Journal of Physics: Conference Series

PAPER « OPEN ACCESS

. ) ) Recent citations
Extended supersymmetric multiparticle - ot cal
- N=Z supersymmeitric hyperbolic Calogero-

Euler-Calogero—Moser model S api o

To cite this article: S Krivonos et al 2019 J. Phys.: Conf. Ser. 1194 012062

View the article online for updates and enhancements.

This content was downloaded from IP address 194.95.157.29 on 04/11/2020 at 07:51


https://doi.org/10.1088/1742-6596/1194/1/012062
http://dx.doi.org/10.1016/j.nuclphysb.2020.114977
http://dx.doi.org/10.1016/j.nuclphysb.2020.114977
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsuSZlcVL9tttT926zfvpDc3xofJhPYHSa4zSIFxHWr4GkYQYGwl29KiiNWnXgbXDQtgVRe_eqiyea8kNuELz08wgAVRL-3_HGGjWjE7BLtmpw1150vZgpFbe9v3ixDx35VARDk1ZJ_nHpZEHHaM7XqfuLRL2MlhYSTFKKT9b3N2YRskSBU0ZrhshDHXBcRBEfBOKvDFk-7Fz1rWg0226jQJpvpdyhdycYzh_Yful4GWVmhFyWnd&sig=Cg0ArKJSzLBPk7JTtUzQ&adurl=http://iopscience.org/books

Group32 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1194 (2019) 012062  doi:10.1088/1742-6596/1194/1/012062

Extended supersymmetric multiparticle
Euler—Calogero—Moser model

S Krivonos!, O Lechtenfeld?> and A Sutulin'

! Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia
2 Institut fiir Theoretische Physik and Riemann Center for Geometry and Physics,
Leibniz Universitdt Hannover, Appelstrasse 2, D-30167 Hannover, Germany

E-mail: krivonos@theor.jinr.ru, lechtenf@itp.uni-hannover.de,
sutulin@theor. jinr.ru

Abstract. We review the construction of supersymmetric extension of the n-particle Euler—
Calogero-Moser model within the Hamiltonian approach [1]. The main feature of the proposed
supersymmetrization method is that it is automatically adapted for a model with an arbitrary
even number of supersymmetries. It is shown that the number of fermions that must be used in
this construction is %N n(n + 1). We demonstrate that the resulting supersymmetric system is
dynamically invariant with respect to the superconformal group Osp(N|2) and give the explicit
realization of its generators in terms of the conserved currents. For the simplest case of the
N = 2 supersymmetric n-particle Euler—Calogero-Moser model we provide its description in
superspace by using the corresponding constrained superfields.

1. Introduction and Bosonic model

Recently, an interest in studying of supersymmetric extensions of matrix models has significantly
increased. In many respects it is connected with a notable progress that was achieved in the
supersymmetrization of the bosonic matrix models [2, 3, 4, 5, 6]. The matrix models were
successfully used in constructing systems which preserve the conformal symmetry (see e.g. [7]
and refs. therein). It is well known that the conformally invariant systems such as, for example,
the Calogero model as well as its different extensions [8, 9, 10, 11, 12], can be obtained from the
matrix models by a reduction procedure. In the supersymmetric case each element of a given
matrix (unitary, Hermitian, symmetric, etc.) is replaced by a proper superfield, which may
be constrained [2, 3, 4, 5]. However, the superfield approach is useful only for the first lowest
values N of the extended supersymmetry, restricted by N' < 4, and it seems to be less efficient
or even inapplicable for A > 4 supersymmetric cases.! In contrast, the Hamiltonian approach
has no serious restriction on the number of supersymmetries, due to the absence of auxiliary
components.

In the supersymmetrization of the bosonic matrix models, besides of the standard set of
N n fermions accompanied n bosonic fields, it appears a large number of additional fermionic
degrees of freedom, which are related with non-diagonal part of the supermatrices. Note that the
number of these fermions depends on corresponding matrix model. So, as it was demonstrated

! Up to now unique example of a matrix system with A/ = 8 supersymmetry has appeared in [5] in N = 4
superspace.
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in our recent paper [6], to construct a supersymmetric extension of Hermitian matrix models
within the Hamiltonian approach, which admits an arbitrary number of supersymmetries, we
introduced N n(n — 1) additional fermions. Moreover, how it was shown in that paper, that,
after the reduction procedure, an N-extended n-particle supersymmetric Calogero model can
be obtained. In this paper we apply the supersymmetrization procedure for the real symmetric
matrix model [8] within the Hamiltonian approach.

