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1 | INTRODUCTION

The Brauer group Br(X) of a smooth projective variety X over a field k is the abelian group
H ét(X ,G,,)- It can be also regarded as the group of equivalence classes of étale locally trivial P"
bundles over X modulo Zariski locally trivial ones. This is always a torsion group and an important
birational invariant of X.

Let g: Y — X be a finite étale covering. This defines a natural pullback map ¢*: Br(X) —
Br(Y’) on Brauer groups. Since q,q* = deg(q) - id, the kernel of g* is killed by the positive integer
d := deg(q). Therefore, detecting whether a given d-torsion class a € Br(X)[d] pulls back to zero
is a subtle problem.

Beauville studied this question in the case of complex Enriques surfaces, which was first stated
in [10]. Namely, an Enriques surface X admits a natural double cover Y, which is a K3 surface.
Beauville [1] showed that the kernel of the map Z/2 = Br(X) — Br(Y) = (Q/2)**7P, 1 < p < 20,
depends on X. More specifically, he described lattice theoretically the surfaces X in the coarse
moduli space of Enriques for which the kernel of g is non-trivial and showed that this locus
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is a countable, infinite union of non-empty algebraic hypersurfaces. His method fails to give a
concrete example but among others Garbagnati and Schiitt [8] constructed examples of Enriques
surfaces X over Q with g being injective or trivial.

Recent work of Bergstrém, Ferrari, Tirabassi and Vodrup [6] uses Beauvilles’ method to answer
similar questions for a Bi-elliptic surface X over C.

In [2], Beauville asked the above question for Godeaux surfaces. A Godeaux surface X is a
classical example of a surface of general type with H!(X,©y) = 0 for i = 1,2 and NS(X ior #F 0(=
Z/5). They usually appear as Z/5-quotients of smooth quintics Y C [P’% that are invariant and
fixed point free by the automorphism

P (Xg Xy 1 Xy 1 x3) e (X Cxg : &,y 1 Exy), 1.1

where ¢ is a primitive 5th root of unity (see [15, section 2]).
The main result of this paper answers the question for p(Y) = 9, which is the generic case (see
[19, Example 3.1]).

Theorem 1.1. Let X be a Godeaux surface over C and qx : Y — X be its universal cover. If the
Picard number of Y is 9, then the pullback map qy, : Br(X) — Br(Y) is injective.

As an immediate consequence, we also obtain:
Corollary 1.2. For the very general Godeaux surface X over C, the pullback map gy, is injective.

Theorem 1.1 will be deduced from the following result.

Theorem 1.3. Let k be an algebraically closed field of characteristic 0. Pick a generic pencil Y —
IP’}{ C |(9[F],2(5)|Z/5 of Z/5-invariant quintics, with some fiber Y o € IP,lc(k) not passing through
any of the four fixed points of the action (1.1) and having five triple points as its only singularities. Let
q: Y — X be the quotient map. Then the pullback map q; : Br(&;) — Br(Yy) is injective.

A pencil with the properties mentioned in Theorem 1.3 exists. This relies on the fact that the
invariant quintics lOPi (5)|Z/ > form a 12-dimensional linear space and for a given point p € I]:Dz(k)
not in any coordinate hyperplane, we can always find a quintic surface Y invariant and fixed point
free under the Z/5-action (1.1) with five triple points at the orbit of p and no other singularities
(see [21, appendix 5, Lemma 1]).

It remains unclear whether there are actually examples of Godeaux surfaces X, such that
gy =0.

Our method is adjustable and can be also applied to other surfaces. In Section 6, we show that
complex Enriques surfaces X with g3, = 0 do not admit a type II degeneration (see Theorem 6.1).
By comparing the latter with Beauvilles’ result [1, Corollary 6.5], one can determine hypersurfaces
in the coarse moduli space of Enriques, with the property that any of their members cannot be
degenerated to a type II (see Corollary 6.3). In the last section, we also study the case of cyclic
quotients of products of curves (see Theorem 7.1).

1.1 | A degeneration technique

Theorem 1.3 relies on the following, which is the crucial technical result of the paper.
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Theorem 1.4. Let q: Y — X be a finite étale Galois covering of strictly semi-stable R-schemes,
such that the étale cover q, is trivial over Xglng N &, ; for every component X, ; of the special fiber X,,.
Assume that the degree d := deg(q) is invertible in R. Then (1) implies (2).

(1) The pullback q;; : Br(Xﬁ)[d] - Br(yﬁ)[d] is the zero map.
(2) Up to some finite ramified base change of discrete valuation rings R C R followed by a resolution
of Xy, the restriction Br(X)[d] — Br(X;)[d] is surjective.

When performing a ramified base change R C R, the model X; becomes singular, but it follows
from [11, Proposition 2.2], that the family Xz — Spec R can be made again into a strictly semi-
stable by repeatedly blowing up the non-Cartier divisors of the special fiber.

Theorem 1.4 establishes a link between the following two properties (see also Theorem 3.1).

(i) Aclassa € Br(&;) pulls back to zero, that is, qj]ioc =0€ Br(yﬁ).
(ii) Up to some finite base change of discrete valuation rings R C R followed by a resolution of
Xp, a0 € Br(Xﬁ) lifts to an honest class in Br(X).

The advantage of relating these properties is that in many cases it is not hard to check whether
a given class a € Br(X;) lifts to the total space X In all applications presented in this paper, the
restriction map Br(X’) — Br(&;) happens to be trivial, either because Br(&X) = 0 or Br(X) is a divis-
ible group and Br(&X) is finite (see Lemmas 5.3, 6.2 and 7.2). An example with Br(X) — Br(X};)
being surjective appears in [23, Theorem 7.1].

The property (ii) had been also studied in [23], where a relation to algebraic torsion classes had
been found.

1.2 | Outline of the proofs

The proof of Theorem 1.4 relies on the following observations. Pick a Brauer class a € Br(&, ){¢}
with q;’;oc = 0. Up to a suitable finite ramified base change, it is possible to achieve vanishing of the
residues d;,a € Hét(Xo’i, Q,/Z,)for all irreducible components &, ; that have not been introduced
by resolving the singularities that appeared due to the base change. Using our assumption for
gy, we see that over the new components the covering map q is trivial. Hence, the usual pull-
push argument shows that the remaining residues of a coincide with the ones of its pullback
0= qf)oc € Br(y,;){f } and so, all vanish. This will conclude the proof of Theorem 1.4.

LetY — Pllc C |Op1 (5)]%/5 be as in Theorem 1.3 and perform a base change with respect to the
k
local ring at ¢, € IP}{. By applying semi-stable reduction to Y and its Z/5-quotient X, we arrive

ata 5 : 1 étale cover g: Y — X, that is trivial over X;ing N &,; for all components & ; of the
special fiber X,. Replacing R := (9[@,1{ 1, With its completion R = k[[t]], the proper base change
theorem can be used to show that the restriction map Br(X) — Br(X,),,, is an isomorphism (see
Lemma 4.1). Then an explicit calculation using the Mayer—Vietoris exact sequence gives Br(X,,) =
0 (see Lemma 5.3). Hence, Br(X’) = 0 and so a Brauer class 0 # a € Br(X) = Z/5 never lifts to the
total space X. We thus obtain Theorem 1.3 by applying Theorem 1.4.

