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Hyperkihler Metrics on the Regular Nilpotent Adjoint Orbit
by Oliver Sonderegger

This thesis studies the Kronheimer hyperkdhler metric on the adjoint orbit of the
classical Lie group SL,, (C) of a regular, nilpotent element in its Lie algebra s[,,(C). We
describe a Kéhler potential of this hyperkéhler metric in terms of the theta function
on the Jacobian, consisting of invertible sheaves of degree g — 1, of the nilpotent,
spectral curve. By using an explicit description of matricial polynomials of degree
two corresponding to invertible sheaves of degree g — 1 without a non-trivial, global
section on the nilpotent, spectral curve we construct some explicit solutions to Nahm’s
equations.

Kurzzusammenfassung

Diese Dissertation untersucht Kronheimers Hyperkéhlermetrik auf der adjungierten
Bahn der klassischen Lie Gruppe SL,, (C) eines reguldren, nilpotenten Elements der
Lie Algebra sl,(C). Wir beschreiben ein Ké&hlerpotential dieser Hyperkdhlermetrik
durch Ausdriicke der Thetafunktion, einer Funktion auf der Jacobischen der nilpoten-
ten Spektralkurve. Wir benutzen eine explizite Beschreibung der zu den invertierbaren
Garben vom Grad g — 1 ohne nicht-trivialen, globalen Schnitt zugehorigen Matrix-
polynomen um explizite Losungen der Nahmgleichungen zu konstruieren.
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Chapter 1

Introduction

Kronheimer studied in [Kro90b] a hyperkidhler structure on the complex nilpotent,
adjoint orbits. These are the orbits of a nilpotent element of g© of the adjoint action
of G® on g€, where G is a compact, connected, semisimple Lie group, G© its com-
plexification and g the corresponding Lie algebra of G¢. He identified such orbits
with a moduli space of g-valued solutions of Nahm’s equations with certain boundary
conditions. The hyperkdhler structure on the orbit comes from the fact, that the
moduli space can be seen as a infinite-dimensional version of a hyperkahler quotient.

It is remarkable, that Kronheimer showed the existence of a hyperkahler structure
on complex, regular, semisimple, adjoint orbits too in [Kro90a] and later Biquard and
Kovalev generalized the ideas of Kronheimer to arbitrary complex, adjoint orbits in
[Biq96] and [Kov96] .

Kronheimer’s hyperkéhler metric on the moduli space is of the form

0 3
98(t)((bo, b1, b2, b3), (co, c1, €2, C3)) = / D (bilt), cilt))dt,
—X =0

where the b;’s and ¢;’s are tangent vectors of the tangent space at the point B(t), which
are solutions of the linearization of Nahm’s equation at B(t) with certain boundary
conditions and (-, -) is an Ad—invariant inner product on g.

Since it relies on solving a system of ordinary differentianl equations, Kronheimer’s
hyperkahler metric on the nilpotent orbits is very difficult to write down explicitely.
Hitchin proposed in [Hit98| an explicit description of a Kéhler potential could help to
make this metric more explicit. In [Hit-+87] they described such a Kéhler potential
for a fixed complex strucure as a hamiltonian function of a hamiltonian circle action,
which fixes one Kéhler form and rotates the other two Kéhler forms. If G = SL,(C)
this Kéhler potential of the nilpotent, adjoint orbits is of the form

0
K(T5(0) + iT5(0)) = — / tr (Ta()? + T3(t)?) dt.
—0o0
where the Ty and T3 arise in triples (77 (t), T2(t), T5(t)) of solutions of Nahm’s equa-
tions with certain boundary conditions.

By a result of Beauville in [Bea90] the integrand can be seen as a meromorphic
function on the Jacobian of the nilpotent, spectral curve, which consists of invertible
sheaves of degree g — 1, where g is the arithmetic genus of the curve.

As long as the spectral curve is smooth Hitchin described this integrand in [Hit98§]
in terms of the theta function. We will call this formula Hitchin’s formula. By allowing
ordinary double points Bielawski generalized Hitchin’s formula to reducible spectral
curves in [Bie07] and so he was able to describe a Kihler potential on complex, regular,



2 Chapter 1. Introduction

semisimple, adjoint orbits in terms of the theta function, what made Kronheimers
hyperkéhler metric more explicit.

In this thesis we will generalize Hitchin’s formula to the case of a regular, nilpo-
tent, adjoint SL,(C) - orbit, which allows us to describe a Kéhler potential in terms of
the theta function on the highly singular, nilpotent, spectral curve. Our approach is
completely direct, using mainly tools of linear algebra. This leads to extensive compu-
tations, but also to explicit formulas. For example we will compute the theta function
and regular, nilpotent, matricial polynomials corresponding to invertible sheaves of
degree g—1 not lying in the Theta divisor. Using these expressions we are able to com-
pute the integrand of the Kéahler potential explicitly in terms of the theta function.
Additionally we use these formulas with additional assumptions to extract explicit
solutions of Nahm’s equations.

Hitchin used in [Hit98]| the fact, that the Jacobian variety of a smooth spectral
curve is already compact - it is a torus. Then he compared both sides of Hitchin‘s
formula, which are meromorphic functions on the Jacobian, see section 4.3, by com-
puting the principal parts. These principal parts coincide and hence the difference of
both sides defines a holomorphic function on the compact Jacobian. Thus it has to be
constant. After computing this constant he got his formula. Bielawski in [Bic07]| had
to deal with a non-compact Jacobian and he used a certain compactification of the
Jacobian, see [Ale96]. This compactification is based on invertible sheaves of partial
normalisations of the considered reducible, spectral curve. This argumentation is rea-
sonable, since all singularities are isolated. In our case it is unclear how to compactify
the Jacobian in a usefull way. Since the singularities of the nilpotent, spectral curve
are not isolated, we could not carry over the argument of partial normalisations to our
case. Nevertheless during the computations of the principal parts we obtained some
explicit results, which lead us in the end to a completely direct proof of Hitchin‘s
formula in the case of the nilpotent, spectral curve and we could avoid the difficulties
of the compactification of the Jacobian.

We want to mention some important results for nilpotent, adjoint orbits. Kron-
heimer obtained a hyperkéhler structure by an infinite-dimensional hyperkéhler quo-
tient. In [KS93], [KS96], [KSO1b], [KS01a| and [Vil05] they performed finite-dimensional
hyperkéhler quotients for adjoint orbits and studied hyperkahler potentials on orbits
with low cohomogeneity. These potentials are simultaneously Kahler with respect to
all complex structures. The regular, nilpotent, adjoint orbit in sl3(C) has cohomo-
geneity four and they gave explicit values for the hyperkihler potential, see[[KSO1b].
Since their hyperkédhler potential and the Kéhler potential above coincide in this case,
they obtainted the formula of example 8 in chapter 5 already in a higher generality.
Now we will describe the content of the chapters of this thesis.

Chapter 2 includes by no means any original content. We want to repeat and out-
line some basic concepts, conventions and notations for the later usage. In particular
section 2.1 is dealing with complex analytic spaces, which arise in our case as the
nilpotent, spectral curve. Moreover in section 2.2 and 2.3 we will outline the identi-
fication of the regular, nilpotent, adjoint SL,(C)-orbit with the Kronheimer moduli
space, to picture how the hyperkéhler structure and a Kéhler potential arise.

In Chapter 3 we start with a precise description of the nilpotent, spectral curve
in section 3.1. In section 3.2 we characterize invertible sheaves of degree g — 1 on the
nilpotent, spectral curve and in section 3.3 we give an explicit formula of the theta
function on the Jacobian as a determinantal function of a certain matrix M. This
matrix M occur as a family of linear condition equations of a sheaf F in the theta
divisor.
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Chapter 4 contains the main result of this thesis. In section 4.1 we repeat the
concept of the Beauville correspondence, an identification of isomorphism classes of
invertible sheaves of degree g — 1 without non-trivial, global sections on the nilpotent,
spectral curve with conjugation classes of regular, nilpotent, matricial polynomials. In
section 4.2 we show Hitchin’s formula in the SL3(C)-case. In section 4.3 we generalize
the ideas and computations of section 4.2 to the SL, (C)-case by proving the crucial
burning lemma. This lemma is the main comparison tool to show the required equality
of Hitchin’s formula.

In Chapter 5 we study real sheaves and its theta function. Moreover in section
5.2 we restrict us to some special cases of real sheaves in order to establish explicit
solutions of Nahm'’s equations. We will use and extend the ideas of chapter 4.






Chapter 2

Preliminaries

In this chapter we will repeat the definitions of complex analytic spaces from [GPR94]
and [GR84]. Moreover we repeat some general Lie theory and concepts of [Kro90b],
[Kro90a] and [Hit+87].

2.1 Complex Analytic Spaces

The focus in this section is the repetition of the definition of complex analytic spaces
and invertible sheaves. We set the conventions and notations, which we will use later.
In this thesis the invertible sheaves on a complex analytic curve play a crucial role.

2.1.1 Sheaves and Ringed Spaces

Let (X, 7T) be a topological space. A presheaf of abelian groups (respectively of rings)
on X, denoted by

F = {F(U),res{ buver,
ucv

consists of a collection of abelian groups (respectively of rings) (F(U))y s and a
collection of restriction homomorphisms of abelian groups (respectively of rings)

(respy : F(V) = FU))vyer
UCV
where the restriction morphisms have to satisfy for every inclusion of open sets U C
V C W C X the properties

resy = Idr, resyl = resl; oresy .

The elements s € F(U) are called local sections and the elements s € F(X) are called
global sections.

A presheaf F of abelian groups (respectively of rings) on a topological space (X, T)
is called a sheaf of abelian groups (respectively of rings) on (X, 7), if it satisfies the
following two properties. Let U € T be an arbitrary open set of X and (U;);er be an
open cover of U. The first property is called locality and it means if s,¢ € F(U) are two
local sections with resgi (s) = resgi (t) for all 7 € I, then the two local sections coincide,
s = t. The second property is called gluing property and it means if (s;);er is a
collection of local sections of F(U;) such that they satisfy resgszj (s;) = resgszj (s5)
for all 4, j € I, then there exists a local section s € F(U) such that resgi(s) = s;. We
will drop from now on the letter 7 indicating the topology. If Ax is a sheaf of rings on
a topological space X, then the pair (X, Ax) is called a ringed space with structure
sheaf Ax. Let (X, Ax) be a ringed space and F be a sheaf of abelian groups on X. If
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for every open set U C X the abelian group F(U) has an Ay (U) - module structure,
then F is called a sheaf of Ax-modules. A sheaf of abelian groups Z is called a sheaf
of ideals, if all Z(U) are Ax (U)-ideals for all open sets U C X. Hence for every open
set U we can consider the quotient ring Ax(U)/Z(U). These rings with the induced
restriction morphisms define usually only a presheaf. The sheafification, see [Har77],
of this presheaf is called quotient sheaf and is denoted by Ax/Z. Let F be a sheaf of
Ax-modules, then the stalk at x € X is defined by the direct limit

Fy o= lim F(U).

zeU

The elements of F, are denoted by s, = [V, s|. It is in a natural way an Ay y-module.
For the structure sheaf we denote the stalk by Ax ..

2.1.2 C-ringed Spaces and Morphisms

Let (X, Ax) be a ringed space and let R(U) := U x C be the constant sheaf of fields
of complex numbers C with natural restriction morphisms. The stalk of & is R, = C.
If the sheaf of rings Ax is a sheaf of R-modules too, it is called a sheaf of C-algebras.
Futhermore suppose K is a sheaf of submodules of the sheaf Ax, such that the unit
element 1, € R, is also the unit element of Ax ,. Hence we are able to identify
the subalgebra C - 1, C Ax, with the field C = K,. Moreover let us assume that
all Ax , are local rings with unique maximal ideals m(Ax ), such that we have a
decomposition of C-vector spaces

~CER,
~
AX,CE == C . 1$ @m(.AX’;E).

If all these assumptions are satisfied we call the sheaf of C-algebras Ax a sheaf of local
C-algebras. The pair (X, Ax) is then called a C-ringed space. The most important
example of a C-ringed space comes from complex analysis.

Example 1. Let D be a domain in C" and let U C D be an open set. Let
Op = {OD(U),TeSE}

be the sheaf of holomorphic functions on D, where Op(U) is the ring of holomorphic

functions on U and resg are the natural restriction morphisms, where we sometimes

Just write fly := res‘é(f). It is obviously a R-module and hence a sheaf of C-algebras.
The stalk Op , is isomorphic to the C-algebra C{zp} of power series with a non-

zero radius of convergence around zg € D. The isomorphism is given by
1/) : OD,ZO — C{Z(]}
o
F*) (20)
U f]—= Y = (2 = 20)".
k=0

k

The stalk is a local ring with mazimal ideal m(Op .,) of those convergent pow-
erseries vanishing at zg, i.e. the constant term is 0. Hence we have a decomposition
Op.z = Co®m(Op,,) and the pair (D,Op) is a C-ringed space. Because Op is a
sheaf of local C-algebras we can consider the sheaf of abelian groups OF, consisting
of the units of Op with respect to the multiplication on Op. These are the nowhere
vanishing holomorphic functions.
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A morphism of C-ringed spaces (X, Ax) and (Y, Ay) is a pair
(@7 90#) : (X7 AX) — (Y’ AY) 5

where ¢ : X — Y is a continuous map and ¢# : Ay — ¢,(Ax) is a morphism of
C-algebras, i.e. a collection of C-algebra homomorphisms

(V) Ay (V) — Ax (97 1(V)) = e Ax (V)

-1
with the property ¢# (V) o resy; = resz,lggg o ™ (V) for every inclusion of open sets

vcvcy.

Let (X, Ax) be a C-ringed space and U C X be an open set. Then the pair
(U, Ay) is a C-ringed space. Here Ay is the sheaf of local C-algebras given by the
following collection. If V' C U is an open subset, then Ay (V) := Ax(U NV). The
inclusion ¢ : U — X induces a lifting homomorphism ¥ via

V) Ax (V) — Ag(V N U)
s — resy(s).
The pair (¢, %) is a morphism of C-ringed spaces and (U, Ay) together with (¢, 1) is
called an open C-ringed subspace of (X, Ax).
2.1.3 Model Spaces and Complex Analytic Spaces

We start with the definition of complex model spaces. Let (D,Op) be the C-ringed
space of example 1 for a domain D C C™. A finite number of holomorphic functions
on D, f1,..., fr € Op(D), defines a sheaf of ideals by

Z:=fiOp+---+ fOp C Op.
Its zero-locus is a closed, topologcial subspace
Z:=NZ):={z€D: fi(z) =---= fr(z) =0} C D.

This allows us to consider the quotient sheaf Op/Z, which is the sheafification of the
presheaf defined by U — Op(U)/Z(U), see for the definition [Har77|. This quotient
sheaf is a sheaf of rings and the support of it is

Supp(Op/L):={2€D:0p./T.#0}={2€D:Z,# Op_.},
which is exactly the zero-locus Z. For any open set U C Z we define C-algebras by

Oz(U) = (Op/Ilz) (U) := lim ((Op/I)(V)).
%CSI/D%HD

With the natural restriction morphisms these C—algebras define a sheaf of local C-
algebras. The pair

(Z7OZ)

is a C-ringed space and called a complex model space. The dimension of (Z,0z) is
the dimension of the topological space Z.
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A C-ringed space (X,Ox) with X Hausdorff is called a complex analytic space
if for every x € X exists an open C-ringed subspace (U,Op), which is isomorphic
as C-ringed spaces to a complex model space. In other words a complex analytic
space looks locally as complex model spaces or as a zero-locus of a finite number of
holomorphic functions.

Let (X,0x) and (Y, Oy) be two arbitrary complex analytic spaces. A morphism
(0, 07) : (X,0x) — (Y, Oy) of C-ringed spaces is called a holomorphic map. If ¢ is a
homeomorphism and ¢# is a sheaf isomorphism of C-algebras, then the pair (go, go#)
is called a biholomorphism.

2.1.4 Gluing Property

In this subsection we will repeat the gluing device of [GR84| or [GPR94|. We will
use this construction to describe in chapter 2 the nilpotent, spectral curve in details
as a complex analytic space, which we obtain by gluing together two complex model
spaces.

First let us recall some topological constructions. If (X;);er is a family of topologi-
cal spaces, then (Uzel{z} X Xi) is a topological space with the disjoint union topology.
Furthermore if there are open subsets X;; C X; and homeomorphisms 7;; : X;; — Xj;
we get a topological quotient space

X = (U{i} X XZ-> / ~,

i€l

where (i,z;) ~ (j,zj) & x; € X5, v; € Xj; and 735(x;) = x; with the induced
quotient topology given by the natural projection 7 : (U, {i} x Xi) = X, (i,;) —
[i,2;]. If all topological spaces X; are Hausdorff, then the disjoint union and the
quotient space is Hausdorff too. Because of the definition of the disjoint union topology
we have an open cover of (|J;c;{i} x X;) by the sets {i} x X;. The topological
quotient space has an open cover given by the open sets U; := w ({i} x X;). Note that
71'_1 (Ul N Uj) N {Z} X Xi = {Z} X Xij and 7'('_1 (UZ N Uj) N {]} X Xj = {]} X in.

Let us assume now, that we have sheaves of local C-algebras Ox; on the topolog-
ical spaces X;, such that all pairs (X;, Ox;) are complex analytic spaces and hence
({z} x X, O{i}xXi) are complex analytic spaces with Oy, x,({i} x V) := Ox, (V) for
an open set V' C X;. If we have an open set U C U; we get sheaves of local C-algebras
on U; defined by

Oy, (U) = O{i}XXi (W_I(U) N{i} x X@) .

We want to glue the sheaves Oy, together to a sheaf on the space X with some
additional gluing data. Before we do so we want to emphasise, that

OU¢|U¢OUJ~(U) = O{i}xXi (7T71(U NnU; N Uj) N{i} x X3)
= O{i}XXi (W_I(U) N {Z} X X@])
= O{’L}XXZ’{Z}XX” (Wﬁl(U))'

Suppose there are sheaf isomorphisms of C-algebras

T;;F : OX¢|X¢J' — OXj|in
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for all 4, j € I, which satisfy the gluing (cocycle) condition

# # o _H#
Tij ©Tik = Tik

on Ox;|x;nx,, for all i,j,k € I. With such isomorphisms we get immediatly new
isomorphisms

# .
p@] . OUi‘UiﬁUj — OUj|UjﬂUi

for all 4,5 € I, where pf;(U) = TZ?;E(W_I(U)), and they satisfy the cocycle condition
too, i.e. pf; o pﬁ = pi on OUZ-‘UmanUk for all 4,5,k € I. With these isomorphisms
we can write down the glued sheaf on X.

For an open set U C X the C-algebra Ox (U) is given by

Ox(U) :=
: Unu; .
{(Si)ig € HOUi(U ny;) : p?; (resgggszj(siD = resUgU;mUi(sj), Vi, j € I} )
el

The restriction morphisms of Ox are coming from the restriction morphisms of Oy,
for all 4. In other words let U C U be an inclusion of open sets in X. The restriction
morphisms are then given by

resg : Ox(U) — Ox(U),  (si)ier — (resg(si))ier,

which is well defined, because the sheaf homomorphism property implies
g?; ('resg(si)) = resg (gf(sﬁ) = resg(sj).

As a result we get a complex analytic space (X,Ox) and a natural holomorphic
projection

(7T,7r#> : (U{i} X Xi,H(’)XZ) — (X,0x),

iel icl
where 7 (i, x) +— [i, 2] and
T (U) : Ox(U) — [ Ox,(z7 (1))
el
(si)ier — (si)ier

for any open set U C X. Summarized in a proposition, see for more details [GPR94]
and [GR84] we state the following proposition.

Proposition 1. The sheaf Ox is a sheaf of local C-algebras and (X, Ox) is a complex
analytic space.

2.1.5 Cech Cohomology

Later in this thesis we will study invertible sheaves on the nilpotent spectral curve. A
usefull tool to study such sheaves is Cech cohomology theory. We want to recall some
basic definitions and concepts of Cech cohomology. All definitions and constructions
are from [GR84] or [GPR94].
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Let (X, Ox) be a complex analytic space, let F be a sheaf of Ox-modules and let
U :={U; : i € I} be an open cover of X. For any ¢ € N we define the O x (X )-modules

ClU,F)= @ FUy,n---nU,).

o<+ <ig

Its elements o € C?(U,F) are called the g-cochains, which are given by a family
a = (a(io,...,iq))(ioy__’iq)elqﬂ, where the a(ig,...,i) € f(UiO ﬂ-~~ﬂUZ-q). The
g-coboundary map, a Ox (X )-module homomorphism, is defined by

5q: CIU, F) — C U, F)

o 5Q(a)7
with
A Ui, N---NU;
5q(0‘)(i0» T aiq+1) = Z(—l)"reSUzgm,,ﬂUzH (I g1 Ul aiq+1)) :
n=0

A direct computation shows dg4+1 0 6g = 0 and hence (CU(U, F), 0q) ¢y 15 @ com-

plex, which is called the Cech—complex of F with respect to the open cover U. The

image Im(d4—1), the so-called g-coboundaries, is an Ox (X )-submodule of the kernel

Ker(dq). The elements of the kernel are called g-cocycles. The g-th Cech cohomology

module with respect to the open cover I is then defined by the quotient module
Z9U,F) Ker(dq)

HIU, F) := B F) ~ Tm(o, 1)

The definitions above depend on the choice of the open cover U and in general
a short exact sequence of sheaves of abelian groups does not induce a long exact
sequence of cohomology modules with respect to the open cover U/. The ¢-th Cech
cohomology group or module of F is defined by a direct limit

HY(X, F) = lim H'(U, F)
u

of the direct system given by refinements, see [GPR94]. We do not need to go deeper
in details how this direct system is defined, because in our case we will have a Leray
cover and then the Cech cohomology is already given by the Cech cohomology module
with respect to this particular cover.

Let U := {U; : i € I} be an open cover of X and F be a sheaf of Ox-modules. We
call U a Leray cover, if HP (Ui1 n---N Uiq,]—") = 0 for all p > 1 and any non-empty
finite set {i1,...,144}.

Proposition 2. (Leray’s Theorem) Let (X, Ox) be a compact, complex analytic space.
Let us assume there is a Leray coverU of X, then HY (U, F) = H? (X, F) for all ¢ € N.

For a proof of this proposition see for example [GPR94]|. Leray’s Theorem is crucial
to compute Cech cohomology explicitly because it avoids the difficulty of the direct
limit. Note if X is compact and U/ is a Leray cover, then we can find a locally finite
Leray cover. Another observation is, if a compact, complex analytic space has a cover
of Stein spaces, then we have by Cartan’s theorem B, [GPR94], already a Leray cover.
The spaces C and C* are Stein. Additionally in this compact setting the ring Ox (X)
consists only of the constant sections and hence is the field of complex numbers, which
makes the Cech cohomology module in to a C-vector space.
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Two important results in cohomology theory are the following two properties.

Proposition 3. Let (X, Ox) be a compact, complex analytic space. If we have a short
exact sequence of Ox-modules

0=+F —G—H—=0,

then we have a long exact sequence of C-vector spaces
= HY(X,F) — HY(X,G) — HI(X,H) — HITYX, F) = ---.

Proposition 4. Let (X, Ox) be a compact, complex analytic space of dimension n and
F be a coherent, analytic sheaf on X, then all Cech Cohomology modules H (X, F) are
finite dimensional C-vector spaces. Furthermore we have dimg Hq(X, F) =0 for all
q > n. In particular if X is a compact curve, then only the C-vector spaces I:IO(X, F)
and H! (X, F) are possibly non-trivial.

See for the definition of coherence, the definition of the maps between the Cech
cohomology modules and proofs [Har77|, [GR84| and [GPR94|. The finite dimension-
ality of the Cech cohomology on a compact curve leads to some important invariants.
For example the complex dimension of H!'(X,Ox) is called the (arithmetic) genus of
the curve and the Euler characteristic of an invertible sheaf F is defined by

n

X(X, F) = (~1) dimc(H' (X, F)).

=0

2.1.6 Invertible Sheaves

Let (X,Ox) be a complex analytic space. A sheaf of Ox-modules F is called locally
free of rank k, if for every p € X there is an open neighborhood U, a k € N and an
isomorphism of Ox (U)-modules ¢# (U) : F(U) — Ox(U)®*. A locally free sheaf of
rank 1 is called invertible. Let F be an invertible sheaf, then the dual sheaf FY is
defined as the sheaf hom Hom(F, Ox), see [Har77] for a definition. The tensor product
of two invertible sheaves 1 and Fa, F1 ®0, F2, is defined by the sheafification of the
presheaf given by U — F1(U) ®o () F2(U), which is again invertible [Har77]. We
have F®p, F¥ = Ox as sheaves of O x-modules, which explains the name of invertible
sheaves. We will often drop the subscript Ox in the tensor product. All together this
implies, that the set of isomorphism classes of invertible sheaves together with the
tensor product forms an abelian group with the structure sheaf as unit element. By
Oka’s theorem, [Oka50], the structure sheaf Ox of a complex analytic space is coherent
and hence all locally free sheaves of rank n are coherent. In particular we can use
proposition 4 on locally free sheaves.

Let F be an invertible sheaf and let (U;);er be an open cover of X, such that we
have a collection of module isomorphisms, gl# (U;) : F(U;) =2 Ox(U;). This gives us
isomorphisms of Ox (U; N Uj)-modules, called transition functions,

g (UiNUy) = gl (U;NU;) o (g (U;NU) ™! Ox (U NU;) — Ox(U; N T;).

But because for any ring R we have R = Endgr(R), r — (a — ra), there is an
element g;; € Ox(U;NUj), such that g?;(UiﬂUj)(s) = g;j5. But the map gZTL(UiﬂUj)
is an isomorphism with inverse g?;(Ui nU;)~t = gﬁ(Ui N Uj) and hence the element

gi; has to lie in O% (U; N U;). Additionally we have gﬁ = Ido, (v, and g?; o gj# =
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(9 )0 (gf) Lo lgl)o(gf) = gff o (gf) ! = gf;. which is just the cocylce-condition,
i.e. it is an element in the kernel of the 1-coboundary map ;. This is equivalent
to 1 = gij9x9ki- Note carefully, that the abelian group structure of O% is given by
the multiplication and hence the "sum" in the definition of the coboundary map is
actually a product. To characterize isomorphism classes of invertible sheaves we have

the next proposition from |[GR84].

Proposition 5. Let (X,0x) be a compact, complex analytic space. Then there is
an isomorphism of abelian groups between the abelian group of isomorphism classes of
invertible sheaves and the Cech-cohomology group H' (X, O%).

Proof. We have already observed, that g;; is invertible and hence an element of C1(UpN
U1,0%). The abelian group operation of O% is given by multiplication, so if we
compute the differential 01(g);x = gijgi_klgjk = 1 we see immediatly, that g € ker(d1).
In other words every invertible sheaf F induces a cohomology class given by [(gs;)].
If we choose now another trivialization h; : F(U;) — Ox(U;), this induces another
transition function h;; and an isomorphism L; : Ox (U;) = Ox(U;). The isomorphism
L; is just given by a multiplication of a l; € O% (U;). We compute (6ol);j = lz-lj_1 and
get h; = l;9;. Furthermore we have h;; = 60(l);jgi;. And this means every invertible
sheaf G, isomorphic to F, has a transition function h;; of the form hi; = 60(1)i;9:;
for some [ € C°(U;, O%). This shows every such invertible sheaf G defines the same
cohomology class. On the other hand for a given cohomology class [(g;;)] € H! (X, O%)
the gluing property proposition 1 says, there is an invertible sheaf F obtained by gluing
the sheaves Ox (U;) together via any representative of the cohomology class. Changing
the representative gives just an invertible sheaf G, which is isomorphic to F. O

2.2 Lie groups and Hyperkahler Quotients

In this section we want to repeat some basic facts about Lie groups and hyperkéhler
manifolds. In particular we want to repeat a method how to get more hyperkihler
manifolds by a quotient construction. We will follow [FH04|, [Leel2| and [Hit+87|.

2.2.1 Lie Group Actions and Quotient Manifolds

A smooth real (complex) manifold G is called a Lie group, if there is a group struc-
ture on G, such that the operation and the inversion are smooth (holomorphic)
maps. A Lie algebra is a vector space g over a field K with a Lie bracket, which
is a bilinear map [,-] : g x g — g satisfying [z,2] = 0 and the Jacobi-identity
[z, [y, 2]] + [y, [z, 2] + [y, [z, 2]] = 0 for all z,y,z € g. An important Lie algebra is the
Lie algebra associated to a Lie group denoted by Lie(G). Since a Lie group G is a man-
ifold, the infinite dimensional vector space of smooth vector fields on G forms an infi-
nite dimensional Lie algebra via the Lie bracket given by [X,Y](f) := (XY =Y X)(f),
where XY € Vec(G) and f € C*°(G). The Lie algebra Lie(G) is now the dim(G)-
dimensional sub-Lie algebra given by the left-invariant smooth vector fields, which is
Lie algebra-isomorphic to the tangent space T.G with the commutator of derivations
as Lie bracket.

Let M be a smooth (respectively complex) manifold and and Dif f(M) (respec-
tively Aut(M)) its diffeomorphism group (respectively group of holomorphic auto-
morphisms). A group homomorphism ¢ : G — Dif f(M) (respectively Aut(M)) is
called a Lie group action on the manifold M. It is called a smooth (holomorphic) Lie
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group action if the induced evaluation map

c:GxM—M
(9,p) — c(9)(p)

is smooth (holomorphic). Moreover we have the maps o, : M — M given by o,(p) :=
o(g,p) and o), : g — M given by 0,(g) := o(g,p). For a shorthand notation we will
use sometimes g.p := o(g,p) € M. The set

Gp:={g9p:geGtC M
is called the orbit of G through p. The subgroup
Gp={9geG:gp=p} <G
is called the stabilizer of p € M. An action is called proper, if the map

p:GXM—MxM
(9,p) = (a(9)(p),p)

is a proper map, i.e. if K C M x M is any compact subset then p~!(K) is compact too.
An action is called free if all stabilizers G, are trivial. An action is called transitive,
if for two arbitrary p,q € M there exists always a g € G such that p = o(g,q). Let
exp : g — G denote the exponential map, see for a definition [FHO04|. For an element
X € g there is a vector field, called the fundamental vector field with respect to X,
defined via the infinitesimally action by

d
X# = glszoa(exp(—sX),p) € T,M,
where p € M.

Proposition 6. Let 6 : G — Dif f(M) be a smooth, proper and free action on a
smooth manifold M. Let p € M be a any point in M. Then the orbit G.p is a closed,
embedded submanifold of M and its tangent space at e.p is

T.,(G.p) = {X;f X € Lie(G)} .
Moreover M /G is a smooth manifold and the natural projection 7 : M — M/G is a
submersion.

For a proof see for example [Leel2]|. As a remark if the Lie group G is compact,
then any action of G is proper. The next lemma shows, that the stabilizer itself is a
closed Lie group.

Lemma 1. If G is a Lie group acting smoothly on a manifold M. Then, for any
element p € M, the stabilizer G, is a closed Lie subgroup of G. Moreover the corre-
sponding Lie algebra is given by

g i= Lie(Gy) = {X € g X} =0}.

If G is a compact Lie group, then G, is compact too.

Proof. Because e.p = p we see e € G,. Let g,h € G, with g.p = p and h.p = p. Then
we have g.(h.p) = p and therefore (gh).p = p. This means gh € G, so G, is closed
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under the group operation. Finally, for g € G, we have p = (¢71g).p = g~ 1.p and
so g1 € Gp. Therefore G, is a subgroup. Because the action of G is smooth it is
also continuous. This gives us a continuous map o,(g) := o(g,p), and we can write
G, = Up_l({p}). Because M is Hausdorff the one-point set {p} is closed and hence
Gp is closed. By Cartan’s theorem, which says that a closed subgroup of G is an
embedded Lie subgroup, we get a smooth structure on G,. For the first direction of
the last assertion we fix an element Y € T,G),. Its fundamental vector field is X# =
%]520 exp(—sY).p = d%|8:0p = 0. The converse follows by the observation, that the
action of exp(—sX) on M is the flow of X#. This means ¢(0,p) = exp(0).p = p and
fl—f(t, p) = Xf ) = 0. The last equation says, that the flow is locally constant and

(t.p
hence exp(—sX) fixes p for all s € (—¢,¢). O

2.2.2 The Orbit-Stabilizer Theorem

If we consider a smooth G-action on a manifold M and an orbit G.p for a p € M,
then the action is automatically transitive and thus G.p a homogeneous G-manifold.
Because every homogeneous G-manifold can be written as a quotient of the Lie group
G by a closed Lie subgroup, we want to write down the identification. A Lie group G
acts in various natural ways smoothly on itself. The crucial actions are the left and
right multiplications as well as their composition the conjugation, i.e.

L:GxG—=3d R:GxG—=3d c:GxG—=3d
(9,h) — gh, (g,h) — hg™ 1, (g,h) — ghg™".

These actions induce Lie group isomorphisms G — G given by Ly(h) := L(g, h),
Ry(h) :== R(g,h) and c4(h) := ¢(g,h). Note that the identity is a fixed point of the
conjugation, i.e. ¢4(e) = e. If H < G is a Lie subgroup of G, then we denote the
restriction of the right translation to H by R|y. For any g € G the stabilizer of the
action R|p is

Hy={heH:g=Ry(h)=gh™ '} ={ec H}.

Hence we have a free action.

Lemma 2. If H is a closed subgroup of G, then the action of the right translation
Ry(g9) = gh™1! is a proper action.

Proof. We have to show, that p: H x G — G x GG induced by R is a proper map. Let
us define two auxilary maps by

l:GxG—=Gxd L HxG—=GxG
(91,92) = (9297 "5 g2), (h,g) = (h,g).

We see immediatly, that [ is continuous and bijective with inverse map =% (ky, ko) :=
(k1 Yky, k), which is also continuous. Hence [ is a homeomorphism and therefore a
proper map.

Since H is a closed subgroup of G the set H x G is closed in G x G too. If we pick
a compact set K C G x (G the intersection with the closed set H x GG, i.e. KNH x G,
is compact too. Because ¢ is the inclusion map we know :~}(K) = KN H x G and
so the inverse image of ¢ of an arbitrary compact set is compact. Hence ¢ is a proper
map.

But since p = [ o, it is a composition of proper maps and therefore it is a proper
map itself. O
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As a consequence for a smooth action  : G — Dif f(M) we see, that the stabilizer
G, for any p € M acts freely and properly on G by the restriction of the right
translation R|g,. By proposition 6 we get a smooth manifold G/G),.

Proposition 7. (Orbit-Stabilizer theorem) Let M be a smooth manifold and G be a
Lie group acting on M smoothly and properly. Then the map

®:G/G, — Gup
9] — g.p

defines a diffeomorphism between the manifold G/G), and the the orbit G.p seen as a
closed embedded manifold in M.

Proof. On the level of groups the orbit-stabilizer theorem says ® is an G- equivariant
isomorphism. Well-definition and bijectivity is easy to see. We see equivariance as
follows. If g1 € G and [g2] € G/G,, then we compute

91-®([g2]) = g1.(92.p) = (91.92)-p = ®((91.92)-Gp) = ®(91.[92])-

It remains to show, that we have a diffeomorphism. First we observe, that the tangent
space at [e] of the manifold G/G) is g/g,. Because we have o(-,p) = ® o1 we get
(do(-,p))e = (d®)go(dm)e. But this means (d®)(x+gp) = xx(p). Thus the kernel of
(d®)(e is trivial and hence (d®)( is injecitve. Because of proposition 6 we know, that
T,(G.p) = {X;fé X e Lie(G)}. This means (d®), is surjective and hence bijective.
By using the left translation and equivariance of ® see d® is everywhere invertible.
The inverse function theorem says then, that ® is everywhere a local diffeomorphism,
hence ® is a global diffeomorphism. O

2.2.3 Adjoint Orbits

Let G be a Lie group and g € . Recall from the last subsection we have a Lie
group isomorphism given by the conjugation c4(h) = ghg™!, where g,h € G. By
differentiating this map we get isomorphisms of tangent spaces (dcg)p : TG — T G.
By taking h = e and renaming Ad(g) := (dcy), we get a Lie algebra isomorphism

Ad(g) : g — 9.
This isomorphism induces the Lie group homomorphism

Ad : G — GL(g)
g+ Ad(g),

which is called the adjoint representation. The adjoint representation can be seen as
a smooth action of the Lie group G on its associated Lie algebra Lie(G) = g (seen as
a smooth manifold), i.e.

