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Abstract
Let 𝑋 be a Godeaux surface and 𝑞𝑋 ∶ 𝑌 → 𝑋 be
its universal cover. We show that the pullback map
𝑞∗

𝑋
∶ Br(𝑋) → Br(𝑌) is injective if 𝜌(𝑌) = 9. Our argu-

ments rely on a degeneration technique that also applies
to other examples.
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1 INTRODUCTION

The Brauer group Br(𝑋) of a smooth projective variety 𝑋 over a field 𝑘 is the abelian group
𝐻2
ét(𝑋, 𝔾𝑚). It can be also regarded as the group of equivalence classes of étale locally trivial ℙ𝑛

bundles over𝑋modulo Zariski locally trivial ones. This is always a torsion group and an important
birational invariant of 𝑋.
Let 𝑞∶ 𝑌 → 𝑋 be a finite étale covering. This defines a natural pullback map 𝑞∗ ∶ Br(𝑋) →

Br(𝑌) on Brauer groups. Since 𝑞∗𝑞
∗ = deg(𝑞) ⋅ id, the kernel of 𝑞∗ is killed by the positive integer

𝑑 ∶= deg(𝑞). Therefore, detecting whether a given 𝑑-torsion class 𝑎 ∈ Br(𝑋)[𝑑] pulls back to zero
is a subtle problem.
Beauville studied this question in the case of complex Enriques surfaces, which was first stated

in [10]. Namely, an Enriques surface 𝑋 admits a natural double cover 𝑌, which is a 𝐾3 surface.
Beauville [1] showed that the kernel of the map ℤ∕2 = Br(𝑋) → Br(𝑌) = (ℚ∕ℤ)22−𝜌, 1 ⩽ 𝜌 ⩽ 20,
depends on 𝑋. More specifically, he described lattice theoretically the surfaces 𝑋 in the coarse
moduli space of Enriques for which the kernel of 𝑞∗

𝑋
is non-trivial and showed that this locus
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1882 ALEXANDROU

is a countable, infinite union of non-empty algebraic hypersurfaces. His method fails to give a
concrete example but among others Garbagnati and Schütt [8] constructed examples of Enriques
surfaces 𝑋 over ℚ with 𝑞∗

𝑋
being injective or trivial.

Recent work of Bergström, Ferrari, Tirabassi and Vodrup [6] uses Beauvilles’ method to answer
similar questions for a Bi-elliptic surface 𝑋 over ℂ.
In [2], Beauville asked the above question for Godeaux surfaces. A Godeaux surface 𝑋 is a

classical example of a surface of general type with 𝐻𝑖(𝑋,𝑋) = 0 for 𝑖 = 1, 2 and NS(𝑋)tor ≠ 0(≅

ℤ∕5). They usually appear as ℤ∕5-quotients of smooth quintics 𝑌 ⊂ ℙ3
ℂ
that are invariant and

fixed point free by the automorphism

𝜑∶ (𝑥0 ∶ 𝑥1 ∶ 𝑥2 ∶ 𝑥3) ↦ (𝑥0 ∶ 𝜁𝑥1 ∶ 𝜁2𝑥2 ∶ 𝜁3𝑥3), (1.1)

where 𝜁 is a primitive 5th root of unity (see [15, section 2]).
The main result of this paper answers the question for 𝜌(𝑌) = 9, which is the generic case (see

[19, Example 3.1]).

Theorem 1.1. Let 𝑋 be a Godeaux surface over ℂ and 𝑞𝑋 ∶ 𝑌 → 𝑋 be its universal cover. If the
Picard number of 𝑌 is 9, then the pullback map 𝑞∗

𝑋
∶ Br(𝑋) → Br(𝑌) is injective.

As an immediate consequence, we also obtain:

Corollary 1.2. For the very general Godeaux surface 𝑋 over ℂ, the pullback map 𝑞∗
𝑋
is injective.

Theorem 1.1 will be deduced from the following result.

Theorem 1.3. Let 𝑘 be an algebraically closed field of characteristic 0. Pick a generic pencil  →

ℙ1
𝑘

⊂ |ℙ3
𝑘
(5)|ℤ∕5 of ℤ∕5-invariant quintics, with some fiber 𝑡0

, 𝑡0 ∈ ℙ1
𝑘
(𝑘) not passing through

any of the four fixed points of the action (1.1) and having five triple points as its only singularities. Let
𝑞∶  →  be the quotient map. Then the pullback map 𝑞∗

𝜂 ∶ Br(𝜂) → Br(𝜂) is injective.

A pencil with the properties mentioned in Theorem 1.3 exists. This relies on the fact that the
invariant quintics |ℙ3

𝑘
(5)|ℤ∕5 form a 12-dimensional linear space and for a given point 𝑝 ∈ ℙ3

𝑘
(𝑘)

not in any coordinate hyperplane, we can always find a quintic surface𝑌 invariant and fixed point
free under the ℤ∕5-action (1.1) with five triple points at the orbit of 𝑝 and no other singularities
(see [21, appendix 5, Lemma 1]).
It remains unclear whether there are actually examples of Godeaux surfaces 𝑋, such that

𝑞∗
𝑋

= 0.
Our method is adjustable and can be also applied to other surfaces. In Section 6, we show that

complex Enriques surfaces 𝑋 with 𝑞∗
𝑋

= 0 do not admit a type II degeneration (see Theorem 6.1).
By comparing the latter with Beauvilles’ result [1, Corollary 6.5], one can determine hypersurfaces
in the coarse moduli space of Enriques, with the property that any of their members cannot be
degenerated to a type II (see Corollary 6.3). In the last section, we also study the case of cyclic
quotients of products of curves (see Theorem 7.1).

1.1 A degeneration technique

Theorem 1.3 relies on the following, which is the crucial technical result of the paper.
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ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1883

Theorem 1.4. Let 𝑞∶  →  be a finite étale Galois covering of strictly semi-stable 𝑅-schemes,
such that the étale cover 𝑞0 is trivial over

sing

0
∩ 0,𝑖 for every component 0,𝑖 of the special fiber 0.

Assume that the degree 𝑑 ∶= deg(𝑞) is invertible in 𝑅. Then (1) implies (2).

(1) The pullback 𝑞∗
𝜂 ∶ Br(𝜂)[𝑑] → Br(𝜂)[𝑑] is the zero map.

(2) Up to some finite ramified base change of discrete valuation rings 𝑅 ⊂ 𝑅̃ followed by a resolution
of 𝑅̃, the restriction Br()[𝑑] → Br(𝜂)[𝑑] is surjective.

When performing a ramified base change 𝑅 ⊂ 𝑅̃, the model𝑅̃ becomes singular, but it follows
from [11, Proposition 2.2], that the family 𝑅̃ → Spec 𝑅̃ can be made again into a strictly semi-
stable by repeatedly blowing up the non-Cartier divisors of the special fiber.
Theorem 1.4 establishes a link between the following two properties (see also Theorem 3.1).

(i) A class 𝛼 ∈ Br(𝜂) pulls back to zero, that is, 𝑞∗
𝜂𝛼 = 0 ∈ Br(𝜂).

(ii) Up to some finite base change of discrete valuation rings 𝑅 ⊂ 𝑅̃ followed by a resolution of
𝑅̃, 𝛼 ∈ Br(𝜂) lifts to an honest class in Br().

The advantage of relating these properties is that in many cases it is not hard to check whether
a given class 𝛼 ∈ Br(𝜂) lifts to the total space  . In all applications presented in this paper, the
restrictionmapBr() → Br(𝜂)happens to be trivial, either becauseBr() = 0 orBr() is a divis-
ible group and Br(𝜂) is finite (see Lemmas 5.3, 6.2 and 7.2). An example with Br() → Br(𝜂)

being surjective appears in [23, Theorem 7.1].
The property (ii) had been also studied in [23], where a relation to algebraic torsion classes had

been found.

1.2 Outline of the proofs

The proof of Theorem 1.4 relies on the following observations. Pick a Brauer class 𝛼 ∈ Br(𝜂){𝓁}

with 𝑞∗
𝜂𝛼 = 0. Up to a suitable finite ramified base change, it is possible to achieve vanishing of the

residues 𝜕𝑖𝛼 ∈ 𝐻1
ét(0,𝑖 , ℚ𝓁∕ℤ𝓁) for all irreducible components0,𝑖 that have not been introduced

by resolving the singularities that appeared due to the base change. Using our assumption for
𝑞0, we see that over the new components the covering map 𝑞 is trivial. Hence, the usual pull–
push argument shows that the remaining residues of 𝛼 coincide with the ones of its pullback
0 = 𝑞∗

𝜂𝛼 ∈ Br(𝜂){𝓁} and so, all vanish. This will conclude the proof of Theorem 1.4.
Let  → ℙ1

𝑘
⊂ |ℙ1

𝑘
(5)|ℤ∕5 be as in Theorem 1.3 and perform a base change with respect to the

local ring at 𝑡0 ∈ ℙ1
𝑘
. By applying semi-stable reduction to  and its ℤ∕5-quotient  , we arrive

at a 5 ∶ 1 étale cover 𝑞∶  →  , that is trivial over  sing

0
∩ 0,𝑖 for all components 0,𝑖 of the

special fiber 0. Replacing 𝑅 ∶= ℙ1
𝑘
,𝑡0
with its completion 𝑅̂ ≅ 𝑘[[𝑡]], the proper base change

theorem can be used to show that the restriction map Br() → Br(0)tor is an isomorphism (see
Lemma 4.1). Then an explicit calculation using theMayer–Vietoris exact sequence gives Br(0) =

0 (see Lemma 5.3). Hence, Br() = 0 and so a Brauer class 0 ≠ 𝛼 ∈ Br(𝑋) ≅ ℤ∕5 never lifts to the
total space  . We thus obtain Theorem 1.3 by applying Theorem 1.4.
Theorem 1.3 can be used to produce a Godeaux surface𝑋 with universal cover𝑌 of Picard num-

ber 9, such that 𝑞∗
𝑋
is injective. As a final step, a specialization argument comes in hand, which

shows that the map in question is in fact injective for every 𝑌 with 𝜌(𝑌) = 9 (see Proposition 4.5).
This completes the proof of Theorem 1.1.
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1884 ALEXANDROU