We start with a basics of a spin generalization of the n-particle Calogero-Moser model, which
is also known as the Euler—Calogero-Moser (ECM) model [8, 9]. As a bosonic system, this model
is closely related to the free matrix models associated with real symmetric matrices (see e.g. [11]).
The Hamiltonian, which depends on the coordinates x;(¢) and momenta p;(t) of each particle

and also on the internal degrees of freedom realized by the angular momenta ¢;; = —£;;, is given
by
1 1 02
H=- 24z — 1.1
QZPZ+QZ($'—$‘)2 (1.1)
i=1 i#j g J

The introduced variables satisfy the standard Poisson brackets
1
{zi,p;} =6, {lij, lim} = 3 (6iklim + Ojmlir — Ojilim — Simlk), (1.2)

from which follows that the angular momenta form the so(n) algebra.

It is well-known that the Euler-Calogero-Moser model with the Hamiltonian (1.1) is a
conformally invariant system with respect to SO(1,2) group. Besides the Hamiltonian, the
rest set of its generators is defined as the conserved currents of dilatation D and conformal
boost K as

D:—QZ;xipi—l—tH and K:Z;xi—t;xim—i—tl{ (1.3)

All together they form the one-dimensional conformal algebra so(1,2)
{H,K}=2D, {H,D}=H, {K,D}=-K. (1.4)

In this paper we review an N-extended supersymmetric generalization of the Hamiltonian
(1.1) and establish an Osp(N|2) invariance of the N supersymmetric ECM model. By
considering of the simplest case of the model with N' = 2 supersymmetry, we provide its
description in A/ = 2 superspace in terms of constrained superfields. Finally, we give the N' = 2
supersymmetric version of a system, a crucial features of which is dependence on antisymmetric
fermions, as well as on bosons, which enter the supercharges only through their sum.

2. Supersymmetric spin ECM model in the Hamiltonian approach

2.1. Model with N = 2 supersymmetry

The N = 2 supersymmetric extension of the n-particle Euler—Calogero-Moser model is described
by two supercharges Q,Q and Hamiltonian H, whose bosonic limit is (1.1), and which form
N = 2 super Poincaré algebra,

In order to construct the supercharges @ and @, it is necessary to introduce a certain set of
fermionic fields. For the n-particle case, we have to add 2n fermions ¥;(t),¥;(t), (i = 1,...,n),
for which the standard Poisson brackets must be satisfied

{9} = —idy;. (2.2)
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These fermions can be considered as a superpartners of components z; and, therefore, can be
combined with them into a proper N = 2 supermultiplet. However, this set of fermions is not
enough to realize the superchargers @), Q) so that their anticommutator can lead to the correct

bosonic limit of the potential part in Hamiltonian (1.1). Indeed, to produce the potential
22, . . . . . . .

> j ﬁ in (1.1) the supercharges should, in particular, contain terms, which are linear in
i

symmetric spinor fields p;;(t), p;i(t) (due to antisymmetry of [;;), of the following type

il o Diilsi
O~ Pijtij ’ 0 ~ Pijtiy (2.3)

Ty — Xy Ty — Xy
A simple conjecture that these symmetric spinors can be constructed as a sum of the introduced
fermionic components as - -
pij = Vi + V5, pij =i+ (2.4)
leads to inconsistency of the possible structure of supercharges with the basic relation (2.1) of
the N/ = 2 super Poincaré algebra. Therefore, following the arguments which was proposed
in [6], the spinors p;;(t), p;i(t) should be treated as new fields in addition to 1;(t), 1;(t). They

also satisfy the condition p; = p;; = 0 for each of the indices ¢ and obey the following Poisson
brackets

{pij, Pkm } = —%(1 —6i5) (1 = 6km) (0ikGjm + Oim0jk) - (2.5)