Ad:Gxg—g
(9, X)— Ad(g)X.

If G is a matrix Lie group, say SL,(C) or SU(n), then the adjoint representation is
just given by the conjugation

Ad(g)(X) = T (gexp(tX)g ") = 9Xg
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where g € G and X € g.
For each element Y € g we get an adjoint orbit

OY) = Ad(G)(Y) C g,
which is a smooth (homogeneous) manifold and can be identified with
O(Y) = G/Gy, T[dO(Y) = TeG/TeGY = g/gy

by the orbit-stabilizer theorem.

In this thesis we are interested in the case when the Lie group G is either the
compact Lie group SU(n) of real dimension n? — 1 consisting of special, unitary
matrices or its complexification G€, which is the complex Lie group SL,(C) of complex
dimension n? — 1. Both are semisimple Lie groups , which means their asscociated Lie
algebras do not contain any non-trivial abelian ideal. We call an element Y € s, (C)
regular, nilpotent if Y™ = 0 and Y"1 # 0. In other words Y is G L, (C)-conjugated
to the Jordan canonical form with exactly one Jordan block

00 - 00
10 00
N—|0o1 00
00 - 10

For a regular, nilpotent element Y € sl,,(C) we call the adjoint orbit O,q4(Y) :=
Ad(SL,(C)) (Y) the complex, regular, nilpotent, adjoint orbit of SL,(C). Since
Oreg(Y) =2 G€/G$ the orbit has a natural complex structure and it has complex
dimension n? — n. Basically this dimension is obtained by the dimension of SL,,(C)
minus the dimension of the stabilizer of Y. But the dimension of the stabilizer is
equal to the dimension of a Cartan subalgebra of sl,,(C). Such a Cartan subalgebra
is given by the complex, diagonal matrices with vanishing trace. Hence the complex
dimension of O,¢,4(Y) is given by (n? —1) — (n — 1) = n? — n. The regular, nilpotent,
adjoint orbit is the unique maximal orbit in the nilpotent variety, see [Kos59] and
[Kro90b|. Because of this uniqueness the regular, nilpotent orbit is independent of
the choice of the regular, nilpotent element ¥ and we write sometimes only O, for
the orbit.

The trace induces a conjugation invariant inner product on sl,(C) by

k1 s, (C) x 5[,(C) — R, (X,Y) — tr(XY™),

where Y* = ?T.

2.2.4 Moment Maps

Let (M Qm,w) be a symplectic manifold, i.e. a smooth manifold together with a
smooth, closed, non-degenerated 2-form w. Let G be a Lie group acting smoothly
by symplectomorphisms on M. This means we have an action 6 : G — Dif f(M)
such that 6(g)*w = w for all g € G. As a consequence the Lie derivative along any
fundamental vector field of the symplectic form vanishes, i.e.

d d
Lxsw = %|s=05(exp(—5X))*W = %|s=0w =0,
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where X € g and X# = %lszoé(exp(—sX))(p). With Cartan’s magic formula and
using closedness of the symplectic form we have

0=Lysw=t(X)dw + d((X7)w) = d((X7)w)

and thus ¢(X#)w is a closed 1-form. In the case when the first de Rahm cohomology
group H GllR(M ) vanishes every closed 1-form is exact and hence there exists for every
X € g a smooth function

wX M — R,

which satisfies duX = +(X#)w. This map is unique up to addition of a constant of
integration and called a Hamiltonian function. Such a hamiltonian function induces
a smooth map

w:M—g*

P u(p)(X) = i (p)-
The co-adjoint representation acts on g* by Ad(g~!)*. If the map u equivariant, i.e.
w(o(g,p)) = Ad(g~1)*(u(p)), then it is called a moment map. A symplectic group
action is called Hamiltonian, if a moment map exists.

In the case G = SU(n), as an application of Whitehead’s lemmas, any symplectic

action of G on a symplectic manifold (M,w) is Hamiltonian [Wan15].

2.2.5 Hyperkihler Manifolds and Hyperkihler Quotients

Let us consider a triple (M mog, I ), where M?™ is a smooth 2m-dimensional manifold,

g is a Riemannian metric and I is a complex structure. The triple is called a Kéhler
manifold if the metric g is compatible with the complex structure, i.e. g(IX,IY) =
g9(X,Y) for all smooth vector fields X, Y, and if the so-called K&hler form w;(X,Y) :=
g(IX,Y) is closed, i.e. dw; = 0. The Kéahler form makes any Kéhler manifold to a
symplectic manifold.

The tuple (M4m, g, 1,J, K) is called a hyperkéhler manifold, if all triples (M4m, g, I),

(M am g J ), (M am g K ) are Kédhler manifolds and the three complex structures sat-
isfy the quaternionic relations

I’=J?=K?*>=1JK = —Id.

The corresponding Kéhler forms are denoted by wr,wy and wg.
We will recall the trivial example of a hyperkdhler manifold, because at a later
stage we need an infinite dimensional analogue of it.

Example 2. Obviously R* is a 4-dimensional, real vector space and a smooth man-
ifold, where all tangent spaces are isomorphic to R* too. For any point p € R* the
standard inner product

3
9p (w0, 1,72, 73), (0, Y1, Y2, ¥3)) = (€0, 21,22, 23), (Yo, Y1, Y2, y3)) = > _ withi
=0
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defines a Riemannian metric on R*. With the matrices

0 -1 0 0 0 0 -1 0 00 0 -1
1 0 0 O 0 0 0 1 00 -1 0
Iy = 0 0 0 —-1]° T = 1 0 0 0}’ Ky = 01 0 O
0 0 1 0 0 -1 0 0 10 0 O

we get three endomorphism on the tangent spaces TpR4, which induce complex struc-
tures on RY. The metric satisfies

(I, X, I,X) = (X, X), (JpX, JpX) = (X, X), (KpX, KpX) = (X, X)

forall X € TpR4 =~ R* and hence is compatible with all of the complex structures. For
every such complex structure we consider the 2-forms

wip(Xp, Yp) 1= gp(IpXp, Yp) = ((—21, 0, —23, Z2), (Y0, Y1, Y2, Y3))
= —Z1Yo + Toy1 — T3Y2 + T2Yy3
= (dz N dz')p(Xp, Yp) + (da? A da®)y(Xp, ),
wp(Xp, Yp) = gp(JpXp, Yp) = (=22, 3, 20, —21), (Y0, Y1, Y2, Y3))
= —T2Yo + T3Y1 + ToY2 — T1Y3
= (dz® A dz®)(Xp, Yp) + (da® A dat)p(X, V),
Wi p(Xp, Yp) 1= gp(KpXp, Yp) = ((—x3, =22, %1, 0), (Y0, Y1, Y2, Y3))
= —I3Yo — T2Y1 + T1Y2 + Toy3
= (d20 A da), (X, Yy) + (da A di?)y (X, V).

These forms are obviously closed and non-degenerate and hence symplectic forms and
therefore R* is a hyperkihler manifold. If we identify R* with the quaternions H, then
the endomorphisms Iy, J,, K, correspond to the multiplication by ,j,k € H.

Now let (M dm g I, J K ) be a hyperkdhler manifold and G be a compact Lie
group. Suppose that G acts smoothly, freely and by isometries on M, i.e. 6(g)*g = g.
Furthermore let us assume, that G is a Hamiltonian action with respect to all of the
symplectic manifolds (M4m, wl),(M4m, wJ),(M4m, wK) with corresponding moment
maps ur, py and pug. Finally we suppose that 0 € g* is a regular value of all moment
maps. Then the next theorem from [Hit | 87] shows how to produce new hyperkéahler
manifolds as quotients.

Theorem 1. Let N := (u;l(()) N u;t(0) ﬂ,u;(l(O)) C M. Then the dim(M) —
2dim(G)-dimensional manifold N/G has a hyperkéhler structure.

2.3 Adjoint Orbits and the Kronheimer Moduli Space

In this section we want to outline the constructions of Kronheimer and Biquard from
[Kro90b], [Kro90a| and [Biq96]. Kronheimer found a hyperkihler structure on the
nilpotent (and semisimple) adjoint orbits of a semisimple Lie algebra g©. Basically
he identified such an orbit with a space of solutions of Nahm’s equations with cer-
tain boundary conditions. Then he identified this solution space with an infinite-
dimensional analogue of a hyperkahler quotient, which we will call the Kronheimer
Moduli Space.
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2.3.1 An infinite dimensional Hyperkihler Manifold

Let us fix now the compact, semisimple Lie group G = SU(n) of unitary matrices
with determinant equal to 1 and its Lie algebra su(n) of traceless, skew-hermitian
matrices. Its complexifications are the complex matrices with determinant equal to
1,ie. G¢ = SL,(C), and its Lie algebra sl,,(C) of trace free complex matrices.

First we fix a nilpotent element Y € g¢. By the Jacobson-Morosov theorem
[Kro90b] we know, there is a Lie algebra homomorphism

pC : sly(C) — ¢,

such that the triple

00 0 1 1 0
et V) B S (I B A ()

forms an sly(C)-triple, i.e. they satisfy the relations
[H,X]=2X, [HY]=-2Y, [X,Y]=H.

Because we fixed the Lie group we know sl,,(C) C gl(C") and hence p® is a complex-
linear Lie algebra representation to the Lie algebra sl(C). Now let

(01 O /10
aT=\10) 27\ o) 7\ o 41

be the so-called Pauli-matrices. With &1 := (—i)os, &2 := (—i)og and 73 := (—i)oy
we get a basis of su(2), which satisfies

—261 = [02, 03], —269 = (03,01, —263 = [01,09]

and

0 0 _1(~ iz 0 1 _1(_~ iz 10 _.
1 0) 22T 0 0) 2\ 92T 0 —1) "

Now we can define a homomorphism p : su(2) — su(n) by
- 1 . B 1
p(al) = ;(Y + YH)7 p(02> = (Y - YH)7 ,0(0'3) = ;[YH7Y]

If the slo-triple satisfies X = Y and H¥ = H, then this map is a Lie algebra
homomorphism and its complexification coincides with pC.

Let us denote the triple o := (61, 52, 63). Kronheimer studied in [Kro90b| gradient
flow equations or in an equivalent manner by a substitution Nahm’s equations, which
are the three equations

To(t) = —[T3(t), T1(t)], (2.1)
. r

where T; : (—00,0] — g are smooth maps for ¢ € {1,2,3}. Then Kronheimer consid-
ered the set of solutions of Nahm’s equations with boundary conditions
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M(0,0) :=

{(Tl,TQ,Tg) € C* ((—00,0], ™) : solution of (2.1),t££n T;(t) = 0,

T1(0) = Ad(go) (p(51)) , T2(0) = Ad(go) (p(52)) , T5(0) = Ad(go) (p(53))
for some gg € G}.

By [Biq96] such solutions satisfy |T}(t) + Ad(gz))(p )\ < th‘)l” for some positive
constants ¢, > 0 and all ¢ € (—oo,0]. With such a constant § he considered a space

of tuples of smooth maps

As = {B 1= (Bo, B1, By, By) € C* ((=00,0],8%) : | Bo(t) 1,5 < o0 and

| B;(t) — Ad(2g(0)(()))H < oo for some gy € G and for all j € {1,2,3}},

where the norm is defined by

dB;
BOhs = sw (@) + s (@) | 0]).
te(—00,0] te(—o00,0]

Here by an abuse of notation | - | denotes the norm induced by an Ad-invariant inner
product of g and the usual absolute value. The L?-norm is well-defined and defines
an inner product on Ag by

o 3
(B.0) = [ Y (Bile). o)
=0

where (-, -) is an Ad-invariant inner product of g. Its induced norm on 4; is complete
by the Riesz-Fischer theorem. In other words A5 is a Banach space and hence a
Banach manifold with tangent space Tp.As at a point B = (By, B, B2, Bs), which is
isomorphic to A5. We will denote the elements of Tp.As by small letters (bg, b1, b2, b3).
With the inner products (b,c);. for all b,c € TpA; we get a Riemannian metric on
As.

As an infinite dimensional analogous of example 2 this Banach manifold carries a
hyperkéhler structure. Three almost complex structures are given by endomorphisms
of TpAs defined by

Ip(bg, b1, b2, b3) == (—b1, by, —b3, ba),
JB(bo, b1, b2, b3) := (—b2, b3, by, —b1),
Kp(bo, b1, b2,b3) := (—bs, —ba, b1, bp).

They clearly satisfy the quaternionic relations and they induce three 2-forms
wr,B(b, ¢) := (Ipb, C)Lng, wyg(b,c) = (Jpb, C)L27B, wi B(b,c) == (Kpb, C)Lng.

The almost complex structures are integrable, the 2-forms are closed and non-degenerate
and the metric is compatible with all of the three almost complex structures, see
[Biq96].
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2.3.2 Kronheimer Moduli Space

With the hyperkéhler manifold A5 Biquard performed a hyperkéhler quotient. We
want to roughly outline his procedure. First he considered a gauge Banach Lie group

Gos = {9 € C™((—0,0],G) : g(0) = Id, (Vpg)g ™t € As VB € As}

with a smooth, in the sense of Banach manifolds, proper and free action on Ag, a
gauge transformation, defined by

7:Gos X As — As
dg

(0.3 — (Adlg) o — 047", Adg) 1, Ad(g) B, Ad()Bs ).

The details to show smoothness, properness and freeness are computed in a slightly
different situation in [Gall8]. The condition (Vgg)g~! € As means that 7(g, B) lies
in A too for all g € Gps and B € As, see for definition and details [Kro90a| and
[Biq96]. We have also the following claim.

Claim 1. The group action 7 is hamiltonian with respect to all of the complex struc-
tures I, J, K and the maps

¥ As — R

B / — [Bo, Bi] — [Ba, B3], Xp\dt,
uy : As — R

B r— / — [Bo, Ba2] — [B3, B1], X)dt,
u§ :As — R

Br— / BQ,Bg] [Bl,BQ],XB>dt,

are the corresponding hamiltonian functions, where X : As — T As is a smooth vector
field.

These maps are well defined by the definition of Ag, for a proof and smoothness
see |Gall8|. We say a tuple (By, B1, B2, Bs) satisfy the extended Nahm’s equations if
we have

Bi(t) = —[Bo, B1] — [Ba, B3]
By(t) = —[Bo, By] — [Bs, Bi]
Bs(t) = —[Bo, Bs] — By, Ba],

where the B; € C*°((—00,0], 9).

We denote M®*(0,0) := p~+(0) := p;(0) N p;1(0) N uit (0) C As the solution
space of the extended Nahm’s equations in As. Here the maps uy, uy, ux are the
corresponding moment maps with respect to the hamiltonian functions of claim 1.
Kronheimer and Biquard showed, that M®(0,0)/Go s is a smooth Banach manifold
and that the hyperkéhler structure of As descends to the quotient, i.e. it is a hyper-
kithler quotient. Furthermore we have an identification M (0, o) =2 M*(0,0)/Go 5 as
smooth Banach manifolds, see [Biq96]. In other words M(0, o) admits a hyperkéhler
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structure. We call the hyperkéhler manifold
MEH0,0)/Gos

the Kronheimer moduli space. It could make sense to call this space the Biquard
moduli space, but i wanted to emphasize Kronheimers beautiful ideas. Kronheimer
showed then in [Kro90b| by studying equivalent complex trajectories, seen Oyeq(Y)
as a complex manifold and M®*(0,)/Gy s seen as a complex manifold with complex
structure I, that the map

(Meact(07 U)/QO,& I) — (Oreg(y)’ l)
[To, Tl, TQ, Tg] — TQ(O) + iTg(O)

is a biholomorphism. Then this biholomorphism carries the hyperkahler structure of
M(0,0)/Gos to the regular, nilpotent orbit.

2.3.3 Circle Action and K&ahler Potential

It is difficult to describe the hyperkdhler metric on O,.4(Y) explicitely because of
the behavior of the identification of the regular, nilpotent orbit with the Kronheimer
moduli space, where we would have to solve a system of differential equations. Hitchin
proposed to study a Kahler potential of the Kéhler structure of a fixed complex
structure. The next claim from [Hit+87] and [Hit98| describes how such a Kéahler
potential arise.

Proposition 8. Let (M,g,I,J,K) be a hyperkihler manifold and let wr,wy,wi be
the three Kdhler forms. Moreover let X be a smooth vector field with the properties

Lxwr =0, Lxw) =Wk, Lxwig = —wyj.

Furthermore let uf : M — R be a hamiltonian function with respect to the form wy.
Then 2u7 is a Kdihler potential for the Kihler manifold (M, g,J), i.e.

wy = 2i0;0 1% .

Proof. The function ,u;( satisfies by assumption duf( = 1xwr, 80 we get for any smooth
vector field YV

dp (JY) = (85 + 95)p (JY) = i(95 — Dy)pug (Y).

On the other hand we have by the hyperkéhler structure and the compatibility of the
metric

dpF (JY) = ixwi(JY) = g(IX,JY) = g(KX,Y) = wi (X, Y).
Together this means i(0y — 9;)uX (V) = wik(X,Y) and hence we have
—2i0;0;17 = (0,05 — 0;0,)u7 (V) = di(0; — 0,)pi (V) = d(wk) = Lxwi = —w;.

O
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Following Hitchin in [Hit98], we have a natural SO(3)-action on M**(0,0)/Go s
given by

a1 SO(3) x MH(0,0)/Gos — M°™(0,0)/Gos

3 3 3
(P, [Bo(t), Bi(t), Ba(t), Bs(t)]) = | Bo(t), ) PrBj(t), Y PaiB;(t), ) Py Bj(t)
j=1 j=1 j=1

Let SO(2) € SO(3) be a circle action which fixes By, i.e.

1 0 0
P=|0 cos(a) —sin(a)|,a€]0,2n).
0 sin(a) cos(a)

With b; € Tg(;).As this circle action satisfies

Ig(a(P,b)) = Ip(bg, by, cos(a)be — sin(a)bs, sin(a)by + cos(a)bs)
= (—b1, bo, — sin(a )by — cos(a)bs, cos(a )by — sin(a)bs) = a(P, Ip(b))

and
gB(a(P7 a)? a(Pv b))

0
= / (ap, bo) + {a1,b1) + (cos(a)ag — sin(a)as, cos(a)be — sin(a)bs)

—00

+ (sin(av)az + cos(av)as, sin(a)ba + cos(a)bs)dt

0
= / (ag, bo) + (a1, b1) 4 cos(a)?(ag, by) — cos(a) sin(a)(ag, bs) — cos(a) sin(a)(as, by)

_+ sin(a)?(az, b3) + sin(a)?(ag, by) + sin(a) cos(a){as, b3)
+ cos(a) sin(a)(ag, ba) + cos(a)?(as, bs)dt

0
= / {ag, bo) + (a1, b1) 4 cos(a)?(ag, by) + sin(a)?(as, bs)

—00

+ sin(a)*(az, ba) + cos(a)*(as, bs)dt

0
- /_ <a07 bO) + <a17 bl) + <a27 b2> + <a37 b3>dt
= gp(a,b).

Because wr g(a(P,a),a(P,b)) = ge(Ipa(P,a),a(P,b)) = gp(a(P,Ipa),a(P,b)) =
gB(IBa,b) = wr g(a,b) the circle action is a symplectic action. Furthermore we have

wyp(a(P,a),a(P,b)) + iwk, g(a(P,a), a(P, B))
= (cos(a) +isin(w)) (wsp(a,b) + iwk,p(a,b)) .

This means the action fixes the Ké&hler form w; and rotates the other two Kéahler
forms.

Claim 2. Let X := <_01 é) € 50(2) and let X¥ be its fundamental vector field with

respect to the circle action which fizres B1. Then the fundamental vector field is given
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X} = (0,0, Bs(t), = Ba(t)).

Moreover the following equations hold
Lyxpwr =0,  Lypwj=wr,  Lyswg=-w,.

Proof. Let B(t) = (Bo(t), B1(t), B2(t), Bs(t)) € As. Then the fundamental vector
field is given by

Xho = %’9:0 (Bo(t), Bi(t), cos(0) Ba(t) — sin(6) Bs(t), sin(6) Ba(t) + cos(0) Bs(t))

= (07 07 B3(t)7 _BQ(t))
and therefore
Ipw Xy = (0,0, Ba(t), Bs(1))
T X = (=Bs(t), —Ba(t),0,0),
= (Ba(t), —Bs(t),0,0).

(®)

#
KB(t)XB(t)

Let Y and Z be two smooth vector fields. For a small enough ¢ > 0 we choose
curves v : (—€,e) = As, 0 : (—€,¢) — As, such that v(0) = B(t), Z—Z(O) = Y
and 6(0) = B(t), %(0) = Zp(). For any smooth function f € C°(As) we have
Y (Z.(f)) = 4|wm0Zy ) (f) and Zpp(Y-(f)) = ],—0Y50,)(f). For the sake of
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clarity let us drop in the next computations the argument (t). We have

(Lxwr)B(YB, ZB)
= d(uxwr)B(Yp, Zp) = Yp(txwi(Z)) — Zp(txwi(Y)) —wrs([Y, Z])

d d

= %‘5:0 (wr(Xy00)s Zy(i))) — E’V:O (wr( X509, Ys0))) —wi(XB, [Y, Z]B)
d 0

= d/{‘no/ <72(H)7 Z'y(fi),2> + <’Y3("£)7 Z’y(/{),3>dt

d 0
- Vzo/ (62(v), Ys5(),2) + (93(V), Y5(),3)dt

dv oo

_ /0 (Ba, Y, Z]a2) + (Bs, Y, Z]a3)dt

—00

0 d d
:/ <%|H:072(H)7Z'y(0),2> + <%’n:073(5)72'y(0),3>dt

—00

0 d d
+/ (12(0), %’NZOZ'y(m)Q) + (13(0), %‘Nzozw(m),i’)dt

—00

0 d d
[ em08a(0), Yiwy2) + (g o), Vi ol

oo AV

0 d d
- / <52(0)7 dil/‘uzo}/&(u),2> + <53(0)a diy’I/:OYvé(u),3>dt

—00

_ /0 (Ba, Y, Z]B2) + (B3, [Y, Z] g 3)dt

0_C>Q 0
2/ <YB,2any(0),2>+<YB,3aZ'y(O),3>dt_/ (ZB.2,Y500),2) + (ZB3; Y50),3)dt
0
+ / (12(0). Y5 (Z.2)) + (1(0), Yi (Z.3)) dt
0
- / (52(0), Z5(Y.2)) + (55(0), Z(Y.))dt

0
- / (B, [V Z)3.2) + (B, [V, Z] p.)t

—00

0 0
= / (YBo2,ZB2) + (YB3, ZB3)dt — / (ZB2,YB2)+ (ZB3,YB3)dl

—00 —00

=0.

This shows the first equation. Moreover we have

0

wip(Yp,Zp) = / (—=YB2,Zpo) + (YB3,ZB1) + (YB0,ZB2) + (—YB1,ZB3)dt,

—00
0

wi,B(YB, ZB) = / (—=YB3,ZB0) + (—YB2,ZB1) + (YB1,ZB2) + (YB0, ZB,3)dtl.

—00
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With the last two formulas we compute

(Lxws)B(YB, ZB)
=d(txwys)p(YB, ZB)

=Yp(txwy(Z)) — Zp(txws(Y)) —wsB([Y, Z]B)

d d
= %’5:0 (Wi (X 0)> Zy(w))) — E‘VZO (ws (X5, Ys))) —ws(XB, Y, Z]B)

d 0
= o [ (00, Zygr0) + (=200, Zygo )t

—00

d 0
b [ (28000, Vi) + (=0alv). Yoo 1)

— 00

0
— / <—Bg, [Y, Z]B,O> + <—BQ, [Y, Z]B71>dt

0 0
= / (=YB3,ZBo) + (—YB2,Zp 1)dt +/ (—B3,YBo(Z.0)) + (—B2,Yp1(Z.1))dt
0 0
- / (=ZB3,YBo) +(—ZB2,YB1)dt — / (=B3,Zpo(Y.0)) + (=B2,Zp1(Y.1))dt
—0o0 — o0
0
_ / (—By, V. Z)p0) + (—Ba. [V, Z].1)dt
0 0
= / (—=YB3,ZB0) + (—YB2,ZpB1)dl — / (—ZB3,YBo) + (—ZB2,YB1)dt

=wr,N(YB,ZB).

This shows the second equation. In the same way we see (Lxwgi)p(Yn,Zp) =
—wyB(Yp, Zp) and hence we have proven the claim. O

By proposition 8 we know, that a hamiltonian function uf # defines a Kihler po-
tential with respect to the complex structure J. The next claim from [Hit98] describes
such a moment map.

Claim 3. Let X = (01 (1)> € 50(2) and X7 its fundamental vector field with respect

to the circle action firing B1. Then the map
uy  As — R
1 0
B — 5 [ (Balt), Ba(t) + (Balt), Bale)) s

is a hamiltonian function.

Proof. Let us fix a tangent vector Y (t) := (yo(t), y1(t),y2(t),ys(t)) 5-
us consider the curve v : (—€,€) = As, s — B(t) + sY(t) with v(0)(¢) = B(t) and
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%(0)@) =Y (t). Then we have

d(/i;()B(t) (Y(t)B(t))

= oo (1()(0)

0
- ;i|320/_ (Ba(t) + sya(t), Ba(t) + sya(t)) + (Bs(t) + sys(t), Bs(t) + sys(t))dt

0
:/ (Ba(t),y2(t)) + (Bs(t),ys(t))dt = gB(t)(IB(t)Xg(tyY(t))

—00

= wr ) (X Y (1) = (UXF)wr ) (V(0)):

O
In our case where g = su(n) we have (a,a) = tr(aa*) = —tr(a?). So we write the
Kahler potential in the form
0
K(B#) =2 (BO) =~ [ tr (Balt + Ba(®?) (22

The last formula is basically the start of this thesis, where we want to give a formula
of tr(Ba(t)? + B3(t)?) in terms of the theta function on the nilpotent, spectral curve.
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Chapter 3

Nilpotent, Spectral Curve, its
Jacobian Variety and the
Generalized Theta Function

In this chapter we want to study the nilpotent, spectral curve, its Jacobian variety
and its theta divisor. It turns out, that the theta divisor is given by the zero-set
of a determinantal function. This polynomial is called the theta function and we
will describe it in full details. The main tool to describe the Jacobian is, of course,
the exponential sequence together with the characterization of invertible sheaves via
Cech-cohomology.

3.1 Nilpotent, Spectral Curve

3.1.1 Ambient Space |O¢gp:(2)]

In this first subsection we will repeat well-known constructions of some complex an-
alytic spaces. We begin with the construction the complex projective space CP?.
Because this thesis is based on making explicit computations and working in local
coordinates, it is important to write down carefully the used notations, even if the
geometric object is widely well-known. Let us consider the sets

Wy :=C>¢, Wy :=C 3¢,
Wor := Wi\ {0} =C*, Wi := Wy \ {0} =C".
Furthermore let us endow these sets with the sheaf of holomorphic functions Oy, for

i € {0,1}. The two pairs (W1, Ow,), (Wo, Ow,) are complex analytic model spaces.
Furthermore the map

(%0730%) : (W10,0W0|W10) — (Wor, Ow lwar) »

given by ¢19(¢) = % for ¢ € Wig with lifting operator defined by the assignment

£1o(W) = Ows, iy (W) — Oy, (916 (W)

*
S1 — @1031 =810 ()010

for any open subset W C Wy, is biholomorphic. Via this biholomorphism we are able
to glue the two model spaces (W;, Ow,), i € {0,1}, together by proposition 1 to get
the complex, projective space CP! := Wy U W, /~ with its structure sheaf Ogp1 of
holomorphic functions on CP!. If W C CP! is an arbitrary open set, then an element
[ € Ocpt (W) is given by a pair f = (f1, fo) € Ow, (W N W1) x Ow, (W N Wy) such
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that gofg(W N Woi)(s1)(€) = (¥ps1)(¢) = 51(%) = 50(¢) holds for all ¢ € WipNW.
The complex analytic space

(CPl, Ocpl)

is one of the most beautiful complex analytic spaces. For example it is an Einstein-
Ké&hler manifold with the Fubini-Study metric and admits an antipodal map, an an-
tiholomorphic involution (see the lecture notes of Andrei Moroianu [Mor04] ).

Let Ogpi(1) be Serre’s twisting sheaf, i.e. the invertible sheaf on CP' given by
the transition function hip(¢) = % Let us denote by Ogpi(—1) = Ogp1(1)" =
Hom (Ogpi (1), Ocpr) the dual sheaf of Serre’s twisting sheaf, which is the sheaf hom
of Ocp1(1) and Ogpr, see for definitions [Har77]. One can show, that the transition
function of Ogp1(—1) is just given by kio(() = hml(c) = (. For an integer k € Z we
define

Ocp1 (k) == Ocpr (1)®F,

where we take the dual sheaf for negative k. These are all invertible sheaves and
their transition functions are given by l19(¢) = (ik Furthermore every other invertible

sheaf on (CP!, Ogp1) is isomorphic to one of those Ogp: (k) by the famous Birkhoff -

Grothendieck theorem or just in other symbols H'(CP!, cp1) = Z.

To every invertible sheaf Ogp1(k) we associate a 2-dimensional complex mani-
fold |Ogpi(k)|, called the total space, together with a natural projection TOepr (k)

|Ocpt (k)] — CP!. The next step is to describe the total space of the sheaf Ocp1(2)
as a complex 2-dimensional manifold via gluing. First we take two complex analytic
model spaces

(V1,0n) = (C?,Oc:z) , (Vo, Oyy) = (C?, Ocz2)
with coordinates (¢,7) € V; and (¢, 1) € Vo. We define the spaces
Vori=C'xC={() €N:{#0f, Vii=C"xC={((n) € Vp: (0}
and a biholomorphic map, by abusing the notation,
(smo#ﬂﬁ)) : (Vio, Ovplvig) — (Vor, Ows vy )

given by

1
®10 : Vio — Vo, (¢,m) — <Ca<772>
with lifting operator defined by
Ao (V) : Ol (V) — Oy, (920 (V)
S1 > ©1pS1 = 51 ° P10

for any open subset V' C V1. By the gluing property, proposition 1, of complex
analytic spaces we get a complex analytic space

(T7 OT) )
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where T := V; U Vg/~ and (¢, ) ~ (C,7) if and only if (¢,n) € Vi, (,77) € Vo1 and

(&, 7) = 10(¢,m) = (%, C%) For any open set V' C T the sections of O (V') are given

by pairs (f1, fo) € O (V N V1) x Oy (V N Vo) such that (jofi1)(¢,n) = fi(g: &) =
fo(¢,n) for all ({,n) € VipNV. The space (T, Or) has a natural holomorphic projection

(WT,W#) : (T, OT) — (CPI, OCPI) s
which is given by (CN, n) — ¢ and (¢,m) — ¢ and with lifting operator

T (W) : Ocpr (W) — Op(nz' (W)
S+ TpS = SOoTp
for any open set W C CP!.

At this point we want to emphasise, that the pair <|(’)CP1(2)\,7T@CP1(2)> defines

a holomorphic line bundle on the complex, projective space. This holomorphic line
bundle is the tangent bundle of CP! and this is the reason, why we have choosen the
letter T'.

3.1.2 Nilpotent, Spectral Curve

A complex analytic space is locally the zero-set of a finite number of holomorphic
functions. To describe the nilpotent, spectral curve as a complex analytic space we
start with the two holomorphic functions ™ € Oy, (Vp) and 7™ € Oy, (V7). With these
holomorphic functions we get two ideal sheaves

‘7}1 =17"0y, C Oy, and I{}O =n"0y, C Oy,
which induce two zero-sets

vri={C0evi}={Caevi:i" =0} =zero(ziy),
Uo :={(¢,0) € Vo} = {(¢;m) € Vo : " = 0} = zero(Iy;).
We want to define sheaves of local C-algebras on the sets Uy and U; to get two complex

model spaces. The two ideal sheaves 7y, and Zy, produce two quotient presheaves on
V1 and Vg defined by the assignment

Vi Oy (V)/Z3, (V') and Ve Oy (V)/Iy, (V),

where V' is an open subset of V; and V' an open subset of V. But before we continue
to define our model spaces we will study the support of the two quotient presheaves,
i.e. the set of those points, where the stalk is not trivial.

Claim 4. Let p; € V1 \ Uy and py € Vo \ Uy be two points. Then the stalks are trivial,
i.e.

OVl »P1 /1‘7}1 ,P1 = 0 GNd OVOWO /I‘T}O = 0

»PO

Ifp1 = (51,0) € Uy and py = ({o,0) € Uy, then we have

OVlapl/ ‘7}1,p1 = OWl,é:l [n]/(nnOW1’§1)7
OVo,Po/I\%,po = OWOaCO [n]/(nnOWO,CO)'
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In particular the quotient presheaves are supported on Uy and Uy respectively.

Proof. We will only prove the cases py € Vo \ Uy and pg € Up. The two other cases
work similarly. So let pg € Vi \ Up. Then there is an open, probably very small,
neighborhood of pg, say V', such that V' N Uy = . Thus on V'’ the holomorphic
function (¢,n) — 7™ is a unit of the ring Oy, (V’). Since the stalk of the ideal sheaf
is defined by Zy, = @Vapo (1"Oy,) (V) the pair (V’,n") defines a representative
of an element [V',7n"] of Iy, . But the element [V’,7"] is also a unit of the local
ring Oy p, in other words we have Oy, p, = Iy, , . This proves the first part. Now
let po € Uy and therefore it is of the form py = ((p,0). By example 1 any element
of sp, € Oy, p, is expandable into a convergent powerseries in C{¢ — (o,n}. If we
only expand in the n-coordinate we can write s,y = > 2 si,onl, where the séo are
elements of O, ¢,. An element of Zy;  ~expanded in the 7-coordinate is of the form

"> kéonl, where the kéo are elements of Oy, ¢,. Thus the quotient ring consists

of elements of the form s,, = Z?;()I séonl with si,o € Owy,¢o» Which proves the second

part of the claim. ]

The quotient sheaves with respect to the ideal sheaves 7y, and Zy, are given by
the sheafification of the quotient presheaves above. If V' is an open set of Vj, then the
sheafification (in [Har77| it is called the sheaf associated to the presheaf) is defined
as follows

(Ow/T) (V) = {s = (sp)pev € [ (Ovo/T,) : Vo € V 3V C V open

peV

35 € O (V) /T (V') st. s, =8, Ve v’}.
This definition delivers clearly a sheaf [Har77|, where the stalks of the sheaf and the
stalks of the presheaf coincide. We restrict these quotient sheaves to the sets Uy, Uy
to get sheaf of rings on Uy, Uy. So let U C Uy and U’ C U; be arbitrary open sets,
then the restriction of the quotient sheaves is given by

OUl(U/) = (OV1/I\1}1) |U1 (U/) = h_n)l (OVI/I‘TZ) (V/)7

v'cv’
OUO(U) = (OVO/I\T}O) |U0(U) = h%nl (OVO/I\%) (V)
ucv

Since taking direct limits does not change the stalks by claim 4, these sheaves are not
only sheaf of rings, but sheaves of local C-algebras. We will describe the local sections
in more details.

Claim 5. Let U C Uy and let U' C Uy be open sets. Let W C Wy and W' C Wy be
the open sets satisfying U = W x {0} and U' = W’ x{0}. Then a section so € Oy, (U)
and a section s1 € Oy, (U’) can be written as

|
-
?
-

so(Cm) = sh(O)n', s =Y s (O,

l

Il
=)
—
Il
=)

where sb € Ow, (W) and s} € Ow, (W').

