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ABSTRACT

The mechanism of raindrop formation in a shallow cumulus cloud is investigated using a Lagrangian cloud

model (LCM). The analysis is focused on how and under which conditions a cloud droplet grows to a raindrop

by tracking the history of individual Lagrangian droplets. It is found that the rapid collisional growth, leading

to raindrop formation, is triggered when single droplets with a radius of 20mm appear in the region near the

cloud top, characterized by large liquid water content, strong turbulence, large mean droplet size, broad drop

size distribution (DSD), and high supersaturations. Raindrop formation easily occurs when turbulence-

induced collision enhancement (TICE) is considered, with or without any extra broadening of the DSD by

another mechanism (such as entrainment and mixing). In contrast, when TICE is not considered, raindrop

formation is severely delayed if no other broadening mechanism is active. The reason for the difference is

clarified by the additional analysis of idealized box simulations of the collisional growth process for different

DSDs in varied turbulent environments. It is found that TICE does not accelerate the timing of the raindrop

formation for individual droplets, but it enhances the collisional growth rate significantly afterward by

providing a greater number of large droplets for collision. Higher droplet concentrations increase the time for

raindrop formation and decrease precipitation but intensify the effect of TICE.

1. Introduction

Raindrop formation in warm clouds is a key question

in cloud physics, which has been investigated extensively

(e.g., Beard and Ochs 1993; Devenish et al. 2012;

Grabowski and Wang 2013). Nonetheless, many critical

questions still remain unanswered with regard to the

mechanisms leading to raindrop formation. It has been

difficult in particular to explain the growth of cloud

droplets in the radius range of 15–40mm for which nei-

ther diffusional (or condensational) growth nor growth

by collision and coalescence is effective: the so-called

condensation–coalescence bottleneck. Several mecha-

nisms have been proposed to overcome this bottleneck,

such as the broadening of the drop size distribution (DSD),

turbulence-induced collision enhancement (TICE), and

the presence of giant aerosol particles. However, it is not

yet clearly understood under which conditions these pro-

cesses contribute to raindrop formation.

All mechanisms for the initiation of rain, as mentioned

above, proposemethods to increase the collection kernelK,

which determines the collection rate of two droplets in a

unit volume. Traditionally, the gravitational collection

kernel between twodropletswith the radiiR and r is used as

K(R, r)5p(R1 r)2jy(R)2 y(r)jE(R, r), (1)

where y is the terminal fall velocity of a droplet and E is

the collection efficiency. To initiate rain,Kmust become

sufficiently large.Corresponding author: Yign Noh, noh@yonsei.ac.kr
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As a mechanism to increase K, we can consider the

fact that droplets may experience different histories of

supersaturation in the turbulent environment of a cloud,

and the strength of diffusional growth differs accord-

ingly. Shear and evaporative cooling following the en-

trainment of dry air produces strong turbulence in

cumulus clouds (e.g., Shaw 2003). The mixing of these

droplets can lead to a broadening of the DSD (Cooper

1989; Blyth 1993; Lasher-Trapp et al. 2005), which in-

creases K by increasing the difference of terminal ve-

locities in (1). The variability of supersaturation is

caused by fluctuations in the concentration, size, and

vertical velocity of droplets and the entrainment of en-

vironmental dry air (e.g., Politovich and Cooper 1988).

In-cloud nucleation can also contribute to the broad-

ening of DSD (Pinsky and Khain 2002), although it

might play a minor role in the highly diluted shallow

cumulus clouds as studied here.

Many recent studies have investigated the impact of

small-scale turbulence on K (e.g., Pinsky and Khain

2002; Ayala et al. 2008; Franklin 2008; Wang and

Grabowski 2009). TICE increases K by intensifying the

relative velocity of droplets, causing local clustering of

droplets, and the fortification of the collision efficiency.

More sophisticated formulations of K have been de-

veloped that take into account TICE, usually as a

function of the dissipation rate «. Wang and Grabowski

(2009) showed that TICE can reduce the rain initiation

time by 15%–40%.

One can also expect from (1) that the presence of

large particles increases K simply by having a high ter-

minal velocity. Accordingly, giant aerosols, which can

be a part of the natural aerosol size distribution, are

suggested to initiate rain if they are present in a cloud

(Johnson 1982; Lasher-Trapp et al. 2001; Jensen and

Lee 2008).

Probably the most appropriate way to understand the

mechanism of raindrop formation is to follow the growth

of individual Lagrangian droplets and to investigate how

and under which conditions they grow to raindrops. For

this purpose, Lasher-Trapp et al. (2005) and Cooper

et al. (2013) calculated the trajectories of fluid par-

cels with explicit microphysics of condensation and

collision–coalescence in the flow fields of a large-eddy

simulation (LES)with a simple bulk parameterization of

cloud microphysics. In this method, however, there was

no direct feedback of the analyzed parcels to the un-

derlying dynamical model.

Recently, Lagrangian cloud models (LCMs) have

been developed in which the cloud microphysics of

Lagrangian droplets and cloud dynamics are two-way

coupled (e.g., Andrejczuk et al. 2008, 2010; Shima et al.

2009; Sölch and Kärcher 2010; Riechelmann et al. 2012;

Naumann and Seifert 2015). In these models, the flow

field is simulated by an LES model, and the droplets

are represented by Lagrangian particles, which ex-

perience microphysical processes such as condensa-

tion and evaporation, resulting in latent heating/

cooling and changes to water vapor and buoyancy

(due to water loading of the drops), affecting the cloud

dynamics.

A recently developed LCM is used for this study to

clarify the mechanism of raindrop formation in a shal-

low cumulus cloud (Riechelmann et al. 2012; Lee et al.

2014; Hoffmann et al. 2015). For the present simulation,

the applied LCM has been improved, especially the

collision algorithm, which will be discussed in the next

section. We also utilize the capability of the LCM that

allows us to investigate the formation of raindrops di-

rectly by tracking the history of individual Lagrangian

droplets.