Thus, a complete number of the fermionic degrees of freedom is follows: n(n+1) fermionic fields
in the model: (v;, ;) = 2n, (pij, pij) = n(n — 1). By using of these fermions, we can construct

the composite object II;; = —11;;

;= —i| (i — ¥;) pi + (05 — 0;) pij + D (PikPrj — Pindri) |- (2.6)

k=1

It can be checked that with respect to the brackets (2.2), (2.5) the II;; also form the so(n)
algebra as it was for the operators ¢;;

1
{Hijv Hkm} = 5(5ikﬂjm + OimlLiy — 01l — 5imHj]g)- (2.7)

Taking all these arguments into account, it is a matter of straightforward calculations to check
that the supercharges () and @ given by

Q- ZZWZ va 0= ZM,Z ZM (2.8)

Ti— Ti—
i J i#] J

together with the Hamiltonian

SINIE o 29

form N = 2 super Poincaré algebra (2.1) and describe therefore to the N' = 2 supersymmetric
extension of the n-particle Euler—Calogero—Moser model.

Let us remind that the n-particle Euler—Calogero-Moser model is conformally invariant. So,
we expect that the its N’ = 2 supersymmetric extension also possesses N' = 2 superconformal
symmetry. The superconformal symmetry is a dynamical one. It means that full set of generators
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which includes the supercharges @Q,Q (2.8) , Hamiltonian H (2.9) and the following conserved
currents

n

1 n
K = 2255 _tzafzpz t2H D—_*szpz‘i‘tH U—_*szwz Zpijpija

i=1 i;éj
S = Z rip; —1Q, S = Z with; — tQ, (2.10)
i—1 i=1

form a superconformal algebra. The explicit calculation of (anti)commutators of these generators
leads to the following relations

{H,K}=2D, {H,D}=H, {KD}=-K
U,Q) =1, {U.Q} =@, {U.S}=25 {U.5} =~
(D.Q) = Q. {D.Q} = —5@. {D.5} =S, {D.5}=

{H,S}:—Q, {H7§}:_©a {KaQ}:S> {K7©}:
{Q,Q} = —2iH, {5,5} = -2iK, {Q,S}=2iD+2U, {Q,S} =2iD —2U, (2.11)

\V] \

?
ls
27

which assert that they form the osp(2|2) ~ su(1, 1|1) superconformal algebra.
To end this subsection, we make two comments concerning two possible modified sets of
supercharges that still form, however, the N = 2 super Poincaré algebra. The first set relates

to the following supercharges Qv,é
~ . vi—v; = . Vi — 1;
_ -0 — R A = t 2.12
Q=Q+im) —=—=, Q=Q-im} ———=, m = const, (2.12)

where @, Q are given in (2.8). These supercharges together with the Hamiltonian

~ m? & ) - Pijﬁij 1 1
LRI P S S SIS S CN (RS
j;ﬁ’t ‘77&1 J k‘;ﬁ];ﬁl J 7 k yi k

(2.13)
form A = 2 super Poincaré algebra (2.1). Thus, the supercharges (2.12) and the Hamiltonian
(2.13) provide a new N = 2 supersymmetric extension of the rational Calogero model with a
modified Calogero-like potential.

The second case corresponds to the supercharges in the structure of which the symmetric
spinor fields p;j, p;; are replaced by the antisymmetric spinor fields 7;; = —n;;,7:; = —7;
and the x dependent terms are represented as functions of a sum x; + z;. Having made such
assumptions, it is possible to write down supecharges in the following form

ij Thij Ti + T B
Q szwz iz:l'z‘i‘ 7 Zz: Ti+ @ 772j7711+ Z l'z‘i‘-%'k) ($j+xk)771k77]k771]7

i#jF#k
n
Th] . ¢z+¢J _ . xz—i-:UJ _
Q= E pithi — E L iy IE iy —1 ) i ik k-
o ey A i itj Ak (i + ap) (x5 +ap) 70
(2.14)
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The bosonic potential has an expected form

oy tuli (2.15)

2
it ($Z + .Tj)
while the full Hamiltonian H has no such transparent structure as H (2.9).

