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Abstract

In this work, a transportable ultra-stable laser system based on a Fabry-Pérot cavity
with crystalline aluminium gallium arsenide (Al0.92Ga0.08As) / gallium arsenide (GaAs)
mirror coatings, fused silica glass mirror substrates and a 20 cm-long ultra low expan-
sion glass spacer was designed and built to serve as a clock laser for a 87Strontium
(Sr) lattice clock. The laser system uses an external-cavity diode laser, which is stabi-
lized to a resonance frequency of the Fabry-Pérot cavity using the Pound-Drever-Hall
method. This reduces the laser's fractional frequency instability down to the cavity's
fractional length instability. Due to the high absorbance of Al0.92Ga0.08As/GaAs mir-
ror coatings for visible light, the laser is operated at a wavelength of 1397 nm, which
is twice the transition wavelength of a 87Sr lattice clock. The laser system therefore
includes frequency doubling and light distribution for operation of a 87Sr lattice clock.
The fundamental limit of the cavity's fractional length instability and thus the laser's

fractional frequency instability is determined by the thermal noise �oor resulting from
Brownian, thermoelastic and thermorefractive noise of the cavity components. The
calculated thermal noise �oor limit given as modi�ed Allan deviation of the fractional
frequency instability modσy is below 1 · 10−16. Besides the thermal noise, technical
noise caused by seismic noise, residual amplitude modulation, laser power, pressure,
optical path length and temperature �uctuations a�ects the laser's fractional frequency
instability. The single contributions of the technical noise were investigated and their
impact on the laser's fractional frequency instability were suppressed below the thermal
noise �oor for averaging times around one second using passive or active stabilization.
The laser system achieves an instability as low as modσy = 1.6 · 10−16, which is al-

ready a factor 1.3 lower than the theoretically possible instability of modσy = 2 ·10−16

for the same resonator with tantalum pentoxide (Ta2O5) / fused silica (SiO2) mirrors.
This is the lowest fractional frequency instability among published transportable laser
systems. Depending on the averaging time of interest, the fractional frequency insta-
bility has been reduced by a factor of up to seven compared to Physikalisch-Technische
Bundesanstalt (PTB)'s current transportable laser system, which had the lowest frac-
tional frequency instability until now. This reduced instability allows a reduction of
the Dick e�ect limit by roughly a factor of four for interrogation times below 0.5 s,
which would reduce the clock's instability limit signi�cantly.

Keywords:
� ultra-stable optical cavitiy, ultra-stable optical resonator
� transportable clock laser system, transportable interrogation laser system
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1. Introduction

Of all quantities in the international system of units (SI), the realization of the second
has the smallest uncertainty in relative value. Currently, caesium atomic clocks realize
our second. However, optical clocks1 are deemed strong candidates for the rede�nition
of the second as they outperform the caesium clocks1 as shown �rst by Campbell et al.
[1], Chou et al. [2], Falke et al. [3] and Le Targat et al. [4].
Because optical clocks are such accurate measurement tools of time, they have other

applications beyond time keeping, such as tests of fundamental physics like setting
constrain to the time variation of fundamental constants, search for dark matter,
and detection of violations of Lorentz invariance [for latest publications see amongst
others 5�10]. Accordingly, Godun et al. [5], Huntemann et al. [8], McGrew et al. [9]
and Schwarz et al. [11] were able to show an upper boundary of about 1× 10−16 yr−1

for the time variation of the proton-to-electron mass ratio and an upper boundary
of low 10−17 yr−1 for the time variation of the �ne structure constant. Furthermore,
Roberts et al. [7] presented an optical clock network in Europe, which is used to search
for dark matter, to mention just a few. Clocks with high accuracy can also be used
for geodetic measurements [12�15], which is the application considered in this work.
From general relativity, it is known that the frequency of a clock is a�ected by

the gravitational potential. Hence, a gravitational potential di�erence ∆V of about
0.1 m2 s−2, which corresponds to approximately 1 cm in height di�erence on Earth's
surface, results in a fractional relativistic redshift ∆νrel/ν0 of 10−18 between two clocks
[15].
Today's knowledge of geodetic heights with respect to the geoid, as an equipotential

surface, on Earth is based on terrestrial and satellite-based measurements. For Eu-
rope, discrepancies of 1 cm to 5 cm for areas with good data quality and coverage where
found, but for certain areas like high mountain regions or islands in the high seas the
di�erences often exceed 10 cm [16], which can be seen as benchmark for optical clocks.
Today's laboratory clocks already meet the requirements to resolve approximately
1 cm of height [e.g. 17�19]. Over short distance, conventional methods like geometric
leveling o�er low uncertainties on the sub-millimeter level, but it is time-consuming
and accumulates large errors over long distances. In contrast, the measurement un-
certainty using clocks connected by optical links is almost independent of the distance
between two measurement points. A demonstration of such a laboratory clock network
is given in Lisdat et al. [20]. As laboratory systems are limited to one certain loca-
tion, stand-alone transportable clocks that can be transported to the point of interest

1Strictly speaking, most systems described in literature as optical or atomic clocks are not a clock,
but a frequency standard, since there is no clockwork. This di�erentiation is also handled generously
in this work.
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1. Introduction

are needed for geodetic measurements. Proof-of-concept geodetic measurements with
transportable clocks have been demonstrated by Grotti et al. [21], Takamoto et al.
[22], Takano et al. [23] and Huang et al. [24] over distances up to 1200 km so far with
inaccuracies down to approximately 5 cm. Besides geodetic applications, a compact
and robust, stand-alone optical clock can serve as a transportable frequency standard
and replace the hydrogen maser at better performance. Also, space experiments on
fundamental physics are conceivable with transportable optical clocks [25, 26].
An optical clock has two main parameters that are important for all its applications:

its instability and its systematic uncertainty. The transition frequency of a clock is
shifted by various parameters such as temperature, electric and magnetic �elds. Thus,
the measured transition frequency of a clock needs to be corrected to obtain the undis-
turbed transition frequency of the clock. The required corrections are not perfectly
known, leading to the clock's systematic uncertainty. To reach low systematic un-
certainties, a well controlled and characterized system is needed. Current stationary
optical clocks reach fractional uncertainties of low 10−18 and transportable ones frac-
tional uncertainties down to mid 10−18. For full uncertainty budgets of these clocks
see among others Bothwell et al. [17], Cao et al. [27], Koller et al. [28], McGrew et al.
[18], Nicholson et al. [19] and Takamoto et al. [22].
The instability of an optical clock describes the statistical scattering of the clock

frequency and therefore a low instability corresponds to a high measurement precision.
Hence, lower instabilities result in shorter averaging times until a certain statistical
uncertainty is reached, which is the key to fast time-resolved measurements such as
measurements of tides.
The clock instabilities of today's best optical clocks are usually limited by the Dick

e�ect or the quantum projection noise (QPN). The Dick e�ect describes a limitation
of the clock instability due to an aliasing e�ect caused by alternating periods of atom
interrogation, during which the atoms are probed by the clock laser, and dead time,
during which the atoms are read out and prepared [29, 30]. The QPN results from
the projective measurement of the atom's2 quantum state, which causes the atom to
collapse into the ground or excited state [31]. Both are described in more detail in
chapter 2.
To reduce the clock instability, one or both limits have to be reduced. As the

QPN limit con�nes the instability of an optical clock for uncorrelated states, it can
be overcome by generating correlated states, for example spin squeezed states [32, 33]
as demonstrated among others by Braverman et al. [34] and Kruse et al. [35]. The
instability of such clocks is ultimately restricted by the Heisenberg limit, which results
from the Heisenberg uncertainty.
However, Schulte et al. [36] point out that for optical clocks spin squeezing does

only o�er a relevant advantage in clock instability for optical clocks with small atom
number, where QPN is by far the largest contribution. In contrast, the QPN limit
of clocks with large atom number, like lattice clocks, is usually below the Dick e�ect
limit, and therefore spin squeezing does not decrease the clock instability substantially

2 Atom is used as an umbrella term for both neutral atom and ion.
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for these clocks.
Dead-time-free or synchronous interrogation of at least two atom ensembles such

as described in Schioppo et al. [37] and Hume and Leibrandt [38]3 allows clocks to
overcome the Dick e�ect limit and reduces the QPN noise by extending the interro-
gation time beyond the laser's coherence time. However, these methods require two
Dick-e�ect-limited clocks of comparable stability in relative proximity to o�er any
relevant advantage. Finally, the contributions from both QPN and the Dick e�ect to
the instability limit of a clock depend, either directly or indirectly, on the frequency
instability of the clock laser4 σy,L

5 that is used to interrogate the atoms. Therefore,
the past continuous improvement of clock instability was only possible due to the con-
tinuous improvement of laser instability, and still clocks generally bene�t from lower
laser instability. While improvements to the atomic package to perform dead-time-free
interrogation and spin squeezing require extensive changes to the atomics package of a
clock and substantially increase its complexity, an improved clock laser can be devel-
oped independently and integrated into the clock as a plug-in component. It is thus an
excellent means of improving the performance of an already operating transportable
optical clock.
Currently, the best clock laser systems are based on lasers that are pre-stabilized

to ultra-stable external optical reference cavities using the Pound-Drever-Hall lock-
ing technique [41] to transfer the length stability δl/l0 of the cavity to the frequency
stability δν/ν0 of the clock laser light, described in more detail in section 3.1. The
fundamental limit of the cavity length instability is the thermal noise, also known
as thermo-dynamic noise, in the cavity components, which depends on the cavity
temperature, the cavity geometry and material properties of the cavity components,
described in more detail in section 3.2. As the thermal noise limit of a cavity decreases
with increasing separation l0 of the cavity mirrors and with lower cavity temperature,
longer cavities [e.g. 42, 43] or cavities operated at low temperature [e.g. 44, 45] have
been build to reduce the laser instability in the past years. However, for transportable
systems this is only useful to a limited extent as long cavities are in con�ict with a
compact and light-weight design, which is bene�cial for a transportable system. Cryo-
genic cooling in a transportable system requires a low-vibration closed-cycle system
to not degrade the laser's frequency stability by seismic noise a�ecting the length sta-
bility of the ultra-stable cavity. Low-vibration cryocoolers, such as pulse tube cooler
or coolers using evaporation of a liquid, might be a suitable choice for a transportable
system. However, cooling to cryogenic temperature adds additional weight, increases
the power consumption of a clock and requires permanent cooling also during trans-
port to ensure a prompt availability of the laser system after transport. Thus, cryo-
genic cooling is a disproportionate e�ort for robust and self-contained transportable
system compared to the use of crystalline gallium arsenide (GaAs)/aluminium gal-

3In this paper, a single-ion clock and a lattice clock are used to demonstrate synchronous inter-
rogation rather than two clocks with atom ensembles.

4The clock laser is also referred to in the literature as interrogation laser.
5 Frequency instability is commonly described using the Allan deviation σy(τ), which was �rst

introduced by Allan [39, 40]. Here, τ is the averaging time.
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1. Introduction

lium arsenide (Al0.92Ga0.08As) mirror coatings [46] to reduce the thermal noise �oor.
Crystalline GaAs/Al0.92Ga0.08As mirror coatings provide a third option addressing the
material properties, which can be used at same cavity geometry and temperature in
contrast to longer or cryogenic cooled cavities. It relies on the higher quality factor
of these coatings compared to the traditional tantalum pentoxide (Ta2O5)/fused silica
(SiO2) coatings. However, these crystalline mirror coatings are highly absorbing for
visible light. The laser system must be operated at a sub-harmonic wavelength and
up-converted to the clock transition, for example, by frequency-doubling.
Besides the thermal noise, several in�uences like �uctuation of temperature, pressure

and laser power or seismic noise degrade the cavity length stability as described in
section 5.5 to 5.9. Their impact on the cavity instability has to be reduced, for example,
by active or passive stabilization below the thermal noise limit to allow an operation
of the cavity at its fundamental limit. Here, the vibration sensitivity of the cavity
length, which is a parameter for the mechanical deformation of the cavity caused by
seismic noise, typically increases with spacer length l0 in contrast to the thermal noise
limit. Taking the contributions of seismic noise and thermal noise into account, we
�nd a practical optimal in cavity length, at which the cavity instability is minimal. To
increase the optimal spacer length, the vibration sensitivity is reduced by decoupling
the cavity from seismic noise using particular mounting concepts of the reference
cavity. In this respect, a rugged, transportable mounting design is more challenging
than laboratory systems, which bene�t from loose and soft mounting not applicable to
transportable systems. Di�erent mounting designs for transportable reference cavities
allowing a rugged mounting and providing low vibration sensitivity were established
in the past years. Examples for such mountings are small spherical [47, 48], cubical
[49, 50], cylindrical [51�55] and double tetrahedral [56] cavities. The di�erent designs
come along with di�erent advantages and disadvantages such as scalability of cavity
length l0 and complexity of the mounting structure as further discussed in section 5.7.
Today's best laser systems are based on cryogenic silicon cavities with an instability

down to modσy,L
6 = 4 · 10−17 [44, 45] or a 48 cm long glass cavity with an instability

of σy,L = 8 · 10−17 [43]. Clock instabilities of below 1 · 10−16/
√
τ [11, 37, 57] have

been realized in a laboratory environment. Transportable stand-alone clocks show
instabilities of down to σy = 1 · 10−15/

√
τ [28, 27], with clock laser instabilities of

down to modσy,L = 3 · 10−16 [51].
In this work, a new clock laser system to reduce the instability of PTB's trans-

portable Sr lattice clock [28] to below σy = 1 · 10−15/
√
τ is presented. It is based

on crystalline mirror coatings [46] and operated at the sub-harmonic wavelength of
the clock transition near 1397 nm. The mirror substrates are made out of fused sil-
ica glass and the 20-cm-long spacer is made out of ultra low expansion glass. The
choice of the mirror substrates and spacer is discussed in section 3.3. The measured
instability curve of the laser system as well as the remaining contributions to the laser
instability caused by seismic noise, and variations of residual amplitude modulation,

6 modσy indicates that the modi�ed Allan deviation [39, 40] of a fractional frequency �uctuation
is used.
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temperature, laser power, and pressure are discussed in chapter 5. Frequency-doubling
to the transition frequency of 87Sr and its in�uence on the e�ective laser instability
are discussed in chapter 6.
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2. Clock instability

Several contributions a�ect the instability of a clock, including electronic noise, pho-
ton shot noise, detection laser noise, quantum projection noise (QPN) and the Dick
e�ect. A detailed discussion for a Sr lattice clock is found in Al-Masoudi et al. [58]. As
mentioned in the introduction, today's best clocks' instabilities are in general deter-
mined by the QPN limit or the Dick e�ect. The equations below give the correlation
between clock instabilities for QPN-limited or Dick-e�ect-limited clocks and the laser
instability. Here, we consider Rabi's and Ramsey's methods, which are most common.
Rabi interrogation consists of a single π-pulse of duration ti = tπ, whereas Ramsey
interrogation consists of two π/2-pules of duration tπ/2 separated by a variable dark
time tdark, leading to ti = 2 tπ/2 + tdark.

2.1. Coherence time

The coherence time tcoh, which governs the maximum possible interrogation time ti,
depends on the laser instability σy,L and the interrogation scheme. Following Schulte
et al. [36], Matei et al. [44] and Leroux et al. [59], the coherence time is de�ned as
the time at which the root mean square (rms) phase deviations is below 1 rad, which
corresponds to the case that after the coherence time tcoh in more than 99 % of all
cases the rms phase excursion is below ±π. Equation 2.1 gives a simple approach to
determine the approximate coherence time tcoh from the Allan deviation (ADEV) of
a laser's fractional frequency instability σy,L.

1 rad

2π ν0 tcoh

!
= σy,L(tcoh) (2.1)

Here, ν0 is the absolute clock frequency. For Rabi and Ramsey interrogation, the
observed excitation after an interrogation yields the average frequency during the
interrogation. Thus, the coherence time tcoh is a good estimation for a maximum rea-
sonable interrogation time ti. However, in practice the optimal interrogation time to
achieve best clock performance depends on several parameters like clock type, interro-
gation scheme and frequency spectrum of the laser noise. An example how the optimal
interrogation time can be found is given in Leroux et al. [59] for Ramsey interrogation.
The coherence time and thus maximum interrogation time increase with reducing

laser instability. As one may expect, this usually results in better frequency instability
of the clock as discussed in sections 2.2 and 2.3 below.
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2. Clock instability

2.2. Quantum projection noise

The QPN limit σy,QPN of the clock instability, which results form the measurement of
the atomic state, is given by equation 2.2 and is discussed in detail amongst others in
Hobson [60].

σy,QPN =
1

Dν0

√
Qe(1−Qe)

Nat

√
tcy

τ
(2.2)

Here, Qe is the excitation probability (usually Qe ≈ 0.5), Nat the number of atoms
interrogated, τ the averaging time, D the error-signal discriminant and tcy the single
cycle duration, tcy = ti + tdead, with the dead time tdead, while the atoms are prepared
and are read out. Obviously, the QPN limit σy,QPN decreases with

√
Nat, and therefore

clocks with high atom number Nat are bene�cial compared to single atom clocks. Dick
[29] and Dick et al. [61] give the formulas for the error-signal discriminant D for Rabi
and Ramsey interrogation:

D = π 0.60386 tπ = π 0.60386 ti Rabi interrogation (2.3)

D = π

[
tdark +

[
2− 4

π

]
tπ/2

]
Ramsey interrogation (2.4)

≈ π ti for tdark � tπ/2 (2.5)

Ramsey interrogation results in a lower QPN limit compared to Rabi interrogation at
same interrogation durations ti due to its steeper error-signal discriminant. Further-
more, the QPN limit reduces with higher interrogation time ti. Clocks using clock
lasers with high instability and therefore short coherence times often operate near the
limit ti � tcy. Here, the QPN limit reduces with t−1

i . For clock lasers with low in-
stability and therefore long coherence time leading to tcy ≈ ti, the QPN limit reduces
with t−1/2

i . In both cases, lower clock laser instability will reduce the QPN limit.