2 PRELIMINARIES

2.1 Conventions and notations

Let 𝐴 be an abelian group and let 𝓁 be a prime number. We denote by 𝐴[𝓁𝑟] the subgroup of 𝓁𝑟-
torsion elements. We write 𝐴{𝓁} for the 𝓁-primary subgroup of 𝐴. If 𝑛 ∈ ℕ, then [𝑛]∶ 𝐴 → 𝐴 is
the map that sends 𝑥 to 𝑛𝑥. Also 𝐴div denotes the maximal divisible subgroup of 𝐴.
All schemes are assumed to be separated. A variety is a geometrically integral scheme of finite

type over a field. The regular locus of 𝑋 will be denoted by 𝑋reg and its singular by 𝑋sing. For an
𝑆-scheme 𝑋 → 𝑆 and any morphism 𝑆′ → 𝑆, we denote by 𝑋𝑆′ ∶= 𝑋 ×𝑆 𝑆′ the base change.
We denote by 𝑘sep and 𝑘̄ the separable and algebraic closure of a field 𝑘, respectively. We use

the notation 𝑅h for the henselization of a local ring 𝑅.
Let 𝑅 be a discrete valuation ring with residue field 𝑘 and fraction field 𝐾. For any 𝑅-scheme

 → Spec 𝑅, wewrite0 ∶=  ×𝑅 𝑘 (respectively,0̄ ∶=  ×𝑅 𝑘̄) for the special (respectively, geo-
metric special) fiber and𝜂 ∶=  ×𝑅 𝐾 (respectively,𝜂 ∶=  ×𝑅 𝐾̄) for the generic (respectively,
geometric generic) fiber.
A projective flat 𝑅-scheme  → Spec 𝑅 is called strictly semi-stable, if  is an integral regular

scheme, the generic fiber 𝜂 is smooth, the special fiber 0 is geometrically reduced, the irre-
ducible components of 0 are all smooth varieties and the scheme-theoretic intersection of 𝑛

distinct components is either empty or smooth and equidimensional of codimension 𝑛 in  . A
strictly semi-stable 𝑅-scheme  → Spec 𝑅 is called triple-point free if the intersection of any three
pairwise distinct components in the special fiber is empty.

2.2 Étale cohomology and Brauer group

Wecollect some results from étale cohomology thatwill be used throughout this paper. The results
that we discuss can be found in [17] and [5]. For a scheme 𝑋, we denote by 𝑋ét the small étale site
of 𝑋. If  ∈ 𝑆ℎ(𝑋ét) is a sheaf of abelian groups, then we write 𝐻𝑖(𝑋,) ∶= 𝐻𝑖

ét(𝑋,) for the
étale cohomology groups with coefficients in  . If 𝑋 = Spec𝐴 for some ring𝐴, we prefer to write
𝐻𝑖(𝐴, 𝐹), instead. For a positive integer 𝑛, we denote by 𝜇𝑛 the subsheaf of 𝑛th roots of unity of
the multiplicative sheaf 𝔾𝑚 on 𝑋ét.
Let 𝑋 be a scheme and 𝑛 a positive integer that is invertible on 𝑋. We shall frequently use the

following description of the 𝑛-torsion subgroup of the Brauer group of 𝑋, which is induced from
the Kummer sequence

coker(𝑐1 ∶ Pic(𝑋) → 𝐻2(𝑋, 𝜇𝑛)) ≅ Br(𝑋)[𝑛]. (2.1)

Lemma 2.1. Let 𝑋 be an integral, regular scheme of finite type over a field 𝑘 (respectively, a dvr 𝑅)
and let 𝑍 ⊂ 𝑋 be a closed subset of codimension one in 𝑋. Let 𝑈 ⊂ 𝑋 be the complement of 𝑍 in 𝑋.
Let 𝓁 be a prime invertible on𝑋. If 𝑍1, 𝑍2, … , 𝑍𝑡 are the components of 𝑍 with codimension one in𝑋,
then we have the following exact sequences:

0 → Br(𝑋)[𝓁𝑟] → Br(𝑈)[𝓁𝑟]
{𝜕𝑖}
→

𝑡⨁
𝑖=1

𝐻1(𝑘(𝑍𝑖), ℤ∕𝓁𝑟), (2.2)

0 → Br(𝑋){𝓁} → Br(𝑈){𝓁}
{𝜕𝑖}
→

𝑡⨁
𝑖=1

𝐻1(𝑘(𝑍𝑖), ℚ𝓁∕ℤ𝓁). (2.3)
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ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1885

Proof. See [5, section 3.7] for a detailed proof. □

Lemma 2.2. Let 𝑓∶ 𝑋′ → 𝑋 be a flat morphism of relative dimension 𝑛 ∶= dim𝑋′ − dim𝑋,
between integral, regular schemes of finite type over a field 𝑘 (respectively, a dvr 𝑅). For a prime
divisor 𝑍 ⊂ 𝑋, we write 𝑓∗𝑍 =

∑𝑡
𝑖=1 𝜆𝑖𝑍

′
𝑖
for its pullback, where 𝑍′

𝑖
are the prime divisors on𝑋′ sup-

ported on 𝑓−1(𝑍) and 𝜆𝑖 denote their multiplicities. Set 𝑈 ∶= 𝑋 ⧵ 𝑍 and 𝑈′ ∶= 𝑓−1(𝑈) ⊂ 𝑋′. Then
for any prime 𝓁 invertible on 𝑋, the following diagram commutes:

(2.4)

Proof. This follows from [5, Theorem 3.7.5]. □

Lemma 2.3. Let 𝑅 be a discrete valuation ring with residue field 𝑘 and fraction field 𝐾. Let  →

Spec 𝑅 be a triple-point free strictly semi-stable 𝑅-family. Then we have the following Mayer–Vietoris
exact sequence:

⋯ →
⨁

𝑖

Pic(0,𝑖)
𝑟1
→

⨁
𝑖<𝑗

Pic(0,𝑖 ∩ 0,𝑗) → Br(0)
𝑟2
→

⨁
𝑖

Br(0,𝑖) → … , (2.5)

where the map 𝑟1 sends (𝑖) to (𝑖|0,𝑖∩0,𝑗
− 𝑗|0,𝑖∩0,𝑗

) and 𝑟2 takes 𝛼 to (𝛼|0,𝑖
).

Proof. Consider the morphisms 𝑝∶ 𝑌 ∶=
⨆

𝑖 0,𝑖 → 0 and 𝜌𝑖,𝑗 ∶ 𝑋𝑖,𝑗 ∶= 0,𝑖 ∩ 0,𝑗 ↪ 0 for 𝑖 ≠

𝑗. The triple point free assumption implies exactness of the following sequence of sheaves for the
étale topology on 0:

1 → 𝔾𝑚,0
→ 𝑝∗𝔾𝑚,𝑌 →

⨁
𝑖<𝑗

𝜌𝑖,𝑗∗
𝔾𝑚,𝑋𝑖,𝑗

→ 1. (2.6)

Since the morphisms 𝑝 and 𝜌𝑖,𝑗 are finite, the pushforwards 𝑝∗ and 𝜌𝑖,𝑗∗
are both exact func-

tors in the étale topology (see [17, Corollary II.3.6]). Hence, 𝑅𝑠𝑝∗ = 𝑅𝑠𝜌𝑖,𝑗∗
= 0 for any 𝑠 ⩾ 1

and the Leray spectral sequence gives rise to the isomorphisms 𝐻𝑠(0, 𝑝∗𝔾𝑚) ≅ 𝐻𝑠(𝑌, 𝔾𝑚) and
𝐻𝑠(0, 𝜌𝑖,𝑗∗

𝔾𝑚) ≅ 𝐻𝑠(𝑋𝑖,𝑗, 𝔾𝑚). Finally, the associated long exact sequence of (2.6) together with
the use of the above isomorphisms lead to the sequence (2.5). □

3 MAIN TECHNICAL RESULT

Theorem 1.4 is an immediate corollary of the following.

Theorem 3.1. Let 𝑞∶  →  be a finite étale Galois covering of strictly semi-stable 𝑅-schemes, such
that the étale cover 𝑞0 is trivial over

sing

0
∩ 0,𝑖 for every irreducible component0,𝑖 of0. Fix a prime

number 𝓁, that is invertible in 𝑅. Pick a class 𝛼 ∈ Br(𝜂){𝓁}. Then the following are equivalent.

(1) The class 𝛼 pulls-back to zero, that is, 𝑞∗
𝜂𝛼 = 0.
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1886 ALEXANDROU

(2) Up to some finite ramified base change of discrete valuation rings 𝑅 ⊂ 𝑅̃ followed by a resolution
of 𝑅̃, the class 𝛼 lifts to a class 𝛼̃ in Br(){𝓁} with 𝑞∗(𝛼̃) = 0.