2.2. Model with even number of supersymmetries

The N = 2 supersymmetric n-particle Euler—Calogero—Moser model admits a generalization to
those which are invariant under the supersymmetry with arbitrary even number of supercharges.
This generalization provides by supercharges which have extra su(M) indices a,b and form the
N = 2M super Poincaré algebra

{Q,Qp} = —210fH, {Q"Q°} ={Q4,Qp} =0, ab=1,.. M. (2.16)

Indeed, we can consider the following set of %N n(n + 1) fermions ¢, ¥;, and Pis Pija that
satisfy the Poisson brackets

{0f os} = —108055,  {p%y, Prms} = —%51‘;(1 —6i5) (1 = 6km) (0ikGjm + imjk) - (2.17)

Then, by analogy with the N/ = 2 supersymmetric case, it is possible to construct a composite
object Hij = _Hji

N n
My =—iy {(W — ) pija+ ($ia —bja)pfs + > (Pbrja — p?kﬁm)} , (2.18)
a=1

k=1

that satisfies, as before, the commutation relations of the so(n) algebra (2.7). Using (2.18),
the supercharges Q%, Q,, which correspond to the extended N' = 2M supersymmetry, can be
written as follows

gz 1 ;'l' oY = n - i ij) Pija
Zwa PR LS N S E G L L N A T)

iz T i=1 i T
They form together with the Hamiltonian
1 & 1 (4 +115)?
=5 p; + B Z (i - 1135)° ”)2 (2.20)
=1 i#j (1‘2 - xj)

N = 2M super Poincaré algebra (2.16) and describe the N = 2M supersymmetric extension of
the n-particle Euler—Calogero—-Moser model.

It is rather easy to check that the supercharges Q% Q, (2.19), Hamiltonian H (2.20) and the
following conserved currents

K=_ Zx _tzxzpz+tH D—_*Zl‘zpz“‘tH J% = — Z¢a¢zb mepljba

i)
Z?l)a?l)b sz]pzy ab - Z"/)zawzb + ZPU ang bs
1#] i#]
= Z Mf)f - tQa7 ga = Zgﬂi@zia - t@aa (221)
=1 =1

form the superalgebra osp(N]2) [1]. Note that the generators J% form u(M) subalgebra, while
together with the generators 1% and T, they form so(2M) subalgebra of 0sp(N|2) superalgebra.
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3. N =2 supersymmetric Euler—-Calogero—Moser model in superspace
The N-extended supersymmetric ECM model, that has been constructed within the Hamiltonian
methods, admits a nice superfield description for the simplest case with A/ = 2 supersymmetry.
An importance of the N' = 2 superfield approach is that it can make more clear the meaning
for introducing the new fermionic fields of the p-type and the role played by the additional
currents ¢;;. To obtain the N' = 2 supersymmetric ECM model in superspace, defined by the
supercharges @, Q (2.8) and the Hamiltonian (2.9), one needs to solve two tasks:
e assemble the physical components x;, ¥, 1;, pi; and p;; into appropriate ' = 2 superfields
e introduce auxiliary bosonic superfields v;, v; whose leading components realize £;; via
bilinear combinations.

Let us start with the first task. From the structure of the supercharges Q,Q (2.8) it is clear
that under the N = 2 supersymmetry transformations, defined as

Ssusyz(t) = i{2(t),2Q + eQ}, (3.1)

follows that the coordinates x; transform through fermions v, 1;. So, one have to introduce n
bosonic N’ = 2 superfields x; with the following components,

. L 1
x; = x|, i = —iDx;|, ; = —iDx;, Aizi[D,D]fvz‘L (3.2)

where | denotes the § = § = 0 projection. As usual, D and D are N = 2 covariant derivatives
whose anicommutators are given by

{D,D} =28  and {D,D}={D,D}=0. (3.3)

The fermions p;;, pi; can be embedded as the first components into n(n—1) fermionic superfields
Pij, Pij, symmetric and of zero diagonal in the indices 4, j, i.e.

