specimen or structural component. In the literature,
this energy is sometimes also named as damping

energy.12,13 Furthermore, there are different approaches
for which processes the dissipated energy is used. For
Ban,14 the cumulative dissipated energy ΣEδ from all load
cycles is responsible for the fatigue damage. Instead of
this, Spooner et al.15 consider only the dissipated energy
Eδ during the first load cycles to be responsible for the
damage and the dissipated energy Eδ during the follow-
ing load cycles to be responsible for the damping behav-
ior. Another hypothesis from Teichen16 indicates that a
major part of the dissipated energy Eδ is transformed into
thermal energy. This hypothesis was already confirmed
in a previous paper17 and is in accordance with the
observed warming of concrete specimens during fatigue
tests.2–10 Also, the explanation from Whaley18 and Chen
et al.,19 that the friction and sliding processes between
cracks and around the grains are responsible for the hys-
teresis and therefore for the dissipation energy Eδ, sup-
ports this hypothesis.

Other examinations show a significant correlation
between the warming of concrete specimens and the
damage behavior during fatigue tests.2 This correlation
refers to the comparison between the damage process
with the warming rate at the beginning of the tests, with
the temperature distribution inside and on the surface of
the specimens and with the temperature development
during the fatigue tests.

As a result of the temperature gradient between the
specimens and their environment, a thermal energy
transfer occurs. This heat loss depends on different and
often unknown boundary conditions like air supply and
the design of the testing machine. Therefore, as the dissi-
pated energy describes the heat generation, which is
independent of the heat loss, the direct correlation
between the dissipated energy and the damage behavior
is analyzed in this paper.

FIGURE 1 Elastic material behavior, according to Wischers11

FIGURE 2 Elasto-plastic material behavior, according to

Wischers11

FIGURE 3 Deformation behavior of concrete, according to

Wischers11
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4 | EXPERIMENTAL STUDIES

4.1 | Testing programme

For the experimental tests, cylindrical concrete speci-
mens with a diameter of d = 100 mm and a height of
h = 300 mm were fabricated. A Portland cement CEM I
52,5 R and quarzitic aggregate with a maximum grain
size of dg = 8 mm were used. The specimens were
removed from the formwork after 1 day and stored under
water for additional 6 days. Afterwards, the specimens
were stored in a climate chamber with standard condi-
tions at a temperature of TL = 20�C and a humidity of
φ = 65% until they were tested. The water-cement ratio
was 0.50 and the resulting 28-day compressive strength fc,
cyl,m,28d = 64.9 MPa. After 28 days, all specimens were
heated to 105�C in a drying oven for 3 days. This was
done to reduce the impact of the temperature to the
material properties during the fatigue tests (reduction of
moisture content and avoidance of further hydration dur-
ing fatigue tests). Following the 3 days in the drying
oven, all specimens were stored again in the controlled
climate chamber until they were tested. The used identifi-
cation scheme of the specimens is only based on the
chronology during their manufacturing process. There-
fore, the names of the specimens do not indicate any rele-
vant differences for the analysis of the fatigue tests.

The fatigue tests were conducted with a 2.5 MN servo-
hydraulic testing machine. To adjust the stress levels,
static loaded tests with a stress rate of 0.5 MPa/s were
conducted immediately prior to the fatigue tests, 140 days
after fabrication. Instead of a higher compressive strength
compared to the 28-day compressive strength, a decrease
to fc,cyl,m,140d = fref = 55.7 MPa was determined. Moreover,
an unusual high variance regarding the six tested
specimens between fc,cyl,min,140d = 50.5 MPa and fc,cyl,
max,140d = 62.3 MPa occurred. It is assumed that during
the warming and cooling in the drying oven some temper-
ature induced damage processes occurred inside the
specimens.

The programme for the cyclic tests consisted of
27 specimens. These specimens were tested force-
controlled with a sinusoidal loading curve with loading
frequencies of fp = 2 Hz and fp = 8 Hz. The implemented
sinusoidal loading curve varied between a minimum

stress level of Smin = σmin / fref = 0.05 and a maximum
stress level Smax = σmax / fref, according to Table 1.

Three laser distance sensors, distributed at the posi-
tions 0�, 120�, and 240� around the specimens measured
the longitudinal displacement and consequently the
strain of the concrete with a measuring frequency of
fm = 300 Hz (Figure 4). With the same frequency, the
force was measured by a load cell. Additionally, the tem-
perature was measured with thermocouples type T and a
thermographic camera.