We will focus on the respective roles of two effects

upon raindrop formation: the broadening of DSDs

and TICE. For the investigation of TICE effects, we

perform the LCM with two different collection ker-

nels by either including the effects of TICE or

neglecting them. For the investigation of the effect of

the DSD broadening, the results are compared with a

simulation in which the diffusional growth is calcu-

lated by an adiabatic parcel model, which inhibits the

broadening of DSD by entrainment and mixing, for

example. Simulations are also carried out with dif-

ferent initial cloud condensation nuclei (CCN) con-

centrations. Finally, we clarify the respective roles of

the broadening of DSD and TICE by carrying out

idealized box simulations, in which only collisional

growth is calculated for different initial DSDs and

turbulence intensities.

2. Model and simulation setup

The LCM used in this study is coupled to Parallelized

Large-Eddy Simulation Model (PALM; Raasch and

Schröter 2001; Maronga et al. 2015). The LES model

solves the nonhydrostatic incompressible Boussinesq-

approximated Navier–Stokes equations and equations

for water vapor mixing ratio, potential temperature, and

subgrid-scale turbulent kinetic energy. The LCM cal-

culates the motion and microphysics of Lagrangian

droplets. One can refer to Riechelmann et al. (2012) for

the original description of this model. For the present

study, the model has been improved in various aspects,

including a refined collection algorithm. The basic

framework of the model is described below.

To handle the extremely large number of droplets in a

cloud, the concept of a superdroplet is introduced

2126 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 74



(Shima et al. 2009). Each superdroplet represents a large

number of real droplets of identical features (e.g., their

radius). The number of real droplets belonging to a su-

perdroplet of radius rn is called the weighting factor An,

and the total mass of a superdroplet Mn is then calcu-

lated by

M
n
5A

n

4

3
pr

l
r3n , (2)

where rl is the density of liquid water. In the present

model, An differs for each superdroplet and changes

with time as a result of collision and coalescence. The

liquid water mixing ratio ql for a given LES grid box of

the volume DV is then calculated by

q
l
5

1

r
0
DV

�
Np

n51

M
n
, (3)

where r0 is the density of dry air andNp is the number of

superdroplets in that grid box.

The liquid water mixing ratio is considered within the

virtual potential temperature,

u
y
5 u

�
11

�
R

y

R
a

2 1

�
q2 q

l

�
, (4)

to account for the drag of the droplets affecting the

buoyancy in the LES (e.g., Bannon 2002):�
dw

dt

�
buoy

5 g
u
y
2 hu

y
i

hu
y
i . (5)

Here, u is the potential temperature; Ry and Ra are the

individual gas constants of water vapor and dry air, re-

spectively; q is the water vapor mixing ratio; w is the

vertical velocity; g is the acceleration by gravity; and

angle brackets denote a horizontal average.

a. Advection and sedimentation

The velocity of each superdroplet is determined by

U
i
5 u

i
1 eu

i
2 d

i3
y(r) . (6)

The LES resolved-scale velocity at the particle’s loca-

tion ui is determined from a linear interpolation of the

velocities at the eight adjacent grid points of each

particle. A stochastic turbulent velocity component eui

is computed from the LES subgrid-scale turbulent ki-

netic energy, following Sölch and Kärcher (2010),

which was absent in the old version of the model. The

terminal velocity y(r) is given by an empirical re-

lationship depending on the droplet radius r (Rogers

et al. 1993):

y(r)5

(
a
1
r[12 exp(2b

1
r)] , for r# r

0

a
2
2 a

3
exp(2b

2
r) , for r. r

0
,

(7)

with r0 5 372:5mm, a1 5 8000 s21, a2 5 9:65m s21, a3 5
10:43m s21, b1 5 24 000m21, and b2 5 1200m21.

b. Diffusional growth and the release/depletion of
water vapor and heat

The diffusional growth of each superdroplet is calcu-

lated from

r
n

dr
n

dt
5

S

F
k
1F

D

f (r
n
) , (8)

where S is the supersaturation. The two coeffi-

cients in the denominator are given by Fk 5
[Ly/(RyT)2 1]Lyrl/(Tk) and FD 5 rlRyT/(Dyes), where

k is the thermal conductivity of air, Ly is the latent heat

required to convert liquid to vapor,Dy is the molecular

diffusivity of water vapor in air, and es is the vapor

pressure at saturation. The term f (rn) describes the

increased evaporation of falling droplets: the so-called

ventilation effect. Its parameterization is primarily

based on the droplet radius rn (Rogers and Yau 1989).

The temporal change of ql due to condensation/

evaporation is then calculated as

�
dq

l

dt

�
cond

5
1

r
0
DV

�
NP

n51

A
n

4

3
pr

l

dr3n
dt

, (9)

and it determines the sink/source for water vapor

mixing ratio q and potential temperature u in the LES

model as �
dq

dt

�
cond

52

�
dq

l

dt

�
cond

(10)

and �
du

dt

�
cond

5
L

y

Pc
p

3

�
dq

l

dt

�
cond

, (11)

respectively, whereP is the Exner function and cp is the

specific heat capacity of air at constant pressure.

For the calculation of the supersaturation S in (8), the

value of the LES grid box, in which the superdroplet is

currently located, is used instead of a linearly in-

terpolated value as done in the previous versions of our

LCM. This is necessary to maintain consistency with the

sink/source terms for water vapor mixing ratio q and

potential temperature u due to condensation/evaporation

in the LESmodel, which are calculated by the diffusional

growth of all superdroplets inside a grid box without
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considering their exact locations, as shown in (9) [see also

Hoffmann (2016)].

c. Collisional growth

To calculate the droplet growth by collision–

coalescence, a statistical approach is used in which the

growth of a superdroplet is calculated from the droplet

spectrum resulting from all superdroplets currently lo-

cated in the same LES grid box. The collisional growth is

then described in terms of the modification of the

weighting factor An and the total mass Mn of each su-

perdroplet, which also results in the modification of the

droplet radius rn. While maintaining this general

concept, we improved the collision algorithm for the

present work by modifying the old collision algo-

rithm (Riechelmann et al. 2015) with ideas of Shima

et al. (2009) and Sölch and Kärcher (2010), as

discussed below.

