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The Kodaira dimension of some moduli spaces
of elliptic K3 surfaces
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ABSTRACT

We study the moduli spaces of elliptic K3 surfaces of Picard number at least 3, that is,
U @ (—2k)-polarized K3 surfaces. Such moduli spaces are proved to be of general type for
k > 220. The proof relies on the low-weight cusp form trick developed by Gritsenko, Hulek
and Sankaran. Furthermore, explicit geometric constructions of some elliptic K3 surfaces lead to
the unirationality of these moduli spaces for k < 11 and for 19 other isolated values up to k = 64.

Introduction

Moduli spaces of complex K3 surfaces are a fundamental topic of interest in algebraic geometry.
One of the first geometric properties one wants to understand is their Kodaira dimension.
Towards this direction, the seminal work [9] of Gritsenko, Hulek and Sankaran proved that
the moduli space Fa4 of polarized K3 surfaces of degree 2d is of general type for d > 61 and
for other smaller values of d. It is then natural to address the general question about the
Kodaira dimension of moduli spaces of lattice polarized K3 surfaces. We are interested in
studying a particular class of such surfaces, namely elliptic K3 surfaces of Picard number at
least 3.

A K3 surface X is called elliptic if it admits a fibration X — P! in curves of genus one
together with a section. The classes of the fiber and the zero section in the Néron—Severi group
generate a lattice isomorphic to the hyperbolic plane U, and they span the whole Néron—Severi
group if the elliptic K3 surface is very general. The geometry of elliptic surfaces can be studied
via their realization as Weierstrass fibrations. Using this description, Miranda [16] constructed
the moduli space of elliptic K3 surfaces and showed its unirationality as a by-product. Later,
Lejarraga [15] proved that this space is actually rational. We want to study the divisors of the
moduli space of elliptic K3 surfaces which parametrize the surfaces whose Néron—Severi groups
contain primitively U @& (—2k). These are the moduli spaces My, of U & (—2k)-polarized K3
surfaces. Geometrically, we are considering elliptic K3 surfaces admitting an extra class in the
Néron—Severi group: if k = 1, it comes from a reducible fiber of the elliptic fibration, while if
k > 2 it is represented by an extra section, intersecting the zero section in k — 2 points with
multiplicity (cf. Remark 5.6).

In the present article, we aim at computing the Kodaira dimension of the moduli spaces

Mgk.

THEOREM 1. The moduli spaceMoy, is of general type for k > 220, or
k > 208, k # 211,219, or k € {170,185, 186, 188, 190, 194, 200, 202, 204, 206 }.
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Moreover, the Kodaira dimension of Moy, is non-negative for k > 176, or

k> 164, k # 169,171,175 or k € {140,146, 150, 152, 154, 155, 158, 160, 162}.

The Torelli theorem for K3 surfaces (see [21]) allows the moduli spaces Moy, to be realized
as quotients of bounded hermitian symmetric domains Qr,, of type IV and dimension 17 by
the stable orthogonal groups ot (Lak ), where the lattice Loy is the orthogonal complement of
U @ (—2k) in the K3 lattice Axs := 3U @ 2Eg(—1). Via this description, one can apply the low-
weight cusp form trick (Theorem 2.1) developed in [9]. This tool provides a sufficient condition
for an orthogonal modular variety to be of general type. Namely, one has to find a non-zero cusp
form on Q7 of weight strictly less than the dimension of €27,, vanishing along the ramification

divisor of the projection Qy,,, — (N)'*‘(Lgk)\QL%. In our case, to construct a suitable cusp form,
we use the quasi-pullback method (Theorem 2.3) to pull back the Borcherds form @15 along the
inclusion Qz% — QI.Iz,zG induced by a lattice embedding Loy < Il 2. Here, the lattice II5 26
denotes the unique (up to isometry) even unimodular lattice of signature (2,26). The lattice
embedding Loy < Il o6 determines the number N (Loy) of effective roots in Lé‘k. If N(Loy) is
positive, the embedding determines the weight 12 + N(Lgx) of the cusp form. Therefore the
whole proof of Theorem 1 boils down to finding the values of k for which there exists a suitable
primitive embedding Loy, < Il 26, whose orthogonal complement contains at least 2 and at
most 8 roots (cf. Problem 4.1).

In the second part of the article we give a geometric construction of all U & (—2k)-polarized
K3 surfaces as double covers of the Hirzebruch surface F, branched over a suitable smooth
curve admitting a rational curve intersecting the branch locus with even multiplicities. We
then recall that, for k >4 even, all U & (—2k)-polarized K3 surfaces admit a structure as
hyperelliptic quartic K3 surfaces, that is, double covers of P! x P! branched over a curve of
bidegree (4,4). Finally, we recall the realization of elliptic K3 surfaces as Weierstrass fibrations.
These geometric constructions lead to the following.

THEOREM 2. The moduli space Moy, is unirational for k < 11 and for k € {13, 16, 17, 19,
21, 25, 26, 29, 31, 34, 36, 37, 39, 41, 43, 49, 59, 61, 64}.

We note that the unirationality of Mg is showed in [2] using relative canonical resolutions.

The article is organized as follows. In Section 1 we review the general construction for the
moduli spaces of lattice polarized K3 surfaces as orthogonal modular varieties. We give a
description of the moduli spaces M, which are the main object of study in this article. In
Section 2 we describe the method used in proving Theorem 1, namely the low-weight cusp form
trick (Theorem 2.1). The desired form is cooked up as a quasi-pullback of the Borcherds form
®15 (Theorem 2.3). Section 3 is devoted to the proof of Proposition 3.1. Indeed, we study some
special reflections in the stable orthogonal group 6+(L2k). This is then used to impose the
vanishing of the quasi-pullback ®|;,,, of the Borcherds form along the ramification divisor of the
quotient map €z, — Mag. In Section 4 we tackle Problem 4.1 of finding primitive embeddings
Loy, — Ilp 96 with at least 2 and at most 8 orthogonal roots. First, we prove that for any
k > 4900 such an embedding exists. Then, we perform an exhaustive computer analysis to find
explicit embeddings for the remaining values of k. It relies on the geometry of K3 surfaces with
Néron-Severi group isometric to U @ Eg(—1). In Section 5 we review the classical constructions
of elliptic K3 surfaces as double covers of P! x P! and F,, and Weierstrass fibrations. Finally,
in Section 6 explicit geometric constructions, such as the ones presented in Section 5, are used
to prove Theorem 2.

CONVENTIONS. Throughout the article we will always work over C. We have used the
software Magma to implement our algorithms.
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1. Moduli spaces of lattice polarized K3 surfaces

In this section we review the construction of the moduli spaces of lattice polarized K3 surfaces.
An excellent reference to this subject is [6].

First we recall some basic notions of lattice theory. Let L be an integral lattice of signature
(2,m). Let Q;, be one of the two connected components of

{lw] e P(L®C) | (w,w) =0, (w,w) >0}

It is a hermitian symmetric domain of type IV and dimension n. We denote by OT(L) the
index two subgroup of the orthogonal group O(L) preserving Q. If T' < O"(L) is of finite
index we denote by Fr(I') the quotient I'\Q2;,. By a result of Baily and Borel [1], F1(T') is a
quasi-projective variety of dimension n.

For every non-degenerate integral lattice L we denote by LY := Hom(L,Z) its dual lattice.
If L is even, the finite group A, := LY /L is endowed with a quadratic form q;, with values in
Q/27Z, induced by the quadratic form on L. We define

O(L) := ker(O(L) — O(AL))
and
O*(L) := O(L)NO*(L).

A compact smooth complex surface X is a K3 surface if X is simply connected and
H°(X,0%) is spanned by a non-degenerate holomorphic 2-form wx. The cohomology group
H?*(X,7) is naturally endowed with a unimodular intersection pairing, making it isomorphic
to the K3 lattice

Ags :=3U & 2Es(—1),

where U is the hyperbolic plane and Eg(—1) is the unique (up to isometry) even unimodular
negative definite lattice of rank 8. In particular the signature of H?(X,Z) is (3, 19).
Fix an integral even lattice M of signature (1,¢) with ¢ > 0. An M-polarized K3 surface is
a pair (X, j) where X is a K3 surface and j : M < NS(X) is a primitive embedding. Let
N = j(M)x

Aks

be the orthogonal complement of M in Ags. It is an integral even lattice of signature (2,19 — t).
By the Torelli theorem [21] (see also [6, Corollary 3.2]), the moduli spaces of M-polarized

K3 surfaces can be identified with the quotient of a classical hermitian symmetric domain of

type IV and dimension 19 — ¢ by an arithmetic group. More precisely, the 2-form wx of a M-

polarized K3 surface X determines a point in the symmetric space Qy (the period domain),

unique up to the action of the group [6, Proposition 3.3]

O"(N) = {9 € O"(Axa) | glar = id}.

THEOREM 1.1 [6, §3]. The variety Fy (Ot (N)) is isomorphic to the coarse moduli space of
M -polarized K3 surfaces.

In the following, we will study the moduli spaces of M-polarized K3 surfaces with M = U &
(—2k), that is, elliptic K3 surfaces of Picard rank at least 3. Since the embedding U & (—2k) —
A k3 is unique up to isometry by [18, Theorem 1.14.4], we get the isomorphism

Loy :=U ®2Es(—1) ® (2k) = (U & (—2k))x,.,-

As we discussed above, the quotient variety

Moy, = Fr,, (0" (Lag)) (1)
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is the moduli space of U @ (—2k)-polarized K3 surfaces. Note that all these surfaces are elliptic,
since their Picard lattices contain a copy of the hyperbolic plane U.

2. Low-weight cusp form trick

The computation of the Kodaira dimension of modular orthogonal varieties relies on the low-
weight cusp form trick developed by Gritsenko, Hulek and Sankaran [9]. In order to describe
it, we need a little theory of modular forms on orthogonal groups.

Let L be an integral even lattice of signature (2, n). A modular form of weight k and character
x : ' — C* for a finite index subgroup I' < O (L) is a holomorphic function F : Q} — C on
the affine cone 27 over €, such that

F(tZ)=t""F(Z)VteC*, and F(gZ)=x(9)F(Z)VgeT.