4.2 | Results

The S-N-curves for the tests with the loading frequencies
of fp = 2 Hz and fp = 8 Hz are shown in Figure 5. Overall,
the expected trend that higher maximum stress levels
Smax lead to lower number of load cycles to failure Nf

appears. However, the scattering of the number of load
cycles to failure Nf for the different stress levels was high.
This scattering can be explained by preliminary damages
due to the drying procedure.2

By using the algorithm from Bode et al.,20 the areas of
the hysteresis for every load cycle were calculated. The
algorithm was implemented in MATLAB and compares
the unloading and reloading parts of the stress–strain
curve to calculate the dissipation energy Eδ for every load
cycle. The resulting curves of the dissipation energy Eδ

per load cycle for selected specimens are shown in
Figure 6 and Figure 7. For a better overview, the pres-
ented curves are already smoothed. Because of the high
scattering regarding the number of load cycles to failure
Nf, the analysis was done independently of the maximum
stress levels Smax. Instead, the numbers of load cycles to
failure Nf of the selected specimens are also shown in
Figure 6 and Figure 7. Specimens with low numbers of
load cycles to failure Nf were apparently tested on a high
maximum stress level Smax regarding their individual
compressive strength fc and specimens with higher num-
bers of load cycles to failure Nf on a lower individual
stress level.

It can be seen that for specimens with higher values
and a stronger increase in the dissipation energy Eδ per
load cycle, the failure occurs earlier than for specimens
with lower values and a smaller increase. Besides, the

TABLE 1 Testing programme Series 1 2 3 4 5 6 7 8 9

Smax (−) 0.80 0.80 0.75 0.75 0.70 0.70 0.65 0.65 0.60

Smin (−) 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

fp (Hz) 8 2 8 2 8 2 8 2 8

Quantity 3 3 3 3 3 3 3 3 3
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values from specimens with a similar number of load
cycles to failure Nf are lower for specimens with a loading
frequency of fp = 8 Hz than for those with a loading fre-
quency of fp = 2 Hz. The typical shape with three phases,
which is already known from the strain behavior and the
stiffness degradation during fatigue tests, can also be seen
in Figure 6 and Figure 7. After a non-linear increase in
phase 1, the values develop linearly or keep constant in
phase 2. Phase 3 starts shortly before failure with another
non-linear increase. During the tests with the specimens
ZA1.10 and ZA3.8 no failure occurred. Both tests were
stopped after N = 106 load cycles. The resulting curves in
Figure 6 and Figure 7 remain constant after an initial
increase. Later, they are even decreasing.

A comparison of the different parts of energy for three
selected specimens with significantly different number of
load cycles to failure Nf in Table 2 indicates the special
significance of the dissipation energy Eδ. First, the elastic
energy Eel for the last load cycle before failure is analyzed
according to Figure 1 - Figure 3. The plastic energy Epl is
described by the irreversible displacement. The values in
Table 2 describe the plastic energy Epl throughout the
entire test duration. Additionally, the values for the dissi-
pated energy Eδ per load cycle and the cumulative dissi-
pated energy ΣEδ until the end of the respective test were
analyzed.

As the elastic energy values Eel seem to be smaller for
specimens with a higher number of load cycles to failure
Nf, this cannot be said for the plastic energy Epl. Like
described before, the values for the dissipated energy Eδ

per load cycle are higher for specimens with a small

FIGURE 4 Test and measurement setup

FIGURE 5 S-N curves of the experimental tests

FIGURE 6 Dissipation energy Eδ per load cycle, fp = 2 Hz

FIGURE 7 Dissipation energy Eδ per load cycle, fp = 8 Hz

E854 BODE AND MARX



number of load cycles to failure Nf. Due to the higher
number of load cycles, the cumulative dissipation
energy ΣEδ increases with the number of load cycles to
failure Nf. The comparison of the different kinds of
energy in Table 2 confirms the hypothesis from
Teichen16 and the results from Vogel et al.17 that the dis-
sipated energy is responsible for the warming of the
specimens. Connected to the correlation between the
damage behavior and the warming of the specimens,2 in
the following chapter, the straight correlation between
the damage process and the dissipation energy Eδ is
analyzed. Such correlation was previously analyzed by
Song et al.,21,22 but only for low cycle fatigue tests. A
previous damage model, which was introduced by Lei
et al.,23 is based on constant values of the dissipation
energy Eδ per load cycle and does not seem to be appro-
priate with the presented results in Figure 6 and
Figure 7. Even if the dissipation energy is already used
for a damage model and as a damage parameter24,25 for
high cycle fatigue tests, a specific analysis of the correla-
tion is not known. Other energetic damage models, like
the Envelope Concept26,27 and the model from
Pfanner,28 are based on the elastic and plastic energy
instead.