Theorem 1.3 can be used to produce a Godeaux surface X with universal cover Y of Picard num-
ber 9, such that g5 is injective. As a final step, a specialization argument comes in hand, which
shows that the map in question is in fact injective for every Y with p(Y)) = 9 (see Proposition 4.5).
This completes the proof of Theorem 1.1.
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1884 | ALEXANDROU

2 | PRELIMINARIES
2.1 | Conventions and notations

Let A be an abelian group and let # be a prime number. We denote by A[#"] the subgroup of " -
torsion elements. We write A{¢} for the #-primary subgroup of A. If n € N, then [n]: A - A is
the map that sends x to nx. Also Ag;, denotes the maximal divisible subgroup of A.

All schemes are assumed to be separated. A variety is a geometrically integral scheme of finite
type over a field. The regular locus of X will be denoted by X™8 and its singular by X", For an
S-scheme X — S and any morphism S’ — S, we denote by X¢ := X Xg S’ the base change.

We denote by k%P and k the separable and algebraic closure of a field k, respectively. We use
the notation R for the henselization of a local ring R.

Let R be a discrete valuation ring with residue field k and fraction field K. For any R-scheme
X — SpecR,wewrite X, := X Xy k (respectively, X5 := X Xy k) for the special (respectively, geo-
metric special) fiber and X, 1= X Xy K (respectively, X; 1= X X K) for the generic (respectively,
geometric generic) fiber.

A projective flat R-scheme X — SpecR is called strictly semi-stable, if X is an integral regular
scheme, the generic fiber X,] is smooth, the special fiber &, is geometrically reduced, the irre-
ducible components of &, are all smooth varieties and the scheme-theoretic intersection of n
distinct components is either empty or smooth and equidimensional of codimension n in X. A
strictly semi-stable R-scheme X — SpecR is called triple-point free if the intersection of any three
pairwise distinct components in the special fiber is empty.

2.2 | Etale cohomology and Brauer group

We collect some results from étale cohomology that will be used throughout this paper. The results
that we discuss can be found in [17] and [5]. For a scheme X, we denote by X, the small étale site
of X. If F € Sh(X) is a sheaf of abelian groups, then we write H'(X, F) := H (X, F) for the
étale cohomology groups with coefficients in 7. If X = Spec A for some ring A, we prefer to write
H!(A, F), instead. For a positive integer n, we denote by u,, the subsheaf of nth roots of unity of
the multiplicative sheaf G, on X;.

Let X be a scheme and n a positive integer that is invertible on X. We shall frequently use the
following description of the n-torsion subgroup of the Brauer group of X, which is induced from
the Kummer sequence

coker(c, : Pic(X) - H*(X, u,)) = Br(X)[n]. 2.0)

Lemma 2.1. Let X be an integral, regular scheme of finite type over a field k (respectively, a dvr R)
and let Z C X be a closed subset of codimension one in X. Let U C X be the complement of Z in X.
Let ¢ be a prime invertibleon X. If Z,,Z,, ..., Z, are the components of Z with codimension one in X,
then we have the following exact sequences:

t
0 = B ] - Br(U)IZ'] = @) HAK(Z), 2/, 22)
i=1
t
0 — Br(X){¢} — Br(U){¢} o @Hl(k(Zi), Q,/Z,). (2.3)

i=1
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Proof. See [5, section 3.7] for a detailed proof. O

Lemma 2.2. Let f: X' — X be a flat morphism of relative dimension n := dimX’ — dim X,
between integral, regular schemes of finite type over a field k (respectively, a dvr R). For a prime
divisor Z C X, wewrite f*Z = Zgzl MNZ l’ for its pullback, where Z l’ are the prime divisors on X’ sup-
ported on f~1(Z) and A; denote their multiplicities. Set U := X \ Z and U’ := f~1(U) Cc X'. Then
for any prime ¢ invertible on X, the following diagram commutes:

Br(U)[¢"] —2—> H'(k(Z),Z/¢")

f*l “if'zé}‘l (2.4)
Br(UN[e"] L @, H'(k(Z)), Z/¢")

Proof. This follows from [5, Theorem 3.7.5]. O

Lemma 2.3. Let R be a discrete valuation ring with residue field k and fraction field K. Let X —
Spec R be a triple-point free strictly semi-stable R-family. Then we have the following Mayer-Vietoris
exact sequence:

- = @ Pic(x,) = @D Pic(Xy,; 0 Xy ) — Br(Xy) = @D Br(Xy) — ..., 2.5)
i

i<j i
where the map ry sends (L;) to (L;| XounXo) Ljlx,n Xo,j) and r, takes o to (c| Xo, ).

Proof. Consider the morphisms p: Y :=[ |, X,; > Xyandp; ;: X;; 1= X;; N X, ; & X, fori #
Jj- The triple point free assumption implies exactness of the following sequence of sheaves for the
étale topology on &:

1= Gy, = PGuy = @pi,j*Gm,XiJ - L (2.6)
i<)

Since the morphisms p and p, ; are finite, the pushforwards p, and p; j, are both exact func-
tors in the étale topology (see [17, Corollary I1.3.6]). Hence, R°p, = R¥p; ; =0 for any s > 1
and the Leray spectral sequence gives rise to the isomorphisms H(X,, p..G,,,) = H*(Y,G,,) and
H3(X, p;j,Gp) = H(X j, Gp)- Finally, the associated long exact sequence of (2.6) together with
the use of the above isomorphisms lead to the sequence (2.5). O

3 | MAIN TECHNICAL RESULT
Theorem 1.4 is an immediate corollary of the following.
Theorem 3.1. Letq : Y — X bea finite étale Galois covering of strictly semi-stable R-schemes, such

that the étale cover q, is trivial over Xgmg N X, ; for every irreducible component X, ; of X,,. Fix a prime
number ¢, that is invertible in R. Pick a class a € Br(?(ﬁ){z,” }. Then the following are equivalent.

(1) The class o« pulls-back to zero, that is, q;;oz =0.
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1886 | ALEXANDROU

(2) Up to some finite ramified base change of discrete valuation rings R C R followed by a resolution
of Xy, the class a lifts to a class & in Br(X){¢} with g*(&) = 0.