A modular form is a cusp form if it vanishes at every cusp. We denote the vector spaces of
modular forms and cusp forms of weight &k and character x for T' by My (T, x) and Si(T, x),
respectively.

THEOREM 2.1 [9, Theorem 1.1]. Let L be an integral lattice of signature (2,n) withn > 9,
and let I' < OT(L) be a subgroup of finite index. The modular variety F,(I') is of general
type if there exists a non-zero cusp form F € S;(T, x) of weight k < n and character x that
vanishes along the ramification divisor of the projection 7 : Qj — Fr(T') and vanishes with
order at least 1 at infinity.

If S, (T",det) # 0 then the Kodaira dimension of F,(I') is non-negative.

REMARK. By [23, Theorem 1.1] there are only finitely many integral lattices L of signature
(2,n) with n > 21 or n = 17 such that F (') is not of general type. Therefore, our moduli
spaces Moy are known to be of general type for k large enough.

REMARK. In the recent paper [24] the author shows the necessity for an additional
hypothesis in Theorem 2.1 concerning the so-called irregular cusps (cf. [24, Theorem 1.2]).
However, this does not affect our case as explained in [25, Example 4.10].

2.1. Ramification divisor

First, we need to describe the ramification divisor of the orthogonal projection, which turns
out to be the union of rational quadratic divisors associated to reflective vectors.
For any v € L ® Q such that v? < 0 we define the rational quadratic divisor

QL) = {2 € | (Zv) =0} = Q, .,
where v7 is an even integral lattice of signature (2,n — 1).

The reflection with respect to the hyperplane defined by a non-isotropic vector r € L is given
by

(l’r)r.

oy l—1-2 5
r

If r is primitive and o, € O(L), then we say that r is a reflective vector. We note that r is
always reflective if r? = 42, and we call it root in this case.
If v € LY and v? < 0, the divisor ,(L) is called a reflective divisor if o, € O(L).
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THEOREM 2.2 [9, Corollary 2.13]. For n > 6, the ramification divisor of the projection
mr : Qp — Fr(T) is the union of the reflective divisors with respect to T’ < Ot (L):

Rdiv(mr) = | Q.(L).
ZrCL
or,el’'U-T

2.2. Quasi pullback

To apply Theorem 2.1, we need a supply of modular forms for I'. These are provided by quasi-
pullbacks of modular forms with respect to some higher rank orthogonal group. In our case,
let II; 96 denote the unique (up to isometry) even unimodular lattice of signature (2,26):

II2,26 = 2U D SEg(—l)

Borcherds proved [3] that M;2(O" (Il 96),det) is a one-dimensional complex vector space
spanned by a modular form ®;5, called the Borcherds form. The zeroes of @15 lie on rational
quadratic divisors defined by (—2)-vectors in II3 96, that is, ®12(Z) = 0 if and only if there
exists 7 € Ilp 96 with 72 = —2 such that (Z,r) = 0. Moreover the multiplicity of the rational
quadratic divisor of zeroes of ®15 is one.

Given a primitive embedding of lattices L < Il 96, with L of signature (2,n), we define

R o(L*) :={r €y | r* = =2, (r,L) = 0}.

To construct a modular form for some subgroup of OT (L), one might try to pull back &1,
along the closed immersion Q7 < Qp . However, for any r € R_ o(L*) one has Q3 C Q°,
and hence ®,5 vanishes 1dentlca11y on Q . The method of the quasi-pullback, developed by
Gritsenko, Hulek and Sankaran [9], deals Wlth this issue by dividing out by appropriate linear
factors:

THEOREM 2.3 [11, Theorem 8.3]. Let L < Il 96 be a primitive non-degenerate sublattice
of signature (2,n), n >3, and let Qr — Qr,,, be the corresponding embedding of the
homogeneous domains. The set of (—2)-roots R_o(L*') in the orthogonal complement of L
is finite. We put N(L) := |R_3(L*)|/2. Then the function

D15(2)
Heer_ ypryy£1(Z,7) g,

D|L(Z) = € Mioyn(1) (O (L), det) (2)
is non-zero, where in the product over r we fix a system of representatives in R_o(L*)/ 4 1.
The modular form ®|;, vanishes only on rational quadratic divisors of type Q, (L) wherev € LY
is the orthogonal projection with respect to L of a (—2)-root r € 13 26 on L.

Moreover, if N(L) > 0, then ®|y, is a cusp form.

We want to apply the low-weight cusp form trick and Theorem 2.3 to the orthogonal variety
isomorphic to the moduli space of U @ (—2k)-polarized K3 surfaces.

In our situation, we need to find a suitable primitive embedding of Ly < Il 26, such that
the quasi-pullback ®|,, is a cusp form of weight (strictly) less than 17 which vanishes along
the ramification divisor of the projection

e QL% — Mo, = 6+(L2k)\QL2k'

REMARK 2.4. By [10, Theorem 1.7] the abelianization of O (Lyy) is isomorphic to Z/2Z.
This is because Loy is isomorphic to 2U @ Eg(—1) ® (7211:);8(_1), since the embedding U &
(—2k) — Aks is unique up to isometry (cf. [18, Theorem 1.14.4]). As a consequence, the
Albanese varieties of the moduli spaces Moy, are all trivial (cf. [13, Theorem 2.5]). Moreover,
(10, Corollary 1.8] implies that the unique non-trivial character of 6+(L2k) is det.
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3. Special reflections

Let Log < I3 96 be a primitive embedding. Since the embedding U @ 2Eg(—1) < Il 56 is
unique up to isometry by [18, Theorem 1.14.4], we can assume that every summand of U &
2FE5(—1) is mapped identically onto the corresponding summand of II3 o6. Therefore, any choice
of a primitive vector | € U & Eg(—1) of norm [? = 2k gives a primitive embedding

Lo =U®® 2E8(—1) ® <2k3> — I3 26.

In this section we prove the following:

PROPOSITION 3.1. The quasi pullback ®|;,, defined in Theorem 2.3 vanishes along the
ramification divisor of

T QL% — Mgk = 6+(L2k)\QL2k
for any primitive embedding Loy — I3 96 such that (Lgk;)ﬁl% does not contain a copy of
Eg(—-1).

For any | € L we define its divisibility div(l) to be the unique m > 0 such that (I, L) = mZ
or, equivalently, the unique m > 0 such that [/m € LV is primitive. Since div(r) > 0 is the
smallest intersection number of r with any other vector, div(r) divides 72. Moreover, if r is
reflective, the number 2(1,7)/7? must be an integer , so r? divides 2(I,7) for all [ € L, that is,
r? | 2div(r). Summing up

div(r) | r* | 2div(r).

PROPOSITION 3.2. Let r € Loy, be a reflective vector. Then o, induces *+id in Ay, , that is,
+0, € O(L), if and only if r?> = £2 or r? = +2k and div(r) € {k,2k}.

Proof. Similar to [9, Proposition 3.2, Corollary 3.4] . O

Now o, € OT (L ® R) if and only if 72 < 0 (see [8]). Recall that an integral lattice T is called
2-elementary if Ar is an abelian 2-elementary group.

PROPOSITION 3.3. Let r € Loy be primitive with r?> = —2k and div(r) € {k,2k}. Then
L, := rf% is a 2-elementary lattice of signature (2,16) and determinant 4.

Proof. We have the following well-known formula for det(L,) (see for instance [9, equation
(20))):

det(Lay) - 12
det(LT) = T(T)Q

Since Loy has signature (2,17) and r? < 0, we have that L, has signature (2,16). Therefore
det(L,) cannot be 1, because there are no unimodular lattices with signature (2,16) (see [18,
Theorem 0.2.1]). This shows that div(r) = k. Therefore the reflection o, acts as —id on the
discriminant group Ay, (see [9, Corollary 3.4]). Now we can extend —o, € O(Lay) to an
element 7, € O(Ak3) by defining &T|U@<_2k> =id on the orthogonal complement of Loy <

Ags. Put S, := (L,.)y, - It is easy to see that

€ {1,4}.

orlp, =—id and &.lg =id.

Then L, is 2-elementary by [18, Corollary 1.5.2]. O
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ProrosITION 3.4. Given any embedding Loy, < 1l o6, let v € Loy be a primitive reflective
vector with r?> = —2k, and consider L, = ri-% as above. Under the chosen embedding, the

orthogonal complement (Lr)fi2 ,s 18 Isomorphic to either
Dl()(—].) or Eg(—l) D 2A1(—1)

Proof. Since Il 96 is unimodular, the discriminant groups of L, and (LT)ILIZ‘Z6 are isometric
up to a sign. Proposition 3.3 thus implies that (LT)ILIQ% is a 2-elementary, negative definite
lattice of rank 10 and determinant 4. By [18, Proposition 1.8.1], any 2-elementary discriminant
form is isometric to a direct sum of finite quadratic forms, each of which is isometric to
one of four finite quadratic forms, namely the discriminant forms of the 2-elementary lattices
A1, Ai(—1), U(2), D4. Since (Lr)fiws has signature —2 (mod 8) and determinant 4, it is
immediate to see that its discriminant form must be isometric to the discriminant form of
2A;(—1). Now we note that the lattice Eg(—1) @ 24;(—1) is a 2-elementary, negative definite
lattice of rank 10 with the desired discriminant form. Finally it is enough to compute the
genus of Fg(—1) ®2A;(—1). A quick check with Magma yields that the whole genus consists of
Es(—1) ®2A;(—1) and Djo(—1). Alternatively, one can use the Siegel mass formula [4] and
check that the mass of the quadratic form f associated to the lattice Eg(—1) & 2A4,(—1) is

m(f) = > -
T 98.41.1814400  2229534720°

Since a straightforward check shows that Djo(—1) is in the genus of Es(—1) ® 24;(—1), and
the equality

