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Abstract

In this thesis we study Toeplitz operators on spaces of holomorphic and pluriharmonic
functions. The main part of the thesis is concerned with such operators on the Fock
spaces of holomorphic functions, F} for p € [1, oc].

We establish a notion of Correspondence Theory between symbols and Toeplitz
operators, based on extended notions of convolutions as developed by Reinhard Werner
[130], which gives rise to many important results on Toeplitz operators and the algebras
they generate. Here, we find new proofs for old theorems, extending them to a larger
range of values of p, and also provide entirely new results. We manage to include even
the non-reflexive cases of p = 1, 00 in our studies.

Based on the notions of band-dominated and limit operators, we establish a general
criterion for an operator in the Toeplitz algebra over F} to be Fredholm: Such an
operator is Fredholm if and only if all of its limit operators are invertible.

As an example of a Toeplitz algebra over the Fock space, we study the Resolvent
Algebra (in the sense of Detlev Buchholz and Hendrik Grundling [42]) in its Fock space
representation.

Partially following the methods of Correspondence Theory as discussed in this
thesis, we manage to extend a classical result on the boundedness of Toeplitz operators
(the Berger-Coburn estimates) to the setting of p-Fock spaces.

Also based on results derived from the Correspondence Theory, we discuss several
new characterizations of the full Toeplitz algebra on Fock spaces, at least in the
reflexive range p € (1, 00).

In the last part, we discuss several results on spectral theory and quantization
estimates for Toeplitz operators acting on Bergman and Fock spaces of pluriharmonic
functions.

Zusammenfassung

In dieser Arbeit werden Toeplitzoperatoren auf Rdumen holomorpher und pluriharmo-
nischer Funktionen studiert. Der Hauptteil dieser Arbeit befasst sich mit Operatoren
auf den Fockrdumen holomorpher Funktionen, F} fiir p € [1, c0].

Basierend auf gewissen verallgemeinerten Faltungen, wie sie von Reinhard Werner
[130] eingefiihrt wurden, diskutieren wir eine Korrespondenztheorie von Symbolen
und Toeplitzoperatoren. Mittels dieser Korrespondenztheorie lassen sich viele wichtige
Aussagen zu Toeplitzoperatoren und den von ihnen erzeugten Algebren herleiten.
Basierend darauf geben wir neue Beweise fiir bereits bekannte Satze, deren Aussagen
wir teilweise auf weitere Werte von p ausweiten konnen, finden aber auch einige
komplett neue Ergebnisse. Insbesondere ist es mit diesen Methoden moglich, die
nichtreflexiven Félle p = 1, oo zu behandeln.

Mittels sogenannter banddominierter Operatoren und Grenzoperatoren geben wir
ein Kriterium fiir die Fredholmeigenschaft beliebiger Operatoren aus der Toeplitzal-
gebra iiber FP: Ein solcher Operator ist Fredholm genau dann, wenn alle seine
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Grenzoperatoren invertierbar sind.

Weiterhin studieren wir die Resolventenalgebra (im Sinne von Detlev Buchholz
und Hendrik Grundling [42]) in ihrer Fockraum-Darstellung, welche ein Beispiel fiir
eine Toeplitzalgebra darstellt.

Wir erweitern die klassischen Ergebnisse von Charles Berger und Lewis Coburn zur
Beschréanktheit von Toeplitzoperatoren auf dem Fockraum auf den Fall beliebiger Werte
von p € [1,00]. Dafiir benutzen wir teilweise Methoden der bereits oben erwahnten
Korrespondenztheorie.

Ebenfalls basierend auf einigen der aus der Korrespondenztheorie hergeleiteten
Ergebnisse diskutieren wir neue Charakterisierungen der Toeplitzalgebra auf dem
Fockraum, zumindest fiir den reflexiven Bereich p € (1, 00).

Zuletzt befassen wir uns mit einigen Ergebnissen aus der Spektraltheorie und
Quantisierungsabschétzungen von Toeplitzoperatoren auf Bergman- und Fockraumen
pluriharmonischer Funktionen. [|

Keywords: Toeplitz operators, Fock space, operator algebras
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Chapter 1

Introduction

Among the many different classes of linear operators, multiplication operators are
certainly one of the best understood. Of an entirely different nature, but also relatively
easy to understand, are orthogonal projections and restrictions. To an apprentice of
operator theory, it may come as a surprise that the combination of such harmless
objects may give rise to particularly difficult mathematical problems. Of course, we
refer to Toeplitz operators: Let (X, u) be a measure space, A a closed subspace of
LP(X,u) and P € L(LP(X,u)) a bounded projection onto A. Usually, A is chosen
to be a space of holomorphic functions, but this is not necessary. For any suitable
function f from X to C, say measurable and essentially bounded, the Toeplitz operator
T is defined as the compression of the operator of multiplication by f,

Tf:PMf‘A:A%A.

These operators are now an established subject of mathematical research. They
originate from a work by Otto Toeplitz [123], where he considered operators on ¢2(N),
the so-called Toeplitz matrices, which are equivalent to Toeplitz operators on the Hardy
space H2(S'). Since then, many different geometric settings have been considered in
the studies of Toeplitz operators. Besides the classical situation of Hardy spaces on the
circle [36,105], some of the more studied geometric settings are Toeplitz operators on
Kéhler manifolds [8,95] and on Bergman and Hardy spaces of (strictly) pseudoconvex
domains [92,/126] and of bounded symmetric domains [21,]124]. In particular, the
intersection of the previous two classes, the complex unit balls, have been studied
intensively [125,(136].

The majority of this thesis deals with the study of Toeplitz operators on the
Segal-Bargmann-Fock spaces FY', i.e. on spaces of holomorphic functions on C"™ which
are p-integrable with respect to a Gaussian measure. For simplicity, we will only speak
of Fock spaces, without wanting to downplay the roles of 1. Segal and V. Bargmann in
their initial explorations.

In principle, the study of Toeplitz operators can be distinguished into two different,
but not disjoint subjects: One can either try to understand properties of a single
Toeplitz operator or study algebras generated by a collection of these. Of course, it is
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most fruitful to combine the two approaches. As a motivation, let us mention a (by
now classical) result from each direction.

Upon studying individual Toeplitz operators, one usually tries to derive properties
of the operator T’y from its symbol. Here, “symbol” can refer to two different functions:
The obvious one, which is usually named symbol (or contravariant symbol in the works
of F. A. Berezin [22-26] and M. A. Subin [27,/127]), is the function f used for defining
Ty. The other one is the so-called Berezin symbol (or covariant symbol according to
Berezin) of T, being denoted as B(f), is again a function on X and is constructed by
relating the symbol f to the reproducing kernel structure of the underlying Bergman,
Hardy or Fock space. A classical result (which holds true in many different geometric
situations) is the following:

Ty is compact <= B(f) vanishes at the boundary of X.

A (by now well-known) result in the study of algebras generated by Toeplitz operators
is the characterization of commutative Toeplitz algebras on Bergman spaces of the
unit disk [125], which closely relates geometric structures with the algebras at hand.

While both results seemingly belong to only one of the two parts, i.e. either the
study of individual operators or of entire algebras, each one benefits from the other
subject: On the one hand, the compactness characterization in terms of the Berezin
symbol carries over to every operator belonging to the full Toeplitz algebra, i.e. the
Banach algebra generated by all Toeplitz operators with bounded symbols, provided
that the underlying geometric space has plenty of symmetries [19}82,/104}122]. On
the other hand, the characterization of commutative Toeplitz algebras (again in the
presence of sufficiently many symmetries on the underlying geometry) hinges on a good
understanding of individual operators and their invariances (along with invariances of
their symbols) with respect to such symmetries. While some of those results could be
considered classical by now, they still have a strong influence on current research: The
works [1,/181/64-66, 88190} /131, 138] are just a small selection of publications from the
recent years related to those problems.

Toeplitz operators are also often studied as tools for quantization: The quantization
map f ~ T, which in this setting is usually called Berezin-Toeplitz quantization, can
be considered as a model for passing from the classical world (i.e. functions/symbols)
to the quantum realm (i.e. operators on Hilbert spaces). Usually, a semiclassical
parameter is introduced, which we will denote for various reasons by ¢ or A instead
of the more physical h. We then obtain a quantization scheme depending on this
parameter, say f +— TJE. Upon studying such quantization procedures, it is usually
imposed that the quantized objects, T]tc, behave as the classical objects, the symbols
f, in the “classical limit” (which corresponds to letting ¢ — 0 in our notation). Here,
the important difference between quantized and classical objects is commutativity:
While functions clearly commute, fg = ¢gf, this is in general not true for operators:
T]’%T T T;T]E. Hence, when studying the quantization properties of the map f ~— T J'Z
one usually studies the behavior of the product T;T; in the limit £ — 0. As it
turns out, at least for suitable underlying geometries, Berezin-Toeplitz quantization
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provides a pleasant framework for quantization, as it satisfies many of the desired
properties [2,48,57,59-62]. In particular, it falls within the framework of Rieffel’s
strict quantization [114], asking that the asymptotics

ITH = 11£ e
17775 = Thyl| = 0.
Hi[T},Tg] —iT{; || = 0,

as t — 0 hold true for a suitable symbol space and a Poisson bracket {-,-}. It has
been a focus of research in recent years to figure out the minimal assumptions on the
symbols f, g such that the above asymptotics prevail [9}12}13,/17,135,[81].

Let us now discuss the contents of this thesis. Since most of this work will be
on operators on Fock spaces, we will give a thorough introduction to these spaces in
Chapter 2, which consists mostly of well-known results, but also some new aspects
appear there. Let us already mention the following important aspect of Fock space
theory here: A particular group of automorphisms of C" plays an important role in
studying operators on Fock spaces, namely the shifts: w +— w — z. They induce a
group action v of C™ on the set of all (measurable, bounded) functions f : C" — C by
defining o, (f) through

az(f)(w) = f(w - z).

Similarly, the shifts define a group action on L(F?): If W! denotes the Weyl operators
on F (i.e. they are a family of weighted shift operators on F} with weight parameter
t > 0), then define for A € L(FY)

a(A) = WEAW? .

The point about the importance of these group actions is the following: If we denote
the Toeplitz operator with symbol f on F? by T%, then we have the relation

The importance of this relation for the study of Toeplitz operators on Fock spaces
cannot be overestimated.

A similar structure of group actions exists in the setting of functions on R?" and
linear operators on L?(R™), being realized as phase and space shifts. This structure led
R. Werner in [130] to the development of what he called Quantum Harmonic Analysis.
Implementing Quantum Harmonic Analysis in the setting of the (non-Hilbertian)
spaces F} will be the content of the first part of this thesis. Motived by Werner’s
work, we will implement a notion of convolution between functions and operators on
the Fock space, that is: We will define convolutions f x B, A x g, Ax B for certain
functions f, g : C" — C and bounded linear operators A, B on F}. The study of these



operations and their applications is the content of Chapter 3. The key features of
these convolutions are that they naturally extend the convolution of functions on C”,
f * g, and enjoy many of the natural properties of convolutions between functions.
A thorough study of these convolutions will finally lead us to the Correspondence
Theorem, which will ultimately establish a unique correspondence between closed,
a-invariant subspaces of BUC(C™), the bounded uniformly continuous functions on
C", and closed, a-invariant subspaces of the full Toeplitz algebra on FF. In particular,
we will spend some effort to establish these results even in the non-reflexive cases
p = 1,00. Having the Correspondence Theorem at hand, we will show that many
important results on Toeplitz operators can be derived easily. Right now we only
want to mention the compactness characterization cited above: It will turn out to be
a simple consequence of the Correspondence Theorem and, which to the best of the
author’s knowledge has not been done before, will also be discussed in the non-reflexive
setting.

Chapter 4 will be dedicated to applying the Correspondence Theorem to gain
understanding of Toeplitz algebras. This can be motivated by the following surprising
theorem, due to J. Xia: He proved in [131] that the full Toeplitz algebra on F? is the
same as the operator norm closure of the space of all Toeplitz operators with bounded
symbols, i.e. if we use for a subspace Dy of L*°(C™) the notations

T (Do) = {T% € L(F?); f € Do},

in

T2 (Do) := C*({T} € L(F?); [ € Do}),
he proved
T2HL®(C) = T (L(C™)).

- Tlin
Thanks to the Correspondence Theorem, we will see that we can reduce the situation
to symbols from BUC(C"), i.e.

TH(L>®(C) = T2 (BUC(CM)) = T3/ (BUC(C™)).
A similar result, which is well-known and closely related to the aforementioned com-
pactness characterization, is

T2(Co(CM)) = T2 (Co(T™)).

- lin
These observations motivate the theme to which Chapter 4 is dedicated: Study (closed,
a-invariant) subspaces Dy of BUC(C") for which ’7??;(2)0) is a C* algebra. Indeed,
we will obtain the following characterization: If Dy C BUC(C") is closed, a- and
U-invariant (U being the action U f(z) = f(—z)), then the following are equivalent:

Dy is a C* algebra < Tliﬁt(Do) is a C* algebra for every ¢ > 0.

Here, t plays the role of a quantization constant in the construction of the Fock spaces
F?. Since the methods are partially based on the Correspondence Theorem, which is
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not restricted to the Hilbert space setting, our method of proof will work for any p.
Further, we will obtain a similar result regarding a-invariant ideals. The presentations
of Chapter 3 and 4 are based on, and partially improve, the author’s results in |72].

Having already characterized compactness of Toeplitz operators, it is obvious to
look for a characterization of the Fredholm property. If the symbol f behaves nicely
at infinity (in terms of a certain oscillatory behaviour), conditions equivalent to this
property in terms of the behavior of the Berezin symbol at infinity can be obtained.
For a general L*° symbol or possibly an arbitrary operator from the Toeplitz algebra
however the answer is not so simple. This is where we have to consider the limit
operators of the operator we started with. Simply speaking, using the group action «,
we obtain the limit operators of A € L(F}) as all possible limit points of a,(A) when
z goes to infinity. If we take A from the Toeplitz algebra, then the limit operators
indeed yield (spectral) information on A, i.e.

A is Fredholm <= every limit operator of A is invertible.

Proving this result is the content of Chapter 5. We want to emphasize that the idea
of studying limit operators for determining the Fredholm property is nothing new:
In the setting of band-dominated operators on sequence spaces, these techniques are
well-known [44,96]. The approach we use for deriving our result has previously been
established by R. Hagger [80| for achieving similar results for Toeplitz operators on
Bergman spaces over the unit balls and has been worked out, in the Fock space setting,
by the author together with R. Hagger in |73].

A classical object of study in theoretical physics is the canonical commutator
relations. By this, we mean the following: If (X, o) is a symplectic space, we want to
study R-linear maps ¢ from X into the space of self-adjoint operators on a Hilbert
space H satisfying the relation

[9(f), ¢(9)] = io(f,9), f,g€X.

In general, the elements ¢(f) turn out to be unbounded operators. Since algebraic
expressions involving unbounded operators can be problematic, it is customary to pass
to bounded operators generated by the ¢(f) using the functional calculus. The most
common approach is possibly passing to the unitary operators generated by the ¢(f),
i.e. one studies the C* algebra generated by the elements exp(i¢(f)). The properties of
such algebras, which are known as CCR algebras or Weyl algebras, are well-understood
[40]. However, since there are certain drawbacks to using these algebras for physical
considerations, it was proposed in [42] to instead use the C* algebra generated by the
resolvents of the ¢(f). If we consider the standard symplectic space on C™, then this
algebra of resolvents can actually be represented as a Toeplitz algebra, as we shall
describe and study in Chapter 6. This chapter is based on ongoing work, which is
done jointly with W. Bauer.



One of the most elementary properties of Toeplitz operators is that they are
bounded whenever their symbol is bounded. The converse statement is in general
wrong: There are many bounded Toeplitz operators with unbounded symbols. The
understanding of this phenomenon is far from complete, i.e. it is an open problem to
characterize boundedness of Toeplitz operators with unbounded symbol. The possibly
most important contribution in that direction, at least on Fock spaces, was given by
C. A. Berger and L. A. Coburn in [31], cf. also the recent works [50,/51]. There, they
provided an upper and a lower bound for the operator norm of TJtc in terms of the heat

transform of the symbol f. More precisely, if f(s) denotes the heat transform at time
s/4, which is closely related to the Berezin transform in the setting of the Fock space,
they proved estimates of the form

1Dl S 1T p2ospzs s € (t/2,20),
1Tt 2 sre SIF N, s € (0,/2),

under certain technical assumptions on the symbol f. The content of Chapter 7 will
be to establish analogous estimates for the cases p # 2. While, for the first estimate,
this in principle boils down to a more technical version of the initial proof, the second
estimate needs to be proven entirely different. The original proof of the second
estimate depended on transforming the problem into a problem on pseudodifferential
operators on L?(R™), using the Bargmann transform, and then applying the Calderén-
Vaillancourt Theorem. These tools are not available in the non-Hilbertian setting.
Instead, we use direct estimates for the integral kernel to establish an analogous
estimate. This Chapter is partially based on joint work with W. Bauer [15].

The very short Chapter 8 will establish a handful of new characterizations of the
full Toeplitz algebra on F}. Building on results from Chapters 3 and 4 and on a
theorem established by R. Hagger [79], we will present a few estimates which give
further characterizations of this algebra.

Finally, let us return to the beginning of this introduction. There, we mentioned
that the closed subspace of LP(X, pu), on which we define the Toeplitz operators is
usually defined as a space of holomorphic functions. In Chapter 9, we ignore this
convention and deal with Toeplitz operators on spaces of pluriharmonic functions.
The presentation is based on our paper [71]. Initially, our work started as a project
on pluriharmonic Fock spaces. Yet, at some point it was clear that the study of
Toeplitz operators on pluriharmonic function spaces is, to a large extent, independent
of the actual underlying geometry and can be reduced to applying results from the
holomorphic situation in combination with several algebraic tricks. In particular,
the methods work in the same way on, say, Bergman spaces of bounded symmetric
domains. Therefore, we included a very brief introduction to such Bergman spaces at
the beginning of this chapter. Afterwards, we study two different questions. First, we
investigate the essential spectrum for Toeplitz operators on pluriharmonic spaces (over
C™ or bounded symmetric domains), at least for relatively nice symbols. Secondly, we
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investigate “quantization estimates” in the pluriharmonic world. These quantization
estimates are supposed to show that the Toeplitz quantization f — T’y behaves as in
the “classical world” (i.e. taking operator products is the same as taking products of
functions), at least in the limit of the quantization parameter. As was already noted
in [62], Berezin-Toeplitz quantization on pluriharmonic function spaces is not perfect,
since one of the important estimates fails. Hence, we end with applying those estimates,
which actually work, to the spectral theory of Toeplitz operators on a non-standard
Bergman space.

We end this thesis with three short appendices on topics which are relevant for the
presentation.






Chapter 2

Fock spaces and their operators

2.1 Basic definitions and facts

On the Borel-o-algebra of C" we consider the family of Gaussian measures

1 2
(i) e dv(z)

dpe(z) =

for each t > 0. Here, V denotes the Lebesgue measure on C" = R?". To simplify
notation, we will usually write dz, dw, ... instead of dV'(z), dV (w),... when integrat-
ing with respect to the Lebesgue measure. It is well-known and a simple exercise in
integration that the measures p; are actually probability measures.

For each p such that 1 < p < oo and ¢ > 0 we define the spaces L as the Lebesgue

spaces
Ly = LP(C", payyp),

i.e. the norm on L is given by

I1fllze = ( L |f<w>|pdu2t/p<w>)1/p.

We will always suppress n in the notion of L? for simplicity. It seems odd that the
variance of the Gaussian measure py;, depends on p. The necessity of this will be
clear later. For the case p = oo we set

_lzI?
[ fllLge := ess sup|f(z)[e” 2
zeCn

and
L2 :={f:C" = C; | fllrse < o0}

All those spaces are clearly Banach spaces, F? being a Hilbert space with the inner
product

(f.9)e = (Cnf(w)g(w)dut(w)a f, g€ Li.
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The primary spaces of interest to us will not be L?, but the following subspaces,
called Fock spaces:
FF .= LY nHol(C"),

where

Hol(C") := {f : C" — C; f holomorphic}.
We will usually ignore the imprecision that L} consists of equivalence classes of functions
and not actual functions - this will not cause any problems if not mentioned.

Lemma 2.1.1. Let K C C" be a compact subset. For each 1 < p < oo andt >0
there exists a constant C = C(K,t,p) such that for all f € FF the following estimate
holds true:

1f lloc,ic == sup | f(2)] < C||fl|e-
zeK
Proof. Let f € FF for 1 < p < co. Further, let ¢ be the conjugate exponent to p,

ie. 1/p+1/q = 1. By Corollary and Holder’s inequality we have the following
estimate for K C C™ compact, where C'i is independent of f:

sup | £(2)| < Ck /C [fw) 15 dw

zeK
plw|? 1/p qlw|? 1/q
<Ck </ |f(w)Pe "2 dw) (/ e 2 dw)>

= Cxfllzp,

i.e. for each compact K C C™ there is a constant C'; such that

[flloo,ic = sup [ £(2)| < Cr|| fl»
z€EK
for all f € FP. The analogous statement for F}' follows also immediately from Corollary
[AT.4] the same statement for F;° is immediate from the definition. O
The previous lemma has the following important consequence:
Lemma 2.1.2. For each 1 <p < oo and t >0, F} is a closed subspace of LY.

Proof. Let (fn)nen C Ff converge to f € LY. Possibly after passing to a subsequence,
we may assume that f,,(z) — f(z) almost everywhere. By Lemma fn converges
uniformly on all compact subsets to f (or, the be precise: to a representative of f).
Therefore, f (or its particular representative) has to be holomorphic as well. O

The following subspace of F° will also be of relevance:

1= A{f € F~, f(z)e*% — 0 as |z]| = oo}

Lemma 2.1.3. [ is a closed subspace of F°.
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2
Proof. Let (fn)nen C f° converge to f € F°. In particular, fne*% € Cp(C™) and
2

fe_% € Cy(C"), where Cy(C™) are the bounded continuous functions on C" and

Co(C™) is the ideal of continuous functions vanishing at infinity. Since Cy(C") is of
|2

course closed in Cy(C™) with respect to the uniform topology, this yields feJTt €
Co(CM), ie. f e ffo. O

Remark 2.1.4. f2° is a proper subspace of F°. As an example, consider f(z) =
222
e m , which is contained in F*° but not in f°.

We also have the following estimate, which is similar to Lemma but with a
precise constant:

Lemma 2.1.5. Let 1 <p<oo andt > 0. Then, for f € F' we have

2|2

[F < 1 fllppe
Proof. We refer to the proof of [137, Theorem 2.7]. O

In contrast to usual LP spaces, the Fock spaces are included in each other in certain
ways:

Proposition 2.1.6. Let 1 < p < p’ < o0 and 0 < s < t. Then, the following inclusions
are well-defined and continuous:

Fl' < FP— FY s f° < F° < FL.
Proof. Let us start with the trivial cases: The continuity of the inclusion f° < Fy®

follows from the definition.
Let f € F°. Then,

e = [ 1)l )
— o [ [F@)le™ 5 dw

(2ms)™
1 e
" (2m)r /«: Flw)le 5 e 5 G0 du
! \w|2 11
= s o -5 G- g
N (27TS)”|’fHFt /(c”€ 2 ) dw
= Ollfllse.

Now, let 1 <p < p' < oo and f € Ff. Then, following the computations in the proof
of [137, Theorem 2.10] and using Lemma [2.1.5
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) L srlrwp e
P\ (@' =p)|wl? _pw?
197 [ e e 5
" " _plwf?

) I [ 1rtope 5

HfH " e

P
191, =

N\ n/p /
which gives | f|| S <£> [f|zp. Continuity of the inclusion F{" — Fy° fol-
lows nnmedlately from Lemma [2.1.5] Finally, the inclusion FY , f°° follows since

polynomials are dense in Ftp , which we prove later on (Proposition |2. ) O

It is now the right moment to discuss certain elements and subclasses of the
Fock spaces. By Plz1,...,2,] C Hol(C™) we denote the algebra of holomorphic
polynomials in z1,..., z,. Elementary estimates show that P[z1,...,2,] C F} and
Plz1,...,2n) C f° forall 1 < p < ooandt > 0. For a multi-index o € Nj let us
consider the monomials

1
el (z) = Wza, z=(z1,...,2n) € C",

where we used standard multi-index notation. It is not difficult to prove that {e,; a €
N7} is an orthonormal set in F2. Indeed, by the product structure of the functions
and Fubini’s Theorem it suffices to check the case n = 1. Then, for j, k € Ny we have,
using polar coordinates,

; 1 g L=
(9,280 = = | ZFFe™ 7 dz
’ L3 Tt C

1 oo 2w 2
= t/ / Itk = " 0=k g dg.
Tt Jo Jo

For j # k, the angular integral evaluates to 0, while for j = k we obtain

o 2 [ 9it] _r2
(27,27) ;2 = / rP e~ ar
t t 0

Each f € F? can be expressed as a power series around 0:

= Z anz" = Z dael, (2)

a€Ng a€EN?
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where a, are appropriate coefficients in the power series and a, = aoVa!tl?l. Since
{ea; a € N} is an orthonormal set, as discussed above, the power series converges not
only pointwise but also in F? by some standard Hilbert space argument (e.g. Bessel’s
inequality). In particular, we obtain:

Lemma 2.1.7. {e,; a € NJ} is an orthonormal basis in F?.

Moreover, the holomorphic polynomials are also dense in FY for 1 < p < oo and in
f£°. Before proving this, let us recall the following fact from integration theory (cf.
[115, Chapter 3, Exercise 17]:

Theorem 2.1.8 (Riesz-Radon Theorem). Let i be a positive measure on the measur-
able space (X, A) and 1 < p < oo. If fn, f € LP(X, u) are such that f,(x) — f(x) a.e.
and || fullLe = | fllLe, then fu = f in LP(X, p).

Proposition 2.1.9. P[z1,...,2,] is dense in F for 1 < p < oo and also in f{° for
all t > 0.

Proof. We first prove the result for the case of Ff. Our proof follows a standard
method, as it is used e.g. in [137, Proposition 2.9]. For f € F/ and 0 < r < 1 set

fr(2) == f(rz).

Obviously, fr(z) = f(z) pointwise as r — 1. Let us compute || fr||

||fr||§f = <p)n/cn |f(rw)|pe_p‘;jjtl2 dw

2tm
2

= ()" [ 1fpe S du.

2t

The last expression converges, by the Dominated Convergence Theorem, to || fHIj;p as
t

r — 1. Therefore, by Thereom fr— fin E}.
Let now 0 < r < 1 be fixed. It suffices to prove that f, can be approximated by
polynomials. Let s € (¢, 7). Using Lemma we see that

2,12
2]

£ < Il e 0, (2.1)

which yields f, € F2. By Proposition there is a constant C' > 0 such that

| fr — gHFt” <C|fr - gHFS2

for each polynomial g. In particular, approximating f,. by its Taylor expansion in F2,
due to Lemma we obtain an approximation by polynomials in FY.

Let us now deal with the case f°. Once we can prove, with the above notation,
that f. — f in f2° for each f € f°, the second part of the proof, i.e. approximation
by polynomials, can be carried out identically as in F}.
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Fix f € f2° and let 0 < r < 1. Then,

2|22 |22

2|2
[fr(2)|e™ 20 <|[|fllfee 2" 20 =0 as[z] — oo,

which yields f, € f°. Let € > 0. Then, there is some R > 0 such that for |z| > R we

2 2 2 . 2

have \f(z)]e_% < 5. Further, since f(z)e_% € Cp(C™), the functions z f(z)e_%
=]

and z — e~ 2¢ are uniformly continuous. In particular, there is 6 > 0 such that

2 2
2] [w]

3 —e 2 | <e.

2 2
=] _w

2 —w] < 6 = |f(2)e” 3 — flw)e 5, |e”

2
Fix 0 < r < 1such that r > max Rijrl, 1— RLH, 1-— (RLH) } Then, for |z| > R+1
we have r|z| > R and therefore

|z

56— fle” 5 < Il 5+ Il

For |z] < R4+ 1 we have |z —rz| = (1 —7)]z] < (1 —=7r)(R+1) < § and therefore obtain

|z|2 l2|? Irz|? Irz|? |z|?
[f(2) = frz)le™ 20 <|f(z)e” > — f(rz)e” 2|+ [f(rz)e” 2 — f(rz)e” 2|
_lr=? _a=r?a?
< et |frale |1 - e R
<e+|fllrg-
By assumption on r we have for z with |z| < R+ 1 that |z|v/1 — 72 < § and therefore
obtain

z

22
[f(2) = f(rz)le” =20 < (L4 [ fllFee)e-
In particular, ||f — fr[|Fee < (1 + || f][Fe)e, which finishes the proof. O
The previous result has the following important consequence:

Corollary 2.1.10. In each F, 1 < p < oo, and also in f{°, {el,; m € Ni} is a
Schauder basis. In particular, each of those spaces has the approximation property.

By Lemma the point evaluations
6. Ff = C, [ f(2)

are bounded linear functionals for each 1 < p < co,t > 0. In the Hilbert space case
p = 2, the Riesz Representation Theorem now implies that for each z € C™ there is a
function K! € F? such that

fz) = {f KO
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for all f € F2. Let us set K!(w,z) := K!(w). Observe that

K'(w,z) = K (w) = (K7, K},)o = (Kl Ki) = K'(2,w)

and
IIKEII%B = (KL, KL); = K(2) = K'(z, 2).

In particular, K(w, z) is holomorphic in w and anti-holomorphic in z.

The function K!(w) = K'(w,2) is called the reproducing kernel function of F?.
There is a general theory of reproducing kernel Hilbert spaces of independent interest,
cf. [3,/106]. The following result holds in full generality in such spaces and is one
of the keys to compute the reproducing kernel. We repeat the standard proof for
completeness.

Lemma 2.1.11. Let {g;; j € J} an orthonormal basis for F?, where J is a countable
index set. Then, the reproducing kernel K'(w,z) can be computed as

K'(w,2) =) g;(2)g;(w).

jeJ
Proof. Since K! € F?, we can express it in the orthonormal basis:

KL=> (K! gihg;
jel
S K
el
=> gi(2)g;.

jedJ

Since point evaluations in F? are continuous, the series does not only converge in F?
but also pointwise:

Ki(w) =) gi(2)g(w).
jeJ

This concludes the proof. ]

Using the above formula, let us compute K*(w, z). Using the Multinomial Theorem
and standard multi-index notation, we have

E'w,2)= ) eh(w)eh(2)

a€eNg

o0 - -
B wiZrM Wz, n
N Z Z aqlt oyl tom

k=0 o=k "

>y ()

k=0 |a|=k
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Here and in what follows, we will always use the convention
W Z=wWiz1 + -+ WpZn.

By definition we have K! € F2. Indeed, the reproducing kernel functions are contained
in every Fock space:

Lemma 2.1.12. It holds true that K! € Ff and K. € f{° for all1 <p<oo,t>0
2 2
with HK,iHFg’ — el for all such p.

Proof. Using Fubini’s Theorem it is straightforward to see that we may assume n = 1.
For 1 < p < oo we now compute the norm as follows:

_ 2
P wz |P _ plwl
||K§||Z;_,p = — et | e 2 dw
t 27Tt C
_ 2
P pRe(wZ) _ plul
=—— | e t e 2 dw
27Tt C
p, > p— _ plw?
=P etV Fe2n*WeT T2t dw
27Tt C

= <K§t/p, K,St/p>2t/p

plz|?

= e 2t
o . 1z
This gives |[KZ | pp = e 2.
For p = oo the identity
lw|® _|z> | Re(w) w—z|>
e 2 T2t 1 =e 2,
which is readily verified, yields
t Re(w %) 7@ 7|’LU*Z|2 |z\2 |z|2
HKzHFt“:SUPQ 2 e 2 =supe 3t e 2t — e 2t .
weC weC
Finally, since Re(w - z) — |w|? = —o0 as |w| — oo, K. € f* follows as well. O

If X is a linear space and A C X a subset, we will always denote by Span A the
linear hull of A in X.

Lemma 2.1.13. Span{K}!; 2z € C"} is a dense subset of F', 1 < p < oo and f{° for
allt > 0.
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Proof. As a first observation we note that Span{K'; » € C"} is always the same set
independently of ¢, as the weight parameter can be incorporated into the base point z.

Consider p = 2. In this case, we can equivalently show that Span{K'; z € C"} is
dense in (F?)’, i.e. we will prove that

(f, )z = 0 for all ¢ € Span{K7; 2 € C"} = f = 0.

But (f, ¢) g2 = 0 for all such ¢ means in particular (f, K§>Ft2 = f(z) =0 for all z, i.e.
f=0.

Let 1 < p < co. By Lemma for each s > ¢ there exists a C' > 0 such that
F? C F} and [flzr < C| fllp2 for all f € F2. Now, if g is a holomorphic polynomial,
then g lies in the closure of { K!; 2z € C"} with respect to the F2 norm by the above
discussion, and by the above norm inequality g lies also into the closure with respect
to the Ff norm. Since polynomials are dense, the same holds for arbitrary f € F}.

The same proof works for f°. O

2.2 Duality and interpolation of Fock spaces

The following result describes the duality of the Fock spaces under the dual pairing
coming from F2:

Proposition 2.2.1 ([91]). Under the dual pairing (-,-); the following spaces are
isomorphic:

1) For1 <p<oo: (FFY = F!, where 1/p+1/q=1;
2) (ftoo)/ = Ftl;
3) E} is isomorphic to a subspace of (F®)

In particular, we have the following equivalences of norms (where (-, g); denotes the
linear functional induced by the dual pairing for fixed g):

1) For1<p<oo and g € F}:
lgllza < Uil rry S llgll
2) For g € F}:
lgllzr S 1 gdellgoey S ol
Proof. Showing that the map g — (-, g)¢ is an isomorphism in all the cases stated

above follow from standard methods, cf. [91,137]. From this, the equivalence of norms
follows automatically (i.e. by continuity of g — (-, g); and its inverse). O
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Remark 2.2.2. It is possible to give explicit constants for the norm estimates. For
p € (1,00) and g € F, Holder’s inequality yields

2 n/P (2)”/‘1
y < (2 : .
T (p) 2) il

Further, it was proven in [76] that we have for the first inequality

gllzz < 1€ 9)ell oy

For the case of (f°)’, we obtain from Holder’s inequality

1
1€ el (peey < 27“9“31-

Even though |76 only deals with the case p € (1, 00), the same methods yield

lgllzp < NG gdell ooy -

One can show that F}! is isomorphic to a strict subspace of (F°)" via the dual
pairing. Therefore, we obtain the following:

Corollary 2.2.3. The spaces F/, 1 < p < oo, are reflevive, while F}, f° and F®
are not.

We only cite the following important result on the interpolation behavior of Fock
spaces and their ambient Lebesgue spaces under the Complex Interpolation Method:

Theorem 2.2.4 ([91,137]). Fort > 0 the following holds true for 0 < 6 < 1:

(L, L) g = Lt?,
(FtlaFtoo)[O} :Ftpg-

1
Here, pp = 13-

Remark 2.2.5. In [137], K. Zhu claims that the interpolation formulas in the above
theorem are also valid for § = 1, which seems to be a typo. At least for the Fock spaces
this is certainly not true: Part 3) of Theorem together with the inclusions in
Proposition [2.1.6] yield that

(Ft17Ftoo)[1} = ftoo
Therefore, Theorem also yields

(FLLEX) g = (B £2°) g = FP°

for all 0 <60 < 1.
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Let us just mention that the interpolation result for the ambient Lebesgue spaces is
not particularly deep. Indeed, one can easily show that multiplication by e™ 2t gives,

up to a constant, an isometric isomorphism

exp 5%

M any LY — LP(C")

for all 1 < p < co. In particular, the spaces L} interpolate in the same way as the
standard Lebesgue spaces LP(C™). After passing to the standard Lebesgue spaces, we
can also easily identify the dual of the spaces LY (even isometrically, up to a constant):

Lemma 2.2.6. Let 1 < p < oo and q € (1,00] such that 1/p+1/q = 1. Then, the
dual of LY can be identified with L} and there is a constant ¢t such that
lgllzs = cenpll{-s @ell Ly

For completeness, we also note the following simple Fock space version of Little-
wood’s interpolation inequality with its standard proof:

Lemma 2.2.7. For f € F} and 1 < p < oo we have

z 1 1-1
1l < PF LA

Proof. Follows easily from Hélder’s inequality:

_lw|?

11 = (5)" [ w57 au

:QQYAJﬂMf@WﬂMf@W*mU

D\ _lw? N
< (= P
< (%) AJﬂwk2tmﬂﬁ o |2

-1
= p" | fllg 1 £117 -

2.3 Toeplitz and Hankel operators

Recall that the Hilbert space F? is a closed subspace of L?. Therefore, there is an
orthogonal projection from L? onto F7?, which we denote by P;. For a function f € L?
we have

Pif(z) = (Pf, Ko)
= <fa Ki)t
= [ flwe

cn

zw
t

dp(w),

i.e. the projection acts as the integral operator which has the reproducing kernel as
its integral kernel. It is desirable to have such a projection from L? to F} for each
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p € [1,00], not only in the Hilbert space case. It turns out the integral operator given
by the same integral kernel does the job, and this is really why we made the seemingly
odd choice of L} = LP(C", iy ).

Proposition 2.3.1 ([91]). For all 1 <p < oo andt > 0 the linear operator given by

zZW
t

Pf(z) = f( Je v dpy(w)

is a bounded linear projection on LY with range Ff. In particular, Pt’Ff =1.

Proof. The inequalities

1Pefllpr < 2"[1F1l
[Pefllzge < 2% fllzge

follow immediately from Fubini’s Theorem and simple integral computations. By
Theorem 2.2.4] we therefore obtain

1 Pell ppypr < 27

We will now show that the range is contained in F?, i.e. we need to show that P;f
is holomorphic for f € LY. By Morera’s Theorem, it suffices to prove that for each
triangle A C C and each j =1,...,n we have

/ P, f(z1,...,2,) dzj = 0.
OA

Indeed, we have

/ P f(z1,...,2n) dz; =
oA

w |w\2

Tt dw dzj

Cnr

_lw? / 2w
= et dz; dw
m t) (w) oA 7

Z- W
t

using the holomorphicity of z; +— e+ . Here, for the case 1 < p < oo the use of
Fubini’s Theorem is indeed justified by the following estimate, where ¢ is the exponent
conjugate to p and all but the jth entry of z = (z1,...,2,) are fixed:

W w|?

/ ]f(w)ezT|e_% dzj dw

n JOA
1 B a o 1
Nl (/@ (/BA = ) - 12 dw)q
1 1

) mnc w 'LU2 q
) liptton) ([ =5 ) <o

(Cn

IN
A/

@\ﬁ an

7N
N——
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We denote in these estimates by ¢(0OA) the length of the boundary of the triangle and
c is such that

sup |z| = sup |z12 4+ |2 <
z;€0A z; €E0A

Fubini’s Theorem can be justified similarly in the cases p =1 and p = cc.

Finally, we need to prove that P, acts as the identity on F}. Recall that this is
certainly true on F??, and therefore on P|[z1, ..., z,]. By continuity of P; and denseness
of the polynomials in F} by Proposition the statement follows for 1 < p < co.
For p = 0o, observe for f € F° and g € F}! we have

(9, Pif)e = (Pig, £t = (g, )t

again by a direct application of Fubini’s Theorem. Therefore, the statement follows
also for Fy°. O

Remark 2.3.2. In the proof we have obtained the estimate || P[|p»_,z» < 2" for all p by
interpolating between L} and L$°. Since P; is a (nontrivial) orthogonal projection on
L?, we certainly have || P|| 12—z = 1. In particular, for p 7 1,00 the norm estimate
can be improved by interpolating between L} and L? or L? and L°.