Proof. We will prove only the case for Uy and the case for the set U; works similarly.
Let us consider an element [V, s] € O, (U), where V is an open set of Vj containing
the set U and let s = (sp),cy € ((’)VO/I{}O) (V) be an element of the sheafification
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of the quotient presheaf. If p € V' \ U, then we have already seen in claim 4, that
sp = 0. Let us suppose p € U NV. Then by definition of the sheafification there
is an open neighborhood V,, C V of p such that we can glue the s, together to a
section of the quotient presheaf for all ¢ € V,,. In other words, there is a section
sP € Oy, (Vp) /Iy, (Vp) with sq = s, for all ¢ € V,,. We have a presheaf and so we
have restriction morphisms too. Therefore we can shrink the open set V), C C? to
an open set of the form W), x K, where ¢ € W),,n € K, are open subsets of C and
p € W, x K. Because s” is a holomorphic function on W, x K, we Taylor expand it
in the n-coordinate around ng = 0 and we get

I
—

n

sP(¢m) =) " (O

l

I
=)

with sP! € Ow,(W,) and ((,n) € W, x K,. But since sP is a polynomial in the
n-coordinate we can extend this holomorphic function to a holomorphic function on
Wy, x C. So for every p € UNV we get an open set W, x C and a holomorphic function
s? on WP x C. The holomorphic functions s” and sP' coincide on (W, N W), ) x C
for two points pg, p1 € U NV, because by the definition of the sheafification we have
sy’ = syt for all ¢ € V. Since Oy, is a sheaf and Upeynvy W, = W, we can glue
the family of holomorphic functions (sp’l)peUmV together to a holomorphic function
sh € Ow,(W). In other words we get a holomorphic function on W x C defined by

—_

n—

s0(Cm) =Y 56 (O)n'.

1=0
On the other hand such a holomorphic function defines clearly an element of
(Ovy /T3, ) (W x C)
and since U C W x C we get an element [W x C, s9] € Oy, (U). O

At this point we see immediatly, that the sheaves Oy, and Op, are sheaves of
local C-algebras, where the multiplication of two holomorphic functions is given by
the multiplication of the polynomials in claim 5 truncated by n™ respectively 7. And
finally we get two complex model spaces by the pairs (Uy, Oy, ) and (Uy, Oy, ). Let us
define the sets

Uno == {(¢,0) € Up: C#0}, Up:= {(5,0) eU1:§7éo}

and the biholomorphic map, again by abusing the notation,

(‘PlOa 9051%)) : (U10>OU0‘U10) — (U01’0U1‘U01)
given by

w10 : Uio — Up1. (C,m) — (27 ;)
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with lifting operator
#10(U) : Oty U, (U) — Oy, (#10 (0U)

s1 (57 ﬁ) — (p1051)(¢,m) = (510 010)((, 1) = 51 Q ;)

for any open subset U C Up;. By the gluing property, proposition 1, we can glue them
together to a complex analytic space, called the nilpotent, spectral curve, which we
denote by

(Cnv OCn) )

where C), := Uy UUy/ ~ with (C,0) ~ (¢,0) if and only if (C,0) € U, (¢,0) € Upo
and (C,0) = (%, 0) = ¢10(¢,0). For any open set U C C,, the local sections are given
by pairs (f1, fo) € Ou, (U N U1) x Oy, (U N Up) such that (pfgrespngt, (f1))(¢n) =
resgggél(fl)(%, C%) = resggg‘jo(fo)(g“,n). In the rest of the thesis we often do not
write the restrictions of the local functions or sections, because it makes the most
formulas unnecessarily confusing. Instead we will often write the pair (fi, fo) satisfies
fl(%, C%) = fo(¢{,n) on Uyy. Because {Ui,Uy} is an open cover of the topological
space C,, with U; = W; x {0}, i € {0, 1}, the topological space C,, is homeomorphic to
CP! and is therefore compact and one dimensional. Moreover we have a holomorphic
projection

(ch,ﬂ'c#n> :(Cn,O¢,) — (CPl,OcPl)
given by (C,0) — ¢, (¢,0) — ¢ and with lifting operator

7t (W) : Ogpt (W) — Oc, (ng! (W)
(51,50) — (51, 50)

for an open set W C CP!. Because of claim 5 the stalk of Oc, at pe Cy, is

Oc,p = Ocpl,p[ﬁ]/<77n0cpl,p>- (3.1)

In other words the local rings O¢,, ;, admit some nilpotent elements and hence the curve
is non-reduced. Furthermore we see, that Oc,, ;, is a finitely generated Ogp: - module

and hence the projection (ch,wéj is a finite morphism of complex analytic spaces.

With the holomorphic projections <7TT, 71'77% ) and (ch, 7['#”) we can consider the

inverse image sheaf of an invertible sheaf Ocpi(k) on (CP',Ocp1) , k € Z. Let us
denote the inverse image sheaves Or(k) := 717Ocp1(k) and Oc, (k) := 77 Ocp1 (k).
These sheaves are also invertible sheaves and they have transition functions of the
form (¢,n) — é_ik, seen as an element of Or(Vo N Vi) or O¢, (Up N Uyp) respectively.
See for definitions and properties [GPR9I4].

At this point we want to investigate very roughly in an algebraic point of view.
Because n™ and ™ are polynomials, we can do all the above constructions in the
algebraic category too to get a proper, algebraic curve (Cﬁlg , O?}f ), which is non-
reduced. It comes with a regular projection morphism to the complex projective
space (CPl7 Ocpl), such that the topological map is a homemorphism in the Zariski
topology and hence this projection morphism makes the curve to a projective variety,
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see [Dre06]. We will use this observations later to carry over some algebraic properties
to the analytic case.

3.1.3 Spectral Curve

A way more compact description of the nilpotent spectral curve is as follows, where
all local considerations above play its role. Because of the gluing map (p10, (,071%) we
see goﬁ)(%l)(ﬁ) = C%n. Hence the pair (7,n) defines a global section of the invertible
sheaf Op(2) = 77Ocp1(2) on T'. This section is called the tautological section [Hit83].
Furthermore the pair (7", 7n") defines a global section of the invertible sheaf Op(2n)
and hence it induces a sheaf homomorphism

@",n") - (V) : Or(=2n)(V) — Op(V)
(s1,50) — (7"s1,0"s0)
for every open set V' C T. We get a sheaf of ideals defined by
7" :=(7",n") - Or(—2n) C Or.

The zero set of this sheaf of ideals gives us a topological space C,, = zero(Z™) and a
sheaf of local C-algebras on C,, defined by O¢, = Or/I" The pair (C,, O¢,,) is
just the nilpotent, spectral curve.

There is a more general construction of such spectral curves, which explains the
name. Let us consider a global section of

o

(A(), A(¢)) € H” (CP', Ocp: (2) @ g1, (C)) -

Such a pair (A(C), A(¢)) is given by polynomials of degree 2 with matrix coefficients

A(C) = Ag + A1 + A%, A(Q) = Ag + A1 + A,

where A;, A; € gl,,(C) and they satisfy A <%> = A(() for all ¢ € Wyp. This implies
immediatly

Ag = Ay, Ay = Ay, Ay = Ag

and we see, that a matricial polynomial A(() = Ag + A1¢ + A2¢? uniquely defines
such a global section. In the rest of this thesis we will often consider only matricial

polynomials A(¢) on Wy, but we always have the global section (fl(é ), A(C )) in mind.

The characteristic polynomials define two polynomial functions and hence holo-
morphic functions on Vy and V; given by

Pp = det (ﬁldn - A(é)) € Ow(Vi),  Py:=det (nld, — A(C)) € Oy (Vo).

They satisfy on Vig

(p10P1)(C,m) = det (anldn - <A2 + Alé + Aoé)) = q;n det (nId, — A(¢))
1
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In other words the pair (P;, Py) defines a global section of Or(2n). We get again a
sheaf of ideals by

TP = (Py, Py) - Op(—2n),
which gives us a complex analytic space (C’( P1,Po)s (’)C( Py, Po)) called the spectral curve

of the matricial polynomial A((), where OC(p, py) = O JZ(P1:1o) ’C(PLPO)'
now, that the global section (A (f) ,A(¢)) is nilpotent at all points p € CP!, then

If we assume

the characteristic polynomials are just Pl(g:,ﬁ) = det (ﬁ[ dp,— A (f)) = 7" and
Py(¢,m) :=det (nId, — A(C)) = n". In other words the corresponding spectral curve
of a nilpotent, matricial polynomial is just the nilpotent, spectral curve we started
with. We see immediatly, that any such nilpotent, global section induces the same
nilpotent, spectral curve.

3.2 Jacobian Variety of Nilpotent, Spectral Curve

We want to describe the set of isomorphism classes of invertible sheaves of degree
g—1on (Cy,Oc,), which we call the Jacobian of degree g — 1 of C,, and denoting
it by Jac?=1(C,). The set of isomorphism classes of degree k will be denoted by
Jack(Cy). The Picard group Pic(C,,) consists of all isomorphism classes of invertible
sheaves with the group structure defined by the tensor product of invertible sheaves,
see [Har77]. The unit element is just the structure sheaf O¢,. We have already seen
in proposition 5, that the isomorphism classes of invertible sheaves are characterized
by H! (Cn, (’)En). To study and computing a cohomology group it is often usefull to
find a short exact sequence of sheaves of abelian groups, such that the corresponding
long exact sequence, coming from the cohomology theory, inherits the cohomology
group we want to compute. In the case of computing H(C,,, Og,,) the helpful short
exact sequence is the exponential sequence

27

0—>z—>ocnﬂ>ogn—>1.

Note that the group structure of the sheaf of abelian groups Og, is given by multipli-
cation and this explains the 1 at the far right. The sheaf of locally constant functions
with values in the integers on C,, is denoted by Z. The exponential map is defined by
the standard exponential map truncated by n™ respectively ™ in the sense of claim
5. Since the exponential map is surjective on the stalks, the exponential sequence is
exact, see for more details [GPR94].

This short exact sequence leads to the long exact sequence of cohomology groups

0 — H°(Cy, Z) — H°(Cp, Oc,,) — HY(C,,, OF, ) — H'(Cy, Z)
>~Pic(Cr)

- C_/% . -
— HY(Cy, Oc,,) — HY(Cp, OF, ) —» H*(Cy,, Z) — H*(C, Oc,) — ...

But because Z is a sheaf of abelian groups on the topological space C,, which is
homeomorphic to the simply-connected, topological space CP!, we can use Poincaré
duality to see Z = Hy(CP!,Z) = H?(C,,Z). Moreover the sets Up,U; are both
homeomorphic to C and Ujg is homeomorphic to C* and hence they are all Stein spaces
[GPRY4]. For Stein manifolds X Cartan’s theorem B holds, which says HP(X, F) = 0
for all p > 0 and coherent Ox-modules F. Thus U := {Up, U} forms a Leray cover
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with two open sets. This implies immediatly H?(C,, O¢,) = 0, which is also clear
because the topological dimension of C), is 1. The curve C), is simply connected and
hence it has trivial first fundamental group. By the Hurewicz theorem H;(C,,Z)
vanishes and by the Poincaré duality again we have H'(C,,Z) = 0. Thus the long
exact sequence of cohomology groups reduces to the short exact sequence

~Pic(Cr) ~7

0 = HY(Cp, Oc,) SR HY(Cp, OF, ) 24 H2(C,, Z) — 0. (3.2)

We define the degree of an invertible sheaf on the nilpotent, spectral curve (C,,, O¢,)
as the integer given by the image of the map deg in the long exact sequence above.
The degree is additive with respect to the tensor product on the Picard group and
therefore tensoring by an invertible sheaf of degree k gives an isomorphism between
Jac®(Cy,) and Jack(C,), [Har77]. We need to compute Jac’(C,,), which is given
by the kernel of the degree map in the short exact sequence above. But the kernel
is by exactness the image of the exponential map and hence we want to compute
H'(C,,, Oc,) to describe I'm(exp).

After the introduction of the degree of an invertible sheaf we can state some prop-
erties coming from the algebraic behavior of the nilpotent, spectral curve. For a
proper scheme over C of dimension 1 there is a Riemann-Roch theorem for locally
free sheaves, see for example [Stal9] or [BFM75]. But Serre made in [Ser56] a con-
nection between the algebraic point of view and the analytic point of view. He shows,
that there is a bijection between the set of algebraic, coherent sheaves and analytic,
coherent sheaves. By a theorem of Oka |Oka50|, we know that the structure sheaf
of a complex analytic space is coherent and hence its invertible sheaves are coherent
too. Moreover Serre showed, that the cohomology groups of both point of views are
isomorphic as C-vector spaces. In other words the Riemann-Roch theorem carries over
to the analytic case of the nilpotent, spectral curve.

Proposition 9. (Riemann-Roch) Let F be an invertible sheaf on the nilpotent, spec-
tral curve (Cy, Oc,). Let x(Cyp, F) = dimc (H(Cp, F)) — dime (HY(C,, F)) be the

complex Euler characteristic and let g := dimc (Hl(Cn, OCn)) be the arithmetic genus
of the nilpotent, spectral curve. Then we have

X(Cn, F) = deg(F) + x(Oc,, ) = deg(F) +1 —g.

Another property of algebraic geometry uses the following. Via the holomorphic

projection map (7¢,,, Wﬁn one can see the structure sheaf O¢, as a finitely generated

Ocpi-module. In other words the projection (won, Fﬁn) is a finite morphism. Since

the projective space CP! is a complex manifold we have the next proposition, see
[Har77] and [GPR94]. Coherence of the direct image sheaf is Grauert’s direct image
theorem, [GPR94].

Proposition 10. Let F be an invertible sheaf on the nilpotent, spectral curve (Cy, Oc,,)
and let mc,, «F be the direct image sheaf seen as a coherent Ocp1- module. Then the
sheaf mc, «F is locally free of rank n and for all ¢ > 0 the cohomology groups are
isomorphic as C-vector spaces, i.e.

HY(C,, F) = HY(CP!, mc, . F).

An immediate consequence of proposition 10, proposition 9 and the Riemann-Roch
theorem on CP! is the following corollary.
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Corollary 1. We have the equation
deg(F) + (1 — g) = deg(mc, +F) + n.

Proof. We compute with proposition 10 and proposition 9 and the Riemann-Roch
theorem on CP!

deg(F)+1—g=x(Cp, F) =dimc (ﬁO(Cn,f)) — dimc (I:Il(C’n,]:))
= dim¢ (H°(CP', ¢, «F)) — dimc (H'(CP!, 7, + F))
= X(CF’I, (me, «F)) = deg(me, «F) + rk(mc, «F) (1 — g(CPl))
= deg(mc, +F) + n.

3.2.1 Generators of H'(C,,O¢,) and the Arithmetic Genus

Next we want to prove the following proposition, which can be found in [AHH90] or
[Hit98].

Proposition 11. The cohomology group Hl(Cn, Oc¢,,) has a basis as a complex vector
space by monomials of the form

(.._knl € Ocn(U10)7
where 0 <1l <n—1and1<k<2l—1. In particular we have
g := dimc(H*(C,,, Oc,)) = (n — 1)

Proof. Note that Uy, U; form a Leray cover of C,, and hence we only have to compute
the éech—cohomology group with respect to this open cover instead of computing the
direct limit over refinements of open covers. In the definition of Cech-cohomology
we have the maps 0, : Cx(Oc,) — Ciki1(O¢,). Since Ker(d1) = O¢, (Uy N Uy)
and Im(dy) = O¢, (Uy) @ O¢, (U1) the first Cech-cohomology group H'(C,,, O¢, ) is
given by holomorphic functions on Uy N U; modulo holomorphic functions on Uy and
holomorphic functions on Uy, in symbols

ﬁl(Cn, Ocn> = Oon(Uo N Ul)/OCn(UO) D OCH<U1).

By claim 5 we can write a section on Ujg in the form sy = ?:_01 sé(()nl, where
sé € Ow,(Wip). But we have Ujgp = C* and so we can expand the sé into Laurent

series, hence we have
n—1 oo
k!
soCm) =Y > anl™n
=0 k=—00

with some complex coefficients ay; € C. On Uy and on U; the holomorphic functions
expand into the form

n—1 oo n—1 oo ~
SN bt on Uy, YD el on Un.
=0 k=—00 1=0 k=0

We restrict the first function just to Uyg. For the second function we have to restrict
it to Uy first, i.e. to an element of O¢, (Up;) and then sending via cpfg(Um) to



3.2. Jacobian Variety of Nilpotent, Spectral Curve 39

Oc, (Uio) = Oc, (19 (Uo1)). Hence the second function, written as a holomorphic
function on Ujg, is given by

n—1

[e’s) n—1 oo 1 n—1 0
S el =Y > e ( @) DN T
=

0 k=0 =0 k=0 =0 k=—o0

So an element of the quotient space O¢, (Up N U1)/Oc, (Uy) & Oc,, (U1) has a rep-
resentative of the form Zlnz_ll 2;2172[ 41 b CFnt. We conclude that every element of
H'(C,,0c,) is given by a representative of the form

n—120—1 n—120—1
b (G = X Y b = XY () o,
=1 k=1 =1 k=1
where Bl(%) ZQZ ! b¢(™*. The coefficients by are complex numbers and every

Bl(%) is dependent of 20 — 1 of them. Therefore bc, is dependent of

n—1 )

221—1 —QZZ—Zl—z
=1

=1

—(n=1)=(n-1)

complex numbers. By the definition of the arithmetic genus we conclude

g = dim¢c H(C,,, O¢,)) = (n — 1)2

By using the projection formula, see [Har77], we have
TCo 7, Ocpr (n — 2) = (7, +O0c,) @ Ocpr(n — 2).
Moreover by using the isomorphism of claim 7 in section 4.1.4 we see immediatly

deg(mc, «75, Ocpt(n — 2)) = —n. By inserting the invertible sheaf 7¢, Ogp1(n — 2)
into corollary 1 we get

deg(7¢, Ocpi(n —2)) +1 — g = deg(rc, «F) +n =0
and thus we have
deg(Oc, (n = 2)) = deg(ng, Ogpr(n —2)) =n(n—2) =g — 1. (3.3)

3.2.2 Jacobian Variety

In this subsection we want to compute the Jacobian variety Jac?~1(C),) and describe
the transition functions of invertible sheaves of degree g — 1 on the nilpotent, spectral
curve.

Theorem 2. Let (C,,O¢,) be the nilpotent, spectral curve. Then the exponential
map exp is an isomorphism

exp : H{(Cp, O¢,) = Jac(Cy,).
In particular we have

Jacd~Y(Cp) =2 Ja®(C,) = HY(C,, Oc,) = CY.
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Furthermore the isomorphism classes of invertible sheaves of degree 0 have transition
functions of the form

n—120-1
h1o(¢,n) <d00 +) ) d Ckﬁ)

=1 k=1

where the coefficients dy; € C and dyg is a non-zero complex number. Furthermore
invertible sheaves of degree g — 1 have transition functions of the form

g10(¢,n) = ——=h10(¢,n).

Cn2

Proof. We have already seen in equation (3.2), that the long exact sequence reduces

to
>~Pic(Cn) ~7

B HN(C, OF, ) 2% T2(C,, Z) — 0.

0 — H'(Cy, Oc,) 5
Hence by exactness we have injectivity of the exponential map and hence it is an
isomorphism on its image, which is the group Jac(C,,) of invertible sheaves of degree
0. To compute the transition functions we take a representative of a cohomology class

of HY(C,, Oc,)

n—120—1
be, (¢ m) ZZBl<>

=1 k=1

and compute its image under the exponential map truncated by n™. Thus we get

n—1n—1 r
exp (bc, (¢, m)) HZ < > 0.

ker

Since we are on the nilpotent, spectral curve the term 1™ is at most n”~ 1. If we fix a
number ¢ and if we consider two numbers r and [, such that rl = ¢, then we have the

T T
term Bl(l)’”, which has (-terms from (%) to (C“%l) . The smallest exponentiation

is % and the biggest possible exponentiation is Cﬂ%l Therefore we have

C7 C2q T
the highest range of exponentiations if we set r = 1 and ¢ = [. We can follow, that the
transition functions of invertible sheaves of degree 0 on the nilpotent, spectral curve

are of the form
n—120—1

L+ ew¢ ™
=1 k=1
If we multiply a transition function of an invertible sheaf F by a non-zero constant dyo,
then the new invertible sheaf is isomorphic to F. This follows basically by definition
of H(C,, O¢,,)- We define dy; = cidoo and the transition function gets

n—120—1
h1o(¢, ) (doo +Y 0> du¢* ) :

=1 k=1

The last part of the proof follows from the fact, that the transition function of a
tensor product of two invertible sheaves is just the multiplication of the two transition
functions truncted by n™. Because of equation (3.3) we know, that the degree of
Oc, (n—2) := 75, Ocp1(n—2)isn(n—2) = g—1. The transition function of O¢,, (n—2)
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is just C"%Q’ which does not depend on n and so we do not have to truncate. In other
words if we take an invertible sheaf £ of degree 0 with transition function hiy and
tensoring it with O¢, (n —2) we get an invertible sheaf F = L ® O¢,, (n — 2) of degree
g — 1 with transition function

g10(¢;m) = Q_T}th(ﬁa’?)'

3.3 Theta Divisor and Theta Function

In this section we want to describe the theta divisor, the set of invertible sheaves of
degree g—1 on the nilpotent, spectral curve with a non-trivial, global section. It turns
out, that it is an affine variety in Jac9=1(C,,), a zero locus of a polynomial function.
This polynomial is given by a determinant of a certain matrix M and it is called
the (generalized) theta function. The first step is to describe this matrix M and the
second step is to compute its determinant.

3.3.1 Theta Divisor and Condition Equations

The theta divisor is defined by the set of invertible sheaves of degree g— 1, which have
a non-trivial, global section. As a formula this means

0 = {F € Jac 1(C,) : dimg 1°(C, F) # 0} .

We have seen in theorem 2, that the invertible sheaves of degree g — 1 have transition
functions of the form

n—120—1
g10(¢,n) = 0112 (doo +> > dle_rﬂl(S) )

=1 k=1

with complex coefficients dp; € C and a non-zero constant dgg # 0. An arbitrary
global section of an invertible sheaf 7 € Jac9~1(C,) is given by a pair (s1,s0)
of holomorphic functions sg € Oy, (Up) and s1 € Oy, (Uy) such that they satisfy
51 <%, C%) = q10(¢,m)so(¢,n) on Uyp. By claim 5 we can write these two functions as

power series, i.e.
1 n n—1 oo 1 n—1 oo
0 (L8) =5 Smghart i =SS anir
q=0 p=0 q=0 p=0

We are searching for all possible invertible sheaves, given by the coefficients dy; € C,
such that the global section is not the zero section. The pair (s1,s0) forms a non-
trivial section if and only if at least one coefficient a,, or a,, is non-zero. Hence we
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have to equate the coefficients of the following equation

n—1 oo n—120—1 n—1 oo
ZZ qup+2q77 = o2 (doo—FZdelC )Zzapquﬁq

q=0 p= =1 k=1 g=0 p=0
n—1 oo n—12l-1n—1 oo
l+(1
S g+ Y 5 it
q=0 p=0 =1 k=1 ¢=0 p=0

(3.4)

which gives us conditions on the coefficients. We want to extract from the equation
(3.4) the condition equations on the dj; to be an invertible sheaf with a non-trivial
global section. We start by considering the left hand side of (3.4). There are monomi-
als of the form @%Qqnq and hence for a fixed integer 0 < ¢’ < n — 1 there is no integer

p’ with p’ < 2¢/ — 1 such that the monomial ,77‘1 appears on the left hand side of

(3.4). But such a monomial can appear on the right hand side. Thus for every pair
(p',¢') of integers with 0 < ¢’ <n—1and p’ <2¢ —1 we get an equation in terms of
apq and di;. We quickly compute

1 1
Cn,g,pnq = Cp,nq Sp=n—-2-p andq¢={,
1 1
mﬁq+l Cp,n <:>p—n—2+k pandq—q—l

The sum on the right hand of (3.4) sums up every dy;, thus for the coefficient ﬁnq/
we have the linear equation

0= dOOCLn—Q—p’,q’
+di1an—o_p41,9-1
An—2—p'+1,4'—2
+ (di2 da2 ds2) | Gn—o—prio,q—2
Ap—2—p'+3,4'—2
An—2—p/+1,q4'-3
an—2—p'+2,4'—3
+ (diz dos dsz das ds3) | Gn-o—pisg—3 (3.5)
an—2—p'+4,9'—3
An—2—p'+5,¢4'—3

An—2—p'+1,0

An—2—p'+2,0
+(allq’ dog -+ d2q’—1,Q’) .

An—2—p'+2¢'—1,0
We call this linear equation the (p’, ¢’)-th condition equation.

Theorem 3. Let F € Jacd~1(C,) be an invertible sheaf characterized by the coeffi-
cients dy; € C of its transition function. Let (s1, So) be a global, possibly trivial, section
of F characterized by its coefficients apq and apq. Then we have

Ozap():dpo, szn—l.
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For every integer 1 < q < n — 1 we have
Qpg = Gpg =0, Vp>mn—2.
In particular every global, possibly trivial, section of F is of polynomial type.

Proof. First let us consider the coefficient °. Equation (3.4) delivers the equation

D0z = G 2 dooapl” = a0y
p=0 p=0

p=0

Explicitly this gives us the equations

0 = dooa(n-1)0s
apo = dooGn—2,0,

a10 = dooGn—3,0,
apo = doon—2-p,0,

(n—2,0 = dooaoo,
ap—1,0 = 0.

Since the coefficient dgg is non-zero, we get immediatly the first part of the theorem.
We will split up the second part into two parts. First we will show a,, = 0 for all
p>n—2and 1 <g<n-1 Letusfixal <g<n-—1andletp>n-—2 The
monomial on the left hand side of (3.4) with coefficient @, is Cp%zqnq. Note that
p+2q >n— 2+ 2q. We will show, that on the right hand side every monomial is of
the form C%nq with » <n — 24 2¢g — 1 and hence there is no monomial on the right
hand side of the form @%Qqnq. Equating the coefficients says then a,, = 0. In the first
summand on the right hand side of (3.4) has monomials of the form C"*%p'nq’ and

hencen —2—p <n—2<n—2+2q < p+2q, what we wanted. We have to consider
the second summand more carefully. Let us pick two integers (I,¢') with [ + ¢ = g,
1<l<n-1and 0<¢ <n-—1. Thus the monomials on the right hand side of (3.4)
are of the form W, where 1 < k <2/ —1=2(q—¢') — 1. But this means
n—2+k—p <n—-2+420-1-p'=n-2+2(q—¢)—-1-p <n—-2+2¢-1
<n—-2+2¢<p+2q.

To finish the proof of the theorem we have to show now a,, = 0 for all p > n — 2
and 1 < ¢ <n—1. We do this via induction over the ¢’s. If we consider ¢ = 1 then
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equation (3.4) delivers

00 1 00 1 1 oo 1
- _ 1 140
> iy o= > dooap ot >0 1090 iy
p=0 p=0 k=1p=0

> 1 > 1
1 1
= § dooap1 = + E dllapogn,ﬂl,pﬁ :
p=0 p=0

When we fix a p > n — 2, then the monomial with coefficient a,; is Cn_%_pnl. Note

that n—2—p < 0, since p > n—2. Because ¢ = 1 we have always p'+2¢=p'+2 >0

and hence on the left hand side of (3.4) appears no monomial of the form Cn_lz_p nt.

So the equation leads to

0= doo@plcnlzpﬁ1 + dllap+1,0@12p771-

But here we see, sincep >n—2,p+1>n—-241=mn—1 and thus apy1,0 = 0 by the
first part of the theorem and the equation 0 = dppa,1 remains. Again with dgg # 0
and the equation 0 = dypa,1 we finish the base case ¢ = 1 of the induction. Let us fix
now an arbitrary 1 < ¢ < n —1 and let us suppose, that a,y = 0 for all ¢ < ¢ and
p > n — 2. This means we are considering an equation with monomial %2_?77‘1. But
since p > n — 2, this means n — 2 — p < 0 and hence the left hand side does not have
a monomial of this form. Thus the equation (3.5) gets

OZdooapq
+ d110(p41)(g-1)
A (p+1)(q—2)
+ (diz d22 d32) | apr2)(-2)
A(p+3)(q—2)
G(p+1)(q—3)
G(p+2)(q—3)
+ (di3 dp3 d3z daz ds3) | agpis)g-3)
A (p+4)(g—3)
A (p+5)(g—3)

A(p+1)0

A(p+2)0
+(d1q dag - d(2q—1)q) p.
A(p421'—1)0

But by induction hypothesis the most of the coefficients above vanish and the only
remaining equation is

0= doo apq N

which, with dpy # 0 again, gives us the last part of the theorem. O
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3.3.2 The Matrix M

We have seen above, that for every pair (p/,¢) with 1 < ¢ <n—1and p’ <2¢ —1
we get the (p/, ¢')-th condition equation

0= dooan—2—p’,q’
+di1an—2_p 41,91
Ap—2—p'+1,q'—2
+ (diz dyo d32) | an—opia,g—2
Ap—2—p'+3,4'—2
Apn—2—p'+1,4'—3
An—2—p'+2,4'—3
+ (dis doz dsz duz ds3) | an—opisg—3
An—2—p'+4,4'—3
an—2—p'+5,9'—3

Apn—2—p'+1,0

an—2—p/+2,0
+(d1q/ dgq/ d2q’—1,q’) .

An—2—p'+2¢'—1,0

But since p’ € Z there are infinitely many equations. But by the theorem 3 we know
that for a p’ < 0 every coefficient vanishes and hence the equation is trivial. Thus we
get only for every 1 < ¢’ < n —1 and every 1 < p’ < 2¢' — 1 a possibly non-trivial
condition equation. In total we have g linear equations, since

n—12q¢'—1

3 21—22(1—1 ) =2 ("2_1) (n—1)=(n-1>%=yg.

g=1p'=1
By theorem 3 the number of possibly non-vanishing coefficients a,, is

n—1

n-1)+> m—2)=nm-1)+m-1)n-2)=n-1)> =g

q=1

We put all these coefficients into a vector of C9 by defining

a:= (aoo,alo, -+, an—-20,001, Q115 - -, An—-3,1,402, A12; - - - , An—3.2; - - -

T
aon—1,01,n—1,- - - aan—3,n—1)

By the g different linear condition equations of the form (3.5) we get a g X g-matrix
M, such that the system of linear equations

Ma =0

is satisfied. Moreover every vector @ satisfying Md = 0 defines a global section of
the invertible sheaf F characterized by the dg;’s via the transition function. So an
invertible sheaf has a non-trivial, global section if and only if the kernel of the matrix
M 1is not trivial.

Proposition 12. An invertible sheaf F € Jacd=1(Cy,) lies in the theta divisor if and
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only if its corresponding matriz M € CI9*9 arising from the condition equations (3.5),
is mot invertible.

The determinant is our main tool to decide if this matrix M is invertible or not.
Before we compute the determinant we have to study the structure of the matrix M
in more details. An important observation of the condition equation is the following.
If we have a product dijan—2—p 4k, —1 in the (p', ¢')-th condition equation, then the
product di@y_o_(p41)+k,q—1 is in the the (p' + 1,¢')-th condition equation. This
motivates the next definition.

Definition 1. Let us fir an invertible sheaf F € Jac9~'(C,) characterized by the
complex coefficients dy; of its transition function. For 0 <[ <n —1 we call a matrix
A} € CV*% a v x w-Hankel matriz of degree | with respect to the sheaf F, if it is of
the form

di—2; di—1; dy
Al =1 diy dy digag
dy  diy1g digoy

For | < 0 we set the convention A} =0 € C"*".

The Matrix M consists of blocks of such Hankel-matrices, i.e.

M =
1(n—1) 1(n—2) 1(n—2) 1(n—2)
Al( ) AO( y A?(n_?i) AY("_ZS)
3(n—1 3(n—2 3(n—2 3(n—2
Ay Ay o AZ 20 AT )
A£L27(72Lf2)71)(n71) A227(272)71)(n72) o A(()2(nf2)71)(n72) A(721(n72)71)(n72)
AT(ZZqul)fl)(nfl) A7(127(72171)71)(n72) o AgZ(nfl)fl)(an) A(()Q(nfl)fl)(an)

where the A} are v x w-Hankel matrices of degree [ with respect to the sheaf F.
We give the matrix M some matrix coordinates to determine the entries in the
matrix. We define two index sets

P:={(,j):1<j<n—-1,1<i<2j—1} CNxN,
Q:={(st):1<s<n—-20<t<n—-1}U{(0,0)} C NxN.
The set P are the row-coordinates and the set () are the column-coordinates of the
matrix M. The pair of numbers (j,) indicates a particular Hankel block A7* and the

pair of numbers (i, s) describes the coordinates of elements in this particular Hankel-
block. We may write

((5,9), (s, 1)) € P x Q

for the position of a matrix entry, i.e. first the row-coordinate and then the column-
coordinate. We have now the following crucial observation.

Theorem 4. Let F € Jacd~'(C,) be an invertible sheaf and M its corresponding
matriz M of the condition equations (3.5). Then the matriz entry M; j),(s,t) Of the
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matriz M at the coordinate ((3,7), (s,t)) € P x Q is

M 5),(s,t) = Di—s,j—t-

Moreover if either 1 <i—s<2(j—t)—land1 <j—t<n—1o0ri—s=0 and
j—1t =0, then the entry is a possibly non-zero coefficient dg;. FEvery other entry is
zero.

Proof. As we defined the coordinates ((i,7),(s,t)) we have all the information we
need. The index (i,7) tells us, that we are in the (p/, ¢’)-th-conditon equation with
(p',q") = (i,j). The index (s,t) says, that we consider the coefficient a,,_2_s; in this
particular condition equation. In a given (p/,q’)-condition equation we have prod-
ucts diiap—2-p/+kq—1- This means in the (p', ¢')-th-condition equation the coefficient
an—2—s; appears exactly once in the product

dp’+(n—2—s)— (n—2),¢'—tan—2—s,t = dp’—s,q’ —t0n—2—s,t-

With (p',¢") = (i,7) we have the desired product d;_s j—ta,—2—s; and therefore we
have

M 5),(s,t) = di—s,j—t-

The last part of the claim follows by the fact, that the coefficients di; are possibly
non-zero only if either 1 </ <nm—land 1< k<2l—1lorl=Fk=0. O

In order to make the matrix coordinates P x ), the matrix M and theorem 4 more
visible we refer to example 5

3.3.3 Theta Function

We want to compute the determinant of the matrix M. Recall we gave the matrix
coordinates ((i,7),(s,t)) € P x @, where we defined

Q:={(s,t):1<s<n—-20<t<n-1}U{(0,0)}.

We want to use the Leibniz-formula
g
det(M) = Z (sign(a) H”%‘,o(i)) :
o€Sy i=1

Here the symmetric group Sy, consists of bijective maps o : {1,...,9} — {1,...,g},
where the set {1,..., g} play the role of matrix coordinates and g is the genus of the
curve. We want to adjust this idea to matrix coordinates with index sets P, ). We
make the following definitions.

Definition 2. A subset D C P x Q is called regular, if it is of the following form

D :={((i,7),(s,t)) € Px Q: each (i,j) and each (s,t) appears exactly one time and
either 1 <i1—s<2(j—t)—1land1<j—t<n—1ori—s=j—t=0}

The set of reqular sets is denoted by R(P x Q).

For each regular set we need a signum.
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Definition 3. Let P,Q be the index sets above and D € R(P x Q) be a regular set.
We define a map on P and a map on Q by

—-p:PxP—Z
(i2,72) —p (i1, 1) := ?2 _?1’ ‘7.2 7&].1 ;
2 =11, J2=]1

—Q:QXQ—>Z

to—t1, taFt
(Sg,tg) —Q (Sl,tl) = .
§1— 82, la=t

We define an order on P by (i1, j1) < (i2,j2) if and only if 0 < (i2,j2) —p (i1,71)-
The signum of the regular set D 1is defined by

sign(D) := I1 (s2,t2) =@ (s1,t1)
((i1,41),(s1,t1))€D (42, J2) —p (i1, 1)

((i2,72),(s2,t2))€D
(i1,51)< (i2,52)

Now we can write down the determinant of the matrix M.

Theorem 5. Let (Cy,,Oc,) be the nilpotent, spectral curve. Let F € Jacd=(C,,) be
an invertible sheaf of degree g — 1 determined by diy € C, for 1 <1 < n —1 and
1 <k <2l—1. Then the invertible sheaf F belongs to the theta divisor, i.e.