The collision and subsequent coalescence of a super-

droplet pair withAn .Am is realized as the collection by

Am droplets of the superdroplet n. The total mass of

these collected droplets, AmMn/An, is added to the

droplets of superdropletm, increasingMm. Note thatAm

remains unchanged, but rm is increased after the col-

lection. On the other hand, rn of the collected super-

droplet remains unchanged, butMn and An decrease. In

addition, so-called internal collections are considered—

that is, collections of droplets belonging to the same

superdroplet. These interactions do not change Mn but

they decreaseAn and accordingly increase rn. This yields

the following description of the temporal change of An

(assuming that the particles are sorted that An .Am for

m . n):

dA
n

dt
dt52

1

2
(A

n
2 1)P[K(r

n
, r

n
)A

n
dt/DV]

2 �
Np

m5n11

A
m
P[K(r

m
, r

n
)A

n
dt/DV]. (12)

The first term on the right-hand side describes the de-

crease of the droplet number due to internal collections;

the second term denotes the loss of droplets due to co-

alescence with droplets represented by a superdroplet

with a smaller weighting factor. The probabilistic binary

function P[u] determines if a collection takes place

based on its argument, the collection probability u:

P[u]5

�
0 if u# j ,

1 if u. j ,
(13)

where j is a random number uniformly chosen from the

interval [0, 1]. The change of the total mass of a super-

droplet is then calculated by

dM
n

dt
dt5 �

n21

m51

A
n

M
m

A
m

P[K(r
n
, r

m
)A

m
dt/DV]

2 �
Np

m5n11

A
m

M
n

A
n

P[K(r
m
, r

n
)A

n
dt/DV]. (14)

The first term on the right-hand side denotes the gain of

mass due to the collection with superdroplets of a larger

weighting factor; the second term denotes the loss of

mass due to the collection of droplets belonging to a

superdroplet with a smaller weighting factor.

The new collision algorithm is different from the old

collision algorithm in two important aspects. They rec-

tify the problem of the old algorithm, associated with the

difficulty of the correct representation of the stochastic

collisional growth process, which produces a small

number of very large droplets.

First, the superdroplet with the smaller weighting

factor now collects droplets from the superdroplet with

the larger weighting factor. In the old algorithm, the

superdroplet with the larger radius collected droplets

from the superdroplet with the smaller radius. Consider

the case of the largest superdroplet. The weighting fac-

tor of the largest superdroplet did not decrease in the old

algorithm since it grew by collecting mass from smaller

superdroplets without being collected at any time. Ac-

cordingly, the largest superdroplet always represented a

large number of real droplets, and the collected mass

from smaller superdroplets was equally distributed over

these. As a result, the radius growth of the largest

superdroplet was too slow. In the new collision algo-

rithm, however, the largest superdroplets tend to have

the smallest weighting factors, because they are more

likely to collect other superdroplets.

Second, the collection is now treated as a binary (0 or

1) process, in which either all droplets of the collecting

superdroplet coalesce with the same number of drop-

lets from the collected superdroplet or none do [see

(13)]. In this way the radius growth of a superdroplet by

collision and coalescence resembles the growth of two

real droplets coalescing; that is, one droplet collects a

complete other droplet, contrary to a fraction of it as in

the old algorithm with continuous collection proba-

bility. As the number of superdroplets becomes large,

the new algorithm tends to produce the size distribu-

tion of superdroplets corresponding to the size distri-

bution of real droplets, while the old algorithm tended

to produce a more uniform growth of superdroplets. In

that sense, the old and new algorithms approximate

either continuous or stochastic collisional growth, re-

spectively (Telford 1955).

Both changes are already in use in the collision algo-

rithms by Shima et al. (2009) and Sölch andKärcher (2010).
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One can refer to Unterstrasser et al. (2017) for more

details on this so-called all-or-nothing collection algo-

rithm and a comparison with other Lagrangian collec-

tion algorithms, including our old algorithm, and a

spectral-bin model.

d. Simulation setup

A shallow cumulus cloud is triggered by a two-

dimensional rising bubble of warm air, which is homo-

geneous in the third spatial direction. The bubble is

prescribed by an initial potential temperature difference

u* given by

u*5 u
0
*exp

8<:2
1

2

24 y2 y
c

a
y

!2

1

 
z2 z

c

a
z

!2
359=; , (15)

where yc 5 1920m and zc 5 150mmark the center of the

bubble, ay 5 200m and az 5 170m the radius of the

bubble, and u0*5 0:4K the maximum temperature dif-

ference. The model domain is 1920 3 5760 3 3840m3

along the x, y, and z directions with an isotropic grid

spacing of 20m. Periodic boundary conditions are ap-

plied laterally, and Dirichlet and Neumann boundary

conditions are applied at the bottom and top, re-

spectively. The initial profiles of potential temperature

and water vapor mixing ratio are derived from the LES

intercomparison of shallow cumulus convection by

vanZanten et al. (2011) and are shown in Fig. 1. They

represent the average thermodynamic state of a

cumulus-topped boundary layer as observed during the

Rain in Cumulus over theOcean (RICO) field campaign

(Rauber et al. 2007). Furthermore, no background

winds, no large-scale subsidence, and no surface fluxes

are applied. Note that the cloud motion is mainly driven

by the latent heating of condensation, once the cloud

reaches the lifting condensation level (LCL). Therefore,

the cloud motion is not sensitive to the initial distribu-

tion of u*, as long as the initial buoyancy is strong

enough to reach the LCL, and the size of the initial

bubble is much smaller than the cloud size.

Superdroplets are released 5min after the start of the

simulation randomly all over the model domain up to a

height of 2800m, using a random generator for the

spatial placement of each superdroplet. This delayed

release of particles is necessary to avoid false divergence

in the superdroplet field during the initial rise of the

bubble of warm air, which is induced by the linear in-

terpolation of the LES resolved-scale velocities to the

particle location under strong vertical acceleration.