1 1
_|_
|O(D1o(—1))]  |O(Es(—1) ®©2A:(-1))]
= srrsorans + ssremeE = 33maares =)
T 3715801200 ' 5573836800 2220534720

holds, we deduce that {Dio(—1),FEs(—1) @ 2A;(—1)} is the whole genus of Eg(—1)@®
24, (—1). O

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. In order to prove that ®|z,, vanishes along the ramification divisor
of the projection 7, we have to show that ®|r, vanishes on the (—2k)-divisors Q,(Lox) given
by reflective vectors r € Loy of norm —2k (see Theorem 2.2). Hence let  be a (—2k)-reflective
vector. By Proposition 3.4, (L,.)ﬁz’26 is a root lattice with at least 180 roots (Eg(—1) @ 2A4;(—1)
has 244 and Djo(—1) has 180). Since by assumption the orthogonal complement of Loy in
I15 26 does not contain a copy of Es(—1), the root lattice generated by R_»(Ly;,) has rank at
most 9 and does not contain a copy of Eg(—1). By checking all such root lattices, we obtain
|R_2(La;)| < [{roots of Dg}| = 144 (just recall that A,, has n(n + 1) roots, D, has 2n(n — 1)
roots, Fg, F7 have 72 and 126 roots, respectively). Consequently ®|7, vanishes along the
(—2k)-divisor Q,(Lai) given by r with order at least (180 — 144)/2 > 0, as claimed. O

4. Lattice engineering

By the previous discussion, we have transformed our original question of determining the
Kodaira dimension of My to the following.
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PROBLEM 4.1. For which 2k > 0 does there exist a primitive vector | € U @ Es(—1) with
norm [? = 2k such that [ is orthogonal to at least 2 and at most 8 roots?

We want to find a lower bound for the values 2k answering Problem 4.1 positively (see
Proposition 4.5). Since U @& Eg(—1) contains infinitely many roots, we want to start by reducing
to the more manageable case of Eg(—1), whose number of roots is finite.

For simplicity we define

R():={rc U@ Eg(-1) : r*=-2,(r,1) =0} = R_5(L3;).
The following is a slight generalization of [25, Lemma 4.1,4.3].

LEMMA 4.2. Letl = ae+ Bf +v, where U = (e, f) such that e = f> =0 andef =1, v €
Eg(—1) and a, 8 € Z, with norm [> = 2k > 0. Let r = o’e + 8'f + v’ be a vector of R(l), where
v € Es(—1) and o/, € Z. If a # 3, o, B > Vk and aff < %k, then o/ = ' = 0.

Proof. See [20, Lemma 3.3 and 3.4]. O

In other words, if [=ae+ ff+veU® Eg(—1) is a vector of norm 2k satisfying the
assumptions of Lemma 4.2, then the roots of U @ Eg(—1) orthogonal to [ are roots of Eg(—1).
Therefore the set R(!) coincides with the set of roots in U§8(71>. The following lemma, inspired

by [9, Theorem 7.1], controls the number of roots of Eg(—1) orthogonal to v.

LEMMA 4.3. There exists v € Eg with v*> = 2n and such that UJE‘S contains at least 2 and
at most 8 roots if the inequality

2Ng. (2n) > 28Np, (2n) + 63Np, (2n), (3)

holds, where N1, (2n) denotes the number of representations of 2n by the positive definite lattice
L.

Proof. We follow closely [9, Theorem 7.1]. Let a € Eg be a root. Its orthogonal complement
Eéa) = aﬁs is isometric to E7. The set of 240 roots in Ejg consists of the 126 roots in E§"’)
and 114 other roots, forming the subset X;14. Assume that every v € E$a) with v? = 2n is

orthogonal to at least 10 roots in Eg, including +a. By [9, Lemma 7.2] we know that every
such v is contained in the union

28 ] 63 )
U @, 0 U (A7) 50, (4)
i=1 j=1

where Aéi) (respectively, Agj )) are root systems of type A (respectively, A1) contained in X714
(respectively, E§a)). Denote by n(v) the number of components in the union (4) containing v.
Since (14(27’))§8 =~ Fs and (A(lj))z(a) = Dg, we have counted the vector v exactly n(v) times in
the sum ’
28N, (2n) + 63N, (2n).

We distinguish three cases.

(i) fv-c#0 for every ¢ € X114 \ {£a}, then v is orthogonal to at least four copies of 4,
in Ega), so n(v) > 4.

(ii) If v is orthogonal to only one Aé’) (six roots), then v is orthogonal to at least two copies
of A; in Eéa), so n(v) = 3.
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(iii) If v is orthogonal to at least two A(;), then n(v) > 2.

In conclusion n(v) > 2 for every v € E7a). Therefore, under our assumption that every v € Eéa)

with v? = 2n is orthogonal to at least 10 roots, we have shown that any such v is contained in
at least 2 sets of the union (4), that is,

2Ng, (2n) < 28Ng, (2n) + 63N, (2n). U

PROPOSITION 4.4. Let n > 952. Then there exists v € Fg(—1) with v> = —2n such that

Uﬁ;(q) contains at least 2 and at most 8 roots.

Proof. [9, equations (31), (33) and (34)] give the following estimates:
Ng,(2n) >123.8 n®/2, Ny, (2n) < 103.69 n®,  Np,(2n) < 75.13 n?.

By Lemma 4.3, we immediately obtain the claim. O
We are now ready to answer Problem 4.1:

PROPOSITION 4.5. Let k > 4900. Then there exists a primitive | € U & Eg(—1) with [> = 2k
and 2 < |R(l)| < 8.

Proof. Pick k > 0 and consider | = ae + Bf 4+ v, where %2 = 2k, v?> = —2n, so that af =
n + k. Suppose that there exist o and [ satisfying the hypotheses of Lemma 4.2 such that
n = af — k > 952. Then Proposition 4.4 implies that we can find a v € Eg(—1) with v? = —2n
such that vi:s(_l) contains at least 2 and at most 8 roots. Moreover Lemma 4.2 ensures that the

roots of U @ Es(—1) orthogonal to | = e + Sf + v are contained in Eg(—1), so that lIJJ_eaEs(—l)

also contains at least 2 and at most 8 roots. Therefore the existence of such «, g is sufficient
for the existence of | € U @ Eg(—1) with 2 < |R(I)| < 8.
Now let k£ > 4900 = 702, and consider
o= [VEk+6], B=a+1.

Clearly o # 3, ged(a, 8) = 1 and «, 8 > V. Moreover
1
Zk—aﬁ} %—(VEH)(\/EH;) = 1k—15\/E—56>o
and

n=af —k>WVk+6)(Vk+7) —k=13Vk + 42 > 952,
completing the proof. O

In order to deal with the remaining values of k, we use of the geometry of the K3 surfaces with
Néron—Severi lattice isometric to U @ Fs(—1). We recall in the following the main properties
of such surfaces.

Let X be a K3 surface with NS(X) = U @ Eg(—1). Then X has finite automorphism group
and a finite number of irreducible (—2)-curves (see, for example, [14, 19]). More precisely, if
|E| denotes the unique elliptic fibration on X, then the irreducible (—2)-curves on X are the 9
curves Cy, ..., (1o contained in the reducible fiber of |E|, plus the unique section of E, which
we will denote by Cy. The dual graph of such (—2)-curves is

®)

where C1,...,C7, Cy, Cqp are the curves in the upper line, and Cg is such that C7;Cs = 1.
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Now let D € NS(X) = U @ Es(—1) be a primitive divisor of norm 2k > 0 with 2 < |R(D)| <
8. In other words, D+ contains at least 1 and at most 4 effective (—2)-divisors. Up to the
action of the Weyl group W < O(U & Eg(—1)) we can assume that D is nef, since isometries
of U @ Eg(—1) do not change the number of orthogonal roots. The nef cone Nef(X) is rational
polyhedral, and a basis can be computed in Magma. It turns out that such basis {D1,..., Dig}
is the dual basis of {C1, ..., Cio}, that is, D;C; = §;; for all 1 < 4, j < 10. For instance, D; = E
defines the only elliptic fibration on X, and D} = 0. Moreover D? > 0 for i > 2. This means
that any nef divisor D is a linear combination of Dy, ..., Dy with non-negative coefficients

10
D= ZdiDi.
1=1

By construction, the (—2)-curve C; is orthogonal to D if and only if d; = 0. This implies that
the root part of Dt is a root lattice R generated by the (—2)-curves {C; | d; = 0}. Since R
contains at most 4 effective roots, it is one of the following root lattices:

Al(_l)a 2A1(_1)7 3A1(_1)7 4A1(_1)7 AQ(_l)a A2(_1)®A1(_1)

Fix one of the finitely many sub-diagrams J C {1,...,10} of the dual graph (5) giving rise
to a root lattice (C; | j € J) isometric to R. Thus the nef divisors D orthogonal precisely to
{C; | j € J} are all those of the form

D=> dD;

i¢J
for some d; > 0. Since we are only interested in divisors of norm 2k < 2 - 4900, we can use the
inequality

D*>> " d:D}+2 Y didi(D1D;),

i¢J 1#£i¢J
to bound the d; for ¢ ¢ J. More precisely, we have that
2-4900 . 4900

d?

K2

N

—— Vi22, and &1 =——F7—.
D? E1¢i¢JD1Di

By varying the coeflicients d;’s in these ranges, we obtain all primitive vectors D € U &
Eg(—1) with D? < 2-4900 and 2 < |R(D)| < 8 up to the action of O(U @ Eg(—1)). Therefore
this search is completely exhaustive.

A similar list can be obtained if we allow D to have up to 10 orthogonal roots. All the
previous discussion works analogously, with the only difference that the root part of D+ can
also be isometric to 5A4;(—1) or A2(—1) ®2A4,(-1).

We get the following: a primitive vector | € U & Eg(—1) with [? = 2k < 24900 and 2 <
|R(1)| < 8 exists if and only if

k> 208, k # 211,219 or k € {170,185, 186, 188, 190, 194, 200, 202, 204, 206} (6)
Moreover a similar vector ! with 2 < |R(1)] < 10 exists if and only if
k> 164, k # 169,171,175 or k € {140,146, 150, 152, 154, 155, 158, 160, 162}. (7)

We have implemented the algorithm described above in Magma. The interested reader can
find it in the Arxiv' distribution of this paper, together with a list of primitive vectors realizing
the values of k listed in (6) and (7).

