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Abstract

We investigate weakly coupled semilinear parabolic systems in unbounded domains in
R2 or R? with polynomial nonlinearities. Three sufficient conditions are presented to
ensure the stability of the zero solution with respect to non-negative H2-perturbations.

1 Introduction
In this paper, we study the following parabolic system

ur — Au = f(u,v), in (0,00) x £,
vy — Av = g(u,v), in (0,00) x Q, (1.1)
u(t,z) =v(t,z) =0, on [0,00) x 0L,

where €2 is an unbounded domain in R? or in R? with a sufficiently smooth boundary and
where f and g are polynomials in u, v such that f(u,v) = g(u,v) =0.

System (1.1) is a widely used mathematical model for many chemical, physical, biolog-
ical, or ecological phenomena. A simple situation arising in population dynamics will be
discussed as Example 1 in Section 4. For details on physical and chemical models involving
more general reaction-diffusion systems we refer to [4, 22, 25].

Many papers are devoted to the study of system (1.1) either in bounded domains or as
a Cauchy problem in the whole of R™ (see [3, 5, 11, 12, 14, 16, 17, 18, 19, 20, 22, 25, 27] and
the citations therein). They mainly discuss existence and uniqueness of local solutions,
positivity of solutions, global existence, and blow-up behavior of solutions.

On unbounded domains with an unbounded inradius p(£2) := sup,cq dist(z, ), Poin-
caré’s inequality does not hold, cf. [27, Theorem 2.1]. Hence the spectrum of the linear
part of (1.1) contains in general 0 as a cluster point so that in these situations the principle
of linearized stability is not applicable. In fact, to the best of our knowledge, it seems
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that the stability properties of the trivial solution to system (1.1) in the case of general
unbounded domains have so far not yet been investigated.

The purpose of this paper is to present several results ensuring the stability of the zero
solution to the system (1.1). Our methods do not only rely on maximum principles and
comparison principles for parabolic systems as presented in [13, 19] but also on recent
abstract stability results for equilibria of parabolic evolution equations, cf. [8, 9, 10].
These methods permit us to obtain several new results on the stability of equilibria of the
system (1.1) in unbounded domains under quite general assumptions on the nonlinearities.

Notation. Throughout this paper we assume that € is an unbounded domain in R? or
in R3. If the boundary 092 of € is not empty it assumed to be uniformly C*-regular, see
[1] page 67 or [6] page 28 for a precise definition. Let f and g be polynomials of the form

flu,v) = Z ajkujvk, (1.2)

3<j+k<dy

g(u,v) = Z bjkujvk, (1.3)
3<j+k<dy
where d¢, d; > 3 denote the degrees and aji, bj, € R for (j,k) € N2 with 3 < j+k <
max{dy, dqs} the coefficients of f and g, respectively.

In the following we identify L?(Q;R?) with L?(Q) x L?(2). Similarly we denote by
H™(Q;R?) = H™(Q) x H™(Q) and HP*(Q;R?) = HI(Q) x HP(Q) the usual Sobolev
spaces based on L?(Q;R?) so that H(Q;R?) = L2(Q;R?). The scalar product (-,-),, in
H™(;R?) is given by

(W, 2)m = Z (D*w, D¥z)y  with (w,2)g := /Q(w,z)R2 dx.

lul<m
As usual let C°(Q;R?) denote the Banach space of all bounded and uniformly contin-
uous vector functions w = (u,v) :  — R? with the norm

| w[|o:=sup | w(z) |=sup(| u(z) | + | v(z) |).
z€Q z€eQ
Let also C™(Q;R?) with m € N denote the Banach space of all w € C°(Q;R?) having
derivatives up to order m all belonging to C°(Q2;R?). The norm in C™(£2;R?) is given by
[ w llem= 3 <m || D*w(z) [|co. Moreover, given o € (0,1) and m € N, let Cmre(Q; R?)
denote the Banach space of all w € C™(Q;R?) such that D*w with | p |= m are uniformly
a-Hélder continuous on Q. The norm in C™(Q; R?) is given by