Proof. The implication (2)⇒ (1) is clear by functoriality of pullbacks.
We prove the implication (1) ⇒ (2). We may assume that 𝛼 ∈ Br(𝜂)[𝓁

𝑟] for some 𝑟 ⩾ 1, such
that 𝓁𝑟 divides 𝑑 ∶= deg(𝑞). By [5, section 2.2.2], we have

Br(𝜂) = lim
⟶
𝐾⊂𝐿

Br(𝐿),

where 𝐿 = 𝜂 ×𝐾 𝐿 and the co-limit is taken over all finite separable field extensions 𝐿 of 𝐾.
Hence, we can find a finite separable field extension 𝐿 of 𝐾, such that 𝛼 ∈ im(Br(𝐿)[𝓁

𝑟] →

Br(𝜂)[𝓁
𝑟]). We pick a lift of 𝛼 in Br(𝐿)[𝓁

𝑟] and denote it again by the same symbol. Since
𝑞∗

𝜂𝛼 = 0, the same reasoning as above gives 𝑞∗
𝐿
𝛼 = 0 (up to replacing 𝐿 if necessary with some

finite separable field extension).We let 𝑅̃ ⊂ 𝐿 be the normalization of𝑅 in 𝐿. Then 𝑅̃ is a Dedekind
domain finite over 𝑅 (see [9, Proposition 12.53]). Choose a maximal ideal𝔪 ⊂ 𝑅 and consider the
discrete valuation ring 𝑅′ ∶= 𝑅̃𝔪. We perform a base change corresponding to the extension of
discrete valuation rings 𝑅′ of 𝑅 and note that the models  and  may become singular. By [11,
Proposition 2.2], both 𝑅′ and 𝑅′ can be made into strictly semi-stable 𝑅′-schemes. Specifically,
by repeatedly blowing up all non-Cartier components of the special fiber of  → Spec 𝑅′, we can
arrive at a strictly semi-stable model  ′ → Spec 𝑅′. As we blow up along 𝐺-invariant centers,
the action on  given by the Galois group 𝐺 ∶= Aut(𝑞), can be naturally lifted to a fixed point
free action on  ′. Passing to the quotient  ′ ∶=  ′∕𝐺, we obtain a semi-stable model for 𝑅′ . In
particular, according to the above,wemay assume that𝛼 ∈ Br(𝜂)[𝓁

𝑟] and 𝑞∗
𝜂𝛼 = 0 ∈ Br(𝜂)[𝓁

𝑟].
Fix a uniformizer 𝜋 ∈ 𝑅 and perform the 𝓁𝑟 ∶ 1 base change 𝜋 ↦ 𝜋𝓁𝑟 followed by resolving

the singularities, as above. We keep the notations ̃ , ̃ and 𝑞∶ ̃ → ̃ for the resulting models
and covering over 𝑅. Write0 =

∑
𝑡∈𝑇 𝑃𝑡 for the special fiber of → 𝑅 and denote by 𝑃̃𝑡 ⊂ ̃0 the

irreducible component that maps isomorphically onto 𝑃𝑡 via the composition 𝑓∶ ̃ → 𝑅 → 

for every 𝑡 ∈ 𝑇. By Lemma 2.2, we have the commutative diagram:

from which one obtains 𝜕𝑡𝑓
∗𝛼 = 0 for all 𝑡 ∈ 𝑇. It remains to check that 𝛼̃ ∶= 𝑓∗𝛼 ∈ Br(̃𝜂)[𝓁

𝑟]

has trivial residue along each irreducible component that has been introduced by resolving the
singularities that appeared due to the base change. Over a new component the restriction of 𝑞

is trivial. It follows that for such a component 𝑉 ⊂ ̃0, if we write 𝑞−1(𝑉) ≅
⨆

g∈𝐺{g} × 𝑉 and
let 𝑞g ∶ {g} × 𝑉 → 𝑉 be the restriction of 𝑞 to {g} × 𝑉, then 0 = (𝑞g )∗(𝜕g𝑞𝜂

∗𝛼̃) = (𝑞g )∗𝑞g
∗(𝜕𝑉𝛼̃) =

𝜕𝑉𝛼̃ ∈ 𝐻1(𝑘(𝑉), ℤ∕𝓁𝑟). Here, the first equality holds, because 𝑞𝜂
∗𝛼̃ = 0, whereas for the last one,

we use that (𝑞g )∗𝑞g
∗ = id on 𝑉. Finally, the lift 𝛼̃ ∈ Br(̃){𝓁} satisfies 𝑞∗𝛼̃ = 0 ∈ Br(̃), as the

restriction of 𝑞∗𝛼̃ to ̃𝜂 is zero and the natural pullback map Br(̃) → Br(𝜂) is injective. The
proof now is complete. □
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ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1887

4 BRAUER GROUP OF THE TOTAL SPACE AND A
SPECIALIZATION ARGUMENT

Let 𝑝∶  → Spec 𝑅 be a strictly semi-stable scheme over a henselian discrete valuation ring 𝑅

with separably closed residue field 𝑘. The main aim of this section is the study of the restriction
map Br() → Br(0)tor.

Proposition 4.1. Let 𝑝∶  → Spec 𝑅 be a strictly semi-stable scheme over a henselian discrete val-
uation ring 𝑅 with separably closed residue field 𝑘. Assume that 𝐻1(𝑋,𝑋) = 0 and 𝑏2 = 𝜌, where
𝑏2 is the second 𝓁-adic betti number of𝑋 ∶= 𝜂 for some prime 𝓁 invertible in 𝑅 and 𝜌 is the rank of
the Néron severi group of 𝑋. Then for any prime 𝓁 invertible in 𝑅, restriction yields an isomorphism
Br(){𝓁} → Br(0){𝓁}.

Proof. We follow the proof in [23, Proposition 7.2]. In what follows, 𝐻𝑖
cont stands for Jannsen’s

continuous étale cohomology [13]. The proper base change theorem (see [17, Corollary VI.2.7])
gives rise to the natural isomorphisms

𝐻𝑖( , 𝜇𝓁𝑟 ) ≅ 𝐻𝑖(0, 𝜇𝓁𝑟 ), (4.1)

𝐻𝑖
𝑐𝑜𝑛𝑡( , ℤ𝓁(1)) ≅ 𝐻𝑖(0, ℤ𝓁(1)). (4.2)

Note that (4.2) follows from (4.1). Indeed, (4.1) implies that the groups 𝐻𝑖( , 𝜇𝓁𝑟 ) are finite (see
[17, Corollary VI.2.8]) and thus, in this case Jannsen’s continuous étale cohomology coincideswith
the usual 𝓁-adic cohomology (see [13, (0.2)]).
We prove that the 𝓁-adic cycle class map 𝑐𝓁,1 ∶ Pic() ⊗ ℤ𝓁 → 𝐻2( , ℤ𝓁(1)) is surjective. To

this end, we compute 𝐻2
𝑐𝑜𝑛𝑡(𝜂, ℤ𝓁(1)), using the Hochschild–Serre spectral sequence (see [13,

Corollary 3.4])

𝐸
𝑝,𝑞
2

∶= 𝐻
𝑝
cont(𝐺,𝐻𝑞(𝑋, ℤ𝓁(1))) ⇒ 𝐻

𝑝+𝑞
𝑐𝑜𝑛𝑡 (𝜂, ℤ𝓁(1)), (4.3)

where 𝐺 ∶= Gal(𝐾sep∕𝐾) is the absolute Galois group of the fraction field 𝐾 of 𝑅 and 𝑋 ∶= 𝜂.
We observe that

𝐻1(𝑋, ℤ𝓁(1)) ∶= lim
⟵

𝑟

𝐻1(𝑋, 𝜇𝓁𝑟 ) ≅ lim
⟵

𝑟

Pic(𝑋)[𝓁𝑟] =∶ 𝑇𝓁 Pic(𝑋), (4.4)

where the isomorphism is canonical and is induced from theKummer sequence (see [17, Corollary
4.18]). Since 𝐻1(𝑋,𝑋) = 0, the identity component of the Picard scheme Pic0

𝑋∕𝐾̄
is just a point

(see [14, Corollary 5.13]) and so Pic(𝑋) = NS(𝑋). The Néron Severi group of a proper variety over
an algebraically closed field is finitely generated (see [17, Theorem V.3.25]). Hence, the torsion
subgroup of Pic(𝑋) is finite and thus 𝑇𝓁 Pic(𝑋) = 0. Therefore, (4.4) gives𝐸

𝑝,1
2

= 0 for every 𝑝 ⩾ 0.
Next, we calculate 𝐸2,0

2
= 𝐻2

𝑐𝑜𝑛𝑡(𝐺, ℤ𝓁(1)). Consider the Gysin sequence

𝐻1(𝑅, 𝜇𝓁𝑟 ) → 𝐻1(𝐺, 𝜇𝓁𝑟 )
𝜕
→ 𝐻0(𝑘, ℤ∕𝓁𝑟) → 𝐻2(𝑅, 𝜇𝓁𝑟 ). (4.5)

Proper base change (see [17, Corollary VI.2.7]) together with 𝑘𝑠𝑒𝑝 = 𝑘, gives 𝐻1(𝑅, 𝜇𝓁𝑟 ) ≅

𝐻1(𝑘, 𝜇𝓁𝑟 ) ≅ 𝑘∗∕(𝑘∗)𝓁
𝑟
= 0 and 𝐻2(𝑅, 𝜇𝓁𝑟 ) ≅ 𝐻2(𝑘, 𝜇𝓁𝑟 ) = Br(𝑘)[𝓁𝑟] = 0. Hence, (4.5) yields an

isomorphism 𝜕∶ 𝐻1(𝐺, 𝜇𝓁𝑟 )
≅
→ ℤ∕𝓁𝑟. The latter shows that the groups 𝐻1(𝐺, 𝜇𝓁𝑟 ) are finite for
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1888 ALEXANDROU

all 𝑟 and so we obtain 𝐻2
𝑐𝑜𝑛𝑡(𝐺, ℤ𝓁(1)) = lim𝐻2(𝐺, 𝜇𝓁𝑟 ) (see [13, (2.1)]). By [5, Proposition 1.4.5],

we have that 𝑐𝑑𝓁(𝐾) ⩽ 1 and thus,𝐻2
𝑐𝑜𝑛𝑡(𝐺, ℤ𝓁(1)) = 0.