Proof. The implication (2) = (1) is clear by functoriality of pullbacks.
We prove the implication (1) = (2). We may assume that a € Br(z\?ﬁ)[ﬂ ] for some r > 1, such
that " divides d := deg(q). By [5, section 2.2.2], we have

Br(&;) = lim Br(&}),

KcL

where X = X, Xg L and the co-limit is taken over all finite separable field extensions L of K.
Hence, we can find a finite separable field extension L of K, such that o € im(Br(X;)[¢"] —
Br(Xﬁ)[z,” ). We pick a lift of « in Br(X;)[#"] and denote it again by the same symbol. Since
q;;oc = 0, the same reasoning as above igrives gy = 0 (up to replacing L if necessary with some
finite separable field extension). Welet R C L be the normalization of R in L. Then R is a Dedekind
domain finite over R (see [9, Proposition 12.53]). Choose a maximal ideal m C R and consider the
discrete valuation ring R’ := R ,,. We perform a base change corresponding to the extension of
discrete valuation rings R’ of R and note that the models X and Y may become singular. By [11,
Proposition 2.2], both X%, and Vg can be made into strictly semi-stable R’-schemes. Specifically,
by repeatedly blowing up all non-Cartier components of the special fiber of Y — Spec R’, we can
arrive at a strictly semi-stable model Y’ — SpecR’. As we blow up along G-invariant centers,
the action on Y given by the Galois group G := Aut(g), can be naturally lifted to a fixed point
free action on Y’. Passing to the quotient X’ := Y}’ /G, we obtain a semi-stable model for Xy/. In
particular, according to the above, we may assume thata € Br(&,)[£"] and qj;oc =0 € Br(Y,)[£"].

Fix a uniformizer 77 € R and perform the #” : 1 base change 7 +~ 7*" followed by resolving
the singularities, as above. We keep the notations X,Y and Gg:y- X for the resulting models
and covering over R. Write X, = Y, P, for the special fiber of X — R and denote by P, C X, the
irreducible component that maps isomorphically onto P, via the composition f: X - X —» X
for every t € T. By Lemma 2.2, we have the commutative diagram:

Br(U)[¢"] —2—> H'(k(Z),Z/¢")

fi mﬂ;{,}i

Br(UN[e"] L @, H'(k(Z)), Z/¢").

from which one obtains 6, f*a = 0 for all t € T. It remains to check that & := f*a € Br()?,?)[f’ ]
has trivial residue along each irreducible component that has been introduced by resolving the
singularities that appeared due to the base change. Over a new component the restriction of §
is trivial. It follows that for such a component V C &,, if we write g~1(V) | | geG{ g} XV and
letq, : {g} XV — V be the restriction of § to {g} X V', then 0 = (§,)..(d,q,,*&) = (¢,).g," Oy &) =
dya € H'(k(V),Z/¢"). Here, the first equality holds, because g,*& = 0, whereas for the last one,
we use that (¢,).q," = id on V. Finally, the lift & € Br(X){¢} satisfies §*& = 0 € Br(}), as the
restriction of §*& to )7,] is zero and the natural pullback map Br(Y) — Br(Y,) is injective. The
proof now is complete. Ll
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4 | BRAUER GROUP OF THE TOTAL SPACE AND A
SPECIALIZATION ARGUMENT

Let p: X — SpecR be a strictly semi-stable scheme over a henselian discrete valuation ring R
with separably closed residue field k. The main aim of this section is the study of the restriction
map Br(X) — Br(Xy)or-

Proposition 4.1. Let p: X — SpecR be a strictly semi-stable scheme over a henselian discrete val-
uation ring R with separably closed residue field k. Assume that H(X,Oy) = 0 and b, = p, where
b, is the second ¢-adic betti number of X := X;; for some prime ¢ invertible in R and p is the rank of
the Néron severi group of X. Then for any prime ¢ invertible in R, restriction yields an isomorphism
Br(X){¢} — Br(X){¢}

Proof. We follow the proof in [23, Proposition 7.2]. In what follows, H iom stands for Jannsen’s
continuous étale cohomology [13]. The proper base change theorem (see [17, Corollary VI.2.7])
gives rise to the natural isomorphisms

HY (X, upr) = H{(Xy, tpr), (4.1)

H(i:ont(x’ Zf(l)) = Hi(fv(), Zf(l))- 4.2)

Note that (4.2) follows from (4.1). Indeed, (4.1) implies that the groups H'(X, j,-) are finite (see
[17, Corollary V1.2.8]) and thus, in this case Jannsen’s continuous étale cohomology coincides with
the usual #-adic cohomology (see [13, (0.2)]).

We prove that the #-adic cycle class map ¢, ; : Pic(X) ® 7, — H?(X,7,(1)) is surjective. To
this end, we compute H czom()(n, Z,(1)), using the Hochschild-Serre spectral sequence (see [13,
Corollary 3.4])

EPY :=HP (G,HYX,z,(1)))=> H'(X,,7,(1)), (4.3)

cont cont

where G := Gal(K*®P/K) is the absolute Galois group of the fraction field K of R and X := &X,.
We observe that

HY(X,z,(1)) := {iLnHl(X, per) = lim PicQO[£"] =: T, Pic(X), (4.4)

where the isomorphism is canonical and is induced from the Kummer sequence (see [17, Corollary
4.18]). Since H'(X, Oy) = 0, the identity component of the Picard scheme Picg( IR is just a point
(see [14, Corollary 5.13]) and so Pic(X) = NS(X). The Néron Severi group of a proper variety over
an algebraically closed field is finitely generated (see [17, Theorem V.3.25]). Hence, the torsion
subgroup of Pic(X) is finite and thus T, Pic(X) = 0. Therefore, (4.4) gives Eé) 1 = 0for every p > 0.

Next, we calculate Ej’o = Hgom(G, Z,(1)). Consider the Gysin sequence

d
H'(R, pyr) = H'(G, ppr) = H(k, Z/¢") = H*(R, ptpr). (4.5)

Proper base change (see [17, Corollary VI.2.7]) together with kP =k, gives H'(R, u,r)
H'(k,uzr) = k*/(k*)’" = 0 and H2(R, i) = H*(k, ) = Br(k)[£"] = 0. Hence, (4.5) yields an

isomorphism 8 : H'(G, u,r) >z /¢". The latter shows that the groups H'(G, u,r) are finite for
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1888 | ALEXANDROU

all r and so we obtain H? (G, Z,(1)) = lim H*(G, u,r) (see [13, (2.1)]). By [5, Proposition 1.4.5],

cont

we have that cd,(K) < 1 and thus, H (G, Z,(1)) = 0.
From the above calculations, we find that Efo’l = Eé) 1 =0and E?,;,O = E§’O = 0. In addition, we

note that E;* = Eg’z. To see this, we need to show that the term E2;” = E;,o also vanishes. But this

follows again from [13, (2.1)], using that cd,(K) < 1. Consequently, (4.3) yields an isomorphism
HZ, (%, Z,(1)) = H*(X, Z,(1)°. (4.6)
We consider the following short exact sequence induced from the Kummer exact sequence
0 — Pic(X) ® Z/¢" — H*(X, uyr) = Br(X)[£"] — 0. 4.7

Taking the inverse limit of (4.7) over r, we obtain the short exact sequence

0 = Pic(X) ® Z, 3 HA(X,Z,(1)) — T, Br(X) — 0. (4.8)