D# — DH
|| U ||Cm+a::|| w ||Cm + Z (Sup ‘ w(l') aw(y) ‘)
z#y lz—y|

[ul<m

For brevity we write || - |[gm for the Hilbert norm in H™(Q;R?) induced by (-, ).
Given two Banach spaces X and Y, let L(X,Y’) denote the Banach space of all bounded
linear operators from X to Y with the usual operator norm || - ||(x,y). For convenience
we let L(X) := L(X, X) and || - [[x):=] - [lx,yy if X =Y. We write X — Y if X is
continuously injected in Y, i.e. X C Y and idx € L(X,Y). The Laplace operator in the
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distributional sense is denoted by A = Z?:l 82]_. Finally, given (£1,&) and (n1,12) € R?,

we write (&1,&2) < (1,m2) if & < m and & < .

The remaining part of this paper is organized as follows. In Section 2 we introduce the
functional analytic frame and state the main result. Section 3 is devoted to the proof of
the main result. We present some applications of our main result in the last section.

2 The analytic frame and main result

In this section we firstly introduce the functional analytic frame in which we treat system
(1.1). Then we present main result of the paper.

Our starting point is the following unbounded operator Ay in Ey = L?(2;R?) defined
by

dom(Ay) := H* (G RHNH(Q;R?), Agw = (Au, Av), w = (u,v) € dom(Ap). (2.1)

Then Ap is a non-positive selfadjoint operator on Ey, cf. [6]. However, since (f(u,v),
g(u,v)) is not a mapping from Ej into itself, the space Ej is not suited to deal with the
system (1.1). In order to overcome this difficulty, we follow the method in [10] to take as
underlying space the Hilbert space Fy = H?(Q;R?) N H}(Q; R?) endowed with the scalar
product

(w,2)E, = ((Ao — Dw, (Ag — 1)2) g, . (2.2)

By the open mapping theorem we obtain that the norm on E; induced by the above scalar
product is equivalent to the norm || - || g2, i.e. there are positive constants Cp and C; such
that

Co | wlg2<ll (Ao = Dw |2< Cr || w |2, w € B (2.3)

It follows that the restriction of Ag to EFy induces an unbounded operator A; in F; ac-
cording to

dom(A;) == dom(A?), Ayw:= Agw = (Au,Av), w = (u,v) € dom(A;). (2.4)
As was shown in Section 2.2 in [26], we have

dom(A;) = {w = (u,v) € H* (4 R?*) N HY (4 R?); (Au, Av) € HY (4 R?)}. (2.5)
Similarly the graph norm of A; is an equivalent norm on dom(A;), i.e.

Co [|w [[ga<[l (A1 = Dw [[g2< C | w [, w € dom(Ay), (2.6)

where Cs and Cj are positive constants.

It also follows that A; is a non-positive selfadjoint operator in Ej. Hence both Ag
and A; generate analytic Cp-semigroups {Wy(t), ¢ > 0} on Ey and {Wi(t), t > 0} on Ej,
respectively. Moreover, representing Wy and Wi by means of the spectral resolution of Ag
and Aqp, respectively, it is not too difficult to see that

Wi(t)z = Wy(t)z for ¢t >0,z € Fj. (2.7)
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Note that H?(2) N H}(£2) is a Banach algebra and that (f(0,0),¢(0,0)) = (0,0). Hence
the mapping Fy — Ei, (u,v) — (f(u,v),g(u,v)) is analytic cf. Lemma 3 in [26]. This
allows us to regard the system (1.1) as the following abstract evolution equation in Ej:

wy = A1w + F(w), w(0) =wo = (uo,vo) € En, (2.8)

where F(w) := (f(u,v), g(u,v)). Then standard theorems for abstract evolution equations,
see Chapter 6 in [23], yield the existence of a unique strong solution to the above equation
in Fq. In fact, the abstract Cauchy problem in E; provides the basic frame in which we
prove our stability result.