2.3. Dick e�ect

The Dick e�ect as introduced by Dick [29] describes an aliasing caused by the dead
time during the operation of the clock. It gives rise to a contribution σy,Dick to the
clock's instability σy, which depends directly on the power spectral density (PSD) of
the clock laser's one-sided fractional frequency �uctuations Sy,L

1. Lower Sy,L results
in lower clock laser instability σy,L. Following Dick [29], Dick et al. [61], Santarelli
et al. [63], Audoin et al. [64] and Greenhall [65], the Dick e�ect contribution to the

1 Sy indicates that the one-sided fractional frequency �uctuation PSD is used, which is a frequency
domain statistical dispersion and can be transferred to time domain statistical dispersion like the
Allan deviation, see among others Benkler et al. [62]

8



2.3. Dick e�ect

clock instability is given by:

σ2
y,Dick =

1

b2
0 τ

∞∑
k=1

|bk|2 Sy,L(k/tcy) (2.6)

b0 =
1

tcy

∫ tcy

0

b(t) dt (2.7)

bk =
1

tcy

∫ tcy

0

b(t) exp

(
−2πikt

tcy

)
dt (2.8)

Here, b0 and bk are the Fourier coe�cients for amplitude conversion near the kth
harmonic of the single cycle frequency fcy = 1/tcy of the frequency sensitivity func-
tion b(t). It describes the response of the excitation probability to small frequency
�uctuations. At the operating points (Qe = 0.5) of a clock using Rabi or Ramsey
interrogation, respectively, it is given by equation 2.9 and 2.14.

Rabi:

b(t) = sin2(θ) cos(θ)

· [sin(Ω1(t)) {1− cos(Ω2(t)) + sin(Ω2(t))} {1− cos(Ω1(t))}] 0 < t < ti

= 0 ti < t < tcy

(2.9)

with

θ =
π

2
+ arctan(0.798685) (2.10)

Ω1(t) = Ω
t

ti
(2.11)

Ω2(t) = Ω

[
1− t

ti

]
(2.12)

Ω = π
√

1 + 0.7986852 (2.13)

Ramsey:

b(t) = sin

(
π t

2 tπ/2

)
0 < t < tπ/2

= 1 tπ/2 < t < ti − tπ/2

= sin

(
π
ti − t
2 tπ/2

)
ti − tπ/2 < t < ti

= 0 ti < t < tcy

(2.14)

9



2. Clock instability

For the simple case of Ramsey interrogation with negligibly short π/2-pules, equa-
tion 2.6 can be solved analytically [see appendix of 29]:

σ2
y,Dick =

1

τ

t2cy

t2i

∞∑
k=1

1

π2k3
sin2

(
πkti
tcy

)
Sy,L(k/tcy) (2.15)

According to equation 2.15, the Dick contribution σy,Dick reduces with decreasing laser
noise Sy,L and higher duty factor ti/tcy and therefore, higher interrogation time ti at
the same dead time tdead. The former is true in general (see equation 2.6), whereas the
latter holds in most but not all cases. Generally, as long as ti is signi�cantly smaller
than tcy, the Dick e�ect limit decreases with longer interrogation times ti. In the case
of tdead � ti, ti ≈ tcy, the Dick contribution eventually starts to become larger with in-
creasing interrogation time in case of Rabi interrogation due to �icker frequency noise
of ultra-stable lasers, which decreases with 1/f for Sy,L. Longer interrogation times ti
and thus longer cycle times tcy, result in larger contribution from the laser's instabil-
ity Sy,L due to its 1/f behavior, while |bk|2 approaches a constant value. This results
e�ectively in an increase of the Dick e�ect limit σy,Dick for very long interrogation times
when using Rabi interrogation. In contrast, when using Ramsey interrogation, |bk|2
trends quadratically towards zero, while Sy,L only increases approximately linearly for
very long ti at tdead � ti and tπ/2 � tdark, resulting in a continuous decrease of σy,Dick.
This operation mode piratically results in a continuous interrogation with constant
sensitivity. Thus, the Dick e�ects limit must reduce to zero due the absence of any
aliasing e�ect. If tπ/2 is not much smaller than tdark, σy,Dick trends not to zero also
for Ramsey interrogation as the sensitivity function b(t) is not constant equivalent to
the case of Rabi interrogation. However, this occurs at time scales that are of little
practical relevance for transportable clocks, at least so far. Hence, the impact of the
Dick e�ect on clock instability is reduced by stabler clock lasers, both directly and by
allowing longer interrogation times due to the laser coherence time limit.
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3. Laser instability

In order to reduce a laser's frequency instability, the laser frequency can be stabilized to
an ultra-stable external reference cavity, transferring the cavity's length stability δl/l0
to the laser frequency stability with δν/ν0 = −δl/l0 as described in section 3.1. Con-
sequently, the laser frequency stability is now limited by the cavity length noise, which
in the best case approaches the thermal noise of the cavity components as shown in
section 3.2. The cavity noise, resulting from thermal noise, is a�ected by various
parameters including material properties such as the Young's modulus or the qual-
ity factor. In section 3.3, the choice of cavity materials is discussed to minimize the
thermal noise when designing a transportable reference cavity.

3.1. Pound-Drever-Hall locking technique

An external reference Fabry-Pérot cavity can be used to measure the laser frequency
and feed back an error signal to the laser to suppress frequency �uctuations [66].
To generate an error signal for the stabilization, either the transmitted light can be
used for a side-of-fringe [67] or a fringe-center technique [68] or the re�ected light
can be used for the Hänsch-Couillaud (HC) [69] or the Pound-Drever-Hall (PDH) [66]
technique. In general, techniques using transmitted light are limited in bandwidth by
the linewidth1 lw of the cavity and su�er from a lower signal-to-noise ratio [70]. As fast
techniques and high signal-to-noise ratios are bene�cial to transfer the stability of the
cavity to the laser frequency, HC and PDH technique are preferable. The HC technique
uses an external reference cavity with an internal linear polariser, birefringent crystal
or Brewster plate and derives the error signal from the polarization of the back re�ected
light [69]. In the case of the PDH technique, which is the optical equivalent of the
RF microwave Pound stabilizer [71], the phase of the laser light is modulated to
generate an error signal from the re�ected light [66], making it comparable complex.
However, in contrast to the HC technique, the PDH technique can be made insensitive
to technical noise of the laser by using high modulation frequencies [72], making it the
most suitable choice for an ultra-stable laser.

1 The ratio of the free spectral range (FSR) FSR and the �nesse F is de�ned as the linewidth lw
of a Fabry-Pérot cavity, lw = FSR/F . For cavity in vacuum, the �nesse is de�ned by the intensity
re�ection coe�cient R of the mirrors with F = π

√
R/[1−R] and the FSR is reciprocal to the cavity

length l0 with FSR = c/[2l0].
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3. Laser instability
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Figure 3.1.: Schematic sketch of the PDH locking technique (left). A detailed descrip-
tion is given in the text. The resulting error signal εPDH (blue solid) and
its approximation by equation 3.1 (red dashed) normalized to 2

√
PcPs

with F ≈ 1000, fm ≈ 60 · lw (right).

3.1.1. Basic principle

Figure 3.1 left shows the schematic setup of the PDH technique. For a detailed descrip-
tion, see among others the introductory paper by Black [41]. The laser light passes
through an electro-optic modulator (EOM) with a modulation frequency fm larger
than the cavity linewidth lw to ensure that the side bands are re�ected when the
carrier, meaning the laser light, is in resonance. A local oscillator (LO) generates the
modulation frequency fm. The back re�ected light from the cavity, which passed the
quarter waveplate twice, is picked up by the polarizing beam splitter (PBS) and sent
to a photodiode (PD). The PD detects the optical power of the incident light, which is
proportional to the square of the incident �eld strength, resulting in the detection of
mixing products of carrier and sideband signals. This signal contains the phase infor-
mation of the laser frequency with respect to the cavity's resonance frequency, which
needs to be mixed down to direct current (DC) to generate a control signal. Therefore
the PD signal is mixed with a reference signal of the frequency fm as well generated
by a LO. A phase shifter is needed to match the phase φmod between reference signal
and PD signal. The mixing product at twice the modulation frequency fm is �ltered
out by a low-pass �lter. The error signal, which is at roughly DC, goes through a
servo ampli�er and is forwarded to the laser tuning port to adjust the laser frequency.
Figure 3.1 shows the error signal2 εPDH (blue curve) for a small modulation depthM ,

a fast modulation frequency fm � lw and a phase3 φmod = π/2 at the mixer, the so
called dispersion signal4. The error signal is normalized to 2

√
PcPs with Pc and Ps

2The equation is given in Appendix A.1
3How the phase φmod e�ects the error signal εPDH is for example nicely shown in Riehle [73,

section 9.2.2] and Shen et al. [74].
4The out-of-phase error signal with φmod = π/2 is often called the dispersion signal, while the

in-phase error signal with φmod = 0 is called absorption signal, which originates from the relations
in spectroscopy, for example phase-modulation saturation spectroscopy see Bjorklund [75] and Hall
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3.1. Pound-Drever-Hall locking technique

being the power in the carrier and �rst-order side bands of the incident beam to the
cavity, respectively.
Close to resonance, meaning for frequency deviations from the cavity resonance

much smaller than the linewidth of the cavity, δν � lw, the error signal εPDH is
proportional to the frequency deviation δν [41], see equation 3.1 and �gure 3.1 right
red dashed line.

εPDH = −8
√
Pc Ps

lw
δν (3.1)

As it is not possible to distinguish between frequency noise of the laser and cavity
noise by looking at the error signal, the cavity noise a�ects the stability reachable
with the PDH technique. While equation 3.1 only holds for a perfectly stable cavity,
equation 3.2 [41] takes the cavity noise into account.

εPDH = −8
√
Pc Ps ν0

lw

[
δν

ν0

+
δl

l0

]
(3.2)

In case of a closed servo loop, the fractional frequency deviation from cavity resonance
is much smaller then the fractional length �uctuation of the cavity, δν/ν0 � δl/l0 and
thus we get from equation 3.1 and 3.2 that the laser instability only depends on the
fractional length stability of the cavity δν/ν0 = −δl/l0. Hence, the fractional length
�uctuations of the cavity become visible in the power spectral density (PSD) of the
fractional frequency stability of the laser Sy,L.

3.1.2. Residual amplitude modulation

In practice, residual amplitude modulation (RAM) at the modulation frequency fm,
which is an unavoidable byproduct of phase modulation, a�ects the PDH error signal
and thus degrades the instability of the laser light [77]. Thus, the instability caused
by RAM must be reduced below the cavity's instability to operate the laser system
at the thermal noise �oor limit, see section 5.5. RAM appears as the amplitude I(ph)

0

of an additional photo-current I(ph)(fm) in the PDH detection [77, 78] and adds an
o�set ∆εRAM ∝ I

(ph)
0 to the PDH error signal εPDH. This results in a shifted error

signal εtot = εPDH + ∆εRAM and thus a frequency o�set ∆νRAM of the laser frequency
compared to cavity resonance, see �gure 3.2 [77, 74]. A detailed quantitative descrip-
tion and analysis how RAM a�ects the PDH signal is given for example in Shen et al.
[74].
As long as the RAM's amplitude is constant and the resulting frequency o�set ∆νRAM

is much smaller than the cavity's linewidth lw, RAM results in a constant frequency
o�set ∆νRAM but does not degrade the laser stability. In practice, the RAM's am-
plitude is �uctuating and thus the laser stability is degraded as the locking point is
constantly shifted in frequency due to the �uctuating o�set ∆εRAM. This degradation
is intrinsically lower for cavities with a steeper error signal slope, as the same change in

et al. [76].
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Figure 3.2.: The light red dashed and blue solid line show the PDH error signal εPDH

with the same approximations as in �gure 3.1 for frequencies within the
cavity linewidth ±lw/2. The saturated red dashed and blue solid line
show the error signal εtot shifted by the o�set ∆εRAM caused RAM, which
results in turn in a frequency shift ∆νRAM as the locking point is shifted.

RAM o�set ∆εRAM results in a smaller frequency shift ∆νRAM. As the steepness of the
error signal close to resonance is inversely proportional to the cavity's linewidth lw,
see equation 3.2, cavities with higher �nesse F and longer length l0 show a lower sen-
sitivity to RAM. This a�ects especially transportable laser systems, which in general
use shorter cavities.

The most obvious and generally the largest contribution to RAM is caused by the
natural birefringence of the EOM. The simpli�ed setup in �gure 3.3 provides a qual-
itative picture of this RAM contribution. Both the extraordinary axis of the EOM,
drawn in green, and the applied electric �eld Ex are perfectly aligned with the x-
direction. The light entering the EOM is linearly polarized along the polarization axis
of a polarizer, drawn in blue, in front of the EOM and the light leaving the EOM is
passing through a polarization analyzer, drawn in orange. The polarizer as well as
the analyzer can be imagined as polarizing beamsplitters. The polarization axes of
the polarizer and the analyzer, respectively, are tilted under the angles θp and θa with
respect to the x-direction. Thus, the polarization of the entering light is slightly tilted
from the extraordinary axis of the EOM. The phase shifts experienced by the light
fractions polarized along the extraordinary and ordinary axis di�er by ∆φe,o due to
the birefringence of the EOM's crystal. As the phase shift of the extraordinary light
is modulated with the frequency fm, the phase di�erence ∆φe,o is also modulated with
the frequency fm and thus the polarization of the combined light wave after the EOM
changes with the modulation frequency fm. This polarization modulation is trans-
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3.1. Pound-Drever-Hall locking technique
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x

z
ordinary

Ex
θp

Figure 3.3.: Schematic sketch of an EOM's crystal (green) with its ordinary and ex-
traordinary axes. The extraordinary axes is aligned with the x-direction
as well as the applied electric �eld. A polarizer (blue) and an analyzer
(orange) are placed before and after the crystal, respectively. The polar-
ization axes of the polarizer and analyzer are aligned with the x axes if the
angles θp = 0 and θa = 0, respectively. The angles θp and θa indicate a tilt
of the polarization axes with respect to the x-direction in the x-y-plane.
The light (red) is traveling along the z-axis.

ferred into an amplitude modulation with the modulation frequency fm when passing
through the analyzer and appears as photo current I(ph)(fm) on a potential PD placed
behind the analyzer as done in the PDH signal detection. The photo-current I(ph)(fm)
is given in equation 3.3 as derived in Wong and Hall [77].

I(ph)(fm) = − sin(2θp) sin(2θa) |εx,0|2 J (Bes)
1 (M) sin(2πfmt) sin(∆φe,o) (3.3)

= I
(ph)
0 sin(2π fm t) (3.4)

J
(Bes)
1 (M) =

1

2π

∫ π

−π
exp(i[M sin(φ)− φ]) dφ (3.5)

εx,0 is the amplitude of the incident light �eld polarized along the x-axis, J (Bes)
1 is

the �rst order Bessel function and M is the modulation depth. To not degrade the
laser stability, the amplitude I(ph)

0 has to be both constant and su�ciently small.
Therefore, the parameters, θp, θa, εx,0, M and ∆φe,o, have to stay constant, which
requires a stabilization or the stability of several physical quantities that a�ect the
crucial parameters like laser power, scattering, seismic noise, the radio frequency (RF)-
power of modulation �eld Ex and environmental temperature [77].
One approach is to reduce initial RAM passively by separating the extraordinary

and ordinary light of the EOM by using special crystal geometries, thus suppressing
the polarization noise behind the EOM [79�83]. Additionally, the polarization axis of
the polarizer and analyzer should be carefully aligned with the EOM's extraordinary
axis to even further reduce the RAM. Note that only an alignment of the angles is
generally not su�cient. Moreover, the EOM should be temperature stabilized to avoid
large RAM �uctuations resulting from the temperature dependence of the EOM's
birefringence. Alternatively, a crystal material with low temperature dependence of
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Figure 3.4.: Schematic sketch of an active RAM control. The deep colored componetns
belong to the active RAM stabilization and the pale colored components
belong to the PDH stabilization. A detailed description is given in the
text.

the birefringence is used [83]. Besides the EOM itself also other birefringent materials,
like optical �bers, before and after the EOM would cause polarization noise and hence
contribute to RAM. Thus, putting the polarizer and analyzer shortly before and after
the EOM e�ectively reduces the amount of optical path length that contributes to
RAM and potentially needs temperature stabilization.
Alternatively, an active control [77, 84, 78, 85, 86] can be implemented as shown in

�gure 3.4. Two PBS are placed close to the EOM to reduce the optical path length
that contributes to RAM and an optical �ber is used for spatial �ltering as explained
later. Even if in principle only the PBS after the EOM, the analyzer, is needed to make
the active control work, the PBS before the EOM, the polarizer, and spatial �ltering
are often crucial to suppress the RAM su�ciently in practice. At some point between
the analyzer and the optical cavity, a part of the light is split o� and is re�ected onto
a PD, whose signal is processed equivalently to the PDH PD signal. Hence, the RAM,
which is in-phase with the PDH signal, is detected. The resulting correction signal
around DC is applied to the EOM via a bias tee. This additional DC voltage a�ects
the phase shift ∆φe,o and thus is used to control ∆φe,o to zero.
The performance of the active stabilization depends on a uniform spatial distribution

of the RAM. A non perfect beam pro�le or a non uniform RF �eld in the EOM due
to, for example defects of the crystal, result in a non uniform distribution of the
RAM and thus lead to di�erent RAM signals on the PDH PD and the RAM PD.
This di�erence due to a non uniform distribution cannot be compensated by an active
control. Therefore, spatial �ltering, for example with an optical �ber behind the EOM,
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3.2. Thermal noise in optical cavities

can be used to avoid a non uniform distribution. This RAM would not only appear
on the in-phase demodulated signal but also on the quadrature signal. For a non
perfect dispersion signal in the PDH lock also RAM in the quadrature component
would a�ect the locking point. An approach stabilizing both the in-phase and the
quadrature component can be found in Zhang et al. [78]. Especially to improve the
stability on long time scales >10 s, a stabilization of the quadrature component might
be interesting [78].
Besides RAM caused by the natural birefringence of the EOM, RAM can be caused

by étalons. If RAM is thought of as side bands having not exactly the same amplitude
or being not exactly opposite in phase, obviously an étalon, which has a frequency
dependent amplitude and phase response, a�ects the sideband's amplitude and phase
di�erently and thus gives rise to RAM. This RAM can not at all or only partly be
reduced by an active stabilization [74]. Therefore, étalons should strictly be avoided,
for example by tilting potential parallel surfaces or implementing optical isolators.
Recently, a completely di�erent approach for suppression of RAM e�ects was given

by Shi et al. [79]. They state that frequency shifts caused by RAM are not only
related to the amplitude of the RAM, but also to a conversion factor de�ned by the
cavity's mode matching and impedance matching. Thus, frequency shifts caused by
RAM could also be suppressed with a cavity design reducing this conversion factor to
zero [79]. However, this approach has not yet been demonstrated for cavities with an
instability below 10−15.

3.1.3. Fundamental shot noise limit

The fundamental limit of the PDH stabilization is de�ned by the quantum nature of
light and the resulting shot noise a�ecting the error signal. The fractional frequency
noise PSD Sy,SN caused by shot noise is given in equation 3.6 derived from the equations
given by Black [41].