We can now define Toeplitz and Hankel operators. For each 1 < p < 0o and a

measurable function f : C* — C we define the Toeplitz operator T} : D(T}) — Ff
with domain

D(T}) :={g € F}; fg € L}
by

T;(g) = Pi(fg)

Further, we define the Hankel operator H} : D(H}) — L} with domain D(H}) := D(T})
through

Hi(g) = (I - R)(fg).

Note that we ignore p in the notation for those operators.

When it comes to Banach space adjoints of linear operators, we will use two
different notations: If A: X — Y is a linear operator between two Banach spaces, we
will denote by A* its Banach space adjoint with respect to a sesquilinear dual pairing
(such as (-, -)¢), while A" will denote the dual operator with respect to a bilinear dual
pairing (such as the standard pairing between X and Y”).

We list some properties:

Proposition 2.3.3. For f € L>(C") the following facts hold true:

1) The maps f +— TJ‘E and f H} are linear;
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2) T < 1Pl flloe and [ HY|| < (1 + [[PIDI1S ]l
3) The restriction of T} : FP° — FP° to f£° has its range in ff°, i.e. TJf|ftoo € L(ff°);
4) The adjoint of T} D f0 — fe0 s (T;)* = T% Bl — FY;

5) For 1 < p < oo the adjoint of Tj : F{ — Ff is (T})* = T% : Fl — F, where q is
the exponent conjugate to p;

6) For 1 <p < oo the adjoint of Hy : Ff — Ly is (Hy)* = PLM7(I — P,) : L — F{;

7) For g € L>=(C™) the following identity holds true:

t it t t 4

Proof. All results except for point 3) follow from immediate computations and the
duality relations in Proposition [2.2.1] 3) is a direct consequence of Remark O

An important consequence of 3) from the previous proposition is the following:

Proposition 2.3.4. Lett > 0, p € [1,00| and A € L(F}). Further, assume that A
1s contained in the Banach algebra generated by all Toeplitz operators with bounded
symbols, i.e. A can be approximated by sums of products of Toeplitz operators. Then,
A has a pre-adjoint.

Proof. For the reflexive case, i.e. p € (1,00), this is trivial. For p = 1 we can argue
as follows: For any Toeplitz operator T]f € L(F}!) we have (T;)* = T} € L(F),
(T3 | jpe = T% € L(ff°) and ((T;Z)*|ftoo>* =T} € L(F}). The same scheme works for
any operator from the Banach algebra generated by the Toeplitz operators. Analogous
reasoning yields the result for p = oco. O
Recall that K denotes the reproducing kernel functions K (w) = e By Lemma
2.1.12| we have || K%z = e% for all p. We set

K (w)
kt — z
) = R

which is therefore of norm 1 in F? for all p. For a linear operator A on F}, possibly
unbounded, such that Span{K!; 2 € C"} C D(A), we define its Berezin transform as
a function on C" by

B(A)(z) := A(2) := (AL, KL),.

z)'z

If A is a bounded operator, then A is clearly a bounded function. For f: C* — C
such that fK! € L for some p we can also define the Berezin transform of f by

Bi(£)(2) := FO(2) = Th(z) = (P(FKL), kL) = (FRL KD
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As we will see later and is well known, properties of a linear operator are closely related
to properties of its Berezin transform.

Obviously, the properties of a Toeplitz operator are closely related to properties of
its symbol. We introduce several symbol classes, which we will use throughout this
work.

By C(C™) we denote the C* algebra of bounded, continuous functions on C" and
BUC(C") is its subalgebra of bounded and uniformly continuous functions. Cy(C") is
the ideal of functions vanishing at infinity. UC(C™) denotes the uniformly continuous
functions on C" (not necessarily bounded). The following two symbol spaces have a
long-known importance for the theory of Toeplitz and Hankel operators, cf. [3032,/135].
By VO (C™) we will denote the functions of vanishing oscillation at infinity, i.e.

VO,(C") :={f € Go(C");  sup [f(2) = f(w)| =0, |z[ = oo}.

w: |z—w|<1

For f € L*>(C") we define the mean oscillation as

MO(f)(2) = Bu(If*)(2) — |Be(f)(2) |

and denote by VMO (C™) the space of functions with vanishing mean oscillation at
mfinity:

VMOL(C™) := {f € L=(C™); MOy(f)(z) =0, |z| — oo}

Note that we always assume VMOta functions to be bounded. It can be shown that
the space VMO}(C™) is actually indeed independent of the parameter ¢t > 0 [84]. We
therefore define

VMOy(C") := VMOta((C").
Here is an important property:

Theorem 2.3.5 ([10,184,(107]). Let f € VMOs(C™). Then H]tc is compact for any
p € (1,00).

For f € L} (C") and E C C" bounded and measurable with V(E) > 0 we set

loc
1
1= g1 J 1)

Recall that V is the Lebesgue measure on C". For z € C" and p > 0 we now let

A2<f7zvp)::: ‘f(uﬂ _'fB(Lp”Z dw

[ / z

BMO*#(C") := {f € Ljoo(C"); sup Aa(f, 2, p) < o0}
zeCn
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VMO(C") := {f € L},.(C"); lirr(l) As(f, z, p) = 0 uniformly on C"}.
p—

Here, BMO stands for bounded mean oscillation and VMO stands for vanishing mean
oscillation (in the interior). It is well-known that BMO?*?(C") is independent of p > 0.
We will use the abbreviations

BMO(C") := BMO*!(C")
VMO,(C") := VMO(C™) N L*(C").
We want to mention the following important results:

Theorem 2.3.6 ([12,13]). For f € L>(C") the following holds true:
tm | 7Ol = lim [T 2 gz = [

Furthermore:

1) If f € L*>°(C™), then f(t) — [ pointwise almost everywhere as t — 0;

2) If f € Cy,(C™), then O = f pointwise as t — 0;

3) If f € UC(C™), then O = f uniformly.

Recall that Toeplitz operators with unbounded symbols in general turn out to be
unbounded operators. Hence, if we take two unbounded functions f,g : C* — C, it
is at least questionable if the operator product T}Ty is well-defined. If the symbols
are at least uniformly continuous, then the product is indeed well-behaved: It turns
out that there is a dense, self-adjoint subspace D; of L? which is invariant under P,
and My for each f € UC(C™) [11]. Hence, for uniformly continuous symbols we obtain
that D; N F7 is invariant under T' ; Then, the product T’ }T gt is well-defined on D; N F?
if at least one of the symbols is in UC(C™) and the other one is either in UC(C™) or
Lee(Cm).

Theorem 2.3.7 (|13, Theorem 3.4, Theorem 4.9]). For a symbol f € UC(C") or
f € VMOy(C"™) the following holds true:

. t .
lim {| Hpl| gz, 12 = 0.
In light of 7) in[2.5.3 it follows that
lim IT7Tg — Tigllp2p2 =0
for each g € L>°(C™) or g € UC(C").

Remark 2.3.8. The above two results, together with higher order results (cf. [81]
and references therein), say that the map f — T }'Z serves as a good model for strict
quantization, i.e. in the classical limit ¢ — 0 it resembles the “classical world”. We
will come back to this later.
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For z € C" we define the operator W! € L(F}) by
WLf(w) =K (w) f(w - 2).

We will occasionally refer to the W! as Weyl operators. An easy substitution shows
that W/ is actually isometric on F’ for all p € [1,00]. Further, since W!f — W/ f
pointwise as z — 2z, W acts strongly continuously on F} for 1 < p < oo by Theorem
2.1.8 Since the shifts

az(f)(w) = f(w—2)
act strongly continuously on C(C™), it is easily seen that z — W! is strongly continuous
on f°. We fix this for later reference:

Lemma 2.3.9. Let p € [1,00) and t > 0. Then, z — W} is strongly continuous on F}
and on f°. Further, the operators satisfy (W)™ = Wt  and (WEH)* = W', where
the adjoint of course acts on the space dual to F} and f°, respectively.

Remark 2.3.10. Indeed, z — W! is not strongly continuous on F°. As an example,
z2+---+z,,21
consider again the function f(z) =e B from Remark [2.1.4] For simplicity, we

only deal with the case n = 1. The higher dimensional examples can be worked out
analogously. We have

2 22 a2 2 2
f(z) = WEf(2)|e~ 30 = e o — 515 |
z2f\z|2 iIm(z-w) (sz)2 \sz|2

= ‘e 3t —e  t 2 3t ‘

Letting now w = iz for z € (0,00) and z = 2% we get

|=|? _x%t
1) = WhfG)le 5 =1+ i 51, 20
and therefore W f does not converge to f in F®° as w — 0.

We will later be able to prove the following result, which we already state now:

Proposition 2.3.11. Lett > 0. Then, we have
2 =1{f € F®; 2z WLf is continuous in F°}.

The operators W can also be considered as operators on LY, acting by the same
formula. They are also isometric and satisfy (W!)™! = W'  and (W})* = W' (with
respect to the standard dual pairing induced by L?), at least for p € [1, o).

It is important to note that the W! (acting on F}) are actually Toeplitz operators.
Letting
24 Im (w-%)

t ‘Z|2+
gz(w) — e 2t t ,

one can show that W! = T;t. Further, the map 2 — W/ is a projective representation

of C" on FY, i.e. for z,w € C" we have the following identity:

_ilm(z-w) t

WIWE =e= "1 Wi,
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In particular, if we define for z € C" and A € L(FF) or A € L(f°)
o (A) = WEAW!

one obtains
az(aw(A)) = azqw(A). (2.2)

The formally identical equality holds true obviously for functions:

(o (f)) = erw(f)

We will also consider the operator U, which acts as

Uf(z) = f(—2).

This operator acts on all (measurable) functions. It leaves the Fock spaces invariant
and is isometric on them. We have the following relation between the Weyl operators
and U:

UWiv =w?_. (2.3)

Here are some important properties of the Berezin transform.

Lemma 2.3.12. Let p € [1,00) and t > 0. Then, the Berezin transform is a bounded
linear map

L(E}) — Cy(CT™).

Further, the Berezin transform is injective.
The same statements are true for the Berezin transform on L(f{°).

Proof. Boundedness and linearity are obvious. Let us show that A is continuous for
A € L(FY). This follows from the following computations:

[A(2) = A(w)] < [(ARKRE = ki), Kol + (AR}, K — KL).|
< || Allopll%z = Ko ll g2 1621 g + 1l AllopllFes [ 12 — Ky | o
< | Allopll&2 — Euyllzp + 1 Allopllkz — iyl s

Now observe that k. = W(1), therefore ||k — & || zp — 0 as z — w, since z — W, is
strongly continuous. The same holds for ||k! — k|| a- In the case p =1, observe that

strong continuity of W! on f?° C (F}!') suffices. Analogous arguments yield that Ais
continuous for A € L(ff°).

We prove the injectivity: Let A € L(F}) such that A = 0. Let us consider the
function A(z,w) = (AkL, k%),. Standard arguments (e.g. using Morera’s Theorem)
show that this function is holomorphic in w and anti-holomorphic in z. Then, |69}
Proposition 1.69] and A(z, z) = A(z) = 0 shows that A(z,w) = 0 for all z,w. Therefore,

we have

w 2
Az, w) = (AR KL ), = =5 ARt (w) = 0

zZ7) W

for all z,w, i.e. Akl =0 for all z. Since Span{k’; 2 € C"} is dense in F?, this shows
A = 0. The same reasoning works for A € L(f7°). O



Chapter 2. Fock spaces and their operators 27

Remark that injectivity of the Berezin transform simply does not hold true in
the case p = oo. This is shown by the following example, which was inspired by
[96, Example 1.26(b)].

|2[2

Ezample 2.3.13. Recall that for any f € F°, z +— f(z)e™ 2t is bounded and continuous
on C". In particular, the function continuously extends to SC™, the Stone-Cech
compactification of C". Fix z € fC" \ C™ and set

interpreted in the sense of the continuous extension. Then,

[ va(f)

is a bounded linear functional on F° which vanishes on f*. Fix g € F>° and define
A e L(F) by

A(f) = va(f)g-

Then, A vanishes on f°. In particular,

Az) = (ARL KLy = v (kL) (g, k) = 0

z)' 7z

for any z € C™.

The following result is well-known, at least for the case 1 < p < oo (cf. |[73]
Proposition 7] and also |10, Theorem 3.1(b)] for the case p = 2). We could not find
the result in the literature for the cases p = 1, 00, hence we provide a proof.

Proposition 2.3.14. Let f € L*°(C") have compact support. Then, MyP,, P,Mjy :
LY — LY are compact for all 1 < p < oo.

The proof is based on the following criterion, which in turn is a nice application of
the Riesz-Kolmogorov Theorem.

Theorem 2.3.15 ([67, Corollary 5.1]). Let h : C" x C" — C be a measurable function
such that h(z,-) € L*(C") for almost all z € C". Assume there is a constant M > 0
such that for almost all z € C™ we have

/ |h(z,w)| dw < M.

Denote by T the integral operator on L'(C") defined by

Then, the following are equivalent:
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1) T is compact;

2) For every € > 0 there exist § > 0 and R > 0 such that for almost all z € C™ and
every v € C" with |v] < §:

/ |h(z,w)| dw < ¢, / |h(z,w +v) — h(z,w)| dw < e.
Cn\B(0,R) n

Proof of Proposition[2.3.1). As we have already mentioned before, the space L} is
isometrically equivalent to LP(C") via a constant multiple of the multiplication operator
M <7|A|2) . Lf — Lp((cn)

exp

2t
We will use the previous theorem to prove compactness of the operators over

L}. Compactness over L then follows by duality. The other cases will follow from
applying interpolation. Note that it is in general an open problem if the (complex)
interpolation of compact operators is again compact, cf. [52] for a recent survey on that
problem. In our case, compactness of the interpolated operators is indeed verified by a
classical theorem of Krasnosel’skii [94]. As already stated, for the cases 1 < p < o0
compactness can also be directly verified estimating the dual norm of the kernel, as
was done in |73, Proposition 7].

Recall that the operator F; is an integral operator, hence Py My is also an integral
operator:

N

w-

PMglw) = [ f:)a(:)e"F diu),
Analogously, My P; is given by

w-zZ

MyPg(w) = - fw)g(z)e v dp(2).

Adjoining by the operator M > (|.|2), we obtain the following integral operators on
ex T
LY(C™):
P.M M (w) ! / f(2) (z)ewTE_%_lz2L2 dz
2 .12 - )
e (=47) T e (40) T T (Gt Jou T
1 wz_ |w?_ |z
M 2\ My P M A w) = w)g(z)e t ~ 2t "2t dz.
() MIPM ayo) = o [ (ug(e)

First, using the notation from Theorem [2.3.15 we set h(z,w) = f(z)e @ ~ 2 ~2¢.
Hence, the operator T on L'(C") is

T = (ﬂ’t)nMexp(—%) PthMexp(ﬁ) .

2t

Observe the trivial estimate [, [h(z,w)| dw < || f||oo(27t)™, which places us within
the framework of the theorem. Let € > 0. We choose R > 0 such that

supp(f) € B(0,R/2), (2.4)
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2
£ |loo (47t)"e 162 < €, (2.5)
w2
Hf”oo/ =5 dw < = (2.6)
C™\B(0,%) 4

Then, for |z| > & we trivially have

/ h(z,w) dw = 0.
C\B(0,R)

For |z| < £ we obtain |z — w| > £ for every w € C"\ B(0, R) and therefore
2 2

_|z—w\2

[ melde<ifle [ e d
C"\B(0,R) C™\B(0,R)

_ |zf'w\2

R2
< (1ot 5t / T dw
Cn\B(0,R)

2
< || lloo (4t e 6 < &,

Let us consider the second estimate. We have

\w+v\2 |z

(w4v)-Z .z
/|Maw+w—MAMhm:f@»/|etm/%—et%%Mw
n Cn
For |z| > £ this trivially evaluates to 0 by (2.4). Hence, assume |2| < £. Let § > 0 be

such that
B(z—wv,R/2) C B(z,R), |v| <.

Then, by (2.6) we obtain

/ (2w + v) — h(z,w)| dw
C\B(z,R)

w—(z—v)|2 w—z|2
1 llso (/ 67‘ G dw+/ eil 3 dw)
(C"\B(zf'u,%) (C"\B(z,%)

IN

IN
VTR

On (z,w) € B(0, &) x B(0,2R) the function

wz_ |w®_ |z

(z,w) et 3t 2t

is uniformly continuous, hence we can choose ¢ small enough such that

(w4v)-Z |w+1)\2 \2\2 Wz |1U\2 ‘2‘2 5/2

||f||Oo et 2t 2t —et 2t 2t | < W
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for [2] < &, w € B(z, R) and |v| < §. This gives

DN ™

[ o) = b w)] do <
B(z,r)
Combining both estimates we obtain

/ |h(z,w +v) — h(z,w)| dw < &

with the above choice of §. This proves compactness of Py My on L. The compactness of
My P on L} follows from similar arguments. We just give a very brief sketch. The kernel

_ 2 2
is now h(z,w) = f(w)e & ~ 2 ~2c. If we fix R > 0 such that supp(f) C B(0, R),

then
/ |h(z,w)| dw = 0.
C\B(0,R)

For the second estimate, since f has compact support we observe that

’h‘(zv w + U) - h(z,w)\ dw
Cn

<[ ) - fw)le = du
B(0,2R)

+wmm/ E
B(0,2R)

For |v| < ¢ and ¢ small enough, the first integral is now less than /2 by uniform
continuity of f, the second can be estimated as in the computations for the first
operator. O

(wtv)E  |wtv]2 |z
t

2.4 Remarks

The study of the spaces F? goes back to the important works by Valentine Bargmann
[5H7] and Irving Segal [117H119| in connection with their study of what is nowadays
called the Bargmann transform, due to which the spaces F! are also often called
Segal-Bargmann spaces. The name Fock space for F¥ arises from the following fact: If
we let F' = @2 ,(C")°F be the symmetric (or bosonic) Fock space, where ok denotes
the k-fold symmetric tensor product, then this symmetric Fock space can be canonically
identified with F? (over C") by identifying the symmetric elementary tensor

€j1 © O Chps
where the e; are the standard basis elements of C", with the orthonormal basis element
e!,, which is (up to the normalizing constant) the monomial

k

[

=1
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Using this identification, the Fock spaces F? serve as a natural setting for studying
the annihilation and creation operators (which actually turn out to be unbounded
Toeplitz operators).

It is not entirely clear to the author where the first occurrence of the non-Hilbertian
Fock spaces F! was. Certainly the most important work on these spaces was [91],
where many of the properties presented here were first discussed. In particular, the
study of duality and interpolation behaviour of Fock spaces was first done in that
paper.

The history of mathematical studies of Toeplitz operators is now well over 100
years old. The notion of a Toeplitz operator originates from Otto Toeplitz’ work [123]
on infinite Toeplitz matrices, or equivalently, on Toeplitz operators on the Hardy space
H?(D).

A comprehensive discussion on the history of Toeplitz operators could probably
fill a treatise on its own, therefore we defer from this. Let us only mention that the
systematic study of Toeplitz operators on Fock spaces seemingly started with the
papers of Berger and Coburn [28-30], even though certain aspect have already been
studied by Berezin [22]. Among all the follow-up works published on Toeplitz operators
on Fock spaces, let us only mention the textbook [137] by K. Zhu, which so far is
the only systematic collection of results concerning operator theory, in particular of
Toeplitz operators, on Fock spaces.

Essentially all results presented in this chapter are well-known, most can be found
in [91,|137]. The possibly only new results presented here are Proposition and
While the latter is certainly not surprising, we could not locate it anywhere in
the literature. For p € (1,00), a proof was given by Raffael Hagger and the author in
[73], the full result for p € [1, 00] seems to have been written down here for the first
time. Proposition the proof of which will be given in a later chapter, seems to
be entirely new and adds an interesting aspect to the studies of Fock spaces.
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Chapter 3

Correspondence Theory

In this chapter, we closely follow the presentation of the author’s own work |72]. Many
statements and proofs are taken verbatim from there. We want to emphasize that
the initial work [72] and therefore also this presentation was inspired by R. Werner’s
approach to Quantum Harmonic Analysis [130], a topic which recently inspired further
research in Harmonic Analysis [102,103]. Observe that, in contrast to [72], we will
spend some extra effort to include the non-reflexive case f;° into the discussion.

3.1 The convolution formalism

Until stated otherwise, the underlying space will always be FY for p € (1,00) or f°.
If we do not clarify in which of these two cases we are working, it will not make any
difference. We exclude F}! from the discussions, since the Weyl operators W/ in general
are not well-behaved on the dual space (F}!) = F° (in a sense which we will specify
below). To simplify notation, we will use the following abbreviations:

N = N(FF) for p € (1,00) or N(f°),

K = K(FE}) for p € (1,00) or K(f5°),

L= L(F}) for p € (1,00) or L(f{°),
S§P0 = SPO(FF) for p € (1,00) or SPO(f5°).

Of course, in all occurrences of N, K, L or S, the underlying space F} or f° is
always assumed to be the same. Here, SP° denotes the interpolated space between N

and £, cf. Appendix
The first goal will be to understand the action of «, on certain operators and

functions. The necessary facts are summarized in the following lemma:

Lemma 3.1.1. 1) Let pg € [1,00). Then, o acts strongly continuously on LP°(C™)
and on SPO;

2) a acts strongly continuously on Co(C™) and on K;

33
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3) a acts weak® continuously on L*°(C™) and on L. The latter means that for every
A€ L and N € N we have Tr(a,(A)N) — Tr(AN) as z — 0.

Proof. 1) Strong continuity on LPO(C") follows immediately from Theorem Let
A =y ® x be a rank one operator, where x € F} and y € (FF)" = F{!. Then, one
easily verifies that a,(A) = (Wly) ® (Wlz). In particular, for 2 — 0,

lo=(A) = Allw < [(Wey —y) @ 2lly + [(W2y) @ (z = W) |y
< W2y = yllery el pp + 1W2yll gy lle — Wil
S Wiy — yllgallller + Iyl palle — Wil
—0, z—0,
where we used the strong continuity of z — W! on FF and F}. This estimate now

carries over to all finite rank operators. Since | - ||sro < || - ||a, the estimate carries
over to SP0 as well. Observe that

ez (A)llw = [[Allx and [z (B)llop = || Bllop

for all A € N(FF), B € L(F}). By exactness of the Complex Interpolation Method,
we obtain
lez(A)lsro < [[Allsro

for all A € SPo. Using this and the fact that finite rank operators are dense in SP0,
it is now standard to show that

laz(A) — Allsro — 0, 2z —0.

Finally, by Equation (2.2 it suffices to show continuity at 0, so we are done. Note
that the same proof works over f.

2) The strong continuity of the shifts on Cy(C") is standard. On K, the same argument
as for the Schatten classes works.

3) Weak* continuity follows from continuity on L!(C") and N'(FF). Note that £(f)
is strictly contained in (N(f7°))" under the trace duality ¢ 4(N) = Tr(AN), which
does not cause any problems. For A € £ and N € N we have

Tr(a,(A)N) = Tr(Aa_,(N))
— Tr(AN),

since W! is strongly continuous on N. O

We will need to consider those subspaces of L°°(C™) and of £ on which the action
of a, is “well-behaved”. Let

Co:={f € L=(C"); [laz(f) = flloo = 0, 2 = 0},
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Cri={A € L5 [las(A) — Allop — 0, z = 0}.

Cp is clearly a C* algebra, and so is C; for p = 2 (being a Banach algebra in general).
Note that the defining conditions are equivalent, respectively for Cy and Cy, to

laz(f) — aw(f)lloo =0, z—w
oz (A) — aw(A)|lop = 0, z—w

for all w € C", since a,_,, acts isometrically and thanks to Equation (2.2). It is a
matter of standard computations to show that

Co = BUC(C"). (3.1)
Recall that the convolution of f,g € L'(C") is defined as
Fro) = [ sl =) du.

We will define two additional notions of convolution. For f € L'(C") and A € N, set

frd= [ f(z)a(4) de,

(Cn

which is defined as a Bochner integral in A. Further, for A, B € N set

Ax B(z) :=Tr(Aa,(UBU)),
which is a function from C™ to C. Those convolutions have the following properties:
Lemma 3.1.2. 1) For f,g € L'(C") we have

fxgeLi(C),
1f =gl < [fllzallgllze,

[ o) dz = /C £(z) dz /ng(z) dz.

2) For f € LY(C") and A € N we have

fxAeN,
1f = Al < (1| 22 [[ Al

Tr(fxA) = . f(z) dzTr(A).

3) For A, B € N we have

Ax B e LY(C") N Cy(Th),
[Ax Bl < (mt)" | Al ;]| Bl

Ax B(z) dz = (mt)" Tr(A) Tr(B).
(Cn
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Proof. 1) This is well-known and follows from the Dominated Convergence Theorem
and Fubini’s Theorem.

2) The membership of f x A in N is trivial, since the operator is defined as a Bochner
integral in that space. Further, since W/ is isometric,

V*MNSA|ﬂmwwmmﬂNW

=/|ﬂameda
Cn

which proves the second claim. Finally, since the trace map is continuous on the
nuclear operators, we can exchange the order of applying the trace and evaluating
the Bochner integral and obtain

Tr(f«A) ="Tr ( f()WEIAWE, dz)
Cn
= [ flz) Te(WIAW?! ) dz
Cn

= f(z) Tr(A) d=.
(CTL

3) The continuity of A % B is immediate, since z — a,(UBU) is continuous in the
ideal of nuclear operators. Further, boundedness follows from

| Tr(Aa.(UBU))| < [[Allxlle=(UBU)lop = [|Alx || Bllop-

We copy the rest of the proof almost verbatim from (72, Lemma 2.3] with only
minor changes. For simplicity, we state the remaining proof only for the case

A, B € N(F?), the case N'(f?°) is identical.

Assume that A and B are both rank one operators. Hence,
A=y1®@mr, B=y2®@u
with y; € (FF)' 2 F}, z; € F}. Then,

Aa.(UBU) = (y1 ® z1)a((Uy2) ® (Uxz))
= (y1 @ 21)(WUy2) ® (W Uz)).

This is again a rank one operator and one readily checks
Aa.(UBU) = (WiUys) @ x1)(W.Ux2, y1)z-

Furthermore,
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Tr(Aa,(UBU)) = (1, WiUya) (WU, y1)¢

= [ W)@ Tl /(c A Omorm
= [ a2 inwldi() [ @ = ok @nda ).

Assume for the moment that z;; and y; are polynomials (which are dense in F} and
F], respectively). We can then apply Fubini’s Theorem and obtain:

/ Tr(Aa,(UBU)) dz

— [ ) [ w0 [ 2)eals - ok k(o) dedpa(wdpe).

Since 1,z are polynomials in z1,...,2,, they (and their product) are in F? as
well and it holds

/n z1(w + 2)z2(2 — V)KL, (w)kL (v)dz

(v—w)-Z

= (mt)" /n ri(w+ 2)z2(2z —v)e t  du(z)

= (mt)" (21 (w + )22 — v), Ky )

= (mt)"z1(v)z2(—W).

We therefore get

/n Tr(Aa,(UBU))dz = (ﬂ't)"/n x1(v)y1(v)du(v) - To(—w)ya(—w)dp (w)

= (mt)" Tr(y1 @ 1) Tr(y2 @ x2).

Setting © = x1 = y2, y = x2 = y1 (which is possible, since we still assume that they
are polynomials) we have

/ (g, WU dz = ()| Te(y © )|

and hence it holds (y, WiUz); € L?(C") as a function of z with
Iy, WiUz)|| 2 < (mt)"?| Tr(y @ 2)| < (wt)"?|ly || po |1 ]| -
Therefore,

Tr(Aa,(UBU)) = (W!Uysz, 1) (y1, WiUz); € L (C")
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(understood as a function of z) and the Cauchy-Schwarz inequality yields the
estimate

I Tr(Aa(UBU))|[pr < (78)" |92l pelly2ll me || mp 12l 7p-

Now, let z; € F}, y; € F} be arbitrary. Let (@7)m, (y]")m be sequences of
polynomials converging to z; and y; in F} and F}, respectively. Then,

Tr(Aa,(UBU)) = (W, Uyz,x1)i(y1, WiUx2),

By Fatou’s Lemma we get

I Tr(Aa(UBU))|[pr < (x8)" |92l pllv2ll me |21l mp 122l 72

Recall the inequality of norms from Remark lyllpe < [lyll(gry- This yields

| Tr(Aax(UBU)) Iz < (7)™ [yl goyllv2ll gry |2l pr 122l g2
= (mt)"|ly1 @ z1||nl|y2 ® 22| A

which proves the result for arbitrary rank one operators. Having this estimate, it is
easy to derive

Ax B(z) dz = (wt)" Tr(A) Tr(B)
cn

for operators of finite rank. Finally, it is standard to generalize the results for
arbitrary nuclear operators. O

Remark 3.1.3. Upon applying the equation f(C" AxC(z) dz = (nt)" Tr(A) Tr(C) to
the operator C' = UBU, one obtains

/ Tr(AW!BW!)) dz = (nt)" Tr(A) Tr(B), (3.2)

since U is formally self-adjoint (i.e. the adjoint of U under the standard dual pairing
is U* = U) and therefore Tr(UBU) = Tr(B).

Lemma 3.1.4. The following relations hold for f,g € L'(C") and A, B,C € N:

frlg*A)=(fxg)xA,

f+«(AxB)=(f+A)xB,

(AxB)xC = (BxC)x A,
AxB=DB=xA.
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Proof. In this proof we will frequently use the following fact: Every T € L induces a
bounded linear functional on A via

N s Tr(NT).
Since k! ® k! € N, we have for T}, Ts € L:

Tr(NTy) = Tr(NTy) for all N e N
= Tr((k! @ k))T1) = Tr((kL @ k%)T3) for all z € C™.

But
Te((kL @ K)T) = Tr((kL @ (T*KL)) = (KL, T*kL), = T(2),

i.e. if two operators 17, T induce the same linear functional on N, they have to be
the same operators, since the Berezin transform is injective.
Let N € N. Then:

Tr(N(f*(g*A))) =Tr (N - f(z)Wi/ g(w)WEAWE, dw Wtzdz>

:/‘ F(2)g(w) e (NWE AW ) dw dz
n Cn
= / f(2)g(u— 2) Te(NWEAW?E ) du dz.
n Cnr
Since u — Tr(NWEAW? ) is bounded we may apply Fubini’s Theorem and obtain

Te(N(f *(g* A))) = /n . f(2)g(u— 2) dz Te(NWEAWY,)) du
— TN (] # g) » A)).

Since N € N was arbitrary, this proves (f xg) * A= f x (g * A).
The second identity follows easily:

(f* A)* B(z) =Tr ( Fw)WE AWt degUBUW3z>
Cn
= f(w) Te(WELAW!E WIUBUW?! ) dz
(Cn

= [ f(w)Te(AW! WIUBUW! W) dz
(Cn

= f(w) Tr(AW!_ UBUW! _.) dz.
Cn

The fourth identity follows immediately from the definition and Equation We
reproduce the proof of the third identity from [103, Proposition 4.4], which discusses
essentially the same convolution formalism in the Hilbert space case of the Schrodinger
representation. Let N € N. Then,
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Tr(N((B*C) x A))
=Tr(N(CxB)x A)

=Tr <N / Tr(CWIUBUWE ) )WEAW! dz)
= / Tr(WLAW! N) Tr(CWIUBUW! ) dz.
Applying Equation (3.2)) we get

:% / / Te(WLAWE_NWLCWIUBUW! W!,) dw dz
7r " Jon Jon

Te(W!AW! _NWLCW! WEWLUBUW! W) dw dz.

n

n

We now apply Equation ([2.2)):

= Te(WEAWE _NWLCW! WIWLUBUW! W) dw dz

n

7rt”

n

t / / Te(NWEOWE WIWEUBUW! , WE_ WEAW! ) dw dz
7-‘- n n

Te(NWLOWE WIWEUBUW!  AW! ) dw dz.

n

Using Lemma [3.1.2| one can show that Fubini’s Theorem applies here, which gives
= G / Te(NW.OW! WIWLUBUW!  AW! ) dz dw
71' n (Cn
= / Te(NWECW! ) Te(WLUBUW! | A) dw
=Tr(N((Ax B)x(C)),
once again having used Equation (3.2)). O
Lemma 3.1.5. Let f,g € L*(C") and Ay, A € N'. Then, we have for all z € C":

a:(f*g) = a:(f) = g—f*az( ),
a,(f*x A1) = a.(f) x A1 = [ xa,(Ar),
ay(Ar *x Ag) = a(Ay) * Ag = A x a,(Ag).

Proof. For the convolution of two functions the identity follows readily. For f € L(C")
and A; nuclear we get
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o (f* Ay) =W g F)WEAW?E  dw W
= [ fw)WIWLAWE W, dw

(Cn
= [ flo)WWiAw: Wt dw

(Cn

=[x (az(A1)).

The equality with o (f) * Ay follows now by a formal substitution. This can be made
rigorous in the following way: On pairing with an arbitrary N € N, we obtain

AlWi(w—i—z)) dw

Te(Na(f s A0) = [ Fw) T

= flw—=2z) Tr(NWZ)AlWEw) dw
(Cn

— Tr (N(as(f) % A1),

The identities for the convolution of two nuclear operators follow easily from properties

of the trace and the Equations (2.2]) and (2.3). O

Recall that the convolution between f € L'(C") and g € L>®(C") is also well-
defined, producing a function in L>°(C"). Analogously, we will now generalize the
convolution to an operation between elements from A and £, L'(C") and £, L>(C")
and N. For a unified notation, we will denote the trace duality pairing by

(A,B)y = Te(AB), A€ N, Be L.

Analogously, we will write
<f7g>t'r = c f(Z)g(Z) dZ,

which is well-defined for g € L*(C") and f € L'(C™) or f € L>°(C"). Let us first note
the following important identities:

Lemma 3.1.6. Let f € L'(C") and Ay, Ay € N. Then, we have
(f* A1, B)y = (f,B* (UAIU))w, BEN,

<f*A2,B>tT: <A2,(Uf)*B>tr,~, BEN,
(A1 Az, g)ir = (A1, g% (UASU))yr, g € LY(C).

Proof. The first identity follows immediately from the properties of the Bochner
integral and the definitions:
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(f % A1, By = Tx ( F WA dzB)
(Cn
= / f(2) Te(WEA,W!_B) dz
(C’VL
— (f, B+ (UAU))u

The second identity follows, using the substitution z +— —z:
(f* Az, B)yr = . f(2) Te(WEAW?E , B) dz
= - f(=2) Te(W! A WEB) dz
= . f(=2) Tr(AWEBW?! ) dz
=Tr (Ag/ Uf(z)W!BW?!, dz) .

The third identity follows equally easily:

n

(A1 x Ag, @) = / g(2) Te(A WU A UWY ) dz

=Tr (Al / g(2) WU ALUW?E dz)
= (A1, gx (UAU))4r. O

We can now set up the following definition:

Definition 3.1.7. Let f € L}(C"), g € L>°(C"), A€ N and B € L. Then, f*B € N,
Axg € N" and AxB € (L'(C")) = L>®(C") are defined through the following relations:

f*B(N)=(B,Uf* N, NEN,
A*g(N):<g7N*(UAU)>tT7 NEN»
(Ax B,h)y = (B,h* (UAU))y, h € LY(CM).

Note that Lemma[3.1.6states that the convolutions are well-defined. In the reflexive
case of F (p € (1,00)), one can isometrically identify £(F}) = (N'(FF)) and therefore
we can identify the linear functionals f * B and A % g with elements from £(F}). In
the case of f°, which has the approximation property, we still have the isometric
identifications

N(fe) = (F5) @nfie,
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where, @, denotes the projective tensor product (see e.g. [116] for an introduction to
tensor products of Banach spaces). Here, we identify each element

[o@)
S @y € () nki
j=1

with the nuclear operator

23 e 2N

J=1

Further, we can isometrically identify
() @nfo) = L))

by associating with each T' € L((f°)’) the functional
Ur ()Y@ f9) = € o | D my @y | =3 (Ta)(y;).

Each element of N(f°) arises in this form. It is important to note that each A € L(f°)
induces a linear functional on NV (f°) via

A N(f7) = C, @a(N) =Tr(NA).

If N=73772;®yj, then

Since [|Aflop = 4]l sy = 6]l we obtain:

Lemma 3.1.8. Let g € L®°(C") and A€ N. If Axg € N is induced by some B € L,
i.e. Axg= pp, then we have

[Bllop = [[A* glln
and the following estimate holds true:

[1Bllop < ()" [[glloo | Allar-
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Proof. The equality of the norms follows from the above discussion. Further, we have
for N e N:

|Axg(N)| = (g, N * (UAU))]
< llgllool| N+ (UAU) | 11
< (m8)" g lloo I NIl Allar,

which gives the norm estimate. O

We will show in the following that for the case of f°, at least in the cases most
interesting to us, the functionals A * g on N are also induced by bounded linear
operators. In case the functionals are actually induced by operators, we will never
distinguish between the functional and the corresponding operator.

Lemma 3.1.9. Let A€ N, B € L. Then, we have
Ax B(z) = Te(AW!UBUW! )
and the following estimate holds true:
A% Blloo < [[Alln[1Bllop-

Proof. For h € L*(C") it is

n

(TY(AW(?)UBUW(Z.)),MW: / h(z) Te(AWIUBUW! ) dz
/ h(z) Te(BWIUAUW! ) dz
—Tr< / h(2)WIUAUW! dz>

= <B, h * (UAU»W,

i.e. the function satisfies the defining relation. The norm estimate is now immediate.
O]

Lemma 3.1.10. For f € L'(C") and A € C; we have
fxA= fOWEAW!  dz € ¢y
Cn

and

1F* Allop < [[f[I 21| Allop-

Proof. First observe that the above integral exists as a Bochner integral in C;. Now,
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< F)WEAW? dz,N> = f()Tr(AWt NWEH dz
(Cn

/ f(=2) Te(AWINWE ) dz
AUf *N))
= <A,Uf>l<N>t7«,

i.e. the integral satisfies the defining relation. The norm estimate follows directly from
basic properties of the Bochner integral. ]

Remark 3.1.11. Since z — W! acts weak* continuously on £ (Lemma [3.1.1]), the
integral
fOWLAW! | dz
(C?’L
exists as a weak® integral in £ and satisfies the defining relation for f * A. Thus
f*Ae€Lforall fe L'(C"), A€ L. Since we will not need this, we do not go into
the details here.

It will be a crucial point of the following discussions that g x B is also a linear
operator for all g € L>(C™), at least for one particular choice of B € . But before
showing this, let us state the following important observations:

Lemma 3.1.12. For f € L'(C"), g € L>®(C"), A€ N and B € L we have

o (f* B) = a,(f) * B= [ xa,(B),
az(Axg) = az(A) xg = Axa(g),
ay(Ax B) =a,(A)*x B=Axa,(B).

Proof. For the cases f+B and Axg note the following: While the statement of the lemma
is also true in larger generality (considering the action of «, on N'(f°) = L((f£°))
as the action on L(F}) via (f°)" = F}!), we will discuss the relations only for the case
that the convolutions are induced by linear operators from L.

In this case, the identities follow easily from the defining relations of the convolutions,
which now read as

(f*B,N)y = (B,Uf % N)y,
<A * gaN>t7' = <gaN * (UAU)>t7'7
<A * B7h>t7' = <th * (UAU)>tr7

and an application of Lemma We discuss this for the identity a,(Axg) = a(A)*g
as an example. Note that a, leaves £ and N invariant, so a,(A * g) € N is induced
by an operator from L if and only if A * g is. Then:
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(az(Ax g), N)ir = Te(WL(Ax g)WE N)
= Tr((Ax g)W! NW)
= (Ax g, W _NW,,
= (g, WL NW)) % (UAU)) s

= / g(w) Te(W!_NWIWEAW? ) dw
= / g(w) Te(NWIWE AW?E, Wt ) dw

_ / g(w) TH(NWEWLAWE W) dw

— (9. N+ Ua ()

= (a=(A4) * g, N)r.

Similar computations prove the other identities. O
We now obtain the following important consequence:

Proposition 3.1.13. 1) Let Ac N, B e L. Then, Ax B € BUC(C").