Note that no cloud physical effects are missed owing to

the delayed introduction of superdroplets because the

bubble of warm air does not reach its LCL at t 5 5min.

The average distance between superdroplets is ini-

tially 3.4m, yielding a total number of 7.9 3 108 super-

droplets and about 200 superdroplets per grid box,

which is on the edge of computational feasibility and

larger than the superdroplet concentrations usually re-

ported as sufficient for the correct representation of

cloud physics (e.g., Riechelmann et al. 2012; Arabas

and Shima 2013). Using an average value of

An,init 5 0:83 109, 2:83 109, and 6:03 109, droplet

number concentrations of approximately 20, 70, and

150 cm23 are simulated. Unless stated otherwise, the

results from the 70-cm23 simulations are used for anal-

ysis. The initial weighting factor of each particle has

been perturbed by a random factor chosen uniformly

from the interval [0, 2]. This approach allows a better

representation of the collisional growth process for a

given number of superdroplets by improving the statis-

tics of the largest droplets, which preferentially grow

from the superdroplets with the smallest weighting fac-

tors (Unterstrasser et al. 2017). The radius of all super-

droplets is initially given by r 5 0.01mm, and the

particles are not allowed to evaporate any smaller. A

time step of Dt5 0:2 s is used in both LCM and LES.

To clarify the role of cloud microphysics in raindrop

formation, two simulations are carried out for each

droplet concentration with different collection kernels

K. The first simulation uses the traditional formulation

of K by Hall (1980), which considers only gravitational

collision and coalescence, and the second simulation

includes TICE by parameterizations of particle relative

velocities and clustering (Ayala et al. 2008) and en-

hanced collision efficiencies (Wang and Grabowski

2009) to the Hall (1980) kernel. In the latter case, the

enhancement of the collection kernel by turbulence is

FIG. 1. Initial profiles of (a) potential temperature u and (b) water

vapor mixing ratio q.
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parameterized as a function of the dissipation rate «,

which is calculated from the LES subgrid-scale model

(Riechelmann et al. 2012). The coalescence efficiency

has been assumed as unity.1 These simulations are called

GRAV and TURB, respectively. Furthermore, with the

aim to investigate the effect of DSD broadening, addi-

tional calculations are carried out, in which the diffu-

sional growth is calculated by an adiabatic parcel model

(APM; see appendix A for a description of the APM).

3. Results

a. Evolution of a cumulus cloud and raindrop
formation

Figure 2 shows cross sections of the liquid water

mixing ratio ql at t5 12, 18, 24, and 30min in the case of

TURB. Overlaid are the trajectories of 10 Lagrangian

droplets that grow to the largest raindrops during the

evolution of the cloud (t , 35min) within 650m of the

cross section (herein superdroplets are called droplets

for convenience). The cloud base height is about

600m with an absolute temperature of 293.3 K, and

the maximum vertical velocity rarely exceeds 4m s21

(not shown).

During the initial updraft stage (t 5 12min), droplets

already exist inside the cloud. As the cloud is developed

further (t 5 18min), most droplets tend to be located in

the region with large ql near the cloud top, and raindrops

(r. 40mm) appear there at t5 24min. Here we refer to

raindrops for droplets of r. 40mm, similar tomany bulk

cloud microphysical models, which represents the tran-

sition from cloud droplets to raindrops induced by the

dominance of collisional growth (e.g., Kessler 1969;

Berry and Reinhardt 1974; Kogan 2013). Once rain-

drops are formed (t . 24min), they fall through the

cloud with radii up to 500mm (not visible from Fig. 2).

Formation of large drops near the cloud top of shallow

cumuli is in agreement with the observation of shallow

cumuli during RICO (Small and Chuang 2008). For

example, Fig. 3 in Small and Chuang (2008) showed that

drops larger than r5 100mm only appear near the cloud

top, although the frequency distributions of smaller

droplets (r , 20mm) have the similar shape near the

cloud top and at the midcloud level.

Figure 3 shows the cross sections of reff, sr, «, and S

soon after the raindrop formation (t 5 24min) for the

same cloud displayed in Fig. 2. Here reff is the effective

radius of droplets, and s2
r is the variance of r in a grid

box, which represents the width of the DSD. Values of S

outside the cloud are not displayed to increase clarity.

Large values of ql, «, and S appear near the cloud top but

FIG. 2. Evolution of liquid water mixing ratio at a vertical cross section at t 5 (a) 12, (b) 18, (c) 24, and (d) 30min, overlaid with 10

Lagrangian droplets that grow to the largest raindrops during the evolution of the cloud until t5 35min within650m of the cross section.

The color of a droplet changes according to its size (blue: r# 10mm; yellow: 10, r# 20mm; orange: 20, r# 40mm; red: 40, r# 100mm;

violet: r . 100mm).

1 TheWeber number has been calculated for all collections and is

generally smaller than 0.1 during the initial collisions and the

triggering of the rapid collisional growth, which validates the as-

sumption of a unity coalescence efficiency (e.g., Beard and

Ochs 1984).
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away from the cloud edge. On the other hand, large

values of sr appear near the cloud edge, indicating the

broadening of DSD initiated by the entrainment of dry

air and subsequentmixing. Values of reff tend to increase

with height. Furthermore, Figs. 2 and 3 also reveal the

strong fluctuation of these values under the influence of

turbulent mixing not only at the cloud edge but also in

the cloud core.