Pij = Pji»  Pij = Pji> pii = Py; =0 (no sum). (3.4)

As N = 2 superfields the p;; and p;; contain a lot of components. However, their leading
components p;; and p;; transform under the N' = 2 supersymmetry generated by @ and Q (2.8)
as follows,

n

s — s Ti — Ts
dqpij ~ i€ Ll_ ]Pij— Z . . )Pikpjk )
K2

T ey (z; — x1) (25 — 23
_ . Tﬁz‘—@j, - Ty — Ty _
0= e —Pij — ikPik |- .

ki,

To realize these transformations in superspace we are forced to impose the following nonlinear
chirality conditions,

. ¢_¢ T: — T
Dp;; =1 [Mpij - Z : ! k>Pikij: )

xT; — T, fort (i — ) (x; —x
e . ":Ei_'lpzj = Li — Tj _ ]
Dpy =i | Y. o 3.6
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These conditions are self-consistent and leave in the superfields p;; and p,; only the components
pij = pijl,  Bij =Dpijl,  pij = pijl,  Bij = Dpyjl - (3.7)

To get the correct Poisson brackets for 1;,1; and pij, Pij (2.2) after passing to the Hamiltonian
formalism, the kinetic terms for these fermionic components must read

n . n
. — =~ 1 . —_ =
o = Z (hih; — i) and L, = > (piipij — pishis)- (3.8)
i:1 3
Altogether, we arrive at the following superfield action for the purely N’ = 2 supersymmetric
system with /;; = 0,

1w — 1 — —
— 2 . . Y 2 —
SO_/dtd 0[—2;_1 Dz; Dz + 5 Eij pwpw], d*0 = DD. (3.9)

To resolve the second task, one has to realize the /;; in terms of auxiliary semi-dynamical
variables. As so(n) generators the ¢;; possess the standard realization

1, _ _
Uij = i(ij — ;) (3.10)
in terms of 2n bosonic variables v;, v; subject to

{Ui,@j} = —iéij. (3.11)

To implement these new semi-dynamical variables v;,v; at the superfield level, we have to
introduce 2n bosonic superfields v;, ¥;. Additional information about these superfields again
comes from the transformation of their first components under N/ = 2 supersymmetry. These
transformations can be learned from the explicit structure of the supercharges @, @ (2.8), with
the ¢;; being replaced by their realization éij (3.10):

n [ —
dQui ~ i€ Z xi)liv;] and dgui ~ i€ Z M (3.12)

This form of transformations implies that, similarly to p;; and p;;, the superfields v; and v; are
subjected to the nonlinear chirality conditions,
n PR —
PijV;
L — Ly '

PijVj
T — Ly

D’Ui =i
JFi

and Dv; =1
J#

(3.13)

Due to these constraints, there are the following independent components in superfields v; and
v;
v; = ’U7;|, C; = —iD'vi|, v; = ’l_JZ'|, C;, = —lD’l_)Z| (314)

Finally, to have the brackets (3.11), the kinetic terms for v;, v; must take the form

kin = —% Z (005 — vity). (3.15)
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Therefore, the interaction part (I;; # 0) of the superfield action reads

1 on =
&:_2/&d0§)w% (3.16)

=1

Combining everything together, we conclude that the superfield action should have the form
1 ¢ 1< 1 ¢
S=5+5 = /dt d20 |:— B Z;Dml Dx; + B Zpijﬁij — B Z;Uﬂ_]z:| , (317)
= @, =

where the superfields p;;, pij,v; and ©; are subject to the constraints (3.6) and (3.13),
respectively.

Despite the extremely simple form of the superfield action (3.17), its off-shell component
version looks quite complicated due to the nonlinear chirality constraints (3.6) and (3.13). We
omit here the detailed calculation and give the final result for the on-shell component Lagrangian.
Its expression follows after integration over the Grassmann variables and exclusion the auxiliary
components 4;, B;;, B;j, C; and C; by their equations of motion in (3.17)

L_lijr-i" i) LSS (s s N NS o e g (G 1)
=9 : xzxz+2 Z (Q;Z)z"vbz 7pz¢z)+2 Z (pmng ngpzj) 9 Z ('Uzvz Uz”z) Z 5 (.%' — x.)g-
i=1 i=1 i,j i=1 i#] ¢ J

(3.18)

In (3.18) II;; is still defined as in (2.6) and #;; is expressed in terms of semi-dynamical variables

as in (3.10). Thus, the superfield action (3.17), with the superfields p;j, pij, v; and ; being

nonlinearly constrained by (3.6) and (3.13), indeed describes the ' = 2 supersymmetric Euler—

Calogero—Moser model.