2) Let A€ N and g € L>®(C"™) such that Axg € L. Then, Axg € Cy.

3) Let f € L'(C") and B € L such that f * B € L. Then, f* B € C;.

Proof. 1) This follows from the previous results, since as z — 0,

[A% B = (A% B)oc = [[(A - a:(A)) * Bl
< |A = = (A)|lw[|Bllop
—0, z—0,

having used the strong continuity of o, on N.

2) The reasoning here is similar:

[A*g —az(Axg)llop = I(A—az(A)) * gllop
S 1A = () llgllo
—0, z—0.

3) Follows analogously to 2). O

We deduce several associativity relations from the properties of the convolutions
on N and L'(C"). The one important to us is the following:

Lemma 3.1.14. Let A, Be N and C € L. Then, Ax (BxC)=(AxB)x*C.
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Proof. Tt is not difficult to verify that (UAU) x (UBU) = U(A % B). In particular, for
N € N we obtain

(N*(UAU))* (UBU) = N % ((UAU) « (UBU)) = N « (U(A x B)).

Therefore,
(A% (BxC))(N)=(B*xC,N * (UAU))
= (C,(N % (UAU)) * (UBU))r
= (C,N « (U(A* B)))ur
= ((AxB) = C)(N),
as required. ]

Let us also note the following fact, which will we use later:

Lemma 3.1.15. Let py € [1,00). For A € N, B € 8P the convolution A * B is
well-defined and satisfies

|4 Bl[Lro < C[|All x| Bllsro

for some constant C' > 0 depending on n,t,p and pg.

Proof. This follows immediately by applying the Complex Interpolation Method to
the maps

B+ AxB, N - L'(C")
B A% B, £ — L®(C")

which satisfy estimates of the form
[ A Bl S [[Allwl| Bllar
A% Blloo S A& 1B ]lop- =

3.2 Connections with Toeplitz operators and the Berezin
transform

Let us denote by Pc the operator
Pc=1®1¢€ N,

B Pe(f) = £(0)

and its normalized version R; = ﬁPg.
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Proposition 3.2.1. Let A € L. Then, we have
Pex A(z) = A(z).
Proof. One easily verifies
AWIUPUW! = AWIU(1 @ )UW!, = kL ® (Ak!)
and therefore
Pex A(z) = TH(AWIUPCUW? ) = Tr(k! @ (AKY)) = (AL kL) = A(z). O
Let us note the following: Since Pc x A € L1(C") for A € N we obtain:
Lemma 3.2.2. Let A€ N. Then, A € L*(C").

Proposition 3.2.3. For f € LY(C") we have f *R; = T;. In particular, T]’Z e N and
T¢I ar < e

Proof. Recall that f xR is defined through the Bochner integral
f*Ry = f)WIR W, dz.
(Cn

Let us evaluate this integral at g € FF for p € (1,00) or g € f°:

O e R ICETAIORE
1 _ Lz
= iy fo T KDL
1 AL
= Gy o, TR o
:T}g.

The norm estimates now follow from the corresponding estimates for the convolutions.
O

Proposition 3.2.4. Let f € L*°(C™). Then, we have R; * f = T} eL.
Proof. Recall that we have to prove that T’ Ji satisfies the relation
<T}a N)tr = (f, N % (URU ) )1y
for each N € N/. More specifically, since Span{k!; z € C"} is dense in F} and (F}) =

F (respectively, in f° and (ff°) = F}), it suffices to prove this for N = k! ® k,
z,w € C". In this case, we have
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(T}, N)ir = Tr((kL @ ki, )Tf)
= Te((T})"kL) © k)
= (ki (T}) kL)
= <T]€kfua k§;>t
— FOw.2).
On the other hand, one can easily verify that
(KL @ k)W (1@ )WL, = (k2 @ ki) (K, @ k) = (ki ko) (ky, © k)
and therefore
1
N (URD ) = o | ) Tr(R: @ B )Wo (1@ W) de
(Cn
1
= G o, TR K (kL K
zu_ |z ww_|w?
= [ e T dpy ()
(Cn
= f(t) (wv Z) O
We have the following important consequence:
Lemma 3.2.5. Let f € L>°(C"). Then, TJE €C.
Proof. This follows from the previous proposition and Proposition [3.1.13 0

So far we have obtained continuous linear maps
LNCY) = N, [T},
L®¥(C") = L, [f~—T;,
N = LY(C"), A= A,
L— L®(C"), A~ A
Applying the Complex Interpolation Method gives continuous linear maps

LP(CM) — 8™, f— Tf,
SP0 s LP(C"), A A.

Here, we use the notation §P° = SPo(FF) or SPo = SPo(f°) for the ideal obtained
from complex interpolation between A and L for 1 < py < oo, cf. Appendix [A3]
In particular, this proves that there is some constant ¢ > 0 such that the estimates
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T¢I sp0 < cll fllro, | Al|zro < ¢||Alsro hold true. Since the finite rank operators are
dense in SPO, it is not difficult to see that «a, acts strongly continuous on SP°. In
particular, we can define for f € L'(C") the convolution with A € SP° as

fxA= f(2)az(A) dz,
(C’I’L

which converges as a Bochner integral (or alternatively, obtaining the same estimate,
interpolate the convolution). One of the few important (to us) facts about this
convolution is the obvious estimate

1f * Allsro < (|21 [|Allseo-
Further, for A € N, B € 8P we can still set
Ax B(z) = Te(AW!UBUW? ).
In the following, we will denote for s > 0 by fs the Gaussian functions

e

fs(2) = e

(ms)"

An easy computation shows that R * Pc = f;. Using Lemma and Propositions
and we obtain the following important identity, which is well known in the
Hilbert space setting [30, Theorem 6].

Lemma 3.2.6. For A € L the following holds true:

3.3 Correspondence Theory

Recall that convolution by fs is an approximate identity in BUC(C"), i.e. for each
g € BUC(C™) we have fs * g — ¢ uniformly as s — 0. The following fact is of key
importance:

Lemma 3.3.1. Convolution by fs is an approximate identity of SP°, 1 < pg < oo,
and also of Cy.

Proof. Recall that a, acts strongly continuously on SP° and on C;. Let us denote
by || - || the norm of either SP° or C; for the moment. Then, by the reverse triangle
inequality, z +— ||a,(A) — A|| is uniformly continuous. Therefore,

Ifox A= AI< [ f)lan(a) - 4] a:

= fs * [la)(A) = A[|(0)
= [lao)(A) — Al =0

as s — 0, which is what we wanted to prove. ]
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Let us recall the following important result due to Norbert Wiener. Here, f denotes
the Fourier transform of the function f.

Theorem 3.3.2 (Wiener’s Approximation Theorem). Let f € L'(R™). Then, the
following holds true:

f(€) #0 for all € € R™ <= Span{f(- — z); z € R"} is dense in L*(R™).

A proof of this well-known theorem can be found in |70, Corollary 4.70]. Since
the Fourier transform of a Gaussian is again a Gaussian, which vanishes nowhere,
we obtain the following: For each N € N there are constants My € N, cé-v € C and
Z]N eC" (j=1,...,My) such that

Jj=1 1
Let us fix these constants. It is a matter of a simple substitution to show that the
same constants satisfy

My 1
N
fe— E cgagy(fll <5
Jj=1 Il

for all ¢ > 0.
Theorem 3.3.3. Let A € SP0 for1 <pg<oo or A€ (Cy. Then:

N t
A—ch o tzjV(Tg) -0, N — oo,
where || - || is the norm of the space from which A is taken.

Proof. Recall that TZ = f; x A by Lemma By Lemmas |3.1.12| and |3.3.1| we

receive

My My
A—Zcﬁya\/{zjz_v(T‘%) < A—f%*A + f%*A—Zcéva\/zZ]N(sz)
j=1 j=1

My
=|[A - fox Al + f%*A—Zcéya\/izév(ft)*A

=1
MN

S|A-FfoxA|+ f%—zcé‘va\/iz;v(ft) Al
i=1 o

<Az ol Ly

- N N

—0

as N — oo. O
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Let us introduce some notation. For a subspace Dy C L>°(C"™) we denote for
1<p<ooandt>0:

ToH (Do) == {T} € L(F}); f € Do},
TP Do) := Alg{T} € L(F}'); [ € Do},
T2 (Do) := C*({T} € L(F}); f € Do}),

ie. liﬁt(Do) is the operator norm closure of the Toeplitz operators with symbol in

Dy, TP (Dy) is the Banach algebra and 7;2’t(D0) the C* algebra generated by them.
Analogously,

T (Do) :={T% € L(f); | € Do},

in

T (Do) := Alg{T} € L(f°); f € Do}

For a lack of a better notation, we will write

T (Do) := {T% € L(F®); f € Do},

in

T Dy) i= Alg{T} € L(F); f € Do}

Further, we will often abbreviate 7P = TP'(L>®(C")) (1 < p < o) and ToH! =
ToeHt(Lo°(C™)) for the full Toeplitz algebra.

Observe the following consequence of Theorem [3.3.3] parts of which are well-known
(ie. T2 = ﬁ?ﬁt(BUC(C")) is obtained from the Fock space version of [131, Theorem
1.5] combined with [19, Theorem 3.7] and N' = {T%; f € LY(C")} for p = 2 is [30,
Theorem 9]).

Corollary 3.3.4. Let1 <p < oo andt > 0. Then:
1) €y = TPt = THBUC(CM));

in

2) SPo = {T%; f e Lro(C)} for each 1 < py < 0.

In the second part of the Corollary, the closure is taken with respect to the SP°
norm. A construction analogous to the one above works for functions. If f € LPo(C")
or f € BUC(C"), then we have

My _ My
EPICEVAIUL B TRy PR R FPRTEDSLLNATEORY,
j=1

Jj=1

<|F=fyna]+ f;—%fc;vaﬁz;v(ft) 11

Jj=1 L1

— 0

as N — oco. We therefore obtain:
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Proposition 3.3.5. Let f € LP°(C") or f € BUC(C"). Then, we have

Mn
f — Zcéya\/gzzv(f( ) — 0
j=1
as N — oco. Here, || - || is the norm coming from the space LP°(C™) or BUC(C"). In

particular, we have

LPO(C™) = {A; Ae 8w},
BUC(C") = {4; AeC},

for all 1 < pg < 0.

It is noteworthy that the last two equalities in the previous result are independent
of p and t¢.

The cases F}! and F®

We will now try to carry over the results we obtained to operators on F}! and F°. In
both cases, we can still define the space C; analogously, i.e. as the space of operators
A from L(F}) or L(F®) on which the shifts z — «a,(A) act strongly continuously.
Further, for A € C; and f € L'(C"), the convolution

fxA:= F)WEAW! | dz
Cnrn

is still well-defined as a Bochner integral in C; and satisfies the estimate || f x Al|,p <
| Lt || Allop- If one wants to imitate the preceding convolution approach, one encounters

the problem that the compact operators (and even the nuclear operators) are not
22+.4.+Z%
entirely contained in C;. As an example, consider the function f(z) = e o

from Remark Since z — WL(f) is not continuous in F°, one can show that
z = a,(f ® 1) is not continuous in N(F}). Analogously, z — a.(1 ® f) is not
continuous in N (F°). While we will not talk about the SP° part of the theory on
F}! or Ff®, the C; part can be rescued. Proving that TJ’Z € C, for f € L*°(C"™) cannot
be done by imitating the proofs from above. Instead, this follows from duality: For
f € L*(C™) we know that z — oaz(T%) is continuous in L£(f7°). Since the Banach

space adjoint of T% is T} € L(F}), and the norms of F{ and (f°) are equivalent, we

obtain by duality that T} € C; over F}'. Using duality again, we obtain that T% is in
Cy over F®. The equality f;x A = fo for A € Cy is still valid over F! and F°: While
the proof using convolutions does not work anymore, both sides are still well-defined.
Comparing their Berezin transforms shows that they indeed define the same operator.
Using the same proof as for the cases above, we obtain:
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Theorem 3.3.6. For A € C; over F} or F° we have for N — oc:

My
N t
;Cj a\/fz]N (TZ) — A.

Consequently, the equalities
€1 =T =T,/ (BUC(C™M),
€y = TH = T2 (BUCCM)

also holds true.

Note the following: Since every Toeplitz operator on Fy* leaves f{° invariant, we
obtain that every operator in C; over Fy* leaves f° invariant by the above theorem,
which is not at all obvious.

To simplify notation, we will in the following refer to the case F° by p = oco+.
To clarify this, here are two examples: If a statement is supposed to hold true for
1 < p < oo, then it holds true over F, 1 < p < oo, and over f° as well. The validity
of a statement over the range 1 < p < oo+ refers to all the spaces F, 1 < p < oo, f°
and F°. Analogously we will encounter the range 1 < p < co+.

We can now also conclude a proof from Chapter 2:

Proof of Proposition |2.5.11] Recall that the equality which we want to prove is the
following:

2 ={f € F®; 2+ WLf is continuous in F/°}.

The inclusion “C” was already noted in Lemma [2.3.9] Hence, let f € F>* be such
that z — WLf is continuous in F°-norm. Thus, for the rank one operator 1 ® f from

L(FF°) we obtain
laz(1 @ f) = (1@ fllwee) = 1R @ W) = 1@ Hlvee
<k = 1) ® fllare) + 1@ (F = W) e
SNEL = Ul £ ez + g 1 = W2 e
— 0

as z — 0. In particular, 1 ® f € C; = T°°Tt. Therefore, by Proposition 3),1xf
leaves f{° invariant. Hence, (1 ® f)(1) = f € f°. O

The main correspondence result

The following result is now the essential part of Werner’s Correspondence Theorem
[130]. The result holds true for all 1 < p < co+.
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Theorem 3.3.7. 1) Let Dy C BUC(C™) be a closed and a-invariant subspace. Then,
there is a unique closed and a-invariant subspace D1 C Cy such that the following
holds true: For each A € C1 we have

A €D, < AcD,.

2) Let D1 C Cy be a closed and a-invariant subspace. Then, there is a unique closed
and a-invariant subspace Dy C BUC(C™) such that the following holds true: For
each f € BUC(C") we have

f €Dy T} €D

This correspondence of spaces is symmetric, i.e. if D1 is the unique closed and
a-tnvariant subspace associated to Dy, then Dy is the unique closed and a-invariant
subspace associated to D1 and vice versa. Finally, this correspondence, which we will
write by Dy «— D1, is given by

{X; AEDl}:'D()(—)'Dl:/Ep (Do)

m

Proof. First observe that, granted the existence of such corresponding spaces, they
need to be 7}%(1?0) and {A; A € D;}. Indeed, let Dy be as assumed in the theorem
and D; the space e corresponding to it. Since Dy is a-invariant and closed, we obtain
fox f=fO =15 t € Dy for every f € Dy, and therefore we receive 7’1’ (Dy) C Dy.
Since D is a- mvarlant and closed, it is invariant under convolutions by L!(C"). In
particular, f;x A = sz € Dy for A € Dy. Therefore, any A € D; can be approximated
by elements in 7,2 (Do) by Theorems [3.3.3 and [3.3.6, This means that 727 (Dp) is
dense in D;. Since both spaces are closed, we obtain 77% (Do) = Ds.

On the other hand, if we start with D; and consider its associated space Dy,

analogous reasoning yields Dy = {ﬁ’ A € Dy }. This settles the uniqueness part. Now,
it remains to show that these spaces actually satisfy the claimed properties.

Let us start with the first part, i.e. Dy C BUC(C") is given. Let A € C;. Assume
Ae 'Tpt( Dy). Then, we can approxnnate A in operator norm by Toephtz operators
T, ! with g € Dy. Since Tt = i) = f, x g, € Dy for all k, and Tt — A uniformly
as n — 00, we obtain Ae DO On the other hand, if Ae Dy, then Theorem or
Theorem [3.3.6 prove that A € T2 (Dy).

Now, assume Dy C Cy is given. Let f € BUC(C"). If we assume f € {A; Ae D},
let Ay € Dy such that Ak — f uniformly. Then, Tt — T} in operator norm. But

TAN = fy x Ay, € Dy, therefore T' JE € D;. Conversely, 1f we assume that T’ } € D1, then
k —
clearly f € {4; A€ D;}. O

In what follows, we will always denote by Dy, Di such a pair of corresponding
spaces. For later reference, let us fix the following easy observations, which follow
immediately from the Correspondence Theorem.
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Lemma 3.3.8. Let Dy «— Dy. Then the following statements hold true:

1) Dy is U-invariant, i.e. Uf € Dy for all f € Dy, if and only if Dy is U-invariant,
i.e. UAU € Dy for all A € Dy;

2) 1 € Dy if and only if 1 € D1. Here, 1 denotes the respective unit elements in the
Banach algebras BUC(C™) and Cy;

3) If Eu, &1 is another pair of corresponding spaces in the sense of Theorem then

Dy C & < Dy C &y

4) For p = 2: Dy is self-adjoint (i.e. f* € Dy for f € Dy) if and only if Dy is
self-adjoint (A* € Dy for A € D).

We already know one example of corresponding spaces: By Corollary and
Theorem [3.3.6] we obtain
BUC(C") <— Cy = TP*

for all p and t. Here is another example:

Theorem 3.3.9. For all p,t we have
C[)((Cn) +——CiNK.

Proof. Let us first consider the case 1 < p < oo. If f € C.(C"), then f € L*(C") and
therefore T}Z € N. In particular, T}’i € K. Approximating an arbitrary f € Cy(C")
by compactly supported functions yields TJE € K for f € Cy(C™). Since the adjoint
of a compact operator is again compact, we obtain T’ }3 € K for all 1 < p < oo+ if
f e Cy ((Cn)

Let Dg be the space corresponding to JC N Cy. Then, we have by the above

Co(C") +— TEHCH(C™) Cc KN Cy +— Do

and therefore by Lemma [3.3.8) Co(C") C Dy. In the cases 1 < p < oo, the normalized
reproducing kernels k% converge weakly to 0 as |2| — oo (this follows from the inclusions
in Proposition [2.1.6/and the dualities in Proposition[2.2.1)). Therefore, for A € KNCy we
obtain in these cases (since every compact operator over a Banach space is completely
continuous) that ||AkL|| — 0 as |z] — oo and hence

[A(2)| = [(ARL, kL)e| S |ARL| =0, 2z — oo,

z) 'z

ie. A e Cy(CM). Over Ff°, A € KNC) leaves f7° invariant and therefore the restriction
Alpee is in KN Cy over f{° and has the same Berezin transform, hence A€ Cy(C") in
this case. For the last case, A € KN Cy over F}, the dual A* is in K NCy over F® and
for the Berezin transform of A* is the complex conjugate of ﬁ, which is contained in
Co(C™).

This discussion shows that A € Co(C™) for A € KNCi in all cases. Therefore, Dy C
Co(C™). Hence, we have proven Dy = Cy(C"™), which shows the correspondence. [
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The following corollary is the well-known characterization of compact operators
over the Fock spaces, cf. [19, Theorem 1.1] for the first proof in the case 1 < p < occ.
To the best of the author’s knowledge, the limit cases f°, F}! and F® have not been
dealt with before.

Corollary 3.3.10. 1) For 1 < p < oo the following holds true for any A € L:
A is compact < A€ TP and A € Cy(C").

2) For p = 1,00+ the following holds true for A € Cy:
A is compact < A € Co(C").

Proof. Follows immediately from the correspondence Cy(C") <+— K N Cy. Observe
that we have K C C; by Lemma for the cases 1 < p < oo. O

Observe that we necessarily get a weaker statement for the cases of F}! and F°. If

) ()2 L. .
we consider for n = 1 the rank one operator A = e2r ® 1 € L(F}'), which is certainly

compact, then A is not contained in C;. Indeed, its adjoint, considered as an element
2 2

of LIFP),is A*=1® e . Since e € FEe\ f°, A* clearly does not leave fp*°
invariant, hence cannot be in 7%,

Over F{* it is seemingly difficult to verify whether an operator belongs to C;.
Therefore, we present a different characterization of compactness in this space:

Corollary 3.3.11. Let A € L(Ff°) be such that it leaves f° invariant. Then, the
following holds true:

A is compact < A€ T and A € Cy(CM).

Proof. By identifying (f°)" with F>°, we obtain A = (A[se)**. Now the result follows
easily from the compactness characterization over f. O

Here is another important example of correspondences:

Lemma 3.3.12. The following correspondence holds true:
VOus(C™) +— esscom(Cy,Cq),
i.e. esscom(C1,Cq) = 77”’5(\/03(((3”)).

m
Recall that VOy(C™) denotes the functions of vanishing oscillation at infinity. It
is not difficult to see that this is a closed and a-invariant subspace of BUC(C") (and
even a unital C* subalgebra, as will become important later). Further, esscom(Cy,C1)
denotes the essential commutant of C; in Cq, i.e.

esscom(Cy,C1) :={A € Cy; [A,B] € K for all B € C;}.

We will later see that this agrees with the full essential commutant esscom(Cy, L), i.e.
with
esscom(Cy, L) :={A € L; [A,B] € K for all B € (1},

at least in the cases 1 < p < o0.
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Proof of Lemma [3.3.19. 1t is elementary to verify that VOs(C") and esscom(Cy,Cy)
are a-invariant and closed. Since Toeplitz operators with BUC(C™) symbols are dense
in C1, we have

A € esscom(Cy,Cy) & [A,Tg] € L for all g € BUC(C").
Hence, we need to show that

Tin

m

(VOu(C™) = {A € C1; [A,T!] € K for all g € BUC(C™)}.

We know that esscom(Cq,C1) = 77;5(1)0) for some Dy € BUC(C") a-invariant and
closed, i.e.

Dy = {f € BUC(C"); [Tf, } € K for all g € BUC(C"™)}.

Now observe two things: First, for f € BUC(C") we have [T}, T;] € K for all
g € BUC(C") if and only if ([T},Tg]) € Cy(C™) for all g € BUC(C™) by Corollary
3.3.10l This condition is indeed independent of p, since the Berezin transform of the
formally p-independent integral operator [Tf, Tt] (i.e. its integral expression does not
depend on p) does not depend on p. On the other hand, [13, Proposition 3.6] shows
VOu(C™) C Dy for p = 2, hence for all p.

Finally, if f € Dy, we can conclude as in [30, Proof of Theorem D]: Since the
operators W are Toeplitz operators with bounded symbols, the assumption implies
that for any z € C" we have [TJ’E, W!] € K and therefore

for all z € C". This gives

T T = [ Ao)lou(r) - 7} ds € K. 53
which implies by Corollary
(f(t) _ f)N(t) € Co(CTM).

Since f) — f € BUC(C™), Proposition yields f) — f € Cy(C™). Finally, this
yields f € VOu(C™) by [30, Corollary to Theorem 5]. Therefore, Dy C VOu(C"). O

Note that the upshot of Lemma is not the correspondence itself, which is as
expected, but rather the fact that it can be deduced for any p from the well-studied
Hilbert space case. We will encounter this reasoning again later. We also have the
following consequence of Equation , which is again well-known for the Hilbert
space case:

Corollary 3.3.13. The following holds true for any 1 < p < co+:

esscom(Cq,Cy) = 77’

m

(VOu(CM) = {T%; f € VOu(C")}+ (KNCy).
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We will later see more examples of correspondences. Let us for the moment continue
with the general theory.

Note that Cy(C™) is an ideal in BUC(C"™) and similarly 7;%(00(@”)) = KNCy is an
ideal in 7}?;:(BUC((C")) = C;. We will later see that this is not just a coincidence. For
the moment, we will focus on the quotients of those spaces. Recall that for 1 < p < oo
we have even 72%(00 (C")) = K, which is now an ideal in both 77! and £. Therefore,
we can consider the Coburn algebra TP /K as a closed subalgebra of the Calkin algebra
L/K. Recall that the natural norm on the Calkin algebra is:

[A+ K[ = [Alless == inf A+ Kop-
eK

Further, since the group action «, leaves K invariant, it descends to a group action
in L/K: a;(A+K) = (az(A) + K). In particular, once z — a,(A + K) is continuous
for fixed A + K € L/K, we can define its convolution by f € L'(C") as the Bochner
integral

f*(A+K) = f(z)a(A+K) d=.
(Cn
Theorem 3.3.14. For 1 < p < oo the following equalities hold true:

TPHK ={A+K € L/K; 2+ a,(A+K) is norm continuous}
={A+KeL/K; fsx(A+K)— (A+K) in norm as s — 0}.

Further, for A+ K € TPY/K, the same approzimation scheme as in Theorem m
works:

(A+K) = [ Y Nazn (@D +K ||| =0 (3.4)

as N — oo, where the coefficients are as earlier.

Proof. For (A + K) € TP!/K the continuity of z — a, (A4 + K) follows immediately
from the fact that 77! = C; and the trivial estimate

A+ K[l < [[Allop-

If 2 — a,(A+ K) is continuous, we obtain as earlier:
(A48~ for (A K < [ HEIA+K) = auld+K)] dz 50, ¢
C'I’L

If fix(A+K) - (A+K) ast — 0, we can prove the approximation scheme
in Equation (3.4) as earlier using Wiener’s Approximation Theorem, hence we get
A+KeTPt/K. O

While we cannot naturally consider 77¢/(K NCy) as a subalgebra of the Calkin
algebra £/ in the cases p = 1,00+, a, still descends to a strongly continuous group



60 3.3. Correspondence Theory

action in the quotient 7P!/(K N Cy). Therefore, one can analogously prove that the
approximation from Equation works equally well in these cases.

We just notice as a byproduct of the approximation method that we also get
a Correspondence Theorem in the Coburn algebra, which is proven analogously to the
first Correspondence Theorem:

Corollary 3.3.15. For 1 < p < oo+ there is a 1:1 correspondence between closed, «-
invariant subspaces Dy/Co(C™) of BUC(C™)/Co(C™) and closed, a-invariant subspaces
Dl/(lC N Cl) Opr’t/(IC N Cl)

{A+Co(Cm); A+ (KNCh) € D1/(KNC1)} =Dy /Co(C)
= Di/(KNC) = TPHDy)/(KNCy).
The usual correspondence statements hold true: For f + Co(C™) € BUC(C™)/Cy(C™)
and A+ (KNCy) € TPY/(KNCyp) we have

f+Co(C") € Dy/CH(C") <= T]tc +(KNnC)eD/(KNCh),
A+ (KNGC) €D /(KNC) < A+ Cy(C") € Dy/Co(CTM).
Another corollary to Theorem is the following:
Corollary 3.3.16. For 1 < p < oo we have
esscom(Cy,Cy) = esscom(Cy, L) = TPH(VOys(C™)).
Here,
esscom(Cy, L) :={A € L; [A,B] € K for all B € C1}.

Proof. The inclusion
esscom(Cy,Cy) C esscom(Cy, L)

is obvious. Assume A € L is such that [A, B] € K for all B € C;. This of course
implies A — a;(A) € K for all z € C". Therefore, (A + K) — (az(A) + K) = 0, i.e
A+ K € TP'/K by Theorem In particular, there are B € TP! and K € K such
that A = B + K, which proves A € esscom(Cy,Cy). Thus

esscom(Cy, Cy) D esscom(Cy, £)
as stated. O

Here is one more corollary of the theorem:

Corollary 3.3.17. For 1 < p < oo, TPY/K is closed under inversion in L/K, i.e. if
A € TPt is such that there exists B € L with

AB=14+K,, BA=I+K,

for some Ki,Ky € K, then B € TPt. In particular, if A € TPt is invertible, then
At e TPt
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Proof. The statement follows from the characterization
TPK ={A+ K c L/K; |(A+K)—a(A+K)|| =0, z— 0},

the fact that (W!)~! = W!_ and a standard Neumann series argument, i.e. if (4 + K)
is invertible in £/KC, then
I(A+K) ™" = (az(A+ )T = 1A+ )7 = ax((A+ )7l
A+ )M (A +K) —ax(A+ K
1= [(A+K)7HI(A+K) = a.(A+ K|

for |z| sufficiently small. O

The most important part of the previous corollary can be salvaged for the cases of
F} and F®
¢ t -

Corollary 3.3.18. For p = 1,00+ we have the following: If A € TPt is invertible,
then A=t € TP,

Proof. This is in principle a consequence of Corollary In fact, the result follows
from the same Neumann series argument as in the proof before, but now in 77+ instead
of the quotient. 0

Corollary implies that the Fredholm property of operators from the Toeplitz
algebra depends only on invertibility in 77 /K. Even though K is not entirely contained
in 7P for p = 1, oo+, this particular statement carries over:

Lemma 3.3.19. Let 1 < p < oo+ andt > 0. Then, A € TP is Fredholm if and only
if there are operators B € TPt and K1, Ko € KNCy such that

AB=T+K,, BA=I+K>.

This means that A € TP is Fredholm if and only if A+ (K NCy) is invertible in
TPL/(KNCy).

Proof. We only need to discuss the cases p = 1, 00+. Further, the nontrivial part of
the proof is showing that Fredholmness of A implies the existence of such operators
B, K, K. Recall that every operator from 7' is the adjoint of some operator in
T°%t and every operator from 7" is the adjoint of some operator from 7. Let
A € T be Fredholm. Then, there is some A € 7°%! such that (A°)* = A. Since an
operator is Fredholm if and only if its Banach space adjoint is Fredholm, A° needs
to be Fredholm. By Corollary there are BY € 7°%! and K7, K3 € K(f?°) such
that
A'BY =71+ KY BY°A°=T1+K).
Passing to the adjoints, we obtain B = (BY)*, K; = (KJO)* with B € T4, K; €
K(F}) Ny such that
AB=1+ K, BA=I1+ K.

For A € 7> Fredholm the corresponding operators are similarly coming from the
pre-adjoint operators. ]
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3.4 Remarks

As already mentioned, the core ideas of Quantum Harmonic Analysis originate from
Reinhard Werner’s paper [130], cf. also [102,]103] for a more detailed exposition and
recent results on the subject. Based on this, the author established an analogous
notion of Quantum Harmonic Analysis on the reflexive Fock spaces F} (p € (1,00))
in 72| and applied it to certain problems of Toeplitz operators and Toeplitz algebras.
This chapter, together with the next one, is based on that paper. Compared to [72],
we took several changes into account. First and foremost, we were able to include
the non-reflexive endpoint cases in the present discussion. Further, the discussion of
correspondences in the quotients with its implications was not contained in [72].
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Invariant C* algebras

In this chapter, we will investigate how the notions of Correspondence Theory interact
with algebras of Toeplitz operators. An important tool for doing this will be the
so-called limit operators. Before we can introduce and investigate these objects, we
need to return to the symbol spaces.

4.1 Invariant C* subalgebras of BUC(C") and their maxi-
mal ideal spaces

For the whole of this section, let A be a unital C* subalgebra of BUC(C") which
is invariant with respect to the actions o and U, i.e. if f € A, then Uf € A and
a.(f) € A for all z € C". We will denote by M(A) the maximal ideal space of A, i.e.
the space of all nontrivial multiplicative linear functionals. Since we assume A to be
unital, M(A) is a compact Hausdorff space when endowed with the weak* topology.
Further, we can identify each point z € C™ with §, € M(A), the functional of point
evaluation, and the set of all these functionals is always dense in M(.A). In general,
the assignment z — ¢, is not injective. It is injective if and only if A separates the
points of C" i.e. if for each pair of points z, w € C™ there is a function f € A such that
f(2) # f(w). Even if this is not the case, a-invariance gives some structure among the
points which are not separated:

Lemma 4.1.1. The set
per(A) :={z € C"; f(z) = f(0) for every f € A}
forms a closed subgroup of C™.

The proof of this lemma is obvious. We also have the following equivalences.

63
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Lemma 4.1.2. The following are equivalent:
1) per(A) = {0};
2) A separates the points of C";
3) M(A) is a compactification of C".
The closed subgroups of C™ are readily characterized:

Proposition 4.1.3 ([38, Chapter VII]). Let G be a closed subgroup of C* = R*",
Then, there exists a real vector space basis (aj)?zl of C™ and integers 0 < p <r <2n
such that

P r
G = thaj—{— Z n;ja;; t]’ER, anZ
Jj=1 Jj=p+1

If we now decompose per(A) as above,
per(A) = Span{aj; j=1,...,p} ®lat{a;; j=p+1,...,7}

where lat denotes the lattice with integer coefficients generated by the vectors, then
we obtain:

Lemma 4.1.4. Let f € A. Then, f(z) = f(0) for all x € Span{a;; j=1,...,p} and
f is periodic with respect to lat{a;; j=p+1,...,r}.

Each function in A descends to a function in R?" /per(.A), which is isomorphic to
R™" x T"P [3§]. Let us denote by 7 the map

7 R 5 RV x TP,

Then, for each f € A the pushforward of f under the quotient map 7 is a uniformly
continuous function on R™™" x T"~P. In particular, 7 induces a *-isomorphism ¢ from
A onto a C* subalgebra of BUC(R"™" x T"7P). It is now easy to check that ¢(A)
separates the points of R™"™" x T" 7P, In particular:

Lemma 4.1.5. M(A) is a compactification of R*™" x T"7P.

While this fact is not important for the following discussions, it gives the right
picture one should have in mind when thinking about M(.A): While it might fail to
give an actual compactification of C", as the natural map C" — M(A) might fail to
be injective, it always gives rise to a compactification of an essentially unique quotient
of C" by a subgroup.

More importantly, using the a- and U-invariance of A, we can continue the actions
of o and U to M(A): For each x € M(A) and z € C" define a,(x) and Uz by

az(@)(f) = x(az(f)), Uz(f) = 2(UJ).
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It is readily verified that these are indeed multiplicative linear functionals. For w € C”
we have a,(0y) = dy—» and U, = J_y, i.e. the actions reproduce how they should
act on C™. Further, since C" is invariant under these actions, it is not difficult to see
that M(A) \ C" is also invariant under them.

For x € M(A) and f € A let us now define the function f, : C* — C via

fo(w) = ay(z)(Uf) = 2(aw(Uf)).

In an abuse of notation, we will write for z € C"

fz = f(Sz-

This ambiguity does not cause any trouble. Indeed, one immediately sees that f, =

az(f)-
Let x € M(A) and (zy)yer C C" be a net such that limer 2y = = in M(A). Then,

since we always consider M(A) with the weak* topology, we obtain

er
for () = 6. (U ) = 2(aw(Uf)) = fa(w),
i.e. fz is the pointwise limit of the net of functions f. . We can say even more.

Lemma 4.1.6. For each f € A and x € M(A), f; is bounded and uniformly continu-
ous. Furthermore, the map

M(A) Sz fy
1s continuous with respect to the compact-open topology.

Proof. Boundedness of f; follows from the uniform boundedness of the functions f. .
For the uniform continuity, let ¢ > 0 and § > 0 such that |w; — wa| < 0 implies
|f(w1) — f(w2)| < e. Then, observe that

| fo(w1) = fe(w2)| = ngl | f2, (w1) = fa, (w2)]

= lim |f (w0 = 2) = flwg = )| <=

as |(w1 — zy) — (w2 — 24)| < 6. Now, observe that (f.,), is a uniformly equicontinuous
net of bounded functions which converge pointwise to f;. The Arzela-Ascoli Theorem
therefore implies that (f.,), converges uniformly on compact subsets of C" to f.
Finally, since f, is independent of the precise net (2),er (as long as it converges to
x), ¢ — f is continuous from M (A) to BUC(C") with respect to the compact-open
topology, cf. |37, Theorem 1, page 81] and |19, Lemma 5.2]. O

Let us consider some examples:

Ezamples 4.1.7. 1) For A = Cy(C™)@C1, where 1 denotes the function being constant-
ly one, M(A) is just the one point compactification aC™ = C" U {co} of C". For
f=g+ e Awith g € Cyp(C™) and A € C, fou = A.
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2) Let A =VOy(C"™). Then for every f € A and x € M(A)\ C", f, is constant. To
see this, it suffices to prove that f, is constant on B(z, 1) for every z € C™: Indeed,
if (2y)yer C C™ converges to x, then we necessarily have |zy| — co. Therefore, for
any w € B(z,1):

|f:1:(z) - fx(w)‘ = lim |fzw(z) - fza,(w>|
el
:,lyiglu(z_zv) _f(w_z'y)’
—0,

as |z — zy| = oo and |(z — zy) — (w — z,)| < 1. Let us note at this point that every
r € M(VOy(C")) can already be obtained as a limit of nets in Z?" C C". The
class VOy(C™) equals

{£eG(C");  sup  [f(2) = f(w)] =0, [2] = oo}

w: |z—w|<R

for any R > 0. In particular, let us choose R = v2n. Let (2y)yer C C" be a net
converging to z € M(A). By the choice of R, for each v there is some Z, € Z*"
such that |z, — Z,| < R. We obtain for every f € VOgu(C"):

z(f) = lim f(z,) = Ligg[f(%) - (f(Z) - fE))] = lim £(z),

vel

since f(zy) — f(zy) LN

3) If A = BUC(C"), then the corresponding compactification of M(A) of C" is
sometimes called the Samuel compactification of C".

4) Consider AP, the set of almost periodic functions, i.e.
AP := AP(C") := Span{z — /™=@ 4 e C"}.

It is not difficult to see that this is indeed an a- and U-invariant C* subalgebra of
BUC(C™) which separates the points of C™. As is well-known,

AP = {f € BUC(C"); {f.; z € C"} is totally bounded in the uniform metric}.

The corresponding compactification M (AP) is the Bohr compactification of C".
Since the orbit of f € AP under the group action is totally bounded, it is not difficult
to prove that f, — f; uniformly for z, — 2 € M(AP). This property also uniquely
determines AP: If f € BUC(C™), then the continuity of M(BUC(C")) 3 z — f,
with respect to the uniform topology implies f € AP. For proofs of these statements
see [70, Theorem 4.79].
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Let us briefly discuss a- and U-invariant ideals in 4. There is a 1:1 correspondence
between closed ideals Z in A = C(M(A)) and closed subsets I of M(A) via

I={feCWM(A)); f(x)=0forall x €I},
I={ze M(A); f(x)=0forall feT}

We denote Z; for the ideal corresponding to the closed set I C M(A).
Lemma 4.1.8. If I is a-invariant and I N C™ # ), then Iy = {0}.

Proof. Assume z € INC™. Let f € Z;. In particular, f(z) = 0. Since Z; is a-invariant,
aw(f) € Zy for all w € C™, i.e. ay(f)(z) = f(z —w) =0 for all z € C". Therefore, f
vanishes on all of C", i.e. f=0. O

This result shows that nontrivial invariant ideals “live” in the corona M(A) \ C",
i.e. Z; can be a non-trivial a-invariant ideal only if I € M(A) \ C.

Lemma 4.1.9. Let I € M(A)\ C". Then, I; is a-invariant if and only if I is
a-tnvariant if and only if Ul is a-invariant.

Proof. The proof follows immediately from the definitions. Assume Z7 is a-invariant.
Then, for = € I we need to show a,(x) € I for every z € C". For each f € Z; we have

floz(z)) = ax(f)(z) =0,

since a,(f) € Z; by translation invariance. Hence, a.(z) € I. On the other hand,
a-invariance of I similarly implies a-invariance of Z;. Finally, equivalence of I being
a-invariant to Ul being a-invariance follows immediately from the formula

Ulaz(z)) = az(U(x)), e M(A)
the verification of which is again just a matter of writing down the definitions. O

Recall that mazimal ideals in C(M(A)) = A correspond to single points in M(A).
A consequence of the previous lemma is the fact that maximal a-invariant ideals in
C(M(A)) = A are those ideals Z; with I € M(A) \ C" which are minimal with
the property that I is closed and a-invariant. Such ideals always exist by an easy
application of Zorn’s Lemma, but it is not always possible to explicitly describe them.

