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Twisting the N = 2 string

Sergei V. Ketov* and Olaf Lechtenfeldt
Institut fir Theoretische Physik, Universitaét Hannover, Appelstraie 2, 30167 Hannover, Germany

Andrew J. Parkes
Department of Artificial Intelligence, 80 South Bridge, Edinburgh EH1 9HN, United Kingdom
(Received 6 May 1994)

The most general homogeneous monodromy conditions in N = 2 string theory are classified
in terms of the conjugacy classes of the global symmetry group U(1,1) ® Z;. For classes which
generate a discrete subgroup I', the corresponding target space backgrounds C!/T' include half
spaces, complex orbifolds, and tori. We propose a generalization of the intercept formula to matrix-
valued twists, but find massless physical states only for I' = 1 (untwisted) and I' = Z; (in the manner
of Mathur and Mukhi), as well as for I being a parabolic element of U(1,1). In particular, the 16
Zz-twisted sectors of the N = 2 string are investigated, and the corresponding ground states are
identified via bosonization and BRST cohomology. We find enough room for an extended multiplet
of “spacetime” supersymmetry, with the number of supersymmetries being dependent on global
“spacetime” topology. However, world-sheet locality for the chiral vertex operators does not permit
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interactions among all massless “spacetime” fermions.

PACS number(s): 11.25.Hf, 04.65.+¢

I. INTRODUCTION

Since the discovery of N = 2 supersymmetric criti-
cal strings in 1976 [1,2], their status has undergone sev-
eral fundamental changes. Initially constructed in two
spacetime dimensions, they were lately recognized as the
strings naturally living in a four-dimensional spacetime
of apparently nonphysical (4,0) or (2,2) signature [3,4].
The interacting N = 2 string theory was shown to be
closely related to self-dual four-dimensional field theories,
and it was even conjectured to be the “master theory”
for all integrable models [5]. Recently, some arguments
were presented that the V = 2 string should also be able
to support target (“spacetime”) self-dual supersymmetry,
by relating it to the N = 4 fermionic string theory [6].
The appropriate framework for extended self-dual super-
symmetry and supergravity in 242 dimensions was devel-
oped in Ref. [7]. Very recently, N = 2 strings reappeared
in a quite different context of universal string theory, in-
cluding the conventional N = 0 and N = 1 strings as
particular vacua [8].

Despite all these amazing developments, the underly-
ing symmetries and the physical spectrum of the naively
“simple” (compared to the others) N = 2 string theory
remain to be poorly understood. It is known from the cal-
culation of the N = 2 string partition function on a torus
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that there exists just a single massless spacetime boson in
the spectrum of the untwisted N = 2 string moving in the
flat (2 + 2)-dimensional background R%*? [5]. The study
of the related N = 2 Becchi-Rouet-Stora-Tyutin (BRST)
cohomology with at least some continuous spacetime mo-
menta was recently initiated in Ref. [9]. In addition, there
are elements of the BRST cohomology corresponding to
discrete states at vanishing momentum, k = 0. They can
be most easily identified and investigated when using a
compactified background T%? instead of R?? [10,11], but
discrete states are not going to be the subject of this pa-
per. In order to derive the complete spectrum of the crit-
ical N = 2 string in a flat background, and to address,
in particular, the issue of “spacetime” fermionic physical
states (with continuous momenta), one must investigate
the most general monodromy conditions for the N = 2
string and their associated BRST cohomologies.

We are going to investigate in this paper all possible
homogeneous twistings of the N = 2 string, and find
those leading to comnsistent solutions. We distinguish
a hierarchy of three different types of twists: namely,
with increasing generality (i) those flipping only signs in
the (bosonic) monodromies, (ii) those creating arbitrary
phases around world-sheet cycles, and (iii) those mixing
different string coordinates, leading to noncompact mon-
odromies in a diagonal or Jordan normal basis. Clearly,
the first type comprises the simplest (and, we believe,
the most important) generalizations of the naive Neveu-
Schwarz— and Raymond—-type boundary conditions, and
we are going to analyze them first. As for the second type
of monodromies, the role of the spectral flow present in
the NV = 2 superconformal algebra has to be understood.
Finally, the third monodromy type implies rather un-
usual topologies of the string target space, which may ex-
plain why, to our knowledge, it has not been explored in
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the past. We are particularly interested in backgrounds
which allow massless physical states, in order to analyze
the underlying effective field theory. This does not yet
mean that the other backgrounds are inconsistent. Re-
stricting ourselves to twisted N = 2 strings with massless
ground states, we find only three possibilities: (i) the un-
twisted string as studied, e.g., by Ooguri and Vafa [5],
(ii) implementing the previously known Mathur-Mukhi
twist [12], and (iii) a peculiar background corresponding
to parabolic elements of U(1,1). We proceed with the
BRST cohomology analysis only in the first two cases,
in order to establish restrictions on interactions of the
Mathur-Mukhi twisted states.

The paper is organized as follows. In Sec. II, we start
with a general discussion of boundary conditions in string
theory, formulate the framework for our subsequent in-
vestigation of general N = 2 string boundary conditions,
and set up our notation. In Sec. III we recapitulate all
the known local and global, continuous and discrete sym-
metries of the Brink-Schwarz N = 2 string action, and
list four types of Z, twist symmetries. This allows us to
identify 16 possible Z; monodromy patterns (called sec-
tors) in the case of a closed N = 2 string. In Sec. IV we
use bosonization techniques to introduce spin and twist
fields. These fields are needed to specify the vertex op-
erators creating the ground states in the 16 twisted sec-
tors. Next, we calculate the critical intercepts for all
these sectors, and exhibit the possible massless ground
states. Section V is devoted to a discussion of the spectral
flow in N = 2 string theory. We generalize the boundary
conditions to twists by arbitrary phases and give, again,
the relevant formulae for the ground state energy. The
most general monodromy conditions are the subject of
Sec. VI where we classify all possibilities in terms of the
conjugacy classes of U(1,1), and propose the most gen-
eral intercept formula. We find a somewhat peculiar new
massless background, related to the parabolic conjugacy
class of SU(1,1). Section VII deals with the BRST coho-
mology and interactions in N = 2 string theory. First,
we check the BRST-invariance of the massless candidate
(Z2-twisted) ground states, and, second, investigate their
possible interactions from the locality requirement for the
vertex operator algebra. Our conclusions are summarized
in Sec. VIII. Two Appendices comprise auxiliary infor-
mation about the local transformation laws of the N = 2
string fields (Appendix A) and the N = 2 string BRST
charge (Appendix B).

II. STRING BOUNDARY CONDITIONS

When varying a string action, some boundary terms
appear. The action principle implies that certain con-
straints are to be added to the string equations of motion,
in order to eliminate the boundary terms.

Varying the gauge-fixed bosonic string action! [13]

!We suppress target space indices. The dots stand for their
contractions with a flat metric 7,. .

So= -

:27r0

T ™
dr / don™P9,X - 95X (2.1)
0

yields not only the equations of motion (OX = 0), but
also the constraints?

open: X'|ly—ox =0, X|r=or = 0;
(2.2)
closed : X’ periodic, X|;—or = 0.

According to the minimal action principle, X is supposed
to vanish for the initial and final string states, while
the “stringy” condition on X’ is relevant. More general
boundary conditions than the above are possible, but cor-
respond to identifications in the target space and, hence,
change global topology.

In the case of the N = 1 fermionic gauge-fixed string
action [13]
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where light-cone coordinates £+ = 7 + o as well as real
Majorana-Weyl fermion fields ¥ have been introduced
on the world-sheet, one gets, in addition to Eq. (2.2), the
fermionic constraints

open: ¥, =23V_|,—0,=0,

(2.4)

closed : P4 periodic or antiperiodic.

The two different possibilities in choosing the signs in
Eq. (2.4) are relevant, and they lead to the known dis-
tinction between the Ramond (R) and Neveu-Schwarz
(NS) sectors of the N = 1 string theory [13]. In princi-
ple, we are free to choose different boundary conditions
for different target space components of ¥1. This would,
however, destroy global target space symmetries, such as
spacetime Lorentz invariance.

In the case of the N = 2 string, there are many more
choices for the boundary conditions since both bosonic
and fermionic string world-sheet fields (N = 2 super-
conformal “matter”) become complez. The gauge-fixed
N = 2 string action has the form (Z* = X £ Y, ¥* =
Tl 4 §P2)

Sy=1 /d2€{8+z+ 072" +0.-2%-0,2"
T

+91 . 0_U +UF .0,V + 9] -0_UT +
+¥Z -0, 0T}

(2.5)

Zero modes of the Z fields are normally identified with
the coordinates of embedding “spacetime” in which the

2The prime and dot over a function mean the differentiation
with respect to o and 7, respectively.
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N = 2 string propagates. Both the dimension and the
signature of this “spacetime” are fixed quantum mechan-
ically, when we require conformal anomaly cancellation
(or nilpotency of the BRST charge) in the absence of
additional propagating degrees of freedom (like Liouville
modes). Critical N = 2 strings are known to live in two
complez dimensions [3] (see Refs. [14,15] for the recent
reviews about the NV = 2 strings). The (2,2) spacetime
signature of N = 2 critical string theory is apparently
nonphysical. Consequently, there seems to be no com-
pelling reason to insist on a direct physical interpretation
of the N = 2 string target space at all, or assume it to
be smooth everywhere. Let us therefore allow as much
freedom as possible at this point, and do not even assume
that our flat spacetime is globally a manifold.

Of course, we do not have total freedom in the choice
of boundary conditions. They have to be compatible
with the symmetries of the action. More precisely, we
demand the action density to be single valued on the
world sheet. Being moved around along a closed path, it
should come back to its original value. The correspond-
ing monodromies of the world-sheet fields must therefore
conspire to produce a symmetry of the action (density).
In order to take into account the constraints which ac-
company the gauge-fixed action (2.5), we shall investigate
the monodromies for the full gauge-invariant action. The
monodromies have to respect the local world-sheet sym-
metries as well as the global target space symmetries.
Classifying allowed boundary conditions (and thus pos-
sible flat backgrounds) requires an analysis of all (global
and local) symmetries. Apart from this, we do not con-
strain our world-sheet fields at all.