To examine the variability of these quantities, we

calculated the probability density functions (PDFs) of

ql, reff, sr, sr/reff, «, and S at t5 24min from both GRAV

and TURB (Fig. 4). Calculations are made for the data

in the whole cloud and at the locations of potential

raindrops, separately. Here we use the term potential

raindrops for the Lagrangian superdroplets whose

maximum size during the evolution of the cloud until t5
35min belongs to the largest 50 raindrops. Potential

raindrops that enter the cloud after t 5 12min are fil-

tered out in order to focus on droplets with similar en-

trainment times. Sensitivity to the sampling size and to

the filtering is discussed in appendix B. The cloud is

defined as the region where ql . 1:03 1022 g kg21. The

distributions of ql and « within the cloud indicate an

intermittent nature in which very large values are con-

centrated within small regions, while most other regions

are filled with small values. The large variability of S

within the cloud, as observed in Figs. 3d and 4e, provides

the favorable condition for the broadening of DSD

by droplets following different trajectories with differ-

ent supersaturation histories to the point of observa-

tion, as suggested by Baker et al. (1980), Cooper (1989),

Blyth (1993), and Lasher-Trapp et al. (2005). The PDF

of sr indicates that potential raindrops exist less fre-

quently in regions with sr , 3mm and more frequently

in regions with sr . 7mm, resulting in a generally larger

mean value of sr for potential raindrops. The fact that a

large portion of the region within the cloud is subsaturated

(S , 0) also reveals how much the cloud is affected by

the entrainment of dry environmental air (Fig. 4e).

Figure 4 shows the strong tendency of preferential

concentration of potential raindrops in the region of

high ql, reff, sr, «, and S, which is in agreement with

observations (Small and Chuang 2008; Gerber et al.

2008; Arabas et al. 2009) and with other simulation re-

sults (Cooper et al. 2013; Khain et al. 2013). In particu-

lar, Small and Chuang (2008) and Arabas et al. (2009)

found that the largest drops are located in the regions

that have a DSD shifted to larger sizes, and in the re-

gions that have experienced strong entrainment. It

means that raindrops are likely to form in the regions

where the conditions are favorable to collisional growth,

such as a large liquid water mixing ratio ql, strong tur-

bulence «, a large effective radius reff, a broad DSD sr,

and high supersaturations S. Most potential raindrops

are located within supersaturated regions (S . 0) in

particular. One can also infer from Fig. 4d that sr/reff is

primarily about 0.6 in the whole cloud, and it is much

smaller at the locations of potential raindrops (about 0.3

and 0.2 for GRAV and TURB, respectively).

Furthermore, the PDFs at the locations of potential

raindrops are different between GRAV and TURB,

although the PDFs sampled for the whole cloud are

FIG. 3. Other variables at t 5 24min of the cross section displayed in Fig. 2 (TURB): (a) reff, (b) sr, (c) «, and (d) S.
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FIG. 4. PDFs of variables at t 5 24min in the whole cloud (solid line) and at the locations of potential

raindrops (dashed line) (red: GRAV; blue: TURB): (a) ql, (b) reff, (c) sr, (d) sr/reff, (e) S, and (f) «.
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virtually the same. The tendency of raindrop formation

in the regions of high ql, reff, «, and S are stronger in

TURB, while the tendency of raindrop formation in the

regions of high sr is stronger in GRAV. It suggests the

possibility that the broadening of DSD plays a more

important role in GRAV than in TURB for the forma-

tion of raindrops, while the large values of ql, reff, «, and

S play more important roles in TURB, which will be

discussed further in the next section.

b. The route to raindrop formation

Figure 5 shows the time series of the ensemble aver-

age of various quantities following potential raindrops,

such as R, sr, ql, «, reff, N, Z, dRC/dt, and dRD/dt, for

GRAV and TURB (R andZ are the radius and height of

potential raindrops, N is the droplet concentration, and

dRD/dt and dRC/dt are diffusional and collisional radius

growth rates, respectively). Here it is important to note

that R, Z, dRD/dt, and dRC/dt represent the mean values

of potential raindrops themselves, « represents the value

of the grid boxes in which potential raindrops are lo-

cated, and ql, sr, reff, and N represent the statistics de-

rived from all superdroplets within the grid boxes in

which the potential raindrops are located. Also shown

are the time series from the APM for both cases of

GRAV and TURB (dashed lines).

The most remarkable result is that raindrops (r .
40mm) are formed in TURB in both cases of LCM and

APM, unaffected by the broadening of DSD. Note that

sr increases substantially in the LCMbefore the onset of

the raindrop formation (t 5 24min), while sr remains

very small in the APM. In this case, one can argue that

raindrops can be formed only if reff becomes sufficiently

large, as suggested by Khain et al. (2013), and the

broadening of DSD does not play an important role in

the raindrop formation.

On the other hand, in the case ofGRAV, raindrops are

severely delayed in the APM, even though ql and reff are

larger than in the LCM. It indicates clearly that raindrop

formation in time requires the broadening of DSD, which

may be produced by entrainment and mixing, if TICE is

absent. The fact that ql and reff calculated by the LCMare

smaller than the predictions by the APM also confirms

the effect of entrainment (Figs. 5c and 5e).

At about t 5 21min, the rapid increase of dRC/dt

appears in both GRAV and TURB, followed by the

rapid increase of R. We can regard this time as the

triggering of the rapid collisional growth TC leading to

precipitation. The rapid collisional growth can also be

identified by the decrease of N after TC in Fig. 5f. The

decrease of N from the APM for TURB becomes very

large because of the stronger collection in undiluted

cloud air, which is also reflected by the rapid increases of

sr (Figs. 5b and 5f). Radius R grows to the size of rain-

drops (r 5 40mm) at about t 5 24min, soon after TC.

The fact that R reaches about 20mm at t5TC confirms

the consensus in the raindrop formation process that the

collisional growth can become significant only after

some droplets reach a radius of r5 20mm or so (Rogers

and Yau 1989). Meanwhile, reff5 16mmat t5TC, which

is somewhat larger than the observational evidence that

the rapid formation of raindrops in convective clouds

begins when reff exceeds about 11–15mm (e.g., Freud

and Rosenfeld 2012; Khain et al. 2013).

Another remarkable feature of the results is that the

effect of TICE hardly affects TC but increases dRC/dt

significantly afterward (t . 25min). Meanwhile, the

larger dRC/dt afterTC under the influence of TICE leads

to earlier and stronger precipitation (see also Figs. 6d

and 8a), which is consistent with previous simulations

using Eulerian cloud models (Pinsky and Khain 2002;

Wang and Grabowski 2009; Seifert et al. 2010;

Wyszogrodzki et al. 2013; Grabowski et al. 2015).

