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A brief summary of the anholonomic frame deformation method, AFDM, for generating
exact solutions with generic off–diagonal metrics and generalized nonlinear connections
in modified gravity theories, MGTs, is presented. We generalize the method to systems
of nonlinear partial differential equations, PDEs, for constructing solutions describing
generalized (effective) Einstein-Yang-Mills-Higgs, EYMH, interactions in two measure,
f(R) and massive gravity theories. Finally, we speculate on possible applications of such
generalized anisotropic and inhomogeneous solutions in modern acceleration cosmology.
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1. Nonholonomic variables & Lagrangians for EYMH in MGTs

We reexamine the issue of constructing and searching for physical implications of

exact solutions depending generically on all spacetime coordinates1,2,6 in f(R, μ0)

MGTs and when the corresponding (effective) Lagrangians determine two measure

theories3,7,8 (TMTs; in particular, bimetric and massive theories), and possible

variants of Finsler like nonolonomic deformation on an effective spacetime with

2 + 2 + ... splitting, or on a tangent Lorenz bundle2. Here μ0 is a mass parameter

for gravity and R is the curvature scalar for a generalized connection. In these

theories, the modified gravitational & matter field eqs of TMTs are equivalent to

certain effective EYMH systems, which can be solved using geometric methods.

The underlying principle of the AFDM1,2,5,6 is that we should re–write equiva-

lently the Einstein equations, or their various MGTs modifications, on a (pseudo)

Riemannian manifold V with nonholonomic splitting associated with a nonlinear

connection (N–connection) structure N = {Na
i (u)} for a conventional horizontal

(h) and vertical (v) decomposition N : TV = hV⊕vV, where TV is the tangent

bundle†. All geometric and physical objects and equations should be written in

∗DAAD fellowship affiliations for two host institutions
†Boldface and/or “hat” symbols will be used in order to emphasize that certain spaces and/or
geometric objects are adapted to a N–connection and satisfy corresponding properties. The metric
splits g = {gαβ = [gij , gab]}. If dimV = 4 = 2+2, for signature (+,+,+,−), then i, j, k, ... = 1, 2
while a, b, ... = 3, 4; and local coordinates are denoted by uα = (xi, ya), or equivalently, u = (x, y).
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in terms an “auxiliary” linear connection D̂ = ∇ + Ẑ[T̂] uniquely defined by the

conditions

g→
{
∇ : ∇g = 0; ∇T = 0, the Levi–Civita connection;

D̂ : D̂ g = 0; hT̂ = 0, vT̂ = 0, the canonical d–connection,

where ∇ is the Levi–Civita (LC) connection.

The advantage of D̂ is that in this framework certain “hatted” EYMH eqs

R̂αβ − 1

2
ĝαβ R̂ = Υαβ , (1)

(
√
|ĝ|)−1 Dμ(

√
|ĝ|Fμν) =

1

2
ie[φ,Dνφ], (

√
|ĝ|)−1 Dμ(

√
|ĝ|φ) = λ( φ2

[0]
− φ2)φ,

decouple with respect to N–adapted frames for various classes of metrics and ef-

fective sources. This procedure allows to construct very general classes of generic

off-diagonal solutions determined by corresponding data for generation and integra-

tion functions and constants1,2,5,6.‡ Here the hatted Ricci tensor R̂ and (effective)

source Υ are defined in standard form following geometric methods and N–adapted

variational calculus but for the data (g, D̂) instead of (g,∇), where the source

Υαβ(u) =
κ
2

(
φTβδ +

FTβδ

)
) is determined by the stress–energy tensor

φTβδ = Tr[
1

4
(Dδφ Dβφ+Dβφ Dδφ)− 1

4
ĝβδDαφ Dαφ]− ĝβδ

eV (φ),

FTβδ = 2Tr (ĝμνFβμFδν − 1

4
ĝβδFμνF

μν).

The nonlinear potential eV (φ) is taken for a TMT (see below). In the above for-

mulae, we consider φ as a Higgs field (with interior indices and vacuum expectation

φ[0]) coupled to the gauge field A = Aμe
μ, in general, with values in non–Abelian

Lie algebra. It defines a “proper” covariant derivative Dμ = eμ +ie[Aμ, ] which is

characterized by curvature Fβμ = eβAμ − eμAβ + ie[Aβ,Aμ].

The equations (1) can be derived from a TMT like action3,7 for equivalent

modelling of massive MGT and nonholonomically deformed Einstein models,

S = ( PlM)2
∫

d4u
√
|ĝ|[R̂ + L̂] = ΦSm + S =

∫
d4u 1Φ(A)[R̂ + 1L]

+

∫
d4u 2Φ(B)[ 2L+ εf(R̃) + (

√
|g|)−1 Φ(H)] +

∫
d4u

√
|ĝ| mL

= F,μS+ mS = ( PlM)2
∫

d4u[
√
|ĝ| F,μL+

√
|ĝ| mL],

where |ĝ| = det |ĝαβ | and ΦL defines a class of theories with two independent non–

Riemannian volume–forms 1Φ(A) and 2Φ(B) as in3,7 but with a more general

functional for modification, of the type εf(R̃), than εR2 if D̂ → ∇. The Lagrange

‡It should be noted that D̂ contains nontrivial anholonomically induced torsion T̂ related to a
nonholonomic frame structure and T̂ can be taken to be zero after the relevant classes of solutions
have been constructed in explicit form. Such a torsion field is completely defined by the metric
and nonholonomic (equivalently, anholonomic and/or non–integrable) distortion relations.
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density functional f,μL = F(R̃) determined similar to a modified massive gravity

by a mass–deformed scalar curvature4,6,

R̃ := R̂+ 2 μ2(3− tr
√

g−1q− det
√
g−1q),

where μ is the graviton’s mass and q = {qαβ} is the so–called non–dynamical

reference metric; mL is the Lagrangian for matter fields. There are also considered

1L = − 1

κ
R̂(g) +

1

2
gμνeμφ eνφ− V (φ) and 2L = U(φ)− 1

4
F a
μνF

aμν ,

for an effective source for a scalar field φ, a gauge field Fa
μν , which results in an

effective nonlinear scalar potential eV is determined by two scalar potentials V (φ)

and U(φ) as eV = (V +M)2/4U and M is a constant.