F€0:={F € Jac" 1(Cy) : dimc(H*(C,, F)) # 0}

if and only if the theta function, given by

O(F) :=det(M) = Z sign(D) H di—sj—t |

DeER(PXQ) ((i,9),(s,t))€D
vanishes.

The theorem provides us a big reduction of combinatorial computations. The
symmetric group S, is huge with g! elements. But the elements of the symmetric
group do not care about the zeros in the matrix M. The regular sets D play the
role of those elements in the symmetric group, such that the product Hle m; () 18 &
product over the variables dj; and hence is a priori non-zero. All other products are
Zero.

Proof. By theorem 4 we know, that the entry at ((7,7),(s,t)) of M is d;_s ;¢ if it
exists and is zero otherwise. Therefore the determinant can be written as the sum over
bijective maps o : P — @, such that either 1 < i—pri(o(i,j)) < 2(j—pra2(o(i,j)))—1
and 1 <i—pro(o(i,j)) <n—1ori—pri(o(i,j)) =i—pra(o(i,j)) = 0. Here pry, pro
are projections to the first resp. second variable. Every other element of the symmetric
group induces a product in the Leibniz formula with a zero factor. Every such bijective
map o induces a subset

D7 = {((i, ), (i) € P x Q} C P x Q.
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But by bijectivity of o the set D? has to be regular. The signum of a regular set
coincides with the signum of an element of the symmetric group. O

The next corollary is a statement about the indices, which helps to check, if the
theta function is correctly computed.

Corollary 2. Let D € R(P x Q) be a regular set and let us consider the monomial
Mon(D)= ][] disjr
((3.9),(s,t))€D
Then we have
. . 1, 4 1
Yoo - = ) (J—t)ZE(n —”):6(”+1)”(”—1)-
((3,9):(s,t))€D ((5:3),(s,t)) €D

Proof. Because D is regular each (i, ) and (s,t) appears exactly one time in D. This
means that the sum Z 5))eD 1 — s is over every possible ¢ and s and therefore it
is equal to Y ; yepi— i(s neq S- We have

n—12j5—1 n—1
RE Z CIZ D5 S e )
(3,5)EP j=1 i=1 j=1

- 2%(71 D@m= 1)+1)— (”_21)”

n—1n—2 n_2(n_1)

S = S=N———"

This means

3 (i—s):2é(n—1)n(2(n—1)—|—1)—(n_Ql)n—(n—Q)
(1) G)eD

= é(n —n(dn—-2-3-3(n—-2))) = é(n —1)n(n+1).

For the second equation we calculate similarly

n—12j—-1

Z j—ZZz—Z (n—1)n (2(n1)+1)(n_21)n,
(4,7)€eP 7=1 =1
n—2n—1

S =Yy amn—2

(s,)EQ s=1 t=0

Hence we get

1
Yoo G-t = g —=Dn(n+1).
((i9)(5,t)€D



Chapter 3. Nilpotent, Spectral Curve, its Jacobian Variety and the Generalized

50 Theta Function

3.3.4 Examples

In this section we will compute the transition functions of invertible sheaves and the
theta function for the nilpotent, spectral curves with n € {2,3,4}.

Example 3. Let us start with n = 2, the nilpotent, spectral curve (Ca,O¢c,). We
compute easily the arithmetic genus, which is g = (n — 1)? = 1 and hence

Jacd~Y(Cp) = Jac®(C,,) = C.

By proposition 11 the elements of H'(Cy, Oc,) are of the form

n—12k—1 11
oD aun* ¢t =YY e = ang,
k=1 =1 k=1 1=1

where ayy is a complex number. In other words we have H'(Cy, O¢,) = (?) ~C. By
the exponential map every element of Jac®(Cy) can be described as

2
n n,afn 2 n
exp | a= :1+a+<> +... modn =1+a-.
<<> ¢ 2 \¢ ! ¢

If we homogenize the transition function, every invertible sheaf has a transition func-
tion of the form

g10(¢,m) = doo + d11g.

The theta divisor is now given by the invertible sheaves of degree g—1 = 0 with a non-
trivial, global section. Hence if F is an invertible sheaf and the pair (s1,s9) € F(Cs)
is a global section, it has to satisfy 81(%, C%) = q10(¢,m)s0(¢,m) on Uyg. But because
s1 € Oy, (Ur) and sg € Oy, (Up) we expand the two functions around the origin in U;
into powerseries, 1 € {0,1}. This gives us the equation

0o ) 1 00 ) 1 1 00 00
(Z k0 % +y ak1<k+277> = (doo + dnéﬂ) (Z aroC* + ) aiﬂCk??)
k=0 k=0 k=0 k=0
= dooaroC" + ) <d11akoCk_1 + dooalek> n-
k=0

k=0

Equating coefficients gives us arg = agg = 0 for all k > 0. The only condition equation
18
d11a00 = 0.

Hence we have a non-trivial, global section, i.e. agg # 0, if and only if di1 = 0. The
matriz M is just M = (dn) and the theta function is

O(F) = di1.
The approach via regular sets is as follows. For n = 2 we have the index sets
P:{(l,l)}, Q:{(0,0)}

and the only possible reqular set is then

D =P x@Q={((1,1),(0,0))}.
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The signum is 1 and we get the formula for the theta function 0(F) = dy;.

Example 4. Next we will consider the nilpotent spectral curve with n = 3. We
compute g = (n — 1)2 = 4 and for the transition functions we get

1 3—120—-1
= —55910(C;n) = doo+ Y Y d¢"

=1 k=1
1 1 1 1
(doo + d11z77 + (6112C + d22?2 + d32<2> 772> :

Jac3(C3) = C*.

_1
S

We see immeditaly

To compute the theta divisor we pick again an arbitrary invertible sheaf and assume,
that the pair (s1,s0) is a global section. We get the equation

3—1 oo
> k+2ﬂ7
1=0 k=0 S
—_ 1 < 1 - 1
_ N\~ ~ -~ 2
=2 Mot Z R g + Zak%mn
k=0 k=0 k=0
3—1 oo
= <d00<1 +d11C277+ (dmCQ + d22C3 +dso= > > > aucty
1=0 k=0
(e 9] o0 [e.9]
1
= Zdooako IR + (Z dooCl 7 k1 + ZduCQ k(lk@) n
k=0 k=0 k=0
= 1
+ (Zf 00k2 +Zd11€2 } Akl +Zd12<2 B¢
k=0

> 1 1
Zd22<3 7 ko + Zd32g4 kako)ﬁ :
k=

By equating the coefficients we get the condition equations

0 = dooao1 + di1a10,
0 = dooaoz + di2a10,
0 = dy1a01 + di2a00 + d22a10,
0 = da2a00 + d32a10,

which induce the matriz M

0 di1 doo O
dia do2 dip 0

The determinant and thus the theta function is then

O0(F) := det(M) = d}ydi2dsa + doodiydaz — digd3s.
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On the other hand the regular sets are

1= {((1,2)(1,2)), ((1,1)(1, 1)), ((2,2)(1,0)), ((3,2)(0,0))},
2= {((1,2)(1,2)), ((1,1)(1,1)), ((3,2)(1,0)), ((2,2)(0,0))},
Ds = {((172)(172))7 ,2)(1, 7((372) 1,0)), (171)( 70))}

The signs of these regular sets are
sign(Dy) = +1, sign(Dq) = —1, sign(Ds) = +1.
This gives us the same theta function as above
0(F) = dggdizdsz + doodi daz — diods,-

Example 5. Now we deal with the case n = 4. First note that g = (n—1)?> =32 =9.
The transition functions of invertible sheaves of degree g — 1 = 8 are given by

(e =z <d°° i d”c” i <d”2 + d22C12 + d32gl3> "

<d13< + d23<2 + d33C3 + d43<4 + d5sc5) 3)7

where we see
Jac®(Cy) = C°.

The matriz M associated to the invertible sheaf F is given by

0 0 dii1 0 dyggy O 0 0 0
0 0 dig dogo O 0 dopo O 0
0 dig dyo 0 dy1 dogo O 0 0
dig dos d3o di1 O 0 0 0 0
MF)=|0 0 ds 0 0 0 0 0 do
0 diz dos 0 di2 0 dig doo O
di3 dag d3z diz dyp din O 0 0
do3 ds33 dag do dzz 0 0O 0O O
dsz ds3 ds3 dso 0 0 0 0 0

Here we see the Hankel-block structure very well. The theta function is

0(F) =

dio (doodr1daz(di2dssdss + dosdasdiy + dssdazdas — di1dssdss — doadasdss — dizdzadas))

— di (doodr1ds2(d1adazdss + disdasdir + dszdasdia — diidasdss — diadasdia — dsadaodys))

+ doo (d3odi2(dozdazdss + dssdssdia + dazdszdas — diadazdas — daadssdas — daadssdss))
dio (dodaz(disdasdss + dosdssdis + dssdssdas — diadazdss — doadssdis — dsadssdas))

+ do (dgodsa(disdssdss + dasdasdiz + dasdasdas — diadssdss — daadazdrs — dsadazdas))
dio (dodi1 (di3dssdss + dasdasdss + dssdaszdas — dssdssdss — disdysdas — dssdasdas))

— do (d}1d12(dszdirdsz — diadsadss))
dao (31 (d12dssdse + dogdazdiy + dssdasdan — di1dssdss — dosdasdia — dsadaadas))

- do (doodi1d12(d12d43dze + dosdssdii + dasdsadan — di1dagdss — doadszdia — dsadsadas))

+ diyo (dood1daz(di2dssdsa + dosdasdy + dszdaadas — diidssdss — dagdasdis — dsadaadas)) -
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Note at this point, that the sum over all left indices in a monomial is equal to the sum
of all right indices, which is just 3(n — 1)n(n + 1) = 10, see corollary 2.
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Chapter 4

Hitchin’s Formula on the Regular,
Nilpotent, Adjoint Orbit

We have seen in chapter 2 by Kronheimer, that the regular, nilpotent, adjoint orbit
Oyeg(s1,,(C)) admits a hyperkihler structure induced by the L?-norm on the Kro-
nheimer moduli space. Nevertheless an explicit description is still not known. A
possibility to express a hyperkéahler metric is to find a Kahler potential by fixing a
complex structure. Because a hyperkihler structure induces an S? of Kihler struc-
tures, there is a natural SO(3)-action on the space of Kéhler forms. By fixing the
Kéhler form w; and rotating the other two Kéahler forms we get an SO(2)-action.
This action is Hamiltonian and hence it induces a momentum map. Its hamiltonian

function is SU(n)-conjugation invariant and it induces a Kéhler potential with re-

‘n B : 1
spect to the complex structure J, i.e. g = i9;0,(2uy) with X = <O (1)> € s0(2)
where K(T1,To,Ts) = 2u¥ (T1, To, T3) = — [°__tr (To(t)? + T3(t)?) dt. The goal of
this section is to rephrase this expression in terms of invertible sheaves on the nilpo-
tent, spectral curve of degree g — 1. The Kéahler potential gets a bit more explicit,
because one does not have to solve a system of differential equations. If (T3, T5,T3) is
an element of M(0,0), then

=Ap(t) =A4(t) =As(t)
A(Q)(t) := (Ta(t) + iT3(t)) + 20T0 (1) ¢ + (Ta(t) — iT3(t)) ¢

defines a regular, nilpotent, matricial polynomial. With A (¢)(t) := 2 A1 (¢) + A2(t)¢,
solutions of Nahm'’s equations imply a Lax equation

d

A1) = [AQ®), A+()(1)]-

But this implies

%tr(A”) =tr((n—1)A" 1A = (n — Dtr(A" YA, AL]) = (n — Dtr([A", A4]) =0
for all n € N and hence the characteristic polynomial of A(¢)(¢) is independent of
the variable t. The zero-locus of the characteristic polynomial is then the nilpotent,
spectral curve. Beauville showed in [Bea90] that there is a correspondence between
isomorphism classes of invertible sheaves of degree g — 1 not lying in the theta divisor
and G L, (C)-conjugation classes of regular, nilpotent, matricial polynomials satisfying
the characteristic equation. So for every ty € (—o0, 0] the matrix polynomial A(¢)(to)
gives us an isomorphism class of invertible sheaves of degree ¢ — 1 not lying in the
theta divisor. For smooth, spectral curves Hitchin described in [Hit98] the expression
tr (T3 +T§) in terms of invertible sheaves. Bielawski generalized in [Bie07] these
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ideas to reducible, spectral curves,the case of a semi-simple adjoint orbit, by allow-
ing ordinary double points. This chapter wants to transform the ideas of Hitchin
and Bielawski to the nilpotent, spectral curve and prove an analogous expression for
tr (T2 + T3 +T3) = tr (AgAs — $A?) and tr (T3 +T3) = tr (ApA) in terms of the
theta function. The computations are completely direct.

4.1 Global Sections, Evaluation Map and Flows

In order to compute explicit regular, nilpotent, matricial polynomials we need a precise
description of the cohomology module H° (C,,, F(1)).

4.1.1 Inverting the Matrix M

Let F € Jac9~'(C,,) be an invertible sheaf of degree g — 1 and let us consider again
the corresponding matrix M € C9*Y from section 3.3.2. Suppose 6(F) # 0, i.e. M
is invertible or equivantly F does not lie in the theta divisor. We want to invert the
matrix M for a later usage and to do so, we want to use Cramer’s rule, [Fis05]. Thus
we have to compute all the possible cofactors of the matrix M. Recall in section 3.3.2
we defined the index sets
Pi={(i,j):1<j<n-11<i<2j-1},
Q:={(s5t):1<s<n-20<t<n—-1}U{(0,0)}.
Let us fix an index ((a,b), (u,v)) € P x Q. We denote the matrix arising from the

matrix M without the (a,b)-row and (u,v)-column by ]\/Z((mb),(u,v)). We do the same
strategy as in section 3.3.3 and so we define two index sets

Papy = P\{(a,0)},  Quu) :=Q\{(y,v)}.

Verbally the same as in the case of P x () we have the following definition.

Definition 4. A subset D C Py p) X Q) S called regular, if it is of the following
form D :=

((7,5), (5,1)) € Plap) X Qeuv) = each (i,j) and each (s,t) appears exactly once
and either 1 <i—s<2(j—t)—land1<j—t<n—1lori—s=j—t=0 '

The set of regular sets is denoted by R (P(a,b) X Q(uw))'

Because we have to be carefull with the sign of a cofactor we need additionally the
next definition.

Definition 5. Let us define the functions
brow : P — N Leolumn © @ — N

vin—=2)+n—u ,v>1

(avb)'_>a+(b_1)2’ (U,’U)'—>{(n_1)_u ,0=20
and

v:Px@Q —N

((a,b), (u,v)) — trow(a, b) + teopumn (u, v).
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Claim 6. If we number the rows and the columns of the matriz M with {1,..., g}, then
1 < trow(a,b) < g, 1 < teopumn(u,v) < g and for a fized index ((a,b), (u,v)) € P x Q
the (a,b)-th row is the tyow(a, b)-th row and the (u,v)-th column is the teopyumn (w, v)-th
column.

Proof. We compute the number of the row with index (a,b) € P. By the definition
this is

12a—1 b—
Z 2204—1 —a—i—ZZOz—Zl

a=1

(b—1p
22

HM?

—(b=1)=a+(b-1)(b-1)
= lrow(a,b).

Furthermore by the definition of the column-index we have (n — 2) — (u — 1) =
(n—1) —u = teotumn(w,0) if v=0and (n—1)+(v—-1)(n—-2)+(n—2)— (u—1) =
v(n —2)+n—u = teolumn(u, v) if v # 0. This shows the claim. O

Finally we can state the next theorem, which gives us the possibility to invert the
matrix M.

Theorem 6. Let ((a,b), (u,v)) € P x Q be a fived index. The cofactor C((4p), (uv)) Of

M, i.e. the determinant of the matrix M((@b),(u,v)) and multiplied by (—1)‘row(e, b)“wl“m”(“ v),
s given by

C((a,b)(u,v)) = (—1)V(a’b’u’v) Z sign(D) di—s,j—t
DGR(P(a,b) XQ(U,U)) ((i,j),(s,t))ED

The inverse of the matrix M is given by

_ 1 T

1 _

M = 2 (Cla). ) () w))epxa

Proof. The formula m; jy sy = di—sj—t of theorem 4 still holds for the matrix

M((a,p),(u,v)) With index set Pgp) X Qyp)- This means the arguments in the proof
gf\ theorem 5 transforms in the exact way to this case to compute the determinant of

M((a,p),(uw))- The inverted matrix is then given by Cramer’s rule M~ 1 Zgﬂ%%% 0

4.1.2 Basis of H(C,, F(1))

Recall by theorem 3 that a global section of an invertible sheaf F(1) € Jacd~1t"(C},)
with transition function Cn%lglo(c, n) is a pair (s1,s0) € Oy, (U1) x Oy, (Up) of local
sections satisfying on Uy the equation

(@ios) (o) = o1 (2 C”) Szl n)so ()

and we can write these local holomorphic functions in the form

[y
—_

n— n—

1O, so(¢m) =D (¢

=0 =
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where 38 is a polynomial of degree n — 1 and all other 56 , I # 0, are polynomials of

degree n — 2. Let us write

n—1

$0Q) = aio¢" = ago + a1o + -+ + an_1,0¢" ",
i=0
n—2

s0(¢) =Y aal’ = ag + auC + -+ ap_9""?
i=0

for ¢ € Wy and let us define the vector @ € C9™

a = (a007a107---7an—1,07a01aa117---7an—2,17a027a127~--7an—2,27~--7

T
agn—1,01,n—1y-- -, an—2,n—1) .

By the same strategy as in section 3.3.2, i.e. equating coefficients of a global
section of F(1)(Cy,), we obtain similar condition equations. In other words the vector
@ € C9M" defines a global section (s1,s¢) of F(1) if and only if

AG =0 (4.1)

for a matrix A € C9%9™", The matrix A has the same structure of Hankel-blocks as
the matrix M. We extend the matrix coordinates as follows. We define

petti= P ={(i,j

)il<j<n-11<i<2j—1},
Q' :={(s,t):1<s<n—

< 1
<n-1,0<t<n—1}U{(0,0)}.

Proposition 13. The entry k(; jy (s1) € C of the matriz A at the coordinate ((i, j), (s,1)) €
Pext % Qemt is o

K(if),(s,) = Di—s j—t-

In particular if either 1 <i—s<2(j—t)—1land1 <j—t<n—1ori—s=0 and
J—t =0, then the entry K jy (st 1S possibly non-zero. Every other entry is zero.

Note that A is essentially obtained by the matrix M with n new columns with
column-index (n — 1,4), ¢ € {0,...,n — 1}, since we only extended the index set @ to
Q%! and by proposition 13.

Lemma 3. If the invertible sheaf F € Jac9~1(C,) does not lie in the theta divisor,
then the matriz A has full rank, i.e. rk(A) = g. Moreover we have

H(C,,, F(1)) = Ker(A) = C".

Proof. The matrix A has the g X g matrix M as a submatrix. With our condition of
a non-vanishing theta function this submatrix is invertible and therefore we can find
g linear independent rows in the matrix A. We conclude that A is surjective and the
image of A is g-dimensional. By the rank-nulity theorem [Fis05] we know, that the
kernel is (g + n) — g = n-dimensional as a C-vector space. O

Now we want to describe a basis of the vector space H® (C,,, F(1)) by using M L.
First we split up the equation Ad = 0. Let C be the matrix obtained by replacing
all elements in the (n — 1,4)-column of A with a 0. Let B be the matrix obtained by
replacing all elements in the other columns of A with a 0. We have A = C + B €
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C9%91" and equation (4.1) gets
Ad=Cd+ Ba=0.

Let us define the vector 7 € C9 by

—

T =
T
(a107---aa(nfl)[)vallw-~7an—2,17a12;---aan—2,27---7a1,n—17---aan—Q,n—l) .
Because the zeroes in the matrix C' we have then
M7 =Cd= —Bad.
But the matrix M is invertible and so we get
7=-M"'Ba. (4.2)

The matrix B is non-zero at the column-coordinate (n — 1,4) and everywhere else 0.
This means the vector b = (b(ivj))(z’j)eP := Ba € CY is given by

n—1

bii gy = Z K(i.5),(n—1,p) QOp-
pn=0

Equation (4.2) describes the dependency of 7 in terms of the variables ay for [ €
{0,...,n — 1} and the sheaf F. We see, that the complex vector space of global
sections HO(C),, F(1)) is n-dimensional by considering the ag; as our free variables of
the global sections (s1, sg). Because K(ij),(n—1,u) = di—(n—1),j—p the index i has to be
bigger or equal then n — 1. Hence we have n —1 < ¢ < 2j — 1 and it follows | 5] < j.
For every j smaller then [ %] the element b(i,j) is zero and therefore we have

{Zz;é di—(n—1),j—u@0pu> L
L

bii gy =

1 <7
0, > j.

I3 I3
| I—

By theorem 6 with € {0,...,n — 1} and k € {1,...,2] — 1} we have

1
k= "9 Z Cl(ig),(n—1-k1)b (i)
(i,5)eP
12]<j

This formula describes every coefficient of a global section in terms of the free variables
ag- Now we describe a basis of HY(C,,, F(1)).

Theorem 7. For aly € {1,...,n} we fix the free varibales
ad_y =1 and aly =0 for all 1 # Iy — 1.

Then we have
! !
b ) = Kig)(n—100-1)%019—1 = Di-(n—1),j—(lo—1)"

Furthermore let (rllo,réo) be the global section induced by the coefficients
1
l
0= =5 > Clagma-ki)i-n-1)j=to-1  k#0,

(i,j)EP
5]<i
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then the n global sections (rllo,r(l)o) form a basis of the C-vector space HO(Ch,, F(1)).
Proof. This follows by the previous calculations. O

Remark 1. By construction of the basis of theorem 7 we have the following property.
If we evaluate the section réo at the point (o = 0, then we get

ev(0)(rg?) =P

Formally speaking it is non-zero in the (lg — 1)-th formal neighborhood and zero in
every other formal neighborhood over the point {0} C Uy.

4.1.3 Evaluation Map

In the last section we saw that HY (C,,, (1)) is n-dimensional as is the C-vector space
Cin]/(n™). We want to make a connection between these two spaces, such that we can
represent the multiplication by n by an endomorphism.

Let p € C,, be an arbitrary point in our nilpotent spectral curve and 7¢, (p) € CcpP!
its corresponding point in the complex projective space. We want to evaluate a global
section s € H? (C,,, F(1)) of an invertible sheaf F € Jacd~'(C,) \ © at n¢, (p).

By equation (3.1) the stalk of any invertible sheaf is given by

OC, = Ocp il /a0, = (Ocpr, © Clnl /™).

Let m (Ocpl7p>e be the extended maximal ideal of the stalk Ogp: , into Oc,, , =

Ocpr ,@C[n)/ (). With D, := {p} and the C-algebra Op, (D,) := Oc, »/m (Ocpljp) ‘
we get a O-dimensional, complex analytic space

(Dp,Op,) -
We set here Op, () = 0. By natural isomorphisms of C-algebras, see [GW10], we get
~C

Op,(Dy) = Oc,p/m (Ocpr,,) = (Ocpr ,/m(Ocpr ) ©(Chil/ (™) = Clnl/ ")) = C".

If we take now an invertible sheaf F € Jac?™1(C,,), then the stalks F(1), = Oc, ,
are isomorphic and we get maps

HO (C, F(1)) — F(1), — Oc, p/m (Ocpr,y) = Cll/ iy

S §p = [Up,resg:(s)} — [sp] == [Up, resgz (8)] + m(Ocpr )“.

We denote the composition of these two maps by ev(p), i.e. ev(p)(s) = [s,] and
call it the evaluation map at p € C),. If we take a point p € Uy and a global section s
of F(1) then it induces an element of the stalk F (1), via [Up, resg:(s)], where U, is an
open neighborhood of p in C),. By choosing U, small enough such that U, C Uy and
writing the global section as a pair s = (s1,s9) we see that resg;mUl(sl) is uniquely

determined by TesggmUo(SO) via 51(%, C%) = Cn%lglo(g‘,n)so(c,n). In particular with
p = (€0,0) € Up the evaluation map ev(p)(s) is uniquely determined by so({p,n) €
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C[n]/(n™). In this case we can write

|
—

n

ev(p)(s) = [sp] = s0(Co.m) = Y sh(Co)n'-
!

Il
=)

If p=(0,0) € Uy, then the last equation works if we replace sy with s;.

We call a point p € C,, a common zero of a global section s if ev(p)(s) = 0. A
point p = ((p,0) € Up is a common zero if all the s)(¢p) vanish simultaneously for all
1€{0,...,n—1}.

Theorem 8. Let F be an invertible sheaf in Jac9~(C,). Then the sheaf F(1) has a
non-zero, global section s € HY (C,, F(1)) with a common zero p € Cy, if and only if
the invertible sheaf F lies in the theta divisor, i.e. F € ©.

Proof. 7 = 7 : Let s = (s1,50) be such a section with a common zero p € C),. If
p = (0,0) € Uy, then ev(p)(s) = 0 implies so(¢,n) = Cto(¢,n) for aty € Oy, (Uy). Thus
for (Cﬂ?) € UO N Ul we have 31(%7 C%) - @%1910((777)80(C777) = Cn%gl()(gﬂﬂt()(gvn)
In other words the pair (s1,ty) defines a global section of F. Since the section s in
non-zero, the section (si,tp) is non-zero too. In the same way the claim follows for
p=(0,0) € U;. Now let us assume p € U; N Uy and let us write p = (p,0) € Up and
p = (%0, 0) € U;. Because the 36 and sll are polynomials with a common zero p we
have for all 1 € {0,...,n — 1}

so=@-ano. () =(5-0)4(F)

where the t}) and ¢ are polynomials with deg(t}) = deg(s}) — 1. Summing up over the
monomials 7' we get

1 1 1 1
$0(Cm) = (Go = Oto(Cm), 51 <“372) _ <<o - g) " (cég)

such that

(20 . é) b (2 Z?) = oG (G = Ol

which is clearly satisfied for { = (. For { # (o we have the equivalent equation

t1(1 ”)— L (GQ=0)  comtolc,m).

C7<'2 Cnfl (C%_%)
But since ((4;0_(1)) = —((o for all € UyNU; \ {¢o} the last equality is
[T
0 (1) = (S (Cmtalén) = g (~Gognol€n) to(Go)
1 ) T ot 0)910\6,7)to\G, 7 = (2 091006, 7)) to\G,1)-

The pair (t1,%0) is indeed a global section of the invertible sheaf given by the
transition function C"%Q ((—=€0)g10(¢,m)). Since a multiplication by a non-zero constant

does not change the isomorphism class of an invertible sheaf, (t1,ty) € H%(C,, F).
Since the global section (si,s¢) is non-trivial, the section (¢1,tp) is a global, non-
trivial section too and therefore F € O.
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7

< 7 : Let us consider now an invertible sheaf in the theta divisor F € ©. Then
there is a non-zero, global section (t1,tq) € H°(C,,, F) satisfying

1 n 1
ty (Ca 4-2> = W910(67 n)tO(ga 77)

on Uyg. By multiplying the transition function with a non-zero constant (—(y) and

using the computations in the first part of the proof, we see

s0(¢m) = (G = Qto(¢,m),  51(¢,€) = (G — Ot (O

is a non-zero global section of F(1) with a common zero p = ({p,0) € Uy. This proves
the theorem. 0

The theorem says if an invertible sheaf F € Jac9~!(C,,) does not lie in the theta
divisor, then a non-trivial, global section (s1,s9) € H (Cy,, F(1)) cannot have a com-
mon zero.

Corollary 3. Let F € Jac?~Y(C,)\ © and p € C,,. Then the evaluation map
ev(p) : O (Cn, F(1)) — O (Dp, ODP)

is an isomorphism of n-dimensional C-vector spaces.

Proof. We have already seen, that HY (C,, (1)) and H° (D,,Op,) are both n- di-
mensional C-vector spaces. Theorem 8 says if the image of a section s of the evaluation
map ev(p) is zero, i.e. p is a common zero of the section s, then it is the zero section.
In other words the kernel of the evaluation map is trivial and hence the homomor-
phism is injective. The dimensions of the two C-vector spaces coincide and hence
ev(p) is an isomorphism. O

4.1.4 Beauville Correspondence

In this section we follow [Bea90] and [AHH90|. With the holomorphic projection map
(re,, F#ﬂ) of the nilpotent, spectral curve (C,,, O¢, ) to the complex projective space
(CP!, Ocp1) we are able to consider direct image sheaves. We have already seen in
proposition 10, that the direct image 7¢, +Oc, is a locally free sheaf of rank n on CPL.
By the famous Birkhoff-Grothendieck-theorem, see [Hit98], this locally free sheaf is
decomposible into a direct sum of invertible sheaves.

Claim 7. The direct image sheaf mc, «Oc, of the structure sheaf Oc, , seen as an
Ocp1-module, is isomorphic to

Ocp1 ® Ocpi(=2) @ -+ @ Ocp1(—2(n — 1)).

Proof. Let W C CP! and U := W x {0} C C,. Then the Ogpi(W)-module of
the direct image is m¢, «Oc, (W) = Oc, (7755 (W)) = O¢, (U). Hence an element
of m¢, «Oc, (W) is given by a pair of holomorphic functions (s1,s9) € Oy, (U N
U) x Oy, (Uy N U) such that (¢iys1)(¢,n) = 31(%,%) = 50(¢,m). We write these
holomorphic functions in the form

s1(C) =Y siOi sol¢m) =Y sh(On'
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Here the st € Ogp1 (W1 N W) and s, € Ocp1(Wy N W) are local functions for all
1 €{0,...,n—1}. By equating the coefficients and using ¢109(¢,n) = (%, 57—2) we have

1 1
sh (C) = $6(€).
!

Thus the pair (s}, s}) is a local section of Ogp1(—21)(W). Hence the map

X(W) :7¢, «Oc, (W) — Ocpt (W) @ Ocp1 (=2)(W) & -+ @ Ocpr(=2(n — 1))(W)

(517 50) — ((5(1)7 58)’ (5%’ 8(1))7 R (571171’ 5871))

defines is an isomorphism of Ogp1 (W)-modules with inverse map given by

n—1 n—1
(55, 580, (51,58 0L, s11)) (z AS sa<<>nl) |
(=0 =0

Because we have choosen an arbitrary open set W these isomorphisms define an
isomorphism of Ocpi1-modules. O

Let F € Jacd~1(C,,)\ © be an invertible sheaf of degree g—1 without a non-trivial,
global section. The theta divisor condition says HY(C,,, F) = 0. By the Riemann-
Roch-theorem, proposition 9, we have H*(C,,, F) = 0, since

—dime (H'(Cy, F)) = dimc (H(C,, F)) — dimc (H'(Cy, F))
=deg(F)+1—g=0.

With proposition 10 we have
HO(Cy, F) = HY(CP!, n¢, .« F) =0, HY(Cy,F)=H"(CP' ¢, . F) =0
and by corollary 1 we get
—deg(mc, «F) = rk(nc, «F) = n.

But the only locally free sheaves on (CP*, Ocp1) of rank n of degree —n with trivial

cohomology are isomorphic to Ocp1(—1)%" and so we get an isomorphism of Ogp1-
modules
n—times

This means that all direct image sheaves m¢, «F of invertible sheaves F of degree
g — 1 not lying in the theta divisor look equivalent as Ogpi-modules. But since F
is an Oc¢,-module the direct image m¢, «F has an additional structure given by a
7c, «Oc,-module structure, i.e. a sheaf homomorphism of C-algebras

TC,,,«M - ﬂcn,*(’)cn — Snd(wcm*}").

Here End is the sheaf hom. With the isomorphism of claim 7 the morphism 7¢, .m
induces a morphism of Ocpi-modules
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and thus we get a morphism of Ogpi-modules
T M0 (-2) + Ocpr(=2) — End(me, «F) = End(me, »F (1))

With the isomorphism £ we see 7¢,, «F (1) = (’)ggl and so we have in a non-canonical
way

TC, x| 0oy (—2) € Hom (Ogp1(=2), End(mc, +F)))
= H°(CP', Hom (Ogp1 (—2), End(rc, +F)))
(CPY, Hom (nc, «F(1), mc, «F (1) @ Ocp1(2)))
=~ HO(CP', Hom(OZ,, 028 @ Ocpr(2)))
H(CP', End(OZn,)) @ HY(CPY, O¢p1 (2))
= End(OZ) @ HY(CP', O¢p1(2))
= g1,,(C) @ H(CP', Ocp1(2))

= HO(CPIa g[n(C) ® OCF’1 (2))

Hence the morphism wcm*mbcpl(_g) can be described as a pair of matricial polyno-
mials of degree 2

(A0, A(©)) € H° (CP", 81, (C) © Ogp1(2) -
The map ch,*mbcpl(_g)(CPl), seen as an element of
Hom (n¢, «F(1)(CPY), m¢, » F(3)(CPY))

and using proposition 10, is given by its contruction by the multiplication of the global
section (77,1) € O¢, (2)

Mg (Cn) : HY(Cp, F(1)) — HO(Cy, F(3))

(817 30) — (77517 7780)-

Therefore the morphism m¢,, 1|0, (~2) (CP!) satisfies

5 1\ 5 1 n—1
(WCn,*m|(’)CP1(—2)(CP )) =0 and (WCn,*m|OCP1(—2)(CP )> # 0

and so the matricial polynomial A(¢) is nilpotent and regular for all { € Wj.

In other words every invertible sheaf F € Jac9~1(C,) \ © induces a global sec-
tion (A({), A(¢)) € H (CP, gl,,(C) ® Ocp1(2)), such that A(¢) = Ag + A1¢ + Aa¢?
is a regular, nilpotent, matricial polynomial of degree 2. Because Wy is dense in
CP! the matricial polynomial A(C) already defines the global section (A(C), A(C))
completely. The matricial polynomial depends on the choice of the isomorphism &
and thus the regular, nilpotent, matricial polynomial A(¢) corresponding to a sheaf
F € Jac?=1(C,) \ © is only unique up to GL,(C)-conjugations, i.e. conjugation by
automorphisms of Ogp1(—1)%".

Beauville showed in [Bea90] the following central theorem.
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Theorem 9. (Beauwville Correspondence) There is a bijection between Jacd~(C,)\ O
and the set of G Ly (C)-conjugation classes of reqular, nilpotent, matricial polynomials

(A4(0), A(¢)) € H” (CP', g1,,(C) & Ocpr (2))

We have seen above how we get a conjugation class of regular, nilpotent, matricial
polynomials from an invertible sheaf of degree g — 1 not lying in the theta divisor.
The inverse map is given by mapping a regular, nilpotent, matricial polynomial to the
invertible sheaf G(—1)|¢,. The sheaf G is a sheaf on T' with support on C,, given by
the cokernel sheaf of the short exact sequence

®n n-IdQA(C)

0 — Op(—2) 05" — G — 0.

For more details and a proof of invertibility of G(—1)|¢, as O¢,-module see [Bea90]
or [AHHO0].

Now we want to make use of the evaluation map. The global section (7,1) €
Oc,, (2)(Cy,) induces a morphism by multiplication

mgm(U) : F(U) — F2)U),  (s1,50) — (s1,150)-
This morphism defines more morphisms given by
Mimp - Ocnp = Fp — Fp = Oc,p, sp = [Up, 8] > [Up, m(j. 8]

and

[mz.m).0)  Op,(Dp) — Op,(Dp)
[sp] = [Up, 8] + m(Ocp1)® = [Up, mys 8] + m(Ocpr).

Then, just by definition, we have
[(m () 8)p] = [m(i7,) ] 5p]
and so we have a commutative diagram

0(C,, F(1)) 224 119(D,, 0 )

m(fw)l l[m(ﬁ,n)m]

(G, F(3)) L 110(D,, 0p,).