Ezample 4.1.10. We consider again the example of A = VOy(C"). From the definition
of VOu(C") it is easy to see that for each z € M(A)\ C" and each z € C", f; = fo,(2)
for all f € A. Therefore, the a-orbits in M(A) \ C" consist of exactly one point in
this case. Since M(VOy(C™)) is Hausdorff, the singletons {z} are always closed and
therefore give rise to maximal a-invariant ideals.
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4.2 Limit operators

Let us return to Toeplitz operators. As in [19], where only the case of A = BUC(C"),
1 < p < oo was considered, we have the following result:

Proposition 4.2.1. Let A be an a- and U-invariant C* subalgebra of BUC(C").
Then, for any f € A and for any 1 < p < oo the map

M(A) >z~ T;I
is continuous with respect to the strong operator topology on FY and also on f{°.

Proof. Recall that z — f, is continuous with respect to the compact-open topology
by Lemma Therefore, it suffices to prove the following: If (g,)~er is a uniformly
bounded net of uniformly continuous functions, converging to g € BUC(C") in the
compact-open topology, then T ;V — T; in strong operator topology. Since the g,
are uniformly bounded (and therefore also the corresponding Toeplitz operators), it
suffices to prove strong convergence on a dense subset. Since holomorphic polynomials
are dense in the Fock space F} for 1 < p < oo and in f}', we need to prove strong
convergence only on such polynomials. Let h € P[z1,...,z,]. For p =1 we have

_lo—w? jwl?
e < oo o, L, 1) = gwlihw)lle™ 55 du au,

2
Since h is a polynomial, we can find a constant C' > 0 such that |h(w)| < Ce S for
all w € C". Then, applying Fubini’s Theorem:

1 _lv—wf® |w\2
I8, ghlly < O [ [ lontw) = g(uw)] e 5515 o
1 Jwl?

= Cpr [ o) = g™ aw.

One may now be tempted to derive convergence to 0 by the Dominated Convergence
Theorem. Yet, the Dominated Convergence Theorem is a purely sequential statement,
i.e. it does not hold true for nets in general. Instead, one concludes the convergence
by cutting off the area of integration to a sufficiently large compact subset of C™ and
using uniform convergence of the net there.

For p = 00, the argument works similarly:

” 9y—9

2
lv—w|? \wl

e < o sup [ lgp(w) = glw)] (w)le 555 du

o (Wt)n veCn
lo—w|? _ |w|?

< o [ g (w) - glwlle 5

(Wt)n veCn

H 9v—9

2

C _lwl?
< oo L lovtw) = gl dw.

Now, apply again uniform convergence on compact subsets. For 1 < p < oo and h a
polynomial, the result follows from Littlewood’s inequality (Lemma [2.2.7)). O




Chapter 4. Invariant C* algebras 69

Recall that T]tcz = Téz( n= a, (T J'Z) for z € C". A simple density argument shows
the following:

Corollary 4.2.2. Let 1 < p < oo and let A be a unital a- and U-invariant C*
subalgebra of BUC(C™). Then, for every A € 7}5’:(/1) and every net (2y)yer converging

to x € M(A) we have

vyer

a., (A) =W, AW!_ — B (4.1)

in strong operator topology for a unique operator B € TPt. This means that the map
C" 3z a,(A)

extends to a continuous map from M(A) to TPt with respect to the strong operator
topology.

Definition 4.2.3. Let 1 < p < 00, A a unital a- and U-invariant C* subalgebra
of BUC(C") and A € T2 (A). For 2 € M(A) we denote by A, € TP the unique
operator determined by Equation (4.1)). If 2 € M(A) \ C" we say that A, is a limit
operator of A.

Observe the following simple, but very important fact:

Lemma 4.2.4. Under the assumptions of Corollary[{.2.3, we have

(ﬁ)x(w) = (Az)™ (w)
for every w € C™.

Proof. The statement follows immediately from the definitions:
~ T t t ot gt
(AJC) (w) - <z£lglm sz ‘AVV—,Z7 kwv kw>t

= lim (AKL, . kL . )

W—2y) VW—2
Zy—T R R

= (A) (w). O
Let us note the following consequence of Corollary [3.3.10] and the previous Lemma:

Lemma 4.2.5. Let A € TPt Then, A is compact if and only if Ay = 0 for all
x € M(BUC(C™))\ C™.

Proof. If A is compact, then A € Cy(C"), i.e. lim, azv(g)(w) = (4,)"(w) =0
for all w € C™. Since the Berezin transform is injective, this implies A, = 0 for
all z € M(BUC(C")) \ C". On the other hand, if A, = 0 for all such z, then
z(A)=(UA)(0) = (UAU)~(0) =0, i.e. A(z) =0 for all z € M(BUC(C"))\ C", i.e.
A vanishes at infinity. O
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4.3 Invariant Toeplitz algebras
As we have already seen earlier, we have the two equalities
T (Co(C™)) = TP4(Co(C™)),
TRHBUC(CM)) = TPHBUC(C™)).

in

It seems interesting to investigate the following question: Determine those a-invariant
and closed subspaces Dy of BUC(C") for which the following holds true:

Tii (Do) = T7(Do).
Note the following: Given any subspace Dy C BUC(C"), a-invariant and closed,
TPYDy) is always a-invariant and, by definition, closed. By Theorem there
always exists D}, C BUC(C"™) such that

TP(Do) = Thy (Dp)-
Therefore, the question is not about writing a Toeplitz algebra as the closure of some
set of Toeplitz operators, but about determining whether it is just the closure of the
set of its generators.

Observe the following: If Dy € BUC(C") is closed and a-invariant and so is D,

with

TP (Do) = Thn (Do),

n
then we know that ’7}%(@6) is a Banach algebra. In particular, we obtain

Tiin (Do) = T (D)

in
in this situation and therefore
TPHDy) = TPH(D}).
‘While the relation

TN (Do) = T2HDY)

n in
would clearly imply Dy = D, by the Correspondence Theorem, it is not clear if
T#(Dy) = T(Df)

implies any relations between Dy and D}, (e.g. it could very well be that this implies
Alg(Dy) = Alg(D;)). We will later obtain a weak statement relating Dy and Dy if
TP (Do) = Thy (Dp)-

in
Let us note the following simple but important observations:
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Lemma 4.3.1. Let Dy C BUC(C") be an a-invariant and closed subspace. Then, the
following are equivalent:

1) T/ (Do) = TP (Do);

2) (T4, T},... Tt )~ € Do for all fi,..., fr € Do.

Furthermore, if we assume 1) and Zy C Dy is a closed and a-invariant subspace, we
have the following equivalences of statements:

) <= 20"), 1Ir')<=2r"), 1%) <=2
The above statements are the following:

%) TPNTZo) is a left ideal in TE'(Do);

in

2) ThH(Zo) = TPH(Zo) and (TITE)™ € Iy for f € Do, g € To;
1r*) TPN(Zo) is a right ideal in T (Do);

in

2r*) TEH(To) = TPH(To) and (TETH)™ € Iy for f € Do, g € Ty,

1%) 7;%(10) 1s a two-sided ideal in 7}?,’:(7)0);

2) TEH(To) = TP (Zo) and (TETY)™, (TLT4)™ € Iy for f € Dy, g € Io.

Proof. All the statements follow similarly from the Correspondence Theorem [3.3.7]
We prove 1) < 2) as an example.

Of course, 1) is equivalent to T]'Zl .. .T}k IS 7}?;(1?0) for all f1,..., fi € Dy. By the
Correspondence Theorem this is equivalent to 2). O

While the condition 2), 20*),2r*) and 2*) in the above lemma are in general
not easy to verify, they have the following important consequence: The expression
(TJIE1 T;2 . T;k)w, being some integral transform of fi,..., fi, does not depend on p,
since neither the integral operators T"/17 e ,T}k nor the Berezin transform depend on
p. Hence, we obtain:

Lemma 4.3.2. All the statements in Lemma[{.3.1] are independent of p, i.e. if they
hold true for one 1 < p < oo+, then they hold true for all such p.

We have the following positive result about the main question of this section:

Theorem 4.3.3. Let A C BUC(C") be an a- and U-invariant C*-subalgebra of
BUC(C™). Further, let T C A be an a-invariant ideal of A. Then, the following hold
true for all 1 < p < oo+ and all t > 0:

1) TPHA) = TPHA). In particular, T2 (A) is a C* algebra;

2) 72%(1) is a two-sided ideal in ’7;%(./4).
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Note that we do not need U-invariance of the ideal Z in the above theorem. For
proving the result, we will use the following well-known fact:

Lemma 4.3.4. Let X be a Banach space and let S C L(X) be bounded with respect
to the uniform topology. Then, the multiplication

SxL(X)— L(X), (A B)— AB
s continuous with respect to the strong operator topology.

Proof of Theorem [{.5.3. Step 1: Assume A is unital. Let A, B € 7’1%(./4). Since A is
norm-bounded by ||A|| and B, is norm-bounded by || B|| for every x € M(A),
Lemma [£:3.4] implies that

2z ay(AB) = a,(A)a,(B),
2z ay(BA) = ay(B)a,(A),
both extend to continuous functions from M (A) to TP! with respect to the
strong operator topology. For the Berezin transforms, this means that
U(AB)(z) = AB(—2) = (a(AB)1,1),,
U(BA)(2) = BA(—2) = (a.(BA)1,1)

extend to continuous functions from M(A) to C, i.e. U(AB), U(BA) € A.

Since A is U-invariant, we also get ;1?, BA € A. The Correspondence
Theorem now yields AB, BA € T"'(A). Hence, T;2'(A) is closed under
taking products, i.e. a Banach algebra. This yields 7,72 (A) = TP*(A).

Step 2: Let A be unital and Z a nontrivial, closed and a-invariant ideal in A. Then

Z = I for some I C M(A)\ C" which is a-invariant by Lemma [4.1.9] Let
f € Z. Tt follows from the definitions that

fa(w) = z(ew(Uf)) =0

for every x € Ul,w € C™. In particular, this implies A, = 0 for every
Ae 7}?7’:(1) and x € UI. If we now fix A € Wﬁt(I) and B € Wﬁt(A), then we
obtain

(AB)y = AzB, = 0= B, A, = (BA),

for every x € UI. Therefore,
U(AB)(z) = AB(Uz) = 0 = BA(Uz) = U(BA)(x)
for every x € U1, hence
AB(y) =0 = BA(y)

for every y € I. This yields AB , BA € 77 and thus, by the Correspondence
Theorem, AB, BA € 7;?7’5(1)
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Step 3: The general case. If A is not unital, then A is an ideal in A @® C1 C BUC(C"™).
Hence, Step 2 implies 7,2 (A) = TP(A). If further Z is an a-invariant ideal in
A, then it is also an ideal in A @ C1, hence 77;;; (Z) is an ideal in 7;?7’5(./4 @ C1)
and therefore also in 72" (A). O

The above theorem provides a sufficient condition for 7;%(7)0) = TPY(Dy). There
is also a necessary condition:

Theorem 4.3.5. Let Dy C BUC(C™) be closed and a-invariant. Assume that for all
t > 0 we have

T (Do) = T7*(Dy).
Then, Dy is a Banach algebra. If To C Dy is closed and a-invariant such that 7;%(10)
is a left or right ideal in 7;?;(7)0) for allt > 0, then Zy is an ideal in Dy.

Proof. By Lemma [4.3.2| we may assume p = 2. We only prove that Dy is a Banach
algebra. The other statements follow from the same proof with the obvious changes.

Let f,g € Dy. By assumption, T]tcTée € 72%(7)0) and therefore ﬁvig € Dy for all t > 0.
Recall the following facts:

1) ||T§Tg — T}yl — 0 as t — 0 (Theoren 2.3.7),

2) ||ng(t) — fglloc = 0 as t — 0 (Theorem [2.3.6)).

—~—

1) immediately implies HT]’ETg - E(t)Hoo — 0. Hence:

S it ()
1Ty — fallso < IT}Ty — Tiylloo + I1fg = folloc — 0 as t — 0.
Since Dy is closed, this yields fg € Dy. O
Combining all the above results, we obtain the following;:

Theorem 4.3.6. Let Dy C BUC(C™) be closed, a- and U-invariant and self-adjoint.
Then, the following are equivalent:

1) Dy is a C* algebra;
2) TP (Do) = TPH(Dy) for all 1 < p < oo+ and t > 0;
3) ﬁ?ﬁt(DO) is a C* algebra for every t > 0.

If we assume that Dy satisfies the above conditions and Zy C Dy is a closed and
a-invariant subspace, then the following are equivalent:

1*) Iy is an ideal in Dy;

2%) 7?;;(10) is a left ideal in 7'1%(170) for every 1 < p < oo+ andt > 0;
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3%) 721.2;(10) is a left ideal in ﬁ?ﬁt(Dg) for every t > 0;

4%) 7}%(1’0) s a right ideal in ’7;%(270) for every 1 < p < oo+ and t > 0;

5%) 7;1.2;(10) is a right ideal in 7;1.27’;(170) for every t > 0;

6%) 7}?7’:5(10) 15 a two-sided ideal in 72?;(2)0) for every 1 < p < oo+ andt > 0;
7*) 72?7’5(20) is a two-sided ideal in 7;2.25(2)0) for every t > 0.

Let us mention a few additional examples of correspondences between subspaces of
BUC(C") and TP(C").

Ezamples 4.3.7. 1) As we have already discussed in Example 4), the almost
periodic functions

AP(C") = span{w — ™3, » e C"}

are characterizied by the property that M(BUC(C")) 3 = +— f, is uniformly contin-
uous. It follows now easily by the Correspondence Theorem that the corresponding
Toeplitz algebra is

TEHAP(CM) = {A € TP M(BUC(C™)) 2 @+ Ay is || - [|op-cont}.
As we have already mentioned earlier, the Weyl operator W is just the Toeplitz
operator T;t with symbol

\z|2 2¢Im(w-%z)
+ t

In particular,
TLH(AP(C™) = TPH(AP(C™)) = Alg{W!; z € C"}.
The generators satisfy

_ilm(z-w) t

tyt
W, W, =e e Wi

ie. ’ﬁfrf(AP(C”)) is just the CCR algebra for the symplectic space (C", o), where

oz, w) = M This has already been studied in [28,49).

2) Let us denote by AA(C™) the class of functions
AA(C") := {f € BUC(C"); Yz € M(BUC(C")): (fz)vz = f}

Here, AA stands for almost automorphism. Almost automorphisms are a well-
studied class of continuous functions on topological groups |34, Chapter 7]. While
an almost automorphism is not necessarily uniformly continuous, we consider only
those almost automorphisms from BUC(C"). AA(C") strictly contains AP(C"). In
some sense, AA(C") is the opposite of Cy(C™): For f € Cy(C™) we have f, =0 for
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every ¢ € M(BUC(C"™)), i.e. upon passing to the limit functions, all information is
lost. On the other hand, for almost automorphisms every limit function contains
all the information about the initial function (since the initial function can be
recovered by shifting backwards). Indeed, AA(C") is a unital a- and U-invariant
C* subalgebra of BUC(C™). It is not difficult to see that the corresponding Toeplitz
algebra is

T (AA(CT) = {A € TP Vo € M(BUC(C")) : (Ap)us = A}

In Chapter [5| we will see that (for p € (1,00)) A € TP! is Fredholm if and only
if A, is invertible for every x € M(BUC(C")) \ C". For A € ﬁﬁt(AA(C")) we
therefore obtain

A is Fredholm <= A, is invertible = (A,)y, = A is invertible.

Therefore, in mﬁt(AA(C")) Fredholm operators are automatically invertible.
Let G C R?" be a closed subgroup of R?" = C". Set
BUCq := {f € BUC(C"); au(f) = f for all w € G}.

Then, BUCg is an a- and U-invariant C* subalgebra of BUC(C"™) and therefore
we have Wﬁt(BUCG) = TPYBUCg). In the notation from above we have G =
per(BUCg). It is not difficult to see that

TPHBUCG) = {A € TP ay(A) = A for all w € G}.

If z € R?" = C" is such that z L G and we let
Cog. ={f € BUCqg; aw(f)(Az) > 0as R> X — oo for every w € span(G)},

then Cp g, is an a-invariant (but not necessarily U-invariant) ideal of BUC¢, hence
7}%(00,@72) is an ideal of Wﬁt(BUCg). In particular, one can show that

,t
Tiin

(Cog:) = {A € TEHBUCG); an.(A) —0as R X — —oo}.
If we let G be a Lagrangian subspace £ of C", then we obtain in particular that

TP BUC,) = {A € TP, Ais L-invariant},

n
generalizing a result from [66] to arbitrary p.

Let us come back to the problem that this section started with:

Proposition 4.3.8. Let Dy, D) C BUC(C"™) be a- and U-invariant closed subspaces.
1) If we have

T2 (Do) = T,2H(D})

- Tlin
for some t > 0, then Dy C Dy € C*(Dy) (where C*(Dy) is the C* algebra generated
by Do)
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2) If we have
T2 (Do) = Ty (Dp)

lin

for allt > 0, then Dy = C*(Dy).

Proof. 1) The result is obtained from Lemma m 3) and the following diagram of
inclusions, which is a consequence of Theorem

Tin(@o) C  TH(Do) = Tp(Dp)
Nl

TCH (Do) = Ty, (C*(Do))

lin
2) Since we have for any ¢ > 0 that

T24(Dy) = T (D),

lin
we know that 7;?7’;(1)6) is a C* algebra for every ¢t > 0, i.e.

T (Df) = T24(D))

n

for every t > 0. Hence, Theorem shows that Dy is itself a C* algebra. From
1) we know that Dy C Djj C C*(Dy). In particular, Dj = C*(Dy). O

Note that the significant assumption in 2) of the previous theorem is that the space
corresponding to 7;2,1:(2)0) is independent of £ > 0. Working with this assumption is in
practice not easy, as one might see in the example considered in Chapter [6]

4.4 Remarks

As already mentioned, there are several remaining open questions in connection with
the results presented here. From the technical point of view, the following question is
obvious: Is the assumption on A being U-invariant and/or self-adjoint in Theoremm
necessary? While both assumptions are natural in the setting of the proof presented,
one naively would expect the result to be true without these assumptions.

As we have noted earlier, it is an open problem to deduce a relation on Dy, Dy, if
they satisfy

TPH(Dy) = TH(D})
or

T2 (Do) = T (Dp).
One could naively expect that this implies something as

Alg(Do) = Alg(Dp)
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and
C*(Do) = C*(Dn),

respectively. Note that this does not follow automatically from Proposition [4.3.8] even
if the relations are satisfied for all ¢ > 0: For each ¢ > 0 there is certainly some Df
such that
2 2 2,t
T2 (Do) = T (Do) = Ty, (Dg)

but D will a priori depend on the parameter t. Hence, the proposition does not apply
here.

Since the statement of Theorem [4.3.3]is quite powerful, it could be interesting to
search for more applications of that theorem for studying operator algebras on Fock
spaces.



Dy, C BUC(C") 7;?7’;(1)0) Reference

a- and U-invariant C* subalgebra a- and U-invariant subalgebra of TP Theorem [4.3.3
BUC(C™) TP =C4 Theorem [3.3.4

VOs esscomm(7 Pt L) Lemma (3.3.12)]
AP(C") {A e TPt M(BUC(C") > x> Ay is || - [|op-cont.} | Example [4.3.7[1)
AA(C) {A € TPHCM); Vo € M(BUC(C")) : (Ay)yr = A} | Example |4.3.7|2)
BUCq {Ae TPl ay(A)=A, weG} Example 4.1.7(3)
)

BUC,, £ Lagrangian subspace

L-invariant operators of 7P

Example [4.1.7|3

a-invariant ideal in A

a-invariant ideal in 7,27 (A)

Theorem [4.3.3

Co(C™)

K

Theorem (3.3.9

C’O,G,z

Ae ﬂ?&t(BUCg) vanishing in direction of z

Example |4.1.7| 3)

Table 4.1: Some corresponding spaces for 1 < p < oo
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syIewy ¥y



Chapter 5

Fredholm theory of Toeplitz
operators on Fock spaces

The results presented in this chapter are taken from the joint paper with R. Hagger
[73], which we also closely follow. The goal is the following: In Corollary
we deduced the well-known compactness characterization for linear operators on the
Fock spaces, which characterizes the compactness in terms of the behaviour of the
Berezin transform at infinity and membership in the Toeplitz algebra. Analogously
one may ask whether one can characterize the Fredholm property for operators in the
Toeplitz algebra in terms of some quantities at infinity. Such results are well-known
for band-dominated operators on sequence spaces (cf. [96]) and have already been
established in the case of Bergman spaces over unit balls by R. Hagger [80]. In general,
the methods presented here are similar to those used in Hagger’s paper on the unit
ball case. In contrast to the paper [73], we will also try to obtain information on the
Fredholm property for p = 1, 00, co+ from the methods we present. Further, we will
try to distinguish between left- and right-invertibility modulo compact operators. We
will need the following definitions:

Definition 5.0.1. Let X be a Banach space and A € £(X). We say that

1) Ais upper semi-Fredholm if dim(ker(A)) < oo and ran(A) is closed;

)

2) A is lower semi-Fredholm if codim(ran(A)) < oo;

3) Ais left Atkinson if there exist B € L(X), K € K(X) such that BA =1+ K;
)

4) A is right Atkinson if there exist B € L(X), K € K(X) such that AB=1+ K.

We will denote the set of upper semi-Fredholm, lower semi-Fredholm, left Atkinson
and right Atkinson operators on X by ®_(X), ®,(X), ®;(X) and ®,(X), respectively.
Further, we will denote the class of Fredholm operators by ®(X) = &_(X) N &4 (X).
Here are some important properties:

79
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Proposition 5.0.2. Let X be a Banach space and A € L(X).
1) ©(X) = ¢(X) N @ (X);

2) A€ ®(X) if and only if A’ € ®(X');

3) Ae

—~

X) if and only if A € &, (X) and ker(A) is complemented in X ;

4) A€ ®,.(X) if and only if A € ®_(X) and ran(A) is complemented in X ;

—~ —~

5) A€ ®(X) implies A’ € ®,.(X');

6) Ae ®,

—

X) implies A’ € ®y(X');
7) If X is reflevive: A€ ®,(X) < A" € &)(X') and A € )(X) & A’ € ,(X').

Proof. 1) is the well-known Atkinson Theorem. 2) is a consequence of Banach’s closed
range theorem [134, Theorem VIL5]. 3) and 4) are Theorems 4.3.2 and 4.3.3 in [43].
5) and 6) follow immediately from the definitions. If X is reflexive, then 7) follows
from 5) and 6), since A = (A4’)". O

Let us also state the following elementary fact, which follows from simple estimates
or, alternatively, is an immediate consequence of Jensen’s inequality:

Lemma 5.0.3. Let p € [1,00) and z1,...,x5 > 0. Then,

Here is an important fact, which we will frequently use:

Proposition 5.0.4. Assume 1 < p < co. Let (Uj)jen be a sequence of measurable
subsets of C" such that every z € C" belongs to at most N of the sets U; for some

N € N independent of z. Further, let (fj)jen be a sequence of measurable functions
fj : C" — C such that supp(f;) C U; and |fj(z)| <1 for all z € C". Then, for every
g € LY we have

Z / £5(2)9(2) P duagsp(2) < Nl

i.e.

o
S Iy gl < Ngll,

Proof. The estimate is derived as follows:

Z / 1F5(2)9(2) P (2) i / ) P p(2)
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M
~ lm /C n jzlej (2)]g(2)[P dpiagp(2)

=N 9(2) " dpgyp(2)

= Nllgllzp,

as required. O

Here is another fact in the same spirit. Note that the analogous result on sequence
spaces is originally due to I. B. Simonenko [121].

Lemma 5.0.5. Let 1 < p < co. For every j € N let a;, b; : C* — [0,1] be measurable
functions and assume that each z € C" belongs to at most N of the sets supp(a;) and
at most M of the sets supp(b;). If (Aj)jen C L(LY) such that there is a constant
C > 0 with ||Aj|| < C for all j € N, then the series

(o ¢]

Z Ma; Aj My,

j=1
converges in the strong operator topology and || Z;‘;l My, AjMy, || < NMC.
Proof. Let f € LY. Then,

p p
Z Ma].Aijjf / Z Ma]A Mb f ( ) d/~L2t/p(z)
j=m P j=m
Ly
oo p
Z |(Ma; Aj My, f)(2)] dpiag/p(2).
j=m

By assumption, the sum in the integral is pointwise a finite sum with at most N terms.
Using Lemma [5.0.3] and the Monotone Convergence Theorem, we conclude

< [N 1M A S i)
j=m

_ NP Z /Cn |(Ma; Aj My, f)(2)IF dpiagjp(2)

[e.e]
= NP3 My, A3 My I,

j=m

< NPCP Y M, £,

j=m
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where we used ||al]|c < 1 in the last step. By Proposition we obtain
oo
> My, fIB, =0, m — oo,
4 t
j=m

This shows convergence of the sum in the strong operator topology. The norm estimate
follows from the same estimates as above (for m = 1) and a final application of
Proposition O

5.1 Band-dominated operators

Definition 5.1.1. 1) A € £(L?) is called a band operator if there is some w > 0 such
that for any pair of functions f,g € L (C"™), dist(supp(f),supp(g)) > w implies
M;AMy = 0. We will denote the infimum of all such w by w(A) and call it the
band-width (or propagation) of A.

2) A€ L(LY) is said to be band-dominated if it can be approximated by band operators
in operator norm. The set of all band-dominated operators on L? will be denoted
by BDOY.

The first goal will be to derive certain characterizations of band-dominated operators.
Let us denote by |z|s the supremum norm of z € C* = R?" i.e.

[2]oe = max{| Re(z)], |Tm(z)}; j = 1,...,n}.
For a subset B C C™ and z € C"™ we let
doo(z, B) := inf{|z — w|; w € B}.
Let us consider the following collection of subsets of C™:
¢:={[-3,3)*" + 0 CR™; o € 6Z*"}.

Since ( is clearly a countable set, we can fix an enumeration ¢ = {B;}72, such that
0 € B;. Further, we will consider the sets

Qp(Bj) :={z € C"; disto(z, B;) < k}
for k=1,2,3 and all j € N.
Lemma 5.1.2 (|19, Lemma 3.1]). The sets B; satisfy the following properties:
1) BN\ By =0 for j #k;

2) Every z € C" belongs to at most 2°™ of the sets Q1(Bj) and to at most 427 of the
sets Q3(Bj);
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Figure 5.1: The function ¢

3) diam(B;) = 6v/2n, where diam denotes the Euclidean diameter of the set.

Let us denote by ¢ : R — [0, 1] the function from Figure ie.

;

0, r< —4

%:1:4—2; A<z <=2
o(x) =<1, —2<x<2

—%x+2; 2<x <4

0, x >4

\

Further, define the function ¢ : C* = R?" — [0, 1] by

(1, xon) = P(ay) - - d(zan).

Let (0j)jen be the enumeration of 6Z?" coinciding with the enumeration of ¢, i.e.
oj € B; for all j € N. Then, we consider the functions ¢; : C* 2 R?" — [0,1] given by

pj(r) = p(x — ;).

Since {@(- — 6k) }rez is a partition of unity of R, where each element is Lipschitz with
Lipschitz constant 1/2 we obtain by induction:

1) supp(y;) = Q1(B;j) for every j € N,
2) Z;’il @;(z) =1 for every z € C",

3) ¢; is Lipschitz continuous with Lipschitz constant % - 2n for every j € N. In
particular, the sequence (¢;);en is uniformly equicontinuous.

Imitating the above construction, it is not a problem to find a uniformly equicontinuous
sequence of functions (1););en such that the functions ¢; : C* — [0, 1] satisfy

1) ;(z) =1 for every z € Qa(B;);
2) supp(tp;) = Q3(B;).

Given s > 0 and j € N we define ¢; ((2) = ¢;(s2) and 9;s(2) = 1¥;(sz). Here is the
announced characterization of band-dominated operators:



84 5.1. Band-dominated operators

Proposition 5.1.3. Let p € [1,00), t > 0 and A € L(L}). Then, the following are
equivalent:

1) A is band-dominated,

P _
2 l% H?cl“‘lpl Z H ¥j, s“/4]\4-1*'¢'j,sf”Li7 - 0’

o0
3) lirr(l) E My, AM;y_y, || =0, where the sum converges in strong operator topology.
S5 J ,
j=1

Proof. 1) = 2): Let € > 0 and B € £L(L) a band operator such that ||[A — B| < e.
Observe that

supp(j,s) = [—4, 4} " % supp(1 — vj5) = C" \ ([— ] v ) - (5.1)

S S
In particular,
dist(supp(y,s), supp(l — j,5)) = dist(supp(¢1,s), supp(l — ¥1.5))

1
> - =00, s—0.
S

Therefore, we may fix s > 0 small enough such that

dist(supp(gj,s), supp(l — ;) > w(A)

for all j € N. Hence, M,, ,BM;_y, = 0 for all j. We therefore obtain for f € L}
(o]
Z || 3, SAMl—wj,sinf = Z HMSO]',S (A - B)Ml—wj,sfnizf
j=1

<23 (1M, (A- B)fI,
j=1

1My, (A~ B)My, fI2,)
< 2092(|(A = B)fIly + (A~ B)My,, fII,),

where we first applied Lemma for the case k = 2 and afterwards Proposition
This yields

Z H Pj, sAMl 1/’] spr < 2p+122n€p‘|f||if
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Since € > 0 was arbitrary, we therefore have shown

limsup sup ZH %AMl—wsf”ip:O'
=0 |17l p=14= '

2) = 3): Note that the series in 3) converges in the strong operator topology by

Lemma Using Lemma Lemma and the Monotone Convergence
Theorem, we obtain for f € LY

p p
Z ‘P]tAMl—wj,tf / Z %tAMl Tl)]tf)(z) dﬂ2t/p(z)
Lf n 1
< (22 / (M, AMy_y, )P dpizgs(2)

2271 ZH @thM]-*wj,tf”zl)Ji’

Taking now the supremum over all f € Lf with || f[|» = 1 yields 3).
3) = 1): For m € N we have

supp(yp; 1) = [—4m, am]* — moj,
Supp(wj )= [-5m, 5m]2n — moj.
Let f,g € L>(C"™) such that

dist(supp(f), supp(g)) > diam(supp(s); 1)).

1
’m

Then, only one of supp(f), supp(g) can have nontrivial intersection with the supports
of P L and %L, i.e.

MM, AMy | My =0.
Since this holds independently of j, we obtain that A, := Z so 1 AMy | is a

1
b m
band operator. Recall that (¢;¢)jen is a partition of unity, i.e. Z] 1 gojt =1 for all
t > 0. Hence,

A= Ap| = ZM 1A Z L 5L
j=1

oo
—0

as m — oo. O]

There is another important characterization of band-dominated operators:
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Proposition 5.1.4. Let 1 < p < oo and A € L(LY). Then, the following two
statements are equivalent:

1) A e BDOY;
po_
2) ‘1%\\?\\11) Z 1A, M, Jf Il = O
In this case, limsup;_,q [|[A, M, ]| = 0.

The proof of this proposition will be divided in two steps. Note that we did not
prove this statement in [73], as its proof is essentially identical to the unit ball case.
For completeness, we give the proof here, which follows the discussion in [80] closely.
The following lemma is analogous to [80, Lemma 12], from where we also took our
proof almost literally.

Lemma 5.1.5. Let w > 0 and for every j € N, s € (0,00) let ajs : C* — [0,1] be
measurable. If

1 o
ll_r)r(l);glgdlst( (U),ams (V)) =00

for all sets U,V C [0,1] with dist(U,V) > 0, then for every e > 0 there exists some
so > 0 such that for all s € (0,5s9) and all band operators A of band-width at most w
the estimate

sup [[[A, My, || < 3[|Alle
JEN

holds true.

Proof. Let A € L(LY) be a band operator such that w(A4) < w. Let € > 0 and set
m = [1]. For every k =1,...,m we set

, : 1
Ui = aj_’sl([k:a, 1) and V] := a;; (Kkz — 2> g, 1]) .

Moreover, define

m

v ._ .

ajs .—65 Xui | and a] —55 Xv]'
k=1 '

Obviously, for every z € C" and s > 0 we have either a;(z) < € or a;4(2) €
[le, (I 4+ 1)e) for some | € N. Hence, |a;s(z) — ag{s(z)| < ¢ for every z € C", i.e.
supjey |laj,s — aé{SHoo < e. In the same way one sees that sup;ey [|a;js — a}{SHOO <e In
particular,

supHMa MaU,H <e and supHMa - M,v | <e.
jEN 58 jEN 58
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Therefore,

supHAMam Al

JjeEN

CLJS

< sup ([ A(Ma;,, = My )| + 1AMy~ My All+ (Mo — My, )All)
]GN J,S 2,8 2,8 7,8

< 2l +sup | AM,y, ~ My A

m
= 2”AH6—|—€Sup Z S XUigA)
< 2||A|]5+asup kz Xwg )C XV;ﬁ,s +€§1€l§ : lMins Wi
Recall that U,iS = a;;([ke, 1]) and (V = J_Sl ([0, (k— 3)€)). Hence, by assump-

tion we have for every k:

inf dlst(Ulz " (ijs)c) — 00, s—0.
jEN

We may choose sg > 0 such that for every s € (0,50) and every k = 1,...,m we have
inf ey dist(Uk & (V2 ,)°) > w. Recalling that w was assumed to be larger than the band

width of A, we obtain MXUj AMXW] o= 0 for all k. In particular, for such s we
k,s k,s

obtain the estimate

m

M, . AM, .
Z X(Uljcs)c XV]

sup [|[AM,; . — My, All < 2|[Alle + esup
k=1 s

JjeN JjeN

Let us set Ug’ = C" and V? el = (). Then, by a similar argument as above and
possibly making sg even smaller, we obtain

b
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Using the fact that the sets Ug;l S\ U ,g . are pairwise disjoint, we can compute for
every f € L} and j € N arbitrary:

m p m P
oMy o o =DMy, AM o f
k=1 XU’JC*LS\U’JC,S legys\vlii’lys Lf k=1 XUljﬁfl,s\UIJe,s leg,s\vlg+l,s L?
m P
< AP o f
H || r leis\vlg“’s ?
P
— Al ||y,
1,s Lf
< JAIPIFIE,.
This establishes the desired estimate
sup [[(AM,,; , — Mo, A)|| < 3| Alle
jJjEN
for s € (0, sp). O

We now present the proof of the characterization of band-dominated operators
in Proposition . Again, we did not present this proof in 73], since it can be
concluded identically to the case of Bergman spaces over the unit ball. We reproduce
the proof from [80, Proposition 11].

Proof of Proposition[5.1., Let A € BDOY and € > 0. Then, we can pick a band
operator A, such that ||A — A, | <e.

We claim that the functions ¢, ; satisfy the assumptions of Lemma Recall
that the functions ¢; are by construction Lipschitz with Lipschitz constant n. For
U,V C [0,1] satisfying dist(U, V) > 0, let w; s € ¢; }(U), zj.s € ¢ (V). Then,

1 1 ..
nfwjs = zjs| 2 210 (wjs) = @js(255)| 2 £ dist(U, V) = 00, s =0
independently of the choice of the points w; s and z;,. Therefore

. . -1 -1 .
lim inf dist(p; 5 (U), ¢; 5 (V) = oo

By Lemma there exists sg > 0 such that for all s € (0, sg):

sup [|[[A, My, || < sup [|[[Am, My, ]| + sup [[[A — Am, M, ]|
jeN jeN jEN

< 3||Amlle + 2¢
< 3(||A|l + €)e + 2e.

This of course implies

lim sup ||[4, M, ]| = 0.

&%OjeN 59

Using Lemma and the properties of the functions ¢; s and ;s we estimate
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sup 114 My, 1%

Ifl=1 4=
< 2P H?Hlplz ” <pj s ij,sfH + H[ 901 s]lewj,sfHIj;f)
7j=1
< 2P su Py, FIV7p + 1Mo,  AM s, fII7p)
= Hf”p (Pjs 1/135 Pij,s 1 wj,s L?
< 24 sup [ 4, M, ]I7 + 2 sup S 1My, AV, £
jeN I7I=1 5= ‘

Now, Proposition yields

li Po=0.
lim llf‘lﬂlp ZH Mo, Jf |l
Conversely, assume supjr=1 >_,— [[[4, My, S]f|| — 0 as s — 0. Since
sup [|[A, M, ][I < sup sup ||[A, My, ]f|[7, < sup le My, JfII7»,
jeN JEN|fll=1 If11=15=1 !

this clearly implies sup;en [|[A, My, ]|l = 0 as s — 0. Therefore, by similar estimates
as we had in the other direction of the proof,

sup ZH My, AMy_y, fIl7»
IflI=1 9= ‘

=7 e ZH e AWy + 1Moy o AIMy,  SII7p)
= j=1

<2p”§1H1PIZH pior AL + 1Moy o AlIPI My, fITe)
7j=1

<2pn?‘ﬁpZH oy Alf Iy + 24" sup (M, AP
=1

which converges to 0 as s — 0 by assumption. A € BDOY follows now by Proposition

13 O

Here are some properties of BDOY:
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Proposition 5.1.6. Let 1 <p < oo andt > 0. Then,
1) My € BDOY for all f € L®°(C");
2) BDOY is a closed subalgebra of L(LY);

3) If A € BDOY is Fredholm and B a Fredholm regularizer of A, then B € BDOY, and
in particular, BDOY is inverse closed;

4) K(LY) is a closed and two-sided ideal in BDOY;

5) If A € BDOY then A* € BDO], where % + é = 1. In particular, BDO? is a C*
algebra.

Proof. 1) Clearly, multiplication operators are band operators.

2) Let A, B be band operators and f, g € L>(C") such that

dist(supp(f),supp(g)) = 4(w(A) + w(B)).

Define
S:={z € C" dist(z,supp(f)) < 2(w(A) +w(B))}.

Then,

dist(supp(f), S¢) > w(A),
dist(supp(g), S) > w(B),

and therefore

MyABMy = My A(Mi—ys + Myg) BM,
= M¢AM,_ B+ M;AM, BM,
=0,

i.e. the band operators form an algebra. Therefore, also their closure is an algebra.

3) and 4): Since those facts will not be needed in this work, we refer to the identical
proofs in [80, Proposition 13].

5) Follows immediately, since the adjoint of a band operator is again a band operator.
O

Proposition 5.1.7. Let 1 < p < oo and t > 0. Then, P, € BDOY.

By including the limit cases p = 1,00, we can actually give a proof which is
somewhat simpler compared to the proof we gave in [73].
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Proof. We will prove the statement using characterization 3) of Proposition Let
us first deal with the case p = 1. Recall that we obtain by Equation (5.1) that

1

s

for every j € N, s > 0. Let f € L}. Then, since ¢;(z) € [0,1] and 1 — t; s(w) € [0,1]
for all z,w € C", we obtain

diSt(SUPp((Pj,S)a supp(1l — ¢j,5)) >

IN
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[\v)
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g
QL
N

1 1 2n 1 7@ 7\z—w|2
:2—n g e 4ts2 |f(w)|e™ =2t e a4  dz dw

= 4me” w2 | ] 1.

Therefore,

oo
Z M%,sPtMl—qu’t < 4nefﬁ —0, s—0,
=t LI}
i.e. P, € BDO}. Since the adjoint of P, € L(L}) is P, € L(L{®), we obtain P, € BDO®

from Proposition Finally, using 1 — ; s(w) € [0, 1] for all w € C", we note that
for f € Lg°

2

D eas(P(L = 50)f)(2)| e
Jj=1

< (%) Tente) [ - vl 115w e

2
\

1\" z—w
s() S ()l / e du
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= 2" fllLge D @5s(2)

j=1
= 2" fllse

and therefore, for every s > 0,
o0
n
> My, PM_y,, <2m,
=1 L Lo

Interpolating between the limit cases p =1 and p = oo, we get

o0
> My, PM_y,, —0, s—0
=t LY LY
for every p € (1,00). Hence, P, € BDOY for every p € [1, ). O

Given an operator A € L(FF), we will denote by A € £(L?) the operator
A=PAP, +(I-P). (5.2)

We will occasionally abbreviate (s := I — P;. In the following corollary, we explicitly
exclude the case of f°, since A € L(Ly°) does not make any sense for A € L(f7°).

