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ABSTRACT: The existence of genuinely non-geometric backgrounds, i.e. ones without ge-
ometric dual, is an important question in string theory. In this paper we examine this
question from a sigma model perspective. First we construct a particular class of Courant
algebroids as protobialgebroids with all types of geometric and non-geometric fluxes. For
such structures we apply the mathematical result that any Courant algebroid gives rise to
a 3D topological sigma model of the AKSZ type and we discuss the corresponding 2D field
theories. It is found that these models are always geometric, even when both 2-form and
2-vector fields are neither vanishing nor inverse of one another. Taking a further step, we
suggest an extended class of 3D sigma models, whose world volume is embedded in phase
space, which allow for genuinely non-geometric backgrounds. Adopting the doubled formal-
ism such models can be related to double field theory, albeit from a world sheet perspective.
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1 Introduction

It is by now well established that useful string vacua, in particular those where potentials
that can stabilize the moduli are generated, contain background fluxes. These fluxes come
in several types, in particular standard ones such as NSNS flux, torsion or geometric flux
and RR fluxes, but also non-standard types such as non-geometric fluxes in the NSNS [1]
and RR [2] sectors. The latter can be described with techniques from the differential geome-
try of Lie and Courant algebroids [3-8] which are also used in Hitchin’s generalized complex
geometry [9]. They often appear in (generalized) T- or S-duals of standard geometries [10—
13]. However, in most studies up to now these non-geometric string backgrounds are not
truly new string vacua, even referring to ideal cases where the string equations of motion
are/could be solved. This is so because the very essence of dualities is that the physics
is the same on each side, and thus vacua which are related by dualities are just different



ways to describe the same physics. This can change only by having at hand vacua which
are genuinely non-geometric, which means there is no duality transformation that can map
the vacuum to a known, geometric one. In this sense, cases known as the Q-background
and the R-background are not truly non-geometric from a string-theoretic point of view.

The main question that we would like to address in this paper is how genuinely non-
geometric models could be described. This is arguably the most essential question in the
study of generalized flux compactifications, which however has been posed and addressed
only fragmentarily. One direction which was followed relies on the construction of ex-
act conformal field theories based on asymmetric orbifolds [14]. Asymmetric orbifolds are
backgrounds where left- and right-moving string coordinates see different geometries; for
this reason such theories are indeed genuinely non-geometric string solutions and they can
contain all types of fluxes [15-19]. Other approaches on the same problem include work on
heterotic string vacua with non-geometric fluxes [20], where it is argued that geometric and
non-geometric compactifications are equally typical, the study of cases where not only the
internal geometry but also the external one is multi-valued and thus non-geometric [21],
as well as a classification of the U-duality orbits of gaugings of (half-)maximal supergravi-
ties [22].

Our approach is different than the above ones and complements previous work in the
string theory literature [3-8]. The starting point is Courant algebroids (CAs), which are
structures introduced in refs. [23, 24| that provide a systematization of the properties of
the Courant bracket introduced in ref. [25]. The authors of [23, 24] construct CAs as Lie
bialgebroids, which is a special case of a more general construction performed in refs. [26, 27]
using the notion of protobialgebroids (PBAs). The latter are structures that incorporate
3-index twists, corresponding to (some of) the NSNS fluxes that appear in string theory.
In this paper we construct a class of PBAs, putting on firmer grounds and generalizing
our previous work [8]. We consider PBAs following the spirit of twisting the generalized
tangent bundle TM @ T*M of a d-torus by 2-form, 2-vector and (1,1)-tensor deformations.
We choose a representative paradigm of (1,1) deformations that leads to nilmanifolds, which
are also termed “twisted tori” in physics; this is a natural way to go beyond the toroidal
case. This approach directly suggests how brackets, morphisms and generalized 3-forms
should be defined in the class of PBAs we study. Given that any PBA gives rise to a CA,
we then proceed in the construction of the latter and discuss an illustrative example of the
class. The twist approach that we follow yields non-standard CAs.