However, in order to derive suitable a priori estimates for solutions to (2.8), we also need
to formulate system (1.1) in a different functional analytic setting. This was introduced
earlier in [20, 21, 26]. Given a € (0,1), we define the spaces

{we Ccmte

{we Ccmte

R?); w = 0 on 90} ifm=0,1,

QR

_ (2.9)
QO R?); w = (Au, Av) =0on 90} if m = 2,3.
R?

ém+a(§;R2) = { E

Obviously C"™+(€; R?) ¢ C™+%(Q; R?) is a Banach space. Let

( Azta 0 ) . O R?) c CY(; R?) — CY(Q; R?),
0 AQ—i—a

w — (Au, Av) be the Laplacian on C°(€%; R2) restricted to C2(€; R2). It follows that
A2—i—cu 0

0 A2-i-o¢
semigroup {W¢(t); t > 0} on CO(€%;R?), see Theorem 2.4 in [21]. Moreover the domain
of Ac can be characterized as

the operator < > is closable and its closure Ao generates a holomorphic

A 0

dom(Ac) ={w € ﬁpleilOC(Q;R2); w, ( 0 A

> w € C’O(ﬁ; R?)},

see Lemma 4.2 in [9]. Since (f,g) : CO((;R?) — C’O( ;R?) is smooth, we can regard the
system (1.1) as the following evolution equation in C? (ﬁ R?):
wy = Acw + F(w), w(0) =wo = (ug, vo)- (2.10)

Then well-known results for abstract evolution equation, see Chapter 6 in [23], ensure
the existence of a unique strong solution z of (2.10) on the maximal interval of existence
[0, té) Moreover, a standard continuation argument yields the following result:

t5, < oo implies l%—ng Il 2(t) ||co= oo. (2.11)

t1td,

By Sobolev’s embedding theorem we have
dom(Ag) — C*((LR?) and  dom(A;) — C?*H(; R?), (2.12)

provided a € (0,3), cf. [1]. Hence it follows that dom(A;) C dom(Ac). Therefore, given
wop € dom(Ay), we can solve (2.8) and (2.10) with the same initial data wg. Our next
result clarifies the relation of the corresponding solutions of (2.8) and (2.10), respectively.
For simplicity we write in the following X := C°(Q, R?).
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Lemma 2.1. Given wy € dom(A;), let w € CY([0,t]), E1) be the strong solution of
(2.8) on the mazimal interval of existence [0,t]). Moreover, let z € C([0,t}), X) be the

strong solution of (2.10) on the mazimal interval of existence [0,t}). Then tf =t} and
w(t) = 2(t) fort €[0,t]).

Proof: The proof of Lemma 2.1 is similar to that of Theorem 1 in [9] and so we omit
it here. U

In the following, given wg € dom(A;), we denote the maximal existence time of (2.8)
(or of (2.10)) by t*(wp). Moreover, we say that the equilibrium w = (u,v) = 0 of (2.8)
is positively Ljapunov stable if it is Ljapunov stable under non-negative perturbations in
H2(Q;R?) N HE(Q;R?), i.e. if there is a 7 > 0 such that for every € > 0 there is a § > 0
with the following property: Given wo € H?(;R?) N HY(Q;R?) with || wo ||g2< & and
wg > 0, the solution w of (2.8) with initial data w(0) = wy exists globally and satisfies
| w||g2< e forallt>rT.

We now present the main result of this paper:

Theorem 2.2. Let f and g be polynomials of the form (1.2) and (1.8) and assume that
one of the following conditions holds true:

(i) Given u € Ry, f(u,v) is increasing in v on Ry, given v € Ry, g(u,v) is increasing in
u on Ry, and there exist & > 0, &, > 0 such that

f(&1,&) = g(&1,62) = 0.