Stated differently, at the outset we allow a multival-
uedness of the N = 2 string coordinates Z and ¥. This
implies that generic monodromy factors may appear in
the boundary conditions, and each matter field may live
in a quite general twisted complex bundle. Given a Rie-
mann surface ¥ to represent the N = 2 string world sheet
after its “Euclideanization,” it is the allowed choice of the
global monodromies, i.e., “phases” picked up by moving
the matter fields around the cycles comprising a homol-
ogy basis on ¥, that will be in question of our discussion
in the following sections.

A monodromy matrix U generates a subgroup I' of
the symmetry group G of the string action. The twisted
string target space is therefore obtained from the un-
twisted one through modding out by I'. On the bosonic
coordinates Z some subgroup Go C G is realized, and
the relevant monodromy creates some I'g C Gy. Clearly,
the bosonic background B is simply the quotient space
CY1/Ty. If one likes to retain a (2 + 2)-dimensional man-
ifold for B locally, I'g is required to be discrete but not
necessarily finite. Typical examples are orbifolds from
T'o=2Z,,n > 2, or tori from I'g = Z. The simplest cases
are Zj orbifolds, i.e., B = CY1/Z,. For this reason we
shall discuss them first, in the two following sections.
We will return to the general situation in Secs. V and
VI. This means that fields of integral spin are allowed to
pick up signs, i.e., be double-valued on ¥, just as for fields
of half-integral spin. The complete monodromy behavior
will be fixed from the signs picked up by the components
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of Z, in addition to an overall sign between Z and ¥
related to the NS-R distinction.

A natural example of the twisted boundary conditions
is the Mathur-Mukhi choice considered in Ref. [12],

Zi(ﬂ-) = Z:F(O)’ \Ili(ﬂ-) = U‘I’:F(O)» (2.6)
uniformly with respect to all the (suppressed) target
space indices, with n = *1. This allows us to choose
different signs for real and imaginary parts of the fields,
while keeping X =ReZ%* periodic. The choice of bound-
ary conditions in Eq. (2.6) is obviously consistent with
the variation of the action (2.5).

The most conservative (Ooguri-Vafa) choice [5] of the

N = 2 string boundary conditions in the form

Z%(m) = 2%(0), E(m) = ¥ (0), (2.7)
is the only one which allows us to keep the single val-
uedness of integral spin fields, and C%! as the consis-
tent (2+ 2)-dimensional background spacetime for N = 2
string propagation. This choice only deals with untwisted
line bundles and their square roots (spin bundles) to de-
fine fermions, just like for the V¥ = 1 string. The two
possible signs n = 1 in Eq. (2.7) are common for all the
world-sheet spinors, and correspond to the usual NS-R
distinction familiar from the NV =1 case.

The two boundary conditions presented so far are blind
to the spacetime indices of Z and ¥ and thus compatible
with naive real spacetime Lorentz symmetry O(1,1). This
is also true for an additional overall sign flip in Egs. (2.6)
and (2.7), which doubles the number of such cases to
four.® It is conceivable that we might finally need to
sum over all backgrounds or, equivalently, over all spin
structures in the N = 2 string partition function. The
only compelling reason to do so might possibly come from
modular invariance, since the twists imply drastic conse-
quences for the N = 2 moduli space. To address this
issue, one needs a better understanding of N = 2 moduli
space, which is a rather involved problem.

Before going any further, we want to briefly discuss our
notation. Target space indices (internal and Lorentz) al-
ways appear as superscripts, world-sheet indices usually
as subscripts. In real components

ZrE = ZM2 £ qZM3, UHE = g2 LS, (2.8)
we have the fields Z#(¢) and ¥#:(¢), with generic mon-
odromy conditions of the form

ZM(m) = M*,;Z2¥(0), (2.9)
and similarly for the ¥’s. The lower-case Greek indices
p,v = 0,1 refer to a two-dimensional Minkowski space
of signature (—,+), while the lower case Latin indices
i,7 = 2,3 refer to the real components of the complex
fields. To avoid confusing the same numerical values of

3For a genus-h Riemann surface ¥, there are 42" possible
boundary conditions of this type for the Z fields alone.
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u and i, we have taken a slightly unusual range for the
lower-case Latin indices, so that we have
a = {ui} = (02,03,12,13). (2.10)
Sometimes, we write shorthand Z* for (Z#2,Z#3)
or (Z+*,Z*7), as well as Z¢ for (Z%,Z') or Z* for
(Z°%, Z'*), and similarly for ¥, suppressing irrelevant
indices in an obvious fashion. It may also be convenient
to choose spacetime light-cone coordinates Z™ = Z° 1|
Z', where 1| is just another set of + signs (index i is
suppressed here.)

In the N = 2 superconformal gauge, the fields (and
ghosts) of the N = 2 string on the Euclidean world sheet
become free, so that they can be decomposed into their
holomorphic and antiholomorphic parts, as is usual in
two-dimensional conformal field theory. For definiteness,
we investigate only closed N = 2 strings in this paper. If
not mentioned explicitly, we will consider only the right
movers in the following. As usual, lower case letters will
be used to denote the chiral parts of the matter fields,
except for the Z fields (see Appendix B for more details).

ITII. TWISTING THE N = 2 STRING

The world-sheet action of N = 2 fermionic string the-
ory reads* [16]

s=1 /dzge{lhaﬂaaer 0527 + A 500
T 2 2
+AT T p* U (0.2 + T xZ) X PP (3.1)
+(6aZ_ + XI‘IJ_) . $+PBP°‘X§},

where the N = 2 world-sheet supergravity multiplet,
comprising a real zweibein e2(§) with the metric hog =
nabegeg, a complex gravitino field x= (¢), and a real U(1)
gauge field A, (&), has been introduced.

The Brink-Schwarz action (3.1) is known to be in-
variant under the following local world-sheet symmetries:
reparametrization invariance, Lorentz invariance, N = 2
supersymmetry, phase and chiral U(1) gauge invariances,
and Weyl and super-Weyl invariances.

The explicit form of all the local transformation laws
in components can be found in Appendix A (see Ref. [17]
for the N = 2 superspace description of the N = 2 string

*We use a purely imaginary (Majorana) representation for
two-dimensional Dirac matrices p*, a = 0,1: p° = g3, p! =
io1, p*> = p°p' = o3, where o5, i = 1, 2,3 are Pauli matrices,
and {p*,pP} = —29°P, with n = diag(—, +). The Majorana
spinors ¥ = (¥_, ¥, ) decompose into their Weyl parts V.
Dirac conjugation (denoted by an overbar) ¥ = ¥Tp° does
not include complex conjugation (denoted by a superscript
—). Complex conjugation is explicit in our formulas, and it
always acts first.
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action and its symmetries). In particular, the local U(1)
symmetry acts nontrivially on the fields ¥+, x* and A,
only.

The action (3.1) also possesses global continuous invari-
ances associated with target space symmetries: namely,
global translation invariance C!'!, global U(1) symme-
try acting on the internal indices of the matter fields Z*
and ¢, with complex eigenstates Z* = Z2 + iZ3 and
U+ = 92 4 ;93 global O(1,1) Lorentz symmetry act-
ing on the spacetime indices of the matter fields Z# and
U with light-cone eigenstates Z™ = Z° 1| Z! and
U™ = WO 4] ¥l The intersection of the two symme-
tries is a Z; symmetry generated by the total sign flip
PT of all matter fields, where P and T denote the usual
parity and time reversal transformations, respectively.

The full global continuous symmetry of the action is,
however, still larger, since the O(1,1) symmetry can be
extended to U(1,1)=[U(1)®SU(1,1)]/Z,, where the fac-
tors U(1) and Z; coincide with the ones just mentioned.
More precisely, we may split O(1,1)=SO(1,1)®Z}, with
Z', generated by the parity P, and add complex boost
and rotation generators to create SU(1,1). The Zj is
then contained in the product with the U(1) symmetry
already present.

In 2 + 2 dimensions, the natural spacetime Lorentz
symmetry for the N = 2 string is SO(2,2)=[SU(1,1) ®
SU(1,1)]/Z, [15]. The interaction terms in the action
(3.1), however, break down one of the two SU(1,1) factors
to U(1) ®ZY, with ZJ representing the Mathur-Mukhi
twist (Sec. IT). It has been conjectured [6] that the total
global Lorentz symmetry of the NV = 2 string in the given
formulation might actually be the remnant of a “hidden”
SO(2,2) symmetry, which presumably exhibits itself in
the equivalent IV = 4 supersymmetric formulation of the
same string theory.

Finally, the N = 2 string action (3.1) is invariant under
the four different Z, twists of the fields:

Zo: Z — —Z and the same for ¥ ,
Zy: Z°— 2Z° Z' - —Z' and the same for ¥%!,

(3.2)
Z!: Z* — ZF and the same for UF,
Zy: Z—Zand ¥ — -0,
by adjusting the behavior of the N = 2 su-
pergravity fields appropriately (see below). These

global discrete symmetries are imbedded in the con-
tinuous groups discussed above. In particular,
Z3 =0(1,1)NU(1)=SU(1,1)nU(1) inverts (PT), whereas
Z4 is a “large” transformation (P) in O(1,1). The twist
Z4y CS0O(2,2) is the only one which is not contained in
U(1,1). The Z§’ twist is part of the local U(1) and does
not affect Z; it apparently resembles the usual NS<R
twist in the NV = 1 string theory. In the special case
of Zy monodromies we are therefore going to use the
same labels (NS and R) to distinguish these two cases,
even though their actual meaning is quite different in the
N = 2 string theory. Generally speaking, the NS (R)
sector is characterized by ¥#* and Z** having opposite
(identical) monodromy signs. In summary, the total ho-
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mogeneous global symmetry group of the N = 2 string
is Go =U(1,1)®ZY, which is at the same time the maxi-
mal global monodromy group for the matter fields Z or
W, separately. The relative boundary conditions between
Z and ¥ can only arise from local symmetries, so that Z
and ¥ monodromies are rigidly related after gauge fixing.