Corollary 5.1.8. Lett > 0. If1 < p < o0 and A € TPt then A€ BDOY. If
A€ Tt then A € BDOS®.

Proof. Since My € BDOY and P, € BDOY, we obtain ﬁ € BDOY for every f €
L*>(C™). Then take limits. O

Here is the reason why we are dealing with band-dominated operators:

Proposition 5.1.9. a) Let 1 < p < oo and A € BDOY such that [A, P;] = 0. Assume
there is a positive constant M > 0 satisfying the following:

For every s > 0 there is an integer jo(s) > 0 such that for all j > jo(s) there are
operators Cj s € L(LY) with
1C)sll < M

and
CjﬁsAij,s = ij,s .

Then, there is an operator C € L(FY) with ||C + K(E})| < 26| P||M such that
C + K(F?) is a left-inverse of Alpr + K(FP) in L(FF)/K(FF), i.e. Alpr € O, (FP).
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b) Let 1 < p < oo and A € BDOY such that [A, P;] = 0. Assume there is a positive
constant M > 0 satisfying the following:

For every s > 0 there is an integer jo(s) > 0 such that for all j > jo(s) there are
operators Dj s € L(LY) with
1Dj,sll < M

and

ij,sADjzs = M'lpj,s'
Then, there is an operator D € L(FY) with ||D + K(F})|| < 2574 P||M such that
D+ K(FY) is a right-inverse of Alpr +K(FF) in L(FF)/K(FF), i.e. Alpr € ®,.(FF).

Proof. a) For s > 0 we define the operator

o
C, = Z My, .C;sM,, ..
J=jo(s)

Imitating the proof of Lemma [5.0.5] we see that this series converges in the strong
operator topology and we obtain ||Cs|| < 26" M. Since v); s = 1 on supp(p;,s) we get
the following identity:

oo (0.)
CsA = Z MT/Jj,st,SAM@j,sMiﬁj,s + Z M¢j,st75[M@j,s7A]'
J=Jo(s) Jj=jo(s)

Using Proposition we deduce that 322 . ) My, Cjs[M, . A] converges to 0 in
operator norm as s — 0. For the first term we obtain

o0 o0
Z ij,scjvsAM‘Pj,sij,s = Z ij,scjasAij,sMﬁoj,s
Jj=Jjo(s) Jj=Jjo(s)

o0
= Z ij,sij,sM@j,s
J=jo(s)
o0
- Z My,
J=jo(s)
In particular,
oo
lim |(CA— ) My, || =0.
J=j0(s)

Since Z;; M, . =1 for every s > 0 by construction, we obtain

J»s

o (o)
ZPtM%,s‘Ftp =P ZM%,s’Ftp =TIe€ E(Ftp)'
j=1 j=1
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Further,
Jo(s)—1

S PM,, g € K(F)
j=1

by Proposition Hence,

o
S Rl € 14K
Jj=jo(s)

for every s > 0. We therefore get, using

o0
PCsAlpy — Z PiMy,; |pr|| < [P ||CsAlpp — Z Mg, |pr|| =0, s—0,
J=jo(s) j=jo(s)

that FCsAlpr + K(FF) = I+ K(FF) in the Calkin algebra L£(F})/K(FF). Let s small
enough such that we have

(T + K(ED) — (PCsAlp + K(FP))] < 3.
Then
P.CoAlpp + K(FP) = (I + K(FP)) = (I + K(F) = (PiCs Al gy + K(FD))

is invertible with inverse

> (T +K(FP)) = (PCsAl gy + K(FP))*.
k=0
Note that, by assumption on A, the range of A Fr s contained in FY. Hence,
P,Cy A|Fp + K(F) = (P.Cs + IC(FP))(A]Ftp + K(EF)).
Combining these facts, we get
I+ K(FY)

= [Z((I +K(F)) = (PCsAlpp + K(F)))* | (PCsAlpp + K(FY))

k=0

= [Z((I+ K(ED)) = (BCsAlpp + K(FP)* | (BCslpp + K(ED) (Al pp + K(FY)).
k=0
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Letting

Z (I + K(FP)) = (PiCsAl gy + K(ED)* | (PCsl gy + K(FY)),
k=

we obtain CA|pr + K(F) =1+ K(F}) and
IC + K(ED)I < 2| Bl Cs || < 27+ (| P M.
b) We set

Z ®j, 9Dj)5M'l/Jj,s‘
J=jo(s)

Since A* € BDO{ (where 1/p 4+ 1/q = 1) satisfies the characterization in Proposition
2), we can proceed as in part a) to show that

[e.e]
lim || DY A" — > M, |l =0,
j=jo(s)

which of course yields

oo
lim |AD,— Y M,, || =0.

s—0

J=go(s)
Using [A, P;] = 0, we therefore obtain

[ee]
lim |APDalpy = 3 PeMy,,[pp| =0
J=jo(s)

and conclude as in a). O

5.2 The Fredholm property for elements in 77!

For the rest of this chapter, we will abbreviate M := M(BUC(C")).

Proposition 5.2.1. Let (z,) be a net converging to x € M\C" and lett > 0. Further,
let f € L*>(C™) have compact support.

1) Assume p € [1,00). Let A € TP be such that A, is left-invertible with left inverse
B. Then, there is vy such that for all v > ~o there are operators C, € L(L})
satisfying

1CyIF < 2 B[ 2]l + 1@ 11)

and
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2) Let p € (1,00) and assume A € TPt is such that A, is right-invertible with right
inverse B. Then, there is a 7y such that for every v > vy there are operators
D, € L(F}) with

1D < 2([IBI[I[Pel| + (| Qxll)

and

My . (nADy =M, __ (p)-

To prove this proposition, we need the following well-known fact. For completeness,
we give the simple proof.

Lemma 5.2.2. Let X be a Banach space, K € K(X) and (Ay)yer C L(X) a uniformly
bounded net of operators converging to A € L(X) in strong operator topology. Then,
A K — AK in operator norm topology. If further AL — A" € L(X') in strong operator
topology, then we also have KA, — KA in operator norm topology.

Proof. We have

1(Ay — A)K| = sup [[(Ay — A)Kz|| = sup [[(Ay — Ayl < sup [[(A, — Ayl
z€EB yeK(B) yEK(B)

where B denotes the closed unit ball in X. Since K is compact, K(B) is relatively
compact, i.e. K(B) is a compact subset of X. Hence, for ¢ > 0 there are finitely
many points yi, ...,y such that the open balls B(y;,¢e) cover K(B). Choose 7y such
that for v > 7o we have ||A,y; — Ay;|| < € for every j = 1,...,n. Then, for every
y € B(y;,¢) and v > 70:

47— Ayl < Gup A+ LA + 14,5~ A1 < (sup|,] 1)
It follows that
(4, = K] < (sup 14, +1) e

The second statement follows immediately from the first statement, since
K (Ay — Al = [[(4] — A)K'|
and K’ is compact. O

Proof of Proposition[5.2.1. 1) Assume A, is left-invertible with left inverse B. Let
R > 0 such that supp(f) C B(0, R). Recall that the operators W! are also defined on
the space LY and have F} as an invariant subspace. In particular, they commute with
Q¢, hence WLQW! = Q; for every z € C". We obtain
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| (WE AP+ QWL = (AP + Q1)) My,

= ‘ XB(0,R)
- ‘ (WL AW, — A)PM
¥ y

XB(0,R)

(Wi apwt, - a,P) M
|

as zy — x by the previous lemma, since PtMXB(O, R) is compact by Proposition [2.3.14
Hence, there exists some 7y such that

R, :=(BP, + Q) ((W; (AP, + Q)W'. — (AP, + Qt)) Mypon,
= (BP: + Qo)W (AP, + Q)WL M, M

B(0O,R)  “XB(0,R)

satisfies | R,|| < & for 7 > 70. This in turn implies that I + R, € £L(L}) is invertible
for every v > 9. We obtain

(BP; + Qi)W! (AP, + Q)W!, My = (I + R,)Mj
and therefore
My = (I+ Ry)" (BP,+ Q)W (AP + QW' M.
Using the equality WM W! = M, (), which holds for any 2 € C", yields
WL, (I+Ry)"H(BP + Qu)W. (AP, + Q)Mo . (5) = Ma___()-

We now set Cy := W._ (I +R,)" (BP, + Q)W! .
2) Let A, be right-invertible with right inverse B. Similarly to above, we obtain

Moy (WE (AP + QWL — (BP+ Q)

‘]wXB(o,R)Pt(V[/v,;AVVEZ7 — B)PtH

=0, zy—uwx,

again by the previous lemma, since M, B(0.R) P, is compact by Proposition [2.3.14] and
(WL AWL, )* — A} in the strong operator topology (here, p # 1 is important). Then,
we set for v sufficiently large

Sy = My p (W;{ (AP, + Qt)VViz7 — (AP + Qt)) (BP, + Q)
and
Dy :=W!, (BP+Qi)(I+5,) "W, ,
which yields
MO_ZW(f)(APt + Qi) Dy =M, O

O‘*Z'y(f) :
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In the following theorem, the operators B, should not be understood as the limit
operators of some B € L(F}). Instead, B, simply denotes the left-/right-inverse to
each A,.

Theorem 5.2.3. Let ¢t > 0.

1) Letp € [1,00). If A € TPt is such that A, is left-invertible for every x € M\ C"
with left inverse B, and further

sup || Bzl < oo,
reM\C»

then A is left-Atkinson.

2) Letp € (1,00). If A € TPt is such that A, is right-invertible for every x € M\ C"
with right inverse B, and further

sup || Bz < oo,
zeM\C"

then A is right-Atkinson.

Proof. 1) Assume A is not left-Atkinson. A simple computation verifies [4, P;] = 0.
Hence, by Proposition part a), there exists a strictly increasing sequence (j,,)men
and some s > 0 such that

C'AM%.WS % ijm,s (5.3)

for every m € N and every C € £L(LY) with

ICIF < 2( sup || B[ Pel| + [|Qcl])-

zeM\C"

By the definition of the 1; s and Lemma we have diam(supp(v;5)) < % =R
for every j € N. Therefore, there exists a sequence (wj,, )men C C"* with |wj,.| = 0o
such that supp(¢;,,s) € B(wj,,, R). Since M is compact, there exists a subnet (w.)
of (wj,,) such that (—w,) converges to some y € M \ C". Part 1) of Proposition
5.2.1| now implies that there is some 7y such that for each v > g there is an operator
C, € L(LY) satisfying

ICYII < 21| Byl Pl + [|Q:l])

and R
CVAMXB(M),R) = MXB(M,R)’
which contradicts Equation (5.3).
2) Follows analogously to 1). O

In the following proposition, for the case p = oo+ the limit operators of A € Tt
are defined through their pre-adjoints, i.e. for z € M\ C" we set A, := ((A] s )z)™.
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Proposition 5.2.4. Lett > 0.

1) Let p € [1,00+] and assume A € TP is left-Atkinson such that there is B € TP!
with BA=I+K and K € KNTPt. Then, A, is left-invertible for every x € M\ C"
with left-inverse By, which satisfies | Bz|| < ||B + KN TPY|.

2) Let p € [1,00+] and assume A € TP is right-Atkinson such that there is B € TP!
with AB = I + K with K € KN TPt. Then, A, is right-invertible for every
x € M\ C" with right-inverse By, which satisfies | B;|| < ||B + K N TPY|.

3) Let p € [1,00+] and assume A € TP is Fredholm. Then, A, is invertible for any
r € M\ C". If B € TP is a Fredholm regqularizer of A, then A;' = B, for any
r € M\ C" and ||AY| < |(A+ KN TPH7L.

Proof. Let us assume p € [1,00]. For p = oo+, the result follows by considering the
pre-adjoints.

1) Since we assume B € TP and BA — I € KN TP, all the limit operators exist. By
Lemma [4.2.5] we have

(BA), = ByA, =1,

i.e. By is the left-inverse of A;. On the norm estimate: Observe that ||B| < | B,
as By is the limit in strong operator topology of a,. (B) with (z,) an appropriate net

and o, (B)|| = || B||. Further, for any K € KNT?" we also have (B+K)A = I+K,

some K € KN TP and the limit operators are the same, i.e. B, = (B4 K),. In
particular, | B.| < [|B + KN TP

2) Follows analogously to 1).

3) This is now a consequence of 1) and 2). Recall that the property of A being
Fredholm is equivalent to the existence of a Fredholm regularizer in 77 by Corollary

B.3.19 O

We now summarize the results we obtained for the reflexive cases p € (1, 00).
Theorem 5.2.5. Let t >0, p € (1,00) and A € TP*.

1) (i) If A is such that A, is left-invertible with left-inverse By for every x € M\ C"
and

sup || Bz < oo,
zeM\C™

then A is left-Atkinson.
(ii) If A is left-invertible in TP* modulo K, then A, is left-invertible for every
x € M\ C" and the left-inverses By can be chosen such that

sup || Byl < oc.
zeM\C™
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2) (i) If A is such that A, is right-invertible with right-inverse By, for every x €
M\ C" and
sup || By < oo,
zeM\C"
then A is right-Atkinson.

(ii) If A is right-invertible in TP modulo K, then A, is right-invertible for every
x € M\ C" and the right-inverses By can be chosen such that

sup || B < oc.
zeM\C"

3) A is Fredholm if and only if A, is invertible for every x € M\ C™ and the inverses
satisfy

sup 147 < ox.
zeM\C™

Proof. Everything follows from the statements presented before in this chapter. Note
that A € TP! is Fredholm if and only if it is invertible in 77 modulo K by Corollary
3.3.17 O

For the characterization of the one-sided invertibility modulo compact operators,
there is still a small gap: Is A € TP! left-/right-Atkinson if and only if is left- /right-
invertible in 7P* modulo K? Since C* algebras are closed under one-sided invertibility
(see e.g. [54l Lemma 1.1]), the statement is true at least for p = 2. As the Toeplitz
algebras TP in general behave very much like C* algebras, we would not be surprised
if this would turn out to be true in general. Further, note that in the case of p = 2,
the notions of an operator being left Atkinson and lower semi-Fredholm (respectively
right Atkinson and upper semi-Fredholm) agree: the property of ker(A) (respectively
ran(A)) being complemented in Proposition part 3) (part 4) respectively) is
trivially satisfied in a Hilbert space. Therefore, we arrive at the following:

Proposition 5.2.6. Let A € T>t.

1) A is left Atkinson if and only if A is lower semi-Fredholm if and only if A, is
left-invertible for every x € M\ C™.

2) A is right Atkinson if and only if A is upper semi-Fredholm if and only if A, is
right-invertible for every x € M\ C".

As we have already mentioned at the beginning of this chapter, our work in [73]
was closely inspired by R. Hagger’s paper [80], which in turn took its motivation from
techniques which are well-established in the study of band-dominated operators on
sequence spaces (see e.g. [44] for an introduction). Fredholm characterizations for
such operators (similar to the results we have presented above) are well-known. For
a long time, it has been an open problem if it is necessary to assume that the limit
operators are uniformly invertible (i.e. if their inverses are uniformly bounded) or if
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this automatically follows if every limit operator is invertible. This problem has been
resolved in [97], where one can also find a good historical overview on that issue. In the
remaining part of this section, we will prove that the condition sup, e ppcn |47 | < 00
is actually redundant in the characterization of A € TP being Fredholm (and similarly
in the sufficient and necessary criteria for A being left- or right-Atkinson). We will of
course do this by following our presentation in 73], which in turn follows [80] closely
(and borrows some details from there, which were omitted in [73]). Both presentations
in |73//80] have in common that they are closely inspired by Lindner’s and Seidel’s
proof from [97], which we want to emphasize.

For A € £(X), where X is any Banach space, we define the lower bound of A by

v(A) = inf || Az||

11
z€X; ||z||=1

and say that A is bounded below if v(A) > 0. As is well-known [96, Lemma 2.32], A is
bounded below if and only if it is injective with closed range.

Lemma 5.2.7. Let X be a Banach space and A € L(X) left-invertible. Then, the left
inverse B of A satisfies || B|| = u({4)'

Proof. As in the proof of [96, Lemma 2.33] one sees that A is left-invertible if and only
if it is bounded below and ran(A) is complemented. Further, a subspace complementing
the range is given by ker(B): X =ran(A) @ ker(B). Thus,

|B||= sup || Bz
zeX; |lz]|=1

= sup 1By + 2)|l
y+z€ran(A)Pker(B)
lly+=[=1

= sup 1B
y+z€ran(A)Pker(B)
lly+2[I=1

sup | By]|
ye€ran(A)
lyll<1

= HB‘ran(A) H

Since A is injective, A : X — ran(A) is bijective, hence invertible. Further, B|..,(4) is
a left-inverse, hence an inverse of A € L(X,ran(A)). Now, one proves ||Bl.ana)ll =
v(A)~! as in [96, Lemma 2.35]. O

We assume for the moment the following fact. The proof will be given in the
following subsection.

Lemma 5.2.8. Let t > 0 and p € [1,00). Then, for each A € TP! there exists
y € M\ C" such that

v(A,) = inf{v(A,); =€ M\C"}.
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Theorem 5.2.9. Lett >0, p € (1,00) and A € TP!.

1) (i) If A is such that A, is left-invertible for every x € M\ C", then A is
left-Atkinson.

(ii) If A is left-invertible in TP modulo K, then A, is left-invertible for every
x e M\C".

2) (i) If A is such that A, is right-invertible for every x € M\ C", then A is
right-Atkinson.
(ii) If A is right-invertible in TP modulo K, then A, is right-invertible for every
xe M\C".

3) A is Fredholm if and only if A, is invertible for every x € M\ C".

Proof. 1) (i) Let A, be left-invertible for every x € M\ C™ with left-inverse B,. Then,
A, is also left-invertible for every x with left-inverse B, = P.B,P, + (I — P;). By
Lemmas and

= 1 1 1
sup ||Bz|]| = sup — = — = ——— < 00.
zeM\Cn zem\Cn v(Ay)  infoepnpcon v(Az)  v(Ay)

Since B;\Ff = B,, we obtain ||B,| < HE;H and therefore also

sup || Byl < oo,
ze M\C"”

i.e. the assumptions of Theorem [5.2.5 1)(i) are satisfied.
1) (ii) This follows from [5.2.5] 1)(ii).
2) follows from 1) after considering the adjoint operator.
3) is an immediate consequence of 1) and 2). O

Corollary 5.2.10. Lett >0, p € (1,00) and A € TPt. Then,
Uess(A) = U O'(Az)
zeM\C"

Proof. This follows immediately from the previous theorem: A — X is Fredholm if and
only if A, — X is invertible for every z € M \ C" if and only if A is in none of the
spectra of the A,. O

Proof of Lemma [5.2.8

We start by introducing the following notation: We will denote

. 8v2n
rs := diam(supp(pj,s)) = s
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For F C C™ and A € L(LY) set

v(Alp) == nf{||[Afllpp; f €L, [flly =1, supp(f) € F}

and
Z/S(A|F) = inf Z/(A|FﬂB(w,Ts))'
weCn

Note that v(A) = v(A|cn). We will also write v4(A) := vs(Alcn).
Lemma 5.2.11. Let A, B € L(LY) and F C C". Then:

1) (Alp) = v(BlF)| < [[(A = B)My,| < [|A - B|;

2) vs(Alp) = vs(Blr)| < [|A = BJ|.

Proof. 1) Let € > 0 and pick f € L¥ such that ||f| = 1, supp(f) C F and |Bf|| <
v(B|F) + e. Then, using the obvious estimate v(A|r) < ||Af]:

v(Alr) —v(Blr) —e < v(Alp) — | Bf| < [[Af]l - I BS]]
< (A= B)fIl < [I(A = B)My||
<|[lA-BJ.

Since € > 0 is arbitrary, this gives v(A|r) — v(B|r) < ||[(A — B)My,.|. The other
estimate v(B|r) — v(A|r) < |[(B — A)M,,|| follows by symmetry.

2) Let again € > 0 and w € C" such that v(B|pnp(w,r,)) < Vs(B|r) + €. Then, also
using part 1) of the lemma:

vs(Alp) — vs(Blr) — e < vs(Alr) = v(Blrapw,r,))

< V(A|FﬂB(w,rs)) - V(
<|A-3B].

(w,rs))

Again, the other estimate follows by symmetry. O

Lemma 5.2.12. Lett > 0, p € [1,00) and A € TPt. For every ¢ > 0 there is some
s > 0 such that for every F' C C™ and every B € {A} U{Ay; x € M\ C"} we have

v(Blr) < vs(Blr) <v(B|p) +¢

Proof. The first inequality is immediate from the definition, we only need to prove the
second. By Corollary E we can choose a sequence of band operators Ay, € L(LY)
converging to A as m — oco. Fix e > 0 and let m € N such that HA A < §. Further,
let € M\ C" and consider a net (z,) C C" converging to z. Then, (thA wt =)

is a uniformly bounded net of operators in £(L}), therefore it has a weakly convergent
subnet, which we will also denote by (Wt A, Wt )% and we will denote its limit by

(Am)z- Recall that o, (A) converges strongly to A, and hence W;AWEZW converges



104 5.2. The Fredholm property for elements in 77!

strongly to A,. In particular, W;(A\ - Am)VVEZW converges weakly to A, — (Am)z-
This implies

[ Az = (Am)ell < Sup IWE (A= A)WE, || = |A = Au| <

| o

Let f,g € L>°(C") be such that dist(supp(f),supp(g)) > w(A;,). The identity

dist(supp(f), supp(g)) = dist(supp(a—., (f)),supp(a-.,(g)))

implies

t t t t
MWL AgWh My =W My (pAmMo__(WE, =0.

—Zy

Using this, we obtain
W(W;AmWizw) < w(4n)
and therefore, by separate continuity of the weak operator topology,
M¢(Ap)aMy = 0.
After passing to the limit we receive
w((Am)a) < w(Am).

Assume for the moment that there is some s € (0,1) such that for all ¥ C C" and
every B € {A} U{(An)z; € M\ C"} we have

vy(Blr) < v(Blr) + 5.

Then, by the previous lemma,

Combining all these estimates we obtain
vs(Blp) < v(B|p) +¢
for every B € {A} U{Ay; z € M\ C"}.

It remains to prove the existence of the above mentioned s. This will be done as in
the proof of [80, Proposition 23].



Chapter 5. Fredholm theory of Toeplitz operators on Fock spaces 105

Recall that by Equation (5.1) we have
. 1
dist(supp(pj,s), supp(l — 1 5)) > — -

Choose s € (0,1) such that % > w. Then, for any f € L? satisfying ||f| = 1 and
supp(f) C F we can estimate

1/p 1/p
p 0 p
_ Lt j=1 e t
. ) 1/p - , 1/p
e D Ty I O3 S Y
7=1 L Jj=1 t
- , 1/p
+ Z B M 1/1’ MTZ)] qf
— LY
Jj=1 ¢
. 1/p - , 1/p
= 1/pr + B M 1/P M’l;bj ef ?
- Ly = Ly

t

where we used that B is a band operator with band-width < w. Since 3 72, [p;s(2)| = 1
for every z € C™ and s > 0, the first sum equals | Bf||. For the second sum, observe
that

~ » 1/p 1/p
> \BM )My, f < sup B, M, ZIIMw]sfH
=1 " Ly j=1
< (4*)YPsup |[B, M up]H
JEN

1/p

Similarly to the proof of Proposition[5.1.4} the functions ¢ ;" satisfy the assumptions of
Lemmal5.1.5] Therefore, given § > 0, by that lemma we can choose s small enough and
independently of B (depending only on w) such that sup,cy ||[B, M 1/p] | < B

This yields

42n (42n\1/p

1
~ /p

D

Jj=1

Since || B|| < ||A|| + £ for any B € {A;n} U{(Am)z; & € M\ C"}, choose & such that
§||B|| < £ for all such B. Choosing now f such that | f||zz = 1, supp(f) € F and

p
<4[|B]l.

[Ba M(pl_/P]ij,s f
2,8

t

| Bflle < v(B|F) + £, we can set the pieces together and obtain
o » 1/p .
> BMW;fgpf o <|Bfllgr + 1

Jj=1
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v(B|r) + =

[e.e]

— (V(B|F) + %) Z; HM@;/pf

Hence, for all s > 0 small enough there is some j € N satisfying

|o59],, =

B|F Hijl/gpf

7o

Now, having supp(M(pl/pf) C supp(pjs) € B(w,rs) for w € C™ appropriately, we get
7,8

vs(Blr) < v(Blr) + 5

for all B € {A;,} U{(Am)z; © € M\ C"}. Since s was chosen independently of F' and
B (it depends only on the band width of A,,), the statement follows. O]

Lemma 5.2.13. Fort >0 and p € (1,00) let A€ TP, w e C" and r > 0. For any
f e LY satisfying supp(f) € B(w,r) and any x € M\ C" there exist g € L} and
y € M\ C" such that ||g|| = || f]l, supp(g) € B(0,r) and ||A fll = HAng Further

they satisfy v(Ay|po,+w) < V(AzlBo)-
Proof. As already mentioned earlier, the a-invariance of BUC(C™) induces a natural

action of C" on M, which leaves M\ C" invariant (and on C" is simply a,(z) = z—w).
For this action, it is easily verified that

Aaw (x) = Qi (Am) .

Hence, let y = a_y(x), i.e. if 2y is a net in C" converging to x, then (possibly after
passing to a subnet) z, + w converges to y. Since the Weyl operators also commute

with the projection, one immediately obtains that WﬁwEfoU = A\y. Consider now
f € L¥ such that supp(f) C B(w,r). Let g = Wt f. Then, we have supp(g) C B(0,r)
and, since the Weyl operators are isometric,

[Aygllr = WLy AuWagll e = WLy Auflle = [ Aufllr,
which proves the first claim. Let h € L? such that supp(h) C B(0,7). Then,
supp(W',,h) € B(—w,r) C B(0,r + |w])
and, as above, [|Azh|r = ||AyWﬁwhHLf. O
Proof of Lemma[5.2.8, By Lemma[5.2.12] there is a sequence (sg)ken € (0, 00) converg-
ing to 0 such that

1
Vs, (B|r) < v(Blp) + o7 T
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5

for any k € N, F C C" and B € {A} U {A,; x € M\ C"}. Recall that r, = 3¥2 —
diam(supp(p;s)) as defined earlier. Possibly after passing to a subsequence, we might
further assume that rg, ., > 2rg, for any k € N.

Let further (x;);en C M\ C" be a sequence such that
v(Ay,) — inf{v(4,); € M\ C"}, j— oo

We claim that there exists a sequence (y;)jen C M \ C" such that for any I € N we

have
1

v (ij|B(O,4TSl)> <v(Ag;) + 5T

whenever j is sufficiently large. Let us defer the construction of this sequence for
a moment and finish the proof under the assumption that it exists. Since x — A,
M — TPl is continuous in the strong operator topology and M \ C" is a compact
subset of M, {A;; © € M\ C"} is compact with respect to the strong operator
topology. Hence, there exists a subnet (ijV )~ of (Ay,); which strongly converges to
A, for some y € M\ C". Then, for any k € N we have

H (ij»Y - Ay) MXB(O,47"SZ) H = H (ij—y - Ay) PtMXB(o,MSl) H — 0, Yjiy =Y
by Lemma since My 4., , 18 compact by Proposition This in turn
) Sl

implies
y (gyﬁ !B(o,4rsl)) — v (gy’B(O,Msl))

by Lemma [5.2.11] Thus,

V(Ey) Sv <Ey|B(0,4rsl)>

= li’gn v (ijv |B(0’47’Sl)>
R 1
< ll’gn V(Al‘j,y) + F
1
1

)

= lim V(A\xj) +
j—ro0
~ 1

Passing to the limit [ — oo proves the statement.

We now show the existence of the sequence (y;). For the moment fix j. By the
definition of vs, there is some f](-) € LY with ||f]0|] = 1 such that supp(f]o) - B(w?, Ts;)
for some w? € C" and

R ~ 1 n 1
140, £y < vy (An) + gip < w(Asy) + o5
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Applying Lemma [5.2.13] there exist y? e M\ C" and g}) € LY with Hg?” =1 and
supp(g; 9) € B(0,7s,) such that

~ 1

HAy]o_g ‘ Z/(ij)-i-g.

[

Ly =

For k =1,...,j we will now inductively define elements y;-“ € M\ C" and f;-“, gf eLy
satisfying the following: Given y}“il, there exists some f € LY, ||| p = 1 with
supp(f) C B(wf, s, ) N B(0,7s, ) for some wf € C” such that

N N 1
k
HAyé-g_lfj HL? = Von—k (Ayf_l|B(0’rSn7k+1)) + on—k+1"

Note that we necessarily have \wk] < 7s;_p +7s;_ 441, since otherwise we would have
B(w,rs, ) N B(0,7s;_,,,) = 0. Applying Lemma m yields y € M\ C" and
g}“ eL?, Hgf” = 1 with supp(g) € B(0,rs,_, ) satisfying

1

Tk
|45t <v(Aalnon, )+ 5

=421,

From this, we obtain

n Tk
v (AyﬂB(O’Tijk)) = HAyfgj‘

Ly
N 1
<( y;_c—lfB(o,n k+1)) 25—k
~ 1
k—1
<[ Aga], + 5
<.
<A 1
—H y;t%‘ PRy
~ 1 1
SvlAe) F gt g
~ 1
<wv(Ag;) + 57—h1

Fix now [ € N and let j > [. Note that the assumption rs, , > 2rs, for all | € Ny easily
yields
Tso + 27g + -+ 2rg, < drg,

for any [ € N. In particular, we obtain
V(A ilBary)) < VA BOrg 4+ r2r))-
Further, using the second statement from Lemma [5.2.13| inductively, we have

V(Ay-tlBor,) Z VAt g, i)
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> y(ijng!B(o,zr5l+rs,_1))

> V(Ay;f*l*Q|B(O,2Tsl+2rsl_1+rsl_2))

>

Z V(Ay; |B(0,2"'sl+2'f‘slil +"'+27'sl +TSO))
>

V(ny;; |B0,4r,;))-

Letting now y; := yj and combining the above estimates we obtain for any j > [:

~ 1

Z/(A\yj|B(O,47"sl)) <v(Ag) + pYSE m

5.3 Essential norm estimates

Methods similar to those presented above allow us to derive certain estimates for the
essential norm. The result will be the following:

Theorem 5.3.1. Lett >0, p € (1,00) and A € TPt. Then, the following holds true:

1
LA KED < swp Al < A+ KED)
B

tH ze M\C"

For p =2 the above supremum is attained by some limit operator and we have

A+ K(F?)| = Al
A+ K(F) xerg%nll |

For A € L(FF) and s > 0, F C C™ we will denote

|AP|r|| = sup{|[AP.f|lrz; f € LY, | fll» =1, supp(f) C F},
AP plls == Sup APt FrB(w,r) -
weCn

Observe that

AP || = || AP M,

el

Lemma 5.3.2. Lett > 0 and p € (1,00). For any A € TP' and every € > 0 there
exists some s > 0 such that for all F C C™ and every B € {A}U{A;: z € M\ C"}

we have
IBPr|| > |BPFls = [|BPr| — e

Proof. The proof is very similar to the proof of Lemma[5.2.12] The first estimate follows
from the definition. On the second estimate: Let A,, € L(L}) be a band operator
such that ||AP; — A,,|| < §. Following the lines of the proof of [5.2.12 exchanging the
triangle inequality in ¢P(N) by the reverse triangle inequality, one shows that there
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exists s > 0 such that for all F¥ C C" and every B € {A,,} U{(4n)z; © € M\ C"}
we have
IBE| |l < IBF:|Flls + €.

Here, (Ay,), denotes the limit operators of A,,, which exist as limits in the weak
operator topology as discussed in the proof of Lemma Finally, passing from
the estimates for the approximating band operator A,, to those of A works again as
in the proof of Lemma since the norms ||BP;|r| and ||BP;|F||s obey similar
continuity properties as v(B|r) and vs(B|F). O

Proof of Theorem[5.3.1 The second estimate is readily established: Let (zy), C C"
be a net converging to z € M\ C" and K € K(F}). Since a, (K) — 0, a simple
application of the Banach-Steinhaus principle shows

| =4+ K|

2|

| Azl = || limW§ (A+K)sz | < limsupHWﬁ (A—l—K)Wf
o7 Yy Y v Y

Since K € K(F}) was arbitrary, this shows ||A,| < ||[A+ K(F})|| for any 2 € M\ C".
Let K € K(LY, F}). Remarking the following estimate

AP+ K| =  swp (AR +E)f|> swp (AP +K)f|
ey, |Ifll=t Fert, |Ifll=1
= A+ Kl

we therefore obtain

|A+KED)| < inf AP+ K],
KeK(LY,FF)

Therefore, it suffices to prove

inf |JAP,+ K| < sup |A.FP].
Kek(L? FP) zeM\Cn

We will show by contradiction that this statement holds true: Assume that

inf ||AP,+ K| > sup ||AzP] +e.
KeK(Ly,Fy) zeEM\Cn

We clearly have for any r > 0:
HAPt\tcn\B(o,r)H = ”APtMl_XB(O,r)H = ||AP; — APtMXB(Om)H'

Since P M, B0 18 compact by Proposition we necessarily have

AP cm ol > sup |4z P +e.
zeM\C"

By the previous lemma, there exists some s > 0 such that

£ e
lAF e o lls 2 AR lemponl =5 > sup (AP + 5.
ze M\C"
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Hence, for each r > 0 there necessarily is some w, € C™ such that

HWinAWut)erMXB(o,rs) H = HAPtMB(wr,Ts)H

> ||APM,,

s ronzon |

€
> sup HAth||—|—§.
ze M\C"”

If w, would remain bounded as r — oo, then B(w,,rs) \ B(0,r) would be empty for
r sufficiently large, violating the above estimates. Hence, possibly after passing to a
subnet, we may assume that —w, converges to some y € M\ C". Since P,M,
compact, this implies

B(0,rs) 18

W, AW. P,M, — AyPM,

B(0,rs) B(0,rs)

in operator norm. But this in turn yields

9
HAyPtMXB(O,rs)H > sup [[Az Bl + bR
zeM\C"

which is a contradiction.

Regarding the statement for p = 2: Using the fact that ||A;FP|| = ||Az|| in the
Hilbert space case and imitating the proof of Lemma [5.2.8| with v(A|r) and vg(A|p)
replaced by ||AP|r|| and ||AP;|F||s, one can show that there exists some y € M \ C”
such that

1Ayl = 1Ay P || = oo [ Az Bl =

sup || Aq|],
zeM\C \Cm

zeM\C

which shows that the supremum is actually a maximum in this case. Further, since the
projection P; is orthogonal in the Hilbert space case, i.e. | P = 1, we obtain equality
from the norm estimates derived above. O

5.4 Essential spectra of Toeplitz operators with symbols
of vanishing oscillation and vanishing mean oscilla-
tion

Let f € VOo(C™). As we have seen in Example [4.1.7/2), f, is a constant function for

any x € M(VOy(C")) \ C". This in turn yields that (T}), = T}, is simply a multiple

of the identity. Patching things together, we obtain:

Proposition 5.4.1. Lett >0, p € (1,00) and f € VOy. Then, we have

Oess (T};) = f(oC"),

where f(OC™) denotes the set of limit points of f(z) as |z| = co.
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Proof. As one easily sees (e.g. from the estimates in Example [4.1.7)), f(OC™) coincides
with the values that the constant functions f, can attain for z € M\ C". Hence,
every limit operator (7' })x is of the form AI for some A\ € f(OC™). The result is now
imminent from Corollary O

Corollary 5.4.2. Lett >0, p € (1,00) and f € VMOy(C"™). Then,

Tess(T) = f(OC™).

Proof. For f € VMOy(C") we have 0 e VOy(C™) and (fO — H)~® e cy(Cm)
[137, Chapter 3.5]. By Corollary |3.3.10 T}(t)_f is therefore compact, i.e. UESS(T})

Oess (TJ%( »)- Now, the result follows from the previous proposition.

O

5.5 Remarks

As already mentioned earlier, the contents of this chapter originate from the author’s
joint paper with R. Hagger [73]. In contrast to that paper, we tried to extend certain
results to the case p = 1. Since the methods do not give rise to a full Fredholm
characterization in that case, we essentially do this to see where the method breaks
down in the non-reflexive case. Another difference with the original paper [73] is that
we emphasize how the Fredholm criterion can be turned into a criterion for left- and
right-invertibility modulo compact operators, which eventually leads to the following
open problem: Is A € TP left-invertible modulo K if and only if it is left-invertible in
TP* modulo K?

The paper 73] was closely inspired by R. Hagger’s earlier work on the Fredholm
property of operators on Bergman spaces over complex unit balls [80]. The idea of
using limit operators for studying compactness and Fredholm properties initially goes
back to the study of operators on sequence spaces [44,96,[111]. The first occurrence of
limit operator techniques on Bergman or Fock spaces was in the works [104,|122] on
Bergman spaces and subsequently in [19] on Fock spaces, serving as a tool for the first
proof of the compactness characterization, cf. Corollary above. In particular,
in [19] results in the spirit of the estimates in Section [5.3| were established, which we
could slightly improve with the methods presented above. We also want to emphasize
that the very recent paper |83 has proven that limit operator techniques are applicable
in a very general geometric settings.

Results on the essential spectrum of Toeplitz operators with symbols of vanishing
oscillation were already presented in [30]. Yet, it seems that those results were so
far only discussed in the Hilbert space setting. Hence, our results in Section [5.4
contributed to extend the theory in the non-Hilbertian setting. Note that analogous
results were proven independently in [1] with different methods, see also [89].



Chapter 6

The Resolvent Algebra

A cornerstone for quantum mechanics are the canonical commutation relations: Let
(X, 0) be a symplectic space, H a Hilbert space and a ¢ real linear map from (X, o)
into the (unbounded) self-adjoint operators on #H such that all ¢(f) have a common
core D on which they are essentially self-adjoint. Then, the canonical commutator
relations are

[6(f), ¢(9)] = io(f 9), f,9€X. (CCR)

Since dealing with algebraic expressions (such as (CCR))) can be quite cumbersome
when dealing with unbounded operators (compare e.g. [113, Chapters VIIL.5 and
VIIL.6]), one usually passes to a related C*-algebra of bounded operators, which
preserves the relations . Going back to Weyl, the most common approach is
to consider the CCR-algebra generated by the unitary operators exp(i¢(f)), f € X.
Then, one obtains the modified CCR-relations

exp(ip(f)) exp(ip(g)) = e "9 exp(ip(f + g))

and, replacing the self-adjointness,

exp(ig(f))" = exp(—ig(f)).

Given a symplectic space (X, o), one is hence interested in the C* algebra CCR(X, o)
generated by the abstract relations

W ()W (g) = e "PIW(f + g),
W(f)" =W(-f).

Such C*-algebras are usually called Weyl algebras (or CCR algebras).

Upon choosing for ¢t > 0 the symplectic space (C", o) with oy(w, 2) = Im(;”'g), one

obtains a representation of the Weyl algebra as operators acting on the Fock space
F?. Indeed, the unbounded operators realizing the relation (CCR) are obtained by
the self-adjoint and unbounded Toeplitz operators

¢(Z) = TZtUt(~7z)7

113
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or, more precisely, as the closure of Tégt(.,z)\p[zl,,_wzn], cf. Lemma below. For
keeping the notation simple, we will notationally not distinguish between TQtUt (2) and
the closure of Tégt(,’z)\p[zlw,zn] in this chapter.

One can show (we will use such an argument below) that the corresponding Weyl
algebra is generated by the unitary Weyl operators WY, i.e. th A(42) is the generator
of the unitary operator group s — W<, . Hence, one obtams that

CCR(C",0y) = C*({W]; z € C"}). (6.1)

The algebra CCR(C™) := CCR(C",03) is a very classical object and various of its
properties in a more general framework can be found in [40].

As already mentioned earlier, the representation of CCR(C") on Fj has already
been studied by L. Coburn:

Theorem 6.0.1 ([49]). It holds true that

CCR(C") 2 T,:*(TP),
where
TP := Span{w — exp(iIm((w, z))); z € C"} C L>(C").