From the above calculations, we find that 𝐸𝑝,1
∞ = 𝐸

𝑝,1
2

= 0 and 𝐸2,0
∞ = 𝐸2,0

2
= 0. In addition, we

note that 𝐸0,2
∞ = 𝐸0,2

2
. To see this, we need to show that the term 𝐸3,0

∞ = 𝐸3,0
2

also vanishes. But this
follows again from [13, (2.1)], using that 𝑐𝑑𝓁(𝐾) ⩽ 1. Consequently, (4.3) yields an isomorphism

𝐻2
𝑐𝑜𝑛𝑡(𝜂, ℤ𝓁(1)) ≅ 𝐻2(𝑋, ℤ𝓁(1))

𝐺. (4.6)

We consider the following short exact sequence induced from the Kummer exact sequence

0 → Pic(𝑋) ⊗ ℤ∕𝓁𝑟 → 𝐻2(𝑋, 𝜇𝓁𝑟 ) → Br(𝑋)[𝓁𝑟] → 0. (4.7)

Taking the inverse limit of (4.7) over 𝑟, we obtain the short exact sequence

0 → Pic(𝑋) ⊗ ℤ𝓁

𝑐𝓁,1
→ 𝐻2(𝑋, ℤ𝓁(1)) → 𝑇𝓁 Br(𝑋) → 0. (4.8)

The last term of (4.8) is a free ℤ𝓁-module of finite rank. Tensoring (4.8) with ℚ𝓁 , we see that
the rank of 𝑇𝓁 Br(𝑋) is 𝑏2 − 𝜌 and so vanishes. As clearly  sm

0
(𝑘) ≠ ∅, the henselian property of 𝑅

implies that the𝑅-scheme → Spec 𝑅 admits a section (see [17, Theorem I.4.2]). From this follows
that the relative Picard functor Pic𝜂∕𝐾 is representable by a𝐾-scheme (see [14, Theorems 2.5 and
4.8]) and hence, Pic(𝑋)𝐺 = Pic𝜂∕𝐾(𝐾𝑠𝑒𝑝)𝐺 = Pic𝜂∕𝐾(𝐾) = Pic(𝜂). Passing to 𝐺-invariants the
𝓁-adic cycle class map induces by (4.6) an isomorphism 𝑐𝓁,1 ∶ Pic(𝜂) ⊗ ℤ𝓁 → 𝐻2

𝑐𝑜𝑛𝑡(𝜂, ℤ𝓁(1)).
The Gysin sequence for Jannsen’s continuous étale cohomology [22, section 6], yields an exact

sequence

⊕𝑛
𝑖=1

ℤ𝓁[0,𝑖] → 𝐻2( , ℤ𝓁(1)) → 𝐻2
𝑐𝑜𝑛𝑡(𝜂, ℤ𝓁(1)). (4.9)

Sincewe knownow that𝐻2
𝑐𝑜𝑛𝑡(𝜂, ℤ𝓁(1)) is algebraic, taking closures of divisors on𝜂 in shows

via (4.9) that𝐻2( , ℤ𝓁(1)) is algebraic, too. By (4.2) and the functoriality with respect to pullbacks
of the 𝓁-adic cycle class map, we obtain similarly that 𝑐𝓁,1 ∶ Pic(0) ⊗ ℤ𝓁 → 𝐻2(0, ℤ𝓁(1)) is
surjective. In particular, (2.1) implies

coker(𝐻2( , ℤ𝓁(1)) → 𝐻2( , 𝜇𝓁𝑟 )) ≅ Br()[𝓁𝑟]

coker(𝐻2(0, ℤ𝓁(1)) → 𝐻2(0, 𝜇𝓁𝑟 )) ≅ Br(0)[𝓁
𝑟].

The natural isomorphism Br()[𝓁𝑟] ≅ Br(0)[𝓁
𝑟] then follows from (4.1) and (4.2). □

Remark 4.2. Regarding the characteristic zero case, the conditions in the above Lemma are
satisfied, when𝐻𝑖(𝑋,𝑋) = 0 for 𝑖 = 1, 2.

In general, 𝜌 ⩽ 𝑏2 and one can study the restriction map Br() → Br(0)tor via the following
diagram with exact rows:

(4.10)
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ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1889

where 𝓁 is any prime invertible in 𝑅 and the middle restriction map is isomorphism by the proper
base change theorem (see [17, Corollary VI.2.7]). Applying the snake lemma to the above diagram,
we deduce the isomorphism

ker(Br() → Br(0))[𝓁
𝑟] ≅ coker(Pic() → Pic(0)) ⊗ ℤ∕𝓁𝑟. (4.11)

Passing to the colimit over 𝑟, we find that the map Br(){𝓁} → Br(0){𝓁} is isomorphism if and
only if

Pic(0)

Pic()
⊗ ℚ𝓁∕ℤ𝓁 = 0. (4.12)

Elementary deformation theory thus gives the following result.

Lemma 4.3. Let 𝑝∶  → Spec 𝑅 be a strictly semi-stable scheme over a complete discrete valuation
ring 𝑅. If 𝐻2(0,0

) = 0, then for any prime 𝓁 invertible in 𝑅, the map Br(){𝓁} → Br(0){𝓁} is
an isomorphism.

Proof. The obstruction to extending a line bundle lies in 𝐻2(0,0
). Since this is zero, we may

lift any line bundle 0 on 0 to the total space  . Thus, the result follows immediately from
(4.12). □

Lemma 4.4. Let 𝑘 be a field and let 𝑝 be its characteristic exponent. Let → 𝐵 be a smooth proper
family of 𝑘-varieties with geometrically irreducible fibers. Then for 𝑡 ∈ 𝐵 and a prime 𝓁 ≠ 𝑝, we
have a specializationmap onBrauer groups 𝑠𝑝𝜂,𝑡 ∶ Br(𝜂){𝓁} → Br(𝑡){𝓁}, which is functorial with
respect to pullbacks. In addition, this map is always surjective and is an isomorphism if and only if
𝜌(𝜂) = 𝜌(𝑡).

Proof. Fix a point 𝑡 ∈ 𝐵 and a prime 𝓁 ≠ 𝑝. Recall that we have specialization maps
𝑠𝑝𝜂,𝑡 ∶ NS(𝜂) → NS(𝑡) (see [7, section 20.3]) and 𝑠𝑝𝜂,𝑡 ∶ 𝐻2(𝜂, 𝜇𝓁𝑟 ) → 𝐻2(𝑡, 𝜇𝓁𝑟 ), that are
both functorial with respect to pullbacks. The second one is an isomorphism and is induced by the
smooth proper base change theorem (see [17, Corollary VI.4.2]). As specialization commutes with
the cycle class maps (see [3, appendix X]), (2.1) yields the homomorphism 𝑠𝑝𝜂,𝑡 ∶ Br(𝜂)[𝓁

𝑟] →

Br(𝑡)[𝓁
𝑟]. The functoriality of this homomorphism with respect to pullbacks is clear.

We have the following diagram with exact rows

(4.13)

Since the middle vertical map is an isomorphism, the first vertical map is always injective and the
last one is surjective.
Next, we assume 𝜌(𝜂) = 𝜌(𝑡) andwant to show that 𝑠𝑝𝜂,𝑡 ∶ Br(𝜂){𝓁} → Br(𝑡){𝓁} is an iso-

morphism. All the terms in (4.13) are finite, and so taking inverse limits over 𝑟 is exact. Thus,
the last vertical map in (4.13) induces a surjection between the associated 𝓁-adic Tate mod-
ules. As both 𝑇𝓁 Br(𝜂) and 𝑇𝓁 Br(𝑡) are free ℤ𝓁-modules of the same rank 𝑏2 − 𝜌, the map
𝑇𝓁 Br(𝜂) → 𝑇𝓁 Br(𝑡) is in fact an isomorphism. Applying the snake lemma to the inverse limit
of (4.13), the latter also yields that the specialization map 𝑠𝑝𝜂,𝑡 ∶ NS(𝜂) ⊗ ℤ𝓁 → NS(𝑡) ⊗ ℤ𝓁
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1890 ALEXANDROU

is an isomorphism for every 𝓁 ≠ 𝑝. The faithfully flat property of
⨆

𝓁≠𝑝 Spec ℤ𝓁 → Spec ℤ[1∕𝑝],
implies 𝑠𝑝𝜂,𝑡 ∶ NS(𝜂) ⊗ ℤ[1∕𝑝] → NS(𝑡) ⊗ ℤ[1∕𝑝] is an isomorphism. As a consequence, we
also obtain 𝑠𝑝𝜂,𝑡 ∶ Br(𝜂){𝓁} → Br(𝑡){𝓁} is an isomorphism for all 𝓁 ≠ 𝑝, since this holds for the
first two vertical maps in (4.13).
The converse is true as well. Namely, if 𝑠𝑝𝜂,𝑡 ∶ Br(𝜂){𝓁} → Br(𝑡){𝓁} is an isomorphism, then

applying the snake lemma to (4.13), one gets 𝜌(𝜂) = 𝜌(𝑡). □

Proposition4.5. Let𝑘 be a field and let𝑝 be its characteristic exponent. Let𝑓∶  → 𝐵 and g ∶  →

𝐵 be smooth proper morphisms of 𝑘-varieties with geometrically irreducible fibers. Let 𝑞∶  →  be
amorphism of 𝐵-schemes. Assume that 𝜌(𝜂) = 𝑏2, where 𝑏2 is the second 𝓁-adic betti number of𝜂

for some prime 𝓁 ≠ 𝑝. For 𝑡 ∈ 𝐵, consider the pullback map 𝑞∗
𝑡
∶ Br(𝑡) → Br(𝑡). Then for every

prime 𝓁 ≠ 𝑝 and 𝑡 ∈ 𝐵, such that 𝜌(𝑡) = 𝜌(𝜂), we have ker(𝑞∗
𝑡
){𝓁} ≅ ker(𝑞∗

𝜂){𝓁}.