Having constructed the desired structures over twisted tori, it is desirable for physics
to study sigma models that correspond to them. An important mathematical result (][28])
states that given a CA one can construct a topological sigma model of the type introduced
in the seminal work of Alexandrov, Kontsevich, Schwarz and Zaboronsky (AKSZ) [29] (see
ref. [30] for a useful review). Applying this result, we construct in very explicit terms the
sigma model corresponding to the class of CAs with all types of twists. Considering that the
3D topological theory has a 2D boundary, we derive consistency conditions for the action
including all twists and deformations, thus generalizing previous results. Moreover, we show
that in certain limits these conditions reproduce known results, for example integrability
conditions for Dirac structures, such as the ones found in refs. [31-33] and additional ones



derived in ref. [8]. Additionally, we discuss the corresponding 2D theories, add dynamics,
and discuss in explicit detail a particular example with all types of fluxes.

After presenting models with all kinds of twists and 2-form and 2-vector deformations
that are neither vanishing nor inverse of one another, we discuss whether such cases can be
considered non-geometric in the sense of string theory. In this discussion one has to invoke
T-duality in order to differentiate between two different kinds of 3-vector R flux, the one
obtained by standard differential geometric methods (being a derivation of a non-Poisson
2-vector (3, or equivalently the Schouten bracket of § with itself) and the one obtained
by generalized T-duality. As already noticed in ref. [4] the former does not deserve to
be called non-geometric, since it can be associated to a 2D sigma model with a standard
target space. However, it is the second kind of R-flux that appears in string theory after
T-duality. This means that a generalization of the formalism we apply in sections 2 and
3 is necessary in order to account for the R-flux originating in T-duality, and in order to
examine the possibility of genuinely non-geometric backgrounds.

The above discussion leads us to propose an extension of the sigma models with stan-
dard target space to ones with phase space as target. This is also motivated by a similar
approach adopted in ref. [6]. We choose to work with reference to the doubled formalism
of string theory [34, 35|, which parallels the first order formalism on phase space and intro-
duces a set of coordinates X, in addition to the standard coordinates X ¢, corresponding
to the winding modes of closed strings. From a target space viewpoint, this has led to the
development of double field theory (DFT) [36-41], which is currently under close scrutiny
(see refs. [42-44] for reviews and a complete list of references). On the other hand, our
approach has a 3D /2D perspective and does not use any results from DFT.! Once more
it is assumed that the 3D manifold has a 2D boundary, and the consistency between the
equations of motion and the boundary conditions uncovers an extended set of relations that
have to be satisfied. We comment on their relation to the flux formulation of DFT [50-53]
(see also [54-57]). Finally we write down in very explicit terms a 3D sigma model with
doubled target where (i) all types of fluxes appear, (ii) 2-form and 2-vector deformations
are neither vanishing nor inverse of one another and (iii) the R-flux is not of the type that
can be reduced to a standard 2D sigma model. These properties suggest that this example
is a nontrivial toy model of a genuinely non-geometric background.

2 Courant algebroids as protobialgebroids

In this section we define and construct Courant algebroids that accommodate 3-index twists
of any type, which will be identified with geometric and non-geometric fluxes that appear in
string theory. We call such structures “Courant-Roytenberg” algebroids, since they were
introduced in refs. [26, 27]. Our approach in the presentation is to provide some basic
definitions first, then apply them to construct a class of cases interesting for string theory,
and finally to present in detail an explicit example. This approach will be followed in the
following sections too.

YA new CFT approach of DFT was considered recently in refs. [45, 46]. Previous work along this line
includes refs. [10, 47-49].



2.1 Definitions of bialgebroids

Let us first define the notion of a protobialgebroid (PBA) and then discuss some particular
limits. Note that PBAs are usually defined using supermanifolds [26, 27], but here we
will use a more conservative, “bosonic” definition, which is more handy for applications in
string theory (see however ref. [58]).

Definition 2.1 Consider two dual vector bundles (L, L*) over a manifold M, equipped with
the following data:

o Skew-symmetric brackets |-,-]r, on L and |-, ]~ on L*.
e Bundle morphisms (anchors) p: L — TM and p, : L* — TM.
e Generalized 3-forms ¢ € T(A3L*) and 1 € T(A3L).