The action S is constructed for the data (ĝ, D̂), with a new ‘scaled’ metric gαβ,

where ĝαβ = e−2σ̂(u)gαβ and

e−2σ̂(u) = 2U/(V +M) = Φ/
√
|gαβ |

is a scale factor e−2σ̂ determined by the constants and potentials used in the effective

potential eV . The function

Φ = εμναβeμAναβ = εμναβεabcdeμϕa eνϕb eαϕc eβϕd,

with four scalar fields ϕa, (a = 1, 2, 3, 4), defines the second measure in TMTs.

2. Off-diagonal Solutions for Effective EYMH Systems and

Anisotropic Cosmological Attractors

The ansatz for Fβμ, Aμ and φ and are nonholonomically constrained to the condition

that FTα
β = −4s2δαβ , resulting in an effective cosmological constant sΛ = 8πs2,

when

Υ
β
δ = diag[Υα]→ Υ

β
δ +

FT β
δ = diag[Υα − 4s2δαβ ].

We consider general off–diagonal ansatz for metrics depending on all spacetime

coordinates,

ĝ = eψ(xk
)[dx1 ⊗ dx1 + dx2 ⊗ dx2] +

ω2(xk, y3, t)[h3(x
k, t)e3 ⊗ e3 + h4(x

k, t)e4 ⊗ e4],

e3 = dy3 + ni(x
k)dxi, e4 = dt+ wi(x

k, t)dxi,
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when the EYMH eqs (1) transform into such a system § of nonlinear PDEs,

ψ•• + ψ′′ = 2(Υ− 4s2), ∂t� ∂th3 = 2h3h4(Υ− 4s2),

∂2

ttni + γ∂tni = 0, βwi − αi = 0, (2)

∂iω − ni∂3ω − (∂i�/∂t�)∂tω = 0.

The solutions of this system are found integrating the eqs “step by step” and ex-

pressed in terms of an effective cosmological constant Λ0− 4s2 �= 0 and with gener-

ating functions with re–definition, sΨ←→ sΨ̃(xi, t), when

sΨ2 = (Λ0 − 4s2)−1

∫
dt(Υ − 4s2)∂t(

sΨ̃2),

sΨ̃2dt = (Λ0 − 4s2)

∫
dt(Υ − 4s2)−1∂t(

sΨ2).

The functional

sΞ[Υ, sΨ̃] =

∫
dt(Υ− 4s2)∂t(

sΨ̃2)

can be considered as a re–defined source, Υ−4s2 → sΞ, for a prescribed generating

function Ψ̃, when Υ− 4s2 = ∂t(
sΞ)/∂t(

sΨ̃2). Such effective sources contain infor-

mation on effective off-diagonal EYMH, modified and massive gravity interactions

in MGTs.

Summarizing the procedure of generating exact generic off-diagonal solutions of

the system (2), we get a quadratic line element ds2 = gαβ(x
k, y3, t)duαduβ, where

ds2 = eψ(x,z)[(dx)2 + (dz)2] + ( sω)2
(∂t

sΨ̃)2

sΞ
[dt+

∂i
sΞ

∂t sΞ
dxi]2, (3)

+( sω)2
sΨ̃2

4(Λ0 − 4s2)
[dy +

(
1nk(x, z) +2 ñk(x, z)

∫
dt

(∂4
sΨ̃)2

( sΨ̃)3 sΞ

)
dxk]2

where sω(x, z, y, t) is a solution of

∂iω − ni∂3ω − wi∂tω = 0.

The function ψ(x, z) is a solution of

∂2

xxψ + ∂2

zzψ = 2(Υ− 4s2)

and the coefficients 1nk(x, z) and 2ñk(x, z) are integration functions.

Solutions (3) describe general anisotropic and inhomogeneous off–diagonal de-

formations of cosmological metrics in MGTs encoding modified EYMH interactions,

§The coefficients used are αi = (∂th3) (∂i�), β = (∂th3) (∂t�), γ = ∂t

(
ln |h3|

3/2/|h4|
)
, where

� = ln |∂th3/
√

|h3h4|| is a generating function; we suppose that ∂tha 	= 0 and ∂t� 	= 0, (there
are nontrivial solutions if such conditions are not satisfied but we have to consider more special
methods for generating solutions); in brief, the partial derivatives ∂α = ∂/∂uα are labeled ∂1s =
s• = ∂s/∂x1, ∂2s = s′ = ∂s/∂x2, ∂3s = ∂s/∂y3, ∂4s = ∂s/∂t = ∂ts, ∂

2s/∂t2 = ∂2
tts.
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massive gravity terms, two measure effects etc.1,3,5,7 Nonholonomic nonlinear inter-

actions result in changing the topology and symmetries, include solitonic and black

hole/ellipsoid and wormhole configurations, mimic dark energy and dark matter

contributions2,4,6. The most surprising thing is that using geometric methods, we

can really integrate in very general forms the modified gravitational and matter field

eqs in MGTs and parameterize such solutions via corresponding classes of generating

and integration constants. For small nonholonomic off–diagonal deformations, such

solutions have explicit physical meaning when the values of generating/integration

functions and constants have to be chosen in some forms to describe observational

effects in modern acceleration cosmology and astrophysics.
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