The value of « is slightly larger in TURB, which may

reflect the fact that potential raindrops are located

preferentially in highly turbulent regions (see Fig. 4d).

Similarly, Z becomes slightly larger in TURB after TC,

probably because the regions with the maximum « are

located closer to the cloud top (Fig. 3). It should be

mentioned that no significant difference between

GRAV and TURB exists in the vertical distributions of

the cloud as expected from Fig. 4. Soon after the onset of

raindrop formation, ql, sr, «, and reff decrease following

potential raindrops that settle gravitationally. The de-

crease starts earlier in TURB, in which the raindrops

become larger and precipitation starts earlier, in

agreement with Wyszogrodzki et al. (2013) and

Grabowski et al. (2015), who reported an increased

offloading of droplets when TICE is considered.

To understand the route to raindrop formation more

clearly, we divide the time series of ql in Fig. 5c—that is,

the liquid water mixing ratio of the grid boxes in which

the tracked potential raindrops are located—according

to four different droplet size ranges, which are

ql(r # 10mm), ql(10 , r # 20mm), ql(20 , r # 40mm),

and ql(r. 40mm) displayed in Fig. 6. The magnitude of

ql(r# 10mm) shows a rapid increase to a sharp peak

near t 5 11min due to diffusional growth during the

initial updraft and then decreases rapidly as droplets

grow to the range of larger droplets ql(10, r# 20mm).

Thereafter, ql(r # 10mm) is maintained at a certain

level, reflecting the contribution from the introduction

of new droplets through entrainment and the presence

of other droplets having experienced strong evapora-

tion. Figure 6 also shows that ql(10, r# 20mm) and

ql(20, r# 40mm) appear at t 5 10 and 15min,
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FIG. 5. Time series of the ensemble average of physical variables following

potential raindrops (red: GRAV; blue: TURB; solid line: LCM; dotted line:

APM; green vertical line: t5TC): (a) R, (b) sr, (c) ql, (d) «, (e) reff, (f)N, (g) Z,

and (h) dRC/dt and dRD/dt.

2134 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 74



respectively, but both start to decrease as the droplets

are coalesced to larger droplets. The production of

ql(r. 40mm) starts to appear at t 5 21min, and it be-

comes much larger in TURB after t 5 25min, which is

also confirmed by larger dRC/dt in Fig. 5h. This, how-

ever, is not only a direct result of TICE on the collection

kernel, which affects droplets up to a radius of 100mm,

but rather the effect of the increased number of large

droplets produced in TICE that are able to coalesce, as

expected from the larger amount of ql(20, r# 40mm).

The variation of droplets with different sizes can also

be shown by the droplet spectra of the whole cloud at

t5 12, 18, 24, and 30min, represented by themass density

distribution (Fig. 7). The difference between GRAV and

TURB appears mainly in the range r . 20mm, in which

the collisional growth becomes important, except at

t 5 30min. At t 5 30min, the droplet concentration de-

creases for r, 40mm,which is a result of the collection by

the settling raindrops. This decrease is larger in TURB,

where precipitation is stronger. Note that the mass den-

sity of droplets larger than r 5 20mm is slightly larger in

TURB at t 5 18min, while ql(20, r# 40mm) at the

locations of potential raindrops is slightly larger in

GRAV (Fig. 6c). This contradiction can be explained

by the fact that potential raindrops in GRAV are

preferentially located in the region with larger

ql(20, r# 40mm) or, equivalently, with larger sr as

observed in Fig. 4c.

c. Sensitivity to CCN concentration

To investigate how the route to raindrop formation,

discussed in the previous section, is affected by the CCN

FIG. 6. Time series of the ensemble average of ql according to different size ranges following potential raindrops

(red: GRAV; blue: TURB; green vertical lines: t5TC): (a) r# 10mm, (b) 10, r# 20mm, (c) 20, r# 40mm, and

(d) r . 40mm.
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concentration, we repeated the simulation with two

other initial droplet concentrations N0 5 20 and

150 cm23 in addition to the previously presented simu-

lation withN0 5 70 cm23. Figure 8 compares time series

of the mass of precipitable water (the mass of all rain-

drops with r . 40mm), R, Z, and « for the CCN con-

centrations ofN05 20, 70, and 150 cm23 and for GRAV

and TURB.

For N0 5 150 cm23, precipitation is almost inhibited

since too many droplets compete for the available

moisture. This delays the diffusional growth and results

in smaller droplets. The delayed raindrop formation also

keeps Z higher in the end of the cloud life cycle, since

gravitational settling is reduced. Because of increased

dissipation rates at higher CCN concentrations (Fig. 8d),

the effect of TICE becomes stronger, which increases

the difference between TURB andGRAV in agreement

with previous studies (Seifert et al. 2010; Benmoshe

et al. 2012; Wyszogrodzki et al. 2013; Grabowski et al.

2015; Lee et al. 2015), while this difference almost van-

ishes for lowCCN concentrations. It suggests that, as the

diffusional growth becomes sufficiently strong at small

N0, themechanisms to help initiate collisions, such as the

broadening of DSD and TICE, are less important.

d. Dependence of raindrop formation on the width
of the DSD

Figure 5 shows clearly that the broadening of DSD is

necessary to trigger precipitation in GRAV but not for

TURB. To understand the reason for the different de-

pendence of DSD broadening and TICE on «, we cal-

culate the time tR required by a superdroplet to reach

the size of a raindrop (r 5 40mm) by calculating the

collisional growth of different log-normally distributed

droplet spectra for different « in a simple boxmodel. The

DSD is always initialized with ql 5 1:0 g kg21 but with a

wide range of sr and reff of the initial DSD, resulting in

about 17 500 individual simulations to reach statistical

convergence. The collisional growth algorithm is the

same as used in the LCM, and each DSD is represented

by 200 superdroplets. Note that tR is closely related to the

timing of the triggering of the rapid collisional growth TC

defined above, although they can be different sometimes.