Sy,SN =
h c2

82F2 ν0 Pc

(3.6)

With Pc = 10 µW, F = 3 · 105 and ν0 = 215 THz, the PSD Sy,SN is in the order
of 10−39, which is orders of magnitude below the noise �oor of today's best cavities
Sy(1 Hz) ≈ 10−33 [44]. Therefore, as long as the power Pc is not much smaller than
10µW, the achievable laser frequency stability using the PDH technique is limited by
the cavity noise, whose fundamental limit is de�ned by the thermal noise in the cavity
components.

3.2. Thermal noise in optical cavities

Thermal noise, also called thermodynamic noise, de�nes the lower limit for the clock
laser instability as it results in length �uctuations of the cavity. Thermal noise is
composed of several di�erent kinds of noise such as Brownian, thermorefractive (TR)
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3. Laser instability

and thermoelastic (TE) noise. An overview of the equations of thermal noise was
already given in previous works, for example Chalermsongsak et al. [87], Gorodetsky
[88] and Martin [89]. In this section, the equations used in this thesis are given and
di�erences from previous publications are indicated.
Commonly, length �uctuations are expressed as the one-sided PSD of length �uc-

tuations Sx. Sx can be transferred to the one-sided PSD of fractional frequency
�uctuations Sy, the Allan deviation (ADEV) σy or the modi�ed Allan deviation
(mADEV) modσy, which are more common quantities in the �eld of optical clocks.
By dividing the PSD of length �uctuations Sx by the square of the mirror distance l0,
one gets the PSD of fractional length and therefore the PSD of fractional frequency
�uctuations Sy as given in equation 3.7. From Sy, the ADEV and the mADEV can
be calculated [62], given in equation 3.8 and equation 3.9.

Sy = Sx/l
2
0 (3.7)

σ2
y = 2

∫ ∞
0

sin4(π f τ)

[π f τ ]4
Sy(f) df (3.8)

modσ2
y = 2

∫ ∞
0

sin6(π f τ)

[π f τ ]4
Sy(f) df (3.9)

3.2.1. Brownian noise

Brownian noise is caused by Brownian motion, which is linked to the mechanical loss
in a system [90, 91]. Its displacement noise Sx,B(f) is dependent on elastic properties
of the cavity material (Young's modulus Y and Poisson's ratio5 η), the mechanical loss
factor or angle Φ, and the temperature T . The mechanical loss factor, which describes
the damping in a material, is the reciprocal of the quality factor. A lower loss factor
corresponds to a lower rate of energy loss.
The impact of the Brownian noise on the cavity's length instability as seen by

the laser beam is estimated following the approach by Levin [92]6. This approach
utilizes the �uctuation-dissipation theorem to derive the PSD of the length �uctua-
tions through the following thought experiment. First, it is assumed that a pressure
variation p(r, t) with the frequency of interest and a distribution following the beam
intensity pro�le of the light probing the cavity is acting on the mirror surface. For a
Gaussian beam pro�le, the amplitude p0(r) of the oscillating pressure p(r, t) is given
in equation 3.10.

p0(r) =
2F0

π w2
e−

2 r2

w2 (3.10)

5Commonly, σ or ν are used as variables for the Poisson's ratio in the literature. As these variables
represent in this work the ADEV and the optical frequency, η is used instead.

6The corrections pointed out by Liu and Thorne [93] in their reference 6 are considered in this
work.
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3.2. Thermal noise in optical cavities

F0 is the amplitude of the oscillating force applied to the surface, w is the 1/e2 beam
radius, and r is the spatial coordinate. Second, the average power dissipated in the
cavity assuming homogeneous dissipation under the action of the oscillating pres-
sure p(r, t) is calculated. It is proportional to the material's mechanical loss factor Φ
and the maximum elastic strain energy W0, which is the energy of elastic deformation
when the pressure p0(r) is applied to the surface. Third, inserting everything into the
�uctuation-dissipation theorem and applying the conversion from equation 3.7 results
in equation 3.11.

Sy,B =
4 kB T

π f F 2
0

W0
Φ

l20
(3.11)

kB is the Boltzmann constant. As the elastic strain energy W0 scales with F 2
0 , the

PSD Sy,B is independent of the assumed test force F0. The total Brownian noise Sy,B

is the sum of the Brownian noise contributions of the cavity components, which are
the spacer S(sp)

y,B , the mirror substrates 2 · S(sb)
y,B , and the mirror coatings 2 · S(ct)

y,B .

Sy,B = S
(sp)
y,B + 2S

(sb)
y,B + 2S

(ct)
y,B (3.12)

=
4 kB T

π f F 2
0 l

2
0

[W
(sp)
0 φsp + 2W

(sb)
0 φsb + 2W

(ct)
0 φct] (3.13)

Furthermore, the maximum elastic strain energy W0 depends on the geometry and
material properties of the cavity components. It can be calculated either analytically
[94, 95] or using the �nite element method (FEM) [96]. Compared to the analytical
solutions, FEM simulations give a more accurate result for the maximum elastic strain
energy W0 of the cavity components and can be easily applied to complex geometries.
However, analytical equations nicely show the correlations between the properties of
the cavity and the resulting Brownian noise.
For a cylindrically shaped spacer, an estimation of the maximum elastic strain

energy W
(sp)
0 is given by Numata et al. [95], with the assumption that the mirrors

have a small e�ect on the spacer. The resulting noise S(sp)
y,B is given in equation 3.14.

Asp is the area of the front face of the spacer7. This equation holds for the central
region of the spacer while it fails close to the spacer ends, where the mirrors are
contacted to the spacer [96]. The so called excess energy, which appears close to the
ends of the spacer, results in an underestimation of the analytically calculated spacer
noise compared to FEM simulations.
For a half in�nite mirror substrate, meaning the mirror has an in�nite radius and

in�nite depth from the surface, the expected noise S(sb)
y,B is given in equation 3.15. The

noise calculated this way is an overestimation compared to the noise of the actual
�nite cylindrical mirror. However, it is a good estimation for the noise if the beam
radius is much smaller than the mirror radius [92, 94].
For the mirror coating, Harry et al. [97] and Nakagawa et al. [98] give an equation

based on a half in�nite mirror substrate assuming a homogeneous loss angle φct of the

7For a cylindrical spacer with a hole, Asp = π
[
r2out − r2in

]
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3. Laser instability

coating with a thickness of dct and the same elastic properties as the mirror substrate,
see equation 3.17. Thus, the Brownian noise contribution of the mirror coatings S(ct)

y,B

depends rather on the elastic properties of the substrates' material than on the elastic
properties of the coating material. A correction for di�erent elastic properties of
substrate and coating is given by Harry et al. [97], see equation 3.16.

S
(sp)
y,B =

4 kB T

π f

1

2π Ysp

1

Asp l0
φsp (3.14)

S
(sb)
y,B =

4 kB T

π f

1− η2
sb

2
√
π Ysb

1

w l20
φsb (3.15)

S
(ct)
y,B =

2 kB T

π f

Y 2
ct [1 + ηsb]2 [1− 2ηsb]2 + Y 2

sb [1 + ηct]
2 [1− 2ηct]

π Y 2
sbYct(1− η2

ct)

dct

w2 l20
φct (3.16)

=
4 kB T

π f

1− ηsb − 2η2
sb

π Ysb

dct

w2 l20
φct for Ysb = Yct and ηsb = ηct (3.17)

Brownian noise results in �icker frequency noise of the cavity's length and thereby
of the fractional length stability and of the fractional frequency stability. Thus, the
PSD of the fractional frequency noise Sy,B caused by Brownian noise shows the typi-
cal 1/f behavior of ultra-stable lasers, whose fractional frequency stability is limited
by Brownian noise. For all three components, the PSD of the fractional frequency
noise Sy,B caused by Brownian noise decreases with higher spacer length l0 and higher
beam waist w, which also increases with higher spacer length l0 and higher radius of
curvature (ROC) of the mirror as derived in appendix A.4. This makes longer cavites
bene�cial to reduce the fractional frequency noise Sy,B caused by Brownian noise.
Also, cavities operated at lower temperature T result in a lower Brownian noise. By
choice of material, the Brownian noise is a�ected by the mechanical loss factor Φ,
Poisson's ratio η and Young's modulus Y . Especially, low-mechanical-loss materials
are of interest to reduce the Brownian noise since the loss factor di�ers by orders of
magnitude between suitable cavity materials as shown in section 3.3.

3.2.2. Thermoelastic and thermorefractive noise

Thermoelastic (TE) and thermorefractive (TR) noise, collectively known as thermo-
optic (TO) noise, are caused by thermal dissipation that results in temperature �uc-
tuations in the cavity components [99]. These thermodynamically driven temperature
�uctuations cause on the one hand thermal expansion, leading to TE noise, and on
the other hand a variation of the refractive index, leading to TR noise, which both
result in e�ective length changes of the cavity, but with opposite sign, resulting in a
partial cancellation for typically used cavity materials.
Thermal expansion of all cavity components a�ect the distance between the two

mirror surfaces and thus the cavity length as seen by the laser beam due to deformation
and strain in the cavity components. The variation in the refractive index has only
an impact for components that interact with the light, which are obviously the mirror
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3.2. Thermal noise in optical cavities

coating and the substrate. Variation of the refractive index of the mirror substrate
results in an optical path length �uctuation between the cavity and the laser, causing
Doppler broadening equivalent to the Doppler broadening introduced by an optical
�ber between the cavity and the laser as discussed in section 4. However, as the light
only passes the mirror substrate when entering or leaving the cavity, the TR noise
contribution caused by the substrate is negligibly small compared to its TE noise
contribution S(sb)

y,TE [100, 101]. As the laser beam penetrates into mirror coating being
re�ected by them, a change in re�ective index of the mirror coating does cause a change
in optical path length and thus results in a change in cavity length as seen by the laser
light. Since the mirror coating's TE and TR noise have approximately equal values,
but can be treated coherently with relative minus sign, the TO noise S(ct)

y,TO of the
mirror coating is reduced [88, 102, 103]. The total TO noise of all cavity components
adds up to Sy,TO:

Sy,TO = S
(sp)
y,TE + 2S

(sb)
y,TE + 2S

(ct)
y,TO (3.18)

For TO noise in general, the adiabatic limit and the non-adiabatic case show a
di�erent frequency dependence. The adiabatic limit describes the range of Fourier fre-
quencies where an averaging e�ect takes place, because the thermal di�usion length lth
is much smaller than the light's spot size8 on the mirror w, lth � w. The thermal
di�usion length describes the average distance the temperature �uctuations travel
during the characteristic time at Fourier frequency f and is de�ned by the thermal
conductivity κ and heat capacity per volume C of the material: lth =

√
κ/[C 2π f ].

For much smaller thermal di�usion lengths compared to the physical dimensions or
probed areas of the components, a temporal averaging takes place and the TO noise
converges against the so-called adiabatic limit. This is for example the case if the
di�usion length lth is much smaller than the dimension of the contact area between
mirror substrate and spacer. With typical contact dimensions in the cm range, this
results in a cut-o� frequency for the adiabatic limit of around 1 mHz using fT = κ

2π l2th C

with lth = 1 cm, κ = 1.38 W K−1 m−1 and C = 1.7 MJ m−3 K−1 taken from table B.1.
As typically the cavity's length stability for Fourier frequencies below 1 mHz is lim-
ited by other e�ects like �uctuations of the average cavity temperature, here only the
adiabatic limit is of interest. The spacer's TE noise for the adiabatic limit and the
quasi-static case where the time required for sound to travel across the spacer is signif-
icant shorter than the time of interest is given in equation 3.19 with the displacement
�eld ~u. [93, equation (3) and (13)].

S
(sp)
y,TE =

2 kB T
2 κsp

π2 f 2

[
Ysp αsp

[1− 2 ηsp]Csp

]2
1

l20

∫
~∇ ~∇ ~u dV

F 2
0

(3.19)

8Note that Braginsky et al. [99, 104], Braginsky and Vyatchanin [105], Cerdonio et al. [106], and
Liu and Thorne [93] use as spot size the radius w1/e at which the intensity of the beam falls o� to
1/e, while this work, Black et al. [107], Chan et al. [108], Chalermsongsak et al. [87], Evans et al.
[103], Gorodetsky [88], Martin [89], and Numata et al. [109] use as spot size the radius w at which
the intensity falls o� to 1/e2 is. w1/e = w/

√
2. This was also pointed out by Black et al. [110]
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3. Laser instability

The TE noise of the spacer reduces with larger heat capacity per volume Csp, smaller
thermal conductivity κsp, smaller Young's modulus Ysp and smaller co�cient of thermal
expansion (CTE) αsp. A low CTE αsp is not only advantageous to reduce the the TE
noise but also to reduce the impact of external temperature �uctuation on the cavity's
length stability as described in section 5.9. Therefore often materials with CTE zero
crossings are used as spacer material, like Silicon or ultra low expansion (ULE) glass,
and the cavity is operated at its CTE zero crossing temperature, at which the CTE of
the cavity reduces to zero. Thus, also the spacer's CTE and thus its TE noise reduces
signi�cantly for mixed material cavities or even reduces to zero for pure material
cavities as described in section 3.3.
The substrate's TE noise is given for the case of a half-in�nite mirror substrate in

equation 3.20 [88, 99, 106]. The equations for TE noise in the adiabatic limit are
given in Gorodetsky [88] and Braginsky et al. [99]. The correction J (Cer) for the non-
adiabatic regime is given by Cerdonio et al. [106]9. Here, the expansion of the beam
waist w and thus the probed mirror area de�ne the cut-o� frequency10 f (sb)

T as shown
in equation 3.24 [99]. Typical cut-o� frequencies for room temperature cavities are
around 1 Hz using the values from table B.1 and 3.1.

S
(sb)
y,TE =

4 kB T
2

√
π

α2
sb (1 + ηsb)2w

κsb

1

l20
J (Cer) (f/f

(sb)
T ) (3.20)

J (Cer)(f/f
(sb)
T ) =

[
2

π3

] 1
2
∫ ∞

0

du

∫ ∞
−∞

dv
u3 exp (−u2/2)

[u2 + v2][{u2 + v2}2 + {f/f (sb)
T }2]

(3.21)

J (Cer)(f/f
(sb)
T ) =

2

3

√
πf/f

(sb)
T

forf/f (sb)
T � 1 (3.22)

J (Cer)(f/f
(sb)
T ) =

1[
f/f

(sb)
T

]2 forf/f (sb)
T � 1 (adiabatic limit) (3.23)

f
(sb)
T =

κsb

π w2Csb

(3.24)

A correction for a �nite substrate is given by Liu and Thorne [93]. The error for a
half-in�nite compared to a �nite substrate is in the order of a few percent for common
mirror substrates in ultra-stable cavities.
Especially, the CTE αsb has a big impact on the substrates TE noise as it enters

quadratically and varies over wide range for di�erent materials in contrast to the
heat capacity per volume Csb, thermal conductivity κsb and Poisson's ratio ηsb. In
contrast to the spacer, more often also materials with no CTE zero crossing are used

9Note there is a typing error in equation (21) of Cerdonio et al. [106]. The �rst factor in the
equation for J (Cer) should be

√
2/π3 instead of

√
2/π, also to �t the curve in �gure 1 of Cerdonio

et al. [106], as pointed out by Black et al. [110] and Numata et al. [109].
10Due to di�erent de�nitions of spot size radius as described in footnote 8 lth = w/

√
2 to stay

consistent with the de�nition as used in all previous publications.
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3.2. Thermal noise in optical cavities

as mirror substrate material to pro�t from other material properties for example a
low mechanical loss factor φsb to reduce the Brownian noise contribution of the mirror
substrates as described in section 3.3. Thus, the TE noise contribution of the substrate
is often larger for mixed-material cavities compared to the TE noise contribution of
the spacer.
The coatings' TO noise S(ct)

y,TO is calculated using ST, which is the PSD of the �uc-
tuations of the average temperature, as given in equation 3.25 [87, 89, 103, 104]11

[111]12 with di�erent frequency dependence for the adiabatic limit, see equation 3.28,
and non-adiabatic regime, see equation 3.27. Equation 3.25 to 3.29 use the substrate
parameters, which need to be corrected through a correction factor as shown below.

ST =
2
√

2kBT
2

πκsbw
J (Mar)(f/f

(sb)
T ) (3.25)

J (Mar)(f/f
(sb)
T ) = <

∫ ∞
0

u exp(−u2/2)

√√√√ u2 + if/f
(sb)
T

u4 + [f/f
(sb)
T ]2

du

 (3.26)

J (Mar)(f/f
(sb)
T ) =

√
π

2
for f/f

(sb)
T � 1 (3.27)

J (Mar)(f/f
(sb)
T ) =

1√
2f/f

(sb)
T

for f/f
(sb)
T � 1 (adiabatic limit) (3.28)

f
(sb)
T =

κsb

πω2Csb

(3.29)

These equations hold for the assumption that the optical penetration depth of the
laser light is much smaller than the beam waist [89]. As for room temperature cavities,
penetration depths are below 1 µm and beam waists are typically a few 100µm, this
assumption is ful�lled.
The TE noise for a mirror coating is given in equation 3.30 [105, 112, 103].

S
(ct)
y,TE = ST Γtc

[
dct αct − dct αsb

Cct

Csb

]2

(3.30)

Γtc is the thick coating correction as given by Evans et al. [103], see appendix A.2.
Without this correction, the equation only holds for similar elastic properties of the

11Martin [89] uses the material properties of the mirror coating (κct, Cct) to calculate the TO
noise of the coating, see his equation 3.27 to 3.32, while Chalermsongsak et al. [87, 111], Evans et al.
[103] and Gorodetsky [88] use the material properties of the substrate (κsb, Csb), which especially for
aluminium gallium arsenide (Al0.92Ga0.08As)/gallium arsenide (GaAs) mirrors on fused silica (FS)
substrates leads to very di�erent results due to one order of magnitude di�erence in the thermal
conductivity κ. This work uses the material properties of the substrate and applies the correction
factor Γtc, given by Evans et al. [103].

12Note there is a typing error in Chalermsongsak et al. [111]. In the line between their equation
(5) and (6), the constants κs and Cs must be used instead of κc and Cc. This leads to the TO curves
shown in their �gure 1.
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3. Laser instability

mirror coating and substrate. Also note that average values for the CTE αct and heat
capacity Cct of the di�erent layers of the mirror coating are used as given by Evans
et al. [103] and Fejer et al. [112], see appendix A.3.
The TR noise of a mirror coating is given in equation 3.31 [88, 103].

S
(ct)
y,TR = ST Γtc [βct λ0]2 (3.31)

βct is the e�ective TR coe�cient as given in Evans et al. [103] and Gorodetsky [88],
see appendix A.3.
The resulting TO noise is given in equation 3.32 [88, 103].