Proof. We have 𝜌(𝜂) ⩽ 𝜌(𝑡) ⩽ 𝑏2 for all 𝑡 ∈ 𝐵. The inequalities follow from the injectivity
of 𝑠𝑝𝜂,𝜏̄ ∶ NS(𝜂) ⊗ ℤ[1∕𝑝] → NS(𝑡) ⊗ ℤ[1∕𝑝] and of the 𝓁-adic cycle class map 𝑐𝓁,1 for a
prime 𝓁 ≠ 𝑝. The assumption 𝜌(𝜂) = 𝑏2 implies that the Picard number in the family  → 𝐵

is constant and equals 𝑏2. By Lemma 4.4, we deduce that for 𝑡 ∈ 𝐵, with 𝜌(𝑡) = 𝜌(𝜂), both
𝑠𝑝𝜂,𝑡 ∶ Br(𝜂){𝓁} → Br(𝑡){𝓁} and 𝑠𝑝𝜂,𝑡 ∶ Br(𝜂){𝓁} → Br(𝑡){𝓁} are isomorphisms. The result
follows as 𝑠𝑝𝜂,𝑡◦𝑞

∗
𝜂 = 𝑞∗

𝑡
◦𝑠𝑝𝜂,𝑡. □

5 MAIN APPLICATION: GODEAUX SURFACE

Let 𝑘 be an algebraically closed field of characteristic 0. Any quintic surface 𝑌, which is invariant
and fixed point free under the ℤ∕5-action (1.1) can be realized as a hypersurface in ℙ3

𝑘
defined by

an equation of the form

𝐺𝛼1,…,𝛼8
(𝑇0, … , 𝑇3) = 𝑇5

0 + 𝑇5
1 + 𝑇5

2 + 𝑇5
3 + 𝛼1𝑇

3
0𝑇2𝑇3 + 𝛼2𝑇0𝑇

3
1𝑇2 + 𝛼3𝑇1𝑇

3
2𝑇3 + 𝛼4𝑇0𝑇1𝑇

3
3

+𝛼5𝑇0𝑇
2
2𝑇

2
3 + 𝛼6𝑇

2
0𝑇1𝑇

2
2 + 𝛼7𝑇

2
1𝑇2𝑇

2
3 + 𝛼8𝑇

2
0𝑇

2
1𝑇3,

where 𝛼 ∶= (𝛼1, 𝛼2, … , 𝛼8) ∈ 𝔸8
𝑘
(𝑘). Given a point 𝛼 ∈ 𝔸8

𝑘
(𝑘), we set 𝑌𝛼 ∶= 𝕍(𝐺𝛼) ⊂ ℙ3

𝑘
.

Proposition 5.1. Let 𝑘 be an algebraically closed field of characteristic 0. There exists a triple-point
free semi-stable degeneration  → Spec 𝑘[[𝑡]] of a Godeaux surface, such that the dual graph Γ of
the special fiber 0 is a chain. If we number the components 0,𝑖 of 0, so that 0,𝑖 ∩ 0,𝑖+1 ≠ ∅

for every 𝑖, then all 0,𝑖 are elliptic ruled surfaces except the last one 0,𝑛, which is a cubic surface.
The components 0,𝑖 and 0,𝑖+1 are glued along smooth elliptic curves 𝐶𝑖,𝑖+1. In addition, if 𝐶0,𝑖

∶=

0,𝑖 ∩ 
sing

0
, then 𝐶0,1

sits as a fivefold cover onto the base of the ruled surface 0,1, 𝐶0,𝑖
consists of

two disjoint sections of the ruled surface 0,𝑖 for 𝑖 = 2, … , 𝑛 − 1 and 𝐶0,𝑛
+ 𝐾0,𝑛

= 0 ∈ Pic(0,𝑛).

Proof. This follows from [21, appendix 3]. □

Proposition 5.2. Let 𝑘 be an algebraically closed field of characteristic 0. Let  → Spec 𝑘[[𝑡]] be
a semi-stable degeneration of a Godeaux surface with special fiber as in Proposition 5.1. Then  →

Spec 𝑘[[𝑡]] admits a natural 5 ∶ 1 étale cover → Spec 𝑘[[𝑡]], which is a triple-point free semi-stable
degeneration of a smooth quintic surface. The dual graph Γ of the special fiber 0 is a flower pot. In
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ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1891

particular,0 is given by an elliptic ruled surface𝑌0with five disjoint sections𝐸𝑖 , such that along each
𝐸𝑖 , there is glued a chain of elliptic ruled surfaces𝑌𝑖,𝑗 with a cubic surface𝑌𝑖,𝑛 as an end-component.
These chains are isomorphic to each other and they are permuted by the ℤ∕5-action of the covering,
whereas 𝑌0 is invariant under this action.

Proof. The Mayer–Vietoris sequence (2.5) gives rise to the following exact sequence

0 → Pic(0) →

𝑛⨁
𝑖=1

Pic(0,𝑖)
𝑟
→

𝑛−1⨁
𝑖=1

Pic(𝐶𝑖,𝑖+1). (5.1)

We aim to compute the torsion group Pic(0)tor. Since 0,𝑛 is a rational surface, we have
Pic(0,𝑛)tor = 0. Thus, the restriction 𝑟tor of 𝑟 to

⨁𝑛
𝑖=1 Pic(0,𝑖)tor, takes (𝑖)𝑖 to (1|𝐶1,2

−

2|𝐶1,2
, … ,𝑛−1|𝐶𝑛−1,𝑛

). Recall that for 𝑖 = 2, … , 𝑛 − 1, the components 0,𝑖 are ruled and both
curves 𝐶𝑖−1,𝑖 and 𝐶𝑖,𝑖+1 constitute sections in 0,𝑖 . Hence, restriction of line bundles yields iso-
morphisms Pic(0,𝑖)tor ≅ Pic(𝐶𝑖−1,𝑖)tor (respectively, Pic(𝐶𝑖,𝑖+1)tor). It follows that the kernel of
𝑟tor coincides with the one of Pic(0,1)tor → Pic(𝐶1,2)tor, ↦ |𝐶1,2

. The last map can be identi-
fied with (𝜓|𝐶1,2

)∗ ∶ Pic(𝐸)tor ≅ Pic(0,1)tor → Pic(𝐶1,2)tor, where 𝜓∶ 0,1 → 𝐸 is the fibering of
the ruled surface0,1. Since𝐶1,2 is a fivefold cover onto the base curve𝐸, the kernel of the pullback
map (𝜓|𝐶1,2

)∗ is the Cartier dual of ℤ∕5, which is 𝜇5 ≅ ℤ∕5. Consequently, Pic(0)tor ≅ ℤ∕5.
To conclude, we need to show that a non-trivial 5-torsion line bundle on 0 lifts to a 5-torsion

line bundle on the total space  . But torsion line bundles always extend to torsion ones (see [12,
Proposition 22.5]). Finally, the desired form of the special fiber for the associated cover  is jus-
tified by the fact that the restriction of 0 ≠  ∈ Pic(0)tor ≅ ℤ∕5 to ∪𝑖>10,𝑖 is trivial, whereas
|0,1

≠ 0. □

Lemma 5.3. Let 𝑘 be an algebraically closed field of characteristic 0. Let → Spec 𝑘[[𝑡]] be a semi-
stable degeneration of a Godeaux surface with special fiber 0, as in Proposition 5.1. Then Br() =

0.

Proof. A Godeaux surface 𝑋 over 𝑘((𝑡)) satisfies𝐻𝑖(𝑋,𝑋) = 0 for 𝑖 = 1, 2. Hence, we may apply
Lemma 4.1 and obtain the isomorphism Br() → Br(0)tor.
We compute Br(0) with the help of the Mayer–Vietoris exact sequence (2.5). As the compo-

nents of the special fiber 0 are all ruled or rational and the ground field is algebraically closed,
we find Br(0,𝑖) = 0 for all 𝑖. Thus, (2.5) gives rise to the exact sequence

𝑛⨁
𝑖=1

Pic(0,𝑖)
𝑟
→

𝑛−1⨁
𝑖=1

Pic(𝐶𝑖,𝑖+1) → Br(0) → 0, (5.2)

and we need to show that 𝑟 is surjective. Consider the fibrations 𝑝𝑖 ∶ 0,𝑖 → 𝐸𝑖 and let 𝑠𝑖,𝑗 ∶ 𝐸𝑖 →

𝐶𝑗,𝑗+1 ⊂ 0,𝑖 be the corresponding sections, where 𝑗 = 𝑖 − 1, 𝑖 and 𝑖 = 2, … , 𝑛 − 1. For a given
point 𝑥 ∈ 𝐸𝑖 , we set 𝐹𝑖

𝑥 ∶= 𝑝−1
𝑖

(𝑥) for the fiber of 𝑝𝑖 over 𝑥 and note that,

𝑟(0, … , [𝐹𝑖
𝑥], … , 0) = (0, … ,−[𝑠𝑖,𝑖−1(𝑥)], [𝑠𝑖,𝑖(𝑥)], … , 0). (5.3)

As the double curves 𝐶𝑖,𝑖+1 are isomorphic to each other, (5.3) implies that it is enough to show
([𝑥], 0, … , 0) ∈ im(𝑟) for all points 𝑥 ∈ 𝐶1,2. In fact, it suffices to find a single point 𝑥 ∈ 𝐶1,2

for which the latter holds. Indeed, this follows from Pic(𝐶1,2) = ℤ[𝑥] ⊕ Pic0(𝐶1,2) and that the
composite Pic0(𝐸1) ⊂ Pic0(0,1) → Pic0(𝐶1,2) is surjective.
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1892 ALEXANDROU

Since 0,𝑛 is a cubic surface, we may pick a (−1)-rational curve 𝐷 ⊂ 0,𝑛. Recall that
𝐾0,𝑛

= −𝐶𝑛−1,𝑛. Thus, the adjunction formula (𝐾0,𝑛
+ 𝐷).𝐷 = −2 yields 𝐶𝑛−1,𝑛.𝐷 = 1 and so

𝑟(0, … , 0, −[𝐷]) = (0, … , [𝑥]) for some point 𝑥 ∈ 𝐶𝑛−1,𝑛. Finally, by (5.3) we get a point 𝑥 ∈ 𝐶1,2,
such that ([𝑥], 0, … , 0) ∈ im(𝑟), finishing the proof. □

We are in the position to prove the main result of this paper.