It is not difficult to deduce the consequences of Eq.
(3.2) for the N = 2 supergravity fields. First, one eas-
ily sees from inspecting the gravitino couplings in the
action (3.1) that the complex gravitino field x* should
transform under each twisting in exactly the same way as
the complex matter field ¥*, uniformly for each « value.
Under Z}, for example,

_ | twist

(BaZt + T x7) ™5 (027 + T %3), (3.3)

twist —+

— - =+ -

X5 p PP U™ =5 X popP VT =T pPpyd,

where the tilde over a field means its Z twisting. Simi-
larly,

=+

AT sk

wist - —— ~ —
— A ¥

- pUT Ut = — AT . po U,

(3.4)

The minus on the right-hand side (RHS) of Eq. (3.4) is
important, since it implies

twist

Ao — — Ay (3.5)
under the Z} twist.
For the untwisted boundary conditions one gets
Z(m) = Z(0), Aa(m) = Aa(0),
(3.6)

U(m) = n¥(0), Xal(m) = nXxa(0),

where the signs 7 = £1 in the second line are in cor-
respondence with each other and denote additional op-
tional Z4' twist, i.e., the NS-R option. For the Z} twisted
boundary conditions one has instead

ZF(m) = Z7(0), Aa(m) = —Aa(0),
(3.7)
U (r) =n¥(0), xz(m)=mnx"«(0).
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Equation (3.7) implies, in particular, that the (Abelian)
first Chern class ¢ = 5= [ F, F = dA, associated with
the U(1) gauge field A on a Riemann surface X, has to
vanish for such twisted boundary conditions.

The monodromy group U(1,1)®Z} does not have room
for all 16 independent sign choices of the four Z*
(or U#)) components. From the possibilities listed in
Eq. (3.2) it is clear that in each Z, twisting there must
always be an even number of minuses among the four
components® (ui), in order for the compensating mon-
odromy of the supergravity fields x* and A, to exist.
For instance, flipping only one component of ¥, say ¥°2,
is inconsistent with the N = 2 string action, as can easily
be seen from the term

=+

AT - g0 = 204, (T p2 0% — T2 p2u'3).  (3.8)

We have checked the compatibility of any even twisting
with all the local symmetries of the N = 2 string action
(3.1), listed in Appendix A. The procedure is straightfor-
ward, and it simply determines the behavior of the local
symmetry parameters under the twisting. The (super-
conformal) gauge fixing in N = 2 string theory results
in the N = 2 superconformal algebra in terms of the
currents associated with the residual symmetries. The
related ghost structure and the BRST charge are well
known [12,18,19], and the results are collected in Ap-
pendix B. Naturally, the boundary conditions of the cur-
rents and, hence, their moding, depend on the twisting,
e.g., Eq. (3.7) implies an antiperiodic U(1) current J.

An Abelian subgroup of the full symmetry group is
U(1)®S0(1,1)®U(1)gauged; Where the first two factors
represent global symmetries. Let (g, s,e) be the corre-
sponding charges of various fields (including ghosts) with
respect to U(1), SO(1,1), and U(1)gauged, respectively.
Their complete list is compiled in Table I. The rest of the
N = 2 supergravity fields, (e%, A,), the reparametriza-
tion ghosts (b,c) and the U(1) ghosts (b, &) are all inert
with respect to U(1) ® SO(1,1)® U(1)gauged-

The monodromy conditions for all the Z,-twisted sec-
tors of the closed N = 2 string are collected in Table II,
where pluses and minuses mean periodicity and antiperi-
odicity, respectively. There are 2 = 16 sectors in total,
due to the Z3 twist group.

TABLE I. The charges (g, s,e) and conformal dimensions h of the world-sheet fields with re-
spect to U(1), SO(1,1), U(1)gaugea and Vir, respectively. Blanks appear where the fields are not

eigenstates.

Field 2z* z%W zN+ ¢ N gt 4+ st SN 4 E gE 4E
q +1 +1 +1 +1 %3 +3 0 0 0
s N1 1 N1 1 3 g 0 0 0
e 0 0 0 +1 +1 0 0 +3 +1  +1 +1
R0 o o 3 3 3 % § 3 4 3 -3

5Let us call these twistings even.
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TABLE II. The Z} monodromy conditions for the (twisted) sectors of the N = 2 closed string
(right movers only). The last rows give conformal dimensions and local U(1) charges of the associ-
ated zero-momentum ground states (Sec. IV).
No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
zy7 R NS R NS R NS R NS R NS R NS R NS R NS
z? + + + o+ - - - - 4+ 4+ 4+ + - - = =
z® + + + o+ - - - - - - - - 4+ + + +
z 4+ o+ - - + + - - + 4+ - - 4+ + - -
z% 4+ o+ - -+ o+ - - - 4+ + - - + 4+
w24+ - 4 - . + - 4+ + - + - - 4+ - +
L -+ - + - + - + 4+ - 4+ -
v+ - -+ + - -+ + - -+ o+ - -+
T+ - - +  + - - 4+ - 4+ + - - 4+ 4+ -
X+ - + - 4+ - + - + - 4+ - 4+ - o+ -
X+ -+ + - + - + = + - 4+ - +
A+ +  + + 4+ o+ o+ o+ = = - - - -
h 0 0 0 1 0 : o f o0 o o o0 o0 o0 O0 O
e o o £ £ X I o0 0 - - - - - - - -
IV. BOSONIZATION, SPIN FIELDS, AND PO Lo 4 oley
TWIST FIELDS - V2
: 1 i i
liny _— (108 _ _ld
The gauge-fixed action (2.5) is accompanied by a ghost yr = ﬁ(e e?), (4.1)
action. It is well known [14,15] that the ghost systems
appropriate for the N = 2 string are the reparametriza- where 1 and | simply stand for + and —. In Eq. (4.1)

tion ghosts (b,c), an anticommuting pair of free world-
sheet fermions with conformal dimensions (2,—1), the
N = 2 supersymmetry ghosts (3%,v%) or (B%,v%), two
commuting pairs of free world-sheet fermions with con-
formal dimensions (2,—1), and the U(1) ghosts (b,é),
an anticommuting pair of free world-sheet fermions with
conformal dimensions (1,0).

Since the superconformal ghosts (3¢, ~%) carry a space-
time index 7 associated with the target space where the
N = 2 string lives, the spacetime properties of the phys-
ical N = 2 string states (to be determined by the BRST
cohomology) may depend on their ghost structure as well.
This would clearly be quite different from the conven-
tional cases of the bosonic and N = 1 supersymmetric
strings. To settle the framework for identifying the Z,-
twisted BRST-invariant states, we have to build up the
ground states for all sectors (given in Table II) out of
the single N = 2 super-SL(2,C) invariant vacuum |0).
This can be done by introducing spin and Z, twist fields
for the matter and ghost fields, and using bosonization
[20-22]. The spin fields twist world-sheet fermions, while
the twist fields twist world-sheet bosons. From now on
we employ planar complex coordinates (z, 2) for the Eu-
clidean world sheet.

The chiral fermionic fields ¢**(2) can be bosonized as®

SNormal ordering is always suppressed, as well as cocycle
operators [21].

two real scalar bosons ¢¢(z) have been introduced, with
the operator product expansion (OPE):

¢ (2)¢? (w) ~ 8 In(z — w). (4.2)
Using the light-cone combinations
szu o Mo (4.3)

we can construct the spin fields S“™(z) with helicity in-
dex 1| as

St o oMNe'/2, (4.4)
We choose the notation 1| for the spacetime light-cone
coordinates in order to distinguish them from the com-
plex internal ones 2 & ¢3. The spin fields S“™ twist the
fermions "¢ with respect to the index p, which corre-
sponds to the action of Z} and the (+—+—)-type bound-
ary conditions in Table II.

The convenient application of the bosonization proce-
dure actually depends on the monodromy conditions un-
der consideration. If the twist is applied with respect to
the index ¢, which corresponds to the action of Z), and the
(++ ——)-type boundary conditions in Table II, different
bosonization rules have to be introduced as [22]

prre U (ot et grd —e™?"), (4.5)

el u
&
— (e

S
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with the OPE as
" (2)¢” (w) ~ §*Y In(z — w).
The associated U(1) and U(1)gaugea eigenfields are

(4.6)

_}_1/,#:*: ~ iueidf‘, St o gtd* /2

V2

The (q,s,e) charges of any spin field can be found in
Table 1. We can also formally define a “little” spin field
S#* which simply sign flips the boundary condition of
the individual fermion ¥** and has conformal dimension
h=1.
16

The reparametrization ghosts (b,c) are bosonized as

(21]

(4.7)

b=e™?, c=e?, witho(z)o(w)~In(z—w). (4.8)
Similarly, for the U(1) ghosts (I;, ¢) one has
bxe %, éxe?, withd(2)5(w) ~In(z —w). (4.9)

As for the superconformal ghosts (3%,~%), the bosoniza-
tion rules of Refs. [20,21] imply

Bi(z) X e ¥ Bt = =¥ 0 591,
7 (2) 2 ies’ = om0+

(4.10)
¢ (2)¢7 (w) ~ —89 In(z — w),
7 (2)7 (w) ~ 69 ——,

z—w
where the auxiliary (n%, £¢) conformal system of spin (1, 0)
has also been bosonized as
e, giae,
(4.11)
with 6¢(2)67 (w) ~ 69 In(z — w).

The solitons e*¢’ are outside the monomial field algebra

of (8*,74"); however, one finds that

e = §(5), e~ = 5(v'). (4.12)

Alternatively, one can bosonize the complex linear com-
binations % = 82 + i3% and v* = 42 + iy3:
B e ogE, 4 = gtes”
5(B*) = T, S(y*) e,
o* (2)p* (W) ~ —In(z — w),
T (2)EF (w) ~

zZ—w

K

(4.13)

where ¥ and £* are not just linear combinations of the
fields appearing in Eq. (4.11).

Here and in what follows we use the standard results
[20,21] for free chiral bosons p € {0, 4, ¢*, 6*}:

hle?] = %q(q - Q), p(2)p(w) ~ eln(z — w), €= %1,

QG =3, Q& =1, Q~<p‘ = -2, QG‘ =1, (4'14)
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where Q is a background charge, and the factor € takes
into account statistics. It follows that the spin fields §% T+
twisting ¢ and x*, as well as the spin fields $*'* twisting
¥*, have conformal dimensions equal to +%. Similarly,
the fields e~* /2 twisting 8 and ~* as well as the fields
ev*/? twisting % and 4* have conformal dimension
equal to +%.