(ii) Given u € Ry, f(u,v) is decreasing in v on Ry, given v € Ry, g(u,v) is increasing
inuw on Ry, and there exist & > 0, & > 0 such that

f(&1,0) = f(0,&2) = g(&1,62) = 0.

(iii) Given u € Ry, f(u,v) is decreasing in v on Ry, given v € Ry, g(u,v) is decreasing
i w on Ry, and there exist &, > 0, &2 > 0 such that

f(glao) = f(oa‘fQ) = g(glvo) = 9(0752) =0.
Then the trivial solution w = (0,0) of (1.1) is positively Ljapunov stable.

Remarks: (a) If f(u,v) is independent of v and g(u, v) is independent of u (this means
that the system (1.1) is decoupled), then the result of Theorem 2.2 covers recent results
of Theorem 3 presented in [9] and in Theorem 2.2 in [10]. Moreover Theorem 2.1 in [10]
shows that the zero solution of (1.1) is in general unstable if the degree of the polynomials
f and g is two. If f and g contain linear terms then the stability of the trivial solution is
decidable by means of spectral methods.

(b) We do not know whether or not the assumptions on the quasi-monotonicity of f and
g in Theorem 2.2 can be relaxed.

(c) The assumptions on the existence of positive roots of the polynomials f and g in
Theorem 2.2 may be relaxed, using an approach similar to the one devised in [7]. We will
investigate this in a forthcoming paper.

(d) The result of Theorem 2.2 is also true for more general uniformly strongly elliptic
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operators in divergence form, div(a(x)Vu) and div(b(z)Vv), with bounded smooth coef-
ficients instead of Au and Aw in (1.1), respectively.

(e) Finally, we mention that Theorem 2.2 can easily be generalized to systems of N equa-
tions with quasi-monotonic polynomials.

3 Proof of the main result

In this section we prove Theorem 2.2. To do so we firstly introduce the following abstract
stability result.

Theorem 3.1. Given wy € Ey, let t7(wp) be the mazimal existence time of the corre-
sponding solution w to (2.8) with the initial data wo. Assume that:

(i) There exists a §y > 0 such that t*(wp) = oo, if || wo ||, < do-

(ii) There ezists a ko > 0 such that

| w(t +2) |z, < ko || w(t) [z, VE=0.
(iii) There exists eg > 0 such that

(w, F(w) — Apw)o <0, if | ] g<eo.
Then (0,0) is E1-Ljapunov stable.

Proof: Let I, = [2k,2k + 2], k € N. Given ¢ € (0,¢¢), choose § > 0 such that kyd < e.
By (i) it suffices to show that there is a Jp € (0,¢) such that for every k € N

(Sk) [w®) |;<e and  [w(t) [g,< 6, VE€ L,

provided || wo || g, < do.
We prove the above assertion by induction.
Note that F'(0,0) = (0,0). Hence the continuous dependence of the corresponding solution
to (2.8) with respect to the initial data implies that (Sp) is true.
Assume that (Sk) is true. We prove that (Sk11) holds true as well.
Pick t € Iy41. Then s :=t — 2 € I} and, by (ii) and the hypothesis (Sy), we have

[ w(®) |z =[l w(s +2) [z < ko || wis) |z < kod < e
Furthermore, using (2.8) we get, in view of (iii), the fact that ¢ < g, and the hypothesis
(Sk):
= w®) 5 = 20w@®), w'(6)s,
= 2(w(t), F(w(t)) = Ao(w(t)))m < 0.
Thus || w(t) ||g, is non-increasing on Iy1 = [2k + 2,2k + 4], and we obtain
[ w(t) | 2 <Il w(2k +2) |5 < 6.
This shows that (Sk11) is true and completes the proof of Theorem 3.1. O

In order to prove Theorem 2.2, in view of Theorem 3.1, we have to verify the three
assumptions (i)-(iii) of Theorem 3.1. We firstly need the following important comparison
principle for the system (1.1).
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Lemma 3.2. [19] Let Qp = [0,T) x Q C R x R™ and suppose that there is a 6-tuple
U = {u,v,u,v,u,0} of functions on Qp such that U,Uy,Uy,z,, 1 < j,k < n are bounded
and continuous on Qp and such that