Proof of Theorem 1.3.. Pick a generic pencil → ℙ1
𝑘

⊂ |ℙ3
𝑘
(5)|ℤ∕5 ofℤ∕5-invariant quintics, such

that some fiber𝑡0
, 𝑡0 ∈ ℙ1

𝑘
(𝑘) is not passing through any of the four fixed points of the action (1.1)

and has five triple points as its only singularities. Since the pencil is generic, we may assume that
the five triple points are not base points and so the total space is smooth along𝑡0

. We perform
a base change with respect to the completion of the local ring of ℙ1

𝑘
at 𝑡0. Applying semi-stable

reduction to the family  and its ℤ∕5-quotient  , we arrive at the 5 ∶ 1 étale cover 𝑞∶ ̃ → ̃ ,
described in Proposition 5.2 (see proof of Proposition 5.1). We want to show that the pullback
map 𝑞∗

𝜂 is injective. If 𝑞∗
𝜂 = 0, then Theorem 1.4 implies that up to some finite base change of

discrete valuation rings followed by a resolution of the total space (see [11]), the restriction map
Br(̃) → Br(𝜂) is surjective. The latter contradicts Lemma 5.3. □

Remark 5.4. In general, the universal cover𝑌 of a Godeaux surface𝑋 is not a quintic, but rather its
canonical model 𝜈∶ 𝑌 → 𝑌𝑐𝑎𝑛 that is obtained by contracting the (−2)-curves (see [15, Theorem
2]). In particular, 𝑌𝑐𝑎𝑛 ⊂ ℙ3

ℂ
is invariant, fixed point free under the ℤ∕5-action (1.1) and 𝑋𝑐𝑎𝑛 =

𝑌𝑐𝑎𝑛∕(ℤ∕5) (see [15, section 2]).
We note that if 𝜈∶ 𝑌 → 𝑌𝑐𝑎𝑛 is not an isomorphism, then 𝜌(𝑌) ⩾ 13. Especially, 𝜌(𝑌) = 9

implies that 𝑌 is a quintic surface.
Indeed, let 𝑛 denote the number of distinct ℤ∕5-orbits of rational double points in 𝑌𝑐𝑎𝑛. Pick a

representative 𝑝𝑖 ∈ 𝑌𝑐𝑎𝑛 for each ℤ∕5-orbit and let 𝑛𝑖 be the number of components of the fiber
𝐸𝑖 ∶= 𝜈−1(𝑝𝑖), where 𝑖 = 1, … , 𝑛. Then we have the relations

𝜌(𝑌) = 𝜌(𝑌can) +

𝑛∑
𝑖=1

5𝑛𝑖 and 9 = 𝜌(𝑋) = 𝜌(𝑋𝑐𝑎𝑛) +

𝑛∑
𝑖=1

𝑛𝑖.

Since 𝜌(𝑌𝑐𝑎𝑛) ⩾ 𝜌(𝑋𝑐𝑎𝑛), we find 𝜌(𝑌) ⩾ 9 +
∑𝑛

𝑖=1 4𝑛𝑖 ⩾ 13, as claimed.

Proof of Theorem 1.1.. The generic Picard number in the family of smooth, ℤ∕5-invariant and
fixed point free quintics 𝑌 over ℂ is 9 (see [4, Example 3]). By Remark 5.4 we know that if
the universal cover of a Godeaux surface has Picard number 9, then it is a quintic. Hence,
Proposition 4.5 shows that it suffices to find a single smooth, ℤ∕5-invariant and fixed point free
quintic 𝑌 with 𝜌(𝑌) = 9, so that if 𝑋 ∶= 𝑌∕(ℤ∕5), then 𝑞∗

𝑋
∶ Br(𝑋) → Br(𝑌) is injective. But this

follows immediately from Theorem 1.3, by considering a generic pencil of ℤ∕5-invariant quin-
tics, such that some member has five triple points as its only singularities (see [21, appendix 3,
Lemma 1]). □

6 APPLICATION II: ENRIQUES SURFACE

Let 𝑘 be an algebraically closed field of characteristic 0 and let 𝑅 ∶= 𝑘[[𝑡]]. By [20, Corollary 6.2],
up to birational equivalence, there are exactly three types of strictly semi-stable degenerations
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ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1893

of Enriques  → Spec 𝑅, such that the canonical divisor 𝐾 is 2-torsion. We refer to them as
(i𝑎) 0 is a smooth Enriques’ surface, (ii𝑎) 0 is an elliptic chain with one rational component
and (iii𝑎) 0 is rationally polygonal and its dual graph Γ is a triangulation of ℝℙ2 (see [20,
Corollary 6.2]).
The corresponding double cover  → Spec 𝑅 is a strictly semi-stable degeneration of a 𝐾3 sur-

face, with (i𝑎) 0 is a 𝐾3 surface, (ii𝑎) 0 is an elliptic chain with two rational components and
(iii𝑎) 0 is rationally polygonal and its dual graph Γ is a triangulation of 𝑆2 (see [20, Theorem
6.1]).
Let  denote the coarse moduli space of Enriques surfaces. Beauville showed that Enriques

surfaces 𝑋 with 𝑞∗
𝑋

= 0 form an infinite, countable union of non-empty hypersurfaces in (see
[1, Corollary 6.5]). These hypersurfaces have been explicitly described in [1], using lattice theory
(see [1, Proposition 6.2]). In what follows,  ⊂  denotes the union of these hypersurfaces. To
the author’s knowledge the following result is new:

Theorem 6.1. Let 𝑘 be an algebraically closed field of characteristic 0 and let 𝑅 ∶= 𝑘[[𝑡]]. Let  →

Spec 𝑅 be a type (ii𝑎) degeneration of an Enriques surface. Consider its canonical cover 𝑞∶  →  .
Then 𝑞∗

𝜂 ∶ Br(𝜂)[2] → Br(𝜂)[2] is non-zero.

Proof. It is clear that a type (ii𝑎) degeneration of an Enriques surface and its double covering
𝑞∶  →  satisfy the conditions in Theorem 1.4. Hence, it suffices to show that the generator
𝛼 ∈ Br(𝜂) ≅ ℤ∕2 cannot be lifted to Br(){2}. This holds true due to Lemma 6.2 (cf. [23, Remark
7.4]). □

Lemma 6.2. Let 𝑘 be an algebraically closed field of characteristic 0 and let 𝑅 ∶= 𝑘[[𝑡]]. Let  →

Spec 𝑅 be a type (ii𝑎) degeneration of an Enriques surface. Then the map Br() → Br(𝜂) is trivial.

Proof. The proof is more or less the same as in Lemma 5.3. We number the components0,𝑖 , such
that 𝐶𝑖,𝑖+1 ∶= 0,𝑖 ∩ 0,𝑖+1 ≠ ∅ for all 𝑖. We also set 𝐶0,𝑖

∶= 0,𝑖 ∩ 
sing

0
.

An Enriques surface has invariants 𝑝𝑞 = 𝑞 = 0. Hence, Lemma 4.1 yields the isomorphism
Br() ≅ Br(0)tor and it suffices to prove Br(0) = 0. The exact sequence (5.2) holds here as well
and so we only need to show that themap 𝑟 is surjective. Recall that the special fiber0 is an ellip-
tic chain with rational end-component 0,𝑛, and thus the relation (5.3) is also true. It is therefore
enough to prove that ([𝑥], 0, … , 0) ∈ im(𝑟) for a single point 𝑥 ∈ 𝐶1,2, as 𝐶1,2 is an étale double
cover onto the base of the elliptic ruled component 0,1 (cf. the argument in Lemma 5.3).
We claim that there is at least one component 0,𝑖 , which is not a minimal surface. The

canonical bundle formula gives 𝐾0,𝑖
= 𝐾 |0,𝑖

− 𝐶0,𝑖
. Since 𝐾 is 2-torsion in Pic(), we obtain

𝐾0,𝑖
+ 𝐶0,𝑖

≡ 0. For a contradiction, assume now that all components of the special fiber 0 are
minimal. As0,𝑖 are ruled for 𝑖 = 1, … , 𝑛 − 1, we get𝐾2

0,𝑖
= 𝐶2

0,𝑖
= 0. Recall that0,𝑛 is a rational

surface and so 𝐾2
0,𝑛

= 𝐶2
𝑛−1,𝑛

= 8 or 9. The first relation yields 𝐶2
𝑛−1,𝑛

= 0, which contradicts the
last one.
Pick a component0,𝑖 , which is notminimal. For a (−1)-rational curve𝐷 ⊂ 0,𝑖 , the adjunction

formula (𝐾0,𝑖
+ 𝐷).𝐷 = −2 yields 𝐷.𝐶0,𝑖

= 1. Therefore, 𝑟(0, … , [𝐷], 0, … , 0) = (0, … , [𝑥], … , 0)

for some point 𝑥 ∈ 𝐶𝑗−1,𝑗 , where 𝑗 = 𝑖 or 𝑖 + 1. By (5.3) we also deduce a point 𝑥 ∈ 𝐶1,2, such that
([𝑥], … , 0) ∈ im(𝑟), finishing the proof. □

As an immediate consequence of Theorem 6.1, we obtain:
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1894 ALEXANDROU

Corollary 6.3. Anymember𝑋 in cannot be degenerated to a singular Enriques surface, such that
after applying semi-stable reduction the special fiber becomes of type (ii𝑎).

7 APPLICATION III: QUOTIENTS OF PRODUCTS OF CURVES

In what follows for an abelian group 𝐴 we denote by 𝐴div its maximal divisible subgroup. As a
last application of Theorem 1.4, we prove the following.

Theorem 7.1. Let 𝐸 be a smooth elliptic curve and 𝐶 a smooth projective curve over ℂ. Let 𝜓 be
an automorphism of 𝐶 of finite order 𝑑, with Fix(𝜓) ≠ ∅. AssumeHom(𝐸, Jac(𝐶)) = {0}. Then there
exists 0 ≠ 𝜏 ∈ 𝐸[𝑑] with the following property: If 𝑌 ∶= 𝐸 × 𝐶 and 𝑞𝜏 ∶ 𝑌 → 𝑋 ∶= 𝐸 × 𝐶∕(ℤ∕𝑑)

denotes the quotient by the diagonal action

(𝑥, 𝑦) ↦ (𝑥 + 𝜏, 𝜓(𝑦)), (7.1)

then for any 𝛼 ∈ Br(𝑋) ⧵ Br(𝑋)div , the pullback 𝑞∗
𝜏𝛼 ∈ Br(𝑌) is non-zero.

We follow the same strategy as in the previous sections.We first review degenerations of elliptic
curves. Note that below we work in a more general setting than Theorem 7.1. Namely, we allow
the ground field to be of any characteristic (for example, Proposition 7.4).