To describe the possible N = 2 string ground states
corresponding to all the sectors listed in Table II, we
start from the formal vacuum state |0) in the untwisted
sector (2), which satisfies the standard constraints’ (n €
Z,r € Z+ %)

agl0) =0 n>0, ¥2(0)=0 r>1/2,
bal0) =0 n> =1, ¢,|0) =0 n>2,
(4.15)
Bi0Yy =0 7> —1/2, ~4i|0)=0 r>3/2,
bal0) =0 n >0, &|0)=0 n>1.

The conformal dimension of the state |0) is h = 0, and all
its charges vanish, by definition. Like in the N = 1 string,
the BRST cohomology comes in an infinite number of
copies labeled by picture numbers. More precisely, there
are two picture-changing operators for the N = 2 string:
namely, X*(z) = {QBrsT,&(2)}. On top of this, there is
a fourfold degeneracy represented by

e?|0), €27]|0), e°*?|0), e27*%|0) (4.16)

in the canonical ghost sectors.® We pick the first member
of this list here. Concerning the superconformal ghost
pictures, we introduce the notation

|k; g2, q3) = exp (%(k+ - ZT 4k Z+))

xeqztp2+qs<p3+o(0)|0) (4.17)

and concentrate on the canonical values ¢; € {—1,—31}.

In the following, ’Hgi’ii denote the 16 sectors of the
complete Fock space of states, with the four signs corre-
sponding to the signs for Z#¢ appearing in each column
of Table II.

The reference state |0) is not BRST invariant. Our rep-
resentative of the true ’Hﬂi ++ ground state with momen-
tum k is given by |k,—1,—1), which has g =s=e =0

and h = 1k* . k™, as can easily be computed from
Eq. (4.14). BRST invariance requires h = 0, which
translates into the masslessness condition &t -k~ = 0.

In summary, one finds a massless neutral physical space-
time scalar boson.
Among the candidates for the H¥ . ground state

"The mode expansions of the fields and currents for this case
are given in Appendix B.

81f the U(1) gauge field is twisted, there is no & zero mode.
In this case, only a twofold degeneracy arises, and we shall
need gs = é
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there are four states of the type §>MS§3M|k; —1, —1).
Requiring the ground state to be a U(1)gaugea singlet
leaves us with two possibilities:

SZ’TSS’T|k;—l _;> and 52*¢S31¢|k;—l _l>’

5,3 y T3 (4.18)

which have all charges vanishing and h = 0, provided
k* -k~ = 0 again. In contrast to the NS sector, we
identify a neutral massless physical vector.®

One may argue, however, that spectral flow moves
us from the 1 component of this vector to the HYS ,
ground state scalar and further to the | component, ef-
fectively identifying all three degrees of freedom (in the
untwisted theory). In Sec. VII we will test for their BRST
invariance.

To actually describe the twisted sectors, we need Z,
twist fields t**(z), whose role is to twist the boundary
conditions for the bosonic Z fields [23]. The twist fields
generically act as

n;wgij .
ﬁt(w),
where £ is another (regular) twist field. These twist fields

act trivially on 9’s. The conformal dimension of the twist
field, h[t*"] = %, and the OPE

t"i(2)02% (w) ~ (4.19)

.,7;11451'1'

tHi (z)t”j (,w) ~ — m

(4.20)

were calculated in Ref. [24]. The results of Ref. [24] im-
ply conformal dimensions equal to +% for the twist fields
t' = %1 (no sum) and t* = t*?t*3 (no sum), while
the dimension of ¢t = t°2¢93¢12¢13 is equal to +%. This
is consistent with the change in ground state energy due
to a general U(1) twist, as will be seen in Eq. (5.3) for
a= % We assume that all twist fields are Virasoro pri-
maries. They carry global U(1) and SO(1,1) charges but
are neutral under U(1)gaugea (see Table I).

Using the spin and twist fields just introduced allows us

to construct the ground states for the Z, twisted sectors

|

of the N = 2 string (Table II). For example, for the
'Hii__ sector one finds the doublet
t18VE|k; -1, -1), (4.21)
where the twist field ¢! has been used to twist the Z'%,
while the spin field S* was needed to twist the . The
superconformal ghosts (8*,v*) are untwisted. The con-
formal dimensions of the fields contributing to this state
add up to %, and its local U(1) charge equals 1. These
properties will be in conflict with BRST invariance.

The candidate ground state for the 'HES_ 4_ sector
takes the form [22]
353 Me?/2|k; —1, - 1). (4.22)

Since the superconformal ghosts (3%,+%) (and, in fact,
x*) have to be twisted too, one needs the g3 = — 3 picture
in Eq. (4.22). Finally, the appearance of another “spin”
field /2 in Eq. (4.22) is due to the twist of the U(1)
gauge field A, (see Table II).1°

With conformal dimensions hle?/?] = —1 and A[t®] =
+3, the conformal dimension of the ground state in the
’HES_JF_ sector adds up to 0, as given in Table II. Note
that the local U(1) charge e is not defined here, since
the U(1) current J(z) is half-integral moded. This de-
stroys the spectral flow and also explains the blank slots
in the last line of Table II. BRST invariance will further
constrain this state (Sec. VII).

A different method to calculate conformal dimensions
h (or critical intercepts) associated with these ground
states consists of collecting the corresponding contribu-
tions to the intercept from the periodic (P) or antiperi-
odic (A) world-sheet bosons and fermions in each sector
separately. The standard results [13] are displayed in Ta-
ble ITI. Our results for the N = 2 string critical intercepts
(—h) are given in the last row of Table II.

Completing the list of the candidate ground state for
all the twisted sectors listed in Table II, we find (multiple
sign choices are correlated)

. 2,11 g3, .

ks —1,—-1), S2N&3MNg. -1 1)
| ks | -

'S F k-1, 1), t'SOF|k: -1, -1)

29

,HNs,R . tOSO’i|k;—1,—1), t°.5'1'i|k;—l 1

NS,R
HiTvy:
NS,R .
HITT
——
NS,R
HIZT
whereas
NS,R .
HIZ
NS,R .
HIZT,

o1 SO ST F by —1,-1), % k;—3,— 1)

2 2

2

tass’ue&/z]k;—l,—%), t352’Tle&/2|k;h%,——1)
tostleosslze"’/z}k;—1,—%), t03t1230251365/2ik;_%’_1>

®The existence of this state in the spectrum of the N = 2 string was noticed in Ref. [22].
1°This also follows from the structure of the BRST charge (Appendix B), where the U(1) ghost field & multiplies the U(1)

current J(z).
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TABLE III. Contributions to (minus) the intercept of mat-
ter and ghost fields for periodic (P or R) and antiperiodic (A
or NS) boundary conditions.

Complex  Complex
Sector boson fermion (b,c) (5,8 (B7Y)
PorR - +35 +35 +% -
A or NS + - - — 55 +35
and quite similar for ’HljiR 4+ and ’Hlji’ﬁ_. In all cases,

the momenta will have to be adjusted for BRST invari-
ance.

To compute the values of h for zero momentum in all
sectors, it is useful to collect

h “07 _17 _1>] = Oa h [I01 _%, _%>] = _ia
(4.23)
h[|0;~1,-3)] = —-1)] = -1
With the values given above and in Table I we obtain
massless states in all sectors but (4), (6), and (8) of Ta-
ble II. The local U(1) charges are only defined in the first
eight sectors. Neutrality is impossible in sectors (3)—(6)
of Table II.

The spacetime interpretation of the Z, twists consid-
ered so far is quite clear. Depending on how many of the
three twists Zy, Z),, and ZY for Z we are permitting, the
target space will be an orbifold

B=C"'/Z; or C*/Z2% or C*1/Z3, (4.24)
which represents a cone or a half-space, a quarter-, or
an eighth-space in C!'1, respectively. The first eight sec-
tors of Table II contain spacetime bosons, whereas the
ground states of sectors (9)—(16) are good candidates for
spacetime fermions.

V. SPECTRAL FLOW

We are now going to consider more general mon-
odromies parametrized by arbitrary phases:

Z“i('ﬂ') — :}:Zria“ Zu:l:( ),
\Il‘“i( ) = gE2mia¥ :tszv\I,;d:(O) (5.1)
( ) — izmu (0),

where the angles a* and v are valued in S! = R/Z, and
the signs are correlated. The special values a* = 0 and
at = % correspond to the cases considered in Sec. III,
namely, sectors (1)—(8). Similarly, the values v = 0 and
v= % correspond to the NS and R sectors, respectively,
in our notation. Stated differently, the complex vectors
Z* and UT are subject to U(1) ® U(1) boundary condi-
tions, with a relative angle v between Z and ¥. We call
these monodromies complez elliptic, for reasons to be ex-
plained in the following section. Clearly, a “good” target

space arises only in case a* are rational, which leads to
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B=CY"/(Z, ® Z.,), i-e., a product of cones.
It is worthy to notice here that the ZJ-twisted (com-
plex elliptic) boundary conditions of the type

ZPE () = et 28T (0),
\Ilﬂi(ﬂ') — —ei2"ia“ei2"i"\11“q:(()), (52)
Xa () = —e**™x(0),

do not give anything new, since the phases in Eq. (5.2)
can easily be removed up to signs by rescaling the fields
[12], leaving just the sectors (9)—(16) of Table II.

The angle v in Eq. (5.1) parametrizes rotations be-
tween the NS and R sectors, and it can be identified with
the parameter of the spectral flow in the N = 2 supercon-
formal algebra [5,25]. To understand this specific feature
of the N = 2 string, one has to investigate the N = 2
supermoduli space. It is not hard to see that different
choices of v in Eq. (5.1) are simply related by shifts in
the complex moduli of the U(1) gauge field A [5]. Since
we are instructed to finally integrate over all moduli, any
amplitude has to be averaged over v eventually. It seems
to follow that monodromy sectors related by spectral flow
should be identified, as happens in globally N = 2 super-
conformal field theory. This is not really true, for the
following reason. For a given n-string amplitude, the
U(1) moduli are represented by nontrivial Wilson lines.
Hence, we may shift the fermionic monodromies for each
homology cycle individually, in particular for the cycles
around the punctures. However, there are n —1 indepen-
dent homology cycles for a tree-level n-string amplitude.
Consequently, exactly one of the fermionic boundary con-
ditions of the different asymptotic string states cannot be
altered by the spectral flow. More specifically, we can ro-
tate all but one v parameters to zero. Of course, the
amplitude will have to vanish unless the “last” v was
zero from the beginning. However, the vanishing of an
amplitude does not mean that any of its external states
does not exist. In the example of a two-point function,
we should indeed identify the NS-NS with the R-R prop-
agator (and all interpolations); however, the NS-R corre-
lation function (and all others with a relative twist) are
genuinely different, albeit zero. In summary, the spec-
tral flow does relate some string amplitudes, but does
not identify NS with R states physically. Instead, we
have a one-parameter family of distinct states labeled by
v € [0,1].