The evaluation map in the bottom row is not an isomorphism. A choosen isomorphism

¢ 4.3 induces an isomorphism I:IO(Cn,f(S)) =~ H%(C,, F(1))®H°(CP!, Ocp1(2)). Thus

the morphism mj ;) induces a map (Aend Aend) ¢ End(H°(C,,, F(1)))@H(CPY, Ogp1 (2)).
By writing (A", A°") in the form

Aend(g-) — Agnd + A(indé + AgndEQ, Aend(c) _ Agnd + Aﬁndc + Agndg?

we get for every p = ({o,0) € Up an endomorphism (/Nléco, A¢,) € End(H%(Cy, F(1))).
By choosing now a basis of H(C,,, (1)) then the matrix corresponding to ([150, Ago)
is just the regular, nilpotent, matrical polynomial at the point {p. In other words we
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have a commutative diagram

cr cr,

Y EV (o) y

- ev(Co) -
H°(Cy, F(1)) —>H(Dy,, Op,,)

A(Co) A<Ol l[mw,n),cd N

- ev(Co)
H°(Cy, F(1)) —>H(Dy,, Op,,)

¢ EV(¢o) ¢

where U is the coordinate function coming from the standard basis {1, . ,77”*1} of
H°(D,,Op,) and @ is the coordinate function of any choice of a basis of HY(Cy,, F(1)).
The map N is just the Jordan canonical form of a nilpotent matrix with only one Jor-
dan block as a lower-triangular matrix.

We will use this diagram and the basis of theorem 7 in the next sections to compute
A(Co) for every (y € Wy explicitely. Moreover the commutativity of this diagram
reflects the fact, that multiplication by 7 evaluated at {y can be seen as a multiplication
of an Eigenvalue of A((p).

4.1.5 Flows

Elements of the Kronheimer moduli space induce linear flows on the jacobian in the
direction of the invertible sheaf £! € Jac(C,,) with transition function exp(t%) but
with varying starting points F € Jacd~1(C,,) at t = 0, see [Hit83], [SC97] and [HM89).
Thus we are interested in invertible sheaves of the form F®L! € Jacd~1(C,,) for t € C.
In the next theorem and the rest of this thesis we have taken —t, but since ¢t € C it
has no influence. This choice of the sign will give us solutions of Nahm’s equations on
[0, 00) instead of (—oo, 0] in chapter 5.

Theorem 10. Let F € Jac?~1(C,,) be an invertible sheaf characterized by its transi-
tion function Cn#,leo(C, n) and its coefficients dy; € C. Furthermore let Lt € Jac®(C,,)
be the invertible sheaf with transition function exp(—t%) for every t € C and let
Ft = F® L € Jacd'(C,). Then the coefficients of the transition function of
the invertible sheaf F* are given by

k A 7
dkl(t) = Z(_l)]dk_j’l_jﬁ eC.

7=0
Proof. If we consider the truncated powerseries of exp (ftg>, ie.

RPN S S O e
¢ 2¢ 313 (n—1)I¢n1

and multiply it with the transition function of F(1) we get the result. More pre-
cisely , if we consider the formula of the multiplication of polynomials ((a;) * (b;)); =

> i1 @by, for a fixed n' we get D itie (Zi:ll dkl(_j—t,ygk%]) Now we fix a CL’"’ ie.

l
we consider g—m The summation index j goes from 0 to [, ¢ goes from [ to 0 and
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k =m — j goes from m to 0. In other words we get

(=) (=t)?
1 2l

dmi(t) = dmi + dim—1,1-1 +dm—21-2

4.2 Hitchin’s Formula in the case n = 3

Hitchin studied in [Hit98] the integrand of the Ké&hler potential for a description
of the (Hyper-) Kahler metric in terms of invertible sheaves in the Jacobian of its
corresponding smooth spectral curve. We will call the analogous formula for the
nilpotent, spectral curve Hitchin’s formula.

Theorem 11. (Hitchin’s formula, n=3) Let F € Jac*(C3) \ © an invertible sheaf of
degree 3 (= g—1) on the nilpotent, spectral curve Cs. Lett € C and let L' € Jac®(Cs)

be the invertible sheaf of degree 0 with transition function exp (—t%). Let Ft :=
FRL € Jac}(C3) and let A(C,t) = Ag(t)+ A1 ()¢ + Az(t)C? be a representative of the

G L3(C)-conjugation class of reqular, nilpotent, matricial polynomials corresponding to
the invertible sheaf Ft. Then we have the equation

30/ (FHO(F!) — 0 (FHO'(F!) 3 &

or (Aalt)Aa(e) - {0(0?) = 5 e 3 g o).

for all t € C whereever F' ¢ ©.

In order to prove this theorem directly we want to compute the left hand side in
terms of the coefficients of the transition functions. Since the trace is conjugation
invariant, the term tr (Ao(t)A2(t) — $A1(t)?) is independent of the choice of repre-
sentative of the conjugation class. We will describe such a representative, a regular,
nilpotent, matricial polynomial A(¢) coming from a global section (A(f),A(C)) €

HO (CP', gl,,(C) ® Ogp1(2)), in terms of coefficients of the transition function of an
invertible sheaf F € Jac3(C3)\©. To compute the matricial polynomial A(¢), ¢ € Wy,
we will fix a (g € Wy and consider the following diagram of the Beauville correspon-
dence

C3

&

H°(C5, F(1))

EV(¢o)

ev(Co)

HﬂO(DCO,ODCO)

c3.

y

A(Co) ACgl l[m(ﬁ,n),go] N
-~ ev C <
f0(Cy, F(1) XL 110D, 0, )
% k
C3 C3

EV(Co)

Because we consider n = 3, we have dimc (H° (C5,F(1))) = 3. If we denote a
basis of H (Cs3, F(1)) by B = {rl, r2, 7"3}, then the map ®pg is the coordinate function
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of the C-vector space H(C3, F(1)) with respect to the basis B, i.e.
Pp: c? —H° (Cg,f(l)) s (x]_,:zg, 1‘3) — $17‘1 + .7327“2 + I37‘3

and Y¢ is the coordinate function of the C-vector space % with respect to the basis

C = {1,77,772}. The multiplication with 7, the map [m ) ¢,], is of course a linear

map and induces a matrix N := \1161 o [mm).¢o] © Yo, which is just the Jordan
canonical form with exactly one Jordan block

0 00
N:=11 00
010

Let us denote the transformation matrix of the evaluation map ev((p) with Ev((p)
with respect to the bases B and C'. The regular, nilpotent, matricial polynomial at
(o € Wy is then given by

A(lo) =Pz 0 Ay 0 D
— <I>]§1 o ev(Co)_l o [m(ﬁm)@] oev((y) o Pp
= <I>§1 o ev(Cg)_l oWsoNo \1161 oev((y) o Pp
= BV(C0) ' NEV (G).

Thus we want to compute the matrix EV((p) and its inverse.

4.2.1 A Basis of H° (C3, F(1))

To compute EV ({y) we use the basis of theorem 7 to get the coordinate function ®p.
Since the basis is given by coefficients a}'d, i € {1,2,3}, consisting of cofactors of the
matrix M of section 3.3.2, we will compute in a first step these cofactors. The index
sets of the matrix M in n = 3 are

P = {(17 1)7 (172)7 (2a 2)7 (372)}7 Q= {(170)7 (0,0), (17 1)7 (1’2)}
and we have the following

Lemma 4. The cofactors of the matrix M corresponding to an invertible sheaf F €
Jac®(C3) \ © are given by

Cl(2.2),(1,0)) = ds2d, C((3.2),(1,0)) = —(dgodaz — dood}y),
Cl22),00) = —dgoda2, C(3.2),(0,0)) = dodz2,

C((2,2),(1,1)) = d22d11doo, C((3,2),(1,1)) = —d12d11doo,
C(2,2),(1,2)) = doodi2d22, C(3.2),1.2) = —doodis.

Proof. This follows immediatly by direct computations. Let us recall the matrix M
is given by

0 di1 doo O

dig dy2 din O

M(F) =

We just have to be careful with the correct signs. O
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With [ 2] = | 3] = 2, by theorem 7 and lemma 4 we can write down the coefficients
of the basis vectors. The first basis vector is given by (a(l)o,a(ln,a(ln) = (1,0,0),

b' = (0,0,0,d;2) and

1 (dood?; — d3ydaz)d12
ﬁo:‘éﬁ@mnmﬂw:“ 5 ew ’
1 d2,d?
a0 = —5C(Ga 0ot = =5,
1 doody1d?
an = —5CE2).andiz = . ;l =

1 dood3
ab = —50((3,2),(1,2))d12 = 7009 12

The second basis vector is given by (a%o, a?y, agg) = (0,1,0), b= (0,0,0,d11) and

ajy = _%C((&Z),(l,o))dll = - (oo, _edgodm)dll,
a%Z—;Q@nmmﬁlz—%w$%{

af) = —gc((3,2),(1,1))d11 = doodzldlz,

aﬂ = —%C((3,2),(1,2))d11 = %Odéld%-

The third basis vector is given by (a807a81a a%Q) =(0,0,1), b = (0,0, doo,0) and

1 d3.d
a?o = _EC((M)’(LO))CZOO = —%32,
d3.d
ajy = —50((2,2),(0,0))%0 = 009 2
1 d?.d1d
aj; = —EC((z,z),(m))doo = —%,

1 d2 d12d22
a?z = —50((2,2),(1,2))07/00 = —OOT-
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With these computations we have a basis of H® (C3, F(1)) given by the polynomials

ro(¢m) == ago + a1l + azC* + agin + ai1Cn + agen’® + ajsln’?
1 1
=1- EC((3,2),(1,0))d12C — 5(3'((3,2),(070))dlzC2

1 1
- 50((3,2),(1,1))d12477 - 50((3,2),(1,2))(112072,

(dood% — d%0d22)d12< _ d%od%z <2
0 0
dood11d3 dood?
. 12 4 . 12 2

T%(C, n) = a(2)0 + a%o( + Q%OCQ + G(Q)ﬂl +af (n+ a(2)2772 + afy(n?

1 1
= —50((3,2),(1,0))65115 - gC((3,2),(070))d11<2

-1—

1 1
+n— EC((3,2),(1,1))d11C77 — 50((3,2),(1,2))61110727

~ (dood}, — d80d22)d11<  dipdndia
N 0

0
dood?,d dood1d>
00 51 12 <77 + 00 ;1 12 <772
Tg(C, n) = ago =+ a?of + G%OCQ =+ a%m +ai (n+ 6182772 + aiy(n?
1 1
= —50((2,2),(1,0))%0( - 50((2,2),(0,0))6100(2

CQ

+n+

1 1
- 50((2,2),(1,1))%007 +n° — 50((2,2),(1,2))%0(772
_ dgodsz | digdan
_ d3od11daa
0

2 d2d12da

(n—+n TCHQ-

Here ré € Oy, (Up) and ri € Oy, (Uy) is uniquely determined by 7‘6 to get a global
section (r?,78) € HO(C,, F(1)), i € {1,2,3}.

4.2.2 Inverting the Evaluation Map

In this subsection we want to compute EV ({p) and its inverse for a fixed (p,0) € Up.
Because U is dense in C,, and a global section (s1, s9) € H° (C3, F(1)) is completely
determined by sy we will often call sy already a global section, but we always think
in terms of pairs (s1,50). Let sg = ®p (v1,22,23) = o171t + 2272 + 2373 be a global
section of F(1) for some (z1,2,73) € C3. The transformation matrix EV (¢y) with
respect of the bases B, C' of the evaluation map ev(¢p) is BV ({o) = ¥ oev({p) o Up.
By definition of the evaluation map and the considerations in section 4.1.3 we get
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ev(p) o VY (21,22, 23)

= ev(Co) (z179(¢,n) + marg (¢, m) + 237 (¢, m))
= xlev(éo)(Té) + xzev<<o><r8<< 1) + z3ev(Co) (15 (¢, )

=1 (1 — 50((3 9),(1,0)d1280 — fC' ((3.2).(0.0)) 41265 — 1 C.2),(1.1))d126om
- 50((3,2),(1,2))d12Co77 >
+ xQ( B %C((3’2)»(170))d11® - %O((&?),(O,O))dlng +n - %C((s,z),(m))dn(o??
- %C((S,z),(l,z))d11CO772>
* x?’( B %C((2,2),(1,0))dooﬁo - %C((Z?),(O,O))dOOCg - %C((zz),(u))dooéon
+1° - %C((Q,Q),(l,Q))dOOCOUQ)-

Thus the transformation matrix of ev((p) is

¢ [Ceaambez Ceamdn Ce2),a,0)do
ViG) =12 | Csa.amdz Caaamdn Ca),a)do
Cleaadiz Cea)d Ce2),0.2)d0
% C((3,2),éo,0))d12 C((3.2), (()0,0))d11 Cl2.2), (()0 ondoo
b 0 0 0

1 (G202 Ca),aodin Cae),a.0)doo
G =2 | Ceaandz Ceoamd Ce,ando |
Cea.adiz Ce2),a)din Cre2),a,2)do
1(C<<3,2>,<o,o>>d12 C(3,2),(0.0))011 C<<2,2>,<o,o>>d00)
H::g 0 0 0 ,
0 0 0

F(G) =G + (oH.

In this notation we see EV ((p) := 1—(oF'(¢p). If the operator norm is ||(oF'({p)]|co < 1
, then the Neumann series > ;- (CoN(0))F converges and the inverse of EV (¢y) =
1 —GoF (o) is

EV ()™ =1+ GF () + ¢GF(G)* +

For properties of the Neumann series see for example [WerO7]. But a priori the
operator norm ||(oF({p)||c can be huge. Let us take an € > 0 small enough, such
that every (o € B(0) C Wy satisfies ||(oF'(¢o)||co < 1. Hence in a probably very small
neighborhood of 0 € W, we are able to invert the matrix EV ({y) via the Neumann
series.

4.2.3 Matricial Polynomials

The regular, nilpotent, matricial polynomial at (o € Wy with respect to an invert-
ible sheaf F € Jac3(C3) \ © is given by A(¢y) = EV(¢o) 'NEV((y). In a small
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neighborhood of 0 € Wy we can write

A(G) = (L4 GF () + GF () + ) N (L= GF(¢))-

By the Beauville correspondence, theorem 9, or see [AHH90|, we know the matricial
polynomial A(() is of degree 2. This means we are only interested in the terms 1, (y, ¢
and all other higher terms will cancel out. The truncated series (by ¢3) of EV ({p)~*
is

1+ GQF(¢o) + (G* = 14 (G + (5 (H + G?)
and we get

A(G) = (L + GF () + ¢GG*) N (1 - GF(¢))  modulo g
=N(1—C(F(C)) + OGN + 2 (~GNG + HN) + (2G*N
=N+ (GN —NG)+( (-GNG+ HN — NH 4+ G*N) .

Now we compute the matrices GN — NG and —GNG + HN — NH + G?N.

Lemma 5. The entries of the matriz 6>G? are

(611 = C32),10)412C(3.2),(10)) d12 + C((3,2),(1,1))d12C((3.2),(1.0)) 11
+ C((3,2),(1,2))412C((2,2),(1,0)) D00,

(621 = C(32),10)412C(3.2),(1,1)) 12 + C((3,2),(1,1))d12C((3.2),(1,1)) A1
+ C((3,2),(1,2))412C((2,2),(1,1)) D00,

(GM)s1 = C(32),10)412C((3.2),(1.2) 12 + C((3,2),(1,1))d12C((3.2),(1.2)) A1
+ C((3,2),(1,2))412C((2,2),(1,2)) D00,

(GM)12 = C(32),10)412C(3.2), (L0 11 + C((3,2),(1,0) 411 C((3.2),(1,1)) A1
+ C((2,2),(1,0)00C((3,2),(1,2)) 411,

(622 = C(32),10)A11C 3.2, 11 d12 + C(3,2),(1,1) A1 C((3.2),(1,1)) A1
+ C((3,2),(1,2)411C((2,2),(1,1)) D00,

(G52 = C(32),10)411C(3.2),(1.2) d12 + C(32),1,1) A1 C((3.2), (1.2 A1
+ C((3,2),(1,2))411C((2,2),(1,2)) D00,

(G*)13 = C((3.2),(1,0))@12C((2,2).(1,0)) D00 + C((3,2),(1,0)@11C((2,2),(1,1))d00
+ C(2,2),1,0)d00C((2,2),(1,2)) D00,

(G*)23 = C((2,2),1,0))400C((3,2),(1,1))d12 + C((2,2),(1,1)d00C((3.2),(1,1)) d11
+ C(2,2),1,2))d00C((2,2),(1,1)) D00,

(G*)33 = C((2,2),(1,0))400C((3,2),(1.2))d12 + C(2,2),(1,1)d00C((3.2),(1,2)) d11
+ C(2,2),1,2))d00C((2,2),(1,2)) do0-

Proof. This follows by matrix multiplication. O
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Lemma 6. We have

1

NG = -
¢ 0
1
GN_@
1
NH_@
1
HN = -
0

1

1

2

0
3,2),(1,0))d12
3,2),(1,1))d12

QQ

3,2),(1,1))d11
3,2),(1,2))d11

0
C((3,2),(0,0)) 412
0

((
((
((3,2),(1,0)) 411
((
((

QA Q

C((3,2),(0,0)d11
0

0

C((3.2),1,0)911C((3,2),1,0))d12 + C((2,2),(1,0)d00C (3,2),(1,1))d12
C((3.2),1,0)411C((3,2),1,0)) 11 + C((2,2),(1,0)d00C (3,2),(1,1)) d11
C((3,2),(1,0)@11C((2,2),(1,00)do0 + C((2,2),(1,0))d00C ((2,2),(1,1))d00
C(3.2),0.)D1C((3.2),1,0) 012 + C(2,.2),(1,1))d00C(3,2),(1,1))d12
C(3.2),0.)011C(3.2),1,0)911 + C((2.2),(1,1))d00C((3,2),1,1))d11
C((3,2),(1,1)411C((2,2),(1,0)d00 + C((2,2),(1,1))D00C(2,2),(1,1))d00
C((3,2),(1,2)411C((3,2),(1,0)d12 + C((2,2),(1,2))D00C(3,2),(1,1)) d12
C((3,2),(1,2))411C((3,2),(1,0)d11 + C((2,2),(1,2)) D00 C(3,2),(1,1))d11
C((3,2),(1,2))411C((2,2),(1,0)d00 + C((2,2),(1,1))d00C(2,2),(1,1)) D00

(G*22 (G*)az 0

(G2 (G*)3 0)

(G2 (G?)33 0

In particular we have

1
GN — NG = a (d30d12d22 - 2d00d%1d12

and

—d30d11d22 + doodi’l dggdgo 0
2d3ydi1daa — doodsy,  —dzady
0 dood?d1a + d3ydiadas  —d3ydr1daz
d%odndlze —d%odgge 0
“Bod2,0  —d2ydiidyaf d30d220) .
0 0 0

HNNH92<

Moreover we have

-GNG = ——

(da2 — di,)d11(do — dF,)d12 + (—ds2)d11d3,

(d22 — dy)du1(daz — dfy)di1 + (da2)di dra
(d22 — diy)di1(—ds2) + (—dz2)(—di1da2)
3 d12(dag — d3y)dia + (—di1daz)dirdi,
d?2,d12(dag — d3y)di1 + (—di1da2)d?, dy2
d31d12(—ds2) + (—di1da2)(—di1daz)
di1d35(dag — d3y)dr2 + (—di2da2)dr1d3,
dlld%z(dﬂ - d%1)d11 + (—d12d22)d%1d12
d11d3y(—ds2) + (—diadae)(—d11da2)
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and

(dog — d3y)d12(daa — d31)d11 + (dag — d31)d11d2,d12 + (—ds2)d11d2,
(dag — d3y)d12(—ds2) + (daz — d3,)d11(—d11da2) + (—ds2)(—d12da2)
0
d11d3o(doo — d3y)d11 + d31d12d3,d1a + (—di1dan)d11d3,
G°N = — di1d3y(—ds2) + d3,di2(—di1da2) + (—d11daz)(—d12da2) ,
0
d‘?z(dgg — d%l)du + dlld%Qd%dm + (—d12d22)d11d%2
d3o(—ds2) + di1d3o(—d11da2) + (—di2da2)(—di2daz)
0

where we set dog = 1 in the last two equations just to write it down more compactly.

Proof. This follows by standard matrix multiplication and lemma 4. O

Lemma 6 contains everything we need to describe one direction of the Beauville
correspondence explicitly.

Theorem 12. Let (C3,Oc,) be the nilpotent, spectral curve and let F € Jac?(C3)\ ©
be an invertible sheaf of degree 3 without a non-trivial global section. We set dgg =
1. Then the corresponding G L3(C)-conjugation class of regular, nilpotent, matricial
polynomials has a representative of the form

0 0 O
Ag=1|1 0 0],
01 0
A1 =GN - NG
1 —dy1day + d3, d3o 0
=3 diadas — 2d3d1a  2dyydes — d3, —d32
0 d3d1a + diadas  —diidag
Ay = —-GNG + HN — NH + G*N
1 diod11(0 — dfy + d31da2)  (dog — d2,)3 — diadsadan di1dsa(—d3)
=5 —d3,y(0 —di)) —d11d12(20 — df)) diadsa(dog + di,) — d3y
d:f2difl _d%2(9 - dill) d11d12(9 - d%1d22)

Proof. This follows by the previous three lemmas and the formula A({y) = N +
(0 (GN — NG) + ¢ (-GNG + HN — NH + G?N). O

Remark 2. Note that —C((372)7(171))d12 + C((372),(172))d11 = 0. This is the crucial
observation to formulate in a later stage the burning lemma.

4.2.4 Trace tr (A[)AQ — }lA%)

After the description of nilpotent, regular, matricial polynomials in the previous sec-
tion we are able to state a theorem, which is basically the theorem 11 without the
ingredient of flows.

Theorem 13. Let (Cs,Oc,) be the nilpotent, spectral curve and let A(() = Aop +
A 4 AsC? be the corresponding matricial polynomial of theorem 12 corresponding to
an invertible sheaf F € Jac3(Cs) \ ©. Then we have the following equation

2 J2 o 3 \2
tr <A0A2 — iA%) _ 33dgod1, 6 — (doodyy) _

2 62
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To prove this directly we need some lemmas. The first lemma is
Lemma 7. The trace of Ay vanishes. Furthermore we have

1
=2 (20(2(3,2),(1,0))61%1 = 2C((2,2),(1,0)400C((3,2),(1,0)) 12

tr(A?)
= 20((3.2),(1.0)d11C(2.2),(1,1))do0 — 2C(2,2),(1,0))d00C((2,2).(1.2)) doo
+4C((2,2),(1,0)d00C((3,2),1,1))d11 + 20(2(2,2),(1,1))6130)-
Proof. From theorem 12 we see immediatly the vanishing trace of A;. Now we com-

pute

1
tr(A7) = 3 (0(2(3@,(1,0))61?1 + Cl22),0,0) 400 ( — C(32),010)d12 + C(3,2),1,1))d11)

+ C2,2),,0)d00( — C((3.2),.0d12 + C((3,2),01,1))d11)
+ (= Caay,wondi + Cia2),(1,1))do0)”
— C(2.2),.0) 400 ( — C(3.2),1,1))d11 + C(2,2),(1.2))do0)

= C22),1,0n 00 ( = C(3,2),,1) 11 + C2,2),(1,2))doo) + (= C((zz),(u))doo)Q)

1
7] (Caa,z),(l,o»d?l — C(2.2),1,0))@00C((3,2),(1,0)) 412

+ C(2,2),(1,0)d00C((3,2),(1,1)) 411 — C((2,2),(1,0))400C(3,2),(1,0))d12
+ C(2,2),(1,0)d00C((3,2),(1,1))d11 + 0(2(3,2),(1,0))d%1

= 2C(3.2),1.0) 1€ (2,2),1,1) D00 + Cll2,) (1,1 %00

+ C((2,2),(1,0)d00C((3,2),(1,1) 411 — C((2,2),(1,0))d00C(2,2),(1,2))d00
+ C(2,2),(1,0)d00C((3,2),(1,1)) 411 — C((2,2),(1,0)) 400 C(2,2),(1,2))d00

+ 0(2(2,2),(1,1))d30)
1 2 2
7] (20«3,2),(1,0))% — 20((22),(1.0)00C((3,2),(1,0)) 12
—20((3,2),(1,0))411C((2,2),(1,1))d00 — 2C((2,2),(1,0))d00C(2,2),(1,2))d00
+4C((2,2),1,0) d00C((3,2),(1,1))d11 + 20(2(2,2),(1,1»0130)-

Lemma 8. The trace of AgAs is given by tr (ApgAs) = Z1 + Zs, where

7z = %C((Q,Q),(O,O))d(]o - 0*12C’((s,z),(m))d110((3,2)7(17o))d11
- 9*120((2,2),(1,0))dooC((3,2),(1,1))d11 + %C((?),Q),(l,o))d12C((272),(1,0))d00
+ 9*120«3,2),(1,0))dnC((zz),(m)doo + %C((z,m,(lm)d000(<2,2>,<1,2)>d00v
Zy = —%C((m),(o,m)doo - %C((3,2),(1,1))dllc((2,2),(1,0))dOO
1

— 72C(22).0,1))d00C((2,2),(1,1)) doo-

Proof. The matrix Ay is the Jordan canonical form with exactly one Jordan block
seen as a lower-triangular matrix. So by doing the matrix multiplication AgAs we
just need to use the computations of lemma 6 and read out the correct terms. O
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Now we are able to prove theorem 13.

Proof. We have tr(AgAs — 1A2) = —2tr(A}) + Z1 + Zo. With lemma 4 , lemma 7
and lemma & we have
t’l"(AoAQ — %A%) =

11
i (2(7(2(3,2),(1,0»65?1 — 2C((2,2),(1,0)D00C((3,2),(1,0) 412

—2C((3,2),(1,0)411C((2,2),(1,1))d00 — 2C((2,2),(1,0))d00C (2,2),(1,2)) D00
+4C((2,2),1,0) d00C((3,2),(1,1))d11 + 20(2@,2),(1,1))61%0)

1 1
+ 50((2,2),(0,0))6500 - eﬁC((&Q),(l,o))dnC((3,2),(1,0))d11

1 1
— 52C122,0,0)D00C(3,2),,1) 011 + 55 C((3.2),01,0) 412C(2,2),(1,0) oo

1 1
+ 672C((3,2),(1,0))dllc'((z,z),(1,1))doo + @C((2,2),(1,0))dooc((2,2),(1,2))doo

1 1

— Ce2,00)%0 = 52C(3.2),0,1)1C(2,2),(1,0)doo
1

— 729(22),0,1))d00C((2,2),(1,1)) oo

13
= 725 (— Clia2).0.0n 1 + Cl22),0,0)d00C((3.2),0.0) 2

+ C((3,2),1,0)911C((2,2),1,1))doo + C(2,2),(1,0)d00C(2,2),(1,2))doo
—20((2.2),(1.0)400C (3.2).(1.1))d11 = Cllo.2 (1.1))d50)

13
ﬁ§( — (dgodaz — doodiy)*diy — dsadgodoo(diodaz — doodiy)diz

— (dioda2 — doodty)d11daadiidoodoo + ds2dgodoodoodi2dazdog
+ 2dsadgydoodizdiidoodin — (—daadiidoo)*dgp)
13
B ﬁQ( — (dgod3y — 2dgdazdoodty + diodiy)di — dizdsadgodoodgodas
+ doodradzadiydoods; — digdaadiidaadyidoodoo + doodsd11daadridoodao
+ d3ad3odoodoodiadaadoy + 2d3ad3doodi2di1doodir — d%zd%d%od%o)
13

= g3y (= 3dddody B, + Bdiodaadiy — diodty + 3dGydradsadiodty)
13
T 22 (3d30d§1(d30d12d32 + doodazdty — diod3,) — d?)od?l)

~ 33dgydi,0 — (dood?)?
2 62 '

4.2.5 Flows and Hitchin’s formula

Let F € Jac*(C3) and let £! € Pic®(C3), t € C, be a family of invertible sheaves
given by transition functions exp ft%>. We get a family of invertible sheaves in the
Jacobian via F! = F ® L! € Jac®(C3), which we can describe in terms of transition

functions depending on the variable ¢.

Lemma 9. Let % (212:0 Z%l:_ll dklg—,i) be the transition function of an invertible sheaf
F € Jac*(C3). The transition function of the invertible sheaf F @ L' is given by
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%910(€7 77)(75) =

1 1 1 1
g (doo + (d11 — doot) g + (duC + <d22 —di1t + 2d00t2> CQ + d32< ) 772) .

Proof. This is basically the statement of theorem 10 with n = 3. O

The theta function of an invertible sheaf F is 0(F) = d3,d12dsa+dood3, d2a — d3yd3.
The sheaf F* defines a theta function too, which is holomorphic in the parameter t.
The first two derivatives are important in order to prove Hitchin’s formula.

Lemma 10. We have the following formulas,
3 1
0(F") = 0(F) — doodi;t + §d(2)od%1t2 — dgodint® + Zdéo254

1 1
— <9(]—") — 4d‘111> +7 (d11 — doot)*,
O(F') = —doo(dy1 — doot)?,
O(FY" = 3d3,(d11 — doot)*.

Moreover if Ft € Jac*(C3) \ ©, then we have

& o OFDOF))” = (BF)Y (O(FY)Y

@log (0(F")) = (FH)0( ))0(}_5)2( ) (0(F))
_ O(F")3dgy(dr1 — doot)? — (doo(dr1 — doot)?)?
- 9(}1)2 :

Proof. We just compute 0(F') =

1 1
diodi2dse + doo(d11 — doot) (dag — diit + §d00t2) — d3o(dog — di1t + §d00t2)2
2 2 2 42 1 2
= d00d12d32 + dOO(dn — 2dy1dgot + dOOt )(dgg — diit + idOOt )
1
— dgo(d%2 — 2d11d9ot + d00d22t2 + d%th — d00d11t3 + 1d30t4)
1
- d30d12d32 + dO(]dQQd%l - dOOdzflt + id(%od%th
1
— 2d3ydy1doot + 2d3od3 12 — ddodint? + digdaot® — diodit® + §d§0t4

1
— dyd3y 4 2d30d11daat — digdont® — d3od3t? + digdit® — ngot‘*

= dydradsz + doodazdiy — dods,
(—dood3 — 2d2ydy1dgy + 2d2yd11dao )t

( diy + 2d30dT; + diodaz — digdaz — diods )
( doodll — dodi1 + dggd)t’
+ (el — ybo)t

=0(F) — doodllt - §d 20 d3 12 — d3odit® + idﬁot‘*

= e(f) dll + - (dll - dOOt)
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Then the derivatives are

O(FY = —dood3, + 3d3od3t — 3d3ydi1t? + dagt® = —doo(d1y — doot)?,
O(FY" = 3d2,d3, — 6d3ydi1t + 3digt? = 3d3y(d11 — doot)?.

i d? O(FHO(FH" — 0(FtYo(Ft)
—log ((FY)) = —
dt2 08 ( (]: )) 9(]:1:)2
and by inserting the derivatives of the theta function we get the last formula. O

At this stage we can prove Hitchin’s formula, theorem 11, in the case n = 3.

Proof. If we replace the invertible sheaf F with the invertible sheaf F! we know
by lemma 9, that we have to replace 6 by 6(F'), di1 by (di1 — doot) and dag by
(dog — dy1t + %d00t2). Theorem 13 gets

_ §3d30(d11 — doot)29(]:t) — (doo(dn — doot)S)Q
2 0(F)? '

tr (Ao(t)f‘h(t) - lel(t)2>

By lemma 10 this is just equal to

3 d? 30(F)(0(F))" — (0(F))'(0(F"))'
2 log(B(F)) = = .
yarz el F)) =3 0(F")2
This finishes the proof of Hitchin’s formula in the case n = 3. O

4.3 Hitchin’s Formula

In this section we want to adjust the computations and ideas of the case n = 3 to the
general case. We start again by describing a representative of the G L, (C)-conjugacy
class of regular, nilpotent, matricial polynomials corresponding to an invertible sheaf
F € Jacd~1(C,) \ ©. With this explicit description we are able to compute the trace
tr (AgAs — +A?). Then we will compute the term %% log (6(F")) and compare it
with tr (AOA2 — %A%) by using the crucial burning lemmea.

4.3.1 Beauville Correspondence

To describe a representative of the G L, (C)-conjugacy class of regular, nilpotent, ma-
tricial polynomials A(() = Ag + A1¢ + A2(¢? corresponding to an invertible sheaf
F € Jacd~1(C,) \ © we will use again the following commutative diagramm.

cr cr

w\ EV (o) y

) ev(Go)
HY (Onvf(l)) S HO(DCm ODCO)

A(¢o) ACOJ/ \L[m(ﬁm)ﬁo} N
H° (Cy, F(1)) —=HO(D,, Op,,)

cn cn
EV(Co)
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The first step is the computation of the transformation matrix of the evaluation map
and its inverse. Recall that a global section s € HC (C,,, F(1)) is a pair (sq1,50) €
Ou, (U1) x Oy, (Up), which we can write so(¢,n) = Y= 01 sh(¢)n', where s is a poly-
nomial of degree n — 1 and the 36, [ # 0, are polynomials of degree n — 2. Let us
denote the choosen basis of HO (C,, F(1)) of theorem 7 by B = {rl,... ,r"}. Since
r* = (r},ry) and r] is uniquely determined by r{, we do the computations for rj. Let
ai, be the coefficients of the basis vector r{. We define the coefficient vector without
the free variables af]l

T . 7 7 7 7 7 7 n—+g
T = (alo, B N TS L R R D PR I PO ,an,z,n,l) eC
and the matrix of all such coefficient vectors
T:= (7’1, e T”) € clgtn)xn,

Furthermore, for a ¢y € Wy C CP!, let us define a matrix L({y) € C"*(9t") by

G G ¢ - g*l 0o 0 --- 0 o 0 --- 0

o o0 0 --- 0 G ¢ - g—z 0o 0 --- 0
L(G) := S : o : S :

o 0 0 --- 0 0o 0 --- 0 o ¢ - (T)L—?

Then by definition of W, if the standard basis vectors of C" are denoted by e;, we
can write

U (ev(Co)(r')) = e + L(¢o)ms € C™.

For an arbitrary global section s = (s1,s9) € H® (C,, F(1)), written as a linear com-

bination of the basis vectors s = Y1 | z;7' = ®p (z1,...,7,), we get
T
xI9 1
V(G)| . | =% cev(G)o®p(a,... 2 Za:z (ev(Go)(rf))
Tn
x1
Z2

= (Vo' (ev(C)(rd)) .+, W5 (ev(Co) ()

Thus the transformation matrix of ev((p) with respect to the bases B and C is given
by

EV(¢) = (¢ (ev(Co)( 0) s - VS (ev(Go)(rp)))

By considering a probably very small neighborhood of 0 € Wy we can always make
the operator norm ||L({p)T|| < 1 for all (p in this neighborhood. Hence the Neumann
series of L({p)T converges and the inversion of EV({y) =1 — (—L((p)T) is given by

oS

k=0
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The regular, nilpotent, matricial polynomial in a small neighbhorhood of 0 € W} is

o

A(Co) = EV(¢0)'NEV (G) = (Z (—L(CO)T)k> N (1, + L(¢)T)

k=0
= N + NL(¢o)T — L(¢0)TN — L(¢o)TNL(Co)T + (L(¢o)T)*N
+ higher terms in (p.

By [AHH90] or the Beauville correspondence we know, that the matricial polynomial
A(Co) has to have degree 2 and hence we are only interested in 1, (s and Cg. All terms
of higher order than 2 cancel out.