5 | ANALYSIS OF THE
DISSIPATION ENERGY

To analyze a specific value of the dissipated energy Eδ

per load cycle indicating an upcoming failure, the curves
for the last N = 1,000 load cycles before failure for five
different specimens are presented in Figure 8.

Unfortunately, the curves for the values at the end of
the tests are neither identical nor parallel to each other:
The lower the number of load cycles to failure Nf, the big-
ger the values for the dissipated energy Eδ per load cycle
and the steeper the curves of the specimens. Therefore, it
is not possible to indicate a critical value or a critical gra-
dient of the dissipation energy Eδ per load cycle
prognosing an upcoming failure.

Next, the cumulative dissipated energy ΣEδ until the
end of the test is analyzed. Figure 9 shows the values of
the cumulative dissipation energy ΣEδ for every speci-
men, tested with a loading frequency of fp = 8 Hz, with

regard to their number of load cycles to failure Nf. It is
shown that the points from the different specimens are
nearly located on a line. The corresponding curve can be
described by the power function from Equation (1). The
analysis of the specimens, tested with a loading frequency
of fp = 2 Hz, results in a similar functional relationship.
The resulting curve can also be described by a power
function which is dependent on the number of load
cycles to failure Nf (Equation (2)). Both the coefficients
and exponents from the two functions differ from each
other.

ΣEδ,fail,8Hz Nð Þ=0:0107 kJ �N0:844: ð1Þ

ΣEδ,fail,2Hz Nð Þ=0:0090 kJ �N0:897 ð2Þ

In this paper, the following analysis is limited to the
tests with a loading frequency of fp = 8 Hz. The obtained
results for the tests with a loading frequency of fp = 2 Hz
show the same characteristics.

As shown in Figure 10, the cumulative dissipated
energy ΣEδ of a specimen is below the “line of failure”
which is described by the power function from
Equation (1) during the entire test. Only if the curve of a
specimen's cumulative dissipation energy ΣEδ crosses the
“line of failure”, does a failure occur.

TABLE 2 Analysis of the different components of energy for three selected specimens

Specimen Nf (−) Smax (−) Smin (−) fp (Hz) Eel (J) Epl (J) Eδ (J) ΣEδ (J)

ZA2.4 858 0.80 0.05 8 131 82 2.0–6.2 3,107

ZA3.9 12,516 0.65 0.05 8 100 95 1.2–6.1 31,203

ZA3.1 1,272,908 0.60 0.05 8 76 68 1.0–2.3 1,580,455

FIGURE 8 Dissipation energy Eδ per load cycle for the last

1,000 load cycles before failure, fp = 8 Hz
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As the “line of failure” is described by a power func-
tion with an exponent smaller than 1.0, the gradient of
the line becomes smaller for higher number of load
cycles to failure Nf. Therefore, a failure occurs even for
specimens with a constant progress of the dissipated
energy Eδ per load cycle. This is shown by the curve of
the specimen ZA3.1 in Figure 7. The values of the dissi-
pated energy per load cycle Eδ remain constant, how-
ever, the specimen does fail. In contrast to this, the
specimen ZA1.10 does not fail and the values remain
nearly constant, too. This also illustrates that a conclu-
sion cannot be drawn directly from the dissipation
energy Eδ per load cycle to the damage degree of a speci-
men. Instead, in the following chapter the degree of
damage will be analyzed by using the cumulative dissi-
pation energy ΣEδ.

6 | ENERGETIC DAMAGE MODEL

As described before, a failure occurs at the time when the
cumulative dissipation energy ΣEδ,i of the specimen
reaches the “line of failure” (Figure 10). Based on this, a
damage parameter D(N) is installed and described by
Equation (3).

D Nð Þ= ΣEδ,i Nð Þ
ΣEδ,fail Nð Þ ≤ 1:0: ð3Þ

The damage parameter D(N) is characterized for
every load cycle N by the ratio between the cumulative
dissipation energy of a specimen ΣEδ,i(N) and the value
of the “line of failure” ΣEδ,fail(N) of the test series. To
obtain the essential “line of failure” ΣEδ,fail(N), the values
of the cumulative dissipation energy ΣEδ and the num-
bers of load cycles to failure Nf from different specimens
of the same test series are used. As decribed before, no
more than the displacement and the force data are neces-
sary to calculate the dissipation energy Eδ per load cycle
and therefore the cumulative dissipation energy ΣEδ.
Therefore, no additional measurement devices are
needed to use the introduced damage model.