S
(ct)
y,TO = ST Γtc

[
dct αct − βct λ0 − dct αsb

Cct

Csb

]2

(3.32)

Note that ST, Γtc, αct and βct depend not only on mirror coating material properties
bus also on mirror substrate material properties. Thus, using the same mirror coating
material, but di�erent substrate materials can signi�cantly change the TO noise con-
tribution. To reduce TO noise, the layer structure can be optimized, for example by
changing the thickness of the covering layer of the mirror coating [88, 103, 87, 111].
This optimization process has to be performed with respect to the frequencies of inter-
est as the resulting TO noise for di�erent layer structures shows a di�erent frequency
dependence [88].

3.3. Choice of cavity materials

The materials of the cavity components de�ne the thermal noise �oor of the cavity
through their material properties, but also a�ect the cavity's vibration sensitivity,
sensitivity to laser power �uctuations and temperature �uctuations. Following the
equations of section 3.2, low Brownian noise can be reached with a cavity with high
mechanical stability, corresponding to low mechanical loss factor Φ, high Young's
modulus Y and high Poisson's ratio η, which is also important to reach low vibration
sensitivity, see section 5.7. To reduce cavity instability caused by TO noise, laser
power �uctuations and temperature �uctuations, high thermal conductivity κ, high
heat capacity C, and a low CTE are bene�cial as shown in sections 5.6 and 5.9. Also,
operation at low temperature results in lower thermal noise, but is as mentioned in
chapter 1 not reasonable for a transportable system.
Fused silica (FS) and ULE glass are potential materials for the mirror substrate

and spacer, which are bene�cial at room temperature compared to sapphire and sil-
icon, which are used for cryogenic cavities, and zerodur, which is less favourable es-
pecially due to its higher mechanical loss factor. The values for FS and ULE glass
are given in the appendix in table B.1. For the mirror coating, the material prop-
erties of crystalline Al0.92Ga0.08As/GaAs and commonly used amorphous tantalum
pentoxide (Ta2O5)/fused silica (SiO2) layers are also shown in table B.1. Crystalline
Al0.92Ga0.08As/GaAs is bene�cial compared to amorphous Ta2O5/SiO2 due to its one
order of magnitude lower mechanical loss factor [46].
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3.3. Choice of cavity materials

Table 3.1.: Values for thermal noise calculation.
spacer value substrate value coating value other value
l0 20 cm ROC 1 m NL

a 38 wd 385µm
rout 4 cm - - NH

a 39 λ0 1397 nm
rin 0.5 cm - - dct

b 15.8 µm, 8.5 µmc T 300 K
a Assuming a coating made of quarter-wave layers starting and ending with a
high-re�ective-index layer.

b Calculated from equation A.22
c coating thickness for a Ta2O5/SiO2 and a Al0.92Ga0.08As/GaAs mirror, respec-
tively

d Calculated from equation A.23 and A.24

Figures 3.5a-c show the calculated noise contributions Sy of the individual cavity
components and the resulting ADEV σy and mADEV modσy for a 20 cm long cavity
made of di�erent materials. To calculate the thermal noise contributions, the equations
of section 3.2 and the values of table 3.1 and B.1 are used.
Figure 3.5 a shows the noise contributions for spacer and substrates both made of

ULE glass with Ta2O5/SiO2 mirrors. Here, the Brownian noise of the mirror substrates
and coatings have the biggest contribution. To reduce the Brownian noise of the
mirror substrate, fused silica is chosen in �gure 3.5 b. It has a much lower mechanical
loss factor and therefore shows lower Brownian noise, resulting in a lower ADEV and
mADEV. However, fused silica has a higher CTE at room temperature than ULE glass,
which results in higher TE noise and a higher sensitivity to temperature �uctuations
of the resonator. The substrates' TE noise is still well below the coatings' Brownian
noise, which makes it a negligible contribution for this cavity. To compensate the
higher sensitivity to temperature �uctuations due to the di�erent CTEs of ULE and
FS glass, compensation rings of ULE glass can be placed on the backside of the mirror
substrates, which results in roughly the temperature sensitivity of a full ULE glass
cavity [113]. After reducing the Brownian noise of the substrate, the Brownian noise of
the mirror coating is the main contribution as shown in �gure 3.5 b. It can be reduced
by using Al0.92Ga0.08As/GaAs instead of Ta2O5/SiO2 mirror coatings as shown in
�gure 3.5 c. Here, the FS substrates have the biggest contribution for frequencies
below 10 Hz. For high frequencies, the TO noise of the coating is dominating. A
successful reduction of the TO noise in crystalline mirrors is shown by Chalermsongsak
et al. [111] and would shift the area of frequencies where TO is dominating to around
10 kHz.
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Figure 3.5.: The values in table 3.1 and B.1 and the equations in section 3.2 are used
to calculate the ADEV, mADEV and the noise contributions of the single
cavity components Sy.
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4. Laser light distribution

breadboard

For operating an optical clock, the light of the clock laser has to be distributed to
the atoms being interrogated, to the ultra-stable reference cavity for pre-stabilizing
the laser light frequency as well as to a second clock or frequency comb for potential
clock comparisons. The light is normally traveling to the di�erent components in
free space or through optical �bers. Any change in optical path length between the
components causes Doppler broadening of the clock laser linewidth. Fluctuations
in optical path length result from changes in refractive index or geometrical path
length, which can be caused by temperature changes, pressure changes and seismic
or acoustic vibrations. The laser linewidth broadening depends on the medium the
light is traveling through (e.g. optical �bers or air), the environmental conditions (e.g.
air-conditioned laboratory or outdoors) and the distance the light is traveling.
During this work, clock comparisons with PTB's transportable Sr clock [28] were

performed in di�erent environments using a clock laser system with an instability of
down to modσy = 3 · 10−16, as described in Häfner et al. [51], which will be referred
to as Sr1. A signi�cant degradation of the stability at one second averaging time
of the Sr1 laser system was observed due to a 2 m �ber with no noise compensation
outside a well controlled laboratory environment. As the laser system presented in
this work, which will be referred to as Sr2, aims for even lower instability and faces
similar environments, active �ber noise cancellation must be applied to prevent such
a degradation. An overview of di�erent methods of active �ber noise cancellation that
can be used for far and near stable-frequency transfer can be found for example in the
review paper of Mehlstäubler et al. [15].
A schematic sketch of the phase noise cancellation as realized in this work and �rst

shown by Ye et al. [114] is shown in �gure 4.1. The �ber noise cancellation is based
on a Michelson interferometer with a very short, extremely stable reference arm and a
long arm including the optical �ber. The stability of the reference arm is transferred
to the stability of the long arm by phase-stabilizing the light in the long arm to the
reference light. For this purpose, the photodiode (PD) detects the beat frequency
between the light frequencies of the two arms, from which a control signal is derived
with a phase-locked loop (PLL) comparing the PD signal to a stable 100 MHz reference
signal1. This control signal is applied to the control acousto-optic modulator (cAOM)
in the long arm. It is important to note that the light passes both the �ber and the

1The reference signal is provided for example by a hydrogen maser or the optical frequency
standard itself
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4. Laser light distribution breadboard
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Figure 4.1.: Schematic sketch of a phase noise cancellation.

cAOM twice, meaning that the signal applied to thecAOM compensates one passage
through the optical �ber. This way, for the light traveling to the user, the added noise
at the back re�ection mirror is reduced from the noise in the long arm to the noise in
the reference arm. Besides the cAOM, an optional marker AOM (mAOM) is placed at
the end of the long arm. It creates a frequency shift between the signal from the back
re�ection mirror and most other unwanted back re�ections, which would otherwise
disturb the �ber noise cancellation.
A light-weight, compact, and robust distribution breadboard was designed for stable

frequency transfer between the components. Within this work, three generations of
this breadboard were build: one for the Sr1 laser system, one for the Sr2 laser system
presented in this work, and one for the transportable clock laser system (Al1) of an
Aluminium (Al) ion quantum logic clock [115]. The �rst two systems use external-
cavity diode lasers (ECDLs)2 at 698 nm and at 1397 nm respectively. The Al1 laser
system uses a distributed feedback (DFB) �ber laser3 at 1069 nm. As the three laser
systems are operated using di�erent laser types and wavelengths, there are necessary
slight di�erences in the design due to di�erent size of the single components (e.g.
optical isolators). First, the general concept of all three distribution breadboards is
presented and then di�erences between the di�erent generations are noted.
Figure 4.2 shows a general schematic sketch of the breadboards including the most

relevant optical components. The grey area indicates which optical components are
placed on the distribution breadboard itself. The breadboard has �ve ports to send
light to the atoms, the reference cavity, a wavelength meter, and to a frequency comb
or a second clock for comparison. In principle, every port can be used to send light
to any component. However, as shown in �gure 4.2, the ports are designed di�erently
to better ful�ll their intended function. Polarizing beam splitters (PBSs) are used to
distribute the laser light to the �ve di�erent ports.
Port 1 (green) sends light to the ultra-stable reference cavity. As cavities typically

show a frequency drift in the order of 10 mHz s−1 to 100 mHz s−1, for example due to
slow settling of the spacer, a drift correction between the cavity frequency and the
clock laser frequency is needed. For this purpose, the light passes the cAOM twice on

2DL pro from TOPTICA Photonics
3Koheras ADJUSTIK from NKT Photonics
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4. Laser light distribution breadboard

its way to and back from the cavity. A lens is placed in the middle between the double-
pass cAOM and the mirror re�ecting the light back whose focal matches exactly the
distance to the mirror/double-pass acousto-optic modulator (AOM). This double-pass
technique allows a change in the di�raction angle of the 1st order light of the AOM,
without a�ecting the beam path elsewhere. This in turn allows a large change in radio
frequency (RF) frequency at the double-pass AOM and therefore in its frequency shift.
A more detailed description of this port including the optics on the cavity side is given
in chapter 5.
Port 2 and 3 (orange) share the same reference mirror. Thus, there is no uncom-

pensated path between the two ports. In contrast, there is an uncompensated path
between the reference mirror of port 1 and the reference mirror of port 2/3. Here, a
change in the geometrical length or refractive index between the two reference mirrors
would add phase noise between the ports. An uncompensated path between the atom
port and the cavity port could cause a degradation of the laser stability in the worst
case. An uncompensated path between the atom port and the comparison port could
cause a frequency shift between the clocks. Therefore uncompensated path between
the ports, especially the atom and comparison port, should be avoided or if inevitable,
kept as short as possible. The same applies for light traveling beyond the breadboard.
Therefore, the �rst order of the marker acousto-optic modulator (mAOM) is used
for both sending light back for the �ber noise cancellation and to overlap with the
frequency comb. The light of the two compared systems should be superposed �rst,
before placing the back re�ection mirror.
Port 4 (blue) includes a simple �ber noise cancellation setup. It can be used for

example as additional comparison port to compare against two other ultra-stable laser
systems at the same time either directly or via a frequency comb. Another application
is a two stage �ber noise cancellation to the cavity or the atoms as described in
section 5.5.
Port 5 does not include any noise cancellation and can be used to monitor the rough

clock laser frequency on a wavelength meter.
A detailed description of the optical setup around the cavity is given in chapter 5

and the setup close to the atoms in chapter 6.
The �rst generation breadboard (Sr1b) was built to replace the much larger and

heavier distribution breadboard (Sr1a) of the Sr1 laser system. There is no �ber noise
cancellation to the cavity provided from the optical setup at the cavity of the Sr1 laser
system. Therefore, the Sr1b breadboard was designed to be placed direly above the
ultra-stable cavity, see �gure 4.3a, to keep the �ber between breadboard and cavity
as short as possible. Before, the �ber between the old Sr1a distribution breadboard
and the cavity caused a degradation in clock laser stability, as mentioned above. The
breadboard also includes an atom port and a comparison port with a shared reference
mirror as well as a wavelength meter port4. The ECDL is directly included in the
distribution breadboard to achieve a more compact design. A sketch of the optical
setup of the whole laser system including its distribution breadboard is given in Häfner
et al. [51].

4The wavelength meter port is not included in the drawing in Häfner et al. [51]
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(a) (b)

Figure 4.3.: (a) Sr1b distribution breadboard (b) Al1 distribution breadboard

The second generation distribution breadboard (Sr2) is almost identical to the �rst
generation, except that it includes a �ber noise cancellation for the �ber to the cav-
ity and is operated at 1397 nm instead of 698 nm, which is twice the interrogation
wavelength of a Strontium (Sr) lattice clock.
The third and last generation, the Al1 breadboard, is identical to the sketch in

�gure 4.2. As the Sr2 and Al1 breadboard include a �ber noise cancellation for the
�ber to the cavity, there is no need to place them close to the cavity. Thus, they can
be placed as a drawer inside a rack as shown in �gure 4.3b. One di�erence of the Al1
bread board compared to the others is that the atom port needs approximately three
orders of magnitude more power than the other ports. Normally, a few milliwatts are
su�cient for each port. The Al1 laser system is operated at a quarter of the clock
frequency to reach the spectrum where crystalline mirrors can be used to reduce the
thermal noise of the cavity. Thus, the Al1 clock laser frequency needs to be frequency
doubled twice with an expected low e�ciency to reach the clock frequency, which is
currently under investigation within another project. Therefore, the light re�ected to
the optional port is split o� �rst and is used to send light to the atoms. The original
atom port, port 2, can then be used for a multi-stage �ber noise cancellation, if needed.
This way, the high light power needed for the atom port does not interfere with the
other low-power ports.
The mechanical stability and mounting of the breadboard was also improved in the

later generations, especially Al1. A detailed description of the last generation distri-
bution breadboard and its improvements compared to the previous generations can
be found in the Master thesis of Klocke [116] supervised within this work. The last
generation breadboard has a footprint of 37 cm · 43.5 cm and a decreased weight of
less than 5 kg without optics at an increased mechanical stability compared to the
previous generation [116]. The fractional frequency instability modσy and the max-
imal fractional frequency shift between the ports was determined by recording beat
notes between the single ports with a frequency counter5. For averaging times smaller

5K+K FXE from K + K Messtechnik GmbH, using lamda averaging
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4. Laser light distribution breadboard
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Figure 4.4.: Fractional frequency instability caused by light distribution and electronic
noise. The solid lines represent the mean over the measurements between
the three possible port pairs on the Sr2 breadboard and the shaded areas
represent the scatter of the measurements.

than 0.1 s, noise caused by the electronic components of the beat note detection and
recording has most likely a signi�cant impact to the fractional frequency instability
[116]. The fractional frequency instability modσy is well below 5 · 10−17 for averaging
times of τ ≈ 1 s and the maximal fractional frequency shift between the ports was
determined to be smaller than 10−19 [116]. Neither the fractional frequency instability
caused by the light distribution results in a signi�cant increase of clock laser insta-
bility at around 1 s averaging time, at which the thermal noise �oor is in the upper
10−17 range, nor the fractional frequency shift caused by the light distribution adds a
signi�cant contribution to the fractional uncertainty of today's optical clocks that is
in the order of 10−18 [17�19, 22, 27, 28]. Thus, the clock operation is not degraded by
be light distribution with such a distribution breadboard.
Figure 4.4 shows the fractional frequency instability of the Sr2 breadboard used

for the laser system presented in this work. As a measurement between two ports
with the same reference mirror does not show a signi�cant lower instability compared
to a measurement between two ports with di�erent reference mirrors, it is assumed
that rather the electronic noise puts a limit to the measured instability than the noise
caused by uncompensated optical paths between the reference mirrors. Thus, the
average over all measurements and their scatter is presented here. The fractional
frequency instability modσy < 5 · 10−17 for averaging times τ ≈ 1 s equivalent to the
results found for the Al1 breadboard.
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5. Transportable clock laser system

The laser system presented in this chapter is designed for a transportable Strontium
(Sr) optical lattice clock [28]. The system is operated at 1397 nm or 214.6 THz, which
is half the Sr clock transition frequency. Frequency doubling, as described in chap-
ter 6, is applied to bridge the frequency di�erence between clock laser system and
the clock transition frequency. This additional e�ort is taken to pro�t from the lower
thermal noise contribution of crystalline mirrors, see section 3.2.1. The system uses an
external-cavity diode laser (ECDL)1, which is stabilized with the Pound-Drever-Hall
(PDH) method to a 201.2 mm-long cavity consisting of an ultra low expansion (ULE)
glass spacer, crystalline aluminium gallium arsenide (Al0.92Ga0.08As)/gallium arsenide
(GaAs) mirrors [46] on fused silica (FS) mirror substrates and ULE glass compensation
rings as shown in �gure 5.1.

ULE glass ring

ULE glass spacer

201.2 mm

FS glass substrate

ventilation
holes

crystalline
coating

antireflection
coating

Figure 5.1.: Picture of the 201.2 mm-long ultra-stable cavity based on an ULE glass
spacer, crystalline Al0.92Ga0.08As/GaAs mirrors [46] on FS mirror sub-
strates and ULE glass compensation rings.

5.1. Finesse and cavity linewidth

The �nesse F of the cavity's transverse electromagnetic (TEM) modes was determined
using the ring-down method. Therefore, the laser light sent to the cavity was rapidly
switched o� using an acousto-optic modulator (AOM) and the laser light intensity
transmitted through the cavity was detected with a photodiode (PD). An exponential
decay e−t/tdecay of the laser light intensity is observed, whose decay time tdecay de�nes
the �nesse F of the measured TEM mode in a Fabry-Pérot cavity.

F = 2π FSR tdecay (5.1)

1DL pro from TOPTICA Photonics
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5. Transportable clock laser system

Table 5.1.: Finesse of the 20 cm cavity with di�erent mirror combinations.
test setup �nal setup

M1 and M2 M1 and M3 M2 and M3 M2 and M3
TEM00 mode < 100 · 103 < 100 · 103 ≈ 300 · 103 136(9) · 103

TEM10 mode ≈ 105 · 103 ≈ 175 · 103 ≈ 300 · 103 294(8) · 103

TEM01 mode - - - ≈ 70 · 103

The free spectral range (FSR) of this cavity is 745 MHz2. The ring-down measurements
are performed under vacuum, due to the high absorption coe�cient of water vapor at
1397 nm.
Three crystalline mirrors were available and are referred to as M1, M2 and M33. In

a test setup, the three combinations of these mirrors were optically contacted to the 20
cm spacer and their �nesse was measured as shown in table 3.1. The third combination
(M2 and M3) shows a much higher �nesse of about 300 · 103 for the TEM00 and the
TEM10 mode compared to the other two combinations. Thus mirror M1 shows a lower
re�ectivity than than M2 and M3, which were used for the �nal setup.
Figure 5.2 shows two exemplary measurements of the ring down for the TEM00 (a)

and TEM10 (b) mode, after the cavity was put into its �nal setup and evacuated.
The decay time of the TEM00 mode averaged over several ringdown measurements is
29(2)µs, which corresponds to a �nesse of 136(9) · 103. For the TEM10 mode a decay
time of 63(2)µs was determined, which results in a �nesse of 294(8) · 103. The TEM01
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Figure 5.2.: Ring-down measurement of the cavity's TEM00 (a) and TEM10 (b) mode.