The last term of (4.8) is a free Z,-module of finite rank. Tensoring (4.8) with Q,, we see that
the rank of T, Br(X) is b, — p and so vanishes. As clearly X;™ (k) # @, the henselian property of R
implies that the R-scheme X — Spec R admits a section (see [17, Theorem 1.4.2]). From this follows
that the relative Picard functor Pic X, /K is representable by a K-scheme (see [14, Theorems 2.5 and
4.8]) and hence, Pic(X)® = Pic x, /K(K“P)G = Pic x, /K(K) = Pic(X,)). Passing to G-invariants the
¢-adic cycle class map induces by (4.6) an isomorphism ¢, ; : Pic(X,) ® 2, - chom(Xn, Z,(1)).
The Gysin sequence for Jannsen’s continuous étale cohomology [22, section 6], yields an exact

sequence
@, Z,[X,;] > H¥(X,Z,(1)) - H (X, Z,(1)). (4.9

0

Since we know now that HCZOm(X,), Z,(1)) is algebraic, taking closures of divisors on X,inX shows

via (4.9) that H*(X, Z ,(1)) is algebraic, too. By (4.2) and the functoriality with respect to pullbacks
of the Z-adic cycle class map, we obtain similarly that ¢, ; : Pic(X,) ® Z, - H*(X,,Z,(1)) is
surjective. In particular, (2.1) implies

coker(H*(X, z,(1)) — Hz((\’,,uﬂ)) =~ Br(X)[¢"]

coker(H*(X,, Z,(1)) = H*(Xy, r)) = Br(Xy)[£"].

The natural isomorphism Br(X)[¢"] = Br(X,)[¢"] then follows from (4.1) and (4.2). O

Remark 4.2. Regarding the characteristic zero case, the conditions in the above Lemma are
satisfied, when H' (X, Oy) = 0 fori = 1, 2.

In general, p < b, and one can study the restriction map Br(X’) — Br(&X,),,, via the following
diagram with exact rows:

C

0 — Pic(X) ® Z/¢" —— H*(X, upr) — Br(X)[¢'] —— 0

{ IE |} (4.10)

0 — Pic(X,) ® Z/67 —2% H2(Xy, uyr) — Br(X)[¢"] — 0,
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where ¢ is any prime invertible in R and the middle restriction map is isomorphism by the proper
base change theorem (see [17, Corollary VI.2.7]). Applying the snake lemma to the above diagram,
we deduce the isomorphism

ker(Br(X) — Br(X,))[¢"] = coker(Pic(X) — Pic(X,)) ® Z/¢". (4.11)

Passing to the colimit over r, we find that the map Br(X){£} — Br(X,){¢} is isomorphism if and
only if
Pic(&,)
Pic(X)

®Q,/7, = 0. (4.12)
Elementary deformation theory thus gives the following result.

Lemmad4.3. Let p . X — SpecR be a strictly semi-stable scheme over a complete discrete valuation
ring R. If H*(X,, O Xo) = 0, then for any prime ¢ invertible in R, the map Br(X){£} — Br(X,){¢} is
an isomorphism.

Proof. The obstruction to extending a line bundle lies in H*(X,, @ Xo)‘ Since this is zero, we may
lift any line bundle £, on &, to the total space X. Thus, the result follows immediately from

(4.12). ]

Lemma 4.4. Let k be a field and let p be its characteristic exponent. Let Z — B be a smooth proper
family of k-varieties with geometrically irreducible fibers. Then for t € B and a prime ¢ # p, we
have a specialization map on Brauer groups sp; ; : Br(Z;){¢} — Br(Zp){¢}, whichis functorial with
respect to pullbacks. In addition, this map is always surjective and is an isomorphism if and only if

p(Z5) = p(Z).

Proof. Fix a point t € B and a prime # # p. Recall that we have specialization maps
sp;i - NS(Z;) = NS(Z;) (see [7, section 20.3]) and sp,;; : H*(Z;;, 4sr) = H*(Zy, igr), that are
both functorial with respect to pullbacks. The second one is an isomorphism and is induced by the
smooth proper base change theorem (see [17, Corollary V1.4.2]). As specialization commutes with
the cycle class maps (see [3, appendix X]), (2.1) yields the homomorphism s Pyt Br(Zﬁ)[ﬂ ] -
Br(Z;)[¢"]. The functoriality of this homomorphism with respect to pullbacks is clear.

We have the following diagram with exact rows

0 — NS(Z,) ® Z/¢" — HXZy, ptpr) — Br(Z[¢"] — 0

|
SDyi 8Dyt SDy
\L 7 \L 7 \l/ 7 (4.13)

0 — NS(Zp) ® Z/¢" —— H*(Zy, per) — Br(Zp[¢'] —> 0.

Since the middle vertical map is an isomorphism, the first vertical map is always injective and the
last one is surjective.

Next, we assume p(Z;;) = p(Z;) and want to show that sp,; : Br(Zﬁ){f} — Br(Z;){¢}isaniso-
morphism. All the terms in (4.13) are finite, and so taking inverse limits over r is exact. Thus,
the last vertical map in (4.13) induces a surjection between the associated #-adic Tate mod-
ules. As both T, Br(Z;) and T, Br(Z;) are free Z,-modules of the same rank b, — p, the map
T, Br(Z;) — T, Br(Z;) is in fact an isomorphism. Applying the snake lemma to the inverse limit
of (4.13), the latter also yields that the specialization map SPyi- NS(Zﬁ) ®Z, > NS(Z)®Z,
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is an isomorphism for every # # p. The faithfully flat property of | |, 4p SpecZ, — Spec Z[1/p],
implies sp;; : NS(Z;) ® Z[1/p] — NS(Z;) ® Z[1/p] is an isomorphism. As a consequence, we
alsoobtain sp;; : Br(Z;{¢} — Br(Z;){¢} is an isomorphism for all # # p, since this holds for the
first two vertical maps in (4.13).

The converse is true as well. Namely, if sp; ; : Br(Z;){¢} — Br(Z;){¢} is an isomorphism, then
applying the snake lemma to (4.13), one gets p(Zﬁ) = p(Zp). O

Proposition 4.5. Let k be a field and let p be its characteristic exponent. Let f : X — Bandg: Y —
B be smooth proper morphisms of k-varieties with geometrically irreducible fibers. Letq : Y — X be
a morphism of B-schemes. Assume that p(X;) = b,, where b, is the second £-adic betti number of X;
for some prime £ # p. For t € B, consider the pullback map q; : Br(X;) — Br(Y;). Then for every
prime £ # p and t € B, such that p(Y;) = p(Yj;), we have ker(qf*){f} = ker(q;;){f}.