(u(0, 2),v(0,2)) < (u(0,z),v(0,z)) < (u(0,z),v(0,z)), VreQ,
(E(tﬂ x)vy(t )) < (ﬂ(tv )7 (t7$))7 V(t,l’) € QT‘

Moreover let

a:= inf wu(t x), a:= sup u(t,x),
(t,z)eQr (t,x)EQr

B:= inf w(t, x), B:= sup o(t,x)

- (t,z)€Qr (t,x)eQr

and_assume that one of the following conditions holds true:
(i) f(u,v) is increasing in v on (B, 3) for allu € (a, @), §(u,v) is increasing in u on (a, @)

for all v € (B, B), and

—Au—f( v) < up — Au— f(u,v) < — AT — f(a,7),
— Av — g(u,v) < v — Av — g(u,v) < v, — AT — g(u,v)

for all (t,x) € Qr.
(it) f(u,v) is decreasing in v on (3,B) for all u € (a,@), §(u,v) is increasing in u on

(o, @) for all v € (B,0), and

Au_f(ﬂ 5)Sut_Au_f(ua’U)Sﬂt_Aﬂ_f(U>Q)a
— Av — g(u,v) < vy — Av — g(u,v) < v — AT — g(u,v)

for all (t,x) € Qr.
(iti) f(u,v) is decreasing in v on (B8,3) for all u € (o, @), g(u,v) is decreasing in u on

(o, @) for allv € (3,0), and

—Au—f( 0) < up — Au— f(u,v) < — AT — f(T,v),

— Av — g(u,v) < vy — Av — g(u,v) < v — AT — g(u,?)

for all (t,x) € Qr.
Then (u(t,z),v(t,z)) < (u(t,z),v(t,z)) < (u(t,z),v(t, z)) in Qr.

For the proof of Lemma 3.2 we refer to the main results in [19]. O

Remark: Note that Lemma 3.2 is a slightly modified version of Theorem 4.5, Theorem
5.3, and Theorem 6.3 in [19]. However, scrutinizing the proofs of Theorem 2.9, Theorem
3.5, and Theorem 4.1 in [19], we find that the assertion of Lemma 3.2 holds true.

Lemma 3.3. Assume that the conditions of Theorem 2.2 are satisfied. Let w(t) be the
strong solution to (2.8) with the initial data wo. Then there exist 6o > 0 and M > 0 such
that t*(wg) = oo and sup;>q || w(t) |x< M, provided || wo ||, < do and wo > (0,0).
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Proof: Note that E; — C°(Q;R?) by Sobolev’s embedding theorem. Hence there is a
positive constant C' such that

| @ ||co< C||w||g, forall we Ej.

Set 0o := £ min{&, &} and pick wo € dom(Ay) with || wo ||g, < §o and wy > (0,0). Then
(0,0) <w(0) < (£1,&2) and Lemma 3.2 and the boundary conditions in (1.1) imply that

(0,0) < w(t,z) < (&,&) forall (t,z) € [0, (wp)) x Q.
Invoking (2.11) and Lemma 2.1 we get the assertion. O

We now prove that the assumption (ii) of Theorem 3.1 is true, provided the solution
to (2.8) is bounded a priori in X.

Lemma 3.4. Assume that w is a global strong solution to (2.8) and that

sup || w(t) |x< M, (3.1)
t>0

for some M > 0. Then there exists a kg > 0 such that
| w(t+2) |le, < ko || w(t) [z, VE=0.