We are now ready to prove Theorem 1.

TarXiv:2003.10957.
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Proof of Theorem 1. Proposition 4.5 combined with the subsequent search ensures that
there exists a primitive | € U @ FEg(—1) with norm [? = 2k and 2 < |R(I)| < 8 if k > 4900 or k
belongs to the list (6), in particular for any &k > 220. Such an | € U & Eg(—1) determines an
embedding Loy < II5 26 with the property

1 < N(L2k) < 4a

where N(Lgg) is the number of effective roots in the orthogonal complement (Lgk,)fi2 ve

Hence Theorem 2.3 provides a non-zero cusp form ®|y,, of weight 12 + N (L) < 12+ 4 <
17 = dim(Myy ), which vanishes along the ramification divisor of 7 : Qp,, — Moy in view of
Proposition 3.1, since I does not contain Fg(—1), otherwise [ would be orthogonal to at
least 240 roots. Then the low-weight cusp form trick (Theorem 2.1) ensures that My, is of
general type.

An analogous argument shows that My has non-negative Kodaira dimension if k& belongs
to the list (7), in particular for any k& > 176. O

5. Geometric constructions

In this section we recall three well-known geometric constructions of K3 surfaces. Namely,
double covers of the quadric surface P* x P! (see § 5.1) and of the Hirzebruch surface Fy (see
§ 5.2) branched over suitable curves define lattice polarized K3 surfaces with respect to the
lattices U(2) and U, respectively. Furthermore, every elliptic K3 surface can be reconstructed
from its Weierstrass fibration (see § 5.3).

5.1. Double covers of P! x P!

Let Fy :=P' x P! be the smooth quadric surface in P3. Its Picard group is generated by the
classes of the two pencils ¢1, 5 of lines, hence Pic(FFy) endowed with the intersection form on
Fy is isomorphic to the hyperbolic plane U. The canonical bundle is Ky, = Op,(—2, —2).

Now let m: X — Fy be the double cover branched over a smooth curve B € | — 2Ky, | =
|Op, (4,4)]. Then X is a smooth K3 surface. The pullbacks E; = n*¢; for i = 1,2 are smooth
elliptic curves, and Fy Fy = 2¢105 = 2, so that

(B, B) = U(2) < NS(X).

This embedding is primitive, and NS(X) = U(2) for a very general branch divisor B.

Assume now that there exists a smooth rational curve C' € |Op,(1,d)| for d > 0 intersecting
B with even multiplicities. For instance, C' can be simply tangent to B in exactly 2d 4 2 points.
Then we have the following (cf. [7, Proposition 5.1]):

LEMMA 5.1. Letv: X — Y be a double cover of smooth projective surfaces branched over
a smooth curve B, and assume that there exists a smooth rational curve C C 'Y intersecting B
with even multiplicities. Then the pullback v*C' splits into two disjoint irreducible components,
both isomorphic to C.

Proof. Let D :=v~!(C) C X. The double cover v induces a double cover 7 : D — C, which
is isomorphic to an unbranched double cover. This is because the branch locus of 7 coincides
with the set b(C) := {z € C | mult,(C,B) =1 (mod 2)} = @. The unique unbranched double
cover of C = P! is given by a disjoint union of two smooth rational curves isomorphic to C. O

In the case Y =F, as above, the pullback D = n*C = Dy + D5 splits into the union of
two irreducible components Dy, Dy = P!, Since D; is smooth rational, we have D? = —2, and
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moreover D1 E; =1, D1 Ey = d. This implies that there exists an embedding (not necessarily
primitive)

0 2 1
1 d -2

If instead the branch divisor B is not smooth, but has simple singularities, the double
cover : X — Fy is a K3 surface with isolated simple singularities. Therefore the mini-
mal desingularization X — X is a smooth K3 surface, since simple singularities do not
change adjunction.

The following result is well known, but we include its proof for the sake of completeness.

PROPOSITION 5.2. Let X be an elliptic K3 surface with NS(X) = U @ (—2k) for some k > 1.
Then X can be realized as a double cover of F if and only if k is even and k > 4.

Proof. If X is a double cover of Fy, the pullback map induces a primitive embedding
U(2) = NS(X)=U & (—2k).

Any even lattice of rank 3 containing primitively U(2) has discriminant divisible by 4, so we
conclude that k = 3 det(NS(X)) is even.

Conversely assume that NS(X) = U @ (—2k) for a certain k& > 4 even. Then as above we
have an isomorphism

02 1
2 0 d|=vue(-2
1 d -2

for d = (k —4) > 0, so there are two genus one fibrations |E} |, |E>| : X — P! induced by the
two elements E7, E5 of the basis of square zero. We can now consider the surjective map

™= (|E1|,|E2|) : X — Fy.

It is a morphism of degree 2, since the preimage of any point of [Fy consists of the two points
of intersection of two elliptic curves in |E1| and |Es|, as Ey Es = 2. Consider the branch divisor
B; if B is smooth, then 7 is a double cover, as claimed. Assume by contradiction that B is
singular. B must have simple singularities, since otherwise the canonical divisor of X would
be strictly negative. Thus X is the desingularization of the double cover 7 : X — F( branched
over B, and therefore NS(X) contains the class of a smooth rational curve orthogonal to U.
This is however absurd, since tTkNS(X) = 3 and NS(X) # U @ A;(-1).

It only remains to deal with the case k = 2, so consider a K3 surface X with NS(X) =
U @ (—4). If by contradiction X is a double cover of Fy, then NS(X) contains primitively
U(2), so that

0 2 a
Ue(-4)=[2 0 b
a b -2
for a,b,c € Z, ¢ > 1. Say that this isomorphism is given by the choice of a basis {E1, Fs, D}.
The determinant of NS(X) is 4, and this forces ab + 2¢ = 1. Thus «a,b are odd, and without

loss of generality a < 0, b > 0. Now choose n > 0 such that a + 2n = 1 and consider the divisor
D + nFEs. It is effective by Riemann—Roch, since

(D+nEy)* = —2c+2nb=—2c+b(l —a)=—2c—ab+b=b—1>0
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and D + nFEs has intersection 1 > 0 with the nef divisor F;. Moreover (D + nEs)E; = 1 means
that D + nFEy coincides with kE; + S for a certain k£ > 0 and a section S of the elliptic
pencil |E;|. In other words, NS(X) is generated by the three elements Fj, E5, S. However
the intersection form of X with respect to this basis is

0 2 1

2 0 «

1 a -2
and this matrix has determinant 4 only if @« = —1, which is a contradiction, as Fs is nef and S
is effective. O

REMARK 5.3. Let X be a K3 surface with NS(X) = U @ (—2k) for a certain k > 4 even.
Then an argument as above shows that a basis of NS(X) is given by {FEi, Es, D} with
intersection matrix

1
d
-2

)

= N O
QU O N

where d = $(k — 4), 7 = (|E1|,|E2|) : X — Fy is the double cover branched over a (4,4)-curve
B, and C = 7(D) is a smooth (1, d)-curve meeting B with even multiplicities.

5.2. Double covers of Fy

Consider the Hirzebruch surface Fy := P(Op1 @ Op1(4)). We denote by p: Fy — P! the P!-
bundle structure. We have that Pic(Fy) = Z(f, s), where f is the class of a fiber F' of the
projection p, while s is the class of the unique curve S C F, with negative self-intersection.
The intersection form on Pic(IF4) with respect to this basis is

0 1
~ [,

The canonical bundle of Fy is given by Kp, = —2s —6f. Note that ¢ = s 45 1 Fs — Cy
is the desingularization of the quartic cone C; C P® over the normal rational curve C =
Im(|Op1 (4)) C P

Now consider the double cover 7 : X — F; branched over a curve B € | — 2Kp,| = |4s +
12f]. The linear system |4s+ 12f] has a fixed part, given by the curve S, and a moving
part |3s + 12f]. Assume that B splits as the sum S + By, where By € |3s + 12f| is a smooth
irreducible curve disjoint from S, as s(3s+ 12f) = 0. Then the surface X is a smooth K3
surface. The pullback E = 7n*F is a smooth elliptic curve, since the restricted double cover
E — F is branched over (4s + 12f)f = 4 points. Moreover 7 is totally ramified over S C B,
so 7*S = 2C, where C' = 77(5) 2 P! is a smooth rational curve. Since EC' = 3(7*F)(7*S) =
F'S =1, we have a primitive embedding

<O 1 )
~ [ — NS(X).
1 -2

For a very general branch divisor B, we simply have NS(X) 2 U.

Consider the linear system |s + 2kf| for k > 2. Its general member D is a smooth rational
curve meeting F' in 1 point, S in 2k — 4 points and B in (s + 2k f)(4s 4+ 12f) = 8k — 4 points.
Assume further that the curve D intersects the branch divisor B with even multiplicities.
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Then Lemma 5.1 ensures that the pullback 7D = D; 4 D5 splits into two disjoint components
Dy, Dy = P, This implies that there exists an embedding (not necessarily primitive)

0 1 1
(E,C,D))= |1 -2 k-2|=U®a/(-2k) — NS(X),
1 k-2 -2

since D1 E = 3(r*D)(n*F) = DF =1 and D,C = (7*D)(n*S) = $DS = k — 2.

1 1
2 1

PROPOSITION 5.4. Every elliptic K3 surface X is the desingularization of a double cover of
the Hirzebruch surface Fy.