Proof. We have p(X;) < p(X;) < b, for all ¢ € B. The inequalities follow from the injectivity
of sp;z: NS(X;) ® Z[1/p] — NS(X;) ® Z[1/p] and of the #-adic cycle class map ¢, for a
prime £ # p. The assumption p(X;) = b, implies that the Picard number in the family X — B
is constant and equals b,. By Lemma 4.4, we deduce that for ¢t € B, with p(Y;) = p(yﬁ), both
SPgi: Br(Xﬁ){f} — Br(X;){¢} and s Pyt Br(yﬁ){f} — Br(Y:){¢} are isomorphisms. The result
follows as Spﬁ,foq;; = g;osp; . 1

5 | MAIN APPLICATION: GODEAUX SURFACE

Let k be an algebraically closed field of characteristic 0. Any quintic surface Y, which is invariant
and fixed point free under the Z/5-action (1.1) can be realized as a hypersurface in Pi defined by
an equation of the form

Gy oy (Tor s T3) = To + T + T3 + T35 + & ToTo T3 + & ToT Ty + a3 Ty T5 T3 + o, ToT, T
+asToT5T; + agToT T + o, TiT,Ts + agToT T,
where a := (ay, &y, ..., 0g) € Ai(k). Given a point a € Az(k), wesetY, :=V(G,) C [P’i.

Proposition 5.1. Let k be an algebraically closed field of characteristic 0. There exists a triple-point
free semi-stable degeneration X — Spec k[[t]] of a Godeaux surface, such that the dual graph T of
the special fiber X, is a chain. If we number the components X,,; of Xy, so that Xy; N Xy ;1 # 0
Jfor every i, then all X,,; are elliptic ruled surfaces except the last one X, ,,, which is a cubic surface.
The components X, ; and X, ; ., are glued along smooth elliptic curves C; ; .. In addition, if C Yo T

Xp; N X;ing, then Cy,  sits as a fivefold cover onto the base of the ruled surface X, ;, C, , consists of
two disjoint sections of the ruled surface X, ; fori =2,..,n —land Cy +Ky =0 & Pic(X,).

Proof. This follows from [21, appendix 3]. O

Proposition 5.2. Let k be an algebraically closed field of characteristic 0. Let X — Spec k[[t]] be
a semi-stable degeneration of a Godeaux surface with special fiber as in Proposition 5.1. Then X —
Spec k[[t]] admits a natural 5 : 1étale cover Y — Spec k[[t]], which is a triple-point free semi-stable
degeneration of a smooth quintic surface. The dual graph T of the special fiber Y, is a flower pot. In
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particular, Y, is given by an elliptic ruled surface Y, with five disjoint sections E;, such that along each
E;, there s glued a chain of elliptic ruled surfaces Y; ; with a cubic surfaceY; , as an end-component.
These chains are isomorphic to each other and they are permuted by the Z / 5-action of the covering,
whereas Y, is invariant under this action.

Proof. The Mayer-Vietoris sequence (2.5) gives rise to the following exact sequence
n - n—1
0 Pic(Xy) ~ €P) Pic(Xy,) — P Pie(Cyi1). 1)
i=1 i=1

We aim to compute the torsion group Pic(Xy),. Since &, , is a rational surface, we have
Pic(Xy ,)ior = 0. Thus, the restriction r, of r to @ Pic(Xy;)r takes (L£;); to (£, lc,, =
Lole, s Lpa lc,_,,)- Recall that for i = 2,...,n —1, the components &;; are ruled and both
curves C;_;; and C;;,, constitute sections in &, ;. Hence, restriction of line bundles yields iso-
morphisms Pic(Xy ;)ior & Pic(Ci_y )y (respectively, Pic(C; ;1)) It follows that the kernel of
Itor coincides with the one of Pic(Xy ; )or = Pic(Cy 2)or, £ = L, ,- The last map can be identi-
fied with (¢|C1,2)* » Pic(E)yoy & Pic(X 1oy = Pic(Cy 5)ior, Where 3 @ Xy — E is the fibering of
the ruled surface & ;. Since C, , is a fivefold cover onto the base curve E, the kernel of the pullback
map (1,D|CL2)’k is the Cartier dual of Z/5, which is us = Z /5. Consequently, Pic(Xy),, = Z/5.

To conclude, we need to show that a non-trivial 5-torsion line bundle on &) lifts to a 5-torsion
line bundle on the total space X. But torsion line bundles always extend to torsion ones (see [12,
Proposition 22.5]). Finally, the desired form of the special fiber for the associated cover Y is jus-
tified by the fact that the restriction of 0 # £ € Pic(Xy), & Z/5 to U;.1 X, ; is trivial, whereas

Lly,, #0. m

Lemma 5.3. Let k be an algebraically closed field of characteristic 0. Let X — Spec k[[t]] be a semi-
stable degeneration of a Godeaux surface with special fiber X,,, as in Proposition 5.1. Then Br(X) =
0.

Proof. A Godeaux surface X over m satisfies H/(X, ©y) = 0 for i = 1, 2. Hence, we may apply
Lemma 4.1 and obtain the isomorphism Br(X) — Br(X,),,,-

We compute Br(X,) with the help of the Mayer-Vietoris exact sequence (2.5). As the compo-
nents of the special fiber X, are all ruled or rational and the ground field is algebraically closed,
we find Br(X,;) = 0 for all i. Thus, (2.5) gives rise to the exact sequence

n n—1
@P picx,) - @ Pic(Ci) — Br(Xy) — 0, (52)
i=1 i=1

and we need to show that r is surjective. Consider the fibrations p; : X,; — E; and lets; ; : E; —
Cj j+1 C &y, be the C(_)rresponding sections, where j=i—1,i and i = 2,..,n — 1. For a given
point x € E;, we set F' := pi_l(x) for the fiber of p; over x and note that,

r(0, ..., [FL],...,0) = (0, ..., =[s;;_1 ()], [5;,()], ..., 0). (5.3)

As the double curves C; ;,; are isomorphic to each other, (5.3) implies that it is enough to show
([x],0,...,0) € im(r) for all points x € C, ,. In fact, it suffices to find a single point x € C ,
for which the latter holds. Indeed, this follows from Pic(C, ;) = Z[x] & PicO(CLZ) and that the
composite Pic’(E,;) C PicO(XO’l) - PicO(Cl,z) is surjective.
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Since Xo,n is a cubic surface, we may pick a (—1)-rational curve D C X()n Recall that
Ky,,=—C Thus, the adjunction formula (K X F D).D = =2 yields C,_; ,.D =1 and so

n-1,n-
r(O —[D]) = (0, ..., [x]) for some point x € C,,_, ,. Finally, by (5.3) we get a point x € C ,,
such that ([x],0,...,0) € im(r), finishing the proof. O

We are in the position to prove the main result of this paper.