2FSR = c/[2l0]
3Produced by Crystalline Mirror Solutions
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5.2. Mode spacing

mode shows a �nesse about 70 · 103, which indicates that during assembling likely a
dust particle or similar fell on one or both of the mirrors, reducing the �nesse of the
TEM01 and TEM00 modes compared to the TEM10 mode. As the linewidth of a cavity
reduces with higher �nesse and thus the steepness of the PDH error signal increases
with higher �nesse, see equation 3.1, it is advantageous to operate the cavity at the
TEM10 mode to get a factor of two more sensitive error signal and lower sensitivity
to residual amplitude modulation (RAM). Thus, the cavity is operated at its TEM10

mode to pro�t from its higher �nesse, which results in a cavity linewidth of 2.53(4) kHz.

5.2. Mode spacing

The fractional frequency instability of a laser stabilized to an ultra stable reference
cavity can be degraded if another TEM mode has only a small frequency di�erence to
the TEM mode used for stabilization as it would be excited and a�ect the PDH error
signal. Therefore, the cavity length is optimized within a range of 200 mm± 5 mm
with the goal that the �rst higher order mode found within ±10 MHz of the TEM00

and TEM10 modes has an as high order as possible to reduce the impact of higher
order modes. At a length of 201.2 mm, a longitudinal mode spacing4 of 745 MHz
corresponding to the FSR and a transverse mode spacing4 of 153 MHz was found. The
�rst higher order mode within ±10 MHz is 39 orders above.

5.3. Birefringence

Crystalline mirrors, as used in this cavity, show a birefringent behavior [46], which
results in a splitting of the cavity modes as the light experiences di�erent cavity
lengths depending on its polarization. The di�erence in cavity length ∆l∆n experienced
by linear polarized light aligned with the slow axes compared to light aligned with
the fast axes of the mirrors di�ers by twice the penetration depth lpen times the
birefringence ∆n, ∆l∆n = 2 · lpen · ∆n. The penetration depth lpen can be expressed
according to equation 5.2 via the re�ection delay tdelay and the average refractive index
of the coating nct as given in equation A.21 [118].

lpen =
c tdelay

2nct

(5.2)

The re�ection delay is given by equation 5.3, which assumes an in�nite number of
mirror layers [118]. As the penetration depth is much smaller than the coating thick-
ness, this approximation is decent and only results in a relative error of approximately
0.01 %.

tdelay =
1

2 ν0

(
nI

nH

)
nH

nH − nL

(5.3)

4∆νmnq = FSR
[
q + m+n+1

π arccos(
√
g1g2)

]
with TEMmn, q describing the longitudinal mode or-

der and g1 as well as g2 being the stability parameter of a Fabry-Pérot cavity as given in equation A.25
and A.26, see for example Siegman [117].
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5. Transportable clock laser system

Here, nI is the re�ective index of the incident material, which is nI = 1 for vacuum.
Additionally, the �rst layer is assumed to be a high re�ective index layer.
The splitting ∆ν∆n depends on the orientation of the mirrors' polarization axes to

each other, described by the angle θ∆n. For a parallel orientation of the mirror axes,
θ∆n = 0, the splitting is maximal, while for perpendicular orientation, θ∆n = π/2, the
splitting is zero. Thus, the splitting is given by the equation 5.4.

∆ν∆n = ν0
2 lpen ∆n cos(θ∆n)

l0
(5.4)

The crystallographic orientation and thus the polarization axes of the mirror are
indicated by a �at, as know from silicon wafers in the semiconductor industry. For
this cavity, the mirrors' �ats are oriented parallel to each other in order to achieve a
maximum splitting between the two modes.
The splitting ∆ν∆n was determined by locking the laser to the two TEM10 modes

and measuring the laser frequency by comparing it to a second ultra-stable laser system
based on a silicon resonator [44] via a frequency comb. The splitting ∆ν∆n for this
cavity is about 16 kHz, which results in a birefringence ∆n = 3·10−5 using equations 5.2
to 5.4 and the values in table B.1.
This birefringence is small compared to previously published values, which are

around 10−3 [46, 119]. Also, the birefringence of a second clock laser system build
in this work for an Al+ clock, which is identical to this system, but operated at
1070 nm, was measured. The splitting ∆ν∆n = 345 kHz, resulting in a birefringence of
∆n = 7.6 ·10−4. After discussion with the supplier of the crystalline mirrors, the most
likely explanation for the unexpected low birefringence is that the mirror �ats acci-
dentally were not aligned to the same crystallographic axis during production. Thus,
the angle is θ∆n 6= 0 and the splitting is not maximal.
However, in practice one mode of the two modes caused by birefringence can be

su�ciently suppressed by using linearly polarized light aligned either with the fast
or with the slow axis of the cavity. To obtain the desired linearly polarized light, a
Faraday rotator is placed in front of the cavity instead of the typical quarter waveplate
within the setup of the PDH locking.

5.4. Thermal noise limit

For this cavity, the thermal noise �oor was calculated using the equations in section 3.2.
The values and dimension given in �gure C.1, table B.1 and 5.2 are used for the �nite
element method (FEM) simulation and calculation of the thermal noise.
For the Brownian noise contributions, the elastic strain energy W0 of the spacer,

mirror substrates and compensation rings was calculated using the FEM to take the
excess noise [96] and the complex design of the spacer into consideration, see sec-
tion 3.2.1 around equation 3.11 or Kessler et al. [96]. As the system is operated at the
TEM10 mode, instead of equation 3.10 the following equation taking the TEM10 beam
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5.4. Thermal noise limit

Table 5.2.: Values for thermal noise calculation.
substratea value coatingb value ringsd value other value

�(sb) 25.4 mm NL 38 �
(cr)
out 25.4 mm we 385µm

dsb 6.35 mm NH 39 �
(cr)
in 8 mm λ0 1397 nm

ROC 1 m dct
c 8.5 µm dcr 6 mm T 297 K

annulus 6.9 mm - - - - - -
a Cylindrical substrate with diameter �(sb) and height dsb.
b The coating is made of quarter-wave layers starting and ending with a
high-re�ective-index layer.

c Calculated from equation A.22
d The compensation rings have hollow cylindrical shape with an outer di-
ameter �(cr)

out , inner diameter �(cr)
in and height dcr calculated from equation

A.22.
e Calculated from equations A.23 and A.24

pro�le into account is used. A di�erent mode pro�le leads to a di�erent maximum
elastic strain W0 at the same test force F0.

p0(r)(x, y) =
2F0

πw2

4y

w2
e−

2(x2+y2)

w2 (5.5)

However, the di�erence compared to a FEM calculation using the TEM00 mode beam
pro�le is less than 10 %. Thus, for estimating the noise of the thermo-optic (TO)
contributions, the equations based on the TEM00 beam pro�le are used for simplicity.
Figure 5.3 shows the �ve biggest contributions to the thermal noise �oor. The

contributions of the compensation ring as well as the thermoelastic (TE) noise of the
spacer and the thermorefractive (TR) noise of the substrate are signi�cantly lower
than the �ve main contributions. Thus, they are neglected here. As expected, the
Brownian noise contribution of the spacer increases compared to �gure 3.5 c mainly
due to the excess noise in the spacer at the mirror substrate edges [96], which is not
considered in the equations. Thus spacer, mirror coating and substrate contribute
equally to the overall thermal noise.
All thermal noise curves depend on various material properties, which have partly

been measured only with considerable uncertainty or even only derived from other
materials, see table B.1. Thus, single curves may easily have an uncertainty of a few
ten percent. To provide a conservative estimate, preferably values that result in a
higher noise �oor were chosen in the case of unclear values.
For this cavity, the Brownian noise contribution of the mirror substrate and the

spacer are over a wide frequency range the biggest contribution. The TE noise of the
mirror substrate contributes signi�cantly for Fourier frequencies around 1 Hz and the
TO noise of the mirror coating dominates for Fourier frequencies above 10 Hz.
Due to a lower mechanical loss factor and higher thermal conductivity of silicon

compared to FS glass, silicon mirror substrates would reduce the thermal noise �oor
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Figure 5.3.: Major thermal noise contributions for the presented cavity, see text.

to approximately modσy = 4.4 · 10−17 as they reduce the substrates' and mirrors'
Brownian and TO noise contributions5. The Brownian noise contribution of the ULE
glass spacer remains una�ected and adds the biggest contribution to the overall ther-
mal noise �oor in case of silicon mirror substrates. Despite the lower mechanical loss
factor and higher thermal conductivity, silicon has a four times higher co�cient of ther-
mal expansion (CTE) compared to FS glass. A higher CTE of the mirror substrate
increases the temperature sensitivity of the cavity as described in section 5.9.

5.5. Residual amplitude modulation

Especially for a transportable system, a passive reduction of the RAM is the most
convenient solution, as it requires no additional electronics and less optical components
compared to an active stabilization of the RAM. A commercial available free-space
electro-optic modulator (EOM)6 with a �at input surface and an wedged output surface
to separate the extraordinary and ordinary light beam and an active temperature
stabilization was tested to determine if the passive reduction of the RAM is su�cient
and an active stabilization of the RAM can be avoided.
All optical components needed for the PDH stabilization were placed on a bread-

board, which was screwed to the vacuum chamber of the cavity as shown in section 5.9,
�gure 5.16. A partly re�ecting mirror was placed before the EOM, which serves as
a reference surface for the phase noise cancellation between distribution and PDH

5The equations from section 3.2 and the values from table 5.2 and B.1 are used for the calculation.
For the spacer contribution the curve in �gure 5.3 is used to take the excess noise of the spacer as
described by Kessler et al. [96] into account.

6PM7-SWIR from QUBIG.
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Figure 5.4.: Laser system setup using a passive RAM reduction with an free-space
EOM

breadboard as shown in �gure 5.4.
To determine the fractional frequency instability caused by RAM around 1 Hz, an

oscillation of 1 Hz was added via the bias tee to the EOM input signal. The laser's
frequency was locked to the cavity's resonance and compared via a frequency comb
to an ultra-stable reference system [44]. The resulting laser frequency oscillation at
1 Hz was measured. Then the laser was unlocked from the cavity resonance and its
frequency was shifted a few 10 MHz away from a cavity resonance. The amplitude
of the voltage oscillation of the demodulated PDH signal at 1 Hz was measured. The
resulting volt to frequency conversion factor for this setup is 48(5) V Hz−1. The 1 Hz
oscillation at the bias tee was switched o� and the demodulated PDH signal was
measured with a fast Fourier transform (FFT) analyzer7. The measured voltage os-
cillations were converted into frequency �uctuations using the previously determined
conversion factor. Figure 5.5 shows the power spectral density (PSD) and the modi�ed
Allan deviation (mADEV) of the expected fractional frequency �uctuation caused by
the RAM. The shaded areas indicate the measurement uncertainty including the sta-
tistical uncertainty of the measurement and the uncertainty of the conversion factor.
The instability caused by RAM is in the higher 1016 region at one second.
For the same type of free-space EOM operated at 578 nm, Jin [83] reported a frac-

tional frequency instability of approximately 8 · 10−16 at 1 s. Jin [83]'s cavity has a

7CF-9400 FFT analyzer form the company Onosokki
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Figure 5.5.: Fractional frequency instability caused by RAM using an commercial free-
space EOM.

linewidth 1.3 times higher than the linewidth of this cavity, making their system pre-
sumably more sensitive to RAM. Based on the available knowledge of the two systems,
the RAM produced by such an EOM agrees within the measurement uncertainty.
To operate the laser system at its thermal noise �oor, the intrinsic RAM needs to

be reduced by more than an order of magnitude. Therefore an active control was
implemented in the setup as introduced in section 3.1.2. Unfortunately, the required
suppression was not achieved by the active control, most likely due to a non-uniform
spatial distribution of the RAM over the beam cross section.
Other promising free-space EOM designs that o�er a low enough RAM to reach the

thermal noise �oor of this system have been reported for wedged ammonium dihydro-
gen phosphate (ADP) crystals [83] and Brewster-cut lithium niobate (LiNbO3) crys-
tals build for previous laser systems at Physikalisch-Technische Bundesanstalt (PTB)
[43, 51]. ADP crystals show a transmission of less than 20 % at 1397 nm [120] and are
thus not suitable for this system. The LiNbO3 based EOM has decent optical proper-
ties at 1397 nm and causes fractional frequency instabilities σy = 1 · 10−17 for a cavity
linewidth of 1.1 kHz [121, 43] and modσy = 5 · 10−17 [121, 51] for a cavity linewidth
of 2.7 kHz at 1 s averaging time operated at 698 nm. Thus, the expected instability
for this system should be in the mid 10−17 range, meaning this EOM could meet the
requirements. Such an EOM was removed from the current transportable clock laser
system [51] and tested with this system while writing this work. An upper boundary
of the instability caused by RAM was determined to be in the mid 10−17 range. No
signi�cant reduction of the laser performance, as demonstrated in section 5.10, was
found. Thus, if such an EOM is available, the system can be operated without active
RAM stabilization. However, while performing the measurements here in after, all
home-made LiNbO3 EOMs were required for operation of the current clock laser sys-
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Figure 5.6.: Schematic sketch of the laser system, as used for the characterization:
blue: PDH stabilization, green: active RAM control, orange: power sta-
bilization and purple: two-stage phase noise cancellation.
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Figure 5.7.: Fractional frequency instability caused by RAM using a temperature sta-
bilized waveguide EOM together with an active RAM control.

tems and thus a waveguide EOM8 together with an active stabilization of the RAM
was used, see green components in �gure 5.6. To reduce the intrinsic RAM �uctuations
caused by refractive index changes of the EOM and the �bers between the polarizers,
the waveguide EOM was screwed to a temperature stabilized copper block and placed
together with the two in-line polarizers inside an Aluminium (Al) box. Additionally,
a two-stage optical path length stabilization, see purple components in �gure 5.6, was
implemented as the simple path length stabilization as shown in �gure 5.4 caused an
étalon in combination with the back re�ection mirror, which potentially causes RAM
�uctuations.
The remaining instability caused by RAM was evaluated in the same way as for

the free-space EOM and is below 2 · 10−17, see �gure 5.7. The measurement of the
instability is limited by electronic noise for frequencies above 0.5 Hz.
Even though a lower instability is reached compared to the homemade free-space

EOM, the simpler setup in �gure 5.4 is clearly advantageous for a transportable system
as it is still below its thermal noise �oor.

5.6. Photothermal noise

As a fraction of the optical power oscillating in the cavity is absorbed by the mir-
ror coatings, a �uctuation in optical power results in a temperature �uctuation of
the cavity. These temperature �uctuations cause refractive index variations and ther-
mal expansion of the cavity components, which in turn result in an optical length
change of the cavity, equivalent to TO noise, as described in section 3.2. This optical

8phase modulator from EOSPACE

42



5.6. Photothermal noise

10
3

10
2

10
1

10
0

10
1

10
2

Fourier frequency f in Hz

10
15

10
14

10
13

m
ag

ni
tu

de
 |X

| in
 m

(a)

|2X(ct)
PTE|

|2X(ct)
PTR|

|2X(ct)
PT |

|2X(sb)
PTE |

|2XPT|
l

10
3

10
2

10
1

10
0

10
1

10
2

Fourier frequency f in Hz

/2

0

/2

ph
as

e 
ar

g(
X)

 in
 ra

d

(b)

arg(2X(ct)
PTE)

arg(2X(ct)
PTR)

arg(2X(ct)
PT )

arg(2X(sb)
PTE )

arg(2XPT)

Figure 5.8.: Photothermal noise of the di�erent contributors as a function of frequency.
The lines show calculated curves and the dots measured data.

power-induced instability is called photothermal (PT) noise. Its fundamental limit
in case of constant optical power is produced by the shot noise of the absorbed ra-
diation [99, 106]. The photothermorefractive (PTR) noise of the mirror coatings and
the photothermoelastic (PTE) noise of the substrates and coatings are the biggest
contributions to the overall PT noise of this cavity. Theoretical models and a de-
tailed description of the photothermal noise are given amongst others in Farsi et al.
[122], Gorodetsky [88], De Rosa et al. [123] and Cerdonio et al. [106].
The power absorbed by the cavity mirrors δPabs is for low Fourier frequencies equal

to the intracavity power δPcav times the mirrors absorption coe�cient χabs and shows a
low pass behavior at higher Fourier frequencies with a cut o� frequency f (cav)

T = lw/2.

δPabs =
δPcavχabs

1 + if/f
(cav)
T

(5.6)

The equations for the transfer function δXPT between the absorbed power δPabs and
resulting optical cavity length �uctuations δl including the PTE noise of the sub-
strate δX(sb)

PTE, PTE noise of the coating δX(ct)
PTE and PTR noise of the coating δX(ct)

PTR

are given in appendix A.5. The calculated magnitude |δXPT| and phase arg(δXPT) of
the resulting optical cavity length �uctuations are shown in �gure 5.8 for δPcav ·χabs =
0.25 µW. As |δX(ct)

PTE|, blue dashed line, and |δX(ct)
PTR|, blue dotted line, are di�erent in

phase by π, the two contributions partly cancel and result in a total coating contribu-
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5. Transportable clock laser system

tion |δX(ct)
PT |, blue solid line. The transfer function of the total PT noise of all three

contributions is depicted by the brown curve.

At the frequencies of interest, a sine wave optical power modulation is applied to the
cavity and the response of the laser frequency is measured. For this measurement, the
setup in �gure 5.6 with some small changes is used. The radio frequency (RF) power
driving the orange AOM is modulated with a sine wave, thus modulating the optical
power going to the cavity. The orange PD measures the laser power transmitted
through the cavity, which is correlated to the power oscillating inside the cavity. The
laser frequency is compared against a second ultra-stable laser [44] via an optical
frequency comb. The resulting cavity length change of these measurements is plotted
in �gure 5.8, orange dots. The progression of the cavity length change, orange dots,
seems to follow the curve for the PTE noise of the substrates, green curve, and not,
as expected, the brown curve, which represents the expected total PT noise including
the coating contributions.