In this paper, the model is used to analyze the speci-
mens tested with a loading frequency of fp = 8 Hz. The
resulting curves of the damage parameter D(N) are
shown in Figure 11 referring to the number of load
cycles and in Figure 12 referring to the normalized test
duration N/Nf. The dashed lines of the specimens ZA4.5
and ZA1.10 indicate runout tests. These tests were
stopped after N = 105 load cycles (ZA4.5) or rather
N = 106 load cycles (ZA1.10) without the occurrence of a
failure.

FIGURE 9 Cumulative dissipation energy ΣEδ at the end of

the test of the individual specimens, fp = 8 Hz

FIGURE 10 Resulting “line of failure” and the development

of the cumulative dissipation energy for three selected specimens,

fp = 8 Hz

FIGURE 11 Damage parameter D(N) for different specimens,

fp = 8 Hz
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Whereas the lines in Figure 11 differ from each other,
the development of the damage parameter D(N) referring
to the normalized test duration N/Nf in Figure 12 is simi-
lar for the different specimens. The development of D(N)
can be divided into the three phases already known from
strain development and stiffness degradation for fatigue-
loaded specimens. At the beginning in phase 1, the dam-
age parameter increases rapidly. Then, the gradient
decreases until the damage parameter D(N) develops
nearly linearly. After a normalized test duration of
N/Nf ≈ 0.80 with the beginning of phase 3, the gradient
increases until the specimen's failure. The values D(N)
for the different specimens at the time of their failures
are between D(N) = 0.87 and D(N) = 1.21, whereby the
maximum value seems to be a single outlier. For both of
the runout specimens ZA4.5 and ZA1.10 the development
of the damage parameters D(N) are different and their
final values are below D(N) = 1.0. Especially the small
gradient of the specimen ZA1.10 at the end differs from
the course of the other specimens and does not indicate
an upcoming failure.

In contrast to the cumulative damage hypothesis of
Palmgren29 and Miner30 that describes a linear develop-
ment of the damage referring to the number of load
cycles N, the curves in Figure 11 and Figure 12 describe a
different damage process. The biggest difference is the
strong increase at the beginning resulting in values of
the damage parameter of D(N) > 0.5 after N/Nf = 10% of
the number of load cycles to failure. In the literature,
there are different research results that confirm the
strong increase at the beginning. Acoustic emission
results for fatigue tests from Spooner and Dougill31 indi-
cate that there is a large number of hits when the strain
surpasses the maximum strain of the previous load cycle.
Because of the known strong increase of the specimen's
deformation at the beginning of a fatigue test, there is

also a strong increase in the damage parameter D(N) dur-
ing the first load cycles. Furthermore, the development of
the damage-induced strain component from von der
Haar and Marx32 shows a similar behavior. These curves
also develop in three phases with a strong increase at
the beginning, followed by a linear increase during the
following load cycles. Thus, the introduced damage
parameter D(N) describes the damage behavior more
appropriately compared to the linear development of the
damage described by Palmgren29 and Miner.30 The vary-
ing and relative small values of the elastic and the plastic
energy Eel and Epl from Table 2 indicate the inaccuracies
of the other two mentioned energetic based damage
models, the Envelope Concept26–27 and the model from
Pfanner.28 Due to the high values of the cumulative dissi-
pation energy ΣEδ resulting from the calculated values of
the dissipation energy Eδ for every load cycle, the intro-
duced damage model is less affected by minor measure-
ment inaccuracies or other unintended influences.

7 | CONCLUSION AND OUTLOOK

Within this paper, on the basis of energetic analysis of
fatigue-loaded concrete, a correlation between the dam-
age process and the dissipation energy is shown. The
developed damage model can be used for the valuation of
the degree of damage during the testing as well as for the
analysis of the damage progress referring to the entire
test duration and the evaluation of the runout specimens.
Especially the small scattering and the different develop-
ment of the damage parameter D(N) of the runout speci-
men ZA1.10 indicate the suitability of the model.
Furthermore, the comparison with the acoustic emission
tests from Spooner and Dougill31 and the damage-
induced strain component from von der Haar and Marx32

verify the model.
Because of the dependence of the damage parameter

D(N) on the specific “line of failure”, the line's function
needs to be determined for every testing series. Further
research showed that the functions are dependent on the
loading frequency fp, the minimum stress level Smin and
the individual concrete type. The exact impact from the
different parameters needs to be examined in more detail.
Besides, the model which is limited to fatigue tests with
constant stress levels Smin and Smax so far, is being
extended for multi-level fatigue tests. The first analysis
indicates good results which will be published in the near
future.
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