As explained in Example the CCR algebra is a prime example of a space
that can be studied using Quantum Harmonic Analysis. In particular, it is easy to
prove CCR(C",0y) = ﬁfnt(AP) for any t > 0.

Unfortunately, there are certain drawbacks of using such CCR algebras for modeling
quantum mechanics. The most significant problem is the fact that, when considering
Hamiltonians in the standard Schrodinger representation (i.e. —A + V on L?(R")),
time evolutions of such Hamiltonians do not give rise to *-automorphisms of CCR(C")
unless the potential V' is trivial (cf. [68]).

Based upon this, it was suggested in [41,42] to consider instead the C* algebra
generated by the resolvents of ¢(f), which they named the Resolvent Algebra. This
effectively provides a framework where the dynamics of the system can be explicitly
studied as elements of a C* algebra. Abstractly, the Resolvent Algebras are defined as
follows:

Definition 6.0.2. For a symplectic space (X, o), Ro(X, o) is defined as the universal
unital *-algebra generated by the set {R(\, f); A € R\ {0}, f € X} and the relations

Z

R(X,0) = X (6.2)

RO f)" = R(=A ) (6.3)
vR(vA\,vf) = R(A, f) (6.4)

RO\ f) = R(p, f) = i(p = MR, f)R(p, ) (6.5)
[RON £), R, 9)] = io (f, g)R(A, f)R(11, 9)*R(A, f) (6.6)
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R\, f)R(p, 9) =R(A +p, f +g) -
- [RON\ f) + R(p, g) +io(f.9)R(N, £)*R(p, 9)]  (6.7)

for A\, u,v € R\ {0} and f,g € X.
Then, the Resolvent Algebra R(X, o) is defined to be the closure of Ry with respect
to a certain seminorm related to the GNS construction (cf. [42] for details).

Remark 6.0.3. 1) Equation (6.2) comes from ¢(0) = 1. Equation (6.3) encodes the
self-adjointness of ¢(f). Equations (6.4) and (6.7)) are the R-linearity of ¢. Equation
(6.5) is just the usual resolvent identity. Finally, is the substitute for the

(CCR) relations.

2) When one considers a representation of Ry as a concrete *-algebra generated by
resolvents of self-adjoint operators on a Hilbert space, then passing from Rg to R
is the same as taking the closure with respect to the operator norm.

We are interested in the Fock space representation of the Resolvent Algebra over
the symplectic space (C",0¢). Since the generators of the resolvents are just the
Toeplitz operators T, 2tat () @S described above, this is just the C*-algebra generated by
the resolvents of these operators:

R(C", ) = C* ( {(M ) 5 AER\ {0}z € C”}). (6.8)

We begin here with our analysis.

6.1 The Resolvent Algebra in the Bargmann representa-
tion

For readability, we will notationally not distinguish between the Resolvent Algebra
R(C", 0¢) and its representation on F?. The key to studying R(C", 0¢) consists of the
following integral representations:

Lemma 6.1.1. For z € C", s — W, defines a strongly continuous unitary operator
group. The set of holomorphic polynomials, P[z1,..., 2], is a core for the generator
of the operator group and the generator is given by the closure of iTQUt(.,z)|7>[z1,,..,zn]7
which we abbreviate for simplicity by iTo4,(. ). In particular, for A > 0 the following
integral representations for the resolvents hold true, where the integrals are understood

to converge in strong operator topology:

(73

20

00
(-2) + i)\)_l = (TQtoz(',z)-l—i)\)_l = Z/O e_ASW;z ds,

(Tapymy = N = (Thgyyoin) ' = Z/o e W, ds.
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Proof. As we have used sufficiently often by now, s — W, is continuous with respect
to the strong operator topology. Since each W, is unitary, this is indeed a strongly
continuous unitary group. By the general theory on such groups (cf. [56]), there exists
some self-adjoint (in general unbounded) operator A on F? which generates this group:
Wt = €4, The fact that the polynomials form a core for the generator and the
precise form of the generator is not important for the following discussions. This can
be discussed as in [85, Chapter 14.4].
Since each W, is unitary, we of course have

Wl =1< e,

i.e. the group has growth bound wyg = 0. For any A > 0, this implies, by the general
theory on operator (semi-)groups (cf. [56, Theorem I1.1.10]), that

o0
()‘ - Z»T2tcft(',2))71 = /0 eiASWsz dS,
where the integral converges in strong operator topology. Hence

(T

20'15

(-,2) + 7;)\)71 = —Z/ eiAsW;Z dS,
0

and since (WL )* = W'

—8z)

% o)
(ngt(,’z) —iN)t = ((Téat(,,z) +¢A)*1) :i/o e MW ds,
proving the claim. O
In what follows, we will denote the resolvents by

R(X, 2) = (T3,,.y —iN) ™', AeC\iR, z€C"

)

Hence, for A > 0 the previous lemma states
o0
R\ 2) = z/ e MW, ds,
0 oo
R(—)\,z) = —i/o e MWL ds.

Let us recall the following standard result on resolvents [129, Theorem 5.14].

Lemma 6.1.2. Let A\, \g € C\ iR such that |A\o — A\| < |Re(\g)|. Then, we have
R(X.2) =) (A = N R(h, 2)F,
k=0

where the series converges in operator norm. In particular, we have

X Z’k—l dk—l
R 2" = i gt B Db



Chapter 6. The Resolvent Algebra 117

It will be useful to consider resolvents R(A, z) for the larger class A € C\ iR. An
immediate consequence of the previous lemma is that the resulting C* algebra remains
the same.

Lemma 6.1.3. The following holds true:
R(C" 0¢) = C*({R(\, 2); z€ C", A€ C\iR}).

It is important to note that the same integral formulas for R(\, z) derived in
Lemma hold for any A € C\ R:

Lemma 6.1.4. Let z € C" and XA € C\ iR. Then,
R(\, 2) = z'/ooo e MW, ds, Re(\) >0,
R\, 2) = —i /0 h MW ds, Re()\) < 0.
Proof. The proof is identical to the case A € R\ {0}. O
Let us consider the following class of bounded functions on C":
FR := {(A — 2io4(-, 2))"**V: 2 e C", A e R\ {0}, k € Ng}.

Obviously, the class FR is independent of ¢t > 0.

Proposition 6.1.5. We have
R(C",0;) C T2H(FR).

Proof. We need to prove that the generators of R(C",0;) are contained in ’7;2’t(FR),
i.e. that R(\, z) € T2/(FR) for any z € C", A € R\ {0}. For A > 0 we have

o0
iR(=\, 2) = / e MWL ds
0
> —As £|z\2 t
= € €2t T62isat(»,z) dS
0

00 ) 21,12\
_ 1 [ s%z]
_ As t
[ () T
k=0

Since the Weyl operators have norm one, we conclude

2|2

t ,ﬁ t ,ﬁ t _
1T ioym || = €720 [T || = e 2 [[W| = e 2r.

Therefore, we obtain

2k

m

2k — st
Z klthk/ € Te%s"t(‘vz> ds
k=0




118 6.1. The Resolvent Algebra in the Bargmann representation

0 521,12 T g2k 22
< e [ el —Z k k|z|2’g e 3 gs
0 — kltk2

—0, m— o

by the Dominated Convergence Theorem. Thus,

. 1 |Z|2kz 0o .
ZR(_A7 Z) = 70 Tef)\ss2k623io't(-,z) d87
: 0

where the 1nﬁn1te series converges in operator norm. Let N > 0 be fixed. Note that
the integral fo Ass2ke2swt (=) ds converges in the strong operator topology, which is
a simple Consequence of the continuity of s — W!,. Hence, upon applying the Berezin
transform to this operator integral, we obtain

~

N N .
</ TS,ASS%EQSW(‘@) ds> (u) = </ e_’\ss%e%wt("z)kzi ds, k‘ft>
0 0 t
N
= </ e M g2k e25i0i(52) (g kfmkz> .
0 t

Therefore, injectivity of the Berezin transform gives

N
t _mt
/O Te*)‘ss%e?SiUt(wZ) ds = TfoN e— s g2k 25004 (,2) g
Since

N oo
/ 6—>\382k62si0t(~,z) ds N—oo / 6—>\ss2k625iot(~,z) ds
0 0

uniformly on C™ as a function of w, we obtain

1 |Z‘2k
Z k! 9kk fooe As g2k 2510t (,2) (g*

The symbol of the Toeplitz operator in the series expansion can be computed explicitly,
using properties of the Laplace transform:

0 4 d2k o0 }
/ ef)\3$2k623w't(w,z) ds = y — |:/ e*/tse?swt(wJ) ds ‘ﬂ:)‘
0 12

= (A — 2ioy(w, z))~ kD),
Thus,
oo
. 1 |Z’2k t
iR(=A2) = 3 1w T st o)k
Since the sum converges in operator norm, as already mentioned above, we therefore

obtain R(—A, z) € T.>*(FR). Furthermore, using the identity R(—\, z) = —R(\, —2),
we obtain the same statement for those resolvents. O
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Let us compute the shifts of a resolvent: For w € C™ and A > 0 we have, using the
standard relations for products of Weyl operators,

WER(=N\, 2)WE, = —i / e MSWEIWL W, ds
0

_ —Z/ e—)\se—Zisat(w,z)WstZ ds
0
= R(\ + 2io(w, 2), z).

Since, by Lemma the C* algebra generated by those R(\, z) with A € R\ {0} is
the same as the C* algebra generated by all R(\, z) with A € C\ iR we deduce:

Proposition 6.1.6. R(C", o) is an a-invariant C* subalgebra of T>*.

Hence, applying Correspondence Theory to R(C", o), we know that for each ¢ > 0
there is some a-invariant and closed subspace D of BUC(C™) such that

R(C", 0p) = T2 (DY).

Lemma 6.1.7. Let A € C\ iR with Re(\) > 0 and z,w € C". For each k € N the

Berezin transform of R(\, 2)¥ is given by

~ -1 k_lik > —1_—As+2iso zw—ﬁz2
(R(,2)") <w>=((k)_1>!/o stteerrinz )5 g,

A similar formula holds for Re(\) < 0 by applying the relation
R\, 2)F = (=1)*R(=\, —2)*.

Proof. Recall that we have, according to Lemma [6.1.2

Z'k—l k—1
(RO, 2)F) (w) = < T R, z)k;,k;>t o

(k—1)! \duk-1
k=1 gkl . .
= D (WL R(p, 2)Wi1, 1>t li=x-

Applying the integral representation for R(u, z) from the case Re(u) > 0 we obtain
,L'k dk:—l
(k — 1) duk—1

’ik dkfl ] © 2isos(20) .
= midukfl A e HS 1so0¢(z,w <W_521, 1>t dS‘M:)\.

52‘2‘2

(RO 2)F)™ (w) = / e (W W WAL 1)y ds]ms

Since (W', 1,1); = k!,(0) = e~ 26 we obtain
ky~ i* dF! > s+2isoi(z w)—sle‘2
(R(A, 2)")™ (w) = (k—l)!du’f—l/o et e 20 ds|u=x.

Exchanging derivation and integration we obtain the claim. O
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Proposition 6.1.8. For any t > 0 we have R(C", ;) = T2'(FR).
Proof. Let A > 0,k € N,z € C" and set

g(w) = (A = 2i Im o (w, 2)) D = / g2hemAst2sion(w2) go c PR,
0

Imitating the arguments from the proof of Proposition we can express the
Toeplitz operator Tgt as an operator-valued integral:

o
t t
Tg _/ TSlef)\erQisaz(»,z) ds
0

RG]
= ez T A 2, ., ds
0 Sgkefz\5+2150t(»,z)fﬁ\z|

& |Z‘2l

Z; 2ltll| foo Ql+2ke—)\s+2mo’t( ,z)— |z\2 ds

Note that this series converges again with respect to the operator norm. By the
previous lemma, we have

Tt 2k+2l+1 2k 2l
[ 52l+2ke—/\5+2i50t('72)—%%|Z|2 ds ( + ) (R()\ z)k)~
Since
T(R()\z = fi x R(\, Z)

. _Llz2 .
where f; denotes as usual the Gaussian fi(z) = (ﬂ%)ne i, and R(C", o) is an
a-invariant closed subalgebra of 72!, we obtain

T R(C", 0y).
[ 22k iso ()= 5y =12 g €R(C" 1)
The standard estimate
-3 b
21tll' [0 2142k Ao+ 2isor(: Z)—*\ 12
N —

N
00 $2)22 |Z|2l82l
S/O (e =D )¢
0

therefore yields T; € R(C",04). Since g was a generic function from FR, we obtain
T2 (FR) C R(C", 0¢). Combining this with Proposition proves the claim. [

Since R(C™, o) is a-invariant, we also obtain
bl )

R(C",0¢) = T2'(Span(a(FR))),
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where
a(FR) = {a.(f); f €FR, z€C"}.
On the level of symbols one might suspect that the “Classical Resolvent Algebra”,
R:=C*"({(A—ioe(2))" A€ R\ {0}, 2 € C"})

agrees with D) (the function space corresponding to R(C",0;)). Indeed, it is not
difficult to verify that R is an a- and U-invariant C* subalgebra of BUC(C"), which
is also independent of the choice of ¢ > 0. Hence, ’ﬁfnt(R) is indeed a C* algebra by

Theorem and therefore satisfies T,/ (R) = 7;127:(73) for any ¢ > 0. Moreover, it is
relatively simple to verify that

R = C*(FR).
An application of Proposition [-3.8] yields
Span(a(FR)) CD{ C R

for any ¢ > 0. So far we do not know if D, agrees with either Span(a(FR)) or R or
if possibly even both inclusions above are equalities. We will now work towards a
description of Df, which will nevertheless not settle this question.

Lemma 6.1.9. Let z1,...,2mm € C", ki,...,kpm € N, Ai,..., Ay, € C\ iR such that
Re()j) > 0 for every j. Then, we have

(k1 = DL (ko — 1)
Z'k1+"'+km

_/ Sk—lef(A-s)fQiazg(w,s-z)fi(Z:]-<ls]'sm't(Zj,Zg))f%\s-z|2 ds.
(0,00)™

(—1)k1+"'+km_m(R(A1, zl)k1 .o R(g, zk)k’”)w(w)

Here, we used the abbreviations s = (s1,...,8m), k = (k1,...,km), 1 = (1,...,1),
S-z=8121+ "+ Snim-

As before, the Berezin transform for the general case (i.e. arbitrary A; € C\ iR)
can by deduced from this using the relation R(—\, z) = —R(X\, —z).

Proof. By Lemma [6.1.2] we have

(R()\l, 21)k1 . R()\k, Zk)km)N(w)
,L'k1+--~+k:m—m
(k1 — 1) (b — D1

akl—l akm—l . .
x . _ o R(p1, 1) - R, kx>.
<8N’f11 8/1%”71 |u1 ALy bm=Am (:ul Zl) (Hm Zm) w fw /
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In the following lines, we will use the abbreviation

8k71 6k171 akmfl

k—1 |/1«:A = ki—1 """ km—1 |H1:>\17---7,Um:>\m‘

Since the resolvent maps p; — R(p;, z;) are analytic in £(F?), the difference quotients
converge in operator norm. Therefore, differentiation can be exchanged with the inner
product. This gives

U= D8l = Dl R, 20 RO, 200 ()

akfl . .
= WM:A(R(M’ 21) - Ry 2m) Ky K )t

ak—l

= WM:A(Win(ML Zl)Wi e WEwR(Mma Zm)qula 1)

k—1
—im O / et tumen) (yt W Wh W WE L WEL 1), ds

k,1|u=/\ 8121 w SmZm
Op (0,00)™

1 1>t ds

8121 ° SmZm )

8k_1 o
—m auk_l ‘u:/\ / e—(#lsl‘i‘""HLmSm)— i s]-ot(w,zj)<Wt Wt
(0,00)™

8k—1 )
_m o / o (131t sm) ~20(S 5500 (w,27)) o
(o)

B/J/kil , )m

x e (e siset(z,20) (Pt 1,1); ds

S121+ +SmzZm
8k_1
7| —A
8Mk—1 H

=M

/ e—(/i151+“'+#m5m)_2i(2j sjor(w,z5)) X
(0,00)™

. 1
w e 1 j<e8i500t(25:20)) o= 27| 225 852512 ds

— im(_l)kj-‘r'"-i—km—m/ 57161*1 o anm—1e*(>\181+---+/\m8m)*21'(2j sjot(w,z5))
(0,00)™

o~ < si500t(zj20)) o= 371 2 857 ds,

which proves the statement. ]

The following result is already known [42]. Yet, we give a proof which works
directly in our Fock space setting.

Lemma 6.1.10. For any t > 0 we have K(F?) C R(C™, 0y).

Proof. Since R(C"™, o) is irreducible [42], it suffices by some well-known C* algebraic
argument to prove that there is one compact operator contained in R(C",0y). We
claim that for any A > 0, the operator

RO (144,0,...,0)R(\, (1 —4,0,...,0)) o
RN (0,14+4,...,0))...R(N,(0,...,0,1—1))
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is compact. We prove this only for n = 1, the general case being proved identically
(up to a messier notation). We will do this by proving that the Berezin transform of
R(X\,1)R(\,4) vanishes at infinity, which will then imply the result by Corollary
By the previous lemma, the Berezin transform of R(A,1 4+ i)R(A\, 1 —1i) at w € C is
given, up to some constant, by

/ e—)\(51+32)—2i(510t (w,1+i)+820t(w,l—i))—islsgat(1+i,1—i)—$|51(1+i)+52(1—i)\2 ds
(0,00)2

_ / e—)\(s1+32)—%(51(Im(w)+Re(w))+sz(Im(w)—Re(w)))—%5152—%(5%4—5%) ds.
(0,00)2

Fix w € C such that |[w| = 1 and let @ > 0. Then, the Berezin transform at aw is
given by

I w ::/ e—A(sH—sg)—%a(sl(Im(w)+Re(w))+52(Im(w)—Re(w)))—%5182—%(s%—f—s%) ds.
’ (0,002

We claim that I, — 0 as @ — oo. To see this, let

67)\(31+52)7%51527%(s%+s%)

g(s1,82) =
such that

Iow= / 9(81’ 82)6—%a(sl(Im(w)+Re(w))+52(Im(w)—Re(w))) ds.
ooy

For € > 0 let x. € C*(R?) such that 0 < y.(s) < 1 everywhere, Xel(0,002 = 1 and
Xe|R2\(—¢,00)2 = 0. Since

l9(s1.52)| < €720
on (—1,00) x (—1,1) and
lg(s1.52)| S o720
on (—1,1) x (—1,00), it is not difficult to verify that
/ Ne(51, 82)g(s1, 5 ) 3051 () Re(w))Hsa(lm(u) Re(w) g — 1. 1 O(e)
R2

as € — 0. Note that x.(s1,s2)g(s1, s2) is exponentially decaying at infinity and since
w # 0, (s1,52) = s1(Im(w) + Re(w)) + sa(Im(w) — Re(w)) has no stationary points in
R2. Therefore, the method of stationary phase yields

/ Xe (81, 82)g(s1, sp)e™ ¢ s (Imw)+Re(w)) ks> (Im(w)—Re(w)) g _y 0 o — oo,
R2
Putting the pieces together, we obtain

(RN 14+49)R(N1—14)"(aw) -0, a— o0

for any w # 0, which proves the result. ]
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Let us come back to the description of Df. Since products of the resolvents R(), 2)
span a dense subspace of R(C", o;), Theorem tells us that

Span{Bi(R(A1, 21)" ... R(\m, 2m)"™); k; € Ng, Aj € C\ iR,z € C"}

is dense in Df. We have already identified these Berezin transforms in Lemma

(up to a constant) as

Tesj\,z,k(w) — / Sk—le—(/~\-s)—2iat(w,s~z)—i(zj<[ SjS[Ut(Zj,Z[)-i'S'Z|2 ds,
(0,00)™
where A = (sgn(Re(A))A1, ..., sgn(Re(Am))Am), k= (k1,...,km), 8= (51,...,5m),
1=(1,...,1) and sz = 8121 ... Sy 2m-. Hence,
Di = Span{resfx’%k; meN, AM,...; A\, €C\iR, ky,...,kp €N, z1,...,2, € C"}.

As we have already stated, we have Span(a(FR)) C D C R for any ¢ > 0 but so far
cannot say anything else about D. We have the following weak result:

Proposition 6.1.11. The following holds true:

UW:R

t>0

Proof. As we have seen earlier, for any A\ € C\ iR, z € C" we have
Tr—2i04(-2)) -1 € R(C", 0¢)

and therefore, by re-scaling z
Tir—2i01(-,2))1 € R(C",01).

Since R(C", 0y) is a C* algebra,

2,t
Thy —io1 (o)1 L Og—2io1 (22)) 1+ L2101 ()1 € R(C™ 01) = T (D)
for any A; € C\ iR and z; € C". As in the proof of Theorem one obtains now

t t t
Bi(T(\, —2i0n(21)~1 T (g —2i01 (-2)) =1~ * - LA —2i01 (-2m))~1)

— (/\1 — QiUl(-, Zl))_l Ce ()\m — 2@01(', Zm))_l

uniformly as ¢ — 0. Since B,g(T(t/\r%Ul(_721)),1 ceen Tg/\m72wl(.7zm)),1) € D} for any

t > 0, the result follows. O
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6.2 Remarks

As we have mentioned, this chapter is in principle only a report on work-in-progress.
Nevertheless, it already fits in here quite nicely, as the Resolvent Algebra serves as an
example of a Toeplitz algebra with non-trivial Correspondence Theory. Besides the
obvious task, i.e. completing our understanding of the correspondence (is D = R or a
strict subset of R for fixed t7), we are planning to investigate the Toeplitz representation
of the Resolvent Algebra on infinite-dimensional symplectic spaces. Further, even
though many properties of the Resolvent Algebras R(C",oy) are already known due to
the works [41,/42], it seems tempting to study the structure of the Resolvent Algebra,
e.g. the structure of its ideals, in the setting of its Bargmann representation. In
particular, it seems interesting to see if the methods of Correspondence Theory are of
any use here.
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Chapter 7

The Berger-Coburn Theorem

The trivial estimate HT}ZH < || fllso, which holds for any ¢t > 0 and 1 < p < oo, shows
that a Toeplitz operator with bounded symbol is bounded. The converse statement is
false: Indeed, there are many bounded Toeplitz operators with unbounded symbols. It
is one of the most important open problems on Toeplitz operators over Fock spaces
(and also over other spaces) to characterize their boundedness in terms of properties
of the symbol. In the setting of Fock spaces, the best-known result in that direction is
the following theorem due to C. A. Berger and L. A. Coburn:

Theorem 7.0.1 ([31]). Let f : C* — C be measurable such that fK. € L? for any
z € C". Then, the following norm estimates hold true for the densely defined operator
T} on F?:

CEONTH > 1F D oo, 2t > 5 >1/2,
c(s)IF oo > ITHI, /2> 5> 0.

Here, C(s), c¢(s) > 0 are universal constants depending only on s,t and n.

We also want to mention the recent results in [50}/51], which head in a similar
direction. Note that Berger and Coburn provided the proof for the above theorem
only for ¢ = 2, but it carries over to any ¢ > 0. It is the aim of this chapter to derive
analogous estimates for any p € [1, 00]. Further, we will derive similar estimates for
the Schatten class norm of T 1’3 in terms of the LP9 norms of the Berezin transforms of f.
Finally, we show a connection between results related to the Berger-Coburn estimates
and the Correspondence Theory we have established earlier.

7.1 The first estimate

Let us first add a remark on the assumption that f : C* — C satisfies fK' € L7 for
any z € C". Elementary computations show that this implies that f(*)(z) exists for
any s < 2t. We will use this fact without mentioning it.

127
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Berger and Coburn proved the first estimate || f()||so < ||T J’Z|| by constructing a

trace class operator Tés) such that

T(TIT) = F0)

and afterwards shifted the operators and used standard trace estimates. In principle,
we will do the same thing and the operator Tés) will even turn out to be the same
operator as in the Hilbert space case. Yet, some additional care must be spent for
getting all the techniques working in the setting of p # 2.

Recall that {e!; o € NI} denotes the standard Schauder basis of F} (being
orthonormal for p = 2). Then, denote for k € Ny by P the finite rank operator

P = Z el, @ el
|a|=k
For s > t/2 we define
() ._ N )"
T, = - - .
0 -3 <1 ) P
k=0
In particular, observe that by our choice of s we have |1 —t/s| < 1. The key fact for
establishing the estimate will be the following:

Lemma 7.1.1. Let s > t/2. Then, the infinite series defining Tés) converges in
nuclear norm. In particular, Tés) € N(EF) for any p € [1,00) and also Tés) e N(f).

For proving this, we will need the following;:
Lemma 7.1.2. Letp € [1,00] and t > 0. If g € [1,00] denotes the exponent conjugate
to p, t.e. %—i— % =1, then

sup HeZ[HFfofZ”Ff < 0.
aeNgG

Proof. Using the product structure of the basis, it is easy to see that we only need to
consider the case n = 1. For p = 0o and k£ € Ny we compute

22
ekl oo = sup —m— |2 %
zeC Vk‘!tk

1 r2
Lk
= supr-e” 2.

VEItE +>0

It is a matter of elementary calculus to find this supremum in r as

t —
lebllre =

On the other hand, for p = 1 we compute

1 ko2
el = = [ 2L 55 4.
t27t Jo VEItk
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1 > k-
t\/k!tk/o re s dr
1 k
= ——(2)Fr (2 +1
\/k:!tk( ) (2+ )

2k/2

k
ri=-+1
)
and putting everything together we obtain

(Zk)k/Q
ekl o llerll e =

k ok
Recall now Stirling’s approximation

T(z) = \/f("z)x <1+O <i>> as z — 0o,

[SIE

Applying this to Equation ([7.1]) yields

ekl llekllree

(2k)k/2 _g
(&
- k+1
2 () (140 ()
k
ko £t
» k27r 5 + 140 kl
5+1 e 5+ 1
1
(k(k+2)% (5 41)"? 1+O(§+1>
(k + 1)k+3 1+0 (ﬁ)
— ! k—
T o,
V2

proving the claim for p = 1,00. For p € (1,00) this follows now immediately from
Littlewood’s inequality (Lemma [2.2.7))

ek llerllebllme < p5a b2 el ot bl o ekl oot
kllEpliekllFg = PPaliCrll prllCkllppe 1€k pp 1€k Fpe

=prqleillm ekl e O
Proof of Lemma[7.1.1] Let p € [1,00) and C' a suitable constant for the norm equiva-
lence of F}! and (F?)’. Then, we obtain
0o k

t
1-—2
s

i
)

o0
[Prllv <
k=0

t
1—-2
s

|a|=k

k
> lebllzplleqliery

IN

2>
k=0

t
1— 2
s

k
> leallpplieallpg-

|a|=k
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Let us denote by C),; the supremum obtained in the previous lemma. Then, we have
just shown

k

k 9]
t n
[Pelly < CCpi Y 1= | - (#{a € NG |a] = K}),

k=0

> t
D

k=0

where # denotes the cardinality of the set. It is basic combinatorics to show that

k—1
#ae g ol =k = (7, 77).

Therefore, we arrive at

>

k=0

t|" (k—1+n

s k '

The quotient test now yields that the right-hand side converges. Since N'(FY) is
complete, we therefore obtain that the series

00 k
t
k=0 5

converges in N'(F}) and hence T ) e N(FP).
The same arguments work over f. O

1_,

!PkHN< CCptZ
k=0

At this point, Berger and Coburn applied what they called the Berezin model to
compare f(%)(z) with the trace Tr(Tés)WﬁzT}Wé). This can be done more directly:

Lemma 7.1.3. Let s € (4,t], p € [1,00) and z € C" such that fK! € L. Further,
assume that a_Z(T}) is bounded on either F¥ or f°. Then, there is a constant C
depending only on s,t and n such that

FO(z) = CTe(T W TIW?).

Proof. Without loss of generality, we may assume z = 0. Since F} for p € [1,00)
and also f° has a Schauder basis, the spaces have the approximation property. In
particular, the nuclear trace is well-defined. Since the nuclear operators form an ideal,
we have TO(S)T} e N(FF) or € N(f°). Then,

(1 - S) > Tr(PT})

|la|=F

<1 - z>k > (Theh,eb) 2

|a|=k

Te(Ty)Th) =

M7 114

i

0
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o) k
=S (1-1) X vecti
k=0

|a|=k
1 R P LS T S G
= - — = dz.
(mt)™ Z /Cn /() al t s ©
a€eNg
For s =t we obtain TO(S) = Pr and therefore

Tr(T3"T}) = Te(PeT}) = Pe + TH(0) = TH0) = (0.
Note that f € L? implies f € L! for s € (t/2,t). Hence, by the Dominated Convergence
Theorem, we obtain for this case

s 1 2129 |z 200 /1 1\ 2
T (T} )T;):(m>n RCDY - P B
aeNg
s\n 1 _lz2
_<¥> (ms)™ (Cnf(z)e s de
— (2" 7
(t) 7 (0). O

Theorem 7.1.4. Let s € (%,2t), p € [1,00) and f such that fK! € L? for every
z € C". Then,

Hf(S)HOO < Cs,t,p,nHT}HFf%Ff
and
17loo < Copoanl Tl o e

Proof. Without loss of generality we may assume that T’ J’Z is bounded. Since the Weyl
operators are isometric, this implies that a_ z(T]tc) is bounded for any z. For s € (%, ﬂ
the result follows from the previous lemma: We have, by standard estimates for the
trace,

FO @) = (T a (1)) < CIT5 NI
If s € (t,2t), then the semigroup property of the heat transform easily yields
1F oo < 11FP oo,

cf. also Equation ([7.2)) below. O
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7.2 The second estimate

This section is based on joint work with Wolfram Bauer [15]. The standing assumption
in this part is again that f : C" — C is measurable with fK! e L? for any z € C". In
particular, f()(z) = (fk%, kt) 12 exists for any z € C". Let us first study the Berezin

z) 'z
transform of f. Indeed, under above assumptions, for any s € (0,¢) we have fK? € L2
as a simple computation shows. Hence, f(*)(z) exists for any such s. Since f() is
simply the heat transform of f (at time ¢/4), it enjoys the same semigroup property:
For any s € (0,t) we have

——(t=s)

(FRL kD = FO(=) = FO (2) = (TR R ). (72)
Getting rid of the normalizing factors, this is the same as
(PR K = e T P (RO R K (7.3)
Recall that the bivariate Berezin transform is defined by
FO (2 w) = (fRL kL)

Under our assumptions on f, this exists for any z,w € C". Equation (7.2) now extends
to the off-diagonal values of f® in the following way:

Lemma 7.2.1. For z,w € C" and 0 < s < t the following holds true:

~ __1is I

FO (2 w) = emi oot ) e ey,

Proof. One readily verifies that (fK!, K!); is anti-holomorphic in 2 and holomorphic
in w. The same holds true for

e T W E(Fl) ftms gtesy,

Both functions agree on the diagonal z = w by Equation (7.3). Hence, a well-known
theorem [69, Proposition 1.69] shows that the functions agree everywhere, i.e.

(FEL KLY = e 0 (FO RS KLy,

for any z,w € C™. Up to the normalizing factors, this is just the equation we wanted
to prove. O

Lemma 7.2.2. Let t > 0 and g € L>®(C"). Then, for any z,w € C" the following
holds true:

|(gk!, KL )] < [lg]looe 31217,

z) w
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Proof. We obtain the estimates directly from the following calculations:
1
[{ghZ, ki)l =

B VK (z,2) K (w,w) /ng(u)e

< emalEPHe P g / et RO iy ()

Cn

o=

T Gy (u)

= ema () ) /C eart (R 5 (w02) gy ()

(12124 |w]?

=e€ 2 (|17l )HQHOO<K€w+z)/27K€w+z)/2>t

= e a1 P) g | K (w + 2)/2, (w+ 2) /2)
— o2 (2P Hwl?)+ g lwtz]?

191l00

— e3P gl oo 0

Let us go back to Toeplitz operators. Recall that we assumed fK! € L? for any
z € C". For p = 2, this means K! € D(T }) for any z. Since the reproducing kernels

span a dense subspace of 2, the Toeplitz operator T}E is of course densely defined and
we can consider its adjoint (T]ﬁ)* Recall the following characterization for the domain
of the adjoint:

h e D((T})*) < 3C >0: |<T;'g, h)t| < Cllg||p2 for every g € F?2.
Clearly, we have for any g € D(T]E) C F? and any z € C™:
(Thg, K0 = g TEYe) < gl 7 2

hence K! € D((T})*) for any z € C", which in particular means that the adjoint of T]tc
is also densely defined. From this, we obtain

(T} KL)(w)

= ((T})* KL, KL):

= (T}K G, KL)t

= (fK}, K,

= VK (w, w) Kz, 2)(f Ky, kL)

— eai (1#7+1wl) 70 (w, 2)

_ el +Relm) F0) ().

This identity can be used to obtain the following integral representation for T;: For
any g € D(T}) we have
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Thg(2) = (Thg, Ko
= (g, (T})" K2}

— [ o) (@R @) ()
= [ Bl R FO g (w) dpw),

Recall that for p # 2 the Toeplitz operator T' }'Z is by definition the same integral
operator as for p = 2. It is not a priori clear that the operator is densely defined
for p < 2, as it may not map Span{K}; z € C"} into F}. If we assume that 1) ig
bounded for some s € (0,¢/2), which is the assumption of the second estimate of the
Berger-Coburn Theorem, this will follow from the next lemma. Here, we will always
denote by I}g the integral operator

L z—w|?2+21 Re(zw) 7
Ihg(2) = / exrlemu P ReET) FO (1, 2)g(w) djae(w),
which we formally define on all g such that the above integral exists. Further, we will

denote by s, the constant

1 S
At—s) 2(t—s)

Vst =

We need to assume s < t/2 in the following because s, > 0 if and only if s < ¢/2.

Lemma 7.2.3. Let t > 0 and f : C" — C measurable such that fK! € L? for any
2z € C™ and f1) € L®(C™) for some s € (0,t/2). Then, for any g € L} we have

1 LR
Itgaley < (= ) 179l

i.e. the integral operator is bounded on L} with ||IfHL1_>L1 < <% tt) 17| os

ilz=wl® _ g (2> +w]*~2Re(zw))

Proof. Using the simple identity e2¢ , we derive the esti-

mate as follows:
115l
= [ 19 dia)

(Y /
24272
(ztz ) / / w)[| 7O (w, 2)|e =" dw d.
7[- n n

6215‘2 w|2+ Re(zw)— |w|2—i Z|2f(t)(w,z)g(w) dw!| dz
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Combining Lemmas [7.2.1] and we obtain the estimate
O (w, 2)] < [[FO|soe™ ol (74)

and therefore
’ LA\ 70 o tl—z? & fol?
Iy < (gms ) 17l [ [ et g du a:
n

(s 1 _ P2
17 el () [ e s

1 " ~s
=( )Hf“uoougrm. =

78tt

)

Note that I]tc actually maps L} to F}!: It is still the same integral expression as for
T, hence a standard application of Morera’s Theorem yields that functions in the
image are always holomorphic.

By the above estimate, we know that under the assumptions of above lemma, T;
actually maps Span{K!; z € C"} into F}!. We obtain that for any p € [1, o], TJtc is a
densely defined operator on F}.

Theorem 7.2.4. Under the assumptions of Lemmam I} is a bounded operator
on LY for any p € [1,00] with norm

~ 1 n
t (s)
by <1790 ()

i

Proof. We have already seen that the statement is true for p = 1. Let us show the
norm estimate for p = co. For g € L{® we have, using again Estimate (7.4)),

t
HIfQHLgO
1212
— sup | Thg(2)]e~ 5
zeCn
]. m 1 2 lR — 1 2 1 2~t
_<m> el / enilzmwltt g R~ lwl=5 = F0) (4, 2)g(w) du
zeCn n
1\" ~ ~ _
< <> 17| o0 sup Hf(S)Hoo/ e(%t—%,t)lz—wPJr%Re(zw)—%\w\Q—z%lzIQ‘g(w)‘ dw
ml zeCn Cnr

1\" ~ _ _

< () 17 ellglz sup [ e e
mt zeCr Jen
. 1 n

—\f<s>uoouguLgo< ) .

78tt

)

Thus, we also have the estimate

o < 17 (=)
Filbg t — V&tt
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Combining this with the L{-estimate from the previous lemma and applying the
Complex Interpolation Method, we obtain

~ 1 \"
t (s)
gy < 179 ()

for any p € [1, o). O

Corollary 7.2.5. Under the assumptions of Lemmam TJtc is bounded on F} for
any p € [1,00] and on f° with

- 1 n
Tt < || £(8) OO( >
1Tl < 1l 5

s,tt

on any of these spaces.

Proof. As for the case p = 1, one easily sees that the image of I} is holomorphic for
any p. Further, TJ'E is simply the restriction of I} to FF, hence by the theorem we have

~ 1 \"
t (s)
Il < 179 ()

for any p € [1, 00]. Using the Complex Interpolation Method we have (F}l, F) = f£°
as already mentioned earlier, hence T’ } € L(ff°) with the same norm estimate. O
7.3 LP — SP versions of the estimates

In [14], estimates related to the Berger-Coburn estimates were obtained. In particular,
the following results were shown:

Theorem 7.3.1 ([14]). Let f : C* — C measurable be such that fK! € L? for any
z € C". Then, considering T; as an operator on F?, we have:

1) If s € (0,%) and ) e Cy(CM), then TJ'Z is compact.
2) If s € (,2t) and T]tc is compact, then f(5) € Co(CM).

3) If s € (0, %) and pg € [~1,oo), then there is a constant C' = C(s,t,N,pg) > 0 such
that | Tt sw(ez) < CILFE | o]

The authors of [14] also conjectured an estimate of the form
1F Nl < CITfllsro, s € (¢/2,20),

but could not prove it (cf. “Question 1” in the paper). We can now fill this gap.

! Actually, the authors of [14] only showed that f(s) € LP0 implies T} € SPo(F?). An estimate of
this form can be obtained by combining their reasoning with the results in e.g. [4]
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Since the convolutions discussed in Chapter |3| are only well-behaved on F} for
p € (1,00) and on f°, we formulate the following proposition only for those cases.
Nevertheless, it should be possible to include the case of F}!, since the operators

. . . . . S . . . .
involved are “nice” also in this case (i.e. z — az(Té )) is M-continuous even in this
case).

Proposition 7.3.2. Let s € (%, 2t) and f : C* — C measurable such that fK. € L?
for any z € C". Further, let py € [1,00). Then, for every p € (1,00) there is are
constant Cy st pp, > 0 such that we have

1F Lm0 < Covstpo | TH 570 (1)

Further, there is a constant Cy, st 00p, > 0 such that

Hf(S)HLPO < Cn,s,t,oo,poHT}HSPO(ffO)-
Proof. Assume that s € (%,¢]. Further, assume that ||T tllsro is finite, otherwise the
statement is trivial. The operator T; O(S) introduced in Section is easily seen to be
U-invariant, i.e. Tés) = UTO(S)U. Further, we have seen in Lemmam that
F(z) = C (T W TEWY).
)

By U-invariance of T, és we now obtain

Te(T WL TIW!) = T UTS UW_ TiW! = To(TOWIUTLUW! ) = T « Th(2).
Now, Lemma implies
[ 9@ 2 = CIT < T < 1T LT
For s € (t,2t) the result follows from simply from the estimates

1F N0 S 1T zm0,

which is either a consequence of the contractivity of the heat semigroup or follows
immediately from properties of the convolutions, using f® = f® « f,_,, where f,_; is
as usual the appropriate Gaussian. ]

7.4 Berger-Coburn type results and their connection to
Correspondence Theory

Recalling Theorem there is a necessary and sufficient criterion for the membership
of a Toeplitz operator with unbounded symbol in the class of compact operators. Indeed,
a generalization of these results can easily be obtained using Correspondence Theory,
as we shall outline now. While we are confident that these result do not hinge on the
restriction p € (1, 00), we shall only formulate the results for this case. The reason for
this is that certain key facts on sufficiently localized operators, that we will introduce
in Chapter 8, are so far only available for the reflexive case.
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Proposition 7.4.1. Assume p € (1,00) and t > 0. Let Dy C BUC(C") be an a-
invariant and closed subspace. If f: C" — C is such that fK! € L? for any z € C"
and further f5) € Dy for some s € (0,t/2), then T]’Z € 7ﬁ;Lt(D0).