This structure is a protobialgebroid provided that for X, Y, Z € T'(L) and n,&§,w € T'(L*)
the following properties hold:

L[ X, fY]p = fIX, Y]+ (p(X) /)Y and [n, f]~ = fn, &l +(px () [)E, f € C®(M),

2. p([X? Y]L):[p(X)’ p(Y)]Lieer*Qb(Xa Y, ) and P*([Ua f]L*):[P*(U), p*(g)]Lie+pw(777 3 ) ’

3. [[X7 Y]L7 Z]L"’Cp = dL*¢(X7 }/7 Z)+¢(dL*X7 Y7 Z)+¢(X7 dL*K Z)+¢(X7 Y7 dL*Z) ’
[[U)S]L*aw]L* +cp.o = dL%Z)(TLQW) + w(dLnyng) + ¢(77, dLng) + ¢(na€)de)'

4. drpo =0 and dp«y = 0.

Although this definition does not appear as such in the literature,? it is just the ap-
propriate generalization of the definition 3.8.3 for a quasi-Lie bialgebroid in [26]. The four
enumerated properties in definition 2.1 are generalizations of the familiar properties of the
tangent bundle. They are lifted to the general vector bundles L and L* with the aid of the
maps p and p,, called anchors. More precisely, the first property is just the Leibniz rule
for each bundle. Recall that the tangent bundle, whose sections are ordinary vector fields,
is equipped with the standard Lie bracket of vector fields that satisfies the Leibniz rule

[X7 fY]Lie - f[X7 Y]Lie+(Xf)Y7 (21)

when XY € IT'(TM). It is then evident that property 1 for each bundle is the direct
generalization of this rule. The second property is a twisted version of p and p, being
homomorphisms; p is a g-homomorphism and p, a y-homomorphism. The third property
is a twisted version of the Jacobi identity. Finally, the fourth property states that the
3-objects ¢ and v are closed with respect to the corresponding derivations on each vector
bundle. These derivations are in turn the direct generalizations of the standard exterior
derivative on the tangent bundle, which acts on p-forms raising their degree by one. In

?It is briefly mentioned in ref. [59] though.



particular, they are simply defined as maps dy, : T'(APL*) — ['(AP*1L*) and dp« : T(APL) —
I'(APHLL), acting as follows [60]:

pt+1
drw(Xy,. .., Xpe1) = Z(—lyﬂp(x-) WXty Xiy oo Xpi1) +

+Z D o[ X, X0, X1, Xy o, Xy Xpr1) (2.2)
1<j
p+1

dp- Qs pir) = Z(—l)”lp M),y M) +

+Z H_]Q 771777]]L* 771,...,7?1',...,’f]j,...,’l’]erl), (23)
1<j

for arbitrary generalized p-forms w € I'(APL*) and Q2 € I'(APL). The property 4 is essen-
tially the set of Bianchi identities for the structure.

Given the general structure of a PBA, there are few special cases, depending on the
presence or absence of the generalized 3-forms ¢ and 1. They are collected in the following
table:

[ P Structure
=0 #0 Protobialgebroid
#0 =0 Quasi-Lie bialgebroid
=0 #0 Lie quasibialgebroid
=0 =0 Lie bialgebroid

It is known from refs. [23, 24] that a Lie bialgebroid (LBA) gives rise to a Courant
algebroid (CA) with vector bundle E = L® L*, which will be defined below. More generally
any PBA gives rise to a CA, as shown in refs. [26, 27].

2.2 Protobialgebroids made explicit

Let us construct a class of PBAs, based on nilmanifolds of step 2. Such manifolds are called
“twisted tori” in the physics literature and they can be described as fibrations of toroidal
fibers over toroidal bases, whose tangent bundle can be obtained from the tangent bundle
of standard tori by an appropriate deformation of degree (1,1). Additionally we consider
deformations by elements of degree (0,2) and (2,0), as explained below. This structure
was already partially constructed in ref. [8], where it was called “a QLBA with anchor on
L instead of TM”. The issue of anchors that did not project the vector bundles on TM will
here be corrected using the more general protobialgebroid structure. Another difference is
that in ref. [8] one had to invoke the Courant bracket as the bracket on the CA to do the
computations, while now we are going to extract the consistent form of the bracket just
from the deformation data, without a priori reference to the resulting CA. In particular,
since the CA is not the standard one, the bracket on it is not simply the Courant bracket,



but a more involved one, as explained in refs. [23, 24]. Finally, the associated CA was not
constructed explicitly in ref. [8], and we will complete this construction later in this section.

