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1 | INTRODUCTION

Mixed finite element methods are among the most efficient techniques to solve second-order differential equations; there-
fore, this method has become an interesting research area during recent years. In particular, in Pani and Yuan,! a mixed
finite element Galerkin method is used for a strongly damped wave equation. Liu et al.? presented an H'-Galerkin mixed
finite element method for a class of second-order Schrédinger equation. Liu et al.® considered a new numerical scheme
based on the H'-Galerkin mixed finite element method for a class of second-order pseudo-hyperbolic equations. Liu et al.*
presented two splitting mixed finite element schemes for the pseudo-hyperbolic equation where a mixed finite element
method applied for approximating the solution of nearly incompressible elasticity and Stokes equations.

Wang and Ye? introduced a novel mixed finite element for the second-order elliptic equation formulated as a system of
two first-order linear equations. In Monk et al.,’ a hybridized mixed method was presented to discretize the Helmholtz
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problem using Raviart-Thomas finite elements. Discretization of the shallow-water equations using the Raviart-Thomas
finite element method was presented in Rostand and Le Roux.” Ainsworth® obtained an a posteriori error estimator for
the lowest order Raviart-Thomas mixed finite element which provided the computable upper bounds on the error in
the flux variable regardless of jumps in the material coefficients across interfaces. The numerical approximation of the
displacement form of the acoustic wave equation using mixed finite elements was explained in Jenkins.’

In Glowinski and Lapin,'® the space-time discretization using a combination of mixed finite element method
(Raviart-Thomas) and a finite difference scheme was applied for the time discretization of the wave equation. A splitting
positive definite mixed finite element method was used for the second-order viscous elasticity wave equation in Liu et al.!!
In Parvizi and Eslahchi,'? an extended Raviart-Thomas mixed finite element method was applied to approximate the
solution of damped Boussinesq equation. In Gao et al.,'* the numerical solution of a viscoelasticity wave equation using
mixed finite element approximations is studied. Jenkins et al.'# presented a priori error estimation for the mixed finite
element displacement formulations of the acoustic wave equation. In He et al.,'*> mixed finite element methods, explicit
and implicit in time, for a fourth-order wave equation were studied. Liu and Li'® applied Galerkin mixed finite element
methods to approximate the solution of a class of second-order pseudo-hyperbolic equations. In Bécache et al.,'” a new
family of quadrangular (two-dimensional) or cubic (three-dimensional) mixed finite elements for the approximation of
elastic wave equation was used. A new approach for stabilization of low-order velocity-pressure pairs for the incompress-
ible Stokes equations using mixed finite element was presented in Bochev et al.'® For several model problems, the general
inf-sup condition for the mixed finite element was reviewed in Bathe.!® In Shi et al.,?° a new stabilized mixed finite ele-
ment method for the Poisson equation was presented. For more details, we refer to the following paper and corresponding
equations, Cahn-Hilliard equation,?"?? phase-field fracture,?® drift-diffusion-Poisson system,?* and damped Boussinesq
equation.?

A crucial step in the analysis of the mixed finite element schemes is to study the error analysis of the discretized solutions
obtained from the mixed finite element method. But first, we need to verify conditions such as consistency, ellipticity, and
the so-called inf-sup (or LBB) condition.?® A main advantage of using the mixed finite element method is the freedom to
choose suitable approximation spaces for different types of equations. Robey?’ shows that in the mixed framework, it is
not always necessary to meet the LBB condition, and instead, the idea of a weak LBB condition is introduced in this paper.

This paper is concerned with the Raviart-Thomas mixed finite element method for the following coupled Kirchhoff-type
wave equation with nonlinear boundary damping and memory term?%2%:

Up(x, ) — (1+ VU5 + IVVII3) AU, £) — AUx, 1) = f(x, ) x € Q, t €[0,T], (1a)
Vi, t) = (1+ IVUIIZ + IVVII3) AV, 1) — AVix, £) = f(x,0) x € Q, t €0, T], (1b)
U=V=£=£/=O on %, (10)
ov ov

(1+ VUL + IVVI3) % + % + U+ U, +g0\UPU, = g % |[UU on X, (1d)

) ,\ oV aV, . ,
(1+1IVUIIL + 1IVVIIE) Sttt V+Vi+g®O|ViPV, =g+ |VI"V on X, (1e)
U(x, 0) = Up(x), Ui(x,0) = Uy (%) X € Q, (1f)
Vi(x,0) = Vo(x), Vi(x,0) = Vi(x) x€Q, (1g)

where U and V represent the transverse displacements, Q is a polygon domain of R? with a boundary " := 9Q such that
I' =Ty Uy and I'y and I'; have positive measures, and £, :=T; X [0, T] and Iy := X [0, T]. Here, (1a) has its origin in
the mathematical description of small amplitude vibrations of an elastic string.?’ We define ‘;—[VJ := VU - v where v is the
unit outer normal vector pointing toward Q and

2
dx’

t
2
o .y [|U
g * u(f) ._/g(t nu(rydr, VUl := ;/ ‘axl- x)
Q

0

and 0 < g < a; (aconstant),y > 0,p > y. We have the following assumptions on the kernel g of the memory term
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£ € L=(0,00) NLL(0, ),

« g(t) > 0t > ty, where ¢, is a constant,
o g(t) < g1 < —myg)Vt € [0, to],
8(0) =0 |g'(1)] < myg(t) Vt € [0, 1o],

for some mgy, my, my > 0, m; > 2(y + 2),and 1 — f0°° g(r)dr. The function f satisfies the mentioned conditions of
Ferreira et al.,>® which guaranties its meaningfulness. Finally, the existence and the uniqueness of the system Equation 1
can be found in Ferreira et al.° A fully discretization analysis is done by Parvizi et al.3!