An equivalent behavior for Al0.92Ga0.08As/GaAs coatings on FS glass substrates is
observed by Chalermsongsak et al. [111], but for a coating layer structure optimized
to achieve PTR and PTE noise cancellation of the coating. Thus, only the PTE noise
contribution of the substrate should remain. For better comparability, the same values
of the material properties are used in this work. As the coating in this work consists
simply of quarter-wavelength (QWL) layers, the PTR and PTE noise cancellation
should be less compared to the structure in Chalermsongsak et al. [111]. Still, the
measurement indicates that the gap between PT noise of the coating and PTE noise
of the substrate might be bigger than expected for a QWL layer structure. For the
coating, this would mean higher PTR noise, lower PTE noise or both as this results in
better cancellation and a lower PT noise coating contribution. As mentioned above,
the thermal noise curves depend on various material properties, which are only known
with considerable error, see table B.1. Thus, the calculated values of PTR and PTE
noise contribution might di�er by a few 10 % from the true values, due the limited
knowledge of the material properties. For example, 35 % higher PTR noise and 35 %
lower PTE noise of the coating would justify the observed behavior. For the follow-
ing estimations, the PT noise of the cavity is assumed to follow the behavior of the
substrate PTE noise for frequencies smaller 10 Hz, which represents the measurements
well.

The instability caused by PT noise is studied for approximately 10µW of optical
power coupled into the cavity. The transmission PD, orange in �gure 5.6, detects
optical power �uctuations of the laser light exiting the cavity. These power �uctuations
are proportional to the intra-cavity power �uctuations and thus the power absorbed by
the mirrors for Fourier frequencies f � f

(cav)
T , which are the frequencies investigated.

By �tting the expected curve for the PT noise to the measured length �uctuations
of the cavity, a conversion factor of 0.25(2)µW/560(3) mV between the PD voltage
and the absorbed power δPabs is determined for this setup. The PT noise results in
an instability in the order of 10−16 at one second that increases for higher averaging
times, which puts a limitation to the laser system's instability. To reduce the PT noise
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Figure 5.9.: Upper limit, orange, and lower limit, yellow, for the fractional frequency
instability caused by optical power �uctuations of the interactivity light.

contribution, either an active stabilization of the optical power coupled into the cavity
could be implemented or the absolute optical power coupled in to the cavity has to be
reduced assuming that this also lowers the absolute power �uctuations by the same
factor. For this system, the absolute power coupled into the cavity has to be reduced
below 1 µW, which would result in a limitation caused by electrical noise of the PD
detectors. Thus, a power stabilization is implemented as shown in �gure 5.6 by the
orange components.
The direct current (DC) signal of the PD detecting the transmitted optical power

of the cavity is processed in a proportional-integral (PI) controller. The controller
output changes the output power of an RF ampli�er, which drives an AOM. This way,
the optical power of the light in the AOM's �rst di�raction order is manipulated and
thus stabilized at the transmission PD. The corner frequency of the controller was set
close to the cavity linewidth. One limitation in this power stabilization is stray light
or light from other sources, which is detected by the in-loop PD detector and results in
a wrong manipulation of the optical power. To reduce this e�ect, an optical band pass
�lter, 1400 nm ± 2.4 nm9, is installed before the PD. The remaining instability caused
by PT noise is estimated measuring the power �uctuations with an out-of-loop PD,
the green RAM PD in �gure 5.6. The resulting instability exceeds the thermal noise
�oor for averaging times above 10 s as shown in �gure 5.9. However, this estimation
is an upper limit, as the out-o�-loop PD is not equipped with an optical band pass
�lter, but was only shielded from the laboratory illumination with moderate e�ort.
It can be expected that this measurement is a�ected by stray light and especially
light of other sources, since a full protection from light in the laboratory could not be

9item number FB1400-12 from Thorlabs
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realized. Furthermore, pointing of the laser beam entering the cavity leads to higher
power �uctuations on the out-of-loop RAM PD in front of the cavity when stabilizing
the power of the light transmitted through the cavity using the in-loop PD behind the
cavity. Figure 5.9 also shows the fractional frequency �uctuation based on the power
�uctuations detected by the in-loop PD, giving a lower boundary of the expected laser
fractional frequency instability caused by PT noise. As can be seen in �gure 5.22, the
out-of-loop signal is indeed an overestimation, as it surpasses the total measured noise
of the entire laser system.

5.7. Vibration sensitivity

To make the cavity's optical length insensitive to seismic noise, vibration isolation
platforms are used to reduce the seismic noise together with a special cavity mount-
ing. These mountings in general �x the cavity in all spatial direction to make it
transportable, but at the same time o�er a low vibration sensitivity of the cavity's
optical length. Such mountings were realized for spherical [47, 48], cubical [49, 50],
cylindrical [51�55] and double tetrahedral [56] spacer designs. The cavity presented
in this work uses a cylindrical design as it o�ers an increase in optical length without
a cubic increase of spacer volume and therefore mass. This is especially advantageous
for transportable systems, which head for a compact and light design, but at the same
time a low thermal noise �oor, which decreases with cavity length. The cylindrical
mounting is based on the idea and �ndings of past cavities, especially Häfner et al.
[51], 12 cm-long spacer, and Chen et al. [124], 10 cm-long spacer. Häfner et al. [51]
present a comparable complex mounting, which allows independent mounting and op-
timization for the three spatial directions as well as avoids overdetermination of the
degrees of freedom, while the mounting in Chen et al. [54] allows for independent
mounting of the spatial direction but has an overdetermination of the degrees of free-
dom. In Chen et al. [54], vibration sensitivities of 0.8 · 10−10/g0, 0.17 · 10−10/g0 and
3.9 · 10−10/g0 were achieved in the horizontal (x-)direction, the vertical (y-)direction
and along the cavity axis (z-direction), respectively. In Häfner et al. [51], vibration
sensitivities of 2.3 ·10−10/g0, 0.7 ·10−10/g0 and 12.3 ·10−10/g0 were achieved in the ver-
tical (y-)direction, the horizontal (x-)direction and along the cavity axis (z-direction),
respectively, see table 5.3. According to the authors, the comparably high value along
the cavity axis most likely originates from an imperfect realization of the mounting
idea, an inclined wire in this case. Comparing these two mountings, the overdetermi-
nation of the mounting in Chen et al. [54] does not signi�cantly increase the vibration
sensitivity of the cavity, while a technically simple implementation is of interest as
the vibration sensitivity of the mounting scheme is in the end limited by its techni-
cal feasibility. Therefore, the cavity mounting used in this work emphasizes a simple
technical feasibility, at the cost of an over determination of the degrees of freedom.
The mounting concept applied here is based on the idea to independently mount the

cavity in the three Cartesian directions, as this allows a mounting force that is only
acting perpendicularly, x-, y-, and z-directions, to its corresponding symmetry planes,
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Table 5.3.: Vibration sensitivity values for selected cavity designs.
design cylindrical cubic
length 20 cm (this work) 12 cm 10 cm 10 cm 5 cm

dynamic static [51] [54] [50] [49]
horizontal (x) in 10−10/g0 0.2(1) 0.6 2.3 0.8 0.9 0.25
vertical (y) in 10−10/g0 0.3(3) 4.1 0.7 0.17 2 0.02
along optical axis (z) in 10−10/g0 0.3(1) 0.2 12.3 3.9 2 0.001

y-z-, x-z- and x-y-plane, of the cavity and thus accelerations do not change the optical
cavity length in �rst order [125, 51]. To allow mounting perpendicular to the cavity's
symmetry planes, the cavity design o�ers bars for the mounting in x- and y-direction
and triangular ears for the mounting in z-direction, see �gure 5.10. Due to tolerances
in the manufacturing and assembling of the cavity components, its actual optical axis
does not perfectly overlap with its ideal optical axis, the intersection line between y-z-
and x-z-plane. Consequently, a tilt of the spacer's front faces would result in an optical
length change. To avoid these tilts, the cavity is mounted at its Airy points [126] in
x- and y-directions, which were found using FEM simulations. The cavity is mounted
at 10 points, four in the x- and y-direction and two in the z-direction.

The expected vibration sensitivity for spacers with di�erent length and diameter
was simulated for such a 10-point-mounting using a FEM model based on experience
with past cylindrical cavities, for example the achieved vibration sensitivities, the
placement accuracy of the mounting points or the tilts in the mounting wires. Finally,
a spacer design that allows for a thermal noise �oor modσy ≈ 7 · 10−17 at τ = 1 s
as calculated in section 5.4 and a predicted vibration sensitivity of approximately
5 · 10−17/µg0 was found. Thus, in combination with commercially available vibration
isolation platforms, an instability of modσy ≈ 1× 10−16 at τ = 1 s should be reached.
The spacer has a length of 20 cm and a diameter of approximately 8 cm, see engineering
drawing in appendix C.1.

To get an independent mounting in the three Cartesian directions, the mounting
must be rigid perpendicular to the symmetry plane, but soft parallel to the symmetry
plane and also symmetric to the cavity's planes of symmetry. The basis of the mount-
ing is a spring steel wire welded to three set screws, one in the middle and two at its
ends. A clamp for the bars and triangular ears is realized by the middle set screw
in combination with a �uorine rubber ring, a washer and two nuts on each side, see
�gure 5.10. The two set screws at the end of the wire are used in combination with a
�uorine rubber ring, two washers and a nut to preload the wire. Thus, equivalent to a
preloaded rope, the force transfer along the wire is much larger than perpendicular to
the wire, which allows independent mounting in the three Cartesian directions. Stain-
less steel stranded wire, as used in Häfner et al. [51], would seem to be more suitable as
it is more �exible than spring steel wire. However, mechanical relaxations of stainless
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Figure 5.10.: Mounting of the cavity, for further description see text.

steel stranded wire are suspected to cause frequency jumps of a previous laser system
[51]. The �uorine rubber rings compensate the higher sti�ness of the spring steal wire
and furthermore serve as thermal insulation, see section 5.9. The mounting is designed
to withstand shock loads of 30 times the gravitational acceleration g0, which allows
all kinds of terrestrial transports of the system.
Especially, laser noise at the single cycle frequency fcy contributes to the Dick e�ect

assuming single Rabi or Ramsey interrogation [58]. For a single cycle duration tcy of
typically 1 s, this requires low laser instability especially around one 1 Hz. To achieve
a low vibration sensitivity and thus a low laser instability at these frequencies, it is
important that the cavity's eigenfrequencies are well above 1 Hz. The eigenfrequency
of the spacer is calculated to be approximately 11 kHz. It is more complicated to
estimate the resonance frequencies including the cavity mounting. Therefore, the
complete setup, including the vacuum chamber, heat shields and vibration isolation
table, as described in sections 5.8 and 5.9, was exited with an acoustic frequency sweep
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Figure 5.11.: (a) Frequency spectra of the laser frequency over the excitation frequency
as a response to an acoustic frequency sweep. (b) Maximum values of the
frequency spectra of a laser to an acoustic frequency sweep, see details
in the text.

from 20 Hz to 200 Hz and the cavity's frequency response was observed as shown in
�gure 5.11. Figure 5.11 a shows the frequency spectrum of the laser frequency over
time for an acoustic frequency sweep from 20 Hz to 200 Hz. Figure 5.11 b shows the
maximum values of such a heat map for the single Fourier frequencies. The olive
curve shows the frequency spectrum of the laser without acoustic excitation. The red
curve shows the frequency spectrum of the laser when an acoustic frequency sweep is
performed. The vibration isolation platform10 was switched o�, which should increase
especially the impact of vibration caused by eigenfrequencies of the laboratory. The
same acoustic sweep was played and the blue curve was detected. For frequencies
below 50 Hz, the frequency spectrum of the red curve follows the reference curve, thus
no signi�cant impact of acoustic noise at these frequencies is expected to degrade the
laser's instability. For frequencies above 50 Hz, a degradation of the cavity's instability
is observed. However, by comparing the blue and red curve it seems that most of the
frequency instability is caused rather by laboratory eigenfrequencies than by the cavity
mounting, as they are signi�cantly damped when the vibration isolation platform is
switched on. Only the peak at roughly 128 Hz might be a cavity resonance as it
appears with a similar height in both spectra. Thus, no eigenfrequency of the cavity
mounting was found to be below 50 Hz and most likely also not below 120 Hz.
For Fourier frequencies much below the eigenfrequencies of the cavity, the transfer

function between acceleration and deformation of the cavity and thus its optical length
change is assumed to be constant. To estimate the remaining impact of seismic noise

10TS-150 from table stable
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g0

Figure 5.12.: (a-c) Dynamic vibration sensitivity measurement with an excitation fre-
quency of 10 Hz. All curves are low-pass �ltered with 100 Hz to increase
the visibility of the oscillation. (d) Static vibration sensitivity measure-
ment.

on the frequency instability, the vibration isolation platform was used as a shaking
table and the cavity, within its complete setup including vacuum chamber and heat
shields, was excited in all three Cartesian directions with a sine function between 7 Hz
and 30 Hz. The seismometer placed on the vibration isolation platform separately
detects the accelerations in all three Cartesian directions. Unfortunately, a perfect
sine wave acceleration in one direction was not possible using the vibration isolation
table as shaking table. Especially for the x- and z-direction, large accelerations in
y-direction were detected, which for some measurement even exceed the accelerations
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in the excited direction. With only one seismometer, the acceleration present at the
position of the cavity can only be estimated with a large uncertainty. Thus, a second
seismometer was placed at the platform and all eight actuators of the table were ad-
dressed separately. with proper adjustment of the eight input signals, the acceleration
in the direction of interest exceeds the acceleration in the two other directions by at
least a factor three. Figure 5.12 shows the acceleration measured in the three Carte-
sian directions of one of the two seismometers together with the fractional frequency
change of the laser, which was measured against a second ultra-stable laser [43]. All
the visible oscillations with higher frequency than the excitation frequency of 10 Hz are
also present without the excitation and are not harmonics. The vibration sensitives
as given in table 5.3, �rst column, were found.
In a second measurement to determine the cavity's vibration sensitivity, the cavity

was turned upside down and its change in frequency was detected, see �gure 5.12 d.
The measurement was performed for all three Cartesian directions. The resulting
vibration sensitivities are given in table 5.3, second column. The values found for the
x- and z-direction are in the same order of magnitude for the static and the dynamic
method, while for the y-direction the static value is one order of magnitude larger
than the value found with the dynamic method. All values found with the static
method tend to be larger than their equivalent dynamic value. This might be caused
by a non linear behavior between cavity length change and the magnitude of the
acceleration as assumed in �rst order. Especially, the y-direction is vulnerable against
non linearity as the mounting of the heat shields is highly non symmetric to the x-
z-plane, which might cause squeezing or stretching of the cavity due to mechanical
stress in the heat shields and cavity mounting induced when turning the cavity upside
down. Even if considering the higher static values, the vibration sensitivity of this
20 cm-long cavity is comparable to previous cavity designs with a length of at least
10 cm, see table 5.3. Considering the dynamic values, this 20 cm-long cavity provides
lower vibration sensitivity than past cavities with a length of at least 10 cm.
Finally, the remaining seismic noise on the vibration isolation table was detected

with a seismometer and using the average of the dynamic and static vibration sen-
sitivity, the resulting fractional frequency instability was calculated, see �gure 5.13.
The lower contribution of the y-direction compared to the x- and z-direction at low
Fourier frequencies is manly due to the much better vibration isolation of the plat-
form in y-direction than in x- and z-direction, while the di�erence at higher Fourier
frequency mainly results form the di�erent vibration sensitivities in the Cartesian di-
rections of the cavity. The fractional frequency instability caused by seismic noise in
the y-direction might put a limitation to the laser's instability. However, this curve has
a large measurement uncertainty resulting from the large di�erence between dynamic
and static measurements. The large di�erence between the static vibration sensitivity
and the dynamic vibration sensitivity may be caused by a non-linear behavior between
fractional frequency change and acceleration instead of the linear behavior assumed
so far. Such a non-linear behavior may for example be caused by the mounting of
the heat shields, which are wedged between glass spheres. Assuming that the dy-
namic measurements give a better picture for the actual vibration sensitivity due to
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Figure 5.13.: Fractional frequency instability caused by seismic noise.

the lower acceleration during the measurement, the curve for the y-direction would
shift down and result in an equal instability as the x- and z-direction, which would be
su�ciently below the thermal noise �oor. Otherwise, an active feed forward correction
for remaining accelerations either to the laser's frequency or the vibration isolation
platform itself might be implemented.

5.8. Pressure variations

A change in refractive index n of the inter-mirror material causes a change in the
optical cavity length lopt = l0n and therefore the fractional length δl/l0 and fractional
frequency δν/ν0 stability of the cavity. The refractivity n − 1 of air as a function of
pressure is described by the Edlén equation [127], which is given in equation 5.7 for a
wavelength of 1397 nm and a humnidity of 30 % [128, 129].

n− 1 ≈ [2.68−9/Pa] · p (5.7)

This leads to a direct dependence between pressure �uctuations δp and the fractional
frequency stability δν/ν0 of the cavity.

δν

ν0

= δn ≈ [2.68−9/Pa] · δp (5.8)

With a target stability δν/ν0 ≈ 10−16 at one second, pressure �uctuations δp �
3.7× 10−8 Pa over one second are required.
The pressure inside the cavity pcav can be estimated with equation 5.9 based on the

pressure at the pump ppump and the pressure di�erence between the pump and the
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Figure 5.14.: Fractional frequency instability caused by pressure �uctuations.

inside of the cavity ∆p.

pcav = ppump + ∆p (5.9)

In this setup, an ion pump11 is used to generate low pressure in the vacuum chamber.
From the pump current Ipump, the pressure ppump can be calculated using equation 5.10
given by the manufacturer.

ppump =
0.0666

10
Ipump

5600

Upump

(5.10)

Upump is the voltage applied to the ion pump, which is 7 kV.
The pressure di�erence ∆p between the inside of the cavity and the pump is de�ned

by the throughput qpV and the conductivity of piping Kpipe [130].

∆p =
qpV

Kpipe

(5.11)

The conductivity of piping is given by Kpipe = 121�3
pipe/lpipe assuming air as pumping

gas, as for this setup the conductivity of piping is dominated by the ventilation holes
of the spacer, as they have by far the smallest ratio of cubic diameter and length
�

3
pipe/lpipe. The throughput qpV = ppump · seff . seff is the e�ective pumping speed

given by the pumping speed of the pump spump and the conductivity of piping Kpipe:
1/seff = 1/spump + 1/Kpipe.
The pressure �uctuations at the ion pump were measured and their resulting frac-

tional frequency instability was calculated with the equations above, see �gure 5.14.
The instability caused by pressure �uctuations is well below the expected thermal
noise �oor.