2.2.1 Protobialgebroids over twisted tori

Consider M to be any d-dimensional step 2 nilmanifold with tangent and cotangent bundles

spanned by
0; = e} (x)0,,
e = el (x)dz?, ,
where early indices a,b,... are curved (world indices) and late indices i,j,... are flat

(freely falling frame indices), and the frame components ¢’ (x) are such that the Maurer-
Cartan equations hold. We choose to work on a (generally curved) nilmanifold because
it is a direct but nontrivial generalization of a flat torus. In particular, the tangent and
cotangent bundles of any nilmanifold can be obtained from the toroidal ones by means of
a (1,1) deformation h(z) = 1hl(z)dz® A Op:

T™ = @17 (2.6)
In the case of step 2 nilmanifolds the deformation can always be written as
h(z) = féatdab A, (2.7)

for appropriate parameters f¢; corresponding to the structure constants of the associated
nilpotent Lie algebra. One can simply jump to the toroidal case by setting f’s to zero.
Moreover, the choice of step 2, which amounts to the structure constant relation

< f5 =0, nosummation in b, (2.8)

is made for simplicity, but the general step case can also be addressed with the same meth-
ods. In the general case the deformation h(z) is a more involved polynomial expression,
and higher order relations among the structure constants hold (see ref. [61] for details).
The basis 1-vectors and 1-forms are dual,

ei(ej) = 55 ) (2.9)

reflecting the duality of TM and T*M as vector bundles. Additionally, the 1-forms satisfy
the usual Maurer-Cartan equations.

Let us endow the twisted torus with a (not necessarily closed) 2-form and a (not
necessarily Poisson) 2-vector:

1 o
B = §Bz’j61 ANel, (210)

1 ..
B =580 nO; . (2.11)



Using B and § as deformations the tangent and cotangent bundles can be twisted accord-
ingly:3

Lp := ¢BTM = span({6; + B;je’}), (2.12)
Lj = ePT*M = span({e’ + 876;,}) . (2.13)

Note that unlike TM and T*M, which are dual due to the pairing (2.9), Lp and L}
are not mutually dual.® In ref. [8] we performed an independent change of basis on each

bundle, such that duality is achieved. This is actually equivalent to performing an overall
eBef twist® on TM @ T*M. We simply get

Lpp = eBePTM = span({©; = 0; + B;je’}), (2.14)
B = eBePT*M = span({E" = €' + 5% Byjel + 570;}) . (2.15)

We will never assume any constraining relation for Bf; unlike what is usually assumed in
the literature, here this combination is in general neither vanishing nor unity. The pair
that appears in the definition of the protobialgebroids that we consider is then (L, L*) =

(Lpg, L)

According to the definition, we should specify elements ¢ € T’ (/\3L}§5) and ¥ €
F(ASLBg). In the spirit of twisting the tangent and cotangent bundle data, we consider
arbitrary elements H € T'(A3T*M) and R € T'(A3TM) and twist them to give

1 . .
¢ = sOurE AET A EF

1 , .
= g((l + BB)(1 4 BB)L(1+ BB)idijre” Ne AeT
+3(1+ BB),(1 4 BB)] B pijue” A e” NG,
+3(1+ BB)LAY B Gijre’ A O A O,
+Bil6jmﬂkn¢ijkgl A 9m A Qn) s (216)
1 .
Y= V7O NO; N8y
1.
=5 (¥7%0; A 0; A O
+3Bknﬂ)ijk91 NG N e”
+3Bijkn¢ijk9i Ae™ Ae
+Bii Bjm Bin b7 et Ae™ Ae") (2.17)
Egs. (2.16) and (2.17) exhibit that in the presence of the twists (¢ and 1) and the de-

formations (B and () there are all types of fluxes turned on, as they were identified e.g.
in ref. [8] in a less systematic way. Note that in some particular cases H and R can be

3These twisted bundles can equivalently be understood as graphs of B and J respectively, namely
Lp={X+B(X,); X € TM} and L} = {n + B(n,);n € T*M}.

“Because the twist is not an element of O(d, d).

5The order of the twists, first with 8 and then with B, counts. A twist of the form e’e” would lead to
another path, which is however equivalent for our purposes.



identified with the derivations of B and 3 respectively. However, it will not always be the
case in this paper that these identifications are made. This will be explicitly stated when
assumed.