Lemma 11. The only (¢ terms in A((o) are in the term NL((o)T — L(¢o)TN and
they are given by

2 3 n
1—61102 2—@103 “' —1‘110 0
n— n n
a19 — a11 aio — a11 T alp —an aro
1 2 2 3 n—1 n n
Alp—2 — Alp—1 Ap—2 —Aip—1 " Qupo ~ Qip1 Aip_2

Proof. Because the (}-term appears only in n different columns in L({y) we get

1 2 n
a%o ‘go o Apg
n
an ary e ap
Q := L(¢o)T modulo ¢2 = o , e Cm,
1 2 n
An—-1 Gp—1 " Gip—1
Moreover we have
2 3 n
Q%O a%)o A alo 0
n
aty ary - afp 0
2 3 n
afp_1 O@p—y - fp_q 0
0 0 0 0
1 2 n
a%o a;o o App
n
NQ=| %1 LT N 5
1 2 n
Alp—2 Aip—2 " QAp_9
and therefore
3 n
1_a102 2—‘1103 _lalo 0
n— n n
1o — a11 a1p — a11 T Ao — a1 Q1o
NQ—-QN = . . . .
1 2 2 3 n—1 n n
Alp—g = A1p—1 Aipn—2 —Aip—1 " Qup_o —A1p1 Qp_2
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Lemma 12. The (3-term of NL((o)T — L((o)TN is
2 3 n
1‘“202 2—(1203 T —1a20 0
n— n n
Ay — Ay Qg — A2y T Qoo = — A1 a0
1 2 2 3 n—1 n n
Aop—9 —Qop_1 QAop_o —Qgp_1 “°° Qop o —Qgy 1 Qgp 9
Proof. This follows by the same computations as in lemma 11. O
Lemma 13. The (3-term of (L(¢o)T)%N s (vs) with s,t € {1,--- ,n}, where
n—1
._ j+1  t+1
Ust = E :ajls—lalj
=0
fort #n and vg, = 0.
Proof. We have
1 2 n 2 3 n
a%o G%O o App G%O aéo afy 0
n n
agy ap 0 any an any af; 0
Q(QN) = . . . . .
1 2 n 2 3 n
Alp—1 Ap—1 " QAip—1 Aip—1 @ip—1 afp—1 0
and therefore we have
n—1
.f i+1  t+1
Vst 1= g ats_1ay) -
=0
O

Lemma 14. The (3-term of L((o)TNL((o)T is (wst) with s,t € {1,--- ,n}, where

n—2
— E : Jj+2
wst -— alsilalj.
J=0

Proof. We have

al CL2 . a’ 0 0
10 10 10 al a
al a2 ) 10 10
11 11 11 al a2
QNQ = : : . : 11 11
1 2 n .
Alp—1 @lp—1 " Qipn—1 1

and therefore we have

n—2
_§ : J+2 ¢
Wgt = als_lalj.
Jj=0

n
aio
n
any

n
A1n—2

O

Theorem 14. Let F € Jac9™1(C,)\ © be an invertible sheaf of degree g— 1 not lying
in the theta divisor. Then a representative of its corresponding GLy,(C)-conjugacy
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class of nilpotent, regular, matricial polynomials is given by A(C) = Ag+ A1 + A2,
where

0 O 0 0
1 O 0 0
Ay = ) )
0O O 1 0
—Aajo —ady —Aa10 0
aig — a a?, — a3 a’l—gn a”
A 10 11 10 11 10 11 10
1 — )
3 n—1
Ap—2 — ip—1 Ain-2 — A1p—1 Ap—2 — A1p—1 A1p—2
2 3 n
a —a a 0
20 20 20
G50 — @ a2, — a3 alt —qn al
A 20 21 20 21 20 21 20
g =
3 n—1 n
Aop—g — Agp_1 Q29 — Aop_q Aop_9 — Aop_1 Qo2
wi] W12 Win V11 V12 Vip—1 O
Wwo1 W22 Wap, N V21 V22 vop—1 O
Wnpl1 Wp2 -+ Wpn Upl Un2 ' Upp—1 O

Proof. The matrix A; is given by lemma 11. The matrix A is given by lemma 12,
lemma 13 and lemma 14. O

We have an immediate observation.

Corollary 4. The matrices Ag, A1, As of theorem 1/ are trace-free. In particular the
matricial polynomial A(C) = Ag+ A1¢ + A2 induces an element of HO(CP!, sl,,(C) ®

Ocp1(2))-
Proof. Obviously Ay is trace-free. The trace of A; vanishes, because it is the commu-
tator of the two matrices () and N, which is

2 2 3
—ajg + (alo - @11) +Fay,_o=0.

With the same argument the first matrix in the expression of Ao has vanishing
trace too. It remains to show, that the matrix (vst)st — (wst)st 1s trace-free. Let
us denote v/, := alt! ottt and w!, = a]1?al;. So we have wy, = S""2 wls and
st * 1s—1"1j5 st - (15-1%15- §s j=0 "ss

Vgs = Z? &US; The trace of the matrix (vg)st — (wst) st 1S

n n—2 n n—1 n n—2
> e ) = Y Zv —D wh | =D D vhi— 3 ) vl
s=1 s=1 7=0 s=1 j=0 s=1 j=0

n—2 n—1 n—1 n—2
= E ’U E w? . — E § Ujo _§ w’ )
Jjo+1,jo+1 ss Jjo+1,jo+1
j=0 jo=0 \ s=1 j=0

—1
_ 0I0 sl
- ss — Wio4+1,j0+1
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where we used v,,, = 0. But we have

jo _ Jo+1l s+1 _  s—1
Uss = 151075, = Wjo+1,jo+1

and hence the trace vanishes.

4.3.2 Trace tr (AoAg — iA%)

In this subsection we will use theorem 14 to compute the expression tr (A0A2 — iA%).
An immediate corollary of the theorem is the following corollary.

Corollary 5. With g€ {2,...,n} andr € {1,...,n — 1} we have

Furthermore we have

(A2)1r =

(AQ)ln =

(A2)qr =

(A2)qn
In particular we have

(A2)qq+1

r+1 o
—ayg (Al)ln =0,
r r+1 _.n
alq—Z - alq—l? (Al)qn - alq—2'
r+1
—Qy) — Wir + V1r

n—2 n—1
r+1 J+2 r J+1_r+1
—Gyy — E atg a1j+§ ayg Gy
j=0 Jj=0

n—2
— Jj+2 n
—Win = — E :alo ayj,
7=0

T r+1

n—2 n—1
r r+1 j+2 r i+l r+1
Agq—2 — Qgq_1 — Z a14_1015 + g1y >
=0 =0

n—2
n _ n j+2 n
Aoq—2 — Wgn = —Agq_2 — E a1q—1015-
§=0
n—2 n—1
q+1 q+2 j+2 g+l J+1 g+2
Agq_9 — Qg1 — E :alq—lalj + 1g—191;
Jj=0 Jj=0

In chapter 5 we will denote the term (Az)gq+1 by oy.

Lemma 15. We have

tr (A()AQ) = Z

r (A%

n—1

n—2 n—1
Jjt+2  _q+1 Jj+1 _q+2
- E :alq—lalj + ) a0y |
q=1 j=0 7=0
n n

— E E q q+1 s+1 s
) - (als—Q - als—l) (alq—l - alq—?) :

s=1q=1
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Proof. Because Ay is the regular, nilpotent matrix with only one Jordan block and
by corollary 5 we have

n—1 n—1 n—2 n—1
. o q+2 q+1 Jj+2  q+1 Jj+1  qg+2
tr (ApA2) = E :(A2)qq+1 = Aog—1 — Qoq—2 — E :alq 107+ § :alq 1415

n—1 n—2 n—1
_ Jj+2 q+1 J+1  q+2
_Z _Zalq 1015+ a1g-1915

Moreover, just by matrix multiplication, we have (A?)y = Zgzl(Al) sq(A1)qt and so
the diagonal elements of A? are

n n

(AD)s = D (A)eg(Ar)gs = Y (aldy = ad, ) (affh — aiyoa)

g=1 g=1

Thus the trace of A? is

n n
2 2 g+1 s+1 s
tr(A7) = E (Af)ss = E ,E :(als  —afs 2) (alq 1 alq—2)'
s=1 g=1
O
Now we can state the main lemma in this subsection.
Lemma 16. We have
n n—2 n—1ln—1
q+2 s+1 g+l
r (AOAZ > E E alg—1015-1 — E E :alq 10151
s=1¢g=1 s=1g=1
Proof. We combine the two expressions of lemma (15) and compute
Lo
tr A()A2 — *Al
4
n—1 n—2 n—1
_ Jj+2 g+l j+1  _q+2 q+1 s+1
= — Qg 10y + ) a0y | — *E E (ol —af, o)(af, ) —afy_)
qg=1 7=0 7=0 s=1qg=1
n—1 n—1 n n—1n—1
— s+1 _g+1 s q+2 a5t q+1
= _E :alq 1015-1 + E A1g—101s—1 | — 5 E E , A1g—1%15—1
q:l s=1 ]: s= lq 1
n—1ln—1 n n—2 n n—2
g+l  s+1 q+2 q+2
_*E:E:alsllq 1+ E E alq T EE a’lq 13151
s=1 g=1 s=1 q=1 s=1 q=1
n n—2 n—1ln—1
s+1 _g+1
E E lq 1a15 17— EE :alq 19151
s=1 g=1 s=1 g=1
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4.3.3 Burning Lemma

This section is about a lemma, which we will use later to compare the trace
1 2
tr | Ao(t)A2(t) — ;A1 (t)

and 3 dtQ log(G(Ft )). The invertible sheaf F* is from section 4.3.4. The burning lemma
is the heart of the direct proof of Hitchin’s formula and it is called burning lemma
because it burns out all unnecessary terms. We will always use the notation C(; j (u,0))
for the cofactor of the matrix M by canceling out the (7, j)-row and the (u, v)-column.
Similarly we use the notation M((; ;) (u,»)) for the minor and a multiple subscripts if
we cancel out several rows and columns.

Theorem 15 (Burning Lemma). Let F € Jac?~1(C,) \ © be an invertible sheaf not
lying in the theta divisor and M the corresponding matrix.

i) Let (s,t) € Q such that s <n —4 andt <n — 3. Then we have

Z C((i,j),(s,t))di73727j7t72 — O

(i,3)EP
it) Let (s,t), (u,v) € Q such that (s,t) # (u+1,v+1) and (u+1,v+1) € Q. Then
we have
Z C cx u—1,—v—1 = 0.
(a,p)eP
iii) Let us fix a 1 < q < n. With the indices (s,t) = (n —2,q — 1) and (u,v) =
(n—3,q—2) we get (s,t) = (u+ 1,v+1). Then we have

Z Z Cl(ap),(s.0) (—da—u—1,8-v-1)C((ap),(uw)) (—da—s—1p—t—1)
(e, B)EP (a,b)eP

=0 Z C((a,b),(u,v))dafufzbfvfz)
(a,b)eP

Furthermore with the elements (u,v) = (n —2,q — 1) and (s,t) = (n —3,q — 2)
we have (u,v) = (s + 1,t+ 1). Then we have

Z Z Cl(ap),(s.0) (—da—u—1,8-v-1)C((ap), () (—da—s—1p—t—1)
(a,B)EP (a,b)EP

- ZC oszﬁtQ) 0.

(a,8)€P

iv) Let us consider indices (s,t),(u,v) € Q with s #n —2 and u # n — 2 satisfying
(s,t) =(u+1,v+1). Then we have

Yo D Clasen)(damu-1,5-0-1)C((ap), () (~dams—1,4-1-1) = 0.
(e, B)EP (a,b)eP
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Furthermore if we have elements (s,t), (u,v) € Q with s #n —2 and u #n —2
satisfying (u,v) = (s+ 1,t+1). Then we have

Z Z C((a,ﬂ),(s,t))(_da—u—1,B—v—1)C((a,b),(u,v))(_da—s—l,b—t—l) = 0.
(a,B8)€P (a,b)eP

v) We have the equation

Z Z ,J) (D) 4. otz = Z Z Z(a)s0) . 5—2,j—t—2-

(s,t)EQ
(s;t)eQ (i.5)eP W G2EQ_, (g)EP

vi) We have the equation

C
Z Z Z Z aﬁ)sw da*“*Lﬁ*”*l)W(_dafsfl,bftfl)

(s,t)€Q (u,v)eQ (a,8)EP (a,b)eP

C o S C a u,v
Z Z Z Z W(_d@—U—Lﬂ—U—l)W(_da—s—l,b—t—l)

(s,t)€Q <u v)eQ (e, B)EP (a,b)eP

s=n—2

+2* Z Z ab (uv) a u—2,b—v—2)~

(u VEQ (ab)eP

u=n—3

vii) Let (a,b), (o, B) € P. Then we have

ZC((ab (n—2,t—1))4a—n+1,-t+1 = 00(ap) (a—1,3) Z C(ab),(s,t) a—s—1,8—t-

t=1 (s,t)eQ
s#EN—2

Since there will be a lot of indices, we want to compute a little archetyplical
example. It describes the idea behind the burning lemma.

Example 6. Let us consider the matriz

doo dn
D := .
<d11 da2
The determinant is det(D) = doodaz — d3,, which we write as Laplace expansion
=da2 =d1

det(D) = Ci1doo + Cradi1 = Miy doo — Mia dii. With C indicating the cofactors and
M the minors. But we also have
=do22 =d11
—~~ PN
Ciidir + Cradog = My din — Miadae = 0.

The summation of cofactors multiplied with its elements in a neighbor column vanishes.

For the rest of this section we use the abbreviation ¢, for the function ¢,q, and
te for the function tepjumn 0Of definition 5 to indicate the number of the row and the
column and it allows us to indicate the signs of the cofactors precisely.
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Proof. 1) First we observe that if (s,t) € @ with s < n —4 and ¢t < n — 3, then
(s+2,t+2) € @ too. We Laplace expand the minor M(; j) (s+)) along the (s+2,+2)-
th column. This means in a formula

MGy = . C iy da—s—2p-1-2

(ab)eP ((a,b),(s+2,t+2))
(a,b)#(4,5)

= Z (_l)Lr(ayb)_5(a,b)>(i,j)(_1)Lc(S+27t+2)_(5<s+2,t+2)>(s,t)M (o)  da—s—2pt—2-

(a.b)eP ((a,b),(s+2,t+2))

(a,b)#(4,5)

We sum up and get

Z C((i,j)7(s,t))di—s—2,j—t—2: Z (—1)V(i’j’s’t)M((i,j)7(s,t))dz‘—s—z,j—t—z

(i,9)EP (4,9)€P
Z Z (4,8, t)( 1)Lr(aab)_§(a,b)>(i,j) (_1)LC(5+27t+2)_6(s+2,t+2)>(s,t)
i, cP (ab)eP
e ks

M (@) da—s—2p—t—2di—s—2j 2.
((ab).(s+2,t+2))

Now we consider an index of the double sum ((40, jo), (a0, bo)) € P x P with (g, jo) #
(ag,bo). Since (ig,jo) # (ag,by) there appears the double index ((ag,bo), (i0,j0)) €
P x P in the double sum too. The summand of the index ((ig, jo), (ao, bo)) is

(_1)V(i07j0751t) (_1)LT(aovbo)_(s(ao,bo)>(i0,jo) (_1)LC(S+27t+2)_5(s+2,t+2)>(s,t)

M (i)t dag—s—2,bp—t—28ig—s5—2,jo—t—2
((ag,bg),(s+2,t+2))

and the summand of the index ((ao, bo), (0, o)) is
(_1)”(“0717075775)(_1)Lr(i07j0)_5(i0,j0)>(a0,b0)(_1)LC(5+27t+2)_5(s+2,t+2)>(s,t)

M ((ag,bg),(s:t)) dzo s—2,jo—t— 2da0 —5—2,bp—t—2-
(i9,30),(s+2,t42)

The minors are equal and so these two summands differ only by the sign. Note that
v(a,b,s+2,t+2) =v(a,b,s,t) and thus we have

(fl)l’(io,jmsvt) (71)L?"(aovbO)_d(aO,b0)>(iO,jo) (71)LC(s+27t+2)_6(s+2,t+2)>(s,t)

1)1/(%0,3078 t)( )V(ao,b075+21t+2) (_1)_5(a0,bo)>(i0,j0)_6(s+2,t+2)>(s,t)

(—

= (- 1)V(ao,bovs7t)( I)V(i07j075+27t+2)(_1)(_1)5(i0,j0)>(u0,b0)+6(s+2,t+2)>(s,t)
(=1)(=1)" ao,bo,s,t)(_1)Lr(io7jo)*5<¢0,j0)><a0,b0>(_1)—Lc(8+2»t+2)—5(s+2,t+2>>(s,t)_

In other words the summands are equal with opposite sign. Therefore in the double

sum for each double index we find exactly one other double index such that the
summands cancel each other out. Hence we have proved the claim.
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ii) We follow the same strategy as above. We expand the M, (s minor along
the (u+ 1,v + 1)-th column and we get

Y. Clapsntaurgor= Y (1" M qp) (pdau-t st

(@B)eP e
_ Z (_1)11(0{,5,3,7&) Z (_1)LT(a,b)f5(a’b)>(aﬁ) (_1)LC(u+1,v+1)*5(u+1,v+1)>(s,t)
P (a,b)eP
(a,B)€ A

M ((e,8),(s,t)) da—u—l,b—v—lda—u—l,ﬁ—v—l-
((a,b),(u+1,v+1))

Again by comparing ((, 5o), (a0, bo)) € Px P and ((ag, bo), (o, o)) € P x P we see,
the summands only differ by the sign, which is exactly the opposite. And therefore
they canceling each other out.

iii) Note that s =n — 2 and (s,t) = (u+ 1,v + 1) implies u = n — 3. Just by the
Laplace expansion we have

YD Clasy s (—da—u—1,8-v-1)C(ab),w0)) (—Fa—s—1,6—t-1)
(a,8)€EP (a,b)eP

= Y Clap i) dau-15-v-1 > Cllam)um)Ba—(ut1)—Lb—(v+1)-1
(a,B8)€P (a,b)eP

=0 Z C((a,b%(um))dafuf2,b—u72
(a,b)eP

The case u =n — 2 and (u,v) = (s + 1,t + 1) follows analogous.
iv) Note that s <n —3 and (s,t) = (u+ 1,v + 1) implies u < n — 4. We have by
the Laplace expansion

Z Z Cl(ap),(s.0) (—da—u—1,8-v-1)C((ap),(uw)) (—da—s—1p—1-1)
(a,8)€EP (a,b)eP

= Y Clap it dau-15-v-1 > Ol um)Ba—(ut1)—Lb—(o+1)-1
(a,B8)€P (a,b)eP

=0 Z C((a,b%(um))dafuf2,b—u72
(a,b)eP

But the sum in the right parenthesis, because u < n — 4, is of the form of i) and
therefore vanishes.

The case (u,v) = (s+ 1,t + 1) follows analogous.
v) This follows by 7).

vi) This follows by i) and ).
vii) The case (a,b) = (a—1, 8) is just the usual Laplace expansion in a complicated
way written down. For the other case we have to show

Z C(ab)(s,t))da—s—1,8—t = 0.
(s,t)€Q
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We follow the same strategy as in i) and expand the minor M) (s)) along the
(a — 1, B)-row. This means we have

Moy = . (1)@ 1A= a1m> @0 (~1)telt)=dwn>(n

(u,v)EQ
(u,v)#(s,t)

M (@b, s, da—1—u,fv-
(a=1,8),(u,0))

Hence we have

Z Cl(ab),(s,t) Da—s—1,6-1

(s,t)€Q
— Z (_1)1’(‘17575#&) Z (_1)br(a—lvﬁ)—5(a71,ﬁ)><a,b)(_1)Lc(u7v)—5(u,v>>(s,t)
(s,t)eQ (u,v)€Q

(u,v)#(s,t)
M (@), s,) Da—1—u,f—vda—s—1,8—¢-
((@=1,8),(u,v))
We fix again two double indices ((so, to), (uo,v0)) € @ and ((ug,vo), (So0,%0)) € @ with
(s0,t0) # (uo,vp). The summand of the index ((so, o), (uo,vo)) is

(_1)11(!117780,1?0) (_1)LT(a*1:6)76(0—1,5)>(a,b) (_1)Lc(uo,vo)—5(u0,uo)>(s0,t0)

- M ((a,b),(s0,t0)) da—l—uo,ﬁ—voda—so—l,ﬁ—to
((e=1,8),(ug;vp))

and the summand of the index ((so, to), (uo,v0)) is
(_1)”(a7b7u0ﬂ)0)(_1)Lr(a—1aﬁ)_6(a—1,[3)>(a,b) (_1)Lc(507t0)_5(30,t0)>(u0,v0)

M (@), (u0,00)) Ba—1—s0,8—toBa—uo—1,8—vo-
(a=1,8),(50+t0))

But the signs are opposite since it differs by the terms (—1)°o:10)>(0:t0) and (—1)%¢0-10)>wo.v0)
Hence the two summands are equal with opposite sign and therefore in the summation

they cancel each other out. O

4.3.4 Derivatives of the Theta function

In this subsection we want to compute Z—j log (6(F")) and reduce the number of terms
in its expression via the burning lemma.

Let F € Jacd=Y(Cy,) \ © and L' € Jac®(C,) be a family of invertible sheaves
corresponding to the transition function exp —t? for t € C. Then we define Ft :=
F® L€ Jacd=Y(Cy). If M is the matrix corresponding to F with 6(F) = det(M),
then we denote the corresponding matrix of F* with 6 (F*) = det (M (t)) by M(t).

We know already by theorem 10, that the matrix M (t) is obtained by replacing the
elements dy; (even if they are 0) in the matrix M by the di;(t) below. The d(t) are
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polynomials in the variable ¢ and we have

k

+
di (t Z dp— =i gy

7=0

k 4

Z Vidg_j 1041 = = —di—1-1(0),
J=0 J:

k y
Z Vidg_j 21— j-2— & = dp—2-2(t).
Jj=0 J:

The matrices M (t), M'(t), M"(t) are then just given by the entries at (i,j) € P
and (s,t) € Q,

(M) jy(st) = di-s,j—t(t),
(M (1)) i j)(s.) = —di—s—1,j—t-1(t),
(M"(t)) i jyst) = dims—2,j—t—2(t).

In the rest of the section we drop the arguments ”(¢)” and ”(F*)” in the formulas.

Lemma 17. Let us assume F' does not lie in the theta divisor for all t in a neigh-
borhood of ty € C. Then, in this neighborhood of ty, we have

3 d? 30"0—-0'0 3 o a2
S log (0) = 5 = = (tr (M M) — o (M 01)?)).

Proof. With the differential rule of the determinant we have
0 =tr (M~ 'M') det(M) = tr (M~ M) 6.

Furthermore we compute

d? d
"o — —1 A
0= det (M) (MM ) det(M)
= tr (jt(M—lM’)> det(M) + tr (M~'M") tr (M~ M) det(M)

=tr (—M'"M'M M + M7 M") 0 +tr (MM ) tr (M M) 6.
Hence we finish the proof with the following computation

9//9 _ 9/9/

= tr(—(M M2 + MM") + tr(M M) — tr(M 1 M')?

= tr(—(M~'M")?) + tr(M~TM").
O

Now we compute the terms ¢r ((M~'M’)?) and tr (M~'M"). We need these
two computations to prove Hitchin’s formula. We will use the burning lemma very

frequently to reduce the number of summands. It is indicated by b

Theorem 16. We have
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1
tr (M_lM”) =9 Z ( Z C((i,j),(s,t))diswt?) )

(s,t)EQ i,j)EP
n72‘5§s§n73 (Z’J)e

it) tr((M~'M')?)

Z Z Z Z 7/8) St) a “Lﬁ”lcwdasl,btl

(s;t)€Q uv)GQ (e, B)EP (a,b)eP

s=n—2 =n

—2* Z Z (a.0), uv)da u—2,b—v—2

(u V€0 (ab)eP

u=n—3
and

ii) tr(M~TM") —tr (M~'M')?)

Z Z C(i), (st)dZ ot — Z Z ((3.9), (st)dZ o2t
(s,t)€

9 (ij)ep (s:)€Q (i,j)eP

s=n— s=n—

o S C(l u,v
Y Y Yy Gesen, , CGesen,

(SDEQ (uv)€Q (a,B)eP (a,b)EP

s=n—2 u=n

Proof. Recall that the inverse is given by M~ = %(C’(( (s, t)))( P sit) Therefore we
have

_ Ci,',s,t Ci,',s,t
(M IM/)(s,t)(u,v) = Z Wm/(i,j)(u,v) = Z %(—di—u—lg—v—l%

(3,5)EP (4,7)EP
1 ((2.9)(s,t)) _ ((5.5),(s:t))
(M M”)(S t)(u,v) = Z Tm,(/z,])(u,v) - Z Tdifufljfvf}
(i.j)ep (i.j)ep

Furthermore we have

(MM pen = O (M M) (g u0) (M M) )5
(u,0)EQ

Ci,‘,s,t Ci,',u,v
- (Z a2 Geca)
(uw)e@ \(i,j)eP (i,5)eP

With the burning lemma, theorem 15, we can compute the traces. We have

tr(M~1M") = Z (M™"M") (5.0 9 Z (Z C((i,j),(s,t))diSZ,jt2)

(s,t)€Q (s,t)€Q \(i,5)eP

b1
- 5 Z ( Z C((i,j),(s,t))diSQ,th)
(

(s.)€Q i.j)EP
n—2<s<n—3
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and
tr((MilM/)z) = Z (MilM/)%s,t)(s,t)
(s,1)eQ
C %,7),(s
> > > &2 (s8) ’jg( D (i1 joo)
(s:)EQ (u)EQ \(i,5)€EP
C 2,7),(u,v
Z (( ,1)97( 0)) (~di—s—1j—t—1)
(i.))eP
S C a u,v
Z Z Z Z 75)( t)da u—1,—v—1 « 727( ) dafsfl,bftfl
(s,t)eQ (u,0)eQ (a,B)EP (a,b)eP
Ly oy oy Z ,ﬁ) (s4) 4 Clab) o)
a u—1,—v—1 0 a—s—1,b—t—1
Q t)ecze (< (,)EP (a,b)EP
(a,b),(u,v))
- 25 Z Z Tda—u—zb—v—}
(W<Q (a,h)EP
This shows i) and ii). iii) follows by combining i) and ii). O

4.3.5 Statement and Proof of Hitchin’s Formula

Finally we have all necessary lemmas to state and prove Hitchin’s Formula on the
nilpotent, spectral curve (C),, O¢,).

Theorem 17. Let F be any invertible sheaf in the Jacobian Jacd~1(C,)\ ©. Let L

be the family of invertible sheaves corresponding to the transition function exp <—t%

witht € C and let F' .= FRL € Jacd™1(Cy,). Let A(Q)(t) = Ao(t)+ A1 (t)C+ Az ()(?
be the corresponding regular, nilpotent, matricial polynomial to the invertible sheaf F¢
as long as Ft ¢ ©. Then for each t such that F' does not lie in the theta divisor holds
the equation

tr <A0(t)A2(t) _ iAl(t)2> =3 g (0(FY) .

In order to prove this theorem we will do some smaller computations and at the end
we patch everything together. When we write = this means "swapping the variable"
and it indicates the commutativitiy A-b-C-d=A-d-C -b.

Lemma 18. Let us fix a g € {1,...,n—2}. Then we have

1
Zalq 104, = 9 > Clap)in-2q-1)da(n-2)-2,~(g-1)-2
(a,B)€P
1
=5 2 Clab),(n-34-2)a—(n-3)-26-(g-2)2-
(a,b)eP
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Proof. We compute

E :alq la’lr 1

f:( Z 0

r=1 (a,B)eP

Clapn—20-1) ; s +1)

)

(a,b)eP

Cl(ab),(n—2,r—
(g

dan+1,b(q+2)+1)

_Z 3 Z UL P (O s
- a—n+1,8—r a—n—+1,b—q—
r=1 (a,8)€P (a, b)eP 0
_vzn: Z Z ,ﬁ) n—2,q— 1))d _ IC((a,b),(nq,rq)) Qo 5rin
- a—n—Tl1,0—q— —n+1,8—r
r=1 («a,8)€P (a,b)eP 4
(x n— “ C a n—2.r—
_ Z Z ,B8),(n—2,g— 1))da Pt Lbq1 <Z (( ,b),(a 2, 1))dan+1,5r+1>
(a,8)€P r=1
(n— 0 C a,b),(s
b Z Z (@), (n=2-1) 5 n+1,bfq71<§5a:a—17_ Z wdws*lﬁ%)
(@B)EP b=p (409
(n—2, 0
- Z Z D) o-2q-1) da— n+1,b—q—1§6a:a—1,
(B)EP (a,b)EP b=p

-y Z((“’“

(e, B)EP (a,b)eP

SV

Cl(a,8),(n—2,4-1))
Z 0 d(a

(a,B)EP
Cllap), ()
9

2. 2

(s,t)€Q (ab)eP

C a,b
2,4-1)) da_n+1,b_q_1> y e 9),(3,0) do o1t

(sit)e@Q
s#EN—2

( (a,B)EP
0
0

0

1)—n+1,8— —2

(n—2,q—1
da n+1,b—(¢g—1)— 0 = ))dasl,ﬁt)

s#En—2
bl i) Cl(a,8),(n—2,4-1))
£ d
(%:ep g a—(n-2)-2,6-(g-1)-27
S Z st Clap)n-24-1)
a—n+1,b—(¢g—1)—2 ) a—(n—3)—1,8—(q—2)
(a,b)EP (o, B)EP
bl,iid) C(a,8),(n-2,¢-1))1 0
=" > g da-(n-2)-25-(-1)-25
(a,B)€EP
-y Cla)(n=34-2)) , 9
0 a—(n—3)—2,b—(q—2)—2 0
(a,b)eP
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Lemma 19. For allr,q € {1,...,n — 1} we have

aq“lalfﬂl
q—1%1r—
C (&4 S, C ll,b ,(u,v
— Z Z Z W‘ia—u—lﬁ—v—lwda—s—l,b—s—l-
(s_,t)ECQ) (uj})eg (a,B8)€EP (a,b)eP
t=g—1 v=r_1

Proof. We compute

a71“311a(f:r11
C o n—z,q— C a n—2,r—
_ ( Z (« ,/J’),(e 2,q—1)) o1 p(r 1) 41 Z (« ,b)7(9 2, 1))da—n+1,b—(q+1)+1)
(a,B)EP (a,b)eP

Cl(a,p) (n 24-1)) 4 Clab).(n=2r-1) ,
Z Z a—n+1,8—(r+1)+1 0 a—n+1,b—(g+1)+1
(a,8)EP (a,b)eP

SR MD D M TS A

(5,6)€Q (u0)€Q (a,B)EP (a,b)EP
s=n—2 u=n—2
t=q—1 v=r—1

Now we have everything necessary to prove theorem 17.
Proof. From lemma 16 we know
n n—2 n—1n—1
q+2 r+1 g+l
t7“<A0A2— > E E aj, qaf,” I_E:E:alq 101, -1
t=1 g=1 r=1 g=1

By the previous two lemmas 18 and 19 we have

n n—2 n—1n—1

r q+2 r+1 _q+1
E E A1g—101p—1 — § E :alq 101r—1
r=1qg=1 r=1 g=1

n—2 1
=2 <5 > Cliap)in-2q-1)da(n-2-2,~(g-1)-2

g=1 (a,8)eP

=2 2 Clad)n-3g-2)a-(n-3)-20-(g-2)-2 >
(a,b)eP

[u——y

n—1n—1

YN Yy Henlmey

r=1 ¢=1 (a,8)€P (a,b)EP

. C((a,b),(n—Q,r—l))d
9 a—(n—2)—1,b—(¢—1)—1
Z Z ,JH (s, t))dZ 2t — Z Z (4,9), (st)dZ oiios
:t g (i,5)eP (SS t)GQ (i,5)eP

=D ID VD DI AN T "

(s,t)€Q (u, v)EQ (a,8)EP (a,b)eP

s=n—2 u=n-—
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Finally by theorem 16 and lemma 17 this is equal to

2
tr(M~M") —tr (M~'M')?) = % log (6(F")) .

This proves the theorem 17 with Hitchin’s formula. ]

Two corollaries of the proof of theorem 17 and lemma 15 are the following.

Corollary 6. As long as the invertible sheaf F' does not lie in the theta divisor we
have the formula

2

tr (Aolt) Ax(1)) = 3 os(0(F")).

Proof. Via lemma 15 and lemma 16 we see, that the difference of the two equations,
one with the term tr (AOAQ — %A%) and the other with the term tr (AgAs), is only
given by the factor % Then we use the proof of Hitchin’s formula to get equality with
the right-hand side. O

Corollary 7. Let X € Oreq (s0,(C)) and let (Th,T2,T3) € M(0,0) be the element
corresponding to X wvia Kronheimer’s identification. Let

A(Ct) = (Ta(—t) +iT3(=1)) + (211 (=) ¢ + (To(—t) — iT3(~1)) ¢

and let F~t € Jacd=1(Cp) \ © be the corresponding invertible sheaf to the reqular,
nilpotent, matricial polynomial A((,—t). Then the value of the Kahler potential at X
18

0 0
K(X)= —/ tr(Ty(t)* 4+ T3(t)?)dt = —/ tr(Ag(—t)Ag(—t))dt

— 00 —00

0 dz
:_/_ @log(ﬁ(}‘—t))dt . log(é(f‘t))](ioodt

_ o)
CO(FY)”

Proof. The first equality is equation (2.2). Then we just integrate the equality of
corollary 6. Note that the improper integral is well-defined because the theta function
is of polynomial type in the variable ¢ O
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Chapter 5

Real Sheaves and Special Solutions
of Nahm’s Equations

5.1 Real Sheaves
Elements of the Kronheimer moduli space, triples (71,75, T3) with
E € C™ ((_007 0]75u(n))

solving Nahm’s equations, induce regular, nilpotent, matricial polynomials of the form

Aog:= A= Agi=
A(C) == (T3(0) + iT3(0)) + 2iT1(0) ¢ + (To(0) — iT3(0)) ¢2,

which satisfy Ag = —A,, A{ = A;. This property is called the reality condition. The
corresponding invertible sheaf F € Jacd~1(C,,) \ © satisfies such a reality condition
too, see for example [Hit83] or [Bie07]. In this section we want to characterize such real
sheaves on the nilpotent, spectral curve and prove their theta function is real-valued.

5.1.1 Reality Condition

In this subsection we recall the definitions of a real sheaf, see [Hit83] or [Bie07]. At
the end we apply these definitions to the nilpotent, spectral curve. The antipodal
map on CP! induces on the total space of Ocp1(2) an anti-holomorphic involution,
called a real structure, given by the map

7 |Ocp1(2)] — [Ocp1(2)]

(22) (e

Clearly it satisfies the involutive property 72 = id and it is anti-holomorphic. The
nilpotent, spectral curve C, is invariant under this real structure. Note that 7|y, (Up) =
Ui and 7|y, (U1) = Uy, where Uy and U; are the open sets given by the standard open
cover of C, and hence 7|, n, (U1 N Up) = Up N Uy, see subsection 3.1.2.

This real structure 7 induces a real structure o on the Jacobian as follows. Let
910(¢,m) be a transition function of an invertible sheaf £ of an arbitrary degree. A
local section (s1,s9) € £(U) on an open set U has to satisfy the equation 51(%, C%) =
910(¢,m)s0(¢,m) on Uyp. We get a new transition function defined by

(i (¢m] —

o1 (é, ;) == g10 (7(¢, M),
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where the local sections (81, 35p) satisfy §01(%,<%)§1(%,C%) = 50(¢,m) on Uyp. We
denote the invertible sheaf given by the new transition function go; by o(&)(= 7€)
and we get a map

o : Pic(Cy) — Pic(Cy)
Er—a(€).

In particular, for a fixed k& € Z, the invertible sheaf O¢, (k) with transition function

g1 (¢,m) = gik

have 0(O¢, (k)) = O¢, (k) and hence the real structure preserves the sheaves O¢,, (k).
Therefore it preserves the degree of the sheaves.

Let £ be an arbitrary invertible sheaf in the Jacobian and let (s1,s9) € £(U) be a
local section on an open set U C C),. Then the real structure induces a local section
of 0(€) on 7(U) given by

induces the transition function go; %, C%) = ¢*. In other words we

(%50, 7%51) € o (E)(7 (V)

So if the sheaf £ has no non-trivial, global sections, then a o(€) has no non-trivial,
global sections too and therefore the real structure preserves the Theta divisor in
Jac9=1(Cy,). The restriction of o gives us a map

0| jacs-1(cone 1 JacdH(Cp) \ © — JacdH(Cp) \ ©.
The next definition is from [Bie07].

Definition 6. We call an invertible sheaf £ of degree kn real, if we have as Oc¢,, -
modules

£=0()’ ®o., Oc,(2k).
We characterize now the real sheaves of degree 0 on the nilpotent, spectral curve.

Lemma 20. An invertible sheaf L of degree 0 on the nilpotent, spectral curve, given
!
by the transition function gio(C,n) = S S 2V d T is real if and only if the
=0 k=1 ¢
coefficients dy; satisfy the equation

i = (1) dy .