To calculate the ground state dimensions for the gen-
eralized boundary conditions in Eq. (5.1), one needs to
sum up the relevant contributions from the N = 2 string
fields. The basic formulas for the vacuum energy of a
twisted complex boson and a twisted complex fermion
are [26,27]

hg =2 Z Zn+a)_‘

n€Z+a neZ
=—3% + 1a(l1—a) =: f(a),
hp=+4+%—ta+v+i)(l-a-v-3)
—f(a+1/+ %)a

=({(-1,a)

s=-—1

(5.3)
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TABLE IV. Contributions to the vacuum energy. The left column corresponds to the generalized
boundary conditions in Eq. (5.1). The right column gives the result for the discrete Z}-twisted cases

(9)-(16) of Table II. v € [-1,1] and a* € [-1 —», 1 —u].

a® ol Z%* 5 ZF and vt — ¢TF

+4+ £+ +F+F
Twists ++ FF + FF+
z f(a®) + f(a') 0+ f(3)
¥ —f@®+v+3)—fla +v+3) —f(0) - £(3)
b,c Z5(0) —£(0)
B, 2f(v + 4 £0) + £(2)
b,é ~1(0) ~F(3)

a*(v+ 3) fora* €[0,1 — 1]
h=h®+hn! h* = 0
{ a*(v — 1) for a* € [-1 — v,0)

where a € [0,1] in the first line and a + v + 3 € [0,1]
in the second one.!! This result forces the conformal di-
mensions of general complex twist fields and spin fields
to be equal to hlt] = a(l —a) and h[S] = L(a + v)?,
respectively. In adding the individual contributions of
the different fields, care has to be exercised in order to
make sure that the periodic argument of the function f
is always taken from the interval [0,1], where Eq. (5.3)
applies. In general, one has to create a list of case dis-
tinctions [12]. The results of counting are summarized
in Table IV. The terms quadratic in a* cancel among
bosons and fermions due to
f(a)—f(a+1/+%):a(u—{—%)—i—(uz—%). (5.4)
The U(1)gaugea charge for the ground states in question
is given by |e|] = (|a®| + |al|), where it is defined. It
follows that, for a given v, h is a symmetric, periodic, and
piecewise linear function of a® and a!, whose derivatives

jump on the lines a* = 0 as well as a* = % —vand a* =

— % —v. Moreover, h is positive everywhere except at a® =
a' =0 and for v = i%, where it vanishes identically.
The ground state energy equally follows from comput-
ing the N = 2 superconformal algebra in terms of the
N = 2 string BRST currents. The relevant central ex-
tension terms A(m) in the Virasoro subalgebra, having
the form
[L:ro;,tv L:;Ot] = (m - n)L::E{»n + A(m)6m+n,03 (55)
are at most cubic in m.'? The total m® contribution to
A(m), being independent of the twisting phases, vanishes
in the critical dimension. The coefficients of the terms
linear in 2m sum to minus the critical intercept; they are
collected in Table III. See Refs. [12,29] for the explicit

'Note that this expression is not periodic.
?For instance, A(m) = (1 — 3Q?)m® + 2hpm for an anti-
commuting (b, ¢)-type system with background charge Q.

calculations in this approach.

The conclusions we can draw for the N = 2 string
from the spectral flow analysis are the following. First,
the corresponding R and NS sectors of Table II are not to
be identified although they are related by spectral flow.
This differs from one of the conclusions of Ref. [5]. In fact,
one has a one-parameter family of distinct states here.
Second, the conformal dimension h of the ground state
changes under the spectral flow unless a® = a®' = 0. If
we accept only massless gauge-singlet states as physical'3
[19,28], the two angles a* in Eq. (5.1) are required to
vanish. Although the Ramond ground state is always
massless, we would generally consider it to be unphysical,
from a continuity argument. Hence, only states without
U(1) ® U(1) twist and, in particular, without Z, or Z)
twist survive, leaving only the (Ooguri-Vafa) states, i.e.,
sectors (1) and (2), from the first 8 sectors of Table II.
Third, this discussion does not apply to the Z}-twisted
states, where all sectors (9)—(16) remain. Their invari-
ance under spectral flow is in line with the twisting of
the gauge field, which eliminates all U(1) moduli. Each
of these discrete sectors may be generated from, say, sec-
tor (9) by the action of Z;, Zj, and ZY’' twists in (3.2).

All this gives reasons to identify the ground states
in the untwisted (Ooguri-Vafa) sectors (1) and (2) as
physical spacetime bosons, whereas the ground states in
the (Mathur-Mukhi) sectors (9)—(16) should be physi-
cal spacetime fermions. Demanding the ground states
of all occurring sectors to be massless, only Z and ZY'
twists are permitted, selecting sectors (1),(2) and (9),(10)
at most. Since each sector contributes only one or two
physical degrees of freedom, Z, twists leave room for a
2p ® 2p spacetime supermultiplet in the complex half-
space B = CUL1/ZY. These observations partially sup-
port the idea of space-time extended supersymmetry in

'3This is naively “obvious” in the “double” light-cone gauge
for the NV = 2 string, where all the excitations of Z’s and ¥’s
disappear.
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N = 2 string theory, put forward in Ref. [6]. However,
nontrivial target space topology seems to be needed to
realize it. In principle, the spectral flow parameter v may
take values different from 0 or % The corresponding ver-
tex operators, however, have little chance of leading to a

local operator algebra (see Sec. VII).

VI. GENERAL MONODROMY CONDITIONS

We are now in a position to discuss the most general
monodromy conditions for the N = 2 string. Let us con-
centrate on the Z fields, and arrange them into a complex
doublet as

o+
7= (§1+ ) z' = (2°7,72"),

where Z° = 792 +{Z°3, Z' = Z'2 4 {Z'3. The fields v
and x, can be treated similarly. The fields Z enter the
N = 2 string action via the kinetic term, 8. 2% -n-0+2,
where = diag(—,+) is the two-dimensional complex
target space metric. The kinetic term is obviously in-
variant under the unitary transformations

Z Uz, zt— Ztut, withUtqU = 1.

(6.1)

(6.2)

As remarked earlier, these U(1,1) transformations, to-
gether with similar compensating rotations of ¥ and
X, actually constitute the global continuous symmetry
group of the full action (3.1).

We shall now consider arbitrary U(1,1) transforma-
tions (6.2) as possible monodromies (z — e?"*z). The
determinantal phase factor may be split off trivially. This
is just the U(1) factor corresponding to a® + al, which
was ruled out in the last section. The remaining SU(1,1)
subgroup can be realized as

v=(g %) leP-1ap =1

The corresponding su(1,1) Lie algebra generators satisfy
the relations

[Ly,L3) = —Ls, [L2,Ls] = +Ly, [Ls,Li] = +Ly,
(6.4)

(6.3)

where L; and L, are noncompact and Hermitian, and
L3 is compact and anti-Hermitian. In our basis (6.1), L3
turns out to be diagonal:

01 0
le%(1 0), L2=§<_“’)),
i 0

L3=%(O_i).

Of course, the matrix representation depends on the
choice of basis. For a different choice, the form of the
Hermitian metric 7 changes, and it dictates the struc-
ture of the SU(1,1) monodromy matrix via Eq. (6.2). In
general, the only restrictions on the metric are nt = 7

(6.5)

and det n = —1, so that

_( m+tns m—in) _ u b 6.6
n (771+1:772 "70_773)_77“0-, ymyi s ()

where o* = (1, 0), and o = (01,02,03) are Pauli matri-
ces. Each value for n determines a basis for the target
space components of the fields. Different bases are re-
lated by linear field redefinitions:
Z—Z=M2z, Z\ - Zt=2ztMt, (6.7)

forming the linear matrix group GL(2,C). The redefined
field Z has the monodromy

Z=MZ - MUZ=(MUMYMZ

=MUMYZ2=U02Z, (6.8)
so that Eq. (6.7) induces
U—-U=MUM". (6.9)
At the same time, the action is unchanged,
ZtqZ = Z'n2Z, (6.10)
so that the new metric takes the form
=M "YM (6.11)

Any two metrics (6.6) are related this way. Apparently,
the determinantal factor of M merely leads to a com-
plex rescaling, which is rather trivial. We therefore take
M €SL(2,C). When M € SU(1,1), Eq. (6.11) becomes
7 = 7, and, hence, U is conjugate to U in U(1,1). How-
ever, when M ¢SU(1,1), one gets 7 # n, which implies a
change in the metric eigenvalues.

Given a fixed basis and metric 7, we must consider
two monodromies as equivalent if they are related by a
global symmetry transformation M €U(1,1). Therefore,
if we are interested in all inequivalent monodromies U
of the V = 2 string, we need to consider all the con-
jugacy classes of** U(1,1)=[U(1) ® SU(1,1)]/Z3. These
are labeled uniquely!® by the determinant det U, corre-
sponding to the U(1) factor,'® and the normalized trace
(det U)~%/2 t1U, corresponding to the trace in SU(1,1).
The absolute value of the normalized trace can be either
less than 2, equal to 2, or greater than 2, which dis-
tinguishes the so-called elliptic, parabolic, and hyperbolic
cases, respectively.

For a generic SU(1,1) monodromy of the form

(7)esn=(52) (7).

(6.12)

14Plus the ZY twist.

*Except if [trU]| = 2.

1®We can actually take (det U)? due to the sign ambiguity
from Z,.
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substituting the mode expansion

(Z)or=Sewxe(4)

yields the equation

Ko+ = (g 5 ) K@, (614)

With K(0) = 1 we have U = K(m).
su(1,1) generators as

Introducing the

3
a

(ﬁ* 'Z,,) = exp ZG,-Lj , (6.15)

i=1

we find the solution in the form

o3

= — 0.L; 6.16
K (o) = exp p J; FRd ] ( )

Let us be more precise for the basis (6.1), i.e., when
n = diag(—,+). If just the compact generator appears,
0; = 2706;3, one gets

100 0
Ke(o) = ( 60 —i60 ) , (6.17)

e

which obviously corresponds to the elliptic case (|trU| <
2). Indeed, setting § = a® — a! and multiplying U =
Ken(w) with the U(1) phase gim(a®+a’) just reproduce the
complex elliptic monodromy of Eq. (5.1). As was already
mentioned, the target space is a tensor product of two
cones for the case of rational angles.