Proof. Assume that U < NS(X), and denote by E,C the smooth curves in X generating
U such that E? = 0, C? = —2. Consider the linear system |4F + 2C|. By [12, Corollary 8.1.6]
the divisor 4F + 2C is nef, as it has non-negative intersection with every smooth rational
curve. Moreover 4F + 2C has intersection 0 with the curve C. Since (4F + 2C)? =8 and
dim [4E 4+ 2C| =5, ¥ = plap4oc) : X — P® is a morphism onto a surface Y C P° contracting
C. C is a smooth (—2)-curve, so Y is singular. Now the elliptic curve E has intersection
(4E + 2C)E = 2 with 4F + 2C, so ¥ has degree 2 by [22, Theorem 5.2]. This implies that
deg(Y) =4, so Y CP° is a singular surface of minimal degree, hence Y is the quartic cone
Cy4 (see [5]). Therefore 1 factors through the minimal resolution of Cy, which is Fy, giving
a morphism 7: X — F; of degree 2. Now we can repeat the argument in the proof of
Proposition 5.2, obtaining that X is the desingularization of a double cover of Fy. O

REMARK 5.5. Every K3 surface X with NS(X) = U & (—2k) for a certain k > 2 can be
obtained as a double cover m : X — 4 branched over a smooth curve B € |4s 4+ 12f| admitting
a rational curve D € |s 4 2k f| intersecting B with even multiplicities.

If instead X is a K3 surface with NS(X) = U @ (—2), then it is the desingularization of the
double cover of F, branched over a curve B with a unique singularity of type A;.

5.3. Weierstrass fibrations

Let X be a smooth K3 surface. Recall that X is called elliptic if it admits an elliptic fibration,
that is, a morphism 7 : X — P! whose general fiber is a curve of genus one, together with a
distinguished section. The Néron—Severi group of an elliptic K3 surface contains primitively a
copy of the hyperbolic plane U, spanned by the classes of the fiber and the zero section of the
elliptic fibration.

Let X be a smooth elliptic K3 surface. By [17, Section I1.3] X is the desingularization of a
Weierstrass fibration 7’ : Y — P!, where Y is defined by an equation

Y?Z = X*+ AXZ? + BZ* (8)

in P(Op1(4) ® Op1(6) ® Op1) with A € H(Op1(8)) and B € H°(Op1(12)) minimal and with
A = 4A® + 27B? not identically zero. Conversely, every such Weierstrass fibration desingular-
izes to a smooth elliptic K3 surface. We will usually restrict to the chart {Z # 0} over the
affine base A} C P!, where the equation (8) becomes

y? =23 + A(t)x + B(t), (9)

with A and B polynomials in ¢ of degree at most 8 and 12, respectively. Note that this is
the equation of the generic fiber of the Weierstrass fibration, which is an elliptic curve over
C(t). Under this identification, sections of the fibration = (or #’) correspond to C(¢)-rational
points of equation (9). In particular the distinguished zero section is located at the point at
infinity Sp = (0:1:0). Moreover we will write S = (u(t),v(t)) to denote the section S of «
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corresponding to the C(t)-rational point (u(t),v(t)) of equation (9). By the above description,
u,v € C(t) are rational functions of degree at most 4,6, respectively.

REMARK 5.6. Let X be a U @ (—2k)-polarized K3 surface. If k > 2, the given elliptic
fibration on X admits an extra section S such that SSy =k — 2. This follows from the
isomorphism of lattices

0 1 1
Ue(—2k)= |1 -2 k-2
1 k-2 -2

Conversely, if X is an elliptic K3 surface and S is an extra section with S5y =k — 2, then
there exists an embedding

U @ (—2k) < NS(X).

This embedding is not necessarily primitive. However, it is primitive if the lattice U & (—2k)
has no non-trivial overlattices (for instance if 2k is square-free, cf. [18, Proposition 1.4.1]).

6. Unirationality of My, for small k

The aim of this section is to prove Theorem 2, that is, the unirationality of My for k < 11
and k € {13, 16, 17, 19, 21, 25, 26, 29, 31, 34, 36, 37, 39, 41, 43, 49, 59, 61, 64}. For some
of the cases we will use the geometric constructions of Section 5. For the others, we will find
projective models of U & (—2k)-polarized K3 surfaces given by (quasi-)polarizations of degree
at most 8. More precisely, the strategy will consist in finding Z-bases of U & (—2k) given by
the (quasi-)polarization and (—2)-curves of small degree.

The unirationality of Msg was proved in [2] using relative canonical resolutions.

6.1. k=1

The variety My is the moduli space of U & (—2)-polarized K3 surfaces. If X is a general
K3 surface in My, then X is the desingularization of a Weierstrass fibration Y with an A;
singularity. Hence X admits an elliptic fibration with a unique reducible fiber, consisting of two
irreducible smooth rational curves. A quick inspection of the Kodaira fibers [17, Table 1.4.1]
yields that this reducible fiber can be either of type Iy (two smooth rational curves meeting
transversely at two distinet points) or IIT (two smooth rational curves simply tangent at one
point). This depends on whether the A; singularity on Y belongs to a nodal or cuspidal rational
curve, respectively. After moving the singular fiber to t = 0, Y can be written as a Weierstrass
fibration

y? =% +a(t)x® + b(t)x + c(t)

satisfying ¢ | b(t) and t* | ¢(t). Up to a change of coordinates in z, this equation is equivalent
to the one in (9). Conversely, a general such Weierstrass equation desingularizes to an elliptic
K3 surface with an Is or a III fiber at ¢ = 0. From this description we can define a dominant
rational map

Py = {(a,b,c) € H*(Op1(4)) x H*(Op1(8)) x H*(Op1(12)) = t | b(t), t* | c(t)} ——» My

sending the polynomials (a, b, c) into the isomorphism class of the desingularization of the
corresponding Weierstrass equation. Since Ps is an affine space, M is unirational.
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6.2. k=2

An U @ (—4)-polarized K3 surface X is an elliptic K3 surface admitting a section S disjoint
from the zero section Sy of the given elliptic fibration by Remark 5.6. Let

y? =% +a(t)x® + b(t)z + c(t)

be a Weierstrass equation for X, where the point at infinity Sy = (0: 1 : 0) is the zero section.
Let S = (u(t),v(t)) be the extra section. Note that the points of intersection of S and Sy
coincide with the poles of v (or equivalently of u), as (u(tg) : v(¢o) : 1) = (0: 1:0) if and only
if tg is a pole for v. But S and Sy are disjoint by assumption, so u, v are simply polynomials
of degree at most 4,6, respectively. After the change of variables x — = —u, y — y — v, the
Weierstrass equation becomes

y? 4 20(t)y = 2® +d(t)z? + e(t)z, (10)

for polynomials d, e, v of degree at most 4,8,6, respectively. Conversely, a general Weierstrass
equation as in (10) defines an elliptic K3 surface containing the disjoint sections Sy = (0: 1 : 0),
S =(0,0), and therefore an U @& (—4)-polarized K3 surface. This implies that there exists a
dominant rational map

Py i={(d,e,v) € H(Op (4)) x H'(Op:(8)) x H*(Op1(6))} - M.

P, is an affine space, so My is unirational.

6.3. k=3

Let X be the desingularization of a double cover of P? branched over a sextic B with an As
singularity. Then X is a K3 surface with

(2) ® Ax(—1) = U & (—6) — NS(X).

Since 6 is square-free, this embedding is primitive. Conversely, if X is a K3 surface with
NS(X) = (2) @ Az(—1), the linear system associated to the first element of the basis induces a
morphism X — P? of degree 2 contracting the two (—2)-curves, so X is the desingularization
of a double cover of P2 branched over a sextic with an A, singularity. Up to a projective
transformation, we can assume that the sextic B C P? has an A, singularity at P = (0:0:
1) € P2, and that the unique line of P? meeting B in P with multiplicity 3 is V (x¢). This forces
B to be given by an equation f(z,x1,%2) € H°(Op2(6)) with the coefficients of 23, of zgz3, of
x175, of Tox 123 and of x3z3 all being zero. We denote by Pg the linear subspace of H°(Opz(6))
consisting of all such polynomials. Therefore there exists a dominant rational map

Ps --+ M.

Ps is an affine space, hence Mg is unirational.

6.4. k=4

By Proposition 5.2 and Remark 5.3 a general U @ (—8)-polarized K3 surface X is the double
cover of Fy branched over a smooth (4,4)-curve B admitting a line L simply tangent to B at 2
points. Choose coordinates ((zo : #1), (Yo : y1)) on Fg = P! x P! such that L = V(). If B is
given by a bihomogeneous polynomial f(xzg,z1,y0,y1) of bidegree (4,4), then B is tangent to
L at 2 points if and only if

f(@o, x1,90,51) = Tog(zo, 1,40, y1) + 11 (Yo, y1)*ha(yo, y1)°
for g € H°(Or,(3,4)), h1,ha € H°(Op1(1)). Therefore we get a dominant rational map
Ps = {(g.h1, h2) € H (O, (3,4)) x H(Op (1)) x H%(Op (1))} ~-» Ms
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sending (g, h1, ha) to the isomorphism class of the double cover of F branched along the divisor
f = 0 defined above. It follows that Mg is unirational.

6.5. k=5

Let X be the desingularization of a double cover of P2 branched over a sextic B with a simple
node and admitting a tritangent line. Then X is a K3 surface with

2 1 0
1 -2 0 | =2U&(-10) — NS(X)
0 0 =2

(see Lemma 5.1). Since 10 is square-free, this embedding is primitive. Conversely, let X be
a K3 surface with NS(X) =2 U & (—10) and take a basis {H, L,C} with intersection matrix
as above. The linear system |H| induces a morphism X — P? of degree 2 contracting C. Let
Y — P? denote the double cover obtained contracting C. Then Y has a singular point of type
Ay, so the branch locus B C P? has a node. Moreover L is mapped onto a line of P? meeting
B with even multiplicities, so generically it will be a tritangent of B. Now, up to a projective
transformation, we can assume that the tritangent line is given by V(zg), so that B is given
by an equation of the form

= xog(xo, w1, 22) + hl(xl,x2)2h2(:c1,x2)2h3(m1, 552)2- (11)

We can also assume that the node of B is located at P = (1 : 0 : 0). This forces the coefficients
of g of the terms ), x4z, and xizs to be zero. We denote by Qi the linear subspace of
H°(Opz(5)) consisting of all such polynomials. Then there exists a dominant rational map

Pio = Q10 x H(Op1(1))? --» My,

sending (g, h1,ha,h3) to the isomorphism class of the double cover of P? branched over f
defined as in equation (11). As Py is an affine space, Mg is unirational.