For example,TC may be the same for TURB andGRAV

from the LCM (Fig. 8b), while tR tends to be smaller for

TURB as we will show here.

Figure 9 compares the variation of tR with sr and reff
under different « («5 0 and 100 cm2 s23). The difference

of tR between « 5 0 and 100 cm2 s23 is small at large

sr. However, tR increases much faster with decreas-

ing sr at « 5 0 cm2 s23 than at « 5 100 cm2 s23. It makes

tR(«5 0 cm2 s23) much larger than tR(«5 100 cm2 s23)

as sr approaches zero.

Accordingly, Fig. 9 explains why the triggering of

precipitation is difficult at small sr in GRAV. If a few

droplets grow by collection initially, the presence of

larger droplets generated by these collections enhances

the collision rate further. If the number of large droplets

produced by initial collection becomes sufficiently large,

it triggers the rapid collisional growth resulting in pre-

cipitation by this positive feedback, once the largest

droplets reach a critical size (r5 20mm). The time scale

to trigger this positive feedback is characterized by tR:

tR can be short under a favorable condition for collision

with increasedK, provided either by TICE or by a broad

DSD; on the other hand, tR can be longer than the

typical lifetime of a cloud, thus prohibiting precipitation,

if the DSD is too narrow or TICE is too weak.

The fact that tR is not sensitive to « at large sr explains

why TC is not significantly affected by TICE, as shown in

Fig. 5a. In other words, rapid collisional growth can be

triggered at about the same time in both GRAV and

TURB, as long as there exists a region with sufficiently

large sr in GRAV. On the other hand, in the case of

TURB, the rapid collisional growth can be triggered in a

region with small sr as well. It leads to a much larger

amount of precipitation in TURB, as shown in Figs. 6d

and 8a.

Regarding the APM simulations presented in section

3b, it is worthwhile to mention that Fig. 9 implies that, if

the APM starts with a sufficiently large sr, it can trigger

the raindrop formation in time even without TICE. The

assumption of a large initial sr means, however, that the

broadening of DSD is implicitly included from the start.

4. Conclusions and discussion

The present paper applied a recently developed

Lagrangian cloud model (LCM) to clarify possible mech-

anisms of raindrop formation in warm clouds, which

remains a key question in cloud physics. By taking

advantage of the LCM, we uniquely investigated the

FIG. 7. Mass density distributions of droplets at t 5 12, 18, 24, and

30min (solid: GRAV; dashed: TURB).
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formation of raindrops directly by tracking the history

of Lagrangian droplets. The present work focuses on

clarifying the respective roles of different aspects of

raindrop formation; that is, the broadening of the drop

size distribution (DSD), which might be induced by the

mixing of droplets that have experienced different su-

persaturation histories, and turbulence-induced colli-

sion enhancement (TICE). For this purpose, we

compared the LCM results with two different collec-

tion kernels, with and without turbulence effects

(TURB and GRAV, respectively), and also compared

the results of the LCM with those from an adiabatic

parcel model (APM), in which the broadening of the

DSD due to entrainment and mixing was absent.

It is found that the rapid collisional growth, leading to

the raindrop formation, is triggered when droplets with

radius r5 20mmappear in the region near the cloud top,

characterized by a large liquid water mixing ratio, large

mean droplet size, strong turbulence, a broad DSD, and

high supersaturations. The most important result is that

in the shallow maritime cloud modeled here, raindrops

were produced when TICE was included, regardless of

the presence of any other DSD broadening mechanism,

but their formation was severely delayed in the absence

of TICE unless some other mechanism of DSD broad-

ening (here, the effects of entrainment and mixing) was

included. The reason leading to the difference is clarified

from idealized box simulations of the collisional growth

process for different DSDs. By analyzing the time to

produce a raindrop tR (R. 40mm), we have found that

tR is small in both GRAV and TURB at large sr, but tR
increases rapidly as sr goes to zero in GRAV, where s2

r

is the variance of r. The importance of the broadening of

DSD in the raindrop formation in GRAV is also

FIG. 8. Times series of variables from different initial droplet concentrations: (a) the mass of precipita-

ble water (r . 40 mm), (b) R, (c) Z, and (d) « (solid: GRAV; dotted: TURB) (blue: 20 cm23; green: 70 cm23;

red: 150 cm23).
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supported by the fact that the generation of raindrops is

preferentially concentrated in the region of higher sr

more strongly in GRAV.

It is also found that, under the influence of TICE, the

timing of the triggering of the rapid collisional growth

TC is not significantly accelerated, but the collisional

growth rate becomes much larger after TC. It implies

that the rapid collisional growth can be triggered at

about the same time in GRAV and TURB, as long as

there exists a region with sufficiently large sr in GRAV.

On the other hand, in the case of TURB, the rapid

collisional growth can be triggered in a region with small

sr as well, which leads to a much larger amount of pre-

cipitation in TURB. Simulations with different CCN

concentrations show that higher droplet concentrations

increase the time for raindrop formation and decrease

precipitation, as expected, but intensify the effect of

TICE in agreement with previous studies.

Furthermore, the results demonstrate how signifi-

cantly entrainment and mixing affect the simulated

cloud; especially strong turbulence as a result of evap-

orative cooling as well as the large variability of the

supersaturation within the cloud, including subsaturated

regions, are necessary for TICE and the broadening of

the DSD, respectively. It is important to note, however,

that both TICE andDSD broadening are fundamentally

linked to turbulence, ranging from convection and en-

trainment to small-scale turbulence on the droplet scale.

The present results suggest though, if turbulence within

the cloud is sufficiently strong, the rapid collisional

growth leading to precipitation is triggered regardless of

the broadening of DSD. On the other hand, the broad-

ening of DSD can play an important role in a weakly

turbulent cloud. The intensity of turbulence varies

widely depending on the cloud type; for example, dis-

sipation rates of 1–10 cm2 s23 have been observed in

stratocumulus, 10–100 cm2 s23 in shallow convective

clouds, and values as large as 1000 cm2 s23 in deep

convective clouds (e.g., Pruppacher and Klett 1997;

Siebert et al. 2006; Shupe et al. 2012).