Turning on a noncompact generator, e.g., 8; = 2706;1,
leads to the prime example of a hyperbolic class:

cosh o
sinh §o

Kot = (bt bt )

cosh 6o (6.18)

Here, we find |[trU| > 2, and U €SO(1,1) is the real
Lorentz symmetry already discussed in Sec. III. The
mode expansion becomes complex and matrix valued:

()= (n 2)4 (1)

n

(6.19)

The alternative is to switch to a basis where L is di-
agonal. This is achieved by taking

1 (11 = 1_1(1 0
= (1 ) a1 (5 ).

. (0 -1
=\ -1 0 )

which simply brings us to the familiar light-cone basis,

(6.20)

7= (2 ). = f just
=z |\ zi |- Here, of course, we jus get
= e 0
Khyp(a) = ( 0 e-—ao’ ) ’ (621)

but the plane wave modes remain complex. The target
space interpretation is also more transparent in this basis.
The identifications
VAR=TOSF AN A T (6.22)

create two similar tori (with real modulus #). Hence, the
background B is just their tensor product. One should
remark that in this situation an additional Z4 twist does
not allow us to set § = 0 by rescaling Z, as was the case
in Eq. (5.2). Here, it leads to yet another target space.

Rather unusual is the parabolic situation (JtrU]| = 2)
which is generated by either one of the nilpotent combi-
nations

1 *+i
NizLaiL2=§(¢i _i) (6.23)
and yields
_ (14400 =ifo
Kpar(0) = ( Fibo 1-—ifo ) : (6.24)
In the light-cone basis, we have
. 00 . 0 2
w=(t0) %= (50):
= 1 0 = 1 2i60
K+_(2i001)’K“_(0 1 ) (6.25)

The background B in this case is remarkable. From K_,
for example, we read off the identifications

7' = 7% 4 2m0(iZ%), (iZY = (iZY), (6.26)
which is topologically a complex cone. The entire iZ¢ =
0 axis has to be identified to a single point through which
pass (almost) all straight lines.!” The metric 7j = —o
on this cone degenerates for two different real sections:
either Z™— =t Z™* or Z* = +iZT™ leads to a van-
ishing of | Z|2 = ZT~Z+* + Z+~ Z"*. This leaves room for
null planes, just like in C1. It is also exceptional that
[trU| = 2 labels not one but three conjugacy classes: the
identity class as well as the two parabolic ones generated
by Ny and N_.

One should add that any SU(1,1) monodromy matrix
(6.15) can be factorized into a product of three matrices,
with each being in one of the standard forms displayed
above. However, there is always a basis in which it just
takes the standard form corresponding to its (elliptic,

7If this is not done, one ends up with a non-Haussdorff
space.
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hyperbolic, or parabolic) nature.

The ground state energies calculated for the complex
elliptic case in Sec. V are all based on Eq. (5.3). This
equation needs to be generalized to the other cases (hy-
perbolic or parabolic). The complex elliptic case corre-

sponds to
2ia® 0
es*e 9 0 .{a” 0
K(U) = ( 0 e2iala ) €Xp |:2Z ( 0 a1 ) G']
= : exp[2i0 Areal], (6.27)

and leads to the value f(a®) + f(a') in Table III, with
f(a) = —55 + 3a(1 — a). The natural attempt is to view
the result as arising from the trace

2f(A) = —§ + 3tr[A(1 — A)], (6.28)
with the matrix A = Aica of real angles taken from a
“fundamental domain” since, again, this expression is
not periodic. For a general U € U(1,1), one should fac-
tor off the U(1) phase €?®/2? and use the su(1,1) algebra
parametrization (6.15). Inserting

AB) = =

6.29
27 ( )

. 3
i
B0 1 + Z 0;L;
j=1
into the basis-independent formula (6.28) we arrive at

2(0) = —5 +

1 1
6 W00(47r—00)+ m(ef‘i‘ag —Hg),

(6.30)

for 0y € [0,4n] and 65 € [|6p — 27| — 27, —|0 — 27| + 27].
These restrictions arise from a* € [0, 1] and the relations
0o = 27(a® + a?') and 03 = 27(a® — a'). The quadratic
form in 6; is nothing but the invariant length-squared
of a boost or rotation vector associated to the action of
so(2,1) & su (1,1) in (2+1)-dimensional Minkowski space.
Time-, space-, and lightlike vectors are seen to belong
to elliptic, hyperbolic, and parabolic conjugacy classes,
respectively. Remarkably, the ground state energy takes
the untwisted value only for 69 = 0 mod 47 and a lightlike
vector {6;}, i.e., in the identity and parabolic classes,
with possible Z} twist. A direct calculation of the Lg
eigenvalue of the ground state confirms this. We already
know from Table IV that elliptic SU(1,1) twists change
the conformal dimension of the ground state, since for
6o = 6; =62 =0 and |v| < 1 we found

. { |6s] /4

1
I/+§

if |03] < 4w(v + 1),
if 03] > 4w (v + %) (6.31)
For hyperbolic twists, however, the “angles” 8; and 0, are
no longer periodic, and the naive summation of contribu-
tions to the ground-state energy based on Eq. (6.30) gives
a vanishing result. Looking back to the lesson learned in
Sec. V, we should nevertheless expect a vanishing ground
state energy only for v = % and for at most Z4 and/or
parabolic twists.
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VII. BRST COHOMOLOGY AND
INTERACTIONS

We have assumed in Sec. IV that the spin fields S(S*
or S*), as well as the twist fields ¢ (¢' or t*) are all pri-
mary and have conformal dimensions A = %. This does
not mean, however, that they are superconformal pri-
maries. They are not, in fact, as follows from examining
the OPE’s of these fields with the N = 2 superconformal
algebra generators G* = ¢ - 9Z¥F and J = %1/1“ -t
In particular, the OPE G*(2)(St)(w) gives rise to the
new field (I'£S) - {F of dimensions h = 3 and h = 1,
where spacetime v matrices ['** = I'*2 4 sT'#3 have been
introduced.®

Depending on the spin field, the v matrices act either
on the U(1) index as (I**)**, or on the O(1,1) index as
(Twi)totL,

Our task now is to consider an action of the BRST
charge in the form [11]

D
Il

Q1+ Q2 + Q3,
cTiot + bedc,

Qizfji(z)’ fsfé;—:—i’

(7.1)

J1
Jj2=3(ytGT + G +28J),
—by Ty —b(y Ty — 4Oy
+318BT T =B,

Il

J3 *)

on the candidate ground states or the corresponding ver-
tex operators creating these states.

First, the BRST operator of Eq. (7.1) annihilates the
(untwisted) NS ground state |k)}S , | = |k; —1, —1) when
k* -k~ = 0. The same is also true for the (untwisted)
R ground states |k)§+++ = SN G3Mk; -1, —%), pro-
vided that k72 = 0 = k" or k'2 = 0 = k'3, for the upper
or lower choice of sign, respectively. These momentum
constraints imply k* - k= = 0 but are more stringent.

Second, let us investigate sectors (3) and (4) of Ta-
ble II, where the combined twist (St)! or S%t! acting
on k)NS5 | | yields |k)YS __ or |k)F, __, respectively. To
this end, consider the OPE’s of the BRST currents j;(z)
with the NS vertex operator of Eq. (4.21), expressed in
complex notation:

Via)(w) = acd(v")8(y7)(5t)*
xexp(3(k*-Z7 + k™ - Z%))(w),  (7:2)
which creates the #YS __ ground state having the spinor

wave function u(k). Using the bosonization formulas
(4.13) and the relevant OPE’s:

18 According to Egs. (4.19) and (4.20), the twist field £ has
dimensions h = g and h = %.



51 TWISTING THE N =2 STRING

TS () ~ (2 - w)n* (w),
B ()80 (w) ~ 0%,

(7.3)

P (2) 8% (w) ~ — LTS (),

BZHE (2)* (w) ~ %f"i(w),

we find

712V () ~ 2 (96) Vi (w), (7.4a)

J2(2) V(g (w) ~

12 el 5(y) (~k )T

+(+ « )]

X (St) exp(i (K" - 27 + k™ - Z24))(w)

+zef 2w &Viay(w), (7.4b)
73(2)Vigy(w) ~ 3¢ [1 —1 V(4)(w) ~ regular, (7.4c)

where Eq. (7.4c) follows due to a cancellation among the
terms produced from v~ 81 = 28¢~ and vT 8~ = 28¢p™T.
Equation (7.4) implies that the Z,-twisted NS ground
state is BRST closed provided it satisfies the three con-
ditions

h=141kt k= =0, ak'™*T'F =0, e(=xi) =0,
(7.5)

where e is the local U(1) charge of the state. Apparently,
V(4) cannot be annihilated by the BRST charge.