7.1 Cycle degenerations

Let 𝑅 be a discrete valuation ring with residue field 𝑘 of any characteristic and fraction field 𝐾.
Let 𝐸 be an elliptic curve over𝐾. It is well-known that we can always find a finite extension 𝑅 ⊂ 𝑅̃

of discrete valuation rings, such that the fraction field 𝐾̃ of 𝑅̃ is a finite separable field extension
of 𝐾 and the minimal model  → Spec 𝑅̃ of the base change 𝐸𝐾̃ is semi-stable over 𝑅̃ (see [24, Tag
0CDM]). There are two particular possibilities for the special fiber 𝐸0 ∶= 0.

(𝐼0) 𝐸0 is a smooth elliptic curve.
(𝐼𝜈) 𝐸0 is a Néron 𝜈-gon for some integer 𝜈 ⩾ 2, that is, 𝐸0 is isomorphic to the quotient of

ℙ1
𝑘̃

× (ℤ∕𝜈) obtained by identifying the ∞-section of the 𝑖th copy of ℙ1 with the 0-section of
(𝑖 + 1)-st.

The smooth locus sm is a commutative smooth group schemeover 𝑅̃, which is theNéronmodel
of 𝐸𝐾̃ . In case 𝐸0 is a Néron 𝜈-gon, the smooth locus of the special fiber is the affine group scheme
𝔾𝑚,𝑘̃ × ℤ∕𝜈. If furthermore, 𝜈 is invertible in 𝑅̃, then the group scheme sm[𝜈] ∶= ker( sm

×𝜈
→  sm)

is étale locally isomorphic to (ℤ∕𝜈)2 (see [18, Proposition 20.7]) and thus, after an unramified base
change of discrete valuation rings, we may assume that

 sm[𝜈] ≅ (ℤ∕𝜈)2. (7.2)

The natural action of  sm[𝜈] on  sm extends to  (see [16, Proposition 9.3.13]). The action on the
special fiber 𝐸0 can be described as follows: The first direct summand of 𝐸sm

0
[𝜈] ≅ 𝜇𝜈 × ℤ∕𝜈 acts

on each component of the special fiber via multiplication by 𝜈th roots of unity and fixes the two
vertices 0 and∞, while the second summand rotates the components.

 14697750, 2023, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.12727 by T

echnische Inform
ationsbibliothek, W

iley O
nline L

ibrary on [22/11/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1895

7.2 Proof of Theorem 7.1

Fix a positive integer 𝑑 > 1. Let  → Spec 𝑅 be a semi-stable model of an elliptic curve 𝐸𝐾 , whose
special fiber is of type 𝐼𝜅𝑑 for some 𝜅 ⩾ 2 and 𝜈 ∶= 𝜅𝑑 is invertible in𝑅. Up to someunramified base
change, we may assume that (7.2) holds. There are exactly 𝑛𝑑 ∶= 𝑑𝜑(𝑑) points 0 ≠ 𝜏 ∈  sm[𝑑],
such that the quotient map 𝐸0 → 𝐸0∕𝜏 is trivial over each component of 𝐸0∕𝜏. Via the isomor-
phism 𝐸sm

0
[𝜈] ≅ 𝜇𝜈 × ℤ∕𝜈, they correspond to tuples (𝜁𝜅, 𝑖𝜅), where 𝜁 is a 𝑑th root of unity and

1 ⩽ 𝑖 ⩽ 𝜈 is an integer prime to 𝑑.
Pick any 0 ≠ 𝜏 ∈  sm[𝑑] from these 𝑛𝑑 points. Consider a smooth proper family of curves  →

Spec 𝑅 and an 𝑅-automorphism 𝜓 of order 𝑑 that fixes a section of this family. We let ℤ∕𝑑 act
diagonally on the product  ∶=  ×𝑅  as in (7.1) and form the quotient

𝑞𝜏 ∶  →  ∶= ( ×𝑅 )∕(ℤ∕𝑑). (7.3)

In contrast to the previous two applications, the Brauer group of the special fiber of a cycle
degeneration has infinitely many torsion elements.

Lemma 7.2. Let 𝑅 be a discrete valuation ring with fraction field 𝐾 and residue field 𝑘. Let𝑁0 be a
smooth projective variety over 𝑘. Consider a triple-point free semi-stable degeneration → Spec 𝑅,
such that the dual graph Γ of0 is a cycle with components0,𝑖 ≅ ℙ1 × 𝑁0 and each double inter-
section0,𝑖 ∩ 0,𝑖+1 is isomorphic to a fiber of ℙ1 × 𝑁0 → ℙ1. Then there is a short exact sequence

0 → Pic(𝑁0) → Br(0) → Br(𝑁0) → 0. (7.4)

Proof. The Mayer–Vietoris sequence (2.5) gives rise to the following exact sequence
𝑛⨁

𝑖=1

Pic(ℙ1 × 𝑁0)
𝛼

⟶

𝑛⨁
𝑖=1

Pic(𝑁0) ⟶ Br(0) ⟶

𝑛⨁
𝑖=1

Br(ℙ1 × 𝑁0)
𝛽

⟶

𝑛⨁
𝑖=1

Br(𝑁0). (7.5)

We note that Pic(ℙ1 × 𝑁0) ≅ Pic(ℙ1) × Pic(𝑁0) ≅ ℤ[𝑁0] × Pic(𝑁0). Since the restriction of
ℙ1×𝑁0

([𝑁0]) to𝑁0 is the trivial line bundle, we deduce that the cokernel of 𝛼 coincides with the
one of themap

⨁𝑛
𝑖=1 Pic(𝑁0) →

⨁𝑛
𝑖=1 Pic(𝑁0), (𝐷1, … , 𝐷𝑛) ↦ (𝐷1 − 𝐷2, … , 𝐷𝑛 − 𝐷1). It is readily

checked that the summation map
⨁𝑛

𝑖=1 Pic(𝑁0) → Pic(𝑁0), (𝐷𝑖)𝑖 ↦ Σ𝑖𝐷𝑖 yields an isomorphism
coker(𝛼) ≅ Pic(𝑁0). On the other hand, recall that the Brauer group of smooth projective varieties
is a stably birational invariant (see [5, Proposition 6.2.9]). Hence, we have a natural isomorphism
Br(𝑁0) ≅ Br(𝑁0 × ℙ1) (see [5, Corollary 6.2.11]). Under the above identification the map 𝛽 takes
the form (𝛼1, … , 𝛼𝑛) ↦ (𝛼1 − 𝛼2, … , 𝛼𝑛 − 𝛼1) and so its kernel is isomorphic to Br(𝑁0). The exact
sequence (7.4) thus follows from (7.5). □

Lemma 7.3. Let 𝑅 be a strictly henselian discrete valuation ring. Let 𝑞𝜏 ∶  →  ∶= ( ×𝑅

)∕(ℤ∕𝑑) be the quotient map in (7.3). For any prime 𝓁 invertible in 𝑅, restriction yields
isomorphisms

Br(){𝓁}
≅
→ Br(0){𝓁} (7.6)

Br(){𝓁}
≅
→ Br(0){𝓁}. (7.7)

Proof. Note that the sufficient conditions of Lemmas 4.1 and 4.3 are not true here and sowe cannot
get (7.6), (7.7) for free. Instead, we proceed as follows. TheMayer–Vietoris sequence (2.5) gives rise
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1896 ALEXANDROU

to the following short exact sequences:

1 → 𝑘∗ → Pic(0) → (

𝜈⨁
𝑖=1

ℤ[𝐶0]) × Pic(𝐶0) → 1

1 → 𝑘∗ → Pic(0) → (

𝜅⨁
𝑖=1

ℤ[𝐶0]) × Pic(𝐶0) → 1.

Here, we think of Pic(𝐶0) as a subgroup of
⨁

Pic(ℙ1 × 𝐶0) via the diagonal. Since 𝑅 is strictly
henselian, the residue field 𝑘 is separably closed and tensoring with ℤ∕𝓁𝑟 gives isomorphisms

Pic(0) ⊗ ℤ∕𝓁𝑟 ≅ (

𝜈⨁
𝑖=1

(ℤ∕𝓁𝑟)[𝐶0]) × (Pic(𝐶0) ⊗ ℤ∕𝓁𝑟)

Pic(0) ⊗ ℤ∕𝓁𝑟 ≅ (

𝜅⨁
𝑖=1

(ℤ∕𝓁𝑟)[𝐶0]) × (Pic(𝐶0) ⊗ ℤ∕𝓁𝑟).

By (4.11) it suffices to prove

Pic(0)

Pic()
⊗ ℚ𝓁∕ℤ𝓁 = 0 and

Pic(0)

Pic()
⊗ ℚ𝓁∕ℤ𝓁 = 0.

Using the group scheme structure of  sm, we find 𝜈 sections 𝑠𝑖 ∶ Spec 𝑅 →  sm, one for
each component of the special fiber. We set 𝐷𝑖 ∶= im(𝑠𝑖 × id) ⊂  and 𝐹𝑖 ∶= 𝑞(𝐷𝑖) ⊂  for
all 𝑖. Clearly, the restrictions 𝐷𝑖|0

∈ Pic(0) (respectively, 𝐹𝑖|0
∈ Pic(0)) are generators in⨁𝜈

𝑖=1(ℤ∕𝓁𝑟)[𝐶0] (respectively,
⨁𝜅

𝑖=1(ℤ∕𝓁𝑟)[𝐶0]).
Recall thatPic(𝐶0) ⊗ ℤ∕𝓁𝑟 ≅ ℤ∕𝓁𝑟 is generated by any closed point. Pick a fixed point 𝑥 ∈ (𝑅)

of 𝜓 and consider the prime divisors 𝐷 ∶= im(id ×𝑥) ⊂  and the quotient 𝐹 ∶= 𝐷∕(ℤ∕𝑑) ⊂

 . Then the restrictions 𝐷|0
∈ Pic(0) and 𝐹|0

∈ Pic(0) yield generators of Pic(𝐶0) ⊗ ℤ∕𝓁𝑟,
finishing the proof. □

Proposition 7.4. Let 𝑅 be a discrete valuation ring with fraction field 𝐾 and algebraically closed
residue field 𝑘. Let 𝑞𝜏 ∶  →  ∶= ( ×𝑅 )∕(ℤ∕𝑑) be the quotient map in (7.3). Let 𝓁 be a prime
invertible in𝑅. For any class𝛼 ∈ Br(𝜂){𝓁} ⧵ Br(𝜂)div{𝓁}, the pullback to𝜂 is non-zero: 0 ≠ 𝑞∗

𝜂𝛼 ∈

Br(𝜂).