Proof of Theorem 1.3.. Pick a generic pencil ¥ — P} C |(9P3 (5)|%4/5 of Z /5-invariant quintics, such

that some fiber Yo to € P! (k) is not passing through any of the four fixed points of the action (1.1)
and has five triple points as its only singularities. Since the pencil is generic, we may assume that
the five triple points are not base points and so the total space Y is smooth along Y- We perform
a base change with respect to the completion of the local ring of [P’1 at t,. Applying semi-stable
reduction to the family Y and its Z/5-quotient X, we arrive at the S 1 étale coverq: Y — X,

described in Proposition 5.2 (see proof of Proposition 5.1). We want to show that the pullback
map q;; is injective. If q;) = 0, then Theorem 1.4 implies that up to some finite base change of
discrete valuation rings followed by a resolution of the total space (see [11]), the restriction map
Br(¥) — Br(Xﬁ) is surjective. The latter contradicts Lemma 5.3. O

Remark 5.4. In general, the universal cover Y of a Godeaux surface X is not a quintic, but rather its
canonical model v: Y — Y, that is obtained by contracting the (—2)-curves (see [15, Theorem
2]). In particular, Y, C P% is invariant, fixed point free under the Z/5-action (1.1) and X, =
Y, un/(Z/5) (see [15, section 2]).

We note that if v: Y — Y,,, is not an isomorphism, then p(Y) > 13. Especially, p(Y) =9
implies that Y is a quintic surface.

Indeed, let n denote the number of distinct Z /5-orbits of rational double points in Y,,,. Pick a
representative p; € Y, for each Z/5-orbit and let n; be the number of components of the fiber

E; := v‘l(pi), where i = 1, ..., n. Then we have the relations
n n
p(Y) = p(Yean) + ) 5m; and 9 = p(X) = p(Xcq) + ) 1y
i=1 i=1
Since p(Y,4,) = P(Xcqn), we find p(Y) > 9+ X7, 4n; > 13, as claimed.

Proof of Theorem 1.1.. The generic Picard number in the family of smooth, Z/5-invariant and
fixed point free quintics Y over C is 9 (see [4, Example 3]). By Remark 5.4 we know that if
the universal cover of a Godeaux surface has Picard number 9, then it is a quintic. Hence,
Proposition 4.5 shows that it suffices to find a single smooth, Z/5-invariant and fixed point free
quintic Y with p(Y) = 9, so thatif X :=Y/(Z/5), then gj, : Br(X) — Br(Y) is injective. But this
follows immediately from Theorem 1.3, by considering a generic pencil of Z/5-invariant quin-
tics, such that some member has five triple points as its only singularities (see [21, appendix 3,
Lemma 1]). O

6 | APPLICATION II: ENRIQUES SURFACE

Let k be an algebraically closed field of characteristic 0 and let R := k[[¢]]. By [20, Corollary 6.2],
up to birational equivalence, there are exactly three types of strictly semi-stable degenerations
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of Enriques X — SpecR, such that the canonical divisor K, is 2-torsion. We refer to them as
(ia) X, is a smooth Enriques’ surface, (iia) &, is an elliptic chain with one rational component
and (ilia) X, is rationally polygonal and its dual graph T is a triangulation of RP? (see [20,
Corollary 6.2]).

The corresponding double cover Y — Spec R is a strictly semi-stable degeneration of a K3 sur-
face, with (ia) Y, is a K3 surface, (iia) ), is an elliptic chain with two rational components and
(iiia) V), is rationally polygonal and its dual graph T is a triangulation of S? (see [20, Theorem
6.1]).

Let M denote the coarse moduli space of Enriques surfaces. Beauville showed that Enriques
surfaces X with gy = 0 form an infinite, countable union of non-empty hypersurfaces in M (see
[1, Corollary 6.5]). These hypersurfaces have been explicitly described in [1], using lattice theory
(see [1, Proposition 6.2]). In what follows, H C M denotes the union of these hypersurfaces. To
the author’s knowledge the following result is new:

Theorem 6.1. Let k be an algebraically closed field of characteristic 0 and let R := k[[t]]. Let X —
Spec R be a type (iia) degeneration of an Enriques surface. Consider its canonical coverq: Y — X.
Then q;; : Br(Xﬁ)[z] - Br(yﬁ)[z] is non-zero.

Proof. 1t is clear that a type (iia) degeneration of an Enriques surface and its double covering
q: Y — X satisfy the conditions in Theorem 1.4. Hence, it suffices to show that the generator
a € Br(X;) =7 /2 cannot be lifted to Br(X){2}. This holds true due to Lemma 6.2 (cf. [23, Remark
7.4]). (]

Lemma 6.2. Let k be an algebraically closed field of characteristic O and let R := k[[t]]. Let X —
Spec R be a type (iia) degeneration of an Enriques surface. Then the map Br(X) — Br(X;) is trivial.

Proof. The proof is more or less the same as in Lemma 5.3. We number the components X, ;, such
that C; ;. 1= Xy; N Xy, # ¥ for all i. We also set Cx,, =Xy N X;mg.

An Enriques surface has invariants p; = ¢ = 0. Hence, Lemma 4.1 yields the isomorphism
Br(X) = Br(X,),,, and it suffices to prove Br(X,)) = 0. The exact sequence (5.2) holds here as well
and so we only need to show that the map r is surjective. Recall that the special fiber X}, is an ellip-
tic chain with rational end-component &}, ,, and thus the relation (5.3) is also true. It is therefore
enough to prove that ([x],0,...,0) € im(r) for a single point x € C; ,, as C; , is an étale double
cover onto the base of the elliptic ruled component X, ; (cf. the argument in Lemma 5.3).

We claim that there is at least one component X, ;, which is not a minimal surface. The
canonical bundle formula gives Ky, = Ky|y , —C x,,- Since K is 2-torsion in Pic(X’), we obtain
Ky, + Cx,, = 0. For a contradiction, assume now that all components of the special fiber X, are
minimal. As X, ; are ruled fori = 1,...,n — 1, we get Kfvo,l_ = Cf\’o,i = 0. Recall that X, ,, is a rational
surface and so Kfvo = Cfl_l,n = 8 or 9. The first relation yields Cfl_lyn = 0, which contradicts the
last one. ’

Pick a component X, ;, which is not minimal. For a (—1)-rational curve D C &}, ;, the adjunction
formula (KXo,i + D).D = -2 yields D.CXOJ, = 1. Therefore, r(0,...,[D],0,...,0) = (0, ..., [x], ..., 0)
for some point x € C;_; ;, where j = iori+ 1. By (5.3) we also deduce a point x € C ,, such that
([x1, ..., 0) € im(r), finishing the proof. O

As an immediate consequence of Theorem 6.1, we obtain:
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Corollary 6.3. Any member X in H cannot be degenerated to a singular Enriques surface, such that
after applying semi-stable reduction the special fiber becomes of type (iia).

7 | APPLICATION III: QUOTIENTS OF PRODUCTS OF CURVES

In what follows for an abelian group A we denote by A;, its maximal divisible subgroup. As a
last application of Theorem 1.4, we prove the following.