Proof. Invertible sheaves of degree 0 are real if and only if £ = o(£)". This is satisfied
if and only if their transition functions coincide (up to a multiplication by a non-zero
constant). The transition function of ¢(L£) is given by

Jo1 <é, CZ) = g10(7(¢,n)) = Z Z dyy (= L)k - Z Z(_l)l%dklcml—k n'.
= c

The local sections of o(L) satisfy gal(%, C%)sl(%, C%) = 50(¢,n) on Uyg and hence the

local sections (81, 35¢0) of its dual satisfy 51(%, C%) = g01(¢,m)50(¢,m) Urp. Hence we
can equate the coefficients of the transition function gig and go;. This gives us our
desired result. O

Because solutions of Nahm’s equations of the Kronheimer moduli space induce
real sheaves for all ¢t € (—oo, 0] we are interested in flows of real sheaves.
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Lemma 21. Let F € Jac? '(C,) and L' be the invertible sheaf of degree 0 with
transition function exp <—t%) for at e C. Let Ft :== F® L. If F is a real sheaf,
then F' is real for all t € R.

Proof. The coefficients of the transition functions of F* are given by

k .

: 1

dri(t) = Z(*l)zdk—u—iﬁ-

i=0 )

By using Lemma 20 we get

k A i PP T S
dri(t) = Z(_l)ldk—i,l—iﬁ = (-pFit o)~ (ki) iy
i=0 ' i=0 )

k .
oy -
= (—1)F* E d217k4,17i5 = (=1)Fdy 1, (0).
i=0 ’

We used here t = t, since t € R. O

5.1.2 Theta Function of Real Sheaves

In this subsection we study the theta function of real sheaves. We have already seen,
that a Kéhler potential on the regular, nilpotent, adjoint orbit is given by K(X) =
99/((7]];0)), where F* is the flow of invertible sheaves induced by elements of the Kronheimer
moduli space. A Kéihler potential is a real function and hence %/((7};.00)) € R. We will
show, that the theta function of any real sheaf is real-valued.

Before we state the result of the theta function of arbitrary real sheaves, we start
with an auxillary lemma. The theta function is a determinant of a matrix M with a

certain structure. If we Laplace expand the matrix M we can write
6 = det (M) = d¥, det (M)

for some b € N and M some submatrix of M. The remaining matrix M is kind of
persymmetric, which we will use later and which is the reason why we wanted to
exclude the factor dgo. Because the theta function is a summation of monomials over
regular index sets, every regular set has to have a subset B corresponding to the factor
d3,. First we define now this set B.

Definition 7. Let u € N, n > 2. We define

B_1 ={((3,7),(s,t)) e PxQ:j=t=n—-1,i=s5,1<s<n-—2},
B, :={((%,4),(s,t)) e PxQ:i=s,j=t=n—2—u,1<s<n—3-—2u}.
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The index set B is defined by

|2]—2
B:=B_,U U By

u=0

(@) () €PxQij=t=n—TLi=s1<s<n-2}
12]-2
u U {((z‘,j),(s,t))erQ:z’:s,j:t:n—2—u,1gsgn—?)—zu}.
u=0

Lemma 22. For every reqular set D € R(P x Q) we have B C D. In particular we
have a decomposition of the regular set

D = BUD".
Proof. Let us take an arbitrary regular set D and its elements are of the form

((5,5), (s,1)) € P x Q.

First let ¢ = n — 1. The columns (s,n — 1) of M contain the elements d;_, ;_(n,_1)-
But, because 1 < j < n — 1, this is only possible at j =n — 1. Because t — j = 0 we
need to have ¢ — s = 0 too, i.e. we have a dyg at this position. This is exactly B_;.
In other words every regular set contains this set. If n < 3 we are already done.

Now we assume n > 4 and we use induction over u. The base case is u = 0, i.e.
we will show By C D for all regular sets D. If D is an arbitrary regular set, we are
considering the indices with t = n — 2. There are two possibilities. The first j =n —2
and the second j =n — 1. Inthecase j=n—1wehave j—t=n—-1—(n—-2)=1
and therefore ¢ —s = 1 too. If 1 < s <n—3 then 2 < i < n— 2. But the index
(i,n—1) is already in B_;. Because every index appears exactly one time in a regular
set, this possibility cancels. It only remains j = ¢ = n —2 with j —t = 0 and therefore
i — s = 0. This shows By C D.

The induction assumption is UL_:IO B, C D for all regular sets D. In the induction
step we have to show, that B is a subset too. Observe that if |5 ] —2 <[, then B; is
empty (there is no s). This means we are considering indices with ¢t = n — 2 — [ and
1<s<n-3-2I.

Ifj=n—-2-—1,then j —t =0 and we have 1 <7 =35 <n —3 — 2[. This is the
index in B;. Therefore we have to show, that for all other j the possible indices (i, j)
are already in a By, for —1 <u <[l-—1.

Now we consider the case j = n — 1 and we fix an s. Because j —t =n—1—
m—2-1)=l+1wehave 1 <i—s<2(l+1)—1=20+1. Hencei<2[+1+4s<
214+ 1+mn—3—20l=n—2. But these indices (i,n — 1) are already in B_;.

The last case is to consider if n—2—14+1 < j <n—2. Hence 1 <i—s <2(j—t)—1
and hence i < 2j—2(n—2—1)—1+4s < 2j—2n+3+2l+n—3—2] = 2j—n. Now we take
B, with u = n—2—j. Observe that if j = n—2, then u = 0 and if j = n—2—({—1) then
u = [—1. By induction assumption we know such B,, are subsets of all regular sets D.
Because i = sin B, wehave 1 <i<n—-3—-2u=n—-3-2(n—2—-j)=2j—(n—1).
This means all the above calculated indices (i, j) are allready in B, with u = n—2—7.

Hence the only indices remaining are given by B; and therefore B; C D for all
regular sets D. O



5.1. Real Sheaves 101

Theorem 18. If an invertible sheaf F € Jacd~(Cy,) is real, then the theta function
1s real-valued, i.e.

6(F) € R.

Proof. Recall that the theta function is given by a sum of monomials comming from
some regular sets. Let us denote Mon(D) := sign(D) ] ) s.t)epxq di-sj—t the
monomial of the regular set D € R(P x Q). We cannot expect, that all monomials
are already real. We will show, that for every regular set D we can find another,

possibly the same, regular set D such that Mon(D) = Mon(D). If D = D the
monomial is already real. If D # D then we have

Mon(D) + Mon(D) = Mon(D) + Mon(D) € R.

By lemma 22 we have a decomposition D = B U D?. Hence for a regular set D
we define the following map:

B:DB 5 PxQ
((i,4), (s,8)) = ((5,5), (3,1)),

where

%:n—1—2t—|—s, 5:
F=n—1-2j+1, t=
First we have to check, that this map is well-defined, i.e. 3(D?) C P x Q.

1 <4 < 2j—1 : This inequality is equivalent to 1 < n—1—2t+s and n—1—2t+s <
2(n—1—t)—1=2(n—1)—2t—1. And this again is equivalent to 2t —s < n —2 and
s < n — 2. The second inequality holds obviously. To show the first, we note that if
((3,7), (s,t)) € DB, thent #n — 1 andif t =n —2 —u we have n — 3 —2u+ 1 < s.
Therefore with a ¢ = n—2—wu we compute 2t —s < 2(n—2—u)—(n—3—2u+1) = n—2.
This is exactly the first inequality.

1< j <n—1:Thismeans 1 < n—1—-t < n—1. The second inequalitiy is
immediate. The first follows from the fact, that ¢t = n — 1 holds if and only if the
element lies in B.

1 <§<n—2, or 0 =35 =t:First we want to show 1 < n—1-2j+i < n—2, what is
equivalent to 1 < 2j—i < n—2. The inequality 1 < 2j—i is immediate. Because of the
definition of B (the index is in D? = D\ B) we see, if we have the case j = n—1, then
we have n — 1 < i and by the definition of P we have ¢ < 2(n —1) — 1. The inequality
2(n—1)—i < n—2 holds for all n < i and the only remaining index is ¢ = n—1. In this
case we have i = j = n— 1 and it is clear by definition, that we have 0 = § = £. In the
case j = n—2—u, by the definition of B, we have n—3—-2u+1<i<2(n—2—u)—1.
But then we have 2j —i < 2(n—2—wu) — (n —3 —2u+ 1) = n — 2. Therefore we are
done.

0 <t <mn—1: This is equivalent to 0 < n—1—7 <n—1 and this is again
equivalent to 0 < j < n — 1. This is always satisfied.

Because we have

B(ﬂ((iaj)’(‘s?t))):/6((“_1_2t+5’n_1_t)7(n_1_2j+ian_1_j))
—((n—1-2n—-1—H)+n—-1-2+i)n—1-m—1-74),
m—1-2n—-1-t)+(n—1-2t+s),n—1—(n—1-1))
= ((2,4), (s,1)),
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the map f is bijective on its image. Now we define
DB .= g(DP), D:=BUDB,

Because 3 is bijective, the set D is regular again.
We show now, if D = D then the monomial Mon(D) is already real. The equality
D = D implies

B((4,7),(s,t)=(n—1—-2t+s,n—1—t),(n—1—-2j+i,n—1—j)) € D.

If ((4,7), (s,t)) = B((i,5), (s, t)) weget i —s=n—1—2tand i —s = —(n — 1) + 25.
The sum of these equations gives k =i — s = j —t = [ and by the reality condition,
lemma 20, dy; is real. If ((4,7), (s,t)) # 5((i,7),(s,t)) in the monomial Mon(D) we
have both factors d;—s j—+ and dp, 12445 (n—1-2j4i)n—1—t—(n—1—j) = do(j—t)—(i—s),j—t-
But by the reality condition we have

i78+j7td2

di—s j—tda(j—1)~(i—s),j—t = (=1) (i~ —(i—s).j—td2(j—t)—(i—s),j—t € R-

Therefore if D = D the monomial Mon(D) consists only of factors of real numbers
or pairs of complex numbers and its complex conjugate as above and hence it is a
real-valued monomial.

We show now sign(D) = sign(D). Recall sign(D) = 1)< (i0,2) %
We compute
(52,52) Zl,jl =Mn—-1—-2ta+sy,n—1—t3)—p(n—1—2t1 +s3,n—1—17)
2to + 2t1 + s9 — 51, t1 =19

{h ta, t1 # to

89— 81, t1 =12

t1 —ta, t1 #t2
(—1) ((s2,t2) —q (51,t1)) -

and
(52,82) — (31,t1) = (n — 1 — 2ja +i2,n — 1 — jo) —q (R — 1 — 2j1 +i1,n — 1 — jq)
_{2j2—2j1+i1—i2, J1=J2
n—1—jo—(n—1-7), j1#J2
_Ju—i2, J1=172
{jl—jm J1# J2

= (1) ((i2, J2) —p (i1,51)) -

Because
(s2,12) =@ (s1,11) _ (—1)((i2, j2) —p (i1,41)) _ (i2,j2) —p (i1, 1)
(i2,J2) —p (i1,51)  (=1)((32,%2) —¢ (31,t1))  (S2,%2) —¢ (51,11))
sign(D) = sign(B)sign(DP) = sz’gn(B)% = sign(B)sign(DB) = sign(D).

sign(DB)
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Finally if we take a regular set D and its monomial Mon(D) we get, with lemma
20 and lemma 22,

Mon(D) = H di—sj—t = H di—sj—t H di—sj—t

((i.3),(5,t)) €D ((i,3),(s,t))EB ((i.4),(s,t))eDB

= H di—s,j—t H (1) gy —(i—s) —t
((i.4),(s,t))EB ((3,§),(s,t)) €DB

= H di—sj—t H (*1)2@_8) H da(j—t)—(i—s),j—t
((.9),(s,t))€B ((i.4),(s,t))eDB ((i,3),(s,t))€DB

= II dsie I dg-o-i-si-
((i.9),(s,t)EB ((i,),(s,t))EDB

= H di—&j—t H difé,gff
((i.4),(s,t))EB ((i.9),(5.8))€DB

= Mon(D).

The equality

H (_1)i—s+j—t _ H (_1)2(i—5)

((3,9),(s,t))€DE ((3,9),(s,t)) DB

follows by regularity of the set DP. This shows the theorem. O

5.2 Special Solutions of Nahm’s Equations

In order to produce explicit solutions of Nahm’s equations for a flow F* € Jac?d~(Cy,)\
© Hitchin defined in [Hit83] a covariant derivate on the rank n bundle

Et = I:IO (C’n,}"t(l))
over the interval (—oo, 0] by

V= % + (;fh(t) + AQ(t)C> ;

where A(t)(¢) is the corresponding matricial polynomial to the invertible sheaf F.
Then by taking a covariantly constant basis of E; with respect to V; on (—o0,0]
he trivialized the vector bundle E;. He showed, if Q(¢) is the corresponding basis
tranformation matrix, then the triple

(Tl (t)a TQ(t)7 T3(t)) =

(3007 41000, 50 (4a(0) + A2(0)Q). 5 Q)™ (Aa() - 42(0)Q))
satisfies Nahm’s equations. Moreover he showed, if F is a real sheaf such that

Hitchin’s Hermitian form on H° (C,, F'(1)) is positive definite, see [Hit83], then we
have Tl-(t)T = —T;(t) and hence the solutions of Nahm’s equations are su(n)-valued.

To avoid the difficulties of finding a covariantly constant basis and computing
Hitchin’s Hermitian form to characterize those sheaves with definite Hermitian form
we will restrict ourselves to a very special case.
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5.2.1 Matricial Polynomials in "Jordan"-form

Theorem 19. Let F € Jac?~1(C,)\ © be an invertible sheaf on the nilpotent, spectral
curve of degree g — 1 not lying in the Theta divisor. Let dy; € C be the coefficients
of the transition function of the sheaf F and let A(() be the corresponding matricial
polynomial of theorem 14. Let us suppose dy; = 0 for all k # 1. Then Ay is a diagonal
matrix of the form

2
—a3, 0 0 o .. 0
0 0 ad, — at
AL = 11 12
n—1 n
: A1p—3 — A1p—2 0
0 o o o 0 al

and As is of "Jordan"-form, i.e.

0 ag 0 oo onn 0
0 0 aq :
4y — : S . : |
. an73 0
: 0 Qn—2
0 «vr e e 0 0
where ag := agjzl - agj?’ — Wet1,s42 + Ust1,s42, wWith s € {0,...,n —2}.

We suspect, that the assumption dy; = 0 for all k # [ ensures for real sheaves, that
the basis of theorem 7 is already orthogonal with respect to Hitchin’s inner product.
First we need to study cofactors of the matrix M.

Lemma 23. Let F be an invertible sheaf as in theorem 19. Let (i,j) € P, 1l €
{0,....n—=1} and 0 < k<2l —1. Ifi— (n—1—k) # j — [ holds, then the cofactor
C((i,j),(nflfk,l)) = 0 vanishes.

Proof. Let us fix an index (ig, jo) € P and let us define

KGod0) . — {(k1) € Q:ig—k =jo—1}
={(io—7,jo—717)€Q:7€{0,...,n—1}}.

The indices in K (0-J0) indicate, if at ((io, jo), (k1)) is a variable of the form d,,, but it
can be zero if the variable is for example d_; _;. For each such (io — 7, jo — 7)-column
we define

I(iofT,jO*T)::{(i,j) €P:i—(ig—7)=7j—(jo—7)}
={(io—n,jo—m) € P:ne{0,...,n—1}}.

These indices indicate, if at ((¢, j), (io — 7, jo — 7)) is a variable of the form d,,. Since
the elements of K (?0:70) are of the form (k,1) = (io—7, jo—7), T € {0,...,n—1} and the
elements of 1(0=770=7) are of the form (i, j) = ((i0—7)+n, (jo—7)+n) = (io—7, jo—7),
7 €{0,...,n—1}, the number of indices in K (10:30) ig the same as the number of indices
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in [(0=7J0=7) for all 7 . Let us take now the matrix M and cancel the (ig, jo)-row
and the (n — 1 — ko, lp)-column, where (ko,lo) satisfies ig — (n — 1 — ko) # jo — lo-
Canceling means, we remove an index of 1(0=730-7) for each T € {0,...,n—1}. But
because we have ig — (n — 1 — ko) # jo — lo, we do not remove an index of K(i0:do) | Tn
other words in the matrix without the (i, jo)-row and the (n — 1 — kg, lp)-column we
can find | K (0:J0) |-yectors with (|K(i07j0)| — 1)-rows with possibly non-zero entry. This
implies linear dependence of these vectors and hence the minor as well as the cofactor
Cl(i0,jo),(n—1—ko,lo)) 1S Zero. | K (i0:70)| means the number of elements in the finite set
K (io.jo) O

Now we prove theorem 19.
Proof. Let us consider the coefficients of the basis of theorem 7
|
U= "9 Z Cl(.d) (n1-k0) i (n-1) j—(7—1)-
(i,j)eP
[31<i

A summand vanishes if and only if C((; j),(n—1-%1) = 0 or di_(n_1)j—(r—1) = 0. If
i—(n—1)# j7— (1 —1) the second equation is satisfied and we get a first condition,
that a summand does not vanish, namely

i—(n—-1)=j—(r—-1)
needs to be satisfied. By lemma 23 we get a second condition,
i—(n—1—k)=j—1.

Because of theorem 14 we are only interested in £ = 1 and k£ = 2. With these two
conditions the coefficient af; is possibly non-zero if [ = 7 — 2 and the coefficient a3; is
possibly non-zero if [ = 7 — 3. Hence the only possibly non-zero coefficients are of the
form

s+2 _s+3
a’ls 7a28 ’
I . . o n—2 j+2 ¢
where s € {0,...,n—2}. This implies that the expressions wg = ijo ajs-101; and

—1 441 . .
Vgt = Z?:o a{j_laﬁfl are only possibly non-zero if t = s + 1. Moreover we have

_ . s+1 _s+1 _s+1 _s+2
Wss+1 = A1g_101515 Uss+1 = 151075 -
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In other words the matrices V' = (vg),, and W = (wy),, are of "Jordan"-form. If we
consider Ay, by canceling out every a]; without [ = 7 — 2, we get

2 3 n
1—‘1102 2‘%03 T —1a10 0
n— n n
a10 — 411 @10 — 411 o Gy T an @10
A = . ) ) .
1 2 2 3 n—1 n n
Alp—2 = Aip—1 Apn-—2 —Aip—1 " Qup2 ~ Q1p1 Aip—2
2
—a3, 0 0 .. . 0
9 )
0 aig — aqy 0
_ 0 0 a?l a%Q
- 9
n—1 n
: ¢ A3 — Al 0
0 .. . . 0 at, o

which is of course a diagonal matrix. If we consider the part of Ay with the coefficients
ay;, , by canceling out every aj, without | =7 — 3, we get

2 3 n
1—%02 2‘“203 T —1a20 0
n— n n
Qg — A2 o — Qg1 T Qyp  — Q21 Az
1 2 2 3 n—1 n n
Aop—2 —Agp_1 Q2p_2 —QAgp_1 " Qgp o — Ay 1 Gop 9
3
0 —ad, 0 . . 0
0 0 afy—ap :
n—1 n
Aop—q4 — Qop—3 0
. n
. 0 Aoy —3
0 - . o 0 0
Putting these and the matrices V, W together, we get
0 —(Lgo—w12+1}12 0 0
0 0 ago — aél — w23 + v23
Ao =
’13;714 —af,_3— Wp_2n—1+Vn_2n—1 0
. 0 agnfg — Wnpn—1n
0 L. . L 0
which is of "Jordan"-form. O

5.2.2 Explicit Description of Special Solutions of Nahm’s Equations

In this subsection we are still considering only sheaves F € Jac?~!(C,) \ ©, where
the coefficients of its transition function satisfy dy; = 0 for all k # [. Because we want
to describe explicit solutions of Nahm’s equations we need a nicely choosen basis of
HO (C’n,]:'t(l)). Because of theorem 19 the condition di; = 0 for all k # [ says, that
the basis of theorem 7 is already in such a nice form. The ”Jordan’-form of the
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regular, nilpotent, matricial polynomial corresponding to F simplifies the problem
significantly and we do not need to compute Hitchin’s Hermitian form of [Hit83].

We will consider only real sheaves, such that the obtained solutions of Nahm’s
equations are su(n)-valued. By lemma 20 the coefficients dj; of the transition function
of F are all real numbers and hence all coefficients of the basis a7; and all o are real
too.

If we fix an open interval (to,t;) C R such that F! = F® L! € Jac?~1(C},) \ © for
all t € (to,t1) we know by lemma 21, that all sheaves F* are real and of the special
case dy(t) = 0 for all k # [ and ¢ € (tp,t1). For such an open interval the coefficients
ar,(t) and o(t) are polynomials in ¢ and so smooth real-valued functions on (%o, t1).
Since the matricial polynomial is regular we have a(t) # 0. Let us suppose, that the
as(t) = agjzl(t) — a3T3(t) — wsi1sr2(t) + vsr1s12(t) are negative for all ¢ € (tg,t;)
and s € {0,...,n — 2}, i.e. as(t) < 0. We write a(t) = i%|as(t)| and we define

P,(t) := ﬁ i2 Jas(t) P,(t) =1
s=p—1
for p € {1,...,n —1}. All P,(t) are non-zero too and we define an invertible matrix
P(t) 0 - 0
Py —| 0 RO
S

We have

= = i/ a1 (1)]

(t) \/Z»z(n—z—u) (ng s (t) |>

for all p € {1,...,n— 1}. We conjugate the regular, nilpotent, matrical polynomial
A(t,¢) = Ag(t) + A1(t)¢ + A2(t)¢? of theorem 19 by the matrix P(t),

i2(n—2—(p—1)) n—2
Pu(t) \/ ) (IR (0]
Pu+1

Ag(t) .= P(t) Y Ag(t)P(t), Ai(t) := P(t) LA (t)P(t), Ax(t) := P(t) 1 Ax(t)P(t),
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and we get the matrices

0 0 0 0
iv/|ao(t)] 0 0
P 0 1/ o (¢ 0
Ao(t) _ | 1( )| ’
: i/ |an—3(t)] 0 0
0 0 iv/|om—2(t)] 0
_G%O(t) 0 0 .. .. 0
0 @t —ah) 0
~ 3 _ 4
Al (t) — 0 0 all(t) a12(t)
: at (1) — af,_s (1) 0
0 0 a?n—?(t)
0 iy/|ao(t)] 0 0
0 0 iv/|oa(t)]
As(t) =
i/ |on—3(t)] 0
: 0 i/|an—a(t)]
0 0 0
We see immediatly the properties Ag(t) = —As(t) and Aj(t) = A;(t) as we wished

to have. We want to remark, that the basis transformation on F° (C’n,}"t (1)) given
by the matrix P(t) is not a normalization with respect to Hitchin’s Hermitian form
of the choosen (orthogonal) basis of theorem 7 because P, = 1 and hence it is not
covariantly constant with respect to V;. Moreover we suspect if Hitchin’s Hermitian
form is definite, that the assumption a(t) < 0 is satisfied. We define now candidates
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of solutions of Nahm’s equations

Ti(t) = %Al(t)

—a3y(t) 0 0
0 @ -ah o
_ i 0 0 aty(t) — afy(t)
2 . . .
: -af (1) — af, (1)
Ty(t) := % (Ao(t) + /12(75))
0 ‘Oéo(t)| 0 - A 0
|ao(t)] 0 | (t)] :
_ i 0 a1 (t)] 0
2 . .. . ’
0 |an—2(t)]
0 |an—2(t)] 0
Ty(t) i= —5 (Ao(t) = Aa(1))
0 — |Oz[)(t)| 0 0
|ao ()] 0 —/]a1(t)]
1| o o ()] 0
2 - ;
. S I o]
0 ‘an_2(t)‘ 0

These matrices are trace-free and they satisfy the condition T;(¢)T = —T;(¢). In other

words the matrices T;(t) € su(n). The commutators of these matrices are
[T», T3] =

oo 0 0 ao 0 0

) 0 Jai| —|ao| --- : 1| 0 a1 —ag

0 o —|ans] 0 e —ay
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[T3,T1] =
0 (=243 + af1) Va0l 0
(=2a3y + at;) VTeol 0 (afy —2a}; +afy)y/Iail
i 0 (a%o — 211%1 + afllQ)\/\aﬂ 0
4

n_2 ne1 n—1 /
(ailn,4 - Q‘Zitnfg + a‘?n—2)\/ |on -3l 0 (a;n73 — 2al, _o)y/lan—2|
—1
0 (a5 —2aT,_9)\/lon_2| 0

[T17 TZ] =
0 (=2a%y + a?y)/Teol 0
*(*Q‘Z%OJFE%)V‘O‘O‘ 0 (afo *2‘1?1 JFa‘112)\/‘0‘1|
i

2 4
* 0 —(afy —2a}; +afy)VIail 0

—2 —1 v —1
—(af, 4 =203, 5 + afy_2)y/lan—3l 0 (afy_3— 2af, _2)y/lan—2|
1 ,
0 —(al, 23 — 2075 _2)y/lan—2l 0

Now we state the main result of this chapter.

Theorem 20. Let F € Jac?1(Cy) \ ©. Let us suppose, that the coefficients dy,
of the transition function of F satisfy di; = 0 for all k # 1. Additionally let us
assume F is a real sheaf, i.e. dy € R. Let (to,t1) € R be an open interval such that
Ft e Jacd=H(Cy) \ © for all t € (to,t1). Then for s € {0,...,n — 2} we have the
equations

i) %aiﬂ(t) = a,(t) = agj—Ql (t) — a;;g(t) - ws+1,s+2(t) + Us+1,8+2(t)’
i) Fasi(t) = —a7 P (t)ae(t)

= _afi;ﬁ(t) (agj?’(t) - a;:—él (t) — ai:&(’f)aijﬁﬂt) + aﬂi (t)a‘fij(t)) )

i) 4 (VIasW]) = § (a5 (0) = 20872(0) + 0323, (1) v/ (0]
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In particular the triple of su(n)-valued functions (T1(t),T2(t), T3(t)) satisfies Nahm’s
equations on the interval (to,t1), i.e.

ST = [T, To(0),
ST = [T, Ty (0),
$13(1) = [10(0). To(0).

Remark 3. The Nahm’s equations in theorem 20 are different from those in the
Kronheimer moduli space by the sign. Since we considered the invertible sheaf L
with transition function exp(—tg), where we have limy_, exp(—t%) = 0, we want
t € ]0,00) instead of (—o0,0] as in the Kronheimer moduli space. To get elements of
the Kronheimer moduli we just need to take the triple (T1(—t), To(—t), T5(—t)).

Before we start the proof of theorem 20, we are in need of a lot technical lemmas.
The ideas of the lemmas are similar to the burning lemma. A lot of the lemmas are
vanishing results, which need a precise study of the signs of cofactors. For the rest of
this section we use the abbreviation ¢, for the function ¢, and ¢, for the function
Leolumn Of definition 5 to indicate the number of the row and the column and it allows
us to indicate the signs of the cofactors precisely. Moreover we will always use the
notation C((; j),(u)) for the cofactor of the matrix M by canceling out the (i, j)-row
and the (u, v)-column. Similarly we use the notation M(; ;) (u,v)) for the minor and a
multiple subscript if we cancel out several rows and columns. Additionally we consider
in this section only invertible sheaves satisfying the assumptions in theorem 20. The
first lemma is a swapping index porperty.

Lemma 24. Let (i,j) € P and (p,q), (a,b) € P\ {(4,5)}. Let s € {0,...,n—2} and
let ve{0,...,n—2}\{s}. Then we have

i) C((i,5),(n—2,8)) Cl(a),(n—20)) = C((1,5),(n—2,5)) Cl(p,0),(n—2,0))»
((p9)-(n—2,0)) (@), (n—2,0))

i) C((i),(n-3,8) Cllab)(n—2)) = C((i),(n=3.5)) Cl(pig), (n—2,0))
(G2 ((a,b),(n—2.v))

iit) Forv e {0,...,n—2}\ {s—1,s} we have

C((i,9)(n-3,8)) Cl(ap),(n—4,)) = C((i,),(n-3,5)) Cl(p,g),(n—4,0))-
((prg),(n—4)) ((a.b),(n—4,0))

Proof. 1) The idea of the proof is just to Laplace-expand both sides carefully and
compare then these expressions. The main difficulty is to deal with the signs of the
cofactors, which makes the proof very unwieldy and lengthy. First we write
v(a,b,n—2,v _ v(p,q,n—2,v
C (i) (n—2.5)) (=1)"" "M@, (n-20) = C((g)(n-2.) (1) P2 M) (02,00
((p,9),(n—2,v)) ((a,0),(n—2,v))

We first Laplace-expand both sides and we get

C(id)n-2.5) M@ n-20)) = Clligrn-2) 2o C ((@b)in-2.)) Dor—(n—2),81—s>
(( )(n 21})) ((p1Q)7(n_27U)) (alvﬂl)eP ((a1161)7(n_275))
(a1,81)#(a,b)

) Z ¢ ((p,9),(n—2,v)) da2*("*2)»5275'
) (angayep  ((a2,82),(n—25))
(a2,82)#(p,q)

= C((i,g),(n-2,9)
b),(n—2,v)) ((a,b),(n—2,v)

Q2
—
a@
<
=
-~
i
N
»
NS
=
=
—
=
=
=
~
3
[
S
N
=
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The cofactors are only possibly non-zeroif p—g=a—b=n—2—v and ay — 31 =
ag — B2 = n — 2 — s by lemma 23. But since v # s we have (a1,51) # (p,q) and
(a2, B2) # (a,b) anyway. This means, we only have to show

v(a,b,n—2,v _ v(p,q,n—2,v
(=1 O3 n-2.9) C((@m)(n-2.)) = (D" P20y (02,9 Co(pya), (n-2.0)
((pvq)v(n_2vv)) ((O‘7ﬁ)7(n_275)) ((a7b)7(n_27v)) ((avﬁ)v(n_278))

for (o, 8) # (p,q) and (a,B) # (a,b). Just for notation we define Q* = @ \
{(n—2,v),(n—2,s)}. We expand now all terms above and get

C(ap)n-20)) = (—1)7 (@D om0 (q)ren=2e) =0

((a76)7(n_275))
_ (71)Lr(a,ﬂ)—6(a75)>(a7b) (71>Lc(n—2,s)—6s>v

O((((a,l;g)), ((n—22,v)))) dpfw,qf:p
WA N i)

_ (_1)Lr(aﬁ)—5<a,b)<(a,5) (_1)Lc(n—2,8)—5s>v

. (—1)Lr(p’q)75(177(1)>(”'7b)76(1’1‘1)>(0‘7ﬁ) (—1)Lc(w’m)75(w,z)>(n—2,v)76(w,z)>(n—2,s)

M((((a,/l;)), ((n—22,v)))) dpfw,qfx
WO ) (wa))

— (_1)Lr(a16)_6(a,b)<(a,ﬁ) (_1)LC(TL—2,S)—(SS>U

. (_1)Lr(p7q)_6(p7q>>(a,b) —0(p,q)>(,8) (—I)Lc(w’x)_é(wxz)>(’ﬂ*2,’u)_6(w,z)>(n72,s)

Z Z C(((("‘:Z);((’”‘*Q’v))))dp_w7q_xdi_y7j_27
P \{(w,z)} (w,x * a,B),(n—2,s
(,2)€Q*\{(w,2)} (w,x)€Q (o) (o))
((4,9),(y,2))

C (i) in-2.)) = (=1)7 P> (1 )eln =20} =00

((p,q),(n—Z,v))

: Z C((((i,j)),((n—g,s))))da—s,b—¢
€, * p,q),(n—2z,v
(€A™ b (o))

— (_1)Lr(p7Q)_(s(p’q)>(i’j) (_1)LC(TL—2,’I))—(5U>5

. (—1)(a’b)ia(avb)><ivj)75<a»b)>(P7Q) (—1)(67¢)76(6,¢)>(n72,v)75(e,¢>)>(n72,s)

Z Z C((((izj))»((nfg»s))))da_e)b_(ﬁda_n,ﬂ_g’
* €, €, * p,q),\n—z,v
(M,8)eQ*\{(¢,4)} (.9)eQ (s
((,8),(n:€))
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_ (_1)Lr(a,ﬁ)*5<a,5)>(p,q) (_1)Lc(n7273)75s>v

Z C((p,q%(n—lv))da—w,b—x

woegr ((08)(n—2,)
(w2 €Q" T (@), (wr))

= (—1)”(0‘75)_5(&,3»(?,(1) (_1)%("—278)—5»”
. (—1)LT(a’b)75(avb)>(mB) —0(a,b)>(p.a) (_1)Lc(wvx)*5(w,z)>(n—2,u) —0(w,z)>(n—2,5)

Z Z C((p.a).(n—2,0)) da—w p—zi—y,j—2;
(y7Z)EQ*\{(w7$)} ('LU,Z’)EQ* ((azﬁ (n7275))

C<((( >’( >)> > C(((Z’?» (n— 3S)>)>dp pae
’ (DR X o))

— (_1)Lr(a7b)_5(a,b)>(i,j) (_1)Lc(n_21v)_5v>s

: (—1)Lr(p7q)_5<m>>(“>_J(qu>><avb) (—1)Lc(fv¢)—5(e,¢>>(n72,v)—5<e,¢)><nfz,s)

Z Z C((((z,_g)%,gn g,s)))da €,b— ¢da n,B—¢&-
(n.£)€Q*\{(e,9)} (e,0)€Q (o ed)
((,8),(n,8))

If we fix now all indices and multiply the cofactors, we get

(_I)L'r(avﬁ)_é(a,b)<(a,ﬁ) (_1>L6(n_275)_65>’0

- (—1)LT(P7‘1)*5<p,q)><a,b>*5<p,q>>(a,ﬁ>(_1)Lc(wsz)*5<w,z>><n—z,v>*5<w,z)><n_z,s)

’ C((a,b) (n—2,v)) di—y,j—zdp—w,q—ac
((a,3),(n—2,5))
(), (w,)

q),(w,
((4.9), (y, )
(P0)=0(p.0)> (1.5) (—1 ) te(n=2:0) =0v>s

 (—1)4 (8070 (0.5) 0@ k) > (pa) (—1) e(60) 000> (n-2,0) ~O(e.0)>(n-2,9)

_ (_l)br(ayﬁ) 5(a,@)>(p,q)(_1)Lc(n—2,s)755>u
. (_1)Lr(a’b)76(a’b)>(a’5)75(a1b)>(1’7‘1) (—1)Lc(w7x)76(w,z)>(n—2,v)76(w,z)>(n—2,s)

C(pa)(n—2.0)) di—y,j—zda—wb—z

“C((0.4),(n-2.5 ))da "6~ &dp a6
((avb)7(n_27v))
((p,9)(€,9))
(.8),(n,€))
By checking every term on each side, we see they are equal and this proves i). The
parts ii) and iii) work identically the same. O

We need a certain extension of the burning lemma.