Proof. We may assume that 𝛼 ∈ Br(𝜂){𝓁} ⧵ Br(𝜂)div{𝓁}, for some prime factor 𝓁 of 𝑑. A suffi-
cient condition for the pullback 𝑞∗

𝜂𝛼 to be non-zero is to show that up to every finite base change
of discrete valuation rings followed by a resolution of the total space (see [11]), 𝛼 cannot be lifted
to a class in Br(){𝓁} (see Theorem 3.1).
As the Brauer group of a curve over an algebraically closed field is zero (see [5, Theo-

rem 5.6.1]), Lemma 7.2 implies Br(0){𝓁} ≅ Pic(𝐶0){𝓁}. By passing to the henselization of the
base, Lemma 7.3 yields Br(){𝓁} ≅ Pic(𝐶0){𝓁}. The group Pic(𝐶0){𝓁} ≅ (ℚ𝓁∕ℤ𝓁)

2g is divisible,
whereas Br(𝜂){𝓁}∕ Br(𝜂)div{𝓁} ≅ 𝐻3(𝜂, ℤ𝓁(1))tor is finite (see [5, Proposition 5.2.9]). These
observations certainly imply that Br(){𝓁} → Br(𝜂){𝓁}∕ Br(𝜂)div{𝓁} is always the zero map, as
claimed. □

Finally, with the help of the above preparation, we are able to prove Theorem 7.1.
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ON THE BRAUER GROUP OF A GENERIC GODEAUX SURFACE 1897

Proof of Theorem 7.1. Let 𝐶 be a smooth complex projective curve and let 𝜓 ∈ Aut(𝐶) be an
automorphism of order 𝑑, with Fix(𝜓) ≠ ∅. We claim that Proposition 7.4 yields an example of
an elliptic curve 𝐸 over ℂ with Hom(𝐸, Jac(𝐶)) = {0} and a point 0 ≠ 𝜏 ∈ 𝐸[𝑑], for which the
conclusion of Theorem 7.1 holds true.
To see this, we may choose a countable algebraically closed field 𝑘 ⊂ ℂ, such that 𝐶 = 𝐶𝑘 ×𝑘 ℂ.

Let  be a cycle degeneration over the local ring of a smooth pointed 𝑘-curve (𝐵, 0) with special
fiber of type 𝐼𝜅𝑑, 𝜅 ⩾ 2. We may assume that (7.2) holds. Set  ∶= 𝐶𝑘 ×𝑘 𝐵,0 and consider the
quotient map 𝑞𝜏 ∶  →  ∶= ( ×𝐵,0

)∕(ℤ∕𝑑) (from (7.3)) for some point 0 ≠ 𝜏 ∈  sm[𝑑] that
restricts via the isomorphism 𝐸sm

0
[𝜈] ≅ 𝜇𝜈 × ℤ∕𝜈 to a tuple of the form (𝜁𝜅, 𝑖𝜅), where the integer

1 ⩽ 𝑖 ⩽ 𝜈 ∶= 𝜅𝑑 is prime to 𝑑 and 𝜁 is any 𝑑th root of unity.
Proposition 7.4 implies that 𝑞∗

𝜂𝛼 ≠ 0 for all 𝛼 ∈ Br(𝜂) ⧵ Br(𝜂)div . We pick an embedding
𝑘(𝐵) ⊂ ℂ that respects the given one 𝑘 ⊂ ℂ and perform the base change. This yields an exam-
ple 𝑞𝜏 ∶ 𝐸 × 𝐶 → (𝐸 × 𝐶)∕(ℤ∕𝑑) defined over ℂ that satisfies the conclusion of Theorem 7.1. Note
thatHom(𝐸, Jac(𝐶)) = {0}, because 𝜂 has multiplicative reduction at 0 ∈ 𝐵, whereas Jac(𝐶𝜂) has
abelian reduction everywhere in 𝐵.
Next, we proceed as in the proof of Theorem 1.1. We consider the Legendre family of ellip-

tic curves 𝑝∶  ⊂ ℙ2
ℂ

× 𝑈 → 𝑈, 𝑈 ∶= 𝔸1
ℂ

− {0, 1}, whose fibers 𝜆 are defined by the affine
equation

𝑦2 = 𝑥(𝑥 − 1)(𝑥 − 𝜆)

and recall that every elliptic curve is isomorphic to some fiber of this family. We regard  → 𝑈 as
an abelian scheme, with the identity section given by the point (0 ∶ 1 ∶ 0).
Pick 𝜆0 ∈ 𝑈, such that 𝐸 = 𝜆0

. Up to some finite base change, we may assume that 𝜏 ∈ 𝐸[𝑑]

lifts to a section of the family  → 𝑈. We let the group ℤ∕𝑑 act on  via the translation 𝜏 and on
𝐶 via the automorphism 𝜓 and consider the quotient map

𝑞 ∶  × 𝐶 → ( × 𝐶)∕(ℤ∕𝑑).

For 𝜆 ∈ 𝑈, we set 𝑞𝜆 ∶= 𝑞𝜆
, 𝑌𝜆 ∶= 𝜆 × 𝐶 and 𝑋𝜆 ∶= (𝜆 × 𝐶)∕(ℤ∕𝑑).

Choose 𝜆1 ∈ 𝑈, such that Hom(𝜆1
, Jac(𝐶)) = {0}. Then the maps 𝑠𝑝𝜂,𝜆𝑖

∶ Br(𝑌𝜂) → Br(𝑌𝜆𝑖
)

are isomorphisms for 𝑖 = 0, 1 (see Lemma 4.4). By the smooth proper base change theorem, the
quotient of the Brauer group of a smooth projective variety over an algebraically closed field of
characteristic 0 by its maximal divisible subgroup is invariant in smooth proper families (see [5,
Proposition 5.2.9]). Thus, the surjectivity of 𝑠𝑝𝜂,𝜆𝑖

∶ Br(𝑋𝜂) →→ Br(𝑋𝜆𝑖
) yields an isomorphism

Br(𝑋𝜂)∕ Br(𝑋𝜂)div ≅ Br(𝑋𝜆𝑖
)∕ Br(𝑋𝜆𝑖

)div .

Since specialization is compatible with pullbacks (see Lemma 4.4) the claim follows by compar-
ing the three pullbacks 𝑞∗

𝜂 , 𝑞
∗
𝜆0
and 𝑞∗

𝜆1
via the specialization maps. The proof of Theorem 7.1 is

complete. □

Remark 7.5. Assume that the pair (𝐶, 𝜓) satisfies 𝐶∕𝜓 ≅ ℙ1. Then Br((𝐸 × 𝐶)∕(ℤ∕𝑑))div = 0 and
so Theorem 7.1 says that the pullback map 𝑞∗

𝜏 ∶ Br((𝐸 × 𝐶)∕(ℤ∕𝑑)) → Br(𝐸 × 𝐶) is injective for
some 0 ≠ 𝜏 ∈ 𝐸[𝑑], if Hom(𝐸, Jac(𝐶)) = {0}.
The conclusion of Theorem 7.1 is known for Bi-elliptic surfaces and their canonical covers,

without any restriction on the choice of the torsion point 𝜏 ∈ 𝐸[𝑑] (see [6, Theorem B]).
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1898 ALEXANDROU

Example 7.6. It is readily checked that the datum (𝐶, 𝜓) can be replaced by any pair (𝑉, 𝜓), where
𝑉 is a smooth complex projective variety and 𝜓 is an automorphism of 𝑉 of order 𝑑 satisfying the
following two properties.

(1) For all prime factors 𝓁 of 𝑑, the groupNS(𝑉) ⊗ ℚ𝓁∕ℤ𝓁 is generated by prime divisors that are
invariant under 𝜓.

(2)
⨁

𝓁|𝑑 Pic(𝑉){𝓁} =
⨁

𝓁|𝑑 Pic0(𝑉){𝓁}.

Item (1) is needed to ensure
⨁

𝓁|𝑑 Br(){𝓁} ≅
⨁

𝓁|𝑑 Br(0){𝓁}, where  = ( × 𝑉)∕(ℤ∕𝑑) (cf.
proof of Lemma 7.3). In the proof of Proposition 7.4, item (2) was the key to show that classes
𝛼 ∈ Br(𝜂) ⧵ Br(𝜂)div do not lift to the total space  . However, the group Br(0)tor may not be
divisible (see (7.4)) and so the same argument might not work here. We prove Proposition 7.4 for
the quotient map 𝑞𝜏 ∶  ∶=  × 𝑉 →  ∶= ( × 𝑉)∕(ℤ∕𝑑), where 0 ≠ 𝜏 ∈ [𝑑] is chosen so that
𝐸0 → 𝐸0∕𝜏 is generically trivial: For a contradiction, assume that there exists a non-zero 𝑑-torsion
class 𝛼 ∈ Br(𝜂) ⧵ Br(𝜂)div , such that 𝑞∗

𝜂(𝛼) = 0 ∈ Br(𝜂). Then after a finite base change of dis-
crete valuation rings followed by a resolution of the total space, we may assume that 𝛼 lifts to a
class 𝛼̃ ∈ Br()[𝑑] and 𝑞∗𝛼̃ = 0 ∈ Br()[𝑑] (see Theorem 3.1). But by item (2) via the last homo-
morphism in (7.4) the restriction 0 ≠ 𝛼̃|0

must map to a non-zero element in Br(𝑉). Finally, the
commutativity of the following diagram

yields 𝑞∗𝛼̃ ≠ 0, which contradicts 𝑞∗𝛼̃ = 0.
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