6.6. k=6

By Proposition 5.2 and Remark 5.3, a general such K3 surface is the double cover of Fy
branched over a (4,4)-curve B admitting a smooth (1,1)-curve C intersecting B in 4 points
with multiplicity 2. We can choose coordinates on Fy so that C' = V(zgy1 — z1y0) and B does
not pass through the point ((0:1),(0: 1)) € C, so that the intersection BN C' is contained in
the chart W = {z¢ # 0, yo # 0}, with coordinates (1 :u), (1 :v). Say that B is given by the
equation

ik
f(xo,l“hyo,yl) = E Cvijklivf)f{y()!h
itj=k+l=4

with agsp4 = 1. Since Clw = V(u — v), the intersection BN C C W is given by the vanishing
of

8
g(u) = f(la U, ]_,U) = Z aijkluj—H = Zﬂnuna
i+j=k+l=4 n=0

where £, = Zj+l=n a;jr and fg = apgsoa = 1. Now g(u) has four double roots at u=
£1,€2,€3,&4 if and only if

g(u) = (u—e1)*(u —e2)*(u — e3)*(u — e4)”.



18 MAURO FORTUNA AND GIACOMO MEZZEDIMI

The choice of €1,¢€2,€3,64 uniquely determines the coefficients £, for n < 7, which in turn
uniquely determine eight of the ;i The 17 other coeflicients a;ji; are free parameters so, if
we denote them by of, ..., a},, we have a rational dominant map

Pio = {(E,‘,Oé;») S (A1)4 X (Al)w} --» Mys.

P12 is an affine space, so M, is unirational.

6.7. k=28

By Proposition 5.2 and Remark 5.3, a general such K3 surface is the double cover of Fy
branched over a (4,4)-curve B admitting a smooth (1,2)-curve C intersecting B in 6 points
with multiplicity 2. We can choose coordinates on P? such that Fy = V(zoxs — x122) and C
is the twisted cubic curve V(zoz3 — 122, x% — Toxo, a:% — z123). We may also assume that B
does not pass through the point (0:0:0: 1) € C, so that the intersection B N C'is contained in
the chart W = {x¢ # 0} C P? with coordinates (1 :u : v :w). Then Cly = V(v — u?, w — u?),
so if B is given by a quartic f(zo,21,72,73) € H?(Ops(4)), the intersection BNC C W is
given by the vanishing of

g(u) = f(1,u,u? u?).

Now an argument as in the case k = 6 shows that Mg is unirational.

Now we will deal with the remaining values of k by studying appropriate projective models
of U @ (—2k)-polarized K3 surfaces as complete intersections. The strategy will be similar for
every degree. We are going to need the following lemma.

LEMMA 6.1. The parameter space Cq,, of rational normal curves in P? of degree d passing
through 0 < n < 3 points of P? in general position is unirational and non-empty.

Proof. Rational normal curves of degree d are parametrized by d + 1 linearly independent
forms A; € H°(Op:(d)), inducing the embedding
YA : P! — ]Pd
(w:v) —  (Ao(u,v):...: Ag(u,v)).

This shows that the parameter space Cq, of rational normal curves is unirational, as there
exists a dominant rational map

H(Op (d))"*! - Ca.

Let Pi,..., P, € P be n points in general position. The curve C' = 4 (P!) passes through
Py,..., P, if and only if there exist Ry, ..., R, € P! mapped to P, ..., P, under ¢ 4. Since n <
3, we can suppose that {Ry,..., R, } is a subset of {(1:0),(0:1),(1:1)} up to automorphism
of P

Thus C passes through P, ..., P, if and only if

for 1 < ¢ < n. These equations define a linear subspace 5d’n of H%(Op:1(d))¥*+!. There exists a
dominant rational map

Cd,n -2 Cd,n7

hence the space Cq ,, is unirational. In order to see that C, ,, # @, recall that there always exists
a rational normal curve of degree d in P¢ passing through d + 3 points. (]
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6.8. Quartic surfaces in P3: k € {10,13,16,19,26}

We start with the case of polarizations of degree 4. We consider the following isomorphisms of
lattices:

4 1 1 2 4 3
1 =2 0 |2Us(-20), |2 -2 0 |=2U®(26), |3 -2 2 |=2U®(-32),
1 0 -2 0 -2 1 2 -2

4 3 1 4 3 3

3 =2 1 |2Ue(=38), [3 -2 0 |=zU®(-52).

—
—
|
o
w
o
|
N

Let X C P? be a smooth quartic surface containing two rational normal curves C;,Cy of
degree dy,ds € {1,2, 3}, respectively, intersecting at n € {0, 1,2} points. The numbers d;,ds,n
depend on k, as specified by the lattices above. Denote by H the hyperplane class. Suppose
that the lattice (H, C1, Cs) has as intersection form one of the lattices above, and embeds into
NS(X).

We claim that this embedding is always primitive. If k € {10,13,19,26}, then the lattice
U & (—2k) admits no non-trivial overlattices by [18, Proposition 1.4.1], so the embedding is
necessarily primitive. If instead k& = 16, it is easy to see that the embedding is not primitive if
and only if the class Cy + Cy is divisible in NS(X). Since Cy + C5 has square 0 and is reduced
and connected on X, it is primitive in NS(X), and hence the embedding is also primitive. This
shows that X is a U @ (—2k)-polarized K3 surface.

Conversely, let X be a K3 surface with NS(X) = (H, C1, Cs) and intersection matrix

4 di  do
dl —2 n
dg n —2

belonging to the aforementioned list. The divisor H is ample, and actually very ample by [22,
Theorem 5.2], since there are no divisors D € NS(X) of square 0 and DH = 2. Therefore the
linear system |H| induces an embedding X < P3 realizing X as a quartic surface containing
two rational normal curves of degree d1, d2, respectively, intersecting at n points. We denote by
Paor C |Ops(4)] the parameter space of such quartic surfaces in P2, This shows that there exists
a rational map Py --+ Moy, which is dominant as soon as Poj, contains a smooth surface. In
this case, the expected dimension is dim(Pay) = dim(May) + dim(SL(4, C)) = 32.

In order to prove that Poy contains a smooth surface, we show that there actually exist
smooth quartic surfaces X C P? containing the union C; U Cs. This can be done by a concrete
argument. For instance, consider the case kK = 19, where dy =3, do =1 and n = 1. Up to an
automorphism of P3| we can assume that C; = {(u® : v?v : wv? : v3) | (u: v) € P'} and that Cy
meets the line Cy at P = (1:0:0:0). Therefore we can write Cy = V(I,ls) for some linear
equations l1,ly € H°(Ops(1)) vanishing at P. Now a quartic surface X = V(f) C P? contains
the union C; U Cy if and only if f = l1k1 + loky for some kq, ko € HO(O]ps (3)) and

f? v?v,uv? v*) =0
as a polynomial in (u:wv). A straightforward computation shows that there exist such
polynomials f defining smooth quartic surfaces.
Alternatively one can show that dim(Psi) = 32 by a dimension count. This implies that Pay
contains a smooth surface: otherwise, the image of the map Poy, --+ Moy, would have dimension
less than 17, thus dim(Py) < 17 4+ dim(SL(4, C)) < 32, a contradiction.
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Consider for instance the case k = 26, where dy =dy =3 and n =0. The short exact
sequence

0 = Zcyue, (4) = Ops(4) = Oc,uc, (4) = 0
induces the exact sequence
0— H°(Ze,ue, (4)) = HO(Ops (4)) = H(Oc,ue, (4)) = H (Ze,ue, (4))-

The last term H'(Zc,uc0,(4)) = 0, since O, Cy are both projectively normal and disjoint.
Therefore

hO(ICIUCQ (4)) = hO(OP3 (4)) - hO(OClUcZ (4)) =35—-26=9,
dim(Ps2) = 2dim(7) + (h°(Zc,uc, (4)) — 1) =212 + 8 = 32,

where T = SL(4,C)/SL(2, C) denotes the moduli space of twisted cubics in P3.

REMARK 6.2. For the dimension count, it is important to note that the general element in
Pay; is irreducible. Indeed, the space of reducible quartic surfaces in P? has dimension 22 < 32.

We now study the space P and prove its unirationality, implying in particular that Moy
is unirational, too. Fix numbers di,ds,n as above. Up to automorphism of P? we can fix a
rational normal curve C; of degree d;. First we choose a set of points P, ..., P, € Cy, which
will be the points of intersection of C; and Cs. Then we choose a linear subspace II, C P? of
dimension ds > n — 1 containing Pj,..., P,, and a rational normal curve Cy C I, of degree
ds, passing through Pi,..., P,.

Using the notations of Lemma 6.1, we consider the following incidence varieties:

P i={(P1,..., Py,IIy, A, X) € Sym"(Cy) x Gr(da,3) X Cgy.n X |Ops(4)] :
Pi,...,P, €Cy=pa(P") CTly, X DC,UC,),
Zy == {(Py,...,P,, 15, A) € Sym"(C}) x Gr(d2,3) X Cgpn : 11y 3 Py,..., Po},
Zy:={(P1,..., Pp, 1) € Sym"(C1) x Gr(d,3) : I3 > P1,..., P, }.

They are related as shown in the following diagram:

P~ 2 2z, P Qym™(Cy)
ipl
Pak

|
3P2
Vv

Moy,

The three maps %1, and 13 are the obvious forgetful maps. The map p; is the projection
onto the last factor, while ps sends a smooth quartic surface to its isomorphism class.

In order to prove the unirationality of May, we show that PJ, is rational. The variety
Sym"(Cy) = P™ is rational and Z; is also rational, since it is a Gr(d2 — n,3 — n)-bundle over
Sym"(C4). Then Z; is a projective bundle over Z, with fiber isomorphic to 5d2’n in the proof of
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Lemma 6.1. Finally P, is a projective bundle over Z; with fiber PH®(Z¢, ¢, (4)). In conclusion,
it follows that Pj, is rational. Therefore My, is unirational, since p; and py are dominant
rational maps.