Next, we do the same calculation for the ’Hﬁ 4+__ sec-
tor, where the relevant vertex operator has the form

Vg (w) = tice™¥" /2e=%" /25041

xexp(%'(k"' cZ7 + k7 - Z7))(w). (7.6)
It follows that
. h

71(2)V(s)(w) ~ ——(36)"(3)("1’% (7.7a)

J2(2)Vigy (w) ~ CV(4) (w)

1 1
d
+ terms of order —w an T
(7.7b)
1z [% - %]

J3(2)Vig)(w) ~ 3¢ P V(4)('w) ~regular.  (7.7¢)

Although now h = k™ - k™ vanishes for a massless ex-
citation, again the vertex operator (7.6) is not BRST
invariant, in particular because e = :t% # 0.
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Third, we come to the (— — ——)-type boundary con-
ditions. For the NS vertex operator
Vis)(w) = totincd(v)d(v7)(5t)°(St)*
xexp(i(kt-Z7 + k™ - Z)](w) (7.8)

we get

712V () ~ —— (9) Vi (w),

2
32(2)Vioy(w) ~ ~L2aginel* sy )i(k"HTO- 508
—kT17 8180 + (+ )]t
x exp(i(kt-Z~ + k™ - Z1)]|(w)

e/2 _
+Z_{ch(8)(w), (7.9a)
J3(2)V(s)(w) ~ regular. (7.9b)
The BRST invariance requires
h=3+3kt k=0
@, k*ET#F = 0 (no sum), e =0. (7.10)

This implies k+ -k~
achieved.
More easily, the HE

= —1 and k** = 0, which cannot be
sector with

Viny(w) = ce™¥ /2% /24041
x exp[i(kt-Z7 + k™ - Z)]|(w) (7.11)
yields

(Vi () ~ o (3e) Vi (w), (7.12a)

. 1/2 o . —
52(2)Viry () ~ 2Ll e /e 2 (—ik )

+(+ o O expli (kY 27 + k- 27)]

2 .
x () + L2 eV (w), (7.12b)
J3(2)Vir)(w) ~ c[ il V(7) (w) ~ regular,  (7.12c¢)
which is regular if k* = 0 since h = 1k -k~ and e = 0

here. We do not consider this as a spacetime field degree
of freedom.

The last new pattern comes from the discrete H__
sectors. It is now more convenient to express the BRST
current in the real component fields, as given in Eq. (B14)
and bosonized in Eq. (4.10). In particular, looking at
HYS | _ with



2886 KETOV, LECHTENFELD, AND PARKES 51

V(m)(w) _ ﬁceé/ze—wze—¢3/253t3ei(k2-Z2+k3~Z3)(,w),
(7.13)

we obtain

Vo) ~ o (@)Vag(w),  (7.14a)

= eT/2,—0% 0%/2 3 .2
ace?/%e ‘pe"’/n(—zk“)

J2(2)Va0) (w) ~

ZzZ—Ww
XFu3S3t3ei(k2~Zz+k3~Z3) (w)

+ (terms linear in k3), (7.14b)

1
Vz—w

J3(2)V{10)(w) ~ regular, (7.14¢)
where h = 1k - k'. Notice that the charge-measuring
term ¢J in j; does not lead to a singularity. To obtain
a vanishing BRST commutator, we have to request not
only k* - k* = 0 and the Dirac equation

ak2I# = —1a(kr48 4 213)

= _%kﬂﬂl(rw)mi — %kwﬁr(pm)m’ (7.15)
but also set k3 to zero. The latter is not surprising,
since we created the twisted state on the border of the
half-space C!'! /Z4 so that its transversal momentum gets
trapped at k% = —k3. Furthermore, the Dirac equation
(7.15) reads

@*k™ =0 and @'k*? = 0, (7.16)

so that one helicity is removed, e.g., by choosing kT2 = 0
and @' = 0, i.e., taking only S*T in Eq. (7.13). With
these requirements, V(1) does create a BRST-invariant
state with lightlike momentum k‘2 # 0. Similar calcula-
tions for ’HE__,__ as well as the remaining sectors (11)—
(16) arrive at the same conclusion.

The analysis above allows us to make the statement
that our candidate ground states in sectors (1),(2) and
(9)—(16) are actually the physical states; i.e., they rep-
resent the BRST cohomology classes. Indeed, they are
BRST closed, as we have explicitly showed, while they
cannot be BRST exact (i.e., of the type Q|*)) because
there are no candidates for a star state with the correct
ghost and picture numbers and conformal dimension, in
the case of a ground state. Since the NS-R pairs of sec-
tors (9)—(16) are related by simple coordinate relabeling,
we do not consider them separately, but restrict ourselves
to (9) and (10) from now on.

We have yet to show that our physical vertex operators
form a local field algebra. To this end, we should inves-
tigate their mutual operator products. Equivalently, we
are going to address interactions among the N = 2 string
physical states (cf. Ref. [22]). Generally speaking, the re-
quired mutual locality of the vertex operators is expected
to impose some constraints on the allowed interactions.

As representatives of the Z,-twisted N = 2 string

physical states, we choose the ground states in the sectors
HYS S HEL L HYS L and HE_ | namely,

NS B — P —° (k% Z2+K3-2%)
HiZ,  :@P=ce ¥ e e ,

HE TN = ce 9 /2e=9%/2 g2 g3, 14 ilk? 27 +k7-2°)

(7.17)
’HES_+_ (BN = ce&/ze_"’ze“”s/zsa‘T‘LtBeikz'Zz,

H§_+_ AN = ce&/2e~‘/’2/2€_¢3 SZ,T¢tSeik2-Z2,

with k2 - k2 4+ k% - k3 = 0 in the first case and k™ = 0 or
kY = 0 in the other three, corresponding to the chosen
helicity.

On one hand, using the OPE structure of the bosonized
fields among themselves, viz.,

(@) (w) ~ (2 — w) e (w),
e (2)e ™ 2 (w) ~ (2 — w) Vi (w),
, (7.18)
§11(2)85 (w) ~ (2 — w) /%6 (w),
§41(2) P (w) ~ (2 —w) T/,

we find that interactions between the sectors ’Hﬁi 44+ and
’HES_’E_ seem to be forbidden, since the relevant OPE is

not local:
2,3 iL2.72 .2 _ 3 212 2
e~ ¥ ¥ ezk zZ (2)6 P /261k zZ (’LU)

~(z —w) ¥z - w)kz'k’z, (7.19)
and quite similarly in the other cases.!® On the other
hand, each of the three triples (®, YT, T), (YT,E4, AY),
and (Y+,Z",AT) have local OPE’s among themselves, as
can easily be checked using Eq. (7.18) again. The non-
localities do not yet mean that interactions between the
triplets are impossible, since for closed strings the left-
moving (chiral) fields still have to be combined with the
right-moving ones to complete the full vertex operators.
As the example of the nonsupersymmetric O(16)®0(16)
string showed [30-32], square root singularities in the
OPE’s may disappear when the proper Gliozzi-Scherk-
Olive (GSO) projection is applied for modular invariance.
Hence, an asymmetric (with respect to the left- and right-
moving degrees of freedom) GSO projection may allow
us to keep more than two interacting spacetime fermions
in the theory. To settle this question, one should study
the “bosonized lattice” of Ref. [21], which in our case is
a direct product of two (1,1)-dimensional (half-integral)
Lorentzian lattices?® for the right movers, and once more

®For consistency in the twisted string, we must put k> = 0
for its untwisted states as well, effectively reducing the theory
to (1 + 1) dimensions. See also Ref. [22].

2%The signature arises from the sign difference between the
OPE’s of Egs. (4.2) and (4.10). The twist fields are irrelevant
here, since the combination t>e?/? is local with any vertex
operator as long as k* = 0.
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for the left movers. At the same time it is rather clear
that the continuous spectral flow family v € [—1, 1] has
little chance to survive the final locality test, except for
v =0and v = 3, ie., in the well-known NS and R sec-
tors.

In order to test full locality, we need to look at (tree-
level) amplitudes, i.e., correlation functions of vertex op-
erators. The nonvanishing three-point amplitude for the
ground state physical “scalar” in the 'HE_SH_ 4 sector was
constructed by Ooguri and Vafa [5]. Admitting also the
'HE++ . sector, one easily computes, for example,

(®LYTYL) =1, (7.20)
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as expected from conformal invariance. For the one-

boson—two-fermion amplitude we also find

(TIESAL) = (TEE)AD) = 1, (7.21)

which is encouraging. Ghost-number conservation does
not permit other three-point functions.

The vanishing of the tree-level bosonic four-point func-
tion (®,®,®.®,) [5] is most easily verified in our ap-
proach by computing the equivalent (because of spec-
tral flow) amplitude (Y,Y,Y.Y,) as follows ({z;|i =
1,...,4} = {z,y,z,w}) :

2
ST + (YL YITy) + (el i) ~ <He“"/2(xi)> [(S3555250) + (51855155)% + (SLS}S:SL)?)

=I]=

i<j

where we defined z;; = z; — z;, as usual. The crucial
relative signs emerge from carefully taking into account
the suppressed cocycle operators [21].

VIII. CONCLUSIONS

Our motivation for twisting the N = 2 string was
driven by the search for more physical states in N = 2
string theory defined in 2 + 2 dimensions. An arbitrary
twisting implies a locally flat background B for N = 2
string propagation, which is not just C!»! but has non-
trivial global topology. Backgrounds induced by twisting
generically take the form B = C11/T,, where a discrete
group I'y is generated by elements of the global symme-
try group which act on the bosonic coordinate fields Z#*.
For flat backgrounds, the global homogeneous symmetry
group with nontrivial Z action is isomorphic to U(1,1)
®ZY4. Its action on the fermionic coordinates is identi-
cal. On top of this, there exists the spectral flow labeling
the overall mismatch of bosonic and fermionic boundary
conditions. It generates a U(1) family of sectors interpo-
lating between the NS- and R-like sectors of the N = 2
string. We have found four types of different Z, twists
leading to sixteen different sectors to consider. One of
the twists originated from the spectral flow and does not
alter the background, while two more are contained in
the global U(1,1) symmetry of the N = 2 string.

The quantized critical N = 2 string theory can be
conveniently described in the N = 2 superconformal
gauge by introducing ghosts for the gauge-fixed local
symmetries and the corresponding BRST charge. Us-
ing bosonization techniques, we constructed the spin and
twist fields which actually implement all the Z, twists
mentioned above. Next, we identified the ground states
of the sixteen Z,-twisted sectors of the N = 2 string,

7

(z=9)(z-w) = (z - 2)(y —w) + (z —w)(y — 2)] = 0,

(7.22)

as well as their conformal dimensions and local U(1)
charges. The “spacetime” interpretation of the twists
is based on the orbifolds and semi-spaces in Eq. (4.24)
as possible target spaces for N = 2 string propagation.
Half of the ground states were recognized as candidates
for spactime bosons, whereas the Z,-twisted half sug-
gested an interpretation as spacetime fermions. Not all
of these states are, however, physical states identified as
representatives of BRST cohomology classes.