11The TiTan Ion pump 10SW from Gamma Vacuum
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5.9. Temperature stabilization

In general, temperature changes lead to thermal expansion of a material. The correla-
tion between expansion and temperature is expressed through the material's CTE α.
For some materials, the CTE itself has a strong temperature dependence and may even
change from positive to negative values. Such CTE zero crossings, where α ≈ 0, help
to reduce the impact of temperature �uctuations on the length of ultra-stable cavities.
Materials with CTE zero crossings, which also o�er decent material properties to get
a low thermal noise as discussed in section 3.3, are for example sapphire, silicon or
ULE glass. The most appropriate choice for a transportable setup is ULE glass, as its
CTE zero crossing temperature T0 is at room temperature, while sapphire and silicon
o�er CTE zero crossing temperatures at cryogenic temperatures.
ULE glass has adequate material properties to serve as spacer material, but is not

a suitable choice as a substrate material. Due to its high mechanical loss factor, it
would increase the cavity's instability above 10−16 as shown in �gure 3.5. FS glass is
used instead, which has a lower mechanical loss factor, but a CTE of 5× 10−7 K−1 at
room temperature. Due to its higher CTE, the FS glass substrate reduces the thermal
length stability of the cavity and shifts its CTE zero crossing temperature as described
by Legero et al. [113]. To reduce the impact of the FS glass mirror substrate on the
thermal length stability of the cavity and push back its CTE zero crossing close to the
one of a pure ULE glass cavity, ULE glass compensation rings are optically contacted
to the backside of the mirror substrate as suggested by Legero et al. [113].
The fractional length change of a cavity spacer caused by a temperature change ∆T =
T − T0 does only depend on α, which is assumed to show a quadratic temperature
dependence close to the CTE zero crossing temperature T0.

α(T − T0) = α′(T − T0) + α′′(T − T0)2 (5.12)

∆l(T − T0)

l0
=

1

2
α′(T − T0)2 +

1

3
α′′(T − T0)3 (5.13)

α′ is approximately 2× 10−9 K−2 and α′′ is approximately 1× 10−11 K−3 [113] for
ULE glass close to its CTE zero crossing temperature T0. Assuming that the cavity's
temperature can be stabilized to its CTE zero crossing temperature T0 within 0.5 K,
a fractional length instability of below 1× 10−16 requires a temperature stability of
below 0.1 µK.
Temperature stabilization is much more critical for temperature �uctuations at low

frequencies, as the cavity's temperature response shows a low pass behavior. The cut-
o� frequency and damping are de�ned among others by the material's heat capacity
and total mass of the resonator. Thus, a high resonator mass is advantageous to reach
low temperature instability. However, portability of the laser system requires a com-
pact and light-weight design. Another important impact on the cavity's temperature
stability has the heat transfer between the cavity and its environment, which can be
separated into thermal convection, thermal conduction and thermal radiation. Ther-
mal convection is reduced to an insigni�cant level compared to thermal conduction

54



5.9. Temperature stabilization

vacuum chamberthermistor

BK7 window

Faraday rotator

PBS

thermistor

thermistor

TEC

spring steel wire

fluorine rubber
rings

washers, nuts and
set screw

active shield

outer passive shield

inner passive shield
and mounting

inner passive shield
and mounting

cavity

glass sphere

vacuum chamber

active shield

outer passive shield

cavity

Figure 5.15.: Top: vertical cross section of the vacuum chamber. Bottom: top view of
the vacuum chamber without cover plates.

and thermal radiation by placing the cavity in vacuum, which is already required due
to the impact of pressure �uctuations on the cavity's optical length stability described
in section 5.8. The heat transfer due to thermal conduction mainly depends on the
thermal conductivity of the cavity mounting. Thus, materials with low thermal con-
ductivity must be used. The heat exchange by thermal radiation can be reduced by
surrounding the cavity with thermal heat shields with low emissivity. In the end, es-
pecially temperature �uctuations at low frequencies are expected to limit the cavity's
length instability and therefore the laser's fractional frequency instability.
Based on the �ndings of passive and active temperature stabilization of past ultra-

stable cavities [43, 121, 131, 51], the temperature stabilization shown in �gure 5.15
was implemented. The cavity is placed inside a vacuum chamber including one active
and two passive heat shields. The active heat shield is temperature stabilized to the
CTE zero crossing temperature T0 of the cavity with two separate control loops for
the left and right side. Each control loop includes two thermoelectric coolers (TECs)12

at the bottom of the shield, two negative temperature coe�cient (NTC) thermistors13

at the bottom and top of the heat shield, pink in �gure 5.15, and a proportional-
integral-derivative (PID) controller14. The average resistance of the top and bottom
thermistor is used for the temperature control to take a vertical temperature gradient
over the heat shield into account, mainly caused by the fact that all TECs are placed at

12PKE 71 a 0020 4 H 200 from Peltron GmbH Peltier-Technik
13B57560G1103 NTC thermistor from TDK Electronics
14TEC-1091 from Meerstetter Engineering GmbH
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base plate
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Figure 5.16.: left: base plate design, right: picture of the cavity

the bottom of the heat shield. 125µm-thick Indium foil is placed between the TECs
and the vacuum chamber as well as the active heat shield to ensure good thermal
contact and to compensate small height di�erences for example between the single
TECs. To ensure low thermal conductivity between the single heat shields, three glass
spheres with a diameter of 8 mm, which are place in cone-shaped recesses of the shields,
separate the shields from the bottom. From the top, screws with �uorine rubber tips
push down glass spheres to assure a rigid mounting of the cavity. The cavity itself
is mounted using spring steel wires, which are welded to set screws. Details of this
mounting are given in section 5.7.

In addition to the active temperature stabilization of the outermost heat shield,
the vacuum chamber is temperature stabilized equivalently to the active heat shield,
but using only one thermistor at the bottom of the vacuum chamber and three con-
trol loops. The aluminum base plate in combination with heat sinks, as shown in
�gure 5.16, serves as heat sink for the vacuum chamber. Additionally, the vacuum
chamber including the PDH board and optics for the power stabilization on the back-
side are covered with extruded polystyrene foam (XPS) plates for thermal isolation.
The entire setup weighs 43 kg. The outer dimensions of the vacuum chamber are
20.5 cm·24 cm·38 cm.

To characterize the temperate sensitivity, a temperature step was applied to the
active heat shield, which caused a temperature change of the innermost heat shield
from 293 K to 303 K over seven days. The laser frequency was compared to a second
ultra-stable laser, from which the fractional length change of the cavity was derived.
In �gure 5.17, the fractional length change is plotted over the temperature measured
by the thermistor connected to the cavity's mounting frame. The CTE zero crossing
was found after two and a half days at a temperature of 297.4 K of the innermost
heat shield, however, the heat shield's temperature was still changing at a rate of
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Figure 5.17.: (a) Fractional length change of the cavity plotted over the temperature
measured at the cavity mounting frame. Fit function as given in equa-
tion 5.13. (b) Response of the passive heat shields and the cavity's frac-
tional length change to a temperature change of the active heat shield.

1.8 mK min−1. From the step response in �gure 5.19, which is described later, the
temperature of the cavity at this point in time is estimated to be lower by approx-
imately 2 K compared to the innermost heat shield. Thus, the actual zero crossing
of the CTE of the cavity is approximately at 295.4 K. The curve of �gure 5.17 a
was used with equation 5.13 to derive α′ and α′′, which leads to an over estimation
of approximately 6 % of these two values as the actual cavity temperature shows a
steeper increase compared to the inner passive shield after 2.5 d, see �gure 5.19. α′

is 1.3× 10−9 K−2 and α′′ is 8× 10−11 K−3. For previous cavities with an ULE spacer,
FS mirror substrates and ULE compensation rings, α′ is 8.6× 10−10 K−2 for an 12 cm
long cavity and 2.2× 10−9 K−2 for an 48 cm long cavity [121].
Figure 5.17 b shows the transient behavior of the active heat shield, blue curve,

along with the temperature of the outer and inner passive heat shields, red and green,
and the fractional length change of the cavity, orange, after the set temperature of
the temperature controller was changed at a time of 4 min. If more than one out-
of-loop thermistor was available per heat shield, the resulting average temperature
is plotted. While the temperatures of the passive heat shields show the expected
low pass behavior, an immediate response of the fractional length of the cavity to a
temperature change of the active heat shield is observed instead of the expected low
pass behavior. This immediate response of the cavity's fractional length might be
caused by thermal expansion of the heat shield, which causes mechanical stress in the
mounting structure and thus stretches, squeezes or bends the cavity due to the over
determined mounting of the cavity. If this is the case, the response should be una�ected
by the CTE of the cavity and rather scale with the step size of the temperature change
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Figure 5.18.: Fractional frequency instability caused by thermal stress.

of the active heat shield. For di�erent temperature steps, the response of the cavity's
fractional length shows a similar behavior compared to �gure 5.17 b and it's amplitude
scales roughly with the temperature step size, while a correlation with the CTE of
the cavity was not found. As a �rst simple approximation, a directly proportional
relationship between the active shield temperature and the fractional length change
was assumed. A conversion factor of 3(2)× 10−12 K−1 was derived from the maximum
values of the two curves. Figure 5.18 shows the fractional frequency instability caused
by thermal stress. For Fourier frequencies below 1× 10−3 Hz or averaging times above
5× 102 s the instability is in the order of the thermal noise �oor, but still below.
For frequencies above 1× 10−3 Hz or averaging times below 5× 102 s it is well below
the thermal noise �oor. Thus, only the long term stability of the laser might be
a�ected by the thermal stress. This e�ect most likely could be reduced by a more
complex cavity mounting, which avoids an over determination as presented in Häfner
et al. [51]. Possibly, a temperature change of the passive heat shields may also cause
thermal stress, however, their temperatures change much slower, thus rendering such
an e�ect likely invisible. No fractional length response to a change of vacuum chamber
temperature was observed.
Figure 5.19 shows the long term response of the passive heat shields' temperature

and the fractional length of the cavity to a step in temperature of the active heat
shield. The initial o�set of the curves was removed and the responses are normalized
to their absolute change [T (t)− T (0)]/∆T and [δl(t)− δl(0)]/∆l, respectively. Thus
�gure 5.19 a shows the response to a unit step function. The temperature step of
0.2 K was performed 4 K away from the zero crossing temperature of the CTE. Thus,
approximately a linear behavior between temperature change of the cavity and its
length change can be be assumed. Equation 5.14 describes the temperature response
of the cavity to a unity step function at the active heat shield for a design using
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5.9. Temperature stabilization

Figure 5.19.: (a) Normalized step response of the passive heat shields' temperatures
and the fractional cavity length to a temperature step of the active heat
shield. (b) Normalized amplitude response of the fractional cavity length
to the temperature of the active heat shield.

two passive heat shields, assuming that the heat transfer between the shields and
the cavity is de�ned by thermal conduction and radiation between the shields, while
thermal convection and thermal radiation directly from outside the vacuum chamber
through the windows to the cavity is neglected, which is a good approximation for a
cavity operated close to room temperature and placed in ultra-high vacuum [121].

Tcav(t)− Tcav(0)

∆Tcav

= 1−
[

t2a
[ta − tb][ta − tc]

exp

(
− t

ta

)
− t2b

[ta − tb][tb − tc]
exp

(
− t

tb

)
(5.14)

+
t2c

[ta − tc][tb − tc]
exp

(
− t

tc

)]
For this setup ta = 0.11 d, tb 0.34 d and tc = 3.64 d were found as shown by the grey
curve in �gure 5.19 a. The transfer function was derived by calculating the FFT of
the derivative of the step response, which is the impulse response. Figure 5.19 b shows
the normalized amplitude response of the system.
The resulting fractional frequency instability caused by temperature changes of the

cavity was derived from the average temperature �uctuations of the active heat shield
measured with the four out-of-loop thermistors, cyan in �gure 5.15, which are about
a few 100µK for the active heat shield over a day. The cavity is operated at its zero
crossing temperature within 1 K uncertainty, thus α = 1.4× 10−9 is assumed for the
conversion from temperature to fractional frequency �uctuations. Together with the
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5. Transportable clock laser system
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Figure 5.20.: Fractional frequency instability caused by temperature changes of the
active heat shield operated 1 K away from the zero crossing temperature,
black line, and 2 K away from the zero crossing temperature, pale black
line.

amplitude response as shown in �gure 5.19 b, the fractional frequency instability of the
laser as shown in �gure 5.20 was calculated. The instability caused by temperature
�uctuations of the active heat shield is well below the thermal noise �oor limit.
The frequency drift caused by aging of the spacer was observed to be 23 mHz s−1.

This drift decays exponentially over time with time constants of several years and is
caused by an ongoing crystallization of the glass [132, 133]. The constant drift was
removed before analyzing the data as during clock operation constant frequency drifts
can be compensated by the double-pass AOM on the laser distribution breadboard.

5.10. Measured laser instability

The clock laser's fractional frequency instability was measured against a second ultra-
stable laser [44] via a frequency comb with the setup shown in �gure 5.6. The beat
frequency between the two lasers was detected with a sampling rate of 100 Hz or
1 Hz by a frequency counter15. The fractional frequency instability of the laser was
directly calculated from the �uctuations of the beat frequency, which are dominated
by the instability of the laser presented in this work, as the second laser system shows
an instability of at least a factor two lower [44]. Figure 5.21 shows the median of
the fractional frequency instability of multiple measurements, cyan lines, and their
maximum and minimum values, shaded areas, for measurements with 100 Hz or 1 Hz
sampling rate. For averaging times between 1 s and 100 s, the maximum values are

15K+K FXE from K + K Messtechnik GmbH, using lamda averaging
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5.10. Measured laser instability
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Figure 5.21.: Fractional frequency instability of the new clock laser, cyan, and the
old clock laser, red. Reference line to determine the coherence time for
Ramsey spectroscopy, see equation 2.1.

caused by occasional events like failure of an active stabilization or the re-locking of
the laser to the cavity. Thus, the median was chosen instead of the mean to give a
better picture of the typical instability of the laser system.
For averaging times around 0.1 s, the laser's mADEV is reduced down to a seventh

compared to the old laser system [51], red curve. For longer averaging times, τ > 1 s,
the mADEV is reduced to two-thirds of the old laser's instability. Assuming Ramsey
interrogation, the coherence time as de�ned in equation 2.1 increases from 1 s to 2 s
with the new clock laser.
Figure 5.22 shows the laser's fractional frequency noise along with the di�erent

technical noise contributions described in the previous sections. The uncertainties of
the single measurements are not included here for better readability of the �gure. Note
that the absolute values of the mADEV depend to a certain extend on the sampling
conditions like the sampling frequency and pre-averaging of the values, which di�ers
between the measurements as di�erent instruments were used. Thus, for comparisons
between the absolute values, rather the PSD should be used.
For averaging times below 0.1 s or Fourier frequencies above 5 Hz, the measured frac-

tional frequency instability agrees within the uncertainties with the instability caused
by optical path length stabilization including the electronic noise of the beat note
detection. Similar components were used for the beat note detection and recording
in both measurements. Thus, this noise is expected to be approximately the same
in both measurements. The higher instability of the previous clock laser [51] at this
averaging times originates most likely from an uncompensated optical �ber between
laser distribution breadboard and the cavity. Thus, for low instabilities below averag-
ing times of 0.1 s or Fourier frequencies above 5 Hz, optical path length stabilization
in all optical paths is unavoidable.

61



5. Transportable clock laser system
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Figure 5.22.: Fractional frequency instability of the new clock laser together with all
investigated noise contributions.
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5.10. Measured laser instability

At averaging times around 0.2 s or Fourier frequencies of 2 Hz, seismic noise might
put a limitation to the clock laser's fractional frequency instability. However, as dis-
cussed before, when taking only the dynamically derived vibration sensitivity into
account, the seismic noise is not expected to limit the laser's instability.
For averaging times above 0.5 s or Fourier frequencies below 1 Hz, the instabilities

caused by thermal noise, PT noise, thermal stress and temperature �uctuations are the
biggest contributions. However, the measured laser instability is higher than expected
based on these contributions, which normally are expected to limit the lasers instability
at this time scale.
The instability caused by thermal stress might be underestimated in absence of

a good model to describe this e�ect. However, the �ndings so far suggest that the
instability decreases with smaller temperature �uctuations. It is also known from
recent conferences that other groups also struggle to reach the predicted thermal noise
�oor for Al0.92Ga0.08As/GaAs mirrors using a system based on a 21 cm-long Silicon
cavity operated at cryogenic temperatures. Yu et al. [134] investigated birefringence
noise appearing with di�erent sign for the slow and fast axis of their cavity, which
currently seems to limit their fractional frequency instability to the mid 10−17 range.
However, the origin of this noise is not found yet and it has to be investigated whether
it is also a dominant contribution for room temperature cavities.
Nevertheless, the laser system presented here achieves an instability slightly below

the instability theoretically achievable with fused silica (SiO2)/tantalum pentoxide
(Ta2O5) mirrors of 2 · 10−16 as shown in �gure 3.5 b and outperforms previously pub-
lished transportable clock laser systems.
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6. Frequency Doubling

As Al0.92Ga0.08As/GaAs mirror coatings are absorbing at the 87Sr clock transition fre-
quency of 429.2 THz, corresponding to a wavelength of 698 nm, the system is operated
at 214.6 THz, a wavelength of 1397 nm, which is twice the clock transition wavelength.
Thus, frequency doubling using a periodically-poled lithium niobate (PPLN) waveg-
uide frequency doubler1 is performed to shift the laser frequency to the 87Sr clock
transition frequency. Frequency doubling can be implemented in an optical clock laser
system as simply as shown in �gure 6.1. Here, the fundamental light at 1397 nm, pass-
ing trough the frequency doubler, is re�ected back by a dichroic mirror and is used
for the optical path length stabilization, while the frequency doubled light at 698 nm
is used to interrogate the atoms.
To not degrade the laser frequency stability, this setup requires a su�ciently con-

stant phase between the fundamental light and the frequency doubled light. Excess
phase noise in the second-harmonic generation (SHG) process can be caused by several
e�ects like amplitude-to-phase conversion, the Kerr e�ect or thermal noise [136, 137].
The excess phase noise and phase evolution in a PPLN waveguide frequency doubler
was investigated under steady-state operation and for light pulse generation within
this work in view of frequency doubling in a clock laser with the simple setup in �g-
ure 6.1. This investigation has already been published in Herbers et al. [135] and the
main �ndings are shortly repeated hereinafter for the sake of completeness.

distribution breadboard

atoms

physics package

laser

cA
O

M

PLL

SHG

1397nm 698 nm

semi-reflective/dichroic mirrorPD fiber

Figure 6.1.: Implementation of frequency doubling in a clock laser system [135].