Let us define W := {u € H'(Q)|u = 0onT’;} and assume Uy, Uy, Vj, and V; belong to HY 2(Q) n W should satisfy the
following assumptions:

(1+ VU I3, + IVVollg) AUo + AUy = (1+ [VUollg + IVVoll3,) AVo + AV on Q, (2a)
1%
Up=vo=220 o _on g, (2b)
ov ov
oUy U
(L+IVUsllg + 9Vollg) =% + == + Up + Ur + g0 U1PUy = 0 on T, 20)
Wy oV,
(1+ VUL + IVVoll3) 6—0 + a—l +Vo+ Vi +g®)|Vi|PVi =0 on T. (2d)
\% 1%

Now, we review the history and the background of (1). The first Kirchhoff equation was of the form

L

*U Eh oUN? , | o*U
”hﬁﬂ’“z/(a)d’“ﬁ x€[0.1]. £20, 3
0

where this equation extends the classical d'Alembert's wave equation by considering the effects of the changes in the
length of the strings during the vibrations. Equation 3 is called the wave equation of the Kirchhoff type because Kirchhoff
was the first one who introduced this equation in the study of oscillation of stretched strings and plates.?? The equation

L

2 2 2
U L U | Eh/((;_;f>dx %:q(x,t) x€[0,L], t>0
0

is a mathematical Kirchhoff model of nonlinear transverse vibration, neglecting the displacements along the string's axis
and averaging tension N over its length L. In this equation, p is the density of the string material, E is the Young modulus
of the latter, C is the viscous damping parameter, p, is the initial string tension value, and q(x, f) is the transverse load
intensity.>3 Here, we consider the following equation3*:

Us — @ (IIVU||3) AU — aAU, = b|U|P*U in Qx(0,),

U, t)=0 on Iy X (0, 00),
2\ 0U | oU _ 4)

(p(”VU”Q)E-FaE =gy on I'p X (0,00),

Ux,0)=U, U (x,0) = U, in Q.
In the special case of (4), the dynamics of the moving string in Figure 1 can be described by
L
’U  PU Eh [(oU\?, |9*U

e —as— =|p+ >t [(S2) dx|SS 47 xeloLlt20, 5
P " Yoar |70 T oL / ox o [0.L] ®)

0

where U = U(x, t) is the lateral displacement at the space coordinate x and the time t. Additionally, E, p, h, p,, a, and fare
the Young modulus of the latter, the mass density, the cross-section of the area, the length, the initial axial tension, and the
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FIGURE1 Schematic diagram of the axially moving Kirchhoff u
string A

L
a
£
=

4

resistance modulus, respectively. Physically, Equation 4 occurs in the study of vibrations of damped flexible space struc-
tures in a bounded domain in R”. The term a Au, is the internal material damping of Kelvin-Voigt type of the structure.
For a freely vibrating fixed-fixed string with two polarized displacements U; and U,, the Kirchhoff-Carrier equations are
described by3*3¢

"2’1 (p+NZ&=0oxef0.l] >0
ot (6)
(po+N) % =0 xe[0,L] t>0,

0t2

where N is the axial tension created by the large amplitude motions and the coupling with the transverse motion and

defined by
B [ (o0 [0\
1 2
=— — — dx. 7
2L ((6x>+<6x>) 0
0

In these equations, p is density, E is Young's modulus, h is the crosse section, p, is the tension, and L is the length.

Equation 1 is a nonlinear PDE with a gradient term. In order to obtain the convergence rate for the approximation
technique, the efficient strategy is converting the equation into a system of two nonlinear first-order equations (using an
auxiliary variable). Then, the Raviart-Thomas mixed finite element can be employed to solve the system.

The paper is organized as follows. In Section 2, the necessary definitions and lemma that will be used in the next sections
are introduced. In Section 3, the semi-discrete Raviart-Thomas mixed finite element method?” for solving (1) is presented
in detail, and the main theorem of this paper is mentioned. In Section 4, we provide a proof for the main result mentioned
in Section 3. In Section 5, we demonstrate the accuracy of theoretical results using a numerical example.

2 | PRELIMINARY AND NOTATIONS

This section is devoted to the necessary definitions and some preliminaries. We also mention a lemma regarding the
regularity of the solutions of Equation 1 and introduce two required lemmas that will be used later in our analysis.

For the Hilbert spaces H*(Q) and (H*(Q))?, k > 1, the standard inner product is denoted by (-, k.o, and the associated
norm is denoted by ||-||;. o For k = 0, H*(Q) and (H*())? coincide with L*(Q) and (L*(Q))?, respectively, and we use (-, -)o
and ||| to denote the corresponding inner product and norm. In order to define a weak formulation of the problem, we
introduce the following spaces

HE Q) :={ueH"Q) : ulr, =0},
L= ([0, T], HE(Q) :={u : u(.t) € H{(Q)u(x,") € L*([0,T]},
L* ([0,T],L*(Q) :={u : u(.t) L2 Qux,-)€L*(0,T)},
L® ([0, T], HY(Q) :={u : u(,0) € H(Q) u(x,") € L* (0, T)},

H(div, Q) := {q € (I2Q)° : V-qe Lz(Q)},
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and we equip these spaces with the norms |||, 0.0, I*lleck.0.00 I'llc0.0.0> a0 |||l o .0, T€SPECtively. Furthermore, H(div, £2)
is endowed with the following norm:

llalla@ve = (gl + 11V - q||2)1/2. (8)

Lemma 1. Under the mentioned assumptions for Equation 1, these equations have unique solutions U, V' : QX[0, T] —
R such that U, V € L= ([0, T], HX(Q)), U;, V; € L= ([0, T], H)(®)) and Uy, Vi € L* ([0, T, L*()).
Proof. See Bae.?

Lemma 2 (The Gronwall lemma).’® Let ¢ € C([0,t]), ¢ € C'((0,1)), and there exists a constant « € R and a
continuous function g, such that for t € (0, t,), @ satisfies one of the following inequalities:

L o(t) < ap(t) + 100 ©)
t
o(t) < 9(0) + / [ag(s) + g1(s)] ds: (10)

0

then, ¢ satisfies the following estimate
t

@(t) < e"p(0) + / g1(s)e™"™9ds.
0

Lemma 2.3. (Houston et al*’ and Liu & Barrett®). Let f € C([0, T] x Q) satisfies the following estimate:
ms(x—s) < f(t,x)x— f(t,8)s < Mg(x—5), x>0,5>0,t>0,

where my and My are positive constants. Then, there exist the constants C; > C, > 0, such that for vectors u, v € R and
t € [0, T], we have
|f @& vhv—f&luhul <Cilv—ul,

Clv—ul?> < (f @t vhv— f (& uhuw).w—v).

3 | MIXED FINITE ELEMENT METHOD (SPATIAL DISCRETIZATION)

In this section, we present a mixed variational formulation for Equation 1 and describe the Raviart-Thomas mixed finite
element scheme associated with this variational formulation. Furthermore, we mention the main theorem of the paper
which is related to an a priori estimate of the error of the semi-discrete scheme.