Next we consider the bundle morphisms

p: Lps—TM, p(X)=ePeBXx, (2.18)
peiLs — TM, pu(n) =B e Py,). (2.19)

Here and in the following we use the symbol  also for the map f : T*M — TM (often
denoted as 3% in the literature). These are the candidates for anchors, being the twisted
versions of the corresponding anchors on TM (unit map) and T*M (/-morphism).

Now we have to define skew-symmetric closed brackets on each of the two vector
bundles. Our strategy is once more to consider the corresponding brackets on TM and T*M
and twist them appropriately. Let us use the notation X,Y € I'(Lpg) and n,& € I’(L’j%).
Elements of TM are written as X := e Pe B X, and elements of T*M as 7} := e Pe By,
The bracket on TM is the standard Lie bracket of vector fields, while the bracket on T*M is

[, = Lo )€ = Loy — d(B(71,6)),  7,€ € T*M, (2.20)

d being the standard de Rham differential. In the Poisson case this is the standard Koszul
bracket of 1-forms. Then we consider the ePef twist of those brackets and write the
Ansétze:

(X, YL, = eBeflePe BX e Pe By +V, (2.21)
[777 dL*BB = eBeﬁ[e_Be_Bna e_ﬁe_Bg]K +W ) (222)
where V € Lgg and W € Lj*% are associated to the twists and they should be determined

by consistency with the definition 2.1. In particular, for the bracket (2.21), the second
requirement of the definition, combined with the anchors defined above, gives

P([X,Y]Lp,) = [p(X), p(Y)]Lie + px(X, Y, )
o pleBePlePe X e PeBY L) + p(V) = [e Pe BX, e Pe BYLic + pud(X, Y, )
& [ePe BX, e Pe Y Lie +p(V) = [e Pe BX, e Pe ™ BY]Lic + pud(X, Y, )
© p( ):Mﬁ(XY-)
& V=ePefpe e P (o(X, Y1), ) . (2.23)

For the bracket (2.22) the analogous requirement is
P, €]y ) = [Px(m); P(&)]Lic + p1b(n, €, ) - (2.24)
A similar computation leads to the result
3 - _3 - 1 3 - _3 -
p*(W) = 6(6 Pe BVVa ) =ePe B¢(77>§, ) - 5[575]8(6 Pe BT/? e Pe Bfa ) ) (225)

where [-, -]g is the Schouten bracket. This equation should be solved for W in order to fully
determine the bracket on L7j5. Unlike the previous case this is not straightforward, since



it depends on the invertibility of p, (while p is always invertible in our approach). For
invertible (3, it is easy to solve for W and plug it in the Ansatz (2.22). However, the case
of non-invertible 8 is more interesting for our purposes. A way to solve (2.25) is to assume
that the right hand side is zero, namely

V€, ) = 5P3, Bls(ePe Pn e e e ), (2.26)
and that 3¢ = 0. Then we set
W = ¢(Pe’Be Pe P, ), ePe’Ble Pe e, ), ) . (2.27)

We will see later that these conditions are mild enough to assure that nontrivial cases indeed
exist. According to the above, the brackets on the two vector bundles are determined to be®

[X,Y]p,,=c"e’ ([eﬁeBx, e Pe PYLie + Ble Pe B (H(X, Y1), ‘>> : (2:28)
[777 5] L};B :eBe/B [6_66_8771 e_/Be_Bg]K+¢(6B€BB(6_66_B771 ')7 eBeﬁﬁ(e_ﬁe_Bgv ')7 ) (229)

The skew-symmetry of the brackets (2.28) and (2.29) follows from the skew-symmetry of
the Lie and Koszul brackets and the antisymmetry of ¢. Closedness is also rather obvious.
The big brackets in eq. (2.28) contain an element of TM. Then this element is acted upon
with eBef, yielding elements of Lpg, as required. Similarly, both terms in eq. (2.29) are
elements of L7 5 The brackets can be computed explicitly for the basis elements ©; and
FE*; they yield the results

0i,0]L5, = (fF — B mij) Ok, (2.30)
(B By, = (k87 = 28" fi, + BB $pam) E* . (2.31)
With the above elements ¢ and 1, the brackets and the anchors, we have now collected

all the input ingredients of a protobialgebroid, as required from the definition 2.1. In the
appendix we collect the proofs of the properties 1-4 in this definition.