6.9. Nodal quartic surfaces in P3: k € {7,17}

We consider the following isomorphisms of lattices:

4 1 0 3 0
-2 1 | =2U®(-14), 3 -2 0 |=2U®(-34)
0o 1 =2 0O 0 -2

Let X’ C P? be a quartic surface containing a line (respectively, a twisted cubic) C; and with
an A; singularity on the line (respectively, outside the twisted cubic). The desingularization X
of X' contains the exceptional divisor Cy =2 P! over the A, singularity of X’. If H denotes the
hyperplane class, the lattice (H, C1, Cs) is isometric to one of the two lattices above and embeds
into NS(X). The embedding is primitive, since 14 and 34 are both square-free. Therefore X is
a U & (—2k)-polarized K3 surface.

Conversely, let X be a K3 surface with NS(X) = (H, Cy, Cs) and intersection matrix

4 d 0
d -2 e
0 e =2

belonging to the list above. By [22, Theorem 5.2] the linear system |H| induces a rational map
X --» P? contracting Cy to a point P, and embedding X \ Cy — P3. This realizes X as a nodal
quartic surface containing a rational normal curve C; of degree d and an A; singularity on
(respectively, outside) C if e = 1 (respectively, e = 0). We denote by Par, C |Ops(4)| the space
of such nodal quartic surfaces in P3. This shows that there exists a rational map Pos, --+ Moy,
which is dominant as soon as Psi contains an irreducible surface with a unique A;-singularity.
In order to prove that, we can argue as in the case of smooth quartic surfaces above. In this
case, the expected dimension is dim(Psy) = dim(Moy) + dim(SL(4,C)) = 32.

We now study the space Py and prove its unirationality, implying in particular that Moy
is unirational, too. Up to automorphism of P? we fix a rational normal curve C; of degree d,
and consider the following incidence varieties:

P, ={(P,X) e Oy x|0ps(4)] : X DCy, Pe X is an A; singularity},
Phy:={(P,X)€P?x |Ops(4)|: X DCy, P¢ Cy, Pe X is an A; singularity}.
The varieties are open dense subsets of projective bundles over C; = P! (respectively, P?), since
imposing a singular point at P for the quartic surface X = V(f) is a linear condition on the

coefficients of f, and a singular point is generically of type A;. Therefore P;, and Pj, are both
rational. There exist dominant rational maps

/ p1 P2
Paj ==* Paj == Moy,

where p, is the projection onto the last factor, and ps sends a nodal quartic surface to the
isomorphism class of its desingularization. We conclude that Ms is unirational.
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6.10. Complete intersections of a quadric and a cubic in P*: k € {9,21,25,29, 37}

We continue with the case of polarizations of degree 6. We consider the following isomorphisms
of lattices:

6 2 1 6 2 2 6 3
2 -2 2 | =2UG(-18), |2 -2 1 |=2Ua(-42), [3 -2 2 | =U®(-50),
1 2 -2 2 1 -2 2 2 -2
6 4 6 4 2
4 =2 0 |2Ua(-58), |4 -2 1 |=2Ua(-T4).
0 -2 2 1 -2

Let X C P* be a smooth complete intersection of a quadric and a cubic containing two
rational normal curves Cp,Cs of degree di,ds € {1,2,3,4}, respectively, intersecting at n €
{0,1,2} points. The numbers d;,ds,n depend on k, as specified by the lattices above. Denote
by H the hyperplane class. Then the lattice (H,C,C5) has intersection form of one of the
types above, and embeds into NS(X).

We claim that this embedding is always primitive. If k € {21,29,37}, then the lattice
U @ (—2k) admits no non-trivial overlattices by [18, Proposition 1.4.1], so the embedding is
necessarily primitive. If instead k € {9,25}, it is easy to see that the embedding is not primitive
if and only if the class Cy + C4 is divisible in NS(X). Since C; 4+ Cs has square 0 and is reduced
and connected on X, it is primitive in NS(X), and hence the embedding is also primitive. This
shows that X is a U @ (—2k)-polarized K3 surface.

Conversely, let X be a K3 surface with NS(X) = (H, C, Cs) and intersection matrix

6 dy do
d1 —2 n
dg n -2

belonging to the list above. The divisor H is ample, and actually very ample by [22, Theorem
5.2], since there are no divisors D € NS(X) of square 0 and DH = 2. Therefore the linear
system |H| induces an embedding X < P* realizing X as a smooth complete intersection of
a quadric and a cubic containing two rational normal curves of degree di,ds, respectively,
intersecting at n points. We denote by Psy, the space of such complete intersections in P*. The
discussion above shows that there exists a rational map

Pop, ——+ Moy,

which is dominant as soon as P, contains a smooth surface. In this case, the expected
dimension is dim(Pay) = dim(Masy) + dim(SL(5,C)) = 41.

In order to prove that Poj contains a smooth element, we can argue as in the case of quartic
surfaces, using concrete computations or a dimension count. Let us go through one example,
and we leave the rest to the reader. Consider k =9, so that dy =2, dy =1 and n = 2. The
union C7 U C is contained in a plane II, so we have a short exact sequence

0— In(m) %Iclucé(m) — On(m — 3) —0

for every m € Z. Since the h' of the first and the last term are zero for all m € Z, we have that
h'(Zc,uc,(m)) = 0 for all m € Z. Now we can proceed with the dimension count. Choosing
the conic Cy counts for 11 parameters (6 for the plane II, 5 for the conic); the choice of the
line C5 depends uniquely on the choice of the two points of intersection with C;. The choice
of a quadric containing Cy U C5 depends on

hO(Iclucz (2)) -1= hO(OIP’4 (2)) - ho(oclucz (2)) —-1=8
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parameters, while the choice of a cubic depends on
R (Zoyue,(3)) — 6 = hP(Ops(3)) — K (Oc,ue, (3)) — 6 = 20
parameters, since we want the cubic not to be a multiple of the quadric. Summing up,
dim(Pyg) = 11+ 2+ 8 + 20 = 41,

as expected.

REMARK 6.3. For the dimension count, it is important to note that the general element
in Py, is irreducible. This is easy if k # 9: the general quadric in |Z¢,uc,(2)| and the general
cubic in |Z¢, ue, (3)] are smooth and do not contain a plane, so their intersection is irreducible.
If k=9, all quadrics in |Z¢,uc, (2)| contain the plane II spanned by C; and C. However, the
general such quadric is irreducible, so it suffices to show that the general cubic in |Z¢,ue, (3)]
does not contain a plane. Clearly the general such cubic does not contain any plane other
than II. Moreover a straightforward computation shows that |Zp(3)| has codimension 1 in
1Zcyue, (3)]-

We now study the space P and prove its unirationality, implying in particular that Moy
is unirational, too. Fix numbers d;,ds,n as above. Up to automorphism of P* we can fix a
rational normal curve C; of degree d;. First we choose a set of points P, ..., P, € Cy, which
will be the points of intersection of C; and C5. Then we choose a linear subspace II, C P* of
dimension ds > n — 1 containing Pi,..., P,, and a rational normal curve Cy C I, of degree
ds, passing through Py,..., P,.

Using the notations of Lemma 6.1, we consider the following incidence varieties:

P i={(P1,..., Py, 11y, A,Q, K) € Sym™(C}) x Gr(dy,4) x Cayrn X |Ops(2)] x |Ops(3)] :
Pi,...,P, €Cy=pa(P)CIly, QNK D C,UC,},
Z:={(Py,...,P,,Iy, A) € Sym"™(Cy) x Gr(da,4) X Cayn : 1y 3 Py,..., Py},
Zy:={(Py,...,Py,IIy) € Sym™(Cy) x Gr(ds,4) : I, 3 Py, ..., P,}.

They are related as shown in the following diagram:

P~ 2 2z, Y gym™(Cy)

|
ipl
v
Pax

|
ipz
Vv

Moy

The three maps 11,12 and 13 are the obvious forgetful maps. The map p; sends (P, ..., P,,
I, A, Q, K) to Q N K, while ps sends a smooth complete intersection of a quadric and a cubic
in P4 to its isomorphism class.

In order to prove the unirationality of My, we show that P, is rational. The variety
Sym"(C1) & P" is rational and Z5 is also rational, since it is a Gr(dz — n,4 — n)-bundle over
Sym"(C4). Then Z; is a projective bundle over Z5 with fiber isomorphic to C~d2,n in the
proof of Lemma 6.1. Finally PJ, is a projective bundle over Z; with fiber PH®(Z¢, 0, (2)) %
PH®(Zc,u0,(3)). In conclusion, it follows that P, is rational. Therefore Moy, is unirational,
since p; and ps are dominant rational maps.
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6.11. Complete intersections of three quadrics
in P5: k € {31, 34, 36, 39, 41, 43, 49, 59, 61, 64}

We conclude with the case of polarizations of degree 8. We consider the following isomorphisms
of lattices:

8§ 3 2 8 3 3 8 3
3 -2 1 |=2Ua(-62), |3 -2 0 |=2Us(-68), [3 -2 2 |=2Ua(-72),
2 1 -2 3 0 -2 3 2 =2
8 3 3 8 4 3 8 5 1
3 -2 1 |=2Ue(-78), |4 -2 3 |=2U®(-82), |5 -2 1 |=U®(-86),
3.1 -2 3 3 =2 1 1 -2

8 4 3 8 5 3

4 =2 2 | =2U®(-98), |5 -2 3 |=Ua(-118),

3 2 =2 3 3 =2

8 5 3 8 5 3

5 =2 1 | 2U®(-122), |5 -2 2 |=2U®(—128).