3.1 | The weak formulation

This subsection is devoted to introduce the variational formulation of Equation 1. We denote X := L2(Q) and
M := H(div, Q); then, the mixed formulation is obtained by splitting each of (1a) and (1b) into two equations where
W :=VUeMandZ :=VV € M. Thus, Equation 1 can be written in the following form:

Unx,t) = (1L+ WG+ I1Z1I3) V- W(x, 1) = AUx, 1) = f(x,t)  x€Q, t€[0,T], (11a)
W=VUxeQ, te[0,T], (11b)

Vibe, ) = (L+ WIS+ 1Z13) V - Z(x, 1) — AV(x, 1) = f(x,t)x € Qt € [0, T], (11¢)
Z=VWxeQtel0,T], (11d)

U=V=W-v=Z-v=0 on 3, =1 x[0,T], (11e)

U,
(L+ WIS+ I1ZI5) W - v+ a—‘ +U+ U +g®)|UPU =g * |[U"U on =Ty x[0,T], (11f)
1%
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1%
1+ WL+ 1ZII3) Z - v+ a—v‘ +V+Vi+gO|ViPV, =g * |V|'V on Zo =T, x[0,T], (11g)
Ux,0) = Uy(x), Ui(x,0) = Ui(x)x € Q, (11h)

V(x,0) = Vo(x), Vi(x,0) = Vi(x)x € Q. (11i)

Then, the weak formulation associated with (11) gives rise to the following variational formulation of (1): find
(U,V,W,Z) e X x X X M X M such that

0? 0
< v, (p> +(L+IWIE +1Z12) (W. Vel + (V—U, Vo) +U.or,

ot2 ot
(5 (p> +8() pa =(g*|U'U,9). +(f.0)a @EX, (12a)
ot I, at r, To
(W.y)o=(VU,y)y €M, (12b)
d2 2 2 d
Vo) +(L+IWIR+1ZI3) @ Voo + (VSV. Vo) +(V. o) (12¢)
dt o ot Q 0
+(gve0), +ao(|5v dyo) = (g VIV.0) + (. oapeX.  (120)
ot ot | dt r, To
(Z’ W)Q = (VW’ W)QW € M’ (126)
oUu
(U(O)7 (P)Q = (UO’ (p)Q.7 < -, ’(p> = (U17 (P)Q(P EX7 (12f)
ot t=0 Q
oV
(V(O)’ (p)Q = (VO’ (p)Q’ < S, ) (P) = (Vl7 (p)Q(p eX. (lzg)
at =0 Q
3.2 | Mixed finite element discretization
Let 7, = {T4, ... , Tn} be a quasi-uniform triangulation of Q with the mesh width h := maxr,er, diam(T}). Also, the mesh

T, assume to be regular in the Ciarlet sense. Furthermore, we assume the elements are y-shape regular in the sense that
we have diam(T;) < y |T; |1/3 for all T; € Tp. For T € Ty, let Pi(T) denote the space of polynomials of degree < k over T.
Fork > 0Oand T € T;, we define

RTk(T)3={<§;>+P3<2> : pi € P(T), i=1,2,3}.

Then, we define the following spaces:

={wweM : V|t € RTi(T), VT € T},
={wmex : vulr € P(T), VT € Ty} .

Finally, based on the variational formulation (12) and the mentioned finite element spaces, we define the Raviart-Thomas

mixed finite element method for (1):
find (up, v, wn, zZn) € X X X X My, X My, such that

0? 0
( tn, <p> + (14 1wally + 2ally) h Volo + (VS un Vo) +(un o,
Q

o ot
+(3u ) +2(0) ’—u
ot hs @ r 8 h

0

0
tuh,(p> = (g* lunl"un. @) +(f. 00 @ EXn, (13a)
I

Wh, ¥)g = (Vup, W)y € My, (13b)
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d? 0
(—vh, <o> + (14 Iwall + lz4l13) @n Vodo + (VS0 Ve )+,
Q

dt? ot
+ (ivh, (p) +8(0) ‘ivh pivh,(p = (g vl @) +(f. @0 @ EXn, (13¢)
ot T, ot 7| dt r, To
(Zh’ lII),Q = (thv W)QW € Mh» (13d)
duh
(uh(0)7 (P)Q = (UO’ ¢)Q7 < -, s (P> = (U17 (P)Q(P S Xh’ (136)
ot t=0 Q
o,
r(0), @)o = Vo, ®)q, (a_th ,<p> = V1, 9)o@ € X,. (13f)
t=0 Q

Considering suitable regularity assumptions on the exact solutions, the following theorem provides the theoretical rate
of convergence for the semi-discretized Raviart-Thomas method (13).

Theorem 3.1. Let U, V € L™ ([0,T], H\(Q)), and W, Z € (L= ([0, T], H(Q))>, 1 < | < k + 1, be the unique
solutions of the continuous formulation (12) and uy, v, € X, and wy, 2 € My, be the unique solutions of the discrete
formulation (13). Then, the following error estimation holds:

IU®) = un®llg + 1V (©) = vi(@)llg, + WD) = wa®lIg, + 126) — za(O I3,
< CR (VI 1 + IVIE 1o ) + CH2 (IWIE, 1 + 1212, 1

FIWIE o+ 12120 ). VEEI0.T] 1<I<k+1,

where c is a constant depending only on Q and Ty,.

The mentioned theorem will be proved in Section 4. Before we start to prove the theorem, some necessary lemmas
should be presented and proved.

4 | PROOF OF THE MAIN RESULTS
The main purpose of this section is to prove Theorem 3.1, which is mentioned in Section 3. Hence, for the sake of simplicity

and preventing the complexity in the proof, we separate this section into three subsections and prove the required lemma
and theorems. Then, we employ these results to prove the main theorem.

Lemma 4.1. There exist projection operators IT, X Ry, : X X M — Xj, X My, such that"*#

1. TheoperatorTl, : X — Xy is a L>-projection, ie.,

V-wp,u—-Ihu) =0 Yw, e My, ueX, (14)

lu — Myull o) < ch'llullg0 <1< k+1ueH@QnNX. 15)

2. The operator R, : M — My, with V - Ry, = T1,,V- satisfies

(V-(w—-Ryw), ), =0V € X;, weM, (16)
lw - Rawllg < ch[w]lo0 <1< k+1weMnH Q). 17)
IV-w-Rw)llg < ch|V-w[lq0 <I<k+1weMnH(Q)? (18)

where c is a constant depending only on Q and Tj,.
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Let us define the error terms of U, V, W, and Z as

eih = Uup— I,U en =V — 11V,

e3n =Wy — R,W €sh :=Zn— R, Z.