The most general homogeneous monodromies of the
N = 2 string were shown to be classified by the conjugacy
classes of U(1,1) and the Z/ twist of complex conjuga-
tion. They naturally split into three different groups:
elliptic, parabolic, and hyperbolic, only the first type
having been considered in the past. We proposed the
formula of Eq. (6.30) for the vacuum energy of the arbi-
trarily U(1,1)-twisted ground state, by generalizing the
result known for the elliptic case. Searching for mass-
less ground states, we were able to restrict them to the
(possibly Z%-twisted) identity and parabolic conjugacy
classes. The latter gives a previously unknown massless
background with interesting properties. The former leads
back to C1! which yields four of the sixteen Z, sectors
upon twisting by Z! and/or spectral flow.

The presence of the spectral flow relating the R- and
NS-type sectors of the N = 2 string does not mean that
these are to be identified. The spectral flow modifies
fermionic boundary conditions for each homology cycle
on the world-sheet separately. For a tree-level amplitude,
this leaves one combination of the external fermionic
boundary conditions unchanged. More specifically, we
can always choose the fermionic monodromy of one ex-
ternal state to be invariant under the spectral flow. In
particular, we have a U(1) family of two-point functions,
indexed by the relative boson-fermion monodromy mis-
match, most of which have to vanish. Hence, a rigid
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U(1) label should be attached to any state. In this paper
we have only considered the Z, subset denoted by NS
and R.

From the world-sheet point of view, the twistings con-
sidered in this paper have drastic consequences for the
N = 2 supergravity fields as well. We are used to the
fact that gravitini may be antiperiodic around world-
sheet cycles, but, e.g., the Mathur-Mukhi twist also im-
plies a double-valued Abelian gauge field [see Eq. (3.7)].
In other words, we are dealing with a double cover of
the world sheet. Alternatively, one may put 4, = 0,
which amounts to consistently truncating to N = 1 su-
pergravity. It can be shown [33] that there actually exist
only two different GSO projections of the N = 2 string,
one corresponding to the untwisted (spacetime bosonic)
theory, the other leading to the Mathur-Mukhi-twisted
theory containing spacetime bosons and fermions.

The crucial check of our Z,-twisted ground states as
candidate physical states comes from the analysis of the
BRST cohomology. We have found that only some of
these states are physical, namely, one scalar, one vector,
and two spinors. Moreover, the interactions among the
would-be physical states were analyzed from the view-
point of world-sheet locality, needed for an unambiguous
definition of the conformal field theory correlation func-
tions. It turned out that either three bosons or else, one
boson and two fermions may coexist. The consequences
can be found in Ref. [33].

Still, there is room for N = 2 spacetime supersymme-
try to be present, although the numbers of physical bo-
son and fermion degrees of freedom we obtained are not
enough to support the mazimal spacetime supersymme-
try advocated in Ref. [6]. The BRST approach to gauge
theories is well-known to be based on canonical (unitary)
quantization. The notion of unitarity is, however, quite
formal in 2+2 dimensions. This is related to the fact that
in the covariant Lagrangian description of self-dual (su-
persymmetric) field theories in 2 + 2 dimensions one-half
of the fields are usually the (propagating) Lagrange mul-
tipliers for the other half, and vice versa [7]. The BRST
cohomology may have selected those half of the (super)
self-dual states with positive norms. The remaining half
represents an equal number of ghost states having nega-
tive norms, which are, however, needed for the covariant
[with respect to SO(2,2)] description of N = 2 string
theory. This effectively doubles the number of states in
the game, and may open a way for the N = 4 spacetime
supersymmetry of the (ghost-) extended theory. More
studies are needed to resolve this issue.
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APPENDIX A: LOCAL SYMMETRIES OF THE
BS ACTION

In this Appendix, we list the infinitesimal field
transformation laws corresponding to the local two-
dimensional symmetries of the Brink-Schwarz (BS) ac-
tion (3.1).

(i) For reparametrization invariance:

de2 = §ﬁ8ﬁeg + egaagﬁ,
6Xa = gﬁBBXa + Xﬁaagﬂ’

(A1)
5Aa = gﬁaﬂAa + Aﬂaaéﬂv
07 = £%0,7, 0T = £%0,7.
(ii) For Lorentz invariance:
del = leabefx,
0Xa = _%1,03)((1, (AZ)
0Aa =672 =60 =0.
(iii) For N = 2 extended supersymmetry:
des = —2iEp*xa + H.c.,
5Xa = (aa + %wap3 - iAa)E)
0A, = sﬁ7§p3pa(aﬁ + %wgps —148)xy + H.c,, (A3)
0Z = —2¢7,
6T = ipPe(8sZ + 2%30).
(iv) For phase and chiral gauge invariances:
deg, =67 =0,
0Xa = i0Xa — 1P36Xa)
(A4)
0Aq = O + eaﬁaﬁa,
0¥ = ia¥ + i4p3¥.
(v) For Weyl and super-Weyl invariances:
des = oel,
0xXa = %UXa + pa,
(AS5)

6Aa = Xppap’n + Hec.,
82 =0, 6¥=—300.

In the above, (, I, €, @, &, o and n are parameters
of reparametrization, Lorentz, N = 2 extended super-
symmetry, phase, chiral, Weyl, and N = 2 super-Weyl
(superconformal) local transformations, respectively. We
use the notation

eaﬂ — ehleuﬁ,
we(e,x) = wale) + [i)Zﬁpra +H.c],

where ¢*# is the Levi-Civita symbol, and w,(e) is the
conventional gravitational connection in two dimensions.

(A6)
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APPENDIX B: N = 2 STRING BRST CHARGE

In this Appendix, the standard results needed to in-
troduce the N = 2 string BRST charge?!

are summarized.

The OPE’s for the chiral parts of the matter fields
representing the N = 2 string coordinates are

Z(2) 29 (w) ~ =69 In(z — w),
(B1)
1
z—w

P (2)p? (w) ~ —6 T

The N = 2 currents associated with the superconformally
gauge-fixed N = 2 string action take the form??2

T(z)=—-30Z%-8Z~ + jyt -0y~ + 3y~ -9y*
= —3(8Z*0Z}, — Y™, =D Lz "3,
nez
G*(z) = 827 - y* = 0Zy}, + 9727,

_ +_-—n—-3/2
_E G;z™" /2,
neE”Z

J() = 399t = teyigl = 30 g, (BY)

neZ

where the mode expansions on the RHS of Eq. (B2) and
all the equations below are valid for the untwisted R-type
boundary conditions, for definiteness. For the twisted
and/or NS-type boundary conditions, the moding on the
RHS of Eq. (B2) and the mode expansions below have to
be appropriately modified. The currents (B2) form the
N = 2 superconformal algebra with central extension.
The reparametrization ghosts

J

b(z) = Z bz 72 c(2) = chz_"_Ha (B3)

neZ nez

satisfy the OPE

1
b(2)c(w) ~ z—w’ {em,bn} = bmn 0. (B4)
The N = 2 superconformal ghosts
FE(2) =) Baz 0,
nez
() = ) e, (B5)
neEZ
satisfy the OPE
2
+ - _
BT ()7 (w)  _—w’
2
- + ~ —
(vt (w) ~ — 2 (B6)

which imply the (only nonvanishing) commutation rela-
tions

[’Y’:—l’l@;] = [7;13ﬁ;1_] = 26m+n,0-

Finally, the anticommuting U(1) ghosts

b(2) =D bz, E(2) =Y Gnz ", (B8)

neZ nez

(B7)

associated with the Abelian local invariance of N = 2
string theory, have the OPE

b(z)é(w) ~ ;, {&m:bn} = Smin,o- (B9)

z—w

The full BRST-invariant generators read

Tiot = {@BRsT, b} = T — 2bdc — (8b)c — bE — 3B~ 0yt + B0y - vyt a8~ + 4887,
Gi, = [@rsT, 8] = GF — 2by* — 4bOy* — 2(8b)y* + 3B%0c + (88%)c + 16%¢,

Jtot = {QBRST,B} =J + bdc + (65)c+ 1Bty =By

They imply, in particular, the mode expansions23

(B10)

L:;:t = {QBRST, bm} = Lm + (m - n)bm+nc—n - nEn—f—mémn + %(m - 2”)[ﬁ;+n7in + ﬂ;+n7:n} - Aoam,Oy

GEr*°t = [QprsT, AL]

= Gi - 2bm+n7i:n —2(m— n)gm+n7fn + (%n - m)ﬂv:s—f—nc—n + % ::z+né—m

J::t = {QBRST,Bm} = Jm - ml;m_,_nc._n + %[,37_:+n'y:n - ﬂ;+n’yrn] - BO(Sm,Oy

(B11)

where normal-ordering ambiguity constants Ag and By have been introduced.

The N = 2 BRST charge is given by

dz .
Q@BRST = fg %JBRST(‘Z)a

(B12)

21'We are grateful to Jan Bischoff for helping us to check some of the formulas listed below.

22Normal ordering is applied whenever an ambiguity arises.
23Summation over repeated indices is always understood.
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with the BRST current having the form

JjersT(2) = T + bede + bcdE — %c[,@_67+ + B1t6y7]
+&J =y vy b+ [y Oyt —yToyTIb + EBT YT — Byt + 20[c(BTyT + 87

In terms of real fields,

—3cvtOB™ +v7 88T + 3y G + TG
(B13)

jerst(2) = T + bcde + bedé — %c[ﬂza'yz -+ ﬂ3873] - %c['yzaﬁz + 736ﬁ3]

+72[az2 ‘,¢'2 +az3 ,‘pB] +73[az2 ‘11}3 —8Z3 1/)2] + %51/)2 .1/13

. ;T
_[7272 +7373]b+2z[72873 _ 738’72]b+ 50[’)/2153 _73132] + %6[0(,@2")’2 _'_,3373)]_

(B14)

The total derivative terms have been adjusted to make the current jgrsT BRST exact and turn it into a conformal

primary of h = 1 and e = 0. It follows

QBRST = C—nLn + 1v2,GY + 371,.G, + 3¢_nJn

—3(m —n)comC_nbmin — VoY I nbman — (M — n)'y:m'yfnl;m+n

1

+nc“m6—nbm+n + Z(m - zn)c—m[/ﬁ:z—{‘nry:n + ﬂ;+n7tn] + ié‘m[lg’;:+n7:n - ﬂ;H—n’yjn] - AOCO - Boéo.

(B15)

The BRST generators (B11) satisfy the NV = 2 superconformal algebra without central extension, while the BRST
charge Qsrst = 0, when the complex target space dimension is two and the intercept takes its critical value under

the given boundary conditions.
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