3.1 -2 3 2 -2

Let X C P? be a smooth complete intersection of three quadrics containing two rational
normal curves Cq, Co of degree dy, ds € {1,2,3,4,5}, respectively, intersecting at n € {0,1,2,3}
points. The numbers dy,d>,n depend on k, as specified by the lattices above. Denote by H
the hyperplane class. Then the lattice (H,C7,Cs) has intersection form of one of the types
above, and embeds into NS(X). We claim that this embedding is always primitive. If k €
{31, 34,39, 41, 43,59, 61}, then the lattice U & (—2k) admits no non-trivial overlattices by [18,
Proposition 1.4.1], so the embedding is necessarily primitive. If instead k € {36,49,64}, it is
easy to see that the embedding is not primitive if and only if the class Cy + C5 is divisible
in NS(X). Since C; + C5 has square 0 and is reduced and connected on X, it is primitive in
NS(X), and hence the embedding is also primitive. This shows that X is a U & (—2k)-polarized
K3 surface.

Conversely, let X be a K3 surface with NS(X) = (H, Cy, C3) and intersection matrix

8 di ds
d1 —2 n
dQ n -2

belonging to the list above. The divisor H is ample, and actually very ample by [22, Theorem
5.2], since there are no divisors D € NS(X) of square 0 and DH = 2. Therefore the linear
system |H| induces an embedding X < P° realizing X as a smooth complete intersection of
three quadrics containing two rational normal curves of degree d1, ds, respectively, intersecting
at n points. We denote by Py, the space of such complete intersections in P°. The previous
discussion shows that there exists a rational map Pai --+ Moy, which is dominant as soon as
P contains a smooth surface. In this case, the expected dimension dim(Pa) = dim(May) +
dim(SL(6,C)) = 52.

In order to prove that Ps; contains a smooth element, we can argue as in the case of
polarizations of degree 4 or 6, using concrete computations or a dimension count. We leave the
details to the reader.

REMARK 6.4. For the dimension count, it is important to note that the general element in
Psy is an irreducible surface. We can argue as follows. First we note that h°(Ic,,c,(2)) = 3 in
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all cases. Since the general quadric in |Z¢, o, (2)] is irreducible and does not contain a P3, the
intersection of two such general quadrics is an irreducible threefold. Next, we have to show that
the intersection of three general quadrics in |Z¢,uc, (2)| does not contain a plane, a quadric
surface, or a cubic surface. This is clear if this surface S contains neither C'y nor C5. If instead
S is a plane (or a quadric/cubic surface) containing Ci, a straightforward dimension count
shows that the general quadric in |Z¢,uc,(2)| does not contain S.

We now study the space Py and prove its unirationality, implying in particular that Moy
is unirational, too. Fix numbers d;, ds,n as above. Up to automorphism of P° we can fix a
rational normal curve C; of degree d;. First we choose a set of points Py,..., P, € C1, which
will be the points of intersection of C; and Cs. Then we choose a linear subspace Iy C P° of
dimension dy > n — 1 containing Pi,...,P,, and a rational normal curve Cy C I, of degree
ds, passing through Py, ..., P,.

Using the notations of Lemma 6.1, we consider the following incidence varieties:

Phe = {(Pr,..., Py, 115, A, Q1,Q2,Q3) € Sym™(C1) x Gr(da, 5) X Cay.n X |Ops(2)]* -
Pi,...,P,€Co=0pa(P) CIly, Q1NQ2NQ5 2 CLUC:},
Zy = {(P1,...,P,,Tl5, A) € Sym"™(C1) x Gr(d2,5) X Cayn : 2 3 Py, ..., Py},
Zy:={(P1,..., Py,1I3) € Sym"(Cy) x Gr(ds,5) : s > Py,..., Py}
They are related as shown in the following diagram:
1

P2 Y3

/
Pak

Z

2 Sym"(C1)

‘Pl
v
Pax

|
3P2
Vv

Moy

The three maps v, 12 and 13 are the obvious forgetful maps. The map p; sends (P, ..., P,,
s, A, Q1,Q2,Q3) to Q1 N Q2 N Qs, while po sends a smooth complete intersection of three
quadrics in P° to its isomorphism class.

In order to prove the unirationality of My, we show that P, is rational. The variety
Sym"(Cy) = P™ is rational and Z5 is also rational, since it is a Gr(dy — n, 5 — n)-bundle over
Sym"(C4). Then Z; is a projective bundle over Z5 with fiber isomorphic to 5d27n in the proof
of Lemma 6.1. Finally Pj, is a projective bundle over Z; with fiber PH"(Z¢, e, (2))?. In
conclusion, it follows that PJ, is rational. Therefore Moy, is unirational, since p; and p, are
dominant rational maps.

Acknowledgements. We would like to thank our PhD advisors Klaus Hulek and Matthias
Schiitt for many useful discussions and for reading an early draft of this manuscript. We warmly
thank Michael Hoff and Xavier Roulleau for insightful comments and discussions. We would
like to thank the anonymous referee for the helpful comments.

Open access funding enabled and organized by Projekt DEAL.

References

1. W. L. BaiLy and A. BOREL, ‘Compactification of arithmetic quotients of bounded symmetric domains’,
Ann. of Math. (2) 84 (1966) 442-528.

2. C. Bopp and M. HOFF, ‘Moduli of lattice polarized K3 surfaces via relative canonical resolutions’, Preprint,
2017, arXiv:1704.02753.



26 MAURO FORTUNA AND GIACOMO MEZZEDIMI

3. R. E. BORCHERDS, ‘Automorphic forms on Os42 2(R) and infinite products’, Invent. Math. 120 (1995)

161-213.

4. J. H. CoNnwAYy and N. J. A. SLOANE, ‘Low-dimensional lattices. IV: the mass formula’, Proc. R. Soc. Lond.

Ser. A 419 (1988) 259-286.

5. P. DEL PEzz0, ‘Sulle superficie del n™ ordine immerse nello spazio di n dimensioni’, Rend. Circ. Mat.

Palermo 1 (1887) 241-271.

6. I. V. DOLGACHEV, ‘Mirror symmetry for lattice polarized K3 surfaces’, J. Math. Sci. (N. Y.) 81 (1996)

2599-2630.

7. D. FEsTI, ‘A practical algorithm to compute the geometric Picard lattice of K3 surfaces of degree 2’;

Preprint, 2018, arXiv:1808.00351.

8. V. GRrITSENKO, K. HULEK and G. K. SANKARAN, ‘The Hirzebruch-Mumford volume for the orthogonal

group and applications’, Doc. Math. 12 (2007) 215-241.

9. V. A. GRITSENKO, K. HULEK and G. K. SANKARAN, ‘The Kodaira dimension of the moduli of K3 surfaces’,

Invent. Math. 169 (2007) 519-567.

10. V. GRITSENKO, K. HULEK and G. K. SANKARAN, ‘Abelianisation of orthogonal groups and the fundamental

group of modular varieties’, J. Algebra 322 (2009) 463-478.

11. V. GriTsENkO, K. HULEK and G. K. SANKARAN, ‘Moduli of K3 surfaces and irreducible symplectic

manifolds’, Handbook of moduli. vol. I (International Press, Beijing, 2015), 459-526.
12. D. HUYBRECHTS, Lectures on K3 surfaces, vol. 158 (Cambridge University Press, Cambridge, 2016).

13. S. Kondd,'On the Albanese variety of the moduli space of polarized K3 surfaces’, Invent. Math. 91 (1988)

587-593.
14. S. Kondo,‘Algebraic K3 surfaces with finite automorphism groups’, Nagoya Math. J. 116 (1989) 1-15.

15. P. LEJARRAGA, ‘The moduli of Weierstrass fibrations over P!: rationality’, Rocky Mt. J. Math. 23 (1993)

649-650.
16. R. MIRANDA, ‘The moduli of Weierstrass fibrations over P1’, Math. Ann. 255 (1981) 379-394.

17. R. MIRANDA, ‘The basic theory of elliptic surfaces’, Doctorate in Mathematical Research, ETS Editrice,

Pisa, 1989.

18. V. V. NIKULIN, ‘Integral symmetric bilinear forms and some geometric applications’, Izv. Akad. Nauk

SSSR, Ser. Mat. 43 (1979) 111-177.

19. V. V. NIKULIN, ‘On factor groups of the automorphism groups of hyperbolic forms modulo subgroups

generated by 2-reflections’, Sov. Math., Dokl. 20 (1979) 1156-1158.

20. J. PETOK, ‘Kodaira dimension of moduli of special K3[2-fourfolds of degree 2’, Preprint, 2019,

arXiv:1911.03435.

21. I. I. PYATETSKIJ-SHAPIRO and I. R. SHAFAREVICH, ‘A Torelli theorem for algebraic surfaces of type K3’,

Math. USSR, Izv. 5 (1972) 547-588.
22. B. SAINT-DONAT, ‘Projective models of K-3 surfaces’, Am. J. Math. 96 (1974) 602-639.

23. M. SHOUHEL ‘On the Kodaira dimension of orthogonal modular varieties’, Invent. Math. 212 (2018) 859—

911.
24. M. SHOUHEI, ‘Irregular cusps of orthogonal modular varieties. Preprint, 2021, arXiv:2101.02950.

25. S. TanmmoTO and A. VARILLY-ALVARADO, ‘Kodaira dimension of moduli of special cubic fourfolds’, J.

reine angew. Math. 752 (2019) 265-300.

Mauro Fortuna and Giacomo Mezzedimi
Institut fiir Algebraische Geometrie
Leibniz Universitdt Hannover
Welfengarten 1

Hannover 30167

Germany

fortuna@math.uni-hannover.de
mezzedimi@math.uni-hannover.de

The Journal of the London Mathematical Society is wholly owned and managed by the London Mathematical
Society, a not-for-profit Charity registered with the UK Charity Commission. All surplus income from its
publishing programme is used to support mathematicians and mathematics research in the form of research

grants, conference grants, prizes, initiatives for early career researchers and the promotion of mathematics.


mailto:fortuna@math.uni-hannover.de
mailto:mezzedimi@math.uni-hannover.de

	Introduction
	1. Moduli spaces of lattice polarized K3 surfaces
	2. Low-weight cusp form trick
	3. Special reflections
	4. Lattice engineering
	5. Geometric constructions
	6. Unirationality of for small 
	References