Proof: Note that f and g are polynomials satisfying (1.2) and (1.3), respectively. Thus
there are polynomials, ¢1, g2, g3, and g4, such that

oy oo =y @(@) qe(@, D)
Fo) = (7o) gt ) = (B0 200 (
for all w = (@, 0) € Ey. Let w = (u,v) € C*(Ry, E1) be a global solution to (2.8) and set
_ [ a(u(®)) q2(u(t), v(t))
2= ( Gy o ) 1ER &
Using the fact that pointwise multiplication maps L>(2) x L?() bilinearly into L%(Q2),

it is not difficult to see that (3.1) implies that Q@ € C'(Ry;L(Ep)) and that there is a
Mgy > 0 such that

S

1 Q) |l L(pp)< Mo for ¢ >0. (3.3)

Clearly the Fréchet derivative of F' € C*°(X, X) is bounded on bounded subsets of X.
Therefore assumption (3.1) and Proposition 4.1 in [10] imply that there is C' > 0 such that

H%wmnxsc for t>0. (3.4)
Note further that
Oy (u(t)u (1) (uge(u(t), (e ()
o - +ouaa(u(t), () (1)
dt (Quas(u(®), v (®)  daa(v(t)e' (1)
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for t > 0. Thus we conclude from (3.1) and (3.4) that there is a M; > 0 such that

<M; for t>0. (3.5)
L(Eo)

| 5aw

Combining this with (3.3), we find

d
Q) (s + I QW) llL(my)= C(M)  for t=0. (3.6)

Since w is the unique strong to (2.8) with the initial data wo and F(w(t)) = Q(t)w(t) for
t > 0, it follows that w is also a mild solution to

% = (Ao + Q(1)z, teR,. (3.7)

Let {U(t,7); 0 <7 <t <s <7+ 2} be the evolution operator generated by the family
{Ao+ Q(t); t € [1,7 +2]}. Then (3.6) and Theorem I1.5.1.1 in [2] yield

U(r,t <,
tel[?fﬁm | U(r )HL(EOF

where the constant C' > 0 is independent of 7. Since w(t) = U(7,t)w(r) for t € [7, T + 2],
it follows that

lw(®) [|m< Clw(T) 5, telrT+2]. (3.8)

Moreover, (3.6) and the estimate (A.8) in [9] imply that there exists a constant C(My) > 0
such that

I Aow(r +2) || 5 < C(MO)te?laiEQ] [ w(t) |z < C. (3.9)
By (3.8), (3.9) and (2.3) we obtain the statement of the Lemma. O

We now prove that the assumption (iii) in Theorem 3.1 is true.
Lemma 3.5. There exists eg > 0 such that
(w, F(w) — Apw)g <0, provided | w | g, < €p.
Proof: By (2.8) we have
(w, F(w) — Apw)p

= (Au,u)o + (Av,v)o + (f(u,v),u)o + (9(u,v),v)o (3.10)
= — | Vu |7 = || Vo 172 +(f(w,0), w)o + (g(u, v),v)o.

Using Young’s inequality in the form

ek
,ikcﬁ? +ﬁb%, a, b>0, j, k>0, (3.11)
J J

ab <
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we conclude from (1.2) that

[uf(uv) [<do | ul* +di |ul® +dg |ul®+-
+eo vt e |v]® Fea|v|®, (3.12)

where d; > 0 and e¢; > 0,7=0,1,---, are constants which depend only on the coefficients
aj, of f. Similarly we have

[ og(u,v) [<lo [ u "+l |u P 2 [u]®+--
+mo | vt 4my v P 4my v |+, (3.13)
where I; > 0 and m; > 0,7 =0,1,---, are constants which depend only on coefficients b,
of g.

(i) We firstly consider the case n = 3. By the Nirenberg-Gagliardo inequality in [15]
we have

/Q|u|4dxscnwuiz-uuum,

(3.14)
[ivitar<civolt ol
where C' > 0 is a constant. Choose now gy > 0 such that
U < min{&;,&2,1}, provided U < eo,
| u [[co< min{&1,&2,1}, p | ullz2<eo (3.15)

| v |lco< min{&1,&2,1}, provided || v ||g2< .