2.2.2 Explicit example

In order to exhibit that nontrivial cases with nonvanishing B and 8 and with BS # 1
indeed exist, let us consider as an example the 3D nilmanifold based on the Heisenberg
algebra with single structure constant f%, = 1. The full basis is

01 =01, Oy = Oy + 33183 , 03 = 03, (2.32)

el = dat, e = da?, 3 =da?® — 2'da? . (2.33)

SNote that these brackets seem to contain only ¢ and not 1 explicitly. However, as it is clear from
eq. (2.26), ¥ is not zero and this is essential for the ¥-homomorphism equation (2.24) to hold, as it should
for a protobialgebroid. However, ¢ will appear explicitly when we construct the bracket of the corresponding
Courant algebroid, where the two twisted homomorphism conditions are replaced by a single homomorphism
condition for the anchor of the Courant algebroid.



It can be checked that the manifold has a Poisson structure [62], given by the 2-vector
Op = uby N\ O3+ vy A 6Os . (2.34)

Therefore, any non-Poisson 2-vector will necessarily include 6 A 0. Here we consider such
a 2-vector,

B =t Nba, (2.35)

where c is a real constant. Its Schouten bracket gives:
[8,B8ls = 2R = 2cb N 02 N O3, (2.36)

where for this example we identified the Schouten bracket with R (and dB with H below),
which is not always the case. Notably, 5 being constant in the basis 0; is enough to produce
a nonvanishing 3-vector. Additionally we consider a 2-form proportional to the symplectic
leaves of the manifold, which are e! A e? and e? A e3. To be precise, we restrict the 2-form
only on one leaf and take

B=Nz'e’ned . (2.37)
This 2-form is not closed, giving
dB=H = Ne' Ne? Ae? . (2.38)
The twisted bases are given as
Lps = span({0;} = {61,02 + Nx'e® 65 — Na'e?}), (2.39)
B = span({E'} = {e! + VeNa'e® + /chy, e — \/chy,€’}) . (2.40)

The closed brackets among the basis elements {0;, E'} are found via eqs. (2.28)
and (2.29). They are

[01,02]1,, = O3, (01,0315, = —VeNO1,  [02,03]1,, = —VcNOy, (2.41)
[E17E2]L*Bﬁ =cNE?, [ElaEg'}L*Bﬁ =cE", [E27E3]Lgﬁ = VeE? . (2.42)

Note that these are different from the ones in ref. [8], because the brackets have changed.
We specify the anchors from egs. (2.18) and (2.19):

p(©;) = 0;, (2.43)
ps(E") = 876; . (2.44)

Note that unlike ref. [8], the anchors are morphisms to the TM, as required.
Finally, the 3-elements are:

¢ =Ne' AN N3+ VeN(E NS Ny +e AeB A1) +eNed Ay A6y, (2.45)
Y = chy A Oy A O3 —|—ch1(93 NGRS Y /\62) +c(Nx1)201 ANeZ Aed . (2.46)

It is simple to check that they satisfy the Bianchi identities dz,,,¢ = 0 and dL*BBw =0
respectively (see appendix).

,10,



2.3 The induced Courant algebroid

We recall the definition of a Courant algebroid according to refs. [23, 24].

Definition 2.2 A Courant algebroid is a quadruplet (E,[-, g, (-,")E,a) of the following
data:

e a vector bundle E over M,

e a skew-symmetric bracket on I'(E),

e a non-degenerate symmetric bilinear form on E,

e and an anchor map a: E — TM,
such that for X; € T'(E):

1. [[%1,X2)E, X3]E + c.p. = DN (X1,X2,%3), 3N = ([X1,X2]E, X3)E + c.p.,

2. a([X1, Xo]p) = [a(X1), a(X2)]Lie

3. (X1, fXo]E = f[X1, X2lp + (a(X1) f) X2 — (X1, X2)eDf, f € C®(M),

4- (Df,Dg)p =0, f,geC®(M),

5. a(X) (X1, X0)r = (X, X1+ D(X,X1)p, Xo)g + (X1, [X, X2) g + D(X, X2)E)E ,
where D : C*(M) — I'(E) is a map such that (Df,X)gp = %a(%)f )

According to Roytenberg there is a CA associated to any PBA [26, 27]. Its construction
is rather simple. Recall that according to Liu-Weinstein-Xu the general bracket of a CA is
not just the Courant bracket, but a more general expression [23, 24]. The Courant bracket
only arises in the case where the CA is standard, i.e. E = TM @ T*M and the bracket
on the cotangent bundle is taken to be zero (providing a trivial extension of the tangent
bundle). In the case at hand the cotangent bundle is equipped with a non-trivial bracket,
and the CA is non-standard. Therefore the correct bracket on the CA should be the Lpg
bracket plus the L%B bracket with appropriate additional terms and twists.