Theorem 7.1. Let E be a smooth elliptic curve and C a smooth projective curve over C. Let 1 be
an automorphism of C of finite order d, with Fix(y) # @. Assume Hom(E, Jac(C)) = {0}. Then there
exists 0 # 7 € E[d] with the following property: If Y :=ExXxCand q,: Y - X :=EXC/(zZ/d)
denotes the quotient by the diagonal action

(x, ) = (x +7,9(), (7.1)
then for any a € Br(X) \ Br(X)g;y, the pullback q}a € Br(Y) is non-zero.

We follow the same strategy as in the previous sections. We first review degenerations of elliptic
curves. Note that below we work in a more general setting than Theorem 7.1. Namely, we allow
the ground field to be of any characteristic (for example, Proposition 7.4).

7.1 | Cycle degenerations

Let R be a discrete valuation ring with residue field k of any characteristic and fraction field K.
Let E be an elliptic curve over K. It is well-known that we can always find a finite extension R C R
of discrete valuation rings, such that the fraction field K of R is a finite separable field extension
of K and the minimal model & — Spec R of the base change Ey is semi-stable over R (see [24, Tag
0CDM]). There are two particular possibilities for the special fiber E,, := &,.

(I,) E,is asmooth elliptic curve.

(I,) E, is a Néron v-gon for some integer v > 2, that is, E, is isomorphic to the quotient of
IP}2 x (Z /v) obtained by identifying the co-section of the ith copy of P! with the 0-section of
(i+1)-st.

The smooth locus £5™ is a commutative smooth group scheme over R, which is the Néron model
of Er. In case E,, is a Néron v-gon, the smooth locus of the special fiber is the affine group scheme

~ X
Gy, X Z/v.Iffurthermore, v is invertible in R, then the group scheme £5™[v] := ker(&%™ Se sm)
is étale locally isomorphic to (Z/v)? (see [18, Proposition 20.7]) and thus, after an unramified base
change of discrete valuation rings, we may assume that

EMy] = (z/v)>. (7.2)

The natural action of £5™[v] on £S™ extends to £ (see [16, Proposition 9.3.13]). The action on the
special fiber E, can be described as follows: The first direct summand of EJ™[v] = u, X Z/v acts
on each component of the special fiber via multiplication by vth roots of unity and fixes the two
vertices 0 and oo, while the second summand rotates the components.
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7.2 | Proof of Theorem 7.1

Fix a positive integer d > 1. Let £ — Spec R be a semi-stable model of an elliptic curve Ey, whose
special fiber is of type I, ; for some x > 2and v := xd isinvertible in R. Up to some unramified base
change, we may assume that (7.2) holds. There are exactly n; := de(d) points 0 # 7 € ES[d],
such that the quotient map E, — E, /7 is trivial over each component of E, /7. Via the isomor-
phism Ej™[v] = u, X Z /v, they correspond to tuples ({*, ix), where ¢ is a dth root of unity and
1 < i < visaninteger prime to d.

Pick any 0 # 7 € £5"[d] from these n,; points. Consider a smooth proper family of curves C —
SpecR and an R-automorphism % of order d that fixes a section of this family. We let Z/d act
diagonally on the product Y := € X C asin (7.1) and form the quotient

G Y — & = (Exg 0)/(2/d). (7.3)

In contrast to the previous two applications, the Brauer group of the special fiber of a cycle
degeneration has infinitely many torsion elements.

Lemma 7.2. Let R be a discrete valuation ring with fraction field K and residue field k. Let N, be a
smooth projective variety over k. Consider a triple-point free semi-stable degeneration N' — SpecR,
such that the dual graph T of Ny, is a cycle with components Ny ; = P* x N, and each double inter-
section Ny; N Ny, is isomorphic to a fiber of P! X Ny — P. Then there is a short exact sequence

0 — Pic(N,) — Br(N,) — Br(N,) — 0. (7.4)
Proof. The Mayer-Vietoris sequence (2.5) gives rise to the following exact sequence

@ Pic(P! x Ny) — @) PictNy) —> Br(Ny) — @D Br(P! x Np) — @D Br(Ny).  (7.5)
i=1 i=1 i=1 i=1

We note that Pic(P! x N,) = Pic(P!) X Pic(N,) = Z[N,] x Pic(N,). Since the restriction of
Opixn, (INo]) to Ny is the trivial line bundle, we deduce that the cokernel of a coincides with the
one of the map @._, Pic(N,) — @;_, Pic(N,), (Dy,...,D,) + (D; — D, ...,D, — D;).Itis readily
checked that the summation map @;_, Pic(N,) — Pic(Ny), (D;); + Z;D; yields an isomorphism
coker(a) = Pic(N,). On the other hand, recall that the Brauer group of smooth projective varieties
is a stably birational invariant (see [5, Proposition 6.2.9]). Hence, we have a natural isomorphism
Br(N,) = Br(N, X P!) (see [5, Corollary 6.2.11]). Under the above identification the map 8 takes
the form (ay, ..., a,) = (@] — a5, ..., a,, — ;) and so its kernel is isomorphic to Br(N,). The exact
sequence (7.4) thus follows from (7.5). O

Lemma 7.3. Let R be a strictly henselian discrete valuation ring. Let q,: Y — X = (€ Xg
C)/(Z/d) be the quotient map in (7.3). For any prime ¢ invertible in R, restriction yields
isomorphisms

Br(V){£} > Br(Yie} (7.6)

Br(X){¢} = Br(X,)}(¢}. 1.7)

Proof. Note that the sufficient conditions of Lemmas 4.1 and 4.3 are not true here and so we cannot
get (7.6), (7.7) for free. Instead, we proceed as follows. The Mayer-Vietoris sequence (2.5) gives rise
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to the following short exact sequences:

1 - k* = Pic(Vy) = (@ ZICo)) x Pic(Cy) - 1
i=1

x
1 - k* = Pic(X,) = (@D ZICo)) x Pic(Cy) — 1.
i=1
Here, we think of Pic(C,) as a subgroup of € Pic(P! x C,) via the diagonal. Since R is strictly
henselian, the residue field k is separably closed and tensoring with Z/¢" gives isomorphisms

Pic(V,) ® Z/¢" = (_EB(Z/W)[COD X (Pic(Cy) @ Z/¢")

i=1

Pic(Xo) ® 2/¢" = (P(Z/¢M)ICo)) x (Pie(Cy) ® 2/£").

i=1

By (4.11) it suffices to prove

Pic(Y,)
Pic(Y)

Using the group scheme structure of £, we find v sections s;: SpecR — £, one for
each component of the special fiber. We set D; :=im(s; Xid:) C Y and F; := q(D;) C X for
all i. Clearly, the restrictions D;|y, € Pic())) (respectively, F;|y, € Pic(X))) are generators in
B, (2/¢")C,) (respectively, -, (/£7)]C,)).