Proof. We already know that T]tc is a bounded operator in these cases. From Remark
we will see that we even have T}’i € TPt. We defer this argument for a moment,
as 1t will be based on arguments using sufficiently localized operators that we will only
introduce later. Now, assuming ]?(S) € Dy, we of course obtain T = f(t) = f(s) x fi_s €

Dy, where f;_s is the appropriate Gaussian. The Correspondence Theorem
therefore yields TJ’Z € 7}?;(1)0). O

Proposition 7.4.2. Assume p € (1,00) and t > 0. Let Dy C BUC(C") be an a-
invariant and closed subspace. If f: C" — C is such that fK! e L? for any = € C"
and further Tj& € 72?7’:5(2)0), then f(*) € Dy for any s € (t/2,2t).

Proof. Assuming TJ'Z is bounded, we have seen that f(s) =T és) * T}. We claim that

Tés) x A € Dy for any A € ’7?2.”7’1'5(7)0). Indeed, it actually holds true that N x A € Dy for
any A € TV(Dy) and N € N(FF). Once we have proven this, the result follows since

Tés) is nuclear.
The Correspondence Theorem in particular states that A = Pr x* A € Dy for

any A € T (Dy). Since Dy is a-invariant, we also obtain a,(Pc) * A = a,(A) € D.
Recall that, under trace duality, N'(F}) = L(F}). If we have B € L(F}) such that

Tr(o,(Pc)B) = Pe + B(z) = B(2) =0

for every z € C", then this implies by the injectivity of the Berezin transform that
B = 0. In particular, we obtain

(N, B)4 = 0 for every N € Span{a,(Pr); 2€ C"} = B =0

for every B € L(FF) 2 N(FF). By the Hahn-Banach Theorem, this immediately
implies that Span{a.(Pc); z € C"} is dense in N (F}). By continuity of the convolution,
this gives N x A € Dy for every N € N(F') and A € 7}%(7)0). O

Letting Dy = Cyp(C™) and p = 2, we of course obtain the statements 1) and 2) in
Theorem [.3.7]

7.5 Remarks

The possibly most important task concerning the topic is of course achieving a proof
or finding a counterexample to the Berger-Coburn conjecture, which states that T; is

bounded if and only if f(t/ 2) is bounded. There are several hints that this might indeed
be true and the conjecture has been proven in several particular cases (e.g. f >0
or f € BMO(C"), cf. our discussion in [15]). Recently, there have been advances on
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the problem for a particular class of symbols by applying methods of Fourier Integral
Operators on C", cf. [50,51]. Nevertheless, a proof of the full conjecture seems to be
out of reach as of now.

Since we have seen that the original Berger-Coburn estimates are not related to
the Hilbert space structure, we expect that the statement of Theorem part 3)
also do not depend on p = 2. The proof of part 3) of that theorem, as given by the
authors of |14], depends on rather strong results on Schatten class properties of Weyl
Pseudodifferential Operators, which is used after adjoining the Bargmann transform.
It could be interesting to search for a proof which works directly in the Fock space
setting and is independent of the Hilbert space structure.

There are of course also other interesting questions in the same spirit. For example,
it is an open problem to give a criterion for the boundedness of a product of two
Toeplitz operators. There are some results for very particular symbols [45], but the
general case seems to be wide open.
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Chapter 8

Characterizations of the Toeplitz
algebra

During this section, we will restrict ourselves to the reflexive cases: p € (1,00). We
want to discuss ways to check if a bounded operator belongs to the Toeplitz algebra
TPt over FF, i.e. we are looking for different characterizations of 7P!. We have already
given several results in that direction, cf. Corollary

TPt = TEHBUC(CY)) = (1.

in
Since convolution by the Gaussians

fs(z) = ! 6_%

(ms)"
was shown to be an approximate identity of C; in Lemma and any convolution
(by fs) is contained in C; by Proposition we also know that
TPt ={A € L(FF); fs* A— A in operator norm as s — 0}.
Finally, an application of the Cohen-Hewitt Factorization Theorem (see [55]) yields
TPt ={g* B; g € L*(C"), B € L(FP)}.

In this short chapter, we will discuss a few additional characterizations of 7P+,
In [132], the notion of sufficiently localized operators on Fock spaces was introduced.
Let A € L(F}). We say that A is sufficiently localized if

C

Ak EEY < — 2

2w

for some constants C > 0, 8 > 2n. We denote the set of sufficiently localized operators
on F! by Asl’t. In [90], the notion was further generalized: A € L(F}) is said to be
weakly localized if, for B € {A, A*} we have

sup/ [(BEL, kL V4| dw < oo

PARALT)
zeCn
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as well as

R—o00 zeCn

lim sup / [(BEL, KL )¢| dw = 0.
Cn\B(z,R)

Here, A* is of course understood as an operator on F, with % + é = 1. The set of

weakly localized operators is denoted by Aﬁj’;. It has been known for a while that

TPt C Asl’t - .Afu’f, where closures are taken in operator norm [90]. In [131], J. Xia
surprisingly managed to prove that

T = TRl (L (C) = A3 = A3

lin wl*

Our results from Corollary are therefore extending parts of Xia’s result to the
case p # 2. The full extension of Xia’s result to the case p # 2 was recently proven,
based on our characterization 7P! = C;, by R. Hagger, who also added two further
characterizations:

Theorem 8.0.1 ([79]). For any p € (1,00) and t > 0 the following holds true:

TP =4y
= A,
— P,BDO? P,
={A e L(F]); [A, T} € K(F}) for all f € VO(C™)}.

Here, we used the (somewhat imprecise) notation
P,BDO? P, := {A € L(FF); AP, € BDO?}.

To all the characterizations mentioned so far, we will add a few more. Recall that

plz|?

LV ={f:C"— C; / |f(2)[Pe” 2t dz < oo}

n

2
— {f:C" = C; fe 3 € LP(C)).
Consider the inductively defined sequence

cé =0, Clii:+1 = M
k
Then, for all k& we have 0 < ¢}, < % and ¢} is strictly increasing towards % Define
Df :={f:C" = C; ||fllps := eszseggpyf(z)efczmz, < oo}

DF is easily seen to be a Banach space (in principle, DF = L‘l"; (2t )). Further, DF C LY.
k
Set

D, := | J D).
keNg
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Then, we obtain the following scale of Banach spaces in L}:
L®(CY=D)cD}C---CDfC---CD,CILL

This scale of Banach spaces was seemingly first considered (in the Hilbert space case)
in [16]. Since we are mainly interested in operators acting on spaces of holomorphic
functions, we also introduce

Mf =D NHol(C"), H,= (] Hf =D, NHol(C").
keNy

Then, we obtain again a scale of Banach spaces:
C=H)cH c---CHYCc---cH, CFP. (8.1)
Here is an important fact regarding this scale of Banach spaces and Toeplitz operators:

Proposition 8.0.2 ([16]). Let g € L=(Q). Then, for any f € HF we have

1gllooll f 1135

T! < -
H ng’HfJ"l — (1 _ C};t)n

Since the computations in [16] are pretty straightforward and explain the concept
quite well, we decided to include them here for completeness:

Proof. For any z € C" we have

1 Re(zw@) _ |w[?
T < e [ 1) la(w)e™ 25 au
1 Re(zw) _(1_ ¢ 2
< (m)n||g||oo||f||ﬂf/c LT (L)l gy,
Re(z-w) 1 2
1 1 22t 17ctt_?‘w‘
= i lolell g [ e VE T aw
Mol ey
(1*0275)” 2\/174,;1&7 2¢/1-cfe/t
2
_ lgloel g
(1—dt)r
lellelf g e
(1= cjo)"

Hence, for any z € C™:

t

7t ekl < 10l g

- (1-dtn’

which is exactly the statement we wanted to prove. O
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In particular, this implies that any Toeplitz operator with bounded symbol leaves
H; invariant. Since the Weyl operators W! are themselves Toeplitz operators with
bounded symbols, we obtain the following: Whenever A € L(F?) is such that it leaves
H; invariant, then a,(A) leaves H; invariant for any z € C". This justifies the following
definition taken from [16]:

Definition 8.0.3. A linear operator A € L(F}) satisfying A(H;) C H, is said to act
uniformly continuously on the scale (8.1) if for any k1 € Ny there exist ko > k1, d >0
such that for all z € C", f e Hi:

llee (A) Fll me < dll.flly 0

We will denote by AP the set of all bounded operators on F! which act uniformly
continuously on . Since the product of two uniformly continuously acting operators
is easily seen to act uniformly continuously again, this is indeed an algebra.

Proposition yields that the sum of products of Toeplitz operators with bounded
symbols is contained in ABL Thus, we clearly have

TP C AR,

where the closure is taken with respect to the operator norm. In [15], W. Bauer and
the author presented the following result for the case p = 2, t = 1. The proof carries
over to arbitrary p and ¢.

Proposition 8.0.4. Lett > 0 and p € (1,00). Then, we have the equality
Tpi - Aubt

Proof. Having Theorem at hand, it suffices to prove that any A € AR is
sufficiently localized. This can be seen as follows:

(AW, WIwE Wih1),
= {a_,(A)1,W: Wk,
< _iIm(zw)

(
a_(AL,WE_ 1)e ¢
(4

(AL KLYy =

zZ) W

_iIm(zw)

ki o)e”

This gives us, for an appropriate choice of £ € N and d > 0 such that Hozz(A)lH;,{iC <
A1l g0 =

= (a_,

(AR, Fyy)el <

z) w

1 Re((w—2)) _ [w—z2
< / HOéfz(A)]_Her t I— —(%—CZ)W\Q du

z—w|? R —z)-u
< d et / SR (o2
(Cn
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e U (-0
- =1
= i)l
(1-ct)n
Since ¢}, 1 < %, A is clearly sufficiently localized. O

Let us recall the following result:

Theorem 8.0.5 (|14, Theorem 6)). Let f € BMO(C™). Then, f® is bounded for one
t > 0 if and only if it is bounded for all t > 0.

As in [15, Lemma 4.11] we obtain the following:

Lemma 8.0.6. Let f € BMO(C™) such that T]f is bounded on F}. Then, we have
T} c Ag.

Proof. From Lemma [7.2.1] we get

(T} TikL KLy = (FEL, KL _ pmtin - gy Im(w: Z)<f~(8)ki_8;k1tu_s>t—s

z) w

Boundedness of T} clearly implies that fv(t) is bounded. Letting s < % we obtain from
the above theorem that f(s) is also bounded. Lemma now gives

(FORS B )] < [ F) e 70

and therefore

(R R )e] < (1T fogezemmr (2 )temel

z) w

with 3 — 3 < 0. Hence, T% 7 is sufficiently localized. O

Remark 8.0.7. Let us assume that f:C" — C is measurable with_fK t ¢ F? for every
z € C" such that f(*) is bounded for some s € (0,t/2). Corollary proves that T}
is bounded under these assumptions. All the estimates from the proof of the previous
lemma can be carried out in the same way, proving that under the assumptions of

Corollary (and p € (1,00)) we even obtain T} € TP*.

Proposition 8.0.8. For any p € (1,00), t > 0 we have

TPt = {T%, f € BMO(C") such that T} € L(F))}-
Proof. Follows from the previous lemma and the inclusion L*>°(C") ¢ BMO(C"). O

Summarizing the results, we now have the following characterizations of the Toeplitz
algebra at hand:



146 8.1. Remarks

Theorem 8.0.9. For any p € (1,00) and t > 0 we have
TPt = TPY(BUC(CM)) = €y
={A € L(F!); fsxA— Aass— 0}
={9*B; g L'(C"), B € L(F))}
— Ay = Ay = APL
= P,BDO? P,
={A € L(F}); [A, T} € K(F}) for all f € VOu(C™)}.

8.1 Remarks

Those characterizations of 7P which are consequences of Quantum Harmonic Analysis
hold, as we have discussed in previous chapters, also in the non-reflexive cases. The
characterizations presented in |79], together with their proofs, should not depend on
reflexivity and carry over to the cases p = 1, co. Hence, in principle we expect that
all the characterizations mentioned in this chapter work for all p € [1, occ]. Since this is
not the right place to digress on the p-(in)dependence of the arguments presented in
[79], we preferred to place our discussion only in the reflexive setting.

Let us alter the definition of band operators in the following way: We say that
A € L(LY?) is an essentially band operator, A € BO,gs, if

Jw > 0:Vf,g € L>(C") with dist(supp(f),supp(g)) > w: MyAM, € K(LY).
Further, let us define the essentially band-dominated operators as

BDO?,, , := BO,...

ess,

N. Vasilevski asked if P, BDOY P, and P, BDOZ__, P;, are the same algebra, i.e. if

ess,t

TPt = P,BDO?__, P,

ess,t

holds true. Clearly, we have the inclusion 77* C P,BDO? , P;. Since K(LY) is
contained in BDOY, one might expect that BDOY = BDOSSSJ. This seems to be an
interesting problem for future work.



Chapter 9

Toeplitz operators on
pluriharmonic Fock and
Bergman spaces

9.1 Bergman spaces on bounded symmetric domains and
their operators

Let Q € C" be a bounded symmetric domain in its Harish-Chandra realization, cf.
[21,58,,86),101}/124]. Since we will not need much of the theory of such domains, we do
not give a detailed introduction and mention only several facts. Further information
can easily be found in the literature.

Let us denote by g the genus of Q and by (7, a, b) its type, all of which are certain
numerical invariants. Note that the genus is usually denoted by p, which we will not
do, as we will reserve the use of p for LP-spaces in consistency with the rest of this
work. h : C" x C" — C will denote the Jordan triple determinant of €2, which is a
certain polynomial function being holomorphic in the first and anti-holomorphic in
the second variable. For any A > —1, it is well-known that the measure vy on 2,

dva(z) = exh(z, 2)Mdz,

is finite. We choose the constant ¢y such that vy is a probability measure. We will
also consider v_g, i.e.

dv_g(2) = h(z,2) Ydz,

which is well-known to be invariant under holomorphic automorphisms of €2. In
particular, v_, is invariant under every (., the geodesic symmetry of (2 exchanging z
and 0. With respect to the automorphisms ¢,, the Jordan triple determinant satisfies
the following important identity:

h(z, z)h(w,w)

h(‘PZ(w)v(pZ(w)) = \h(z,w)!Q

147
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Since

h(z,w) = h(w, 2),

this yields

h(pz(w), pz(w)) = h(pw(2), pu(2)).

For any p € (1,00) we define the standard weighted Bergman spaces A% (Q2) as
AL (Q) == LP(Q, vx) N Hol(Q2).

Similarly to the case of the Fock space, one sees that this is always a closed subspace
of the enveloping Lebesgue space LP(Q2,vy). Of course, for p = 2 we are in the Hilbert
space setting. A?\(Q) turns again out to be a reproducing kernel Hilbert space, the
kernel functions being given by

KMw) = KMNw, z) = h(w, 2) 79,

Since we assume €2 to be in its Harish-Chandra realization, we always have 0 € 2 and
Q is circular around the origin. This can be seen to imply K*(w,0) = 1 for each w € ,
which we will occasionally use later. As in the case of the Fock space, the .A%\ inner
product induces the standard duality between A% () and A{(Q2), where % + % =1
We will denote by d(z,w) := (z,w) the Bergman distance function on €2, which is
the distance associated with the Hermitian metric with tensor

2
9ik (Z) - 8Zj3§k

log K°(z, 2).

By P, we will denote the orthogonal projection from L?(£2,v,) onto A3(€2). The
projection is given by the integral operator

Py f(z /f VE (2, w)dvy (w /f h(z,w) A 9dvy (w). (9.1)

As in the case of the Fock space, we would like to consider the same integral operator
as a projection from LP(,vy) to A% (). Unfortunately, the projection is in general
unbounded for p # 2. We always assume in the following that p and A are such that
Py defines a bounded projection from LP(Q,vy) to AL (Q). A sufficient condition for
this is given by the following result in terms of the numerical invariants of €.

Proposition 9.1.1 (|58, Lemma 9]). Let A > g — 1 and

(r—1a
(r—=1a+2A—g+1)

(r—=Da+2A—g+1)
(r—1a

Then, the integral operator Py from Equation (9.1) defines a bounded projection from
LP(Q,vy) onto AL ().

1+ <p<l+
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Using the projection Py, we can define Toeplitz operators on .AZ;\(Q): For any
f e L>®(Q) we let

77 A(Q) = A(Q), TP (g) = PA(f9).
For a suitable symbol f : Q — C, the Hankel operator H }‘ is defined as
Hp = (I—P\)My: AL — LP(Q,u)).

The Banach space adjoint of H ;; can always be identified, under the standard dual
pairing, with
(Hp)* = PAMF(I — Py) : LYQ,vy) — A,

In particular, we always have the following well-known relation between Toeplitz and
Hankel operators for suitable symbols:

A A Ak 77 A
TIT,) = T}, = —(H3)"H,.

We define the Berezin transform of f € L*°(Q) for A > —1 as

K2 K2
B)\(f)(z) = <f )\Z ) )\Z >
R0 T /

1
= h(z, 29 /Q ) g ).

Let us mention some important results:

Proposition 9.1.2 ([58.82]). Assume either p =2 or

2\ + 1)
(r—1)a’

(r—1)a
TPy

<p<l+
For f € L*°(Q) we have
Tf is compact <= Bi(f) € Co(2).

A bounded function f : 2 — C is said to be of vanishing mean oscillation, we write

f € L=(Q) N VMO}(Q), if
MOA(f)(2) = BA(If1!)(2) = IBA(/)(2)*(2) = 0,  B(0,2) — o0.

As in the Fock space setting, one can see that for bounded functions the membership
in VMO}(Q) is indeed independent of \ [84]. Therefore, we will write

VMOy(Q2) := L=(Q) N VMO}(Q).
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Proposition 9.1.3 (|21,[82,84]). Assume either p =2 or

(r—1)a 2(A+1)
1+m<p<1+m.

If f € VMOy(Q), then H}‘ is compact. Furthermore,
Uess(TJ%\) = ﬂ B/\(f)(Q \ E(O, R))
R>0
Here, E(0, R) denotes the metric balls around 0 with respect to the Bergman metric.

The map f — T}‘ also serves as a model for strict quantization on the bounded
symmetric domain, i.e. for a suitable class of symbols the following asymptotics hold
true:

lim ITA = 1l flloo, (9:2)
—00
: A Al
lim | T)T) =17, =0, (9.3)
| I > W |
Ali)llool HZ[Tf 5 Tg ] — T{f,g} =0. (94)

We will now present some results on these asymptotics, all of which are in the Hilbert
space setting p = 2.

The following result is well-known for certain classes of functions (see e.g. [12
Proposition 4.4] for functions which are uniformly continuous with respect to the
Bergman metric). The general case was proven by the author in [71]. We will later
provide a proof different from the one shown there.

Proposition 9.1.4. Let f € L*°(Q2). Then, we have
Jim [1By(f)llec = lim TR = 11 flloo-
—00 A—00

By UC(©2) we denote those functions from © to C which are uniformly continuous
(not necessarily bounded) with respect to the Bergman metric 8. When considering
Toeplitz operators with such symbols, they are in general unbounded. Yet, compositions
of such Toeplitz operators are well-defined: For each X there is a dense subspace D), of
L?(Q,vy) (the construction of which is similar to the space D; from Chapter [8) which
is self-adjoint and an invariant subspace of both Py and My for f € UC(Q), cf. [17]
for details. Hence, Dy N A%(2) is a dense subspace of A3 () being invariant under
T}‘ for f uniformly continuous. In particular, we may form compositions of Toeplitz
operators with such symbols on this dense subspace.

While unbounded symbols in general give rise to unbounded Hankel operators,
they are bounded if the symbol is uniformly continuous, at least for p = 2. We have
the following even stronger result, which relates Hankel operators to the quantization
estimates:
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Proposition 9.1.5 ([17]). For p =2 and f € UC() we have
IHP| =0, X— oo
In particular, for any g € UC(Q) or g € L>®(Q) the following holds true:
IT?T) = T7, | =0, A — oo.
If Q = B, the unit ball of C", the following result can be shown to hold true.
Proposition 9.1.6 (|17]). For f € VMO(B,,) we have
IH}| =0, X — oo
In particular, for any g € L>=(B,,) we obtain
IT?T) = T7, =0, A — oo.
Here, VMO,(B,,) denotes the class of all f € L>°(B,,) for which

lim As(f,z,p) =0 uniformly on B,,.
p—0
In this, we used the notations
1
Ax(fozp) = e [ 1) = el aV(w)
ECz,0)] Sz HE)

and

1
fE(z,p) = m /E(z’p) f(w) dV (w)

and E(z, p) is the metric ball of radius p around z with respect to the metric £.

As we will not need any results on the quantization estimate , we do not
discuss any advances in that direction and only refer to the literature [35,61], cf. also
[81] for related results in the Fock space setting.

Let us end this section by providing a proof of Proposition We already gave
a proof of that statement in |71]. Here, we will present a different proof, which is more
in the spirit of the duality arguments used earlier in this thesis. The following fact is
probably well-known, yet we could not locate it in the literature.

Lemma 9.1.7. Let f € LY(Q,v_,). Then, By(f) € L*(Q,v_g) for A > —1 and
Ba(f) = f in LY(Q,v_y) as X — <.

Proof. A key fact in the following computations will be that h(z,z) < 1 and hence
h(z,2)79 > 1 for all z € Q. We first prove that By(f) € L}(Q,v_g):

h(z, 2) M 9h(w, w) 9
/Q BA(/)(2)] dv_g(2) < 3 /Q /Q Fw)] d_g(w) dv_(2)

1z w)POF9)
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2, 2)M g
= [ e [ LEDRL ) )

(z,w)[P+9)

B /Q () [R(w, w9 (K, KDy dvg(w)

- /Q |F(w)] dv_g(w)
= fllzru_y)-

Recall that the Bergman length metric 5 is invariant under holomorphic automorphisms
of Q. In particular, 5(¢.(u), ¢.(v)) = B(u,v) for any z,u,v € . Hence, if K1, Ko C Q
are compact, then we have for z € K1, w € Kas:

B(Ov sz(w)) = 5(@2(0)7"”) = B(Zaw) < 6(270) +5(07w)7

which is uniformly bounded in z and w by compactness of K1 and Ks. Therefore,

U ¢=(K2)

zeKq
is relatively compact in Q. Now, let g € C.(2) and K := supp(g). For some § > 0 let

~:U<Pw(E05

weK

which is compact with ¢, (K) 2 E(0,4) for any w € K, where E(0,4) denotes the ball
with respect to the Bergman metric 8. Then:

( ))\—i-gh(w w))\-i-g
| 1B @) < [ lawien [ FEIERE ey )

- / l9(w)lex / Bpul), pu(2) 9y (2)dv_g (w)
K Q\K

= [lotwller [ e 9y ()i (w)
K w(Q\K)

= [lotwller [ e 9y (2 (w)
K Q\pw (K)

< [ltwles [ hie 2 0y (v )
K Q\E(0,0)
< lgllzr@uw_,yra(2\ B(0,9)).

As is well known, vy(Q2\ E(0,9)) — 0 as A — oo (since h(z, z) is strictly less than 1
outside of F(0,9)).

For g € C.(Q) and € > 0 arbitrary we can therefore find K C €2 compact such that
for all A large enough we have

19 = Ba(@) 1@,y <€+ lg = B9 (x0_y)- (9.5)
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Furthermore, as is well-known (see e.g. |12, Theorem 4.10]), ||g — Br(9)||cc — 0 as
A — oo for any g € C.(2). Now, we can put the pieces together: Let f € L*(Q,v_g)
and € > 0 arbitrary. Then, we can find g € C.(Q2) with [|f — gl[L1(q._,) < e This
gives

1f = BA(H)llr ey
<If = 9gllzr@u_y) + 19 = Ba(@ll L1y + 1Br(9) = BA(H) L1 (@y)-

By assumption, the first term is less that . Moreover, by linearity and the L'(€2, V_g)
estimate for the Berezin transform, the third term is also less than . For the second
term, let us pick K C €2 compact according to Equation . Furthermore, let us
choose A large enough such that ||g — Bx(9)||c < ﬁ Then,

lg = Ba(@llLru_y) <€+ 1lg = Ba(@llorxw,) < 26,
which finishes the proof. O

Proof of Proposition|9.1.4, We want to emphasize that the very simple idea of using
the duality (L') = L in this proof was kindly communicated to us by Raffael Hagger
(private communications), who in turn received this hint from Christian Seifert.

Since L'(,v_,) = L*°(Q) isometrically under the L?(2,v_,) dual pairing, we
know that for any f € L*>(Q):

[ flloo = sup (f, 9>L2(Q,u,g)\-
gELl(Qvl’*g)v ||g||L1:1

An easy application of Fubini’s Theorem shows that for any f € L*°(f2) and g €
LYQ,v_y):
(BA(f), 9) 2wy = (F, BA(9)) L2 ()

By the previous lemma, we obtain for any such f,g:

<B/\(f)7g>L2(Q,V,g) - <f>g>L2(Q,1/,g)7 A — 00.

Thus, for ||g||;r = 1:

1BA(f)lloo = KBA(S), 9) 12000 )| = [{F5 9 220000

and hence
liminf {[Bx(f)lloo 2 [1flloc-
—00
On the other hand,

IBA(H)lloe < 1T 7 llop < 11 £lloos

which proves the result. O
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9.2 Bergman and Fock spaces of pluriharmonic functions

For the rest of this chapter, we will try to notationally not distinguish between Fock
and Bergman spaces. We will always make the following assumptions on p and A:

Assumption 1. If Q = C", we assume p € (1,00) and A > 0. If Q is a bounded
symmetric domain, we assume either p = 2 and A > —1 arbitrary or p € (1,00) and
A > —1 such that ( ) 20+ 1)

r—1)a +

We want to emphasize that this assumption is satisfied for p, A if and only if it is
satisfied for ¢, A\ with 1 =1/p+ 1/q.

In this and the following sections we will try to use a unified notation for both
the Fock space and Bergman spaces on bounded symmetric domain. This necessarily
causes some inconveniences related to one of the parameters ¢ or A\. This can be best
seen when dealing with the limits of strict quantization: In the Fock space setting this
corresponds to letting ¢ — 0, whereas on bounded symmetric domains the limit one
takes is A — oco. That is, t & h but A &~ 1/h. To resolve this, one has to pass to the
reciprocal of one of the parameters ¢t or \. Which of the two possibilities is chosen
is probably a matter of personal taste. Since the literature on bounded symmetric
domains always consideres the parameter A, but it is not entirely uncommon to consider
1/t on the Fock space (for example K. Zhu uses o = 1/t in [137]), we decided to stick
with the usual conventions on bounded symmetric domains and break with our earlier
conventions on Fock spaces. This has also the advantage that we will use the “right”
convention in Section where we solely deal with statements on Bergman spaces
over the unit ball.

For © a bounded symmetric domain in its Harish-Chandra realization (we refer
again to e.g. [58] for an explanation of that term) we set

L’f\(Q) = LP(Q,vy)
and further
LE(C") := LP(C™, poy(xp))

for those values of A, p which satisfy Assumption |1 In comparison with the standard
notation of spaces on C" introduced in Chapter 2, we have

(Ey =12,

For 2 a bounded symmetric domain or {2 = C" we let

A2(Q) == LE () N Hol(Q).

In particular,
AR (C™) = Fp//\.
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We might occasionally write vy instead of ;) for the Gaussian measure on C". Finally,
we will use the notation T]% for the Toeplitz operators acting on A% (€2). In the Fock
space setting, this is not in accordance with our earlier conventions (the Toeplitz
operators on A% (C") would have been denoted T;/ /\). For the rest of this chapter, we
prefer to “forget” about this particular Fock space convention used in earlier chapters
to have a unified and more compact notation for all occurring cases. This is a price we
are willing the pay for the sake of simpler notation.

We will denote by d(z,w) the appropriate distance between z,w € Q, i.e. for
Q) = C" this will denote the Euclidean distance and for €2 a bounded symmetric domain
this means the distance considered with respect to the Bergman length metric. Further,
by E(z,p) we will denote the open ball of radius p > 0 around z € Q with respect to
the metric d.

Recall that anti-holomorphic functions are, simply speaking, complex conjugates of
holomorphic functions (or equivalently functions f € C'(Q) satisfying 8%- =0on ( for

all j = 1,...,n) and pluriharmonic functions are those f € C?(f2) such that 8228% =0
for all j,k=1,...,n, cf. also Appendix In analogy to the spaces of holomorphic

functions, we define the spaces of anti-holomorphic and pluriharmonic functions as

AR () = {f € L4(Q); [ is anti-holomorphic},
Aﬁ,ph(ﬁ) :={f € LX(Q); f is pluriharmonic}.

The map C': f — f is an anti-linear isometric bijection from A% (Q) to A% , (Q). Since
the holomorphic polynomials are dense in A% (2), the anti-holomorphic polynomials
are dense in A}  (€2). Denote by P, the orthogonal projection from L3 (£2) to A3 ().

Our Assumption (1| implies that Py extends to a bounded projection from L£ () to
A3() [80)
Recall that P) is the integral operator

Py(f)(2) = /Q F(w) KNz, w) dun (w),

where K*(z,w) is the reproducing kernel function from A3(Q). In particular, reminding
ourselves of the changed conventions, we have on the Fock space:

KMz,w) = eMZ, 2 we C
The projection with the complex conjugate integral kernel,
Pran($)z) = [ f@)A(w,2) do(w)
Q
defines the orthogonal projection from L3(9) to A3, (). Since they are related

by Py = CPyanC, Py extends boundedly from LZ;(Q) to A’;\(Q) if and only if Py an
extends boundedly from L () to Af ; ().
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We will also need
AN e () = {f € A} ,;,(92); f(0) =0}.

One readily verifies that Py . — Py an P is a bounded projection onto .AI; ah@(C(Q)7 in
particular it is also a closed subspace of L3 ().

Recall that by Lemma every pluriharmonic function f : © — C can be
written as

f=9+h,

where g : 2 — C is holomorphic and h :  — C is anti-holomorphic with ~(0) = 0.
Since both g and h can be approximated uniformly on compact subsets of €2 by their
power series expansion around the origin, the sum of holomorphic and anti-holomorphic
polynomials can be seen to be dense in A§7ph(Q) (the argument is analogous to the
density of holomorphic polynomials in A% (12)).

Let p; be a holomorphic polynomial on €, i.e. a polynomial in z = (z1,...,2,),
and py an anti-holomorphic polynomial, i.e. in Z = (Z71, ..., %), such that p2(0) = 0.
Then, using the notation

p3(2) = p2(2),

which is a holomorphic polynomial, we have

<p17P2>L§(Q) = (p1p3, 1>L§(Q)
o * A
= (p1p2, Kq) 12 (0)
(0)p3(0)

1
0.

Using density of these polynomials, this implies that we have the orthogonal decompo-
sition

AR pn(Q) = AZ(Q) @ AR anec ().

For p # 2, this still holds true as a direct sum decomposition: The only nontrivial fact
about this is that for

A ()3 f=g+h

with g holomorphic and h anti-holomorphic with A(0) = 0, g and h satisfy the
integrability conditions. If we assume f to be a pluriharmonic polynomial, then of
course both g and h are polynomials, hence

P\f=g9, (Pxan— PranP\)f=h

by what we have seen above. Using the density of polynomials, we obtain

P\f =g, (Pxah — PyxanP\)f =h
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for arbitrary f € .A})’\’ph(ﬂ) and therefore in particular g € A% (Q), h € A’;’aheC(Q)
by the boundedness of the projections. This proves that we can always decompose
AL on(€2) into the direct sum

AL pn () = AX(Q) & A o0 (D)-
For future notation, we also introduce the projection
Py c = PyanPx = PAP) an,

which has the range
ran(Pyc) = A3 (Q) N AL, ().

Therefore, the projection onto Aﬁ,ahec(g) is given by Pyan — Pyc. We define a
collection of new Toeplitz operators:

Aah A,ah
Tf ah , *A}))\,ah(Q) %Aﬁ,ah(Q% Tf a = P)\,ath
A,ph A.ph
TP A () = AL, TP = Py
2,aheC A,ahoC _
T ne Apj\,ahec(ﬂ) %Ag,ahec(m’ T T = (Paan = Po)My.

The properties of the operators TJZ\’ah are closely related to those of the usual Toeplitz
operators T3, since they are connected through

A~ _ mAah
CTyC = T? .
We will also encounter the following variation of the usual Hankel operator:

HP™ = (1= Pyan) My A5, (Q) = IZ(9).

Note that CH}‘C’ = H%’ah, hence

IHP™ [ =0, A—o00 <= [H} =0, A—oco
and

H;"ah is compact < H% is compact.

Our goal is to study the operators T;‘ P Toeplitz operators on pluriharmonic function
spaces have been a subject of constant interest in the past years, cf. [16},46,47,63.|78,
08-100,/128]. Surprisingly, it seems that the approach we are following for studying
these operators has been widely ignored in most works on the matter. We could only
locate it in [16]. To be precise, we will study the properties of these operators through
the following matrix decomposition, which we fix for later reference as a lemma:
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Lemma 9.2.1. Let f € L>®(2). Then, with respect to the direct sum decomposition
A () = AN @AY e (),

we can represent T;‘ Phos the operator matrix
A A
TAPh _ T A .
f = py ,a J
By | T}

where
A} = PAMf : A§\7ah9C(Q) — AZ;\(Q)
B} = (Paan — Pag) My : AL(Q) — AL anec ().

Since we have the two complementary projections (Pyan — Pyc) and Pyc on
AL (Q), we obtain the direct sum decomposition

AL (@) = A5 e () & A5 (), (9.6)
where
A’i,c(ﬁ) =ran(Pyc) = {f € A} ,,(Q); f= const.}.

It will also turn out useful to write T;‘ 2 with respect to this decomposition.

Lemma 9.2.2. For f € L*() we have with respect to the decomposition :

A, aheC A
Thah _ T E

— [ Lf i .
f \ G} | PaeMy: AL () — Aﬁ,@(g)/

Here,
Ej)c‘ = (P)\,ah — P)\@)Mf : .AI;\’(C(Q) — Aﬁ,ah@C(Q%
G} = PaeMy o AL () = AL ((9).

9.3 Spectral theory for VMOj symbols

The essential spectrum of Toeplitz operators on holomorphic function spaces with
symbols of vanishing mean oscillation is well understood, cf. Corollary or
Proposition [0.1.3] We want to derive the same result for Toeplitz operators on
Ag,ph(Q):

Proposition 9.3.1. Let p, \ satisfy Assumption and f € VMOy(Q2). Then, we have
A,ph
Oess(T3P") = () (BA()(2\ E(0, R))).

R>0
Here, E(0, R) denotes the Euclidean ball for Q = C™ or the metric ball with respect to
B for Q a bounded symmetric domain and B)(f) denotes the “usual” Berezin transform
of f, i.e. the Berezin transform arising from the holomorphic Bergman/Fock space

A2(Q).
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Proof. Note that
B} = (Pyan — Pro)H}
and

A A\ *

where we consider B% as an operator from A9 () to ’Ai,ah@(C(Q)‘ By Proposition [9.1.3

and Theorem both A? and B}‘ are compact. By Lemma T ;‘ Pl i Fredholm
if and only if

T 0
7a' e
0 | Ty
is Fredholm. By simply considering the definition of what it means to be Fredholm,
this clearly is equivalent to both T;‘ and Tjj\’ahec being Fredholm.

Let us check when T;‘ hOC 45 Fredholm using Lemma [9.2.20 For the operator E}
we get

E} = (Prah — Prac)(I = P)My = (Pyan — Pro)Hp e (@)

A,aheC

Hence, E]’c\ is also compact for f € VMOy(2). Furthermore,

in the same sense as A} = (B%)*, yielding compactness of G}‘. By Lemma [9.2.2] we

obtain that TJZ\’ah is Fredholm precisely if T;"ahec and PycMjy : Ai’(c(Q) — A’;\,C(Q)
are both Fredholm. But the latter operator is always Fredholm, as it acts on a
one-dimensional space. Hence, we have obtained

T;‘ Ph s Fredholm <= T J?\, TJQ\ 1 are both Fredholm,
ie.
Tess(THP") = Oess(T7) U 0ess(TH).

Recall that
T]Z\’ah = CTTAC.

Since C' is isometric and anti-linear, this yields
Jess(T;\’ah) = O—ess(T%) = Oess (TJ%\)

Together with Proposition and Corollary this completes the proof. O
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Proposition 9.3.2. Let p, A satisfy Assumption and f € VMOy(R?). Then, Tjj\’ph
is compact if and only if

By(f)(z) = 0, d(0,z) — oo,

where By(f) is again the usual Berezin transform coming from the reproducing kernels

of A3(9).

Proof. The proof follows arguments completely analogous to those of the previous
proof, using the compactness characterization of T} in terms of the Berezin transform,

Proposition and Corollary [3.3.10 O

Remark 9.3.3. A more general compactness criterion for T° J% acting on Aijph((C”), where
f € L>(C™), has been obtained in [16]: T Jﬁ\ is compact if and only if the pluriharmonic
Berezin transform (i.e. the Berezin transform induced from the reproducing kernels of
Aiyph((C"), see also the next section) vanishes at infinity.

We want to end this short section by a brief discussion of the Fredholm index of
Toeplitz operators on pluriharmonic function spaces, without going too much into
technical details. As is well-known, an interesting Fredholm theory needs matrix-valued
symbols. As results on the Fredholm index on the holomorphic function spaces are
mainly available in the Hilbert space setting, we restrict ourselves also to the case
p = 2. For f € L*>(Q, M,(C)), the Toeplitz operator Tg’n is defined as

T)"g = P\(Fg),

where
a1
g=1|: | e A@@",
gn

and the projection Py acts componentwise as the projection. The anti-holomorphic and
pluriharmonic Toeplitz operators Té’ah’n and T;’ph’n are defined analogously. When
the matrix symbol is in VMOy(2) componentwise, one can show, very similarly to the
proof of Proposition that we have

A,n
TP = \Tg T?gh,n ] +K

for some K compact, hence
ind(TpP"") = ind(Tp™) + ind(Tp™""™).

Further, by adjoining the operator C' (considered as acting on L3 (£2)" in the obvious
way), we have
Nahn AN
Ty =CTZ7C,
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and therefore, since C' is an (anti-linear) isomorphism,
. Aah,ny . An
ind(Tp"") = ind(TZ7),

where F is the matrix symbol obtained from F by entrywise complex conjugation.
Hence,

ind(Tp™™") = ind(Tp") + ind(T").
If we consider the particular case of the unit ball
N=DB, :={zeC" |z| <1},

then we can say even more. Here, we have (at least for the case A = 0, most likely
even for every \) the Venugopalkrishna Index Theorem [126] and its extension to
VMOg-symbols [133|, expressing the Fredholm index of T' ;ﬁ" in terms of the topological
mapping degree of the first column of F'. Since passing from the first column of F' to
the first column of F' geometrically corresponds to applying n reflections with respect
to (real) hyperplanes, we obtain from standard facts on the topological degree that

ind(T9") = (—1)" ind(T"),

yielding
. 0,
ind(Tlg’ph’n) _ 2ind(T3"), n even
0, n odd

for this particular case. We expect the same formula to be valid for Q = C™ and any A.

