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A brief summary of the anholonomic frame deformation method, AFDM, for generating
exact solutions with generic off-diagonal metrics and generalized nonlinear connections
in modified gravity theories, MGTSs, is presented. We generalize the method to systems
of nonlinear partial differential equations, PDEs, for constructing solutions describing
generalized (effective) Einstein-Yang-Mills-Higgs, EYMH, interactions in two measure,
f(R) and massive gravity theories. Finally, we speculate on possible applications of such
generalized anisotropic and inhomogeneous solutions in modern acceleration cosmology.
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1. Nonholonomic variables & Lagrangians for EYMH in MGTs

We reexamine the issue of constructing and searching for physical implications of
exact solutions depending generically on all spacetime coordinates % in f(R, po)
MGTs and when the corresponding (effective) Lagrangians determine two measure
theories®™® (TMTs; in particular, bimetric and massive theories), and possible
variants of Finsler like nonolonomic deformation on an effective spacetime with
2 + 2 + ... splitting, or on a tangent Lorenz bundle?. Here f is a mass parameter
for gravity and R is the curvature scalar for a generalized connection. In these
theories, the modified gravitational & matter field eqs of TMTs are equivalent to
certain effective EYMH systems, which can be solved using geometric methods.
The underlying principle of the AFDM !+2:56 is that we should re-write equiva-
lently the Einstein equations, or their various MGTs modifications, on a (pseudo)
Riemannian manifold V with nonholonomic splitting associated with a nonlinear
connection (N—connection) structure N = {Nf(u)} for a conventional horizontal
(h) and vertical (v) decomposition N : TV = hV@vV, where TV is the tangent
bundlef. All geometric and physical objects and equations should be written in

*DAAD fellowship affiliations for two host institutions

TBoldface and/or “hat” symbols will be used in order to emphasize that certain spaces and/or
geometric objects are adapted to a N—connection and satisfy corresponding properties. The metric
splits g = {8ap = [9ij, Yap)}. If dim'V = 4 = 24 2, for signature (+,+,+, —), then i, 4, k,... = 1,2

while a, b, ... = 3,4; and local coordinates are denoted by u® = (z*,y®), or equivalently, u = (z,y).
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in terms an “auxiliary” linear connection D = V + Z[T] uniquely defined by the
conditions

. V: Vg=0; VT =0, the Levi—Civita connection;
& D: D g =0; AT = 0, vT = 0, the canonical d—connection,

where V is the Levi-Civita (LC) connection.
The advantage of D is that in this framework certain “hatted” EYMH eqs

~

1/\ —~
Rop — 58ap I = Taﬂv (1)

(VIED ™" Du(VI8lF*™) :,Ze [, D"¢], (VIE]) ™" Du(VIgle) = A 67y — 6°)¢,

decouple with respect to Nfadapted frames for various classes of metrics and ef-
fective sources. This procedure allows to construct very general classes of generic
off-diagonal solutions determined by corresponding data for generation and integra-
tion functions and constants %6 Here the hatted Ricci tensor R and (effective)
source Y are defined in standard form following geometric methods and N-adapted
variational calculus but for the data (g,f)) instead of (g,V), where the source
Yos(u) =% (9Tss + T'Tps)) is determined by the stress—energy tensor
“Tps = TT[% (Ds¢ D¢ + D¢ Dsop) — ig\BéDa‘b D%¢] —gss “V(9),

igg,;FWF””).
The nonlinear potential ¢V (¢) is taken for a TMT (see below). In the above for-
mulae, we consider ¢ as a Higgs field (with interior indices and vacuum expectation
Pro)) coupled to the gauge field A = A e”, in general, with values in non-Abelian
Lie algebra. It defines a “proper” covariant derivative D,, = e, +ie[A,,] which is
characterized by curvature Fg, = egA, — e, Ag +ie[Ag, A,].

The equations (1) can be derived from a TMT like action®” for equivalent
modelling of massive MGT and nonholonomically deformed Einstein models,

§= (PP [ dugliR+ B = *Sm 4 = / P DAY R+ L)
+/d4u 20(B)[ 2L + f(R) + (/|g]) ! /d4u & "L
_ F"“S—F 7n8=(PlM)2/d4u[\/@F’HE—F\/@WLE],

where [g| = det [g,5| and ®L defines a class of theories with two independent non—
Riemannian volume—forms 1®(A4) and 2?(3) as in®7 but with a more general
functional for modification, of the type f(R), than eR? if D — V. The Lagrange

ETys = 2Tr (8" Fp,Fs, —

It should be noted that D contains nontrivial anholonomically induced torsion T related to a
nonholonomic frame structure and T can be taken to be zero after the relevant classes of solutions
have been constructed in explicit form. Such a torsion field is completely defined by the metric
and nonholonomic (equivalently, anholonomic and/or non—-integrable) distortion relations.
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density functional /#£ = F(R) determined similar to a modified massive gravity

by a mass-deformed scalar curvature®9,

R:= R+2 p? (3 —try/g1q — det \/g~1q),

where p is the graviton’s mass and q = {qqg} is the so—called non-dynamical
reference metric; ™L is the Lagrangian for matter fields. There are also considered

1
_ _Fa Fa,ul/’

~ 1
L=~ Rlg) + yg"eud b~ V(9) and *L=U(6) - | FL,

for an effective source for a scalar field ¢, a gauge field ¥y,

effective nonlinear scalar potential ¢V is determined by two scalar potentials V'(¢)
and U(¢) as ¢V = (V + M)?/4U and M is a constant.