Recall that Pic(Cy) ® z/¢" = z/¢" is generated by any closed point. Pick a fixed point x € C(R)
of ¢ and consider the prime divisors D := im(id¢ Xx) C Y and the quotient F :=D/(Z/d) C
X. Then the restrictions D| ¥ € Pic(Y,) and F| x, € Pic(X,) yield generators of Pic(C,) ® z/¢",
finishing the proof. O

P
®Q,/Z, =0and

Proposition 7.4. Let R be a discrete valuation ring with fraction field K and algebraically closed
residue field k. Let q, : Y — X := (€ Xi C)/(Z/d) be the quotient map in (7.3). Let £ be a prime
invertiblein R. For any class o € Br(Xﬁ){f I\ Br(Xn—)diV{f }, the pullback to Yy isnon-zero: 0 # q;ioc €
Br(yﬁ)-

Proof. We may assume that a € Br(X;){¢} \ Br(X;)y;,{¢}, for some prime factor £ of d. A suffi-
cient condition for the pullback q;foc to be non-zero is to show that up to every finite base change
of discrete valuation rings followed by a resolution of the total space (see [11]), a cannot be lifted
to a class in Br(X){¢} (see Theorem 3.1).

As the Brauer group of a curve over an algebraically closed field is zero (see [5, Theo-
rem 5.6.1]), Lemma 7.2 implies Br(X,){£} = Pic(Cy){¢}. By passing to the henselization of the
base, Lemma 7.3 yields Br(X){#} = Pic(C,){¢}. The group Pic(Cy){¢} = (Q,/Z,)* is divisible,
whereas Br(X;){¢}/ Br(X;)a;,{¢} = H 3(2(,7, Z;(1))o, is finite (see [5, Proposition 5.2.9]). These
observations certainly imply that Br(X){¢} — Br(X;){¢}/ Br(X;;)4;,{¢} is always the zero map, as
claimed. O

Finally, with the help of the above preparation, we are able to prove Theorem 7.1.
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Proof of Theorem 7.1. Let C be a smooth complex projective curve and let 3 € Aut(C) be an
automorphism of order d, with Fix(y) # . We claim that Proposition 7.4 yields an example of
an elliptic curve E over C with Hom(E, Jac(C)) = {0} and a point 0 # 7 € E[d], for which the
conclusion of Theorem 7.1 holds true.

To see this, we may choose a countable algebraically closed field k C C, such that C = C}, X C.
Let & be a cycle degeneration over the local ring of a smooth pointed k-curve (B, 0) with special
fiber of type I,4, x > 2. We may assume that (7.2) holds. Set C := C}, X; Op, and consider the
quotientmapq,: Y - & :=(C X050 &)/(z/d) (from (7.3)) for some point 0 # 7 € £SM[d] that
restricts via the isomorphism Ej"[v] = u, X Z /v to a tuple of the form ({*, ix), where the integer
1<i<v :=x«disprime tod and ¢ is any dth root of unity.

Proposition 7.4 implies that q;;a # 0 for all a € Br(&;) \ Br(X;)q;,- We pick an embedding
k(B) c C that respects the given one k C C and perform the base change. This yields an exam-
pleg, : EXC — (E X C)/(z/d) defined over C that satisfies the conclusion of Theorem 7.1. Note
that Hom(E, Jac(C)) = {0}, because £, has multiplicative reduction at 0 € B, whereas J ac(C,;) has
abelian reduction everywhere in B.

Next, we proceed as in the proof of Theorem 1.1. We consider the Legendre family of ellip-
tic curves p: F C IP% xU-U, U := A}: —{0,1}, whose fibers F; are defined by the affine
equation

2 =x(x —1)(x —2)

and recall that every elliptic curve is isomorphic to some fiber of this family. We regard ¥ — U as
an abelian scheme, with the identity section given by the point (0 : 1 : 0).

Pick 1, € U, such that E = F;,- Up to some finite base change, we may assume that 7 € E[d]
lifts to a section of the family 7 — U. We let the group Z/d act on F via the translation t and on
C via the automorphism 3 and consider the quotient map

qr: FXC— (FxC)/(z/d).

Ford e U,wesetq, :=qp,Y,; :=F; XCand X; := (F; xC)/(z/d).

Choose 1, € U, such that Hom(F/ll,Jac(C)) = {0}. Then the maps Sy, Br(Y;) — BT(Y/li)
are isomorphisms for i = 0,1 (see Lemma 4.4). By the smooth proper base change theorem, the
quotient of the Brauer group of a smooth projective variety over an algebraically closed field of
characteristic 0 by its maximal divisible subgroup is invariant in smooth proper families (see [5,
Proposition 5.2.9]). Thus, the surjectivity of sp; 1, - Br(X;;) = Br(X; ) yields an isomorphism

Br(X;)/ Br(X;)aiy = Br(X;,)/ Br(X; giy-

Since specialization is compatible with pullbacks (see Lemma 4.4) the claim follows by compar-
ing the three pullbacks q;;, qzo and q;{l via the specialization maps. The proof of Theorem 7.1 is

complete. 0

Remark 7.5. Assume that the pair (C, ) satisfies C /¢ = P'. Then Br((E x C)/(Z/d))4, = 0 and
so Theorem 7.1 says that the pullback map g} : Br((E x C)/(Z/d)) — Br(E X C) is injective for
some 0 # 7 € E[d], if Hom(E, Jac(C)) = {0}.

The conclusion of Theorem 7.1 is known for Bi-elliptic surfaces and their canonical covers,
without any restriction on the choice of the torsion point 7 € E[d] (see [6, Theorem B]).
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Example 7.6. Itis readily checked that the datum (C, 1) can be replaced by any pair (V, 3), where
V is a smooth complex projective variety and 1 is an automorphism of V' of order d satisfying the
following two properties.

(1) For all prime factors £ of d, the group NS(V) ® Q,/Z, is generated by prime divisors that are
invariant under .

) B4 Pic(VE} = Dy Pic’ (VLY.

Item (1) is needed to ensure P, 4 Br(X)}{¢} = P,y Br(X){¢}, where X = (€ X V)/(Z/d) (cf.
proof of Lemma 7.3). In the proof of Proposition 7.4, item (2) was the key to show that classes
a e Br((\’n-) \ Br((\,’ﬁ)div do not lift to the total space X. However, the group Br(X,),,, may not be
divisible (see (7.4)) and so the same argument might not work here. We prove Proposition 7.4 for
the quotientmap g, : Y := EXV - X :=(EXV)/(Z/d), where 0 # T € £[d] is chosen so that
E, — E, /7 is generically trivial: For a contradiction, assume that there exists a non-zero d-torsion
classa € Br(Xn-) \ Br(Xﬁ)diV, such that qji'(oc) =0€e Br(yn-). Then after a finite base change of dis-
crete valuation rings followed by a resolution of the total space, we may assume that « lifts to a
class & € Br(X)[d] and g*& = 0 € Br())[d] (see Theorem 3.1). But by item (2) via the last homo-
morphism in (7.4) the restriction 0 # &| x, must map to a non-zero element in Br(V). Finally, the
commutativity of the following diagram

Br(X) —— Br(X,) —— Br(V)

I s Lo,

Br(Y) — Br(Vy) — @, Br(V),

yields g*& # 0, which contradicts g*& = 0.
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