There are many areas where future work is yet re-

quired. The uncertainty of the existing collection kernels

is still large, not only in the collection kernel including

turbulence effects but also in the gravitational collection

kernel itself (Klett and Davis 1973; Khain et al. 2007).

Furthermore, the present simulation assumes homoge-

neous mixing within the grid, similar to many other

cloud models. However, inhomogeneous mixing can

make the DSD broadening larger than in the present

simulations (Lasher-Trapp et al. 2005). Other DSD

broadening mechanisms need to be addressed in future

studies, too: (subgrid scale) eddy hopping (Grabowski

and Abade 2017), the activation characteristics of the

underlying aerosol distribution (Hudson and Yum

1997), or the presence of giant and ultragiant aerosols

(Johnson 1982).
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FIG. 9. The variation of the time to reach raindrops tR from box simulations of the collisional growth process

starting from different log-normally shaped drop size distributions with different sr and reff: (a) GRAV («5 0 cm2 s23),

(b) TURB (« 5 100 cm2 s23), and (c) the variation of tR with sr for reff 5 14mm.

2138 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 74

https://palm.muk.uni-hannover.de/trac/browser/palm?rev=1891
https://palm.muk.uni-hannover.de/trac/browser/palm?rev=1891


APPENDIX A

The Adiabatic Parcel Model

In this study, an adiabatic parcel model (APM) is used

to calculate adiabatic values of quantities along the

trajectories of individual particles that have been cal-

culated and tracked in the Lagrangian cloud model

(LCM). The APM is based on the prognostic equations

for the evolution of the supersaturation,
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in an adiabatically lifted parcel (e.g., Korolev andMazin

2003). These equations are driven by the vertical motion

of the parcel, dZ/dt, and the condensation or evapora-

tion of liquid water, (dql/dt)cond. Furthermore, changes

in the water vapor mixing ratio are directly linked to

changes in the liquid water mixing ratio q:

�
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�
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52

�
dq

l

dt

�
cond

, (A3)

which are calculated as in the LCM by the diffusional

growth equation [see (8)], using the adiabatic super-

saturation and temperature from (A1) and (A2),

FIG. B1. Time series of the ensemble average of physical variables following potential raindrops in TURB with

different sampling sizes and without filtering [black: 25; blue: 50; green: 100; yellow: 200; red: entrained between 12

and 16min (entrmid); purple: entrained after 16min (entrend)]: (a) R, (b) sr, (c) reff, and (d) dRC/dt and dRD/dt.
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respectively. The adiabatic parcel is assumed to have

the same properties as one grid cell in the LCM

simulations—that is, a volume of 20 3 20 3 20 m3

and 200 superdroplets from which the cloud micro-

physics are calculated by (8) for diffusional and (12)–

(14) for collisional growth.

The most important information taken from the

tracked particles is their heightZ. Furthermore, S, u, and

q in (A1)–(A3) are initialized by their respective values

of the particle trajectory as soon as the particle is moved

into a supersaturated grid cell. The adiabatic DSD is

disturbed to produce a small, but finite width of DSD

(sr 5 0.05mm), as soon as the droplets grow larger than

r 5 10mm. Equations (A1)–(A3) are then integrated

using the same time step as the LCM. In the case of

TURB, the dissipation rate is also taken from the

tracked droplets’ trajectories to steer turbulence-

enhanced collisions.

Note that the dynamics of the APM are driven by the

LCM, but thermodynamics and cloud microphysics are

independent. In that sense, the chosen approach re-

sembles the piggybacking method of Grabowski (2015),

which allows a direct assessment of the APM cloud

microphysics driven by the same dynamics as simulated

in the LCM—that is, in the identical dynamical frame-

work without affecting it.

APPENDIX B

Sensitivity to the Sampling of Potential Raindrops

The analysis of this study is based on following indi-

vidual potential raindrops, which are defined as the

Lagrangian superdroplets whose maximum size during

the evolution of the cloud belongs to the largest 50

droplets. The sampling is based on the fact that only 251

and 2982 superdroplets in GRAV and TURB, re-

spectively, grow larger than 250mm in radius during this

period, and from these superdroplets only 51 and 211

superdroplets are entrained into the cloud before t 5
12min. Therefore, we chose the largest 50 superdroplets

for both GRAV and TURB for analysis. The growth of

superdroplets that are entrained after t 5 12min starts

later and, therefore, shifts the starting point of the time

series to the later time. These superdroplets are there-

fore filtered out in Fig. 5 in order to focus on the distinct

features of droplets with similar entrainment times.

Nonetheless, it is necessary to examine how the time

series are modified if all superdroplets are considered

without filtering. Figure B1 compares the time series of

R, sr, reff, dRC/dt, and dRD/dt corresponding to Fig. 5

from the data with different sampling sizes (the largest

25, 50, 100, and 200 superdroplets entrained before t 5
12min) and different entrainment times [12 , t ,
16min (entrmid), 16min , t (entrend)]. The time series

show that they are insensitive to the sampling size, thus

indicating the robustness of the results shown in Fig. 5.

Meanwhile, the superdroplets that are entrained to

the cloud later delay the growth ofR, sr, reff, dRC/dt, and

dRD/dt, since the starting time of the droplet growth is

shifted to a later time. However, the timing of the rapid

collisional growth TC is only slightly delayed (’2min),

much smaller than the difference in the starting time of

diffusional growth, and the differences in the variables

almost disappear at t 5 27min. The main reason is that

the start of the collisional growth of the superdroplets

entrained earlier (t , 12min) already increased the

values of sr and reff inside the cloud, which provides the

favorable background condition for the collisional

growth of the superdroplets entrained later (t. 12min).

It is also found that the rapid collisional growth is

triggered when R reaches 20mm, regardless of

entrainment times.
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