1WH-0698-000-A-B-C from NTT Electronics
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6. Frequency Doubling

6.1. Steady-state operation

To measure the phase noise between fundamental and frequency-doubled light, other
phase and frequency noise, like laser frequency noise, AOM noise and phase noise
caused by optical path length �uctuations must either be passively rejected by a clever
processing of the optical and electronic signals or suppressed signi�cantly below the
SHG noise by active stabilization.

The setup and signal processing as shown in �gure 6.2 a rejects laser noise, AOM
noise and phase noise caused by optical path length �uctuation [135]. Thus, only
the excess phase noise of the SHG remains, which is recorded by a phase comparator
implemented on a �eld-programmable gate array (FPGA).

The PSD of the fractional frequency noise resulting from the excess phase noise
under steady-state operation of the PPLN waveguide frequency doubler is shown along
with the electronic noise of the setup and the laser's fractional frequency instability,
see �gure 6.2 b.

For Fourier frequencies above a few hertz, the measurement of the excess phase noise
is limited by the electronic noise of the setup, while for lower frequencies fractional
frequency instabilities below 1× 10−34 Hz−1 were found. For all Fourier frequencies
investigated, the instability caused by excess phase noise of the glsPPLN waveguide
frequency doubler is well below the laser's fractional frequency instability and thus
does not degrade it.

laser

FPGA

SHG

DDS

A
O

M

f/2

SHG

698 nm
1397 nm
(a)

amplifier mixer
semi-refelctive/dichroic mirror PD

fiber

(b)

Figure 6.2.: (a) Setup to determine the excess phase noise of PPLN waveguide fre-
quency doublers [135]. (b) PSD of the fractional frequency instability
caused by electronic noise of the setup, excess phase noise of PPLN waveg-
uide frequency doublers and the instability of the clock laser system for
comparison. [135]
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6.2. Light pulse generation

6.2. Light pulse generation

Using the setup shown in �gure 6.1, the pulses for interrogating the atoms are gener-
ated by modulating the optical power of the fundamental light. A change in optical
power causes a temperature change in the crystal due to absorption and thus, among
others, a change in refractive index, which in turn results in a phase evolution between
the fundamental and frequency doubled light. Such a phase evolution results in a fre-
quency o�set between the clock laser frequency and the atomic transition frequency
and thus adds a systematic frequency shift to the clock transition frequency.
The setup as described in �gure 6.2 a was used to investigate the phase response

caused by sudden power changes of the fundamental light by step wise changing the
optical power of the fundamental light with the AOM. Assuming an exponential be-
havior of the phase response to sudden changes in power, a decay time of 0.21(14) s
and a sensitivity of 56(28)× 10−5 rad mW−1 was found [135].
The expected phase evolution for Rabi and Ramsey interrogation caused by sudden

power changes like interrogation pulses, is schematically shown in �gure 6.3 a. For
Ramsey interrogation, the phase di�erence increases exponentially during the �rst
π/2-pulse and decreases exponentially during the dark time. However, the phase
di�erence does not decay to zero and starts from a non-zero value for the second π/2-
pulse, during which it increases exponentially again. For Rabi interrogation, the phase
di�erence increases exponentially during the whole π-pulse. The o�set resulting from
the decay during the dead time is not considered for the sake of simplicity, leading to
a slight overestimation of the fractional frequency shift if the o�set is constant. The

time t

tπ/2 tπ/2

ph
as

e 
di

ffe
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nc
e

tdark

ti

(a) (b)

Figure 6.3.: (a) Schematic sketch of the phase evolution between fundamental and
frequency doubled light of a PPLN waveguide frequency doubler for Rabi
and Ramsey interrogation. (b) Fractional frequency shift resulting from
the phase evolution during Rabi and Ramsey interrogation. [135]
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6. Frequency Doubling

curves for the resulting fractional frequency shifts shown in �gure 6.3 b were calculated
using typical values for a 87Sr lattice clock and a PPLN waveguide frequency doubler
by Herbers et al. [135]. They are well below the systematic uncertainty of today's
optical clocks, which is in the order of 10−18 [18, 138].
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7. Progress in optical clocks

Within this work, a laser system based on a cavity with crystalline Al0.92Ga0.08As/GaAs
mirror coatings, FS glass mirror substrates and a 20 cm-long ULE glass spacer was
presented. So far, few investigations on cavities based on crystalline mirror coatings
have been published, but none of them did reach their predicted thermal noise �oor
or outperformed the expected instability with Ta2O5/SiO2 mirrors, due to instabili-
ties either caused by newly-discovered birefringence noise in cryogenic cavities [134] or
caused by technical noise sources like temperature �uctuations or seismic noise [56].
The laser system presented here shows the lowest fractional frequency instabil-

ity among published transportable laser systems, even outperforming PTB's current
transportable laser system [51], which had the lowest fractional frequency instability
until now. All components of the presented laser system were investigated in view
of technical noise limiting the laser instability, including the light distribution, the
frequency doubling, the reference resonator and the electronics.
The laser system achieves an instability as low as modσy = 1.6 · 10−16, which is

already a factor 1.3 lower than the theoretically possible instability of modσy = 2·10−16

with Ta2O5/SiO2 mirrors. Depending on the averaging time of interest, the fractional
frequency instability has been reduced by a factor of up to seven compared to PTB's
current transportable laser system. This reduced instability allows a reduction of the
Dick e�ect limit by roughly a factor of four as shown in �gure 7.1 for interrogation
times below 0.5 s, which would reduce the clock's instability signi�cantly.
However, despite these good results, the expected thermal noise �oor of the cavity's

fractional frequency instability, which is in the high 10−17 range, has not been reached
yet. A further reduction of the instability caused by seismic noise, for example by an
active feed forward correction to the vibration isolation table or the laser frequency as
described in section 5.7, could reduce the laser's instability at around 0.2 s averaging
time or Fourier frequencies around 2.5 Hz.
For averaging times above 0.5 s or Fourier frequencies below 1 Hz, the laser in-

stability could not be explained by the e�ects investigated so far. Thus, further
investigations, especially at low Fourier frequencies, are of high interest to validate
whether this laser system might be limited by noise resulting from unknown proper-
ties of Al0.92Ga0.08As/GaAs mirrors or an unidenti�ed noise source not connected to
the mirror coatings. Unknown noise resulting from the mirror coatings could increase
the instability reachable with Al0.92Ga0.08As/GaAs mirrors, reducing their bene�ts
compared to Ta2O5/SiO2 mirrors.
Assuming that the predicted thermal noise of Al0.92Ga0.08As/GaAs mirror coatings

can be reached and is not degraded by so far unknown noise sources, silicon mirror
substrates would reduce the thermal noise �oor to modσy ≈ 4.4 · 10−17. However,
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7. Progress in optical clocks
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Figure 7.1.: Dick e�ect limit calculated using the equations in section 2.3 with
tdead = 0.5 s, tπ/2 = 1 ms and the laser instabilities shown in �gure 5.21.

silicon has an approximately four times higher coe�cient of thermal expansion com-
pared to FS glass at room temperature and thus the e�ect of mechanical stress in the
cavity due to di�erent CTEs and its compensation using an ULE ring have to be in-
vestigated. While silicon substrates are only suitable for wavelengths above 1100 nm,
as its absorption increases signi�cantly below this value, this would be no limitation
for a Sr clock laser system operating at twice the transition wavelength of 1397 nm.
Alternatively, meta mirrors as described by [139] are promising candidates to reduce
the thermal noise caused by the mirrors. However, meta mirrors are currently still
under fundamental investigation and have to reach su�cient re�ectivity �rst in order
to provide a serious alternative.
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A. Additional equations

The equations given in this section are taken from previous work and are repeated
here only for completeness to clearly state, which equations are used in this work.
The notation of the cited work is used, unless the variable was de�ned in the main
text already. In this case the notation of this work is used. If variables form cited
work are used, their de�nition is given.

A.1. Pound-Drever-Hall error signal

The equations for the PDH error signal εPDH given here are taken from Black [41].
They are valid for fast modulation frequency fm � lw and a small modulation depth
M < 1.

εPDH = −2
√
PcPs= [H(ν)H∗(ν + fm)−H∗(ν)H(ν − fm)] (A.1)

H(ν) =
Eref

Einc

=

√
R
[
exp

(
i 2πν
FSR

)
− 1
]

1−R exp
(
i 2πν
FSR

) (A.2)

The re�ection coe�cient H is de�ned by the ratio of the electric �eld of the re�ected
beam Eref and the incident beam Einc and is given here for a symmetric cavity with no
losses. Note in the original equation the amplitude refection coe�cient is used, which
is equal to the square root of the intensity re�ection coe�cient R used here.

A.2. Thick coating correction factor

The thick coating correction factor Γtc as given by Evans et al. [103], with the average
coating values as given in section A.3.

Γtc =
p2

EΓ0 + pEpRζΓ1 + p2
Rζ

2Γ2

Rζ2ΓD

(A.3)

Γ0 = 2[sinh(ζ)− sin(ζ)] + 2R[cosh(ζ)− cos(ζ)] (A.4)

Γ1 = 8 sin(ζ/2)[R cosh(ζ/2) + sinh(ζ/2)] (A.5)

Γ2 = [1 +R2] sinh(ζ) + [1−R2] sin(ζ) + 2R cosh(ζ) (A.6)

ΓD = [1 +R2] cosh(ζ) + [1−R2] cos(ζ) + 2R sinh(ζ) (A.7)
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A. Additional equations

with the power deposition fractions

pE =
∆ᾱdct

∆ᾱdct − βctλ0

(A.8)

pR =
−βctdct

∆ᾱdct − βctλ0

(A.9)

and with the e�ective coe�cient of thermal expansion

∆ᾱ = αct − αsb
Cct

Csb

(A.10)

and with the scale factor

ξ =

√
2dct

lth,ct

(A.11)

R =
κctlth,sb
κsblth,ct

(A.12)

For dct � lth,ct (lth =
√
κ/[C 2π f ]), the correction factor simpli�es to:

Γtc ≈ 1 +
p2

E + 3[pR −R2]

3R
ζ − pE − 3[1−R2]

6
ζ2 (A.13)

For dct � lth,ct, the correction factor simpli�es to:

Γtc ≈
2p2

E

R[1 +R]ζ2
+
p2

R

R
(A.14)

A.3. Average coe�cient values of the mirror coating

The equations given for the average values of the mirror coating properties are taken
from Fejer et al. [112] with the nomenclature as used by Evans et al. [103]. The volume
average of the CTE of a mirror consisting of layers of di�erent materials is given by:

αct =

Nk∑
k=1

ᾱk
dk

dct

(A.15)

with the CTE for a given layer k with thickness dk.

ᾱk = αk
1 + ηsb

1− ηk

[
1 + ηk

1 + ηsb

+ [1− 2ηsb]
Yk

Ysb

]
(A.16)
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A.4. Beam waist in a Fabry-Pérot cavity

The average value of the heat capacity is given by:

Cct =

Nk∑
k=1

Ck
dk

dct

(A.17)

The average thermal conductivity is given by:

κct =

[
Nk∑
k=1

1

κk

dk

dct

]−1

(A.18)

To calculate, the e�ective thermorefractive index of the mirror coating the equation
given by Evans et al. [103] for high re�ectors with an halfwave cap layer is used in this
work.

βct =
BH +BL

4[n2
H − n2

L]
(A.19)

with the auxiliaary variable Bk for a given layer k.

Bk = βk + αknk
1 + ηk

1− ηk

(A.20)

The average refractive index of the coating is given by:

nct =

Nk∑
k=1

nk
1

Nk

(A.21)

The coating thickness is given by equation A.22.

dct =
λ0

4nH

NH +
λ0

4nL

NL (A.22)

A.4. Beam waist in a Fabry-Pérot cavity

The beam waist w1 and w2 at the two cavity mirrors are dependent on the mirrors'
radius of curvature (ROC) ROC1 and ROC2, cavity length l0, and the wavelength λ0

[117].

w2
1 =

l0λ0

π

√
g2

g1[1− g1g2]
(A.23)

w2
2 =

l0λ0

π

√
g1

g2[1− g1g2]
(A.24)

with the stability parameter g

g1 = 1− l0
ROC1

(A.25)

g2 = 1− l0
ROC2

(A.26)
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A. Additional equations

A.5. Photothermal noise

The following equations are taken from Farsi et al. [122]1 and give the transfer func-
tion δXPT between power �uctuations δPabs and resulting optical cavity length �uc-
tuations δl including the PTE noise of the substrate δX(sb)

PTE, PTE noise of the coat-
ing δX(ct)

PTE and PTR noise of the coating δX(ct)
PTR. As all three contributions are corre-

lated δXPT is the sum of the single contributions.

δXPT = 2
[
δX

(sb)
PTE + δX

(ct)
PTE + δX

(ct)
PTR

]
(A.27)

δX
(sb)
PTE = −αsb [1 + ηsb]

πκsb

f
(sb)
T

if

∫ ∞
0

ξ exp

(
− ξ

2

ξsb

)
δPabsF

[
1− ξ

ξsb

]
dξ (A.28)

δX
(ct)
PTE =

αct

πκct

f
(ct)
T

if

∫ ∞
0

ξ exp

(
− ξ

2

ξsb

)
δPabsF

×

{
γ1

[
cosh

(
ξdct

√
2/w

)
+R

ξ

ξct

sinh
(
ξdct

√
2/w

)

− cosh
(
ξctdct

√
2/w

)
−R sinh

(
ξctdct

√
2/w

)]

− γ1
ξ

ξc

[
R cosh

(
ξdct

√
2/w

)
+
ξct

ξ
sinh

(
ξdct

√
2/w

)

−R cosh
(
ξctdct

√
2/w

)
−R sinh

(
ξctdct

√
2/w

)]}
dξ

(A.29)

δX
(ct)
PTR =

λ0βct√
2πκctw

∫ ∞
0

exp

(
− ξ

2

ξct

)
δPabs

ξ

ξct

× sinh(ξctdct

√
2/w) +R cosh(ξctdct

√
2/w)

cosh(ξctdct

√
2/w) +R sinh(ξctdct

√
2/w)

dξ

(A.30)

1Note that there is a misprint four lines after equation A4. It should be γ1 = γ2 = 1, which turned
out in a private communication with Francesco Marin. Farsi et al. [122] uses the 1/e de�nition for
the spot size, while this work uses the 1/e2 de�nition, see chapter 3 footnote 8. Also the equations
are given as functions of the angular frequency in Farsi et al. [122], while this work uses functions
of f .
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A.5. Photothermal noise

The �lter F and the re�ection coe�cient R are de�ned as follows.

F =
1

cosh(ξctdct

√
2/w) +R sinh(ξctdct

√
2/w)

(A.31)

R =
κctξct

κsbξsb

(A.32)

The following coe�cients serve to simplify the equation:

ξct =

√
i
f

f
(ct)
T

+ ξ2 (A.33)

ξsb =

√
i
f

f
(sb)
T

+ ξ2 (A.34)

The cuto� frequency f (sb)
T is de�ned equivalent to the TO noise, see section 3.2.

f
(ct)
T =

κct

πw2Cct

(A.35)

f
(sb)
T =

κsb

πw2Csb

(A.36)

Other than for teh TE noise of the caoting, αct is simply the average over αk for the
PTE noise of the coating, as the correction for teh di�ernt mechanical properties of
the coating and substrate is included in γ1 already.

αct =

Nk∑
k=1

αk
dk

dct

(A.37)
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C. Engineering drawings

C.1. Spacer
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Figure C.1.: Engineering drawing of the cavity's spacer.
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Symbols

Symbol Unit Description

A m2 area

b(t) sensitivity function

C J
m3K

heat capacity per volume

c m
s

velocitiy of light

D error-signal disciminant

d m thickness, height

E V
m

electric �eld

F N force

f Hz (Fourier/radio) frequency

FSR Hz free spectral range of an optical resonator

g stability parameter of a resonator

g0 gravitational acceleration

H N re�ection coe�cient for a symmetric cavity with no
losses

h Js Plank constant

I A current

J integrals of di�erent kind

K m3

s
conductivity

k postive integer

kB
J
K

Boltzmann constant

l m length

∆l m di�erence in length

δl m length �uctuations

lth m thermal di�usion length

lw Hz cavity linewidth

V



Symbols

Symbol Unit Description

M modulation depth

N number/amount of something

n refractive index

δn refractive index variations

∆n birefringence

P W optical power

δP W optical power

p Pa pressure

∆p Pa pressure di�erence

δp Pa pressure variations

Qe excitation probability

qpV
Pam3

s
throughput

R intensity refelction coe�cient

r m radius

ROC m mirror's radius of curvature

ST
K2

Hz
power spectral density of �uctuations of the average
temperature

Sx
m2

Hz
power spectral density of length �uctuation

Sy
1

Hz
power spectral density of fractional frequency �uctua-
tion

s m3

s
pumping speed

T K temperature

∆T K temperature di�erence

t s time/duration

U V voltage

~u m displacement �eld

∆V m4

s2
gravity potential di�erence

W0 J maximum elastic strain energy

X m Fourier transformed of the displacement

δX m variatons of the Fourier transformed of the displace-
ment

x m Cartesian coordinate

VI



Symbol Unit Description

Y Pa Young's modulus

y m Cartesian coordinate

z m Cartesian coordinate

α 1
K

co�cient of thermal expansion

β e�ective thermorefractive index

Γtc 1/K thick coating correction

εx,0 W amplitude of an electric �eld of a light wave polarized
in x direction

ε W error signal

η Poisson's ratio

θ rad angle

κ W
Km

thermal conductivity

λ0 m wavelength of clock laser

ν Hz optical frequency

∆ν Hz di�erence in frequency

δν Hz frequency variations

modσy modi�ed Allan Deviation

σy Allan Deviation

τ s averaging time

Φ machnical loss factor

φ rad phase

∆φ rad phase di�erence

χabs m absorbtion coe�cient

F �nesse

w m 1/e2 beam waist

� m diameter

VII





List of �gures

3.1. Schematic sketch of the PDH locking technique (left). A detailed de-
scription is given in the text. The resulting error signal εPDH (blue
solid) and its approximation by equation 3.1 (red dashed) normalized
to 2
√
PcPs with F ≈ 1000, fm ≈ 60 · lw (right). . . . . . . . . . . . . . 12

3.2. The light red dashed and blue solid line show the PDH error signal εPDH

with the same approximations as in �gure 3.1 for frequencies within the
cavity linewidth ±lw/2. The saturated red dashed and blue solid line
show the error signal εtot shifted by the o�set ∆εRAM caused RAM,
which results in turn in a frequency shift ∆νRAM as the locking point is
shifted. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.3. Schematic sketch of an EOM's crystal (green) with its ordinary and ex-
traordinary axes. The extraordinary axes is aligned with the x-direction
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