According to these, the vector bundle we consider is £ = Lpg® L7 3> with the bracket:

X0, €l = (X, V)1, + LxE— Lyn — Ldiy, (X(E) ~ V()
€y, + LY — £eX + 5dug (X(6) - V()
—9(X,Y,) =y, ), (2.47)
where the Lie derivatives are defined as
Lx =dpgtx +ixdrg, and Ly :dL*B,BLn+L77dL*BB . (2.48)
The anchor is just the sum of the two anchors,

a(X +n) = p(X) + pu(n) = e Pe PX + Be e Py . (2.49)
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The symmetric bilinear is the standard one,

(X4 Y +85= S(X(©)+Y () (2:50)

These are the data of the CA that corresponds to the PBA structure of the previous
sections. Note also that
D:dLB/B +dL;36 . (2.51)

It can be directly checked that the requirements 1-5 are satisfied. Notably, the anchor a
of the CA is a homomorphism due to property 2 in the definition 2.2. Recall also that the
maps p and p, are not exact homomorphisms, as dictated by property 2 in the definition 2.1.
This works as follows. Consider elements of ' which lie entirely in Lpg, i.e. X = X and
17 = 0. The bracket of E' between such elements is

(X, Y] =[X, Y]LBB —o(X,Y,) . (2.52)
Then we compute

a([X7 Y]E) - p([X, Y]Ls,ﬁ) - p*¢(X, Y, )
([p(X), p(Y)]Lie + p*qb(X, Y, )) - p*d)(X’ Y, )
= [a(X), a(Y)]Lic, (2.53)

as required. A similar computation holds for the dual case.
Although in this section we used only index-free notation, it is useful to introduce CA
indices I, J, ..., ranging from 1 to 2d. An arbitrary generalized vector is written as

X=(X)=(x%)el(p)), (2.54)

namely the index I splits into upper and lower indices according to ¥ = ¥'0; + X;E*.

3 The associated AKSZ sigma model

3.1 Topological sigma model, boundary terms and dynamics

Every Courant algebroid has an associated (topological) sigma model of the type described
by Alexandrov, Kontsevich, Schwarz and Zaboronsky (AKSZ) in ref. [29]. This can be
inferred e.g. by the discussion of Roytenberg in the paper [28]. A physicists-friendly review
is [30] (see also the paper [63]). The master action contains fields with ghost number 0, 1,
2 and 3. Let us focus on the 0-ghost sector of the action:

Sy, [X, A, F] :/

1 1
<Fa/\an—|—277[JAI/\dAJ—PIaAI/\Fa—|—6T[JKAI/\AJ/\AK> . (3.1)
X3

The explanation for the ingredients of this action is the following. This is a membrane
topological action in 3D. The indices I, J are Courant algebroid indices, while the index a
is a curved index, as before. X are the world volume scalars on the membrane, or in other
words the components of the map X : 33 — M, M being the target spacetime. A’ is valued
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in Q!'(¥3, X*E), where X* denotes the pull back with respect to the world volume scalar
fields. Additionally, F, is a world volume 2-form in Q?(X3, X*T*M). In the membrane
model it plays the role of an auxiliary field that will be integrated out in the reduced string
model. Moreover, 7 is the O(d, d) invariant metric, namely

0 14
ny = ) (3.2)

and P7 is the anchor matrix defined through the relation
a(Xy) = P{(X)0a, (3.3)

where a : E — TM is the anchor of the CA. Finally, T € Q3(33, X*E) is a generalized
3-form.