Subtracting (12a-12d) from (13a-13d) gives us

02
<at2 €1hs <p> + (1+ lwallg, + 1zally) Wh, Vo) — (1 + W15 + 1Z11) (W, Ve)q
Q
9 —U
ot hs @ N

p
U %U,(p> = (g lunl"un. @) — (8 + IUI'U. o).
T

0

at

0
—g(t)< T

02
+ | —= (U -11,U),
<at2( h)(ﬂ>

+(V2e1h,V(p) + (e @)p, (;)telh,(l’> +g(t)<’—uh

+ <v2 U - HhU),V(p>
a ot Q

0
FU-TLU. o), + (5 U-TLU).0) . Vo € X (19)

Ty

02
<at2 €2 co> + (14 lwallg, + 1zell3,) @0 Vo) = (1+ WG + I1Z113) (Z, Voo
Q
Y pgv
h ot h, @ N
3}

—g(t)< = ’ =V (p)ro = (g val"vn. @), — (&% IVI'V. o)y,

+ (vi

9 9
Vo), + (), + (e o) +20(|5
2 Vo Q+(ez,h ?)r, + 6 ® ro+g() Py

pe P
+ (L wv-mm. +<V—V—HV,V>
(aﬂ( h)(ﬂ>g 5 ¢ nV) ?),

HV =TV, o), + (2 (V=TV).0) . Yo €Xi, (20)

Ty
(esm W) = (Vern W)y + (U = U), V- y)g + (W — R\W,y)q, Yy € My, 1)
(eansW)g = (Vern W) + (MY = V),V -y)q + (Z = RuZ,¥)q, VY € Mp,. (22)

Plugging ¢ = %el,h into (19) and ¢ = %ez,h into (20) as well as adding these equations together yields

P9 29 9 9 9
: : +(v vz ) +<V— Ve )
<dt2e1h atel’h> <dt2e2h atez’h> ot M Yo ) o T\ Gt Yotk )

+(e 2e > +<e ie ) (ae ae ) (ae ae )
1’h’6t 1Lh r, 2,h,at 2,h ot 1h,a 1h ot 2h,a 2,h r

0

+ Ly =L+ L3+ L4+ Ls+ L, (23)
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where

0 d
Ly = (L+ [wal}, + ||zh||§) (v + 20 VSen) = (1+IWIG +1Z13) (W + 2. va—ez,h)ﬂ,

i) 0. Po 0
L =g | (|2 : ~(|Lu] Lu, 2 ol (|2
2 g()((‘ up uh dtel,h>r0 <‘at 3 atel,h>r0>+g()<<‘ Vh

p
—(12v] 2y 2.,,) ).
ot | ot o ")

0 o] d
L; .= (g * lup|” uh7_elh> <g * |HhU|thU»_el,h> + (g * I, U|"IT,U, _el,h)
ot ot T, ot T,

P P! P
- uru, e ) ( valon e ) ( vV, Le )
<g*| | 5.0 N g * |vnl he 5 €2 g = I, V"I, 51820

V ae
t hs at 2,h r

I_‘0
(g MV, im) ~ (g |V|Yv,ie2h) ,
ot 7/, Jat 7/,

+
L, = a—2(U—H U) 2e —(V II,v), e
4! 2 ), 5 e Y2 h 2.h N

o7

P P
vew-mu.ve ) +<V— VT VS ) ,
at( wU) dtel’h o 6t( nV) e o

Le := U—H,,U,ﬁelh) +<V—Hhv,ﬁe2h) ( (U - ,U), elh)
ot 7/t ot~

0

P! P!
+(Lwv-mv. 2 ) .
<at( wV) arez”“ T,

Ty

From now on, we consider the following regularity assumptions.

Assumptions 4.1. We assume U(t), V(t) € H'(Q) and W(t), Z(t) € (H(Q))%,1 < | < k + 1, are the exact solutions
of (11) and uy(t), vy(t) € X;, and wy, zp € My, are the discretized solutions of (11) obtained from (13). Additionally,
we assume Uy, Uy, Vo, Vi € H(Q),1 <1 <k + 1.

In order to prove Theorem 3.1, the challenging part is to deal with L; and L,. Therefore, the following subsections are
devoted to obtain upper bounds for L; and Lj,.

4.1 | An upper bound for L,

Lemma 4.2. Using the definition of e; p, i = 1, ... ,4, we get the following estimates:

d d d
Slesnlls = (exn Vo) + (5 W=RaW).exs)

and p 5 5
T, ||€4,h||§2 = (64,h, Va@,h)g + <E (Z—-Rn2), e4,h>Q-

Proof. Taking derivative with respect to t from (21) and (22), and putting y = ez, and y = ey, into these equations
as test functions, respectively, yield

d 2 d d d
4 = (esn, V< ) (— W —R,W), ) (—HU—U,V- ) ,
a llesnllo (es,h 37 Q+ at( h €3 Q+ at( h ) en),

and
d 2 0 0 0
— = (esnVZ ) (— Z-Rn2), ) (—HV—V,V~ ) .
i ||e4,h||Q <€4,h 0t€2,h o + BT ( nZ) €4hn o + Y, I1y, ) esn o

Considering the orthogonality estimate from Equation 14, we have

(L auu-1).9 e4) =0,
ot e}
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(i M,V =V).V - e4h) —0.
ot o
Then, the combination of (26)-(29) gives us the desired result.

Lemma 4.3. Let U, V, W, and Z satisfy the regularity assumptions of Assumption 4.1. Also, let us define

P P P P
L :=w2<w,V—e )—RW2<RW,V—e )+ 2( v >&—RZZ(RZ,V—e );
10 -= |lwgllg ( wa 5%, IR:WIIG | Rn 5%, 1Zrllg | Zr 3%, IRRZ1|S ( R 5%,

then, we have

1d
Loz 35 lesalle + 55 llef + Mo

T 2dt 2dt

where

3IMol < (e1h™ + ) (Jlesallp, + ||es,h||;;) + (es® + ca) (fleslls, + lleas’)

2
+lHVa€1h

V3 +c5 (R +n),

1o
Liv
T ” Fracd S

where c;, i = 1, -, 4 are constants depending only on Q and Tj,.