The action S is constructed for the data (g, D), with a new ‘scaled’ metric gqog,
where 8,5 = e 27(Wg, 5 and

which results in an

e 27 =2U/(V + M) = ®/,/|gas]

is a scale factor e 2% determined by the constants and potentials used in the effective
potential ¢V. The function

¢ = EuyaﬁeMAvaﬁ = Euyaﬂgmeuwg €L €aPc €3Pd,

with four scalar fields ¢,, (@ =1,2,3,4), defines the second measure in TMTs.

2. Off-diagonal Solutions for Effective EYMH Systems and
Anisotropic Cosmological Attractors

The ansatz for Fg,,, A, and ¢ and are nonholonomically constrained to the condition
that FT§ = —4s263, resulting in an effective cosmological constant *A = 852,
when

Y’ = diag[Yo] — X% + FT% = diag[Y o — 45*55].

We consider general off-diagonal ansatz for metrics depending on all spacetime
coordinates,

g = ew(gck)[alac1 ® da' 4 da® @ da®] +
Wi, 3, t)[ha(aF, t)ed @ e + hy(aF, t)e! @ el
e® = dy® + n;(a¥)daz’, e* = dt 4+ w;(z", t)da?,
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when the EYMH eqgs (1) transform into such a system ¥ of nonlinear PDEs,

P + " = 2(Y — 4s?%), Oy Ophs = 2hzha(YT — 45?),
Ofni +70m; =0, fw; —a; =0, (2)
Oiw — n;0sw — (0w /Oywo)Opw = 0.
The solutions of this system are found integrating the eqs “step by step” and ex-

pressed in terms of an effective cosmological constant Ag — 452 # 0 and with gener-
ating functions with re-definition, *¥ <+— *WU(z¢ t), when

SP? = (Ag — 45?71 /dt(T — 452)0,( *U?),
SW2dt = (Ag — 452)/dt(T —45%) 71, f U,
The functional
SE[Y, *U] = /dt(T — 45%)9,( *U?)

can be considered as a re-defined source, Y —4s> — 5=, for a prescribed generating
function W, when T — 452 = 9,( *E)/9,( *¥2). Such effective sources contain infor-
mation on effective off-diagonal EYMH, modified and massive gravity interactions
in MGTs.

Summarizing the procedure of generating exact generic off-diagonal solutions of
the system (2), we get a quadratic line element ds? = g,z(2", y3, t)du®du®, where

I

s\ 2 . 8=
d82 _ e¢(w7z)[(dx)2 + (dz)2] + ( Sw)2 (815 :IJ) [dt + 8z S;
t [u—

S’
—

da']?, (3)

; 2 _ (84 *0)?2
+( w)2m[dy+ < 1nk(x,z) +9 nk(x,z)/dtm> dxk]2

Sw(x, z,y,t) is a solution of

where
Ojw — 103w — w;Opw = 0.
The function ¥(x, z) is a solution of
02,9 + 02,9 = 2(T — 4s?)

and the coefficients 1ny(z, 2) and ong(x, 2z) are integration functions.
Solutions (3) describe general anisotropic and inhomogeneous off-diagonal de-
formations of cosmological metrics in MGTs encoding modified EYMH interactions,

§The coefficients used are a; = (9¢h3) (9;@), B = (Oths) (Orw), v = O (1n|h3\3/2/\h4|)7 where
w = In|0th3/+/|haha|| is a generating function; we suppose that dihq # 0 and diw # 0, (there
are nontrivial solutions if such conditions are not satisfied but we have to consider more special

methods for generating solutions); in brief, the partial derivatives 9o = 9/0u® are labeled d1s =
5® = 0s/0z', 025 = s' = 0s/02%, 035 = 0s/0y>, 045 = 0s /Ot = Oys,0%s/0t% = O} s.
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massive gravity terms, two measure effects etc.!*%7 Nonholonomic nonlinear inter-
actions result in changing the topology and symmetries, include solitonic and black
hole/ellipsoid and wormhole configurations, mimic dark energy and dark matter
contributions?*%. The most surprising thing is that using geometric methods, we
can really integrate in very general forms the modified gravitational and matter field
egs in MGTs and parameterize such solutions via corresponding classes of generating
and integration constants. For small nonholonomic off-diagonal deformations, such
solutions have explicit physical meaning when the values of generating/integration
functions and constants have to be chosen in some forms to describe observational
effects in modern acceleration cosmology and astrophysics.
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