Hence there exists a constant K > 0, depending only on the coefficients of f and g, such
that for || w || g2< 9 we have that

4 4
/Q|uf(u,v)\dx§K(/Q]u] dw+/9\v[ dx),

(3.16)
/ |vg(u,v)\dw<K(/ ]u!4d3:—|—/ | v |* da).
Q Q Q

Thus by (3.10), (3.14) and (3.16) we obtain

(w, F(w) = Agw)o < — || Vau |72 (1 = 2K || Vu || 2] w | 2) (3.17)

~ Vo [[f2 (1= 2K || Vo [[z2l v || 2)-

Shrinking €y > 0, we have

2K || Vu ||r2]| u||2< 1 and 2K || Vo 2] v ||2< 1, (3.18)

provided || w ||g2< g9. Combining (3.17) and (3.18) we get the assertion for the case
n=3.
(ii) Assume now that n = 2. By the Nirenberg-Gagliardo inequality in [15] we have

/Q|u|4dxsc||wniz-||u||i2,
(3.19)
/Q|vr4da:scuw 12, o |2,
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where C' > 0 is a constant. Following arguments similar to those in (i) we get

(w, F(w) — Aqw)o < — || Vu [[72 (1 - 2K || u ||72)

(3.20)
— I Vo |72 (1= 2K | v 72).
Again, by shrinking g > 0, we may assume that
2K ||u|32<1 and 2K ||v|3.< 1, (3.21)

for w = (u,v) € Ey with || w ||g2< €¢. It remains to combine (3.20) and (3.21) to complete
the proof. ]

Proof of Theorem 2.2: The assertions of Theorem 2.2 follow immediately by com-
bining Theorem 3.1, Lemma 3.3, Lemma 3.4, and Lemma 3.5. U

4 Applications

In this section we apply our main results to three concrete examples and show that their
trivial solutions (0, 0) are positively Ljapunov stable.

Throughout this section we assume that 2 is an unbounded domain in R? or in R? with
a uniformly C*-regular boundary.

Example 1 Consider the following weakly coupled reaction-diffusion system

ur — Au = —uP + 0", in (0,00) x Q,
vy — Av = —v? +u’, in (0,00) x Q, (4.1)
u(t,x) =v(t,z) =0, on [0,00) x 09,

with p, ¢, r, s > 3. System (4.1) provides a simple model to describe e.g. the cooperative
interaction of two diffusing biological species. Here it is assumed that each species finds its
subsistance from the activity of the other one by the reaction terms v” and u®, respectively,
and disappears by a destruction mechanism, represented by the absorbtion terms —u? and
—v?, respectively.

Applying Theorem 2.2 with (£1,&2) = (1,1), f(u,v) = —uP +v" and g(u,v) = —v? + u®,
we get that the trivial solution w = (0,0) to (4.1) is positively Ljapunov stable. O

Example 2 Consider the following weakly coupled reaction-diffusion system

u — Au=uP —u" —u™', in (0,00) x €,

v — Av = —v? v, in (0,00) x €, (4.2)
u(t,z) = v(t,z) =0, on [0,00) x 0%,

where p, ¢, 7, s > 3 and m, [ > 1 with m + 1 > 3. Applying Theorem 2.2 with (£1,&2) =
(1,1), f(u,v) = wP — u" — u™v' and g(u,v) = —v? + u*, we get that the trivial solution
w = (0,0) to (4.2) is positively Ljapunov stable. O
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Example 3 Consider the following weakly coupled reaction-diffusion system

u — Au=uP —u" —u™!, in (0,00) x €,
v — Av = vl —v° — vk, in (0,00) x Q, (4.3)
u(t,x) =v(t,z) =0, on [0,00) x 09,

where p, ¢, 7, s >3 and m, [, n, k > 1 with m 41> 3 and n+ k > 3. Applying Theorem
2.2 with (£1,&) = (1,1), f(u,v) = uP —u" — u™' and g(u,v) = v9 — v° — v™uF, we get
that the trivial solution w = (0,0) to (4.3) is positively Ljapunov stable. O
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