Proof. First, we should note that L, o can be written in the following form:

9 9 9
Liop= 2( ve )—RW2<RW,V— )+ 2(RW,V— )
10 = [[wrllg (wr 55 IRnWIIS | Rn 55 [lwallg | Re 55
— lwall2 (R w,v2e ) IR W (w v, )— IR, (w v, )
wllg (ReW,V—ewn ) nWilg (Wa, V=evn Wil (Wn, Viewn )
+ v —IRnZ2 (Rez, v < + Rz, v<
laally (2 VSrean) = IRAZIG (RoZ.V5cean) +lzally (RuZ, V5cean)

d 2 0
Lean) = IRZIZ (2 VS-e2n)
1) = IRAZI, (2 Vo)

2
- RwZ,V
lzall?, (Rs <

: .
Sean) +IRZIZ (20 V
Sean) +IRAZIE (2

Then, rearranging the terms of (32) gives rise to

0 d
Lio = (Iwally + IR.WIZ) (esn V5-ern) = IRaWI (esn V3enn )
10 = (Iwrllg + IREWIIG) (esn 5 IReW1Ig ( esn 5%,
0 0
+ (Iwalll, = IRWIZ) (RaW. Y Sern) + (12l + IRiZIE) (esn ¥ Soean)

0 0
~ IRAZIIG (e Va-ean )+ (Iznlld = IRAZIZ) (RiZ, VS-e2n )
IRLZ IS, | ea.n 3%2h ), (Iznll3, = IRRZIIZ,) ( Rn 52" ),
Employing Lemma 4.2 and using the following estimates

2 2 d 4
lesnlle g lesalle = 55 lesalla Nleanlls & lesnlla = 5 lleanll
result in the following inequality:

1d 4 2 0 2 2 0
Lio> 2% lesull® = IR,W <e v >+ wall® = |R\W (RW,V—e )
10 2dt llesslla = IR:WIIG ( esn 58 ) (Iwallg = IRAWIIZ,) (Rn 518 )

— R, Z ,V— + — ||IRpZ RyZ,V—
S ||e4h||Q IRLZ|IG | e4.n 3%, (IznllZ, = IRRZII3,) ( Rn 52",

0 0
+ (IRWIG + Iwil) (5 (W = RaW).ean) -+ (IRAZIG + 12ally) (5 (2~ Ru2).esn) .

In order to simplify (34), we rewrite it as

1d 4, 1d 4
LI,O > Ea ”33’}1”9 + Ea ||e4,h||g +M0’

(1)

(32)

(33)

(34)

(35)
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where
0 0
3Mo = (IWI = [IRiWIZ) (es V5ern) + (Iwally, = IRiWIG) (RaW = W.V=e1n)
d 2 0
+ (Iwally, = IRWIZ) (W.V5ern) = IWIE (en Vaern)
0 2 2 0
+ (1213 = IRZI3) (ean V5e2) + ~IRZIZ) (RiZ - Z,V <o)
(1203 = I1RZI3) (e Varean)  + (Izully, = IRAZI) (R Sewn)
2 d 2 0
+ (2l = IRZIE) (2.9 Sean) =121 (esn Varean)
0 2 2y (0
+ (IRAWIG + Iwnly) (5 W = RaW).esn) + (IRAZIL + zally) (5 (Z = Ru2).ean)
0 0
+ (IRWIE+21WIE) (5 W = RiW).ess) = (IRaWIE+2IWIE) (3 W = RiW) s )

0
+ (IRZIL +21213) (5 @ - Ri2).exn) = (IRZIE +21213) (3 2 - RuZ) ean) . (36)

Finally, applying the Cauchy-Schwarz and Young inequalities and approximate properties of Il, and R, from
Lemma 4.1 yields

lHvaelh

H[v e )+ o U sl 8 1P sl + S 1 e

IMo| < e [WI17, (IIes,hllﬁz +

2 2
oo [V + e nzic, (||e4,h||; w1 aens ) + el 1202 [lesnly + S1ZIS flesn
t Q ? 4 at Q >
+811ZI12 [lean||’, + ”v %ol et fess; Sl + Lol + 2eah nwie, | 2w
@ @7 16| ot e lor |l 4T o [l
21 2 2 2l allo | 1 4 stz 19,7
+e7h® [|esnlq Wl + csh™ [leanl|q, a_z + 2 lleanllq + 200h™ 12111 || 52
i t LQ 4 i dt LQ
+c10h? |leang 1217 - (37)
which gives us the desired results. O
Lemma 4.4. Let us denote L; , by
Lis = lizall? (w v2e ) — IRuZ|1? (R w,ve )
12 = lIZrllg h> dtl’hg héllg h7at1,hg
+ ol (20 Srean) = IR (RiZ. V ez
then, under Assumption 4.1, L; , can be written in the following form:
d 2 2
L, = i <||e3>,h||g ||e4,h||g> +Lipo+ L1z, (38)
where L; 5 o and L; , ; satisfy the following properties:
21 4 2 4l 2 2 1 d 2
[Lasal < b eualfy + e sl + csh sl + o e+ 1 [V e )
and
12| < ek + ) (flesalfy + ||e3,h||;) + (esr + cx) (lleanlls + llesalls)
1 0 S| 6l
+ 16 H atelh Q+ H atezh +csh (40)
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Proof. Using the definition of L, , as well as adding and subtracting some terms, one arrives at

o] o] 3]
L, = 2<e vZe >+RZZ<e vZe >+ 2(RW,V—e )
12 = lIznllg | €3n 2% ), IRnZ |G, ( €3 2% ), 1Zrllg | Ru %),

9 9
—IRZ ( ve ) 2 ( ve
IR Z|lG, | Wr 5L Q+”wh”9 ein: Vo

+ |[w RwZ,V— — ||RhW ,V— + ||IRnZ|G { RuW,V —
lwally, (RiZ.VSe2n) = IRaWI (20 V5-ean )+ IRAZIG (RaW. V3ens)

0
e + ||R,W||? (e ,V—e )
n), + IRWIG (esn VSean)

Py P P
+ RW2<RZ,V—e ) - RZZ(RW,V—e ) - RWZ(RZ,V—e )
IREWIg, ( Rn 5%, IRLZ IS ( Rn 5 IReW|lg, ( Rn 5% ) g

Substituting (26) and (27) from Lemma 4.2 into the above formula gives us

d 0
312 = (Il + IRZIG) 7 lesnll + (h2all = NRAZIG) ((RaW WV Sens)
a9 2 2 d 2 d
+ (WovSenn) )= (IRZIE = 1Z13) (esn Voern) = 1213 (esn V5-en)
(W.vSen) ) = (IRZIE = 1Z13) (exn Varenn) = 120 (ean V5cern)
d d
+ (Il + IRWIZ) 2 fleanlfs + (Iwall, = RWIZ) ((RiZ = Z.V5ean)

2 2 J 2 d
~ (Z.vSen) )= (RWIE - IWIE) (ean Varesn) = IWIE (ean Varesn)

0 0
+ (lzalE + IRZIZ) (3 RaW = W) es) + (Iwaly + IRiWIZ) (S RiZ = 2).e0n)