To conclude, let us make a few comments:

e The nonlinear chirality conditions (3.6) can be slightly simplified by passing to the
superfields &;;, &;j:

— n n
§ij = Pis , &= Piy = DE&;+ iz&kﬁjk =0, D&+ iZEZ‘kéjk = 0.
Ti— Ty i T k=1 k=1
However, the Lagrangian, Hamiltonian and the Poisson brackets will look more complicated,
being written in terms of &;; and Eij despite the fact that these superfields now are defined
independently of the superfields ;.

e It turns out that the auxiliary superfields v;, ¥; cannot be re-defined in a similar manner.
Thus, the nonlinear chirality constraints (3.13) which relate these superfields with the x;
ones are crucial for the superfields description.

e It should be noted that the semi-dynamical variables v;, v; obeying the brackets (3.11) can
be used for the construction of su(n) generators. Clearly, the kinetic Lagrangian £, (3.15)
possesses su(n) symmetry. However, this su(n) symmetry is reduced to the so(n) one upon
using the nonlinear chirality constraints (3.13).

e In N = 2 superspace a system defined by supercharges (2.14) is described by superfields
Mij,Mij, Vi and U; subjected to modified nonlinear chirality constraints

n

Dmy; =i [Z]nij -> ( — jiknk |

x; + x; i x; + xk) (:Bj + Tk
— [Pty = x; + _
Dn..=1i|—n;; — E Ik 3.19
Mij =1 |:$Z + x; i (IBz + ack) (acj + wk>771k77]k ’ ( )

ki, j
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and
iV
b
y x; + T;

10

iar:i—kacj

J# J#

However, the superfield action for the system still has the same form as in (3.17)

1 — — 1 — 1 —
_ 2 . R - S i
S = /dtd 0[— 3 ;1 Dx; Dx; + 5 Z»Ej 1iiMij 5 ;1 vzvz], (3.21)

(3.20)

This system is needed to be further analyzed.

4. Conclusion

We reviewed a new N-extended supersymmetric so(n) spin-Calogero model by a direct
supersymmetrization of the bosonic Euler-Calogero-Moser system [8]. The crucial feature of a
given construction, besides the standard N n fermions ¢{ and ;4 accompanying the bosonic
fields x;, is the presence of an additional set of fermionic degrees of freedom, namely, %/\/' xn(n—1)
symmetric fermions pj; = pf;, which originate from the off-diagonal part of the symmetric
supermatrices.

We obtained the supercharges Q® and @, and the Hamiltonian which form an N -extended
super Poincaré algebra. As it was shown, the supercharges have the standard structure, cubic
in the fermions involved. We realized in term of all coordinates the generators of a dynamical
0sp(N|2) superconformal algebra as the conserved currents and demonstrated the invariance of
ECM model with respect to this supergroup.

In the simplest case of N’ = 2 supersymmetric extension of the ECM model, we provided its
description in terms of N’ = 2 superfields. The peculiarity of this construction is reflected in
following facts:

e the coordinates x; and fermions v, 1/;j forming standard unconstrained bosonic superfields,

e fermionic symmetric matrices p;;, p;; (with vanishing diagonal), subject to the nonlinear
chirality constraints,

e 2n bosonic N/ = 2 semi-dynamical superfields v;,v; also obeying the nonlinear chirality
constraints.

It is shown that the N' = 2 superspace action is written as a sum of the standard kinetic terms
for all superfields. At the component level, the off-shell action has rather complicated structure
due to the nonlinear constraints. However, after eliminating the auxiliary components via their
equations of motion, the action acquires quite a simple form again, with an interaction quadratic
and quartic in the fermions.

However, the presented N' = 2 supersymmetric case is not too instructive, since it can also be
constructed without additional fermions p;jand p;j, in analogy with the N' = 2 supersymmetric
Calogero model [13, 14] if the terms quadratic in p;; and p;; in the nonlinear chirality constraints
(3.6) will be discarded. Thus, the generic superfield structure of the N-extended ECM model
becomes visible at N' = 4 only. We are planning to address this elsewhere.
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