9.4 Quantization estimates

In this section, we will investigate the quantization asymptotics — in the
setting of pluriharmonic Toeplitz operators. Since the quantization estimates for the
holomorphic cases have so far only been studied in the Hilbert space setting p = 2, we
will impose the same restriction throughout this section. The first estimate can be
easily derived from the holomorphic case:

Proposition 9.4.1. For any f € L*°(Q) we have
A\,ph
1T = 1 fllos, A —> 0.
Proof. Lemma [9.2.1] immediately yields the estimate
A,ph A
1722 = (177l

Combining this with the trivial estimate ||T° JZ\ ’th < || flloo and the quantization results

of Proposition and Theorem [2.3.6] proves the result. O
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Remark 9.4.2. The proof of the previous proposition only hinges on the fact that A?\(Q)
is a subspace of A3 on(€2). Hence, if Ay is any closed subspace of L3(£)) containing

A3(Q) and Py, is the orthogonal projection onto Ay, then
AA
1T = [[flloos A — 00
for any f € L*°(Q), where
T;\’AA = PA/\Mf Ay — A

Indeed, there is more we can say on the first order of the pluriharmonic quantization
than just the previous proposition. For example, one can consider the convergence of
the pluriharmonic Berezin transform, which we are going to define now.

Aiph(Q), being the orthogonal sum of the two reproducing kernel Hilbert spaces

A3(Q) and Ai’ah@C(Q), is itself a reproducing kernel Hilbert space, the reproducing
kernel being the sum of the two kernels of .43 () and Ai,aheC(Q)' As C maps A3(Q)
bijectively and isometrically to A3 ., (Q), the reproducing kernel of A3 _, (Q), being
anti-holomorphic in the first and holomorphic in the second variable, is given by

KM (w, 2) = KMw, 2) = Kz, w).

Since the reproducing kernel of Ai .n(€2) at z = 0 is constantly 1, the reproducing
kernel of A3 ,,oc(€) is

KMOC(y 2) = KM (w, 2) — 1 = KM w, 2) — 1.
In total, the reproducing kernel of Aiph(Q) is given by
K PR (w, 2) = KMNw, 2) + KM (w,2) — 1 = KMNw, 2) + KMw, 2) — 1.

We denote the normalized kernels by

P w, 2) == i(/\(w,z) ,
532 2
M (1, 2) = HKi{a:?h(:))r) 7
AL (@)
EAPR (4, 2) = K (w, 2)

B 2) 2 )

Then, the antiholomorphic and the pluriharmonic Berezin transforms of f € L>(2)
are defined by

BEM(A)(=) = (R 2) R (2) 1 ),
BY(f)(2) = (FRMP (- 2), P 2) 3 -
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k/\,ah

Since is simply the complex conjugate of k*, we have

(K20 (w, 2)|* = [k (w, 2)|?

and therefore evidently

BA(£)(2) = B () (2).

Lemma 9.4.3. Let f € L*>®(Q) be such that HH}‘H, HH}\ahH — 0 as A — oo. Further,
assume z € 1 is such that

Br(f)(z) ¢, A— o0

for some ¢ € C. Then,
Bih(f)(z) —c, A— oo.

Proof. Observe that we have
EMPR(.0) =1 = M-, 0)

and therefore
h
BY'(£)(0) = BA(f)(0)
for all A. We may thus assume z # 0. Then,

KA, 2)|| = 00, A — oo
By orthogonality, we have

A 2) + EA0 (e 2) = 12 = [KAC 2) [P + [ KM 2) = 1P

= e (1 L

[KA(, 2)|12
Since
<K,\,ah(_’ Z)a 1))\ = <K)\7ah('7 Z)7K)\7ah("o)>)\

= KM0(0, 2)

=1,
we obtain

HK)\’ah(',Z) _ 1H2 _ HK)\’ah(',Z)||2 —1
= |KA(,2)|)” - 1.

Hence,

[ KA, 2) — 12

1+
KA 2)12

— 2, A — oo
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Combining these computations, we have shown that

”K)\('7Z) + Kk’ah(‘az) B ]'||2
[ EA(-, 2)]2

— 2, A —o0.

In particular, if one of the two limits below exists, we have the equality

<f(K>\(7Z) + K)\7ah("z) - 1)’K)\("Z) + K/\7ah('az) - 1>)\

i
Ao KA (-, 2) + K (- 2) — 1|2

= lim <f(K)\<7Z) + K/\’ah(‘vz) — 1)7K>\(‘7z) + K)\7ah('7z) B 1>)\

A—00 2| KAah (-, z) — 1|2 ’

where the left-hand side of that equation is simply the limit of BEh( f)(2). Using
sesquilinearity, we will split the right-hand side of that equation into simpler terms, the
limits of which we can compute. Let us first deal with those terms which contribute to
the limit:

K -, 2), KA+, 2 1 1
4 2|(|K3(-7z)?\2 b _ ) = 56 Ao
Aah(, 2 Aah(, z
(fK 2|(’I,(A)E.K;)‘2( 2N %Bih(f)(z) — %Bx(f)(z) — %c, A — 00,

Since the measure vy was normalized to one we have || f|| 2 < I flls0, hence

1 1/l

G I S TR e

—0, \— oo
Further,

[(fEA (- 2), KA 2) =1 (T = PO(FE, 2)), KM — 1),

IO - (B 2) P
ENEN2)), KM 2) — 1)y

B2

W AR 2) 1

S L TeTav

K20 (,2) 1|
o [EAC2) ] )
when A — oo, the initial expression converges to 0. The same reasoning shows that

As we have noted earlier, — 1 as A — oo. Since we assumed ||H ]’c\|| —0

<fK)\7ah('7 Z)?K)\('7 Z) — 1>)\
KA 2)I17

— 0, A— o0

Finally,

(B G2 [ fllso
KA 212 7 KA 2)]

-0, A=
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and the same holds true for

<f7 K)\7ah('7 Z)>>\
KA 217

Combining all the pieces, we obtain
BY(f)(z) =
as A — 00. O
Proposition 9.4.4. For f € Cy(2) we have
BY(f)(z) = f(2), A= o0
for all z € Q.

Proof. Fix z € Q and let € > 0 arbitrary. Let § > 0 be such that w € F(z,0) implies
/() - f(w)| < e. Then,

A,ph Z,w 2
B ~ 1< [ 1) - 1) e -dnw)

K Aph Z,w 2
s€+2ufuoo/ K2z w)l?

dvy(w).
O\B(zs) KMPR(2,2) A(w)

Pick x € C(Q) such that x|o\gs5 =1, 0 < x < 1 and X( ) = 0. Such a function
is clearly uniformly continuous. Hence, by Proposition [9.1.5] and Theorem [2.3.7] x
satisfies the assumptions of Lemma@[ Thus,

KPR (2, 1) 2 / [P (2, )2
—dV w) = w) — zZ —dV w
/Q iy TG )= [ ) X e )
[P (2, )2

< [ )~ x@ e d(w
= Bﬁh(x)(z) —x(2) =20, \— .

Therefore,
limsup |BY()(2) - f(2)| <e.
A—00
Since € > 0 was arbitrary, the result follows. O

Let us come to the second quantization result for pluriharmonic Toeplitz operators,
ie.
TP — TP 0, A — oo,
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As mentioned earlier, there is a dense, self-adjoint subspace D) of Li(Q) which is
invariant under Py and My for f € UC(2). Then, it is also invariant under Pj o1, since

Pran(f) = PA(f).

In particular, we obtain that Dy N Ai,ph(ﬂ) is invariant under T;‘ PR for f e UCQ).
Hence, we can form the product of T}\’ph with T;"P" for cither g € L®(Q) or g € UC(1Q).

Proposition 9.4.5. Let f € UC(Q). Then, for any g € L*(Q) or g € UC(Q) we
have
ITPPRTMD — TRPH| =0, A — oo,

Proof. Applying Lemma [9.2.1] it is immediate to see that, with respect to the orthog-
onal decomposition

A3 () = A(Q) © A3 anoc(©)
we obtain the matrix representation

TJi\vpth)\,ph _ T>\7ph — (17 1) (17 2)

19 (2,1)](2,2))°
where

_ A A A DA
(1, 1) = Tf Tg — ng + Afo,

A g AA,aheC A
(1,2)—Tng+Ang a —Afg,

_ pRAA A,aheC A A
(2,1) —Bng —|—Tf Bg —Bfg,

_ DRAgA A,aheC ) ,ahaC A,aheC
(2,2)—Bng—|—Tf Tga —ng .

We need to show that the operator norm of all four components of that matrix converge
to zero as A — oo.
Recalling that

and
B} = (Pyan — Pac)H7,

we immediately obtain that [[(1,1)|| — 0 as A — oo by a simple application of

Proposition or Theorem
In regard to ||(1,2)|| = 0 and ||(2,1)]| = 0, observe that both blocks factorize as

1,2 2,21,
(1,2) = =D C2*, (2,1) = =D3"Cy?,
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where
Cy™ = (I = Prpn) My : A3(Q) = A3 1 (),
C“ (I = Papn) My : Af anec () = A3 pn(),
A
Dl —P)\Mf A)\ph( ) —>‘A§\( )7
Df = (Pran — Pac) M 0 A3 () — A3 poc ().
Now, observe that
Cl A (I P ph)H
A A,ah
Cor = (I — Pypn)H" 42 ec@

and

LA /LA« 20 2 %
DY = (C1), DY = (C2).

Thus, we obtain ||(1,2)|| — 0 and [[(2,1)|| — 0 by another application of Proposition
[0.1.5 or Theorem 2.3.7

Finally, since we already know that HB;}A;\H — 0 as A — oo, we obtain ||(2,2)| — 0
if we can show that

HT;\7ah®CT;\,ah6C - T;\g,ahG(CH 0.

Since
Aah\ah  eAah A A
Tf Tg ng = C’[T7T§ TE}C

and C is isometric, we know that

TP T — T30 >0, A — oo

Applying Lemma 9.2.2, we obtain that the upper left entry of T3 A ahTA ah Tji\éah with

respect to the decomposition is given by

A,aheC )\ ,aheC A,aheC A YA

Recalling that

E} = (Pyan — Pac)H7| g2 Gy = (B},

Sanec(§)?

we deduce that ||E}\G;\|| — 0. Since the norm of the full operator matrix representing
Tyt — T]Z\ a0 converges to zero, also the norm of the upper left entry has to
converge to zero. Thus, we get

Aah6C A aheC _ 7oAaheC
[ T,

This now yields ||(2,2)|| — 0 as A = 0. O

| =0, X— o0
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For Q = C" or 2 = B, the same proof yields a VMO,(Q2)-version of the result,
using Proposition [9.1.6] or the VMO,, part of Theorem [2.3.7}

Proposition 9.4.6. Let Q@ = C" or Q = B, and f € VMO,(QY). Then, for any
g € L (Q) we have

ITPPPTP — TP =0, A — oo

We want to end this section by explaining why fails on pluriharmonic function
spaces. This has already been noted by M. Englis in [62]. We reproduce the argument
presented there, but arrive at a slightly more detailed result.

Note that P) py, is an integral operator with real-valued integral kernel, hence

Pypuh = P pnh

for any h € L3(Q). This implies
Aph; _ A phz
I h = I h

for any h € A3 pn(§2). Therefore, for f,g € L°(€2) and h € A3 ph(§2) we obtain

[TFP8 TP (k) = [T T3P ()
= (1,7 T “’hm
= —[T}P", TP (R).

The pluriharmonic Berezin transform of an operator acting on A3 on(§2) is of course
defined as

BRM(A)(2) = (ARMR (2, ), VPR (2, ).

On the level of Toeplitz operators, this of course agrees with the Berezin transform of
the symbol:

h /-A,ph h
BYN TN = BR(f).

Since the pluriharmonic reproducing kernel is real-valued, this implies
([T}, TP ROz, ) KPRz, )
KAPh(z, 2)

(7™ 2y P KPRz, ), KA )
K 2)

(TP T PP (2, ), KPR (z,0)
K)"ph(za Z)

Bph([ A,ph T)\,ph])(z) —
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— B[P, M) (2)

and hence BEh([T}\’ph,Tg)"ph])(z) =0 for all z € Q. If we now let f,g € L>(Q2) and
h € Cy(22), then

A mAph oA ph A,ph
?[Tf TP )

-0, A—=o00

and

A trAph A ph A,ph
?[Tf P =T

Z ‘

h [ ArrAph oA ph A,ph
st (A 7 20)

’OO

= BT P lloo = IBR (1) 0 > 0
together imply that ||l’>’§h(h)|]OO — 0. By Proposition this yields h = 0. Hence,
we obtain:

Proposition 9.4.7. Let f,g € L>®(Q2) and h € Cy,(Q2). Then,

ArAph A ph Aph
Z[Tf TPt =T,

-0, A=

holds if and only if h =0 and
[TP", T2PM|| € o(1/X) as A — oo.
In particular, there cannot be any Poisson structure {-,-} on  such that

A rAph A ph ph
A )

; (f.0} -0, Ao

holds for all f,g € C°(R).

9.5 Applying quantization estimates in spectral theory

As we have just seen, Toeplitz quantization on pluriharmonic function spaces is not a
“good” quantization in the sense that the property fails entirely. Yet, it is not
pointless to study the remaining properties , in the pluriharmonic setting,
as suitable understanding of these quantization estimates has applications in spectral
theory. We will show one of such possible applications, which was strongly motivated by
the work done in |18}20]. Those two papers dealt with the representation and spectral
theory of Toeplitz algebras on A2 (B,,) for symbols with certain product structures. Let
us introduce a similar setting. Note that we will only deal with the lowest dimensional
case (that of By) in which these methods work. Generalizations to B,, for n > 2 can
be concluded very analogously to |18].
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Recall that the measure vy on By := {z € C; |z| < 1} is given by

vy (2) = L2+

= m(l — |2*)}dV (2).

The standard orthonormal basis of A3 (B;) is

a4+ M+ 2)

A a

=4/ ——> cB € Np.
e, (z) T(h 2)2,7; 1, a 0

Hence, we obtain the “standard” orthonormal basis of A3 on(B1) by adding the
orthonormal family

T(h+A+2)_,

Y _
=t 2T B
e (z) EON+2) zZ°, z€By, beN,

ie.
A?\’ph(Bl) = Span{e); a € Ng} @ Span{e; b € N}.

On By := {(21,22) € C?%; |21]* + |22/* < 1} the measure v (which we will in our
notation, somewhat imprecisely, not distinguish from the measure v, on B;) is defined
as

T'(3+\)

N T (1 — 2 2\
g Al T ) AV, ).

dvy(z1,22) =

We now introduce for A > —1 the Bergman spaces Ai ph_h(Bg) as the closed subspace
of L3 (Bs) = L*(By, vy) specified by the following orthonormal basis:

A3 phon(B2) = Span{e?‘éi@), QE\I;;@); (a1,a2) € N, (b1,b2) € N x No}.

Here, we define the basis functions as

T(ay +ag + A +3)
A+ . 1 2 a1 a 9
e(alva2)(z1’ %) = \/ aplaz!T'(\ + 3) a'z (aa2) € No,

A— D(by +by+A+3)__
i (2:72) = \/ O3y 2 (bbe) €NxNo.

Hence, Aiph_h(Eg) consists of all C? functions f on By satisfying

Py 0,
0210z7 = 0z

which also satisfy the integrability condition of L3 (B2). In particular, this means that
A%\’ph_h(Bg) consists of those functions from L3 (B2) which are (pluri-)harmonic in 2
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and holomorphic in zo. In particular, every such function can be written as a power
series on Bo:

f(z1,290) = Z(Zc]kzl,22+2djlzlz )

[e.e] o
A+ A—
- (Z C;}ke(k,j) (21, 22) + Z d;,le(l,j)(zl’ 22)) :
j=0 \k=0 =1
An obvious factorization yields

)\,Jr

A A
(a1 a2) a2+ +1(21) +1(Z2)7

(21,22) = e Cay

ba+A
(b1 b2)(2’1,z2) = eb2+ +1(21>62\2+1( 2).

Setting for every as € Ny

H,, = Span{e (01.,02)’ e?é;az); a; € Ny, by € N}

gives the following orthogonal decomposition:

A3 phon(B2) = EB H,,. (9.7)

a2€Ny

A simple calculation shows that every f € H,, can be written as

f(z1,22) = fay(21)en (22)

for some unique f,, € A32+>\+17ph(]]3%1). In particular, every f € Ai,ph_h(Bg) can be
expanded into a series

flzi,20) = Y far(21)en) (22)

a2€Ng

satisfying

1712 e = 22 Malle | @)

a2€EN

We denote by ug, : Hq, — A§2+A+1,ph(182) the operator

an(f) = faz'

Then, we obtain an isometric isomorphism

U @ Ua2 A)\ phh BQ @ Ha2 — @ Aa2+)\+1 ph Bl) (98)

a2€N a2€N a2€N
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By Py ph.n we will denote the orthogonal projection from L3 (B2) onto Aiph_h(Bg). For
f € L>®(B3y) we denote by T ;‘ P h o Toeplitz operator

A,ph-h
T; PR = Py pnn My Ai,ph—h(BQ) - A?\,ph—h(BZ)‘

Pl Ghenever the symbol

Our goal will be to understand the essential spectrum of T;
f has a particularly nice structure. In principle, one could allow the same product
structure as for symbols of Toeplitz operators on A3(Bg) studied in [20], i.e. for

g € L>*(B; x (0,1)) consider

f(z1,22) =g <21, \/1761_7> € L™ (By),

where

91 92

21 = 1r1e't, z9 = ro€’

are the coordinatewise polar coordinates. Then, one could, up to some obvious changes,
imitate the approach taken in [20] by studying the representation theory of algebras
generated by such Toeplitz operators. Upon assuming certain continuity assumptions on
the symbol, one could then obtain a description of the essential spectrum. Nevertheless,
we prefer to take a simpler symbol structure: For g € L>°(B;) we consider

5(21,2’2) = g(Zl) S LOO(IBQ).

Considering this simpler symbol structure has the advantage that we can give a
significantly shorter proof for the characterization of the essential spectrum of T»; -ph-h
which does not simply follow the lines of [20]. That is, we will prove the following
result:

Proposition 9.5.1. Let g € VOy(B;1). Then, Tg/\’ph_h is Fredholm if and only if there
is some ¢ > 0 such that |g(z1)| > ¢ for all zy € By. In particular,

Aph-hy _ 7y
UeSS(Tg PR = g(By).
Here is the key fact that relates the action of T g’\’ph'h with the decomposition (9.7)).

Lemma 9.5.2. Tg"ph_h acts as follows:

(TP My 0, as # az
~ 5 ~ ~ —_— ~ bl
g (a1,a2)’ “(a1,az2) <T;2+)\+1’ph€g?+>\+1, egi+/\+1>, g = ds
(TP A=y 0, az # by
hé , = _ )
g (a1,a2)’ ~(b1,b2) <T;2+A+1,Ph€g?+)\+l’ eZIQ+/\+1>7 ag = b2
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(TIPS Ay 0, by # as
g b1,b2)’ “(a1,a - a2+A+1,ph_as+A+1 A1 _ ’
g (b1,b2)” “(a1,a2) (T} ebf ,eg?+ +1y, by = as
L S 0, by # {72
7 Cube) (b b) e e R
1

,ph-h

In particular, Tg)‘ leaves the decomposition (9.7) invariant.

Proof. The computations are identical to those in the proof of [20, Lemma 2.2]. We
repeat them here to prove the first identity, the remaining cases can be worked out

entirely analogously.
Let (a1,a2),(a1,az) € Ng Then,

A,ph-h A+ At
{15 $(a1,a2)’ e(d1@2)>

_ T(ar+az+A+3)T(a +az+A+3) T(A+3)
N arlaz!T(\ + 3) arlas!T(A+3) m2I(A+1)

x / 9(20) A T (L - (| + |2 P)dV (21, 20).
B2

Introducing polar coordinates z; = 7‘16191, z9 = 7“26’92, we obtain

_ [Plat+a+A+3)l(a1 +az+A+3) 1 /2” o 02(03-52) g,
atlas'aq!as! 7T2F()\ + 1) 0

2
% / / g(rlewl)riL1+a1+1Tt212+a2+16191 (a1—a1)
{rl,r2>0;r%+7"§<1} 0

x (1 =72 — ) dO drodry .

Of course, the first integral in this expression equals 0 for as # as and 27 for as = ao.

For the latter case, we get

_ I(a; +as+ A+ 3)'(a1 +a2+ A+ 3) 2
- CL1!(CL2!)2(~11! WF()\ + 1)
27
X/ / g(rleiel)T?1+EL1+1T§@2+167:01(al—ﬁl)
{r1,r2>0;r24r2<1} JO
x (1 =72 — ) dOydrydry .

T2

Using the substitution s = o in the ro integral we get

_ T(ar+az+A+3)(a1 +ag+A+3) 2
- al!(ag!)lel WF()\ + 1)
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2m 1
% / / g(Tlezt‘h)T?1+a1+16191(a17a1)(1 o T%)a2+)\+1d91d7“1
0 0

1
></ 82a2+1(1 . 82))\d8
0

_ [T(ar4 a2+ A+ 3)(a1 +az + A+ 3) 1
- all(aQ!)lel WF(A + 1)

. 1
X / g(z1)z11 27 (1 — \21]2)a2+)‘+1dv(z)/ 5%2(1 — s)ds.
By 0

Using the beta function B(z,y) = fol s71(1 — s)¥~1ds and the well-known identity
I'(2)I'(y)
B(z,y) = o 22

~ Tlaa+A+2)
- GQ!F()\ + 1)

x / 921t ()l A ()
B

l~12+>\+1>
ai

we obtain

Baa+1,A+1)

I'(az + A+ 3)

1 [ [2y02 A1
7rF(a2+/\—|—2)( ) “

a2+A+1_az+A+1
<Tg : ea? € az+A+1:

Since

ag+A+1 as+A+1

_ az+A+1
ea1 760,1 >a2+/\+1 - < a

a2 +A+1
<Tg : 1 €y >a2+)\+1a

a2+A+1,ph _as+A+1
Tg €a;

this finishes the proof. O

Recalling the operator U from , we have proven:

Corollary 9.5.3. When adjoining by the operator U, we obtain the unitary equivalence

A, ph-h | 12 2
T3 P AX phn(B2) = AX ppon(B2)
~ az+A+1,ph . 2 2
S ) T @) B D) ArsiE)
a26€Ng a2€Ng a26€Ng

Before presenting the proof of Proposition we need one more purely functional
analytic fact:

Lemma 9.5.4. Let Hy, k € Ny be a family of Hilbert spaces and let @, Hy, be their
direct orthogonal sum. For a family A, € L(Hy) let A := @, Ay act diagonally on H.
Then, A is Fredholm if and only if each Ay is Fredholm and there are B,i, B,% € L(Hy)
with
AkB]}: —1e K(Hk), B,?Ak —1e K(Hk)

such that

|ALBy —I|| = 0, k— oo,

|B2A, — 1| - 0, k — oo.
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While the lemma is certainly well-known, we provide a proof for completeness.

Proof. Let K = (K}), with Kj € L(Hy) act diagonally on H. We claim that K is
compact if and only if each K} is compact and

|Kkl| =0, k — oc. (9.9)

That every K} has to be compact for K to be compact is of course necessary. Let us
assume that K does not satisfy (9.9). Pick a sequence (my)men C (No) such that

| K, || = limsup | Kg||, n — oo.
k—o0

For every n € Ny let e, € H,,, be such that |e,|,,, =1 and
1
Then, the sequence

Fo = (Ok.mnen)ren, € D Hi
k=0

is clearly of norm one and converges weakly to 0. Further,

K foll = [[Km,enll = limsup [ K[| >0, n— oo
k—o00

hence K f,, does not converge strongly and K cannot be compact.

On the other hand, assume that holds true. Let £ > 0 be arbitrary and fix
N € N such that ||Kg|| < e for k> N. For k = 1,...,N let S; be finite rank such
that HKk — Sk”L(Hk) < ¢ and let

S:S1@Sz@~-@51\]€90@0@”'€£<@Hk>.
k=1

Then,
1K = S|lm <e.

Hence, K can be approximated arbitrarily well by finite rank operators and is therefore
compact.

From this, the characterization of Fredholm operators on £(H) is now immediate
by Atkinson’s Theorem. O

Proof of Proposition[9.5.1 Assume that |g(z1)| > ¢ > 0 for all z € By. Since

Bayiat1(g) — g € Co(B1)
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for g € VOs(B1), it follows by Proposition that Tg> T HHPR ¢ E(A(212+>\+17ph(181))
is Fredholm for every as € Ny. Furthermore, since VOy(B;) is contained in UC(B;),

we know from Proposition that

”T;2+>\+1,phTa2+>\+1,ph _ IH N 0’

1/g ag — Q.

Hence, combining Corollary with the previous lemma we obtain that TgA Ph-h g
Fredholm.
Now, assume that inf,, ¢g, |g(z1)| = 0. There are two possible cases:

1. There is a sequence (z{)j € By with z{ — OBy such that g(z{) — 0.
2. There is some z; € By with g(z1) = 0.

In the first case, none of the operators T, 2PArLeh oy A2 5+1(B1) can be Fredholm
(recall again that Ba,4a41(9) — g € Co(By) for g € VOy(B1)) by Proposition [9.3.1]
hence T, gA P50t Fredholm by the previous Lemma.

In the second case, one can do the following: Consider the sequence (f;)jen C

Ai,ph—h(Bz) defined using the decomposition (9.7) as

fj = (5a27]'k;a2+>\+1("Zl))GQGNo € @ AZQ-‘,-A—Fl,thB]-)’

a2€N
where

kag +A+1 (

A+1
_7Z1) — ktzller +

is the normalized reproducing kernel of “431 241 (B1) (which is of course also contained
in AgQ +A+1,ph (B1)). Since each f; has norm one and the f; are pairwise orthogonal,
we of course have f; — 0 weakly as j — co. Now,

A,ph-h 2 j+A+1 j+A+1
HTg f,]” S <gk;1 7gkil > ?+)\+1(
21.J+A+1 g+A+1
= (lg| kij— i ’k;j_ ' >A§+/\+1(

B;)
B1)

= j+,\+1(\g\2)(z1),

which is simply the Berezin transform of |g|? at z1. Since g € VOg(B1), we in particular
have g € Cy(B1) and hence |g|? € Cy(B1). Thus,

Bjix1(l91)(21) = [g[*(21) =0, j — o0.
This yields that (Tg"ph'h fj)jen converges strongly to zero. Therefore, the operator

cannot be Fredholm, as no Fredholm operator can map sequence, weakly but not
strongly convergent to 0, to a sequence strongly convergent to 0. O
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9.6 Remarks

In principle, the methods presented in this chapter, which boil down to applying the
matrix representation of T’ J'Z with respect to the decomposition into holomorphic and
anti-holomorphic part, do not hinge on €2 being C" or a bounded symmetric domain.
All that is needed is a good understanding of the holomorphic situation (and  should
be at least simply connected). In particular, the method should also be applicable to
obtain results if, say, 2 is a strictly pseudoconvex domain. Nevertheless, we restricted
ourselves to the cases discussed here, since the properties we had in mind are best
understood in these settings.
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Appendices

A.1 Holomorphic and pluriharmonic functions of several
complex variables

The theory of holomorphic functions of several complex variables is certainly a field
of deep and interesting studies. We refer to the well-known textbooks [87,/93] for
introductions to this topic. For our purpose, it suffices to know the following simple
facts. For 2 C C" open, we say that f : {2 — C is holomorphic if it is holomorphic in
every variable separately. Every holomorphic function can be locally expanded into a
power series in z1,..., z,. We will denote by

D(z,r) ={weC; |z —w|<r}

the disc around z € C with radius r > 0 and, more generally, for z = (z1,...,z,) € C",
r > 0 by P(z,r) the polydisc

P(z,r): ={w=(w1,...,w,) € C"|z; —wj;| <r forevery j=1,...,n}
n
:HD(Zjar)
j=1

Let us cite the following fact:

Proposition A.1.1 (|87, Theorem 2.2.6]). Assume Q C C™ is open and f:Q — C"
is holomorphic. If P(z,r) C §Q, then f can be uniformly approzimated by its power
series on P(z,r).

Lemma A.1.2. Let Q) C C be open. Further, let f : Q@ — C be a holomorphic function.
Then, for each z € Q and r > 0 with D(z,r) C Q the following holds true:

1
w2

f(z) = /D(z,r) f(w) dw. (A.10)

Proof. By Proposition it suffices to verify the identity for monomials in w — z.
Using polar coordinates, one easily sees that

179
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/ (w— 2)k dw:/ w” dw
D(z,r) D(0,r)

T 2T
= / sk'Hds/ % dg
0 0

2 _
_ k=20 -
0, k>1.

The following is the corresponding version of the previous lemma for several
variables:

Corollary A.1.3. Let Q C C™ be open and f : Q@ — C holomorphic. For each
z=(z1,...,2n) € Q and r > 0 such that P(z,r) C  we have

1
f(z) = —— / f(w) dw.
( ) (ﬂ-r2)n P(z,r) ( )
Proof. Follows from an iterated use of Lemma for each variable. O

Corollary A.1.4. Let  C C" be open and w : Q — (0,00) continuous. If K C Q is
compact, there is K' C Q compact such that K C K' and a constant Cx > 0 such that
for all holomorphic f: Q2 — C the following holds true:

sup £(2)] < Cic [ 1f(w)lotw) du

zeK

Proof. Let € = min {w, 1}, where dist is the usual distance between compact

and closed sets in C" =2 R*". Let K’ = {w € C"; dist(w, K) < e}. It is standard to
prove that the Euclidean ball

n 1/2
B(z,r) :={w e C"; (Z\zj—ij) <r}
j=1

contains certain polycylinders:

P(z,7/+/n) C B(z,r).

In particular, for each z € K we have P(z,¢/y/n) C K'. This yields, using Corollary
[A13

= (0n) ]
< ()" [ 1w du.
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Since w is continuous, there is some ¢ > 0 such that w(z) > ¢ for all z € K. Then, for

all z € K:
()" [ e du
(= )”/K Fw)w(w) duw. m

e

[F(2)] <

<

Al O

Let 2 C C™ be open and connected. We say that f : Q — C is pluriharmonic if f
is twice continuously differentiable and

0 f
=0 A1l
8zj8§k ( )
for all j,k = 1,...,n. The following fact about pluriharmonic functions will be of

crucial importance to us:

Lemma A.1.5. Let Q) C C" be open and simply connected and xg € ) a fixed point.
Then, a C?-function f : Q — C is pluriharmonic if and only if there are holomorphic
functions g,h : Q — C such that

f=g+h.

If we further assume that h(xg) =0, then g and h are uniquely determined.

Proof. If g and h are assumed to exist, then it is obvious that f satisfies Equation

(A.11)) and thus f is pluriharmonic.

Hence, let us assume that f is pluriharmonic. Since we assume f to be C?, the
order of differentiation in Equation (A.11]) does not matter. Furthermore, it is easy to
check by the definitions of the Wirtinger derivatives 6%]_ and % that we have

of _(of 8f_(8f)

Combining these statements, we obtain

A A AT
8zj8§k_%k@zj 8zk8§j -

In particular, f is pluriharmonic if and only if f is. Since the differential expression
defining pluriharmonicity is linear, this implies that Re(f) and Im(f) are pluriharmonic.
It is well-known that every real-valued pluriharmonic function on a simply-connected
domain is the real part of a holomorphic function [77, Theorem K.3|. Hence, there are
unique holomorphic functions gg, hy such that

go = Re(f) +1 Im(go), h() = Im(f) + ZIII](]’L())
Solving these for Re(f) and Im(f) gives

Re(f) = (o0 +50),  1m(f) = 5(ho + o),
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hence

f =Re(f) + () = 5(g0 -+ iho) + (g0 — o)

Letting g = go + ihg and h = gy — thg yields the representation for f.
Regarding the uniqueness, expanding g and h in a power series in z and Z, respec-
tively, around zg shows that the only ambivalence of the representation comes from

the constant part of those power series expansions, which can be made unique by
letting h(zo) = 0. O

A.2 The Complex Interpolation Method

Interpolation theory is a mathematical field of outstanding importance in functional
analysis. Among the many interpolation methods, the Complex Interpolation Method
is among the best studied. A section in an appendix like this certainly doesn’t offer
enough space to treat interpolation as a whole, so we restrict ourselves to introducing
notation and mentioning the most important results. For a comprehensive treatment
of the topic, we refer to the classical monograph [33], whose presentation and notation
we also follow here.

Let X, X7 be Banach spaces (endowed with the norms || - ||x,, || - [|x,). We say
that they are compatible if there exists a Hausdorff topological vector space X such
that both Xy and X; are subspaces of X. In X we can consider the subspaces

XoﬂXlz{fEX; fEXoaIldfGXl},
Xo+Xi={feX; 3foeXo, icXi:f=fo+ fr}.

On Xy N X; and Xy + X7 we have the following natural norms:

1/ | xonoe, = max{|[ £l xo, [[fllx: },
1fllx0+x, = mf{[[ follxo + 1f1llx15 fo € Xo, f1 € Xy sth. f= fo+ fr}

With these norms, Xo N X; and Xy + X; can be seen to be complete [33, Lemma
2.3.1]. We will occasionally write such compatible couples of Banach spaces as pairs

X = (Xo,X1). If (Xo,X1) and (Yp, Y1) are compatible couples of Banach spaces, the
“well behaved operators” T : (X, X1) — (Yo,Y1) (i.e. the morphisms of the category
of compatible couples of Banach spaces) are bounded linear operators

T:Xo+X1—>Yy+ Y1
such that
T|X02X0—>Yb, T|X11X1—>Y1

continuously. Here, T'|4 denotes the restriction to the subspace A. It is easy to see
that such an operator satisfies

1T fllvorvs < Tl xo-vollllfollxo + 1Tl v [ 1l x
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for all f = fo+ f1 € Xo + X1, which yields
||T||X0+X1—>Y0+Y1 < maX{||THX0—>Y07 ||THX1—>Y1}'
For a couple X = (Xg, X;) we will also write

A(Y) = XN Xy,

E(Y) = X(] + Xl.
Another Banach space B will be said to be an intermediate space between Xy and X3
if

A(X) C B C 3(X)

and the inclusions are continuous. Such an intermediate space B is further called an
interpolation space if

T:X - X
implies
T:B— B.

More generally, if X = (Xg, X1) and Y = (Y, Y1) are two compatible couples, then
two Banach spaces B, C' are said to be interpolation spaces for the couples X, Y if
they are intermediate spaces with respect to X, Y and

T:X—>Y
implies
T:B— C.

Examples of such interpolation spaces are A(X), A(Y) and ELY), (YY) For0<6<1
we say that the interpolation spaces B, C for the couples X,Y are ezxact of exponent 0
if

T:X =Y
implies

—0 0
IT5-c < IT1X L I T, Sy
We now define the Complex Interpolation Method. Let S C C be the strip 0 < Re(z) <
1 and Sy its interior 0 < Re(z) < 1. Given a compatible couple X set F(X) to be the

set of all functions f : S — X(X) satisfying the following properties:

e f is continuous;
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e f|s, is analytic;
e t— f(it) is a continuous function from R to Xy vanishing at infinity;
e t— f(1+it) is a continuous function from R to X; vanishing at infinity.

Endowed with the norm

£l 7 = max{sup [[ £ (i) ]| xo, sup [ f (1 +it)[|x, },
teR teR

F(X) can be seen to be a Banach space [33, Lemma 4.1.1]. For 0 < 6 <1 we let
Xg :={z € X(X); = = f(0) for some f € F(X)},
endowed with the norm
|lljg) := inf{[|fl7; f€ F(X) with f(0) = z}.

(Xig)» Il - lliey) turns out to be an interpolation space for the couple X. Moreover,
this interpolation method is functorial, i.e. if X and Y are compatible couples, then
Xy and Yy are interpolation spaces with respect to those couples which are exact of
exponent 6 [33, Theorem 4.1.2]. We list further important properties:

Theorem A.2.1 (|33, Theorem 4.2.1, Theorem 4.2.2]). Let X = (X, X1) be a couple
of compatible Banach spaces. Then, the following hold true:

1) (Xo, X1)je) = (X1, Xo)j1—g) for 0 <0 < 1;
2) Xo C X1 = (Xo, X1)j9,) C (Xo, X1)[gy) for 01 < 02;
3) A(X) is dense in (Xo,X1)jg for 0 <0 <1;

4) Let X3 denote the closure of A(X) in X; (j = 0,1). Then, we have for all
0<0<1:

(Xo, X1)jg) = (X7, X1)j0) = (Xo, X7)g) = (X0, X7)jg-

A.3 Nuclear operators and operator ideals

We want to add some details on certain operator ideals. We closely follow the author’s
presentation of that topic in [72, Section 2.1] and copy certain passages from there
verbatim.

Let X be a complex Banach space. Recall that an operator A € L(X) is nuclear,
if there are sequences (z;) C X, (y;) C X' with 3772, [|y;llx/[|2;][x < oo such that

A=y @) (A.12)
7j=1
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For such an operator we define

(o]
Al :=inf > llysllxellz]lx,
j=1

where the infimum is taken over all possible representations (A.12). For rank one
operators
A=yRx
one can indeed show that
[Allx = llyllxllzllx-
We denote by N (X) the set of all nuclear operators on X. Together with the norm
|| - ||, this is well-known to be a Banach ideal in £(X). If the underlying Banach

space X has the approximation property, which we always assume in the following, we
can define the nuclear trace for A € N(X) as

Tr(A) = y;(;),
=1

where the trace is independent of the choice of representation (A.12)), cf. [75, Theorem
V.1.2]. If X is even reflexive, one can show that the duality relations

hold true isometrically, where the duality is induced by the trace map:
(A, B) = Tr(AB).

If X is not reflexive, we can still identify £(X) isometrically with a subspace of (N(X))’
via the trace duality pairing. For details on the general theory of operator ideals, we
refer to the books [53,75L/108].

We now want to interpolate between the spaces N'(X) and £(X). Since N (X) C
L(X), we can use the Complex Interpolation Method to obtain new ideals between
N(X) and L(X). Using £(X) as the ambient Hausdorff topological vector space, in
which we embed the compatible couple A := (£(X), N (X)), we get

A(A) == N(X)N LX) = N(X) and B(A) := N(X) + L(X) = L(X),

where equalities are understood as normed vector spaces. Using the Complex Interpo-
lation Method, we obtain a family of subspaces of £(X):

(V(X), L(X))jg, 0<0<1.

Since N(X) C L(X), the family of interpolation spaces is increasing by Theorem
part 2):
01 < 02 : (N(X), L(X))pg,) C (N(X), LX)y
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Further, since A(A) = N(X) is dense in (N(X), £(X));;) by Theorem 3), we
obtain by the approximation property:

(N(X), L(X)) = K(X).

We also have

(N(X), L(X)) o) = N(X).
With Theorem 4) we obtain
(N(X), LX) = W (X), K(X)) gy,

i.e. each interpolation space consists of compact operators. Further, since £(X) and
N(X) are ideals, for each A € L(X) we obtain maps (which we denote by the same
symbol):

Ly:N(X)—= N(X), B~ AB,
Ly:L(X)— L(X), B~ AB.
Interpolating this map, we obtain
La: (N(X), L(X))jg = VN(X),L(X))p, B AB,

i.e. the interpolated spaces are left ideals of £(X). Analogously, they are right ideals.
For 1 < py < oo, we define the ideals of compact operators SP°(X) by

S (X) = (N (X), £(X))1-1/po]

In particular,

One can show the norm inequalities
[Allop < [|Allsro < [|Alls0

for po > qo, where || - ||op denotes the operator norm on £(X). If X is a Hilbert space,
these interpolated ideals are just the usual Schatten-von Neumann ideals [110}120].
Surprisingly, it seems that no concrete description of the ideals SP°(X) is available if
X is not a Hilbert space [109, Section 6.6.6.1]. Finally, let us note the following duality
result:

Theorem A.3.1 ([112]). Let X be a reflexive complex Banach space with the appro-
zimation property and py € (1,00). Then, the dual of SP°(X) can be isometrically
identified with S©(X') via the trace duality

(A, B) = Tr(AB)).

Here, qq is the conjugate exponent to po: 1 =1/py + 1/qo.
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