> lleaally 5 Nesallh + llesally 5 llewlls + Lrzo + i

= d ||€3,h||§2 ||€4,h||522 +Lis0+Lisa,
dt
where

. 2 2 0 0
3L120 = (Ilzal3 = IRRZI13) <<RhW —w, V()_tel’h>g +<W, Vael,h>g)

P P!
—RZZ—ZZ< v )—ZZ( vZ )
(IRRZII3, = 1Z113,) (esn prity o 1ZIl5, | es.n prity o
and

0
Liaa = (Iwally = IRWIZ) (RiZ = 2.9 Sre2n) +(2.9Sen) )

0
IR = IWI3) (e Vaens )+ (Iznlly + IRZIE) (5 RaW = W), esn)

0
+ (Iwalia + RWIR) (S <ha—z>,e4,h)g + (IRWIE +21W1) (5 (W = RiW).es)_
0 0
(IRWIE +2IWIE) (5 W = RaW).esn)_+ (IRZIG+21Z113) (5 2~ Ra2).ean)

0
IRAZI, +211Z13) (5 (2~ R2).exn)

P
_ W2<e v2e )
IWIE (s Y 2e2n)

(41)

(42)

(43)

Employing the Cauchy-Schwarz and Young inequalities and approximate property of R, from Lemma 4.1, we

conclude

|L120| <cth? W [lesnllg + 16 IWI [leanllg, + 2R 1211} [lesnlls,
2

0
elh

+ 16 1Z11¢, [lesnle + H ot

>

(44
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and

[L12a]|5 < etk 112117 ||egh||;‘2 +16 1 ZI13 ||esnllq + csB IW I [leanls + 16 1211, ||esn]|n
+ L Hv 9 oo +03h2’ lesnlle | 2]+ 2 s, + oy, | 2w

16 || ot Qllor || g 4'TNMe Mlor ™ |l

20 2 2 2 allo | 1 4 6l 2 o,
+csh® [lesulg IW g + ceh™ [lean]lq, a_Z + = leanllg + crh™ IZ1g || =2

B t LQ 4 B 01.‘ LQ
+esh? ||ean]|5, 112117, - (45)
The combination of (41), (44), and (45) completes the proof. O

Theorem 4.1. Let W(t), Z(t) € (H(Q))% 1 < | < k + 1; then, L, satisfies the following inequality:

d 2 d 2
Ly 25 el + 5 el + 5 5 lewsll+ 5.5 Newsll + 5 (sl leasls) & + Lus + Luzg + Ly + Lus + M
where

9 P Py P
:=RW2<RW,V— )—WZ(W,V— >&+ RW2<RZ,V— )—W2<z,v— )
Vi IR (R, v 2e) =W (W Zeis) &+ IR (RiZ Y Sean) ~ IWI (2.9 )

P Py Py P
=RZZ<RW,V— >—ZZ<W,V— >&+R22<Rz,v— )—22<Z,v— )
IRAZI (R, Zewr) =121 (W.VSeis) &+ IRZIG (RiZ ¥ Sess) =121 (29 Sean)

and L; ;9 and L; 5 ; are defined in (42) and (43), respectively, and M can be found in (36). Furthermore, L; ; and L; 3
satisfy the following estimates:

|L1a| < erh? + ek + HV— Lh HV— 20| s (46)
Q
and
|L1,3| < CthI + C2]’l4l + C3]’l61 HV— 1Lh HV— 2.h (47)
Q
Proof. Rearranging L, gives us
0 0
L= (33,h, V—€1,h> + <e4,h, V—ez,h> +Lio+Lig+Lip+Liz+Lig, (48)
ot Q at Q

where L, o and L, , are defined in Lemmas 4.3 and 4.4, respectively, and we denote L, 4 by
7} 7}
Lig = (RhW —w, V—el,h) + (ha _z V—ez,h) .
ot Q ot Q

Considering (48) and Lemmas 4.2-4.4, L, satisfies the following estimate:

d d 1d 1d d
Ly 2 2 flesnl + 3 lleanll + 53 lesalls + 5.3 leanll + 3 (Tlesall leasl)
+ L1,1 + L1,2,0 + L1?2,1 + L1,3 + M,. (49)
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Adding and subtracting some terms allow us to rewrite L, ; as

Py Py
Liy = (IR,WI - W) <RhW —w, v—el,h)g +IWIR (RhW —w. v—eu,)Q

ot ot
P p
+ (IRsWI2 = IW]3) (W, V—el,h) + (IRWI2 = 1W]13) (ha ~z V—ez,h)
ot Q ot Q
P d
W2<RZ—Z,V— ) RWZ—W2<Z,V— )
W (RiZ = 2. Se20) -+ (IRaWIL = IWIR) (2.V2e)

Applying the Cauchy-Schwarz and Young inequalities and Equation 18, we conclude the following estimate for L, ;:

0
3|Lia| < IIRAW — W13, (IthW - W3+ HV—el,h

2
< ) FAIWILG IR W = W
Q

)

> +4 Wl IRZ — ZII5,

2
1.0
+ [|[RaW — W ||, <||W||§2 + = ”v—el,h
o 4| ot

1. a
+Ll|ve

16 ” T
2

0
- IRaW - W, <||ha _zZIk+ Hva—tez,h

Q
2

10 1oo |
+ —||V=e +IRW =WIE (1212 + = ||V=e
L H S| +IR, ||g<|| I 4” % s Q)
a 2
< ah|Wlig + ah [IWIig IW g + ek IWllig IW G + coh™ |V —-ev,
Q
1loo  |°
+ Hvaem e IWIEG 1212, + ki 1212 W + ek W, 1211,
Q
o P 1lo0 |
+ch? ||[V=e + = ||v=e 50
o |V S| o |V aean| (50)

Adding and subtracting some terms allow us to rewrite L, ; in the following form:

0 0
Lis = (IRAZIE, = I1Z1G) (ReW = W.V o)+ (IRZIE = 121) (W.V Sewn)

9 P
+ ZZ(RW—W,V—e ) + (IRWZII2 = 11Z]I2 (RZ—Z,V—e )
1215 (R o). + IRzl ~ 1Z13) (RiZ -2,V 2ery)

P Py
+ZZ<RZ—Z,V— )+ RZz—Zz<Z,V— )
1212 (RiZ = 2. Seess)_+ (IRiZIE = 1213) (2. T 2esn)

Using the Cauchy-Schwarz and Young inequalities and the approximate property of R, from Lemma 4.1, the following
inequality can be deduced:

2

1 d
|Ls| < etk 11Z1lig IW g + k™ 1Z11g W g + esh™ 1211 IWII7q + - Hvd_tel’h

Q
1o0 |
+ e 121 + e 120 IZIE + e 120 121 + - Hvaez,h (51)
Q
Finally, the combination of (49), (50), and (51) completes the proof. O
4.2 | An upper bound for L,
Theorem 4.2. Let the conditions of Assumption 4.1 are satisfied; then following estimate for L, holds
o P lo. IP
L>c H_el,h + H—ez,h + Lao, (52)
ot llr, " llae I,
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]\ gy
where
0 2
|L2,2| SCthI —U H—elh +Czh21 H—eZh (53)
ot o
Proof. It is easy to see that L, can be rewritten in the following form:
L 0 0 L
L, =g(t —up, —e — | |[=I1,U| =11, U, e
2 g()((’ 54 5 1,h>r0 <‘at nU| o1 Lh r>
0 P o 0 )
t —H Ul =II,U, -
+g()< at "ot " ae”‘>r0 <at o’ > )
+g(t) 21} piv ie - il‘[ V H V
g | 5V g . ok h 2.h
0 P o 0 0
+ g(t —H V| =II,V, —e - V, e
g()( Frad e e 2h>r0 <at T 2h >
Let us denote L, ; and L, ; as
o |Po. o 0 P o 0
Ly1 :=g(t — —up, — — | |=I1,U| =11, U,
21 g()((’atuh T at€1,h>F <‘at WUl S U, o €1h>r>
0 0
0 Pa 0 0 P9
+g0 | (|= ,=e — (|=mV| =1LV, :
g()<< 5V 3 3 2h> N <0t WV 5 V. e2,h>r0>
d Pa 5] . Po 0
=gt —II,U| =II,U, —e - |([{=U| =U, —e
2 go(('at h ’at "ot 1”“>r ('at o ot ”’>r>
0 0
0 P o 0 d,Po., o
+g(t Zmyv| Zmy, £ -(|2v] Zv. 2 .
g()<< at | ar " 0tez’h>r0 <‘6t ot atez’h>ro>
Therefore, L, can be written as
L, = Lz,l + Lz,z. (54)
It follows from Lemma 2.3 that
o [Po o 0 P o 0 o |7
—Uup, —e — | (=1, U| =I1,U, —e >cll=—e . 55
<<‘at Ay 1,h>r0 (at nU| S U, — 1h>ro> pral N (55)
and
o [Po. o 0 o 0 2
—vy, —e - | [=II, V| =11V, —e >c 56
((’()t or " ot ’h>r0 <‘0t Lot ot 2*">r0> ot (56)
From (55) and (56), we get the following estimate for L,:
o P o |?
L, > cg(t —e + [|—e + Ly,. 57
22 g()<Hdt Lh N Hdt 2.0 r0> 2,2 (57)
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Finally, the Trace theorem and Cauchy-Schwarz inequality and Equation 15 imply that
P 2 2 2 P 2
Ly, <g(t — L, U-U + — + g(t + —
|L22| _g()<c9 at( h ) N € || 5 Enh Fo> g()<c9 Fo €2 || 5562 r0>
2 ¢ 2 2 ¢
<cr h21 1 9 U & ielh + ClthI ! 9 -V g( ) H—ezh (58)
ot o 8 |lot ot LQ
4.3 | Proof of Theorem 3.1
Proof. Let usdenote L3 ; and Ls , by
Ly, := (g * |uh|7uh, gel h) - (g * |HhU|thU, gelh)
’ ot T, ot Jr,
7y, 9 v 9
+ (& vnl"ve, —ezn ) — (g [ILVI'ILV, —exn ) , (59)
ot T, ot 0
and
[ 14 0 14 9
L372 = g% |HhU| HhU,a—el,h —|8* |U| U, —€1h
t T, ot o
(g MVImY, Zeoy) = (g VIV, Seyy) (60)
ot T, ot T,
Then, considering the definition of L3 ; and Ls ; yields
L3 =Ls;+Ls;. (61)
By applying the Cauchy-Schwarz and Young inequalities, we can see
t
|Lsa| = /g(t— ")((luhvuh — I, U|"TI,U) (1), 61 h(t))r dr
0 0
t
+ /g(t— r)<(|vh|yvh — VI V) (r), ezh(t)>r dr
0 0
8= 1) (||g||°o 1) | 5= )dr
/ fessll, + 4||g||
¥ / 8= 1) (ugum e, + g [ 3eezs 2 )dr
o 4liglle ftot " lr,
0
' 2
2 2 10
< = | =ewn(t d
< (081 feuslf, + 3 | geusco] ) ar
0
' 2
2 1|9
o [ (U812 Rl + 3 | o], ) o (62)
0
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Using the Cauchy-Schwarz and Young inequalities, Trace theorem, and Lemma 2.3, we get

2
>dr

2
>dr

1(la
Jsa] 5 (ngu 100 =) O, + 5 | S|

' / (G117 1Y =)0t + 3| e

0
2
>dr

t

_ 1 o]
< / (cnhzl U2, + H S

0
t

2
" / el V2 + 2 | Zesl| ) ar, (63)
’ 4 || ot Ty
0
and
0 2 o1le P m
Ly £ || — AL, U - U)|| + = e + —e
|La| ‘atz(h )Q Hatlh H 2h
0% 1|0 0? 10
< cah® U +=||V=e + c15h? +715¢ 64
14 Freid S Ny Lh o 15 FTo) ‘o FTack (64)
Employing Cauchy-Schwarz and Young inequalities and Lemma 2.3 leads to
0 2 1|o0 0 2 1eo |IP
Ls| <||V=II,U - U ||V V—HV—V = |V
| sl_H at( h ) +4H atelh +” (I, ) +4H ateZh
< CléhZI V%U H _elh + Cl7h21 V V H —ezh R (65)
and
, o o | , o
|Lg| < ||U—HhU||g+ Y, - V—el,h + ||V—HhV||Q+ Y, —ezh
2 2 1.0
<P U + R H S| +r I+ |2y +1 Hv eZh (66)
i l,Q l,Q 2| ot

Applying (23) and Lemmas 4.1 and 4.2 gives rise to

2 d
i ([l ~Jgzenll) + (v el

+a+gm<

€n

2 1d

) L (s, + fleanl?,)
ld 2 2

) a (sl el

1d
+ 52 (llesalle + ||e4h||g) +lewnllty + ez, S (lesall llesalls)
< Jlewalf, + lleasllf, + [Era] + [Lezol + [Eraa] + i
+ |Mo| + |La2| + |Laa| + |Laz| + [Lal + |Ls| + |Le| . (67)