114 Chapter 5. Real Sheaves and Special Solutions of Nahm’s Equations

Lemma 25. Let (p,q),(i,5) € P be two fized indices. Then we have

> Clpay ) i-u-2-v-1 = 050 —(i-2,j-1).
(u,v)EQ

Proof. The case (p,q) = (i—2,j—1) is just the usual Laplace expansion. For the case
(p,q) # (i —2,j — 1) we expand the cofactor C(;q),(uv)) along the (i — 2,5 — 1)-th
row and we get

Clpa(uwy = (1) P4 M, o) ()

(—1)v ) Z C (pa)(up) di—2-pj-1-6di—u—2j—v—1-
(p,0)€Q\{(uw)} ((i=2,5=1),(p,0))

So we only have to show C' (p0).uv) = —C ((pq)(ps) - By considering the
. . ((i—2,j—1),(p,5)) ((i_2’j_1)7(u71}))

signs of the expansions

(=1 P M) (w00
(_1)V(p’q7u’v)(_1)‘7‘(7:72».7'71)(_1)Lc(p76)(_1)6(7;—2,]'—1)>(p,q)+§(p,6)>(u,v)

Cl(p.a),(uw))

C (pa)(uw) =
((i72,j71),(p,5))

M (pg),(u0))
((i—2,j—1),(p,§))

v(p,q,p,0
(=1)" L2 M 0) (o)
- (_1)V(p7q7p76)(_1)’/7‘(7;727]'71)(_1)”6(’“’7”)(_1)6(172,]'71)>(p,q)+6(u,'u)>(p,6)

Clp.a),(p,9))

C (pa)(po)
(=2, =1)(u,0))

M (pg),(p0) >
((i727j71)7(uvv))

we see the difference lies in the term (—1)°-9>(2). In one term this expression is
positive and in the other it has to be negative. O

The next lemma is helpful to cancel out needless terms.
Lemma 26. Let (i,j) € P.

i) Let (u,v) € Q be an index such that w # n —2 and w # n — 3 and s €
{0,...,n—2}. Then we have

Y Clagm-2s)dpu-tg—o-1=0.
(pa)eP\{Gg)}  ((P.a),(u0)

ii) Let s € {0,...,n — 2} and let (u,v) € Q such that (u,v) # (n —2,s + 1) and
(u,v) # (n—3,s). Then we have

Z C((piq)a(uav))dpfufl,Q*v - 0
(p,.g)eP

iii) Let s € {0,...,n—2} and let v € {0,...,n — 2} \ {s — 1}. Then we we have

(=dp—(n-3)-1,g—v-1)i~(n-1)j—s—1 =0
(p,a)eP\{(i,5)}
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Proof. i) First we consider the case v = n — 1. But then we have dp_y—14—v-1 =
dp—y—1,g—n = 0 and we are done. In the case v # n — 1 we know (v +1,v+1) € Q.
We expand the cofactors along the (u + 1,v + 1)-th column and we get

Z C((i,j),(’nfls))dp—u—l,q—v—l
(p,a)eP\{(i,5)}  (2:@),(wv))
— Z (_1)W(i’j)_6(p,q)>(i,j)(_1)LC(U7U)_5(u,v)>(n72,s)
(p,9)eP\{(i,5)}
M(i,5),(n-2,5))dp—u—1,4—v-1
((p,9),(u,v))
(—1)L’“(i7j)_5(p,q)><i,j) (—1)Lc(u7v)_5(U,v)>(n72,s)

(p:a)eP\{(@.5)}

Z C ((1.)),(n—2,8)) Da—(u+1)p—(v+1) | dp—u—1,g—v—1-

- ((p.a).(u.)
(@DEPEDN @O} (o o))

It remains to show
C (1), (n-29) da—(ut1)b—(w+1)dp—u—1,g—0—1
((p,9),(u,v))
((a,b),(u+1,0+1))
=-C ((4,9),(n—2,s)) dp—(u-‘rl),q—(v—‘rl)da—u—l,b—v—l~

((a,b),(u,v))
((p,@),(u+1,0+1))

But their signs are

(=1)r PO =0w.0)>0.5) (—1) (V) =0ww)> (n=2.9) (=1 )4 (@0) =0(a.0)>(5.5) ~Oa b)> (p.a)

(_1)[’C(u+1vv+1)75(u+1,v+1)>(n72,s) 76(u+1,v+1)>(u,v)

and

(=1)1 (@D 700> (09) (—1) (V) =) > (n=2.0) (=1 ) r (PO =00.00> (1.5) ~0(p.0) > (a.0)

(_]_)LC(u+17v+1)_5(u+1,v+1)>(n—2,s) _6(u+1,u+1)>(u,v) ,

where the only difference is in terms (—1)°@9>@b and (—1)%@»>@a) . In other words
one cofactor has positive sign and the other negative sign and so, if we sum up, they
cancel each other out.

ii) Because u < n —4 we know (u+ 1,v) € @ and (u + 1,v) # (u,v). We expand
the cofactors along the (u + 1,v)-th column and we get

Z C((]LQ))(uav))dp*u*lvq*U

(p,q)€P

= Z (_1)l/(p,q,u,'u) Z ¢ ((p,q),(u,v)) da—u—l,b—v dpfuflquv-
(p,9)eP (a,p)eP\{(p,q)} ((a:),(u+1,0))
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We have

(1) @D (=1)®IC () ) )
<<a, ), (ut1,0))
= (—1)1r P (—1)relw0) (1) (@00 aty> (pua) (— 1) L) Otuttor> ) M 3
((ab),(ut1,0))

(=)@ (1) C (b )
<<p, ), (ut1,0))

= (—1)r P (1)l (1) PD=0p0> (@) (~ 1)1V =0wt10> @) M (41 ) -
((p,q),(u+1,v))

We see the sign changes. Because we sum over (p,q) € P and (a,b) € P\ {(p,q)} we
can always find such a pair with opposite sign and so they cancel out.

iii) If we expand the theta function along the (n — 3, v)-column we get with lemma
24

= C((i.4),(n—2,5)) Fa—(n—3) b—v i~ (n—1),j—s-1C((p,g),(n—3,0)) (—Ap—(n—3)—1,g—v—1)
(ap)ep ((a:b),(n=3.))

= M(i.9),(n-2,9)di~(n-1),j-5-1C((p.0), (n-3,0)) (~ dp—(n-3)-1,9-v-1)-
Summing over the (p,q) € P the last term vanishes by ii) of the burning lemma. [
The next lemma is the crucial lemma to prove the equation i) of theorem 20.
Lemma 27. We have

o Lo(rt n—2 m
i) 4 J(rt)) =S alntA (),

i (Clig.m2.0®) 4 , A= a2 n=2 mt2py) 4o+
27’) Z i,j)EP 0(F%) z—(n—l),]—s—l() QAgg— 1( )+ m=0 U1m () A1

12]<; ms
Cliitn-20® d (g , " st 4+ .
i) — Z i,j)EP 9(F%) dt ( z—(n—l),]—s—l( )) Qg (t) Us+1,8+2( )-
12]<;
[2]<

Proof. In the proof we will drop the arguments (t) and (F!) to get a little bit more
clearness. i) By theorem 16 and its proof we have

0 _ Clig) ()
5:t7“(M 1M’): 2 Z JT(—di,u,Ljﬂ,fl)

(uv)€Q \(i.j)eP

Now we apply ii) of the burning lemma and every term with u # n — 2 cancels out.
It remains

n—2

RITRITONE ol B C((i,j»énz,v)) b o1 01) Zawz'

v=0 (i.)eP

(®),
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ii) Let us fix an (i,7) € P and consider %% (C((iyj)v(n,gvs))) di_(n—1),j—s—1- By the
formula of the derivative of a determinantal function we have
1d
g at (Cli).n—2.) dimn-1),j-5-1
Cl(ig),(n—2,5)

_ (_1)V(i7]‘,n—275) Z Z W(_dpfufl,qfvfl)di—(n—l),j—s—l

(u)e@  (p,g)eP\{(4.5)}
(u,0)#(n—2,s)

oy B
— ( 1)1/(7'7.]7717278) %(_dpf(n72)717Q7’U*1)dif(nfl)»jfsfl
3;2 (p.a)eP\{(i,5)}
+ ( l)V(’L,_],TL 2,s) Z p.q ’0 ’ (—dp,(n,3)717q,1,71)dif(nfl),jfsfl

Cllig)(n—2,5))

+(_1)u(i,j,n—2,s) E § ((P#Zg(uvv)) (_dp—u—l,q—v—l)di—(n—l),j—s—l~
(u,0)€Q (p,g)€P\{(6:4)}
u#EN—2
u#En—3

The third term vanishes because of lemma 26. For the first term let us fix a v # s.
Then we write 1 = % = Z(a,b)EP Wda,(n,Q)yb,v and with lemma 24 we get

e
(—1)v(Ban=2:) p’q’e (= dp—(n=2)=1,g—v—1)di—(n—1),j—s—1
e
= (_1)V(Z’j’n_2’s)%(—dp—(n—2)—1,q—v—1)dz’—(n—1),j—s—1
Cl(ab).(n-2))
(( %;P fda—(n—Z),b—v
2 Cé((]%((n_g)f) C(ab),(n—2,0))
= (71)1/(27]7”_2’8) Z qu’e : : ’0 : (*dp—(n—2)—1,q—v—1)
(a,b)eP

. Cf(i’jbg’((n*%’s))% Cl(pg),(n-2.2))
— (_1)1/(27]77172,8) Z ’ ?0 ’ b,q 79 5 (_dpf(n72)71,q7v71)

Cl(p.g),(n—2))

(_dp—(n—Z)—1,q—v—1)di—(n—1),j—s—1

v(i.in—2.s M 4,7),(n—2,s C ,q),(n—2,v
= (-1) (5,j,n—2,s) " (( J)e( ) ~((p q)é ) (_dpf(an)fl,qfvfl)dif(nfl),jfsfl

Cli,9),(n=2,5) Clip.a),(n—2,v))
! 0 e 0 (_dp—(n—2)—1,q—v—1) di—(n—l),j—s—l'
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This means, we get

C((i,),(n-2,9))
((p.)i(n

Z Z (_l)u(i,j,n—Q,s)%( dp—(n—2)—Lq—v—l)di—(n—l),j—s—l
(6.5)eP (p.a)eP\{(4.9)}

Ol n=22) Clwa).n=20)) i |
Z Z 9 0 p—(n—2)—1,g—v—1%—(n—1),j—s—1
(i.)eP (p,9)eP

C %,7),(n—2,s C n—=2.v
:(_ Z wdi—(n—l),j—s—l>(_ Z W(_dp—(n—l),q—v—l))

(i,5)€P (p,q)EP

s+2 v+2
= A1 Qpy -

For the second term we fix an arbitrary v with v # s — 1. Then by lemma 26 we have
C (i) n-2.))

((2.4),(n—
v(i,j,n—2,s ,q),(n—3,v
(_1) (m=2,5) E w(_dp—(n—3)—1,q—v—1)di—(n—l)g’—s—l =0.
(p.9)eP\{(E.5)}

5J

With v = s — 1 we have

C (i), (n-2,9))

v(i.jn—2.s ,q),(n—3,5—1
(—1)v(dn=2:) Z (=1) () (9 ) (=dp—(n—3)—1,g—(s—=1)=1)di—(n—1) j—s—1
(p.g)eP

=0

= (-1 (4,,n—2,s) Z L'r(pq 5(p,q)>(¢,j)(_1)Lc("*373*1)*5(n—3,s—1)>(n—2,s)
(p.9)eP

M ((,5),(n-2,5))
((p7q)7(n_375_1)) d

7 p—(n—3)—1,g—(s—1)~1%i—(n—1) j—s—1
:(_1)Lr(i’j)(_1)’«c(n_27s) Z (_1)L’r‘(p’q)_§(p,q)>(i,j)(_1)Lc(n_3)s_1)(_1)
(r.a)eP
M(i.3),(n—3,5-1))
. (_1)5(n—2,s)>(n—3,s—1) ((p,q)é(nfls)) dp—(n—3)—1,q—(s—1)—ldz’—(n—l),j—s—l
:(_1)(_1)Lr(i7j)(_1)Lc(n_375_1) Z (_1)Lr(p7q)_5(p,q)>(i,j)(_1)Lc(n_zvs)_6(n72,s)>(n73,571)
(p,9)eP
M(i,j),(n-3,5-1))
cot ((p,q),e(n—Q,s)) dp—(n—3)~1,g—(s—1)-1di—(n—1),j—s—1

Cl(i,4),(n—3,5-1))

v(i,7,n—3,5— ,q),(n—2,s
= (—1)(—1)vGin=8s=1) Z (@ q)g( ) dp—(n—3)—1,g—(s—1)—1di—(n—1),j—s—1
(p,9)eP

v(i.in—3.s— M, %,7),(n—3,5—1
= (-1)(-1) (ijm=3,5=1) (@) (9 ) di—(n—1),j—s—1

_ Y m=sem) ,
- 0 i—(n—1),j—s—1-

Summing up over (i,7) € P gives agjfl and this proves ii).
iii) First we use the trick to expand 6 along the (n — 2,s)-column, ie. 1 =

D

¢ n—2,s : 3
=Y (pa)ep —Lalle2) ), (—9),g—s- Now we consider —a3}® + vi1 542 and fix the
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indices (7,7) € P and (p,q) € P. We get with the burning lemma vii)

—Clenmzny o TG es
0 p—(n—2),qg—s 0 i—(n—1),j—s—
-C ,q),(n—2,s —C 4,7),(n—2,5+1
P AN (1.1 VAP

_ Cloarn—29) ,
0 i—(n—1),j—s—2

Cl(ig),(n—2,5+1)) Cl(i,4),(n—3,5))
( = dp(n1>,qsl+]9dp<n2),qs>

_ Y29 ,
0 i—(n—1),j—s—2

0 C %,7),(u,v
(55(173‘):@—1@) - wdp—u—l,q—ﬁ

(u,0)€Q
(uz’U)#(n*Q»sJ”l)
(u,v);é(n—?),s)

_ Yean-2e
- 0 (p=1)—=(n—=1),q—s-2

S Clwa)n-29) 4 Clia) () 5 .
9 p—u—1,q—v 0 i—(n—1),j—s—2
(u,v)€Q

(u,v)#(n—2,s+1)
(uvv)i(n_&s)

If we sum up over (p,q) € P, because of lemma 26, the last term vanishes and the
only remaining non-vanishing term is

C(( ’ ),(TL—Z,S)) C(( ) ),(TL—Q,S)) d
Z pq—al(pfl)*(n*l),qﬂ%‘*2 = Z T (dp*(nfl),q*sfl)'
0 0 dt
(p,a)eP (p.q)eP
The last minus sign appears, because %dpf(nfl),qfsfl(t) = —dp_1)—(n—1),g—s—2(t)-
O

To prove ii) of theorem 20 we need again some vanishing formulas.

Lemma 28. i) Fors € {0,...,n— 2} we have

> > (C ((,4),(n—3,5)) dp<n2>1,q<s+1>1> di—(n-1),j—s—2 = 0

(i.5)eP (p,@)eP\{(i.)} \ ((:2),(n=2,5+1))

ii) We have

n—2
Z Z Z (C((Zﬂ)v(n_?’?s)) dp—(n—3)—1,q—v—1> di_(n_l)vj_s_Z = 0
(6.0)} )

(LA)EP v=0 (ha)EP\{ ((p.9),(n=3,0)

iii) For allv €{0,...,n—2}\ {s — 1} we have

DI (C (i), (n=3,5) dp—(n—4)—1,q—v—1> di—(n-1),j—s—2 = 0.

)
(i) €P v#s (p,a)€P\{(i)} \  ((P:a),(n=40))
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Proof. 1) Observe, that for each pair of indices ((3, j), (p, q)) € PxP with (i,7) # (p,q)
there exists exactly one other pair ((p,q), (¢,5)) € P x P. This means, it suffices to
show for fixed indices (7, ) and (p,q) we have

C (i.3)n-39) = ~C ((p,g).(n-39)) -

((p,9),(n—2,5+1)) ((2,9),(n—2,5+1))
We have
C ((z,j),(n—S,s)) :(_1)V(p7q7n_275+1)_6(17,‘1)>(ivj>_6("7275+1)>("73v5)M ((%])7(”_378)) y
((p,q),(n—2,s+1)) ((p,q),(n—Q,s—i—l))
C (pa)(n=3s)) = (—1)/CFT2HNT00200 700200020089 M. () (n—3.5)) -
((2,4),(n—2,5+1)) ((2,9),(n—2,5+1))

The only difference of these two expressions is in the sign (—1)%G.)>®a and hence we
have the desired claim.

ii) Now we consider the formula of the burning lemma ii). It saysif (s, ), (u,v) € Q
such that (u,v) # (s + 1,t+ 1) and (s+ 1,t + 1) € @, then we have

Z C((a,,@),(s,t))dafufl,ﬂ—ufl =0.
(e,B)eP

In particular for (s,t) = (u,v) = (n — 3,v) we can write

Z Z C((0,8),(n-3))%a—(n—3)-1,6-v—1 = 0.

v#s (a,B)€EP

Let us fix (i,7) € P such that i — j =n — 3 — s. Since v # s and Lemma 23 we get

Z Cl(a,8),(n—=3)da—(n-3)-1,8-v-1 = —C((i,5),(n-3,0)) di—(n—3)—1,j—v—1 = 0.
(a,8)€P\{(4,5)}

We expand now all cofactors C((q,3),(n—3,4)) on the left-hand side along the (n — 3, s)-
column and we get

Z C (n— 3v))da7(n73)71,57071

(a,B8)eP
= ) (-pHlebn=i) > C((a,8),(n—3))di~(n-3)-1,j—v-19a(n-3)-1,-v-1-
(a,8)€EP (i,5)eP\{(a,8)}  ((5:7),(n=3,5))

iii) We expand the theta function along the (n — 4, v)th-column and we get

Z Cl(ab),(n—4,0))da—(n—4) p—v

(a,b)eP

With lemma 24 we have

C((i,j),(n—B,s) dp—(n—4)—1,q—v—1di—(n—1),j—s—2C((a,b),(n—4,v))da—(n—4),b—v

)

((p,q),(n—4,v))

= C((i,9),(n-3,5)) Ta—(n—1) ,b—vi— (n—1),j—s—2C((p.9),(n—4,0)) bp— (n—4)—1,g—v—1-
((ab),(n—4,0))
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Summing up over the (a,b) € P we get

M(i,j),(n—3,5))di—(n—1),j—s—2C((p,g),(n—4,0)) dp—(n—4)—1,g—v—1-

Summing up over the (p,q) € P\ {(¢,7)} and with ii) of the burning lemma we get
zZero. O

The next lemma is the crucial lemma to prove ii) of theorem 20.

Lemma 29. Let s € {0,...,n —2}. Then we have the formulas

. Ci,',nf ,5 (t)
i) = (i.j)eP %%di—(n—l),j—s—z(t)
[51<s

C 4,7),(n—3,s (t)
_ i1 ()

(i.5)ep
5]<i
s s s s c ,J),(n—2,s (t)
=~ PO (S0 - ot @aiih0) + 3 SRR e (0)

(i,5)EP

N S Ci,',n— S (t)
i) ayid (1) (— 2 ij)ep %di—n,g‘—s—z(t))

s S C ,q)),(n—4,s—1 (t)
- P 0aPH - Y < (p.9)) é(p) ) dp_(n_l),q_<s+2)(t)>
(p,9)€P

Cllig),(n—2,5) (%)
i Z ( ]9(]3) d(i2)(n1),(j1)(s+2)(t))7

%C %,7),(n—3,s (t) ie}—t S
1) _Z(i,j)eP me ]9)(_(7.‘t)3 - dif(nfl),jfsz(t) - dé(](:t))azjg(t)

[51<i
s s C ,q)),(n—4,5—1 (t)
= 7@1;?:)1 (t)a’2jg(t) - Z L q))e((]_-t) ) dp—(n—l),q—(s+2) (t)’
(p.9) P
w) —a5 3 (0)as (1) = —ai P (a7 E (1)a7 ) (1)
s C i,7),(n—2,s (t)
taitd ) | YD SR, ()]
£ 0(F")
(3,7)EP
v) —aii? (a3t (t) = —ai(H)ai il (Dail? (1) + a5 (0)as (1)

C((i.j),(n—2,5)) (t)
Z ja(]:t) di—n—l,j—(s+3) (t)

Cl(p.a),(n—,5-1)) ()
* Z - O(Ft) dp—(n-1).g(s+2) (1),
(p,g)eP
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. iC i,3),(n—3,s (t) i@(]:t) s
) = Bper TG i o2 (1) = o 0
5137

s s C i,7),(n—2,s (t)
= a5 () (a3FP (1) — wegrspa(t)) — Z ( 3)9((]:t) ) di—n—1j—(s+3)(t)-
(3,7)EP

Proof. In the proof we will drop the arguments (t) and (F*) to get a little bit more
clearness. i) By lemma 27, the burning lemma vii) and lemma 26 we get

s+2 s+4 s+3 _s+4
aiy? (—aseyy +aiit ailly)

s C ,q),(n—2s+1
_ 01:2< Z ((p.g9) (0 ) dp717(n71),q7(s+3)>

(p,q)eP
Cl(ig),(n—2,9)) Cl(p,g),(n—2,5+1))
= (— Y, e 0 di—(n—l),j—(s+1))( > 0 dp_1_(n—1),q—(s+3))
(i,5)eP (p,q)€EP
i.4),(n—2,5))

= > > < —J dp—l—(n—1>,q—<s+3>>

(4,)EP (p,q)€EP
0 Cl(p,g),(n-3,5)) Cl(p,a),(w)
(55(p,q)=(ifl,j) 5 i-m-24-s > Tdi—u—m—ﬁ

(u,0)€Q
(u,v);ﬁ(an,erl)
(u,v)#(n—3,s)

_ Clii)(n=2) 0
={- > — g i) | 5

(i,4)EP
Cl(ig),(n—2.9)) Cl(pg),(n=3,5))
+ ( > %di_(n_z),j_s > qudp—l—(n—l)yq—(s-%)
(',j)eP (p, q)GP
z n 25 n—3,s
= — Z dzflfl (n—1),j—(s+3) + Z (k) ( 2 dpflf(nfl),qf(sﬁ)
(i,7)EP (p,q)eP
n 23 C((’L:J)»(n*&s)) d
oy Sy S — g Wi - s12)

(i.g)ep (i.j)eP



5.2. Special Solutions of Nahm’s Equations 123

ii) With lemma 25 we get

S C iy' ) TL*Z,S
a1s+£1 ( Z LD n=25) J)é ) din,st)
(

1,j)EP
C _ Cilii) (n—
— ( Z ((P’Q)»(g 2’S+1))dp(n1),q(s+2)) ( Z Wdin,j52>
(p.@)EP (i,5)EP

Y () (20 Clpa)n-2st1)
p—(n—1),q—(s+2) 0 i—n,j—s—2
(i.5)€P (p,9)eP

C( J),(n—2,s)) 4
=Y ¥ (Jdp—<n—1>,q—<s+2>) <g5<p,q>:<z'—2,j—1>
(1,5)€P (p,q)€P

_ Ypa s

Clpa).n=ts-1) ,

0 i—(n—1),j—(s+1) — ] i—(n—4)=2,j—(s—1)-1
C u,v
-y Geoweay )
(u,v)EQ

(u,)#(n—2,s4+1)
(u,v);é(n—3,s)
(u,0)#(n—4,s— 1)

C
(n—2,s) ,q),(n—3,s
= — Z Z )dz (n—1),j (s+1)wdzf(n*1),q*(8+2)
(4.9)€P (p, q)GP
(n—2,s C ,q)),(n—4,5—
Sy oy ey EDEZN A, (1) (o42)
(i,5)EP (p,q)EP
Yoy oy e, o Seae),
0 i—u—2,5—v—1 ) p—(n—1),g—(s+2)

(@5)eP (p.g)eP  (uw)eQ
(u,v)#(n—2,s+1)
(uvv);é(n_:;’s)
(u,v);é(nfll,sfl)

5 Clig)(n=2,5)) 0

+ < 9 dp(nl),q(SJr?)) (95(10@):(1'2,]'1)) .
- P

Ifu—v#(n—2)—(s+1) lemma 23 ensures, that the term

Cl(p,a),(uv))
Y. T (1) (s+2) =0
(p,q)EP

vanishes. In the case u <n—5andu—v = (n—2)—(s+1) we have (u+1,v+1) € Q
and so by the burning lemma ii)

C i,7),(n—2,s
) wc&-_u_gd‘—v—l =0.
(i.)ep
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Thus the third term vanishes and by using the Laplace expansion for the theta function

it remains

iii) We will write v := v(1, j,

Zdt

(i,5)€P
[5]<d

- £

(i,5)eP
[5]<d

-3

(i,5)eP
[51<i

= >

(3,5)EP
[51<i

+ > (-

(3,7)EP
L5]<j

+ > (-

(3,7)EP
13)<i

+ > (-

(3,7)EP
[5]1<)

S C 7:" ) TL—2,S
alj—il ( Z g n=25) ])é ))din,js2)
(

i,j)EP

Crir o (e
aij2a;:3 Z ((paQ))v(e 4, 1))d (54+2)

p—(n—1),q—
(pg)€P
+ )

(i,7)EP

(Z,] n— 25)d

(i=2)=(n=1),(i—1)—(s+2)-

n — 3, s) to shorten the formulas. Let us compute

’Lj (n—3,s)

) d; —(n—1),j—s—2

1) =35) € M(; ) (n—3.5))

0 dif(nfl),j7572

"oy
pon) (g,

2. 2.

—u—l,q—v—l)di—(n—l),j—s—Q

(uv)eQ  (pg)eP\{(i.5)}
(u,v)#(n—3,s)
Yy
p,q),(n—3,v
Z Z fdp—(n—3)—l,q—’u—ldi—(n—l),j—s—Q
("*3;1)662 (p.9)eP\{(E5)}
1)” Z %dpf(nf2)fl,qfvfldif(nfl),jfsz
(n—2,v)€Q (p,a)€P\{(i,5)}
it
1)V Z %dp—(n—4)—l,q—v—ldi—(n—l),j—s—Q
(n—4,v)6Q (pvq)ep\{(i7j)}
R
Z Z %dp—u—l,q—v—ldi—(n—l),j—s—?'
(u, (P eP\{(5:5)}

v)€Q
u#EN—2
u#En—3
u#En—4
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By lemma 28 a lot of terms vanish and it remains

—(n—1),j—s—

(i,5)eP
[51<i
e § 5
= Y e Sy g s
(i,5)eP =0 (p,g)eP\{(i,5)}
12]<j vfstl
C<<((i’f)<7("2373)1)>>
D INC DY Iy ()10~ (s-1)1Di (1) =2
(i)eP (@) P\{(i:1)}
[5]1<d

Now we expand the theta function along the (n — 2,v)-column and we have 1 =
g = %Z(a,b)EP C(ap),(n—2,0))da—(n—2)p—v- We fix the indices (i,7),(p,q) € P and
ve{0,...,n—2}\ {s+ 1}. With lemma 24 we have

C

o S
- Z (_1)V(17j7n_318)%(_dp—(n—Z)—l,q—v—l)di—(n—1)7j—s—2
(a,b)eP
C(ab).(n—2))
’ Tda—(n—%,b—v

C((i,4),(n—3.5))

v(t,7,n—3,s ((a7b)7(n727v))
=(-1) (&3 - Z fda—(n—Q),b—v di—(n—l),j—s—2
(a,b)eP

Cl(p,g),(n—2,0))
qu(—dp—(n—m—l,q—v—ﬂ

A R (NG 2OV
i—(n—1),j—s—2 6 p—(n—2)—1,g—v—1

_ (1)) —M«i,j;,(n—s,s)) p

_ i) n-3.5)

—C(p.9),(n—2,))
7 di—(n—1),j—s—2 £ qe d

p—(n—2)—1,g—v—1-
Summing up over the indices (3, j), (p,q) € P and v we get

n—2
—C(,5),(n-3.9)) —Cp.g),(n—2,0))
Z ( Z ]0 di,(n,1)7j,3,2 Z pq9 dpf(n72)71,qfvfl
(

v=0 i,j)EP ,Q)EP
vt i,7) (»,9)

_ s+3 v+2
—at Y a2
v#s+1
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Note that v # s+ 1 implies always (i,7) # (

Z (_1)u(i,j,n—3,s)

(i,4)EP
[51<i

2.

C ((i,4),(n—3,9))

((p,9),(n—4,5-1)) d

(P eP\{(i.)}

= Z (fl)ﬂr(i:j)(il)m(n—&s) Z

(P.)eP\{(i.)}

(i,5)eP
[51<i

. (_1)Lc(n_475_1)_6(n74,571)>(n73,s)

(=1)(=1)%=3.9>(n—4,5-1)

-

(i,)er
[5]<i

- T -

(i,j)€P
L£J<J'

- % ©

(i,5)eP
[51<

Putting the last two computations together we get the formula of iii).

_1)Lr(i,j) (_1)Lc(n—4,s—1)

v(i,j,n—4,5—1)

(4,5,n—4,s—1)

(n—4,s—1))

6

(71)Lr(p7Q)_6(1),q)>(i7j)

M ((,5),(n-3,5))

((p,q),(n—ll,s—l)) d

2.

(P.9)eP\{(7.5)}

6

MG 5),(n—4,5-1))

((p7Q),(n_3’s)) d

6

>

(P:)eP\{(7.7)}

M 5),(n—a,s—

p—(n—4)—1,4—(s

Cl(i,4),(n—1,5-1))

((p,9),(n—3,s)) d

0

d;

D),

_(n_l)vj_S_Q'

g p—(n—4)~1Lg—(

i—(n—1),j—s—2

p—(n—4)—

p—(n—4)—

P, q). For the remaining term we compute

—1)=14i—(n—1),j—s—2

1) 1di—(n—1),j—s-2

(_1)Lr(m)—5(p,q)>(i,j) (_1)Lc(n—375)

—1)-1di—(n-1),j—s—2

s—1)—=1di—(n—1),j—s—2

The formula

of iv) is just the multiplication of a‘ij_‘z’l with the formula in iii) of lemma 27. The
formula in v) follows immediatly by iv) and ii) and the formula of vi) follows by v)

and iii).

Now we prove theorem 20.

Proof. We will drop the arguments (¢) and (F!). Let s € {0,...
i) We compute the derivative of a]

Zdt

(m)GP

(i,5)€P
[51<5

dt ijz_
__ Z <

9/

_5(

s+2

and we get

O

,n—2}.

(n=2,5)i—(n—1),j—s—1) 0 = O'C((i j).(n—2,8))di—(n—1), j—s—1

(n—2,s))

).

dz—(n—l),j—s—l -

92

3 Cllig)n-2s) d

(3,7)€EP
l5]<i

By applying lemma 27 we get the result directly.

(di—(n-1),j—s-1)



5.2. Special Solutions of Nahm’s Equations 127

ii) Let us derive the coefficient a2 . We get

5e0 dt ,]) n—3,s))
dt%j =— ) A e
(i,j)eP
|5 ]<j
C((i,]‘),(n—?),s)) d o »
i,
21<y
2

Now we apply lemma 29 and we are done.
iii) We have

2dt\/7_ \th as(h) = 5 Vit

1 1 i 11 1 d
2 2 as(t) dt

as(t):—§§7,‘a7dt s(t)

and so the equation in iii) gets

11 1 d {

_557,‘@576% s( ) = 4 ( i:ll( )_2ai:2( )"’ai:il(t)) \Z |a3|’

or equivalently

d S S S
%as(t) = (al—sHl( ) — 20‘1:2( )+ alﬁl( ) Q.

With i) and ii) we compute

d

Ry 5+2 s+3
dt (a

Qo1 — Qog ~ — Wsyt1,s+2 + Us+1,s+2)

dta’Zs 1s dt 1s dta’ls dt 1s+1

s+2

d
d
d d d d d
s+2 s+3 s+2 s+2 s+2 s+3 s+2 s+3
%251 —2a77"—a + ayg1q + ayg —a
1 542
= ajitios — aif o — 207 s + asaily +af P as

s+1 s+2 s+3
= (aiil) — 24777 + a7 ) s

s+1 s+2 s+3 s+2 s+3 s+2 _s+2 s+2 s+3
= (aiyd = 20707 + a1 ) (a502) — a5 — aii%ai® +ai?al}y) -

Finally the matrices (T7(t), Ta(t), T5(t)) of theorem 20 satisfy Nahm’s equations by i)
and iii). This proves the theorem. O

5.2.3 Examples

Example 7. We will consider the case n = 2 and hence g = (n — 1) = 1. The
transition function of any invertible sheaf F € Jac’(Cy) is of the form g10((,n) =
doo + dllg and the theta function is O(F) = dy1. This means all invertible sheaves

are of the special case above and we have a3, = —g—(l)(l’. An invertible sheaf F is real,
if din € R. In terms of flows we have di1(t) = di1 — tdog. A representative of

the G Ly(C)-conjugation class of regular, nilpotent, matricial polynomials of a sheaf

Ft e Jac®(Cy) \ © is given by

doo d?
_ 00 dy11(t) 0 0 —d 0(22 2
A(C,t)—<1 O)+( 0 —dflf?t> ¢+ X 16() 2.
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This leads to solutions of Nahm’s equations

. doo 0 . 0 doo 1 0 _dog
¢ T 1
I (t) N 5 (dla(t) dog ) ’ Q(t) = 5 ( doo dla(t)> ) 13(t) = 5 ( doo d(l)l(t) .

R0) da1(t) di1(t)

Any element of Oreq(sla(C)) s SU(2)-conjugated to a matriz of the form

- (0 0
X = AO(O):7’<dOO 0)
di1

for some negative real number di1. For such an element, via the solutions of Nahm’s

equations above, the Kdhler potential is given by K(X) = %/((;t)) = —% > (0. Hence a

Kahler potential is given by

K(X) = /tr (XYT)

up to a multiplication of a constant. This is not surprising, because the reqular, nilpo-
tent orbit coincides with the minimal, nilpotent orbit in the case n = 2 and it is
well-known, that K(X) = 4/tr (XYT> (up to a multiplication by a constant) is a
Kahler potential on the minimal, nilpotent orbit in any complex, simple Lie algebra,
see [KS01c|.

Example 8. In this last example we consider the case n = 3. The genus is g =
4. Let F € Jac}(C3) \ © be an invertible sheaf of degree 3. Let us suppose its
transition function is of the form gio((,n) = % <d00 + dn% + doo 2—;) with di1,das €
R. Moreover let us assume the inequalities

d%l > dag > 0,

which ensures oy and o are negative terms. The theta function is 0(F) = dood?,das —
d%od%Q > 0. For simplicity we set dgg = 1. We get matrices by conjugating the matrices
A; by the coordinate transformation matriz P,

0 0 0
do=i| @izt g o
0 @
(i =d )by 0 0
A= 0 (dadi)in |,
0 0 S
(2, ~da2)?
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By theorem 20 we get su(n)-valued solutions of Nahm’s equations

(di1(t)2—daa(t))da1(t)
; 0(FD) 0 , 0
Ti(t) = 5 0 (2d22<t>—9cé;t()t> ) () 0
0 0 SN
d11(£)2—daa ()3
‘ 0 3 (d11( )9(]__52( ) 0 3
i 3 3
Th(t) = 3 (dll(t);(;f%Z(t))Q 0 3 (d;?](_fg))? ,
doo (1)) 2
0 (e X 0
([ ()?—da(1)?
1 ! 3 6(7%) ! 3
I d11(t)2—daa(t)) 2 doo (1)) 2
T5(t) = 5 (das( )0(]__52( ) 0 ( ;?;_t);
0 (das (¢ 2)) 0

0(F

These matrices already appeared in [KS93] up to a reparametrization, where they are
called flow lines. Let us consider the matriz

B L 0 0
R= 0 13 0 € SU(3).
V3 _ 1;
0 0 5 = 57/
Now we conjugate the matrix
0 0 0
3
Ag=i | Wzl g
0wl
0
by the matriz R and we get
0 0 0
, . . 3
A = RAGR™ = RAR' = | -Unt=2 g
3
(d22)?2
0 < 0
3
With a = —(d%_% and ¢ = — d22) (it is the notation of [KS93] ) we get
d2
a% +c% = (—1)%%
3

Thus the value of the Kdhler potential is

3 _ 3 /(¢ 0 ~ ]
<a% +C%> — dll — 0 (F ) :K<A80nj) _

0 0(F0) K (4o)

This formula coincides with the formula in higher generality of [KS95], [KS01b] with
b =0 in their notation.
With fixed numbers di1 = —v2 and dog = dog = 1 we have the property d%l >

2
das > 0. We have das(t) = 14+v/2t4+4 = (% - 1) cdy(t) = —V2—t = —ﬁ(%—i—l),
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4
d11(t)? = 2daa(t) and O(F?) = (% + 1) . This leads to solutions of Nahm’s equations

=2
()
0
0

T(t) = %

0

0 0
(t+\/§) 0 0
V2 0 0 U
L @y (t+v2)
= 0 0 i 0
(=) SC G ) B
0 1 7
1 (ii0+1> | ) ’ ) |
(%_’_1) \/i(t+\/§)
=1 0 -1
(%H) . 0 V2(t+v2) 0
0 =1 - 1 —1
(%H) = | V2(t+v2) (1) V2(t+v2)
1 0 0 0

We see easily, that these matrices are well-defined on the interval [0, 00) and they solve

Nahm’s equations

%ﬂ (t) = [Ta(t), T5(1)],
%T2(t) = [T5(t), T1(¢)],
d

%T:;(t) = [T1(t), T (t)].
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