—6’
| e

0
elh ezh

ot
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Employing Lemmas 4.2-4.4 and Theorems 4.1 and 4.2 as well as Equations 62-67 results in

unﬂbt 2) <Haf” 2)

+ (1 +g®) <”—€1h + —ezh

2
0
—€n

at

H —ezh

d

= (lleasll?, + lleanl,)
1
2

i

d 2 2
Hmwmwmwm+50mmamw@

d 2 2
= (llesalle + lleanls)

o

v

1
+ 22 (llesalls, + Neanl

2l

Vgelh +h? ”W”lQ ||e4h||9

ot
+ W7 llesnlls +R* 11211 ||es,h||g +1ZII3, lesnll,

+ R 1 ZI7g, leanlle + 1213 leanlle + B IZI1}g, [leanllq

)

)dr+h21 ! (||U||°°zg+ ”VlloolQ)

< llevalls, + lleallr, + 5

t
+ 12 leaslls + [ [ el + 5| e
0

t

+ [ (e, + | e
0

12 (W2 0 + 1211 1 + IWIE o + 121 1) (68)

Now, from Lemma 2, we get

3 (fgel,

2
r0>

(Ww%+kmh) 2 (Hesalll + leanlis) + (lesalls leas )
|5 )+ (e, + e,
)+ (lesnls + less01 )

les @] ||e4h<o>||g) P (12, 10 + VI, 1)

12 (W2, 0 + 1211 g + IWIE, 1o + 121 1) (69)

|31h||1— + ”6211”1" ) + 1 +g®) <H_elh + ”a—ez,h

)

H—ezh

i
(I3
!

H—em(m

Assume Xj and My, are (N; + 1)- and (N, + 1)- dimensional spaces, respectively. Also, we assume A = {(p j}j\[:ll

and B = {y/ ; }7:21 are basis for X, and M), respectively; therefore, from (13), we have

(Unlico» @) = (U0 @j)q J=0,1,2, ... ,Ny, (Whlio- W) g = (VU0 W) =0,1,2, ... , Ny,

(—uh ,(p,> (Ur.9j),J=0.1,2, ... Ny, (Vili=o- @) = (Vo @j) g J=0.1.2, ... Ny,

(Znli=o-¥;)g = (VVouu;), =012, ... N <%vh ,¢,> =(V1,9;),i=0,1,2, ... ,Ny.
Q

Using the above equations and applying (15)—(18), we find that

llern(O)||g < 0o = MuUs|I, < caoh® 1UsI7g - (70)

llesn(@lg, < 11VUs = RV Ul < csoh® IV Uoll, - (71)
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() 2
] < ek U112, (72)
0 Q ?
le2n g, < IVo = T Vollg, < cxh® 1Voll}g - (73)
llean(O)|g < IVVo — RaVVo I < essh® IV Vol - (74)
a 2
Ha—ez,h(())H < cs6h? Vil - (75)
t Q ’

Also, it is easy to see that

2
2 2 [ d 2
llernlla — llern(0)]|g < /—61 pdr| < / Ha_el,h dr|| , (76)
t Q
0
lesall?, = lleza@3 < / 9 g, dr / | e hdr (77)
Finally, substituting (70)-(75) into (69) and using (76) and (77) completes the proof. O

5 | NUMERICAL EXAMPLE

In this section, we validate the theoretical results obtained in Theorem 3.1 by a test problem. The computational geometry
(Q =[0,1] x [0,1]) including the boundaries is shown in Figure 2. In this section, we use the following spaces:

={vseM : Vi|r € RT|(T), VT € Ty},
={vyex : vl € Py(T), VT € Ty} .

The initial conditions for the model problem (1) are given as

U(x, y,0) = (sin(y) + y* (y — 1) — ysin(y)) X (sin(x) + x> (x — 1) — xsin(x)) ,
Uy(x,y,0) = — (sin(y) + y* (y — 1) — ysin(y)) X (sin(x) + x* (x — 1) — xsin(x)) ,
V(x,y,0) = (sin(y) + y* (y — 1) — ysin(y)) X (sin(x) + x> (x — 1) — xsin(x)) ,
Vi(x,y,0) = — (sin(y) + y* (y = 1) — ysin(y)) x (sin(x) + x> (x — 1) — xsin(x)) .

The right-hand side of the Equations 1a and 1b is given by

fCe,y, ) = exp(—1) ((sin(x) + x> (x — 1) — xsin(x)) (2 cos(y) — 6y + sin(y) — ysin(y) + 2) +
exp(—t) (sin(y) + y* (y — 1) — ysin(y)) (2 cos(x) — 6x + sin(x) — xsin(x) + 2)) X
(0.0046 exp(—2t) + 1) + exp(—1) ((sin(x) + x* (x — 1) — xsin(x)) X
(sin(y) + »* (y = 1) — ysin(y)) (sin(x) + x> (x — 1) — xsin(x)) x
(2cos(y) — 6y + sin(y) — ysin(y) + 2) — (sin(y) + y* (y — 1) — ysin(y)) x
(2 cos(x) — 6x + sin(x) — xsin(x) + 2)) .

In this example, the boundary I' consists of Iy and I'; (see Figure 1) such that the homogenous Neumann and Dirichlet
boundary conditions are defined on I';. For the boundary conditions (1d) and (1e) defined on I'y, we set g(¢) := 0.1 exp(—t),
p := 3.5,y := 2.5. Finally, the exact solutions of Equation 1 considering the mentioned boundary and initial conditions
are given by

Ux,y,t) = V(x,y,1) = exp(—1) (sin(y) + y* (y — 1) — ysin(y)) X (sin(x) +x? (x — 1) — xsin(x)) .
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FIGURE 2 A simple computational domain including its
respective boundaries I'y and I'; [Colour figure can be viewed at _
wileyonlinelibrary.com] : r
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FIGURE 3 The approximation error in L? norm for At = 0.005 (left) and At = 0.003 (right) at T = 1 [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 4 The approximated error of ||U(T) — u,(T)||q for h = 0.1 (left) and ||V(T) — vy, (T)||o for h = 0.01 (right) with At = 0.005at T =1
[Colour figure can be viewed at wileyonlinelibrary.com]

In order to discretize in the space, we use the mixed variational formulation given in (13). The time discretization is
done by an implicit finite difference (Crank-Nicolson method) scheme. Furthermore, to treat the nonlinearity, a Newton
scheme is used. The numerical results for two different time step sizes (At = 0.005 and At = 0.003) are presented in
Figure 3. Moreover, for the final time step, the discretization errors (U(T) — u,(T) and V(T) — vj,) with respect to the exact
solutions for two specific mesh sizes are illustrated in Figure 4.
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