We assume that the manifold Y3 has a boundary, say 033 := X, since this is the
relevant case for physical applications. The above action can be decorated with a general
topological boundary term as in ref. [4] (see also [6, 30]):

1
Soxs,t0p = iBIJ(X)AI ANAT (3.4)
P

More explicitly, with the splitting A7 = (¢, p;),
1 I a7 _ 1 i § o L Lo j
iBIJ(X)A NAY = §BZJ(X)(] ANg? + 56]<X)pz Apj+ iBj(X)q] NDpi . (35)

In the class of CAs we examine, all terms will play a role.

Additionally, in order to make contact with physics, dynamics should be added to the
topological theory (thus breaking its topological nature). In this section our approach will
be to study the 3D topological theory, then reduce it to the corresponding 2D field theory
on the boundary and add dynamics at the level of this 2D theory. This is either done by
simply adding a standard kinetic term

1 . .
/ igije’ A *xel | (3.6)
P
or in certain cases a kinetic term formed with the inverse metric
§g pi A Dy, (3.7)
P3P

as in ref. [4]. The corresponding 2D theories are related to the dynamical sigma models
discussed in refs. [64, 65].

A final comment has to do with the functional dependence of the quantities that
appear in the above actions. In this section we assume that the various background field
components By, the anchor matrix P} and the twist 7" solely depend on the scalar fields
X These assumptions will be lifted in section 4, where in the spirit of the first order
formalism we will allow everything to depend both on X* and the corresponding momenta.
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3.2 The AKSZ model for the Courant algebroid E = Lgg @ L%ﬁ

Let us now specialize to the class of Courant algebroids that we discuss in this paper. The
ingredients of the topological membrane action (3.1) can be further specified. We hereby
use the splitting A’ = (¢’, p;) referring to the basis (e’,6;). According to eqs. (2.18)-(2.19),
or more particularly eqgs. (2.43)-(2.44), we immediately obtain the components Pj* of the

anchor matrix:

P = pei (X),

)

P = vBY(X)ef(X) .

Note that we used the freedom to introduce parameters p, v € {0, 1}, since the CA structure
is rigid against trivialization of the anchors. These parameters are relevant in taking
interesting limits, as will become clear later in this section.

Given the above ingredients the bulk action is

S(E‘Z’w): / (FaAan+kindpi+k’piAdqi—(ue?qi—i—vﬁije?pi)/\Fa—k f—qs—zp), (3.10)
33

with f being the geometric flux

1 S
f=Sl5a N Ak, (3.11)

while, recalling that we work in the (¢, 6;) basis, ¢ and 1 are the twists given by the
expansions

1 . .

¢ = (1L +BB),(1+BB);(1+ BB)76ika” Ng” Nd”

+3(1+ BB),(1+ BB)] B bijud” N a” A

+3(1+ BB)L B! B diing” A pir A pm

+B8" BT B igpr A P A pn) (3.12)
and

) = %(w”km A pj A i
+3Binth7 pi A pj A q"
+3Bm Bient"*p; A g™ A ¢"
+Bi Bjm B 0%t A g™ A q") (3.13)
We used the fact that we are free to introduce two additional parameters k and k'. Ac-
cording to the general action (3.1) they have to satisfy

k+k =1. (3.14)
1
2
perform an integration by parts to change it to an arbitrary choice satisfying the condi-

The most symmetric choice is k = k¥ = and in absence of boundary one can always

tion (3.14). In the presence of a 2D boundary these parameters are used for interpolation
between different limits.
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Now let us specify the boundary action. This contains all possible terms incorporating
B, 3 and h deformations.” Accordingly, the boundary action is given by eqgs. (3.4) and (3.5),
with each set of components given as

The full action that we consider is then

, B,3,h
S =800 SR (3.16)

This action comes with a set of consistency conditions. First, the boundary conditions
should match with the equations of motion on the boundary. This implies that we have
to vary the action with respect to X%, ¢* and p;, set the variations to zero and determine
appropriate boundary conditions. Performing this task we obtain

1 . 1 ; 1 )
dxaS|s, = Fu+ §8aBjk:qj Agh+ Eaaﬁjkpj A pr + §8ah§qj ANpp =0,
o1,
‘ 3 1 . .
0piSlz, = —(kq' + BYp; — Shje’) = 0. (3.17)

These conditions are generalizations of the ones that appear e.g. in [30] and [33] and they
can be solved in many ways, as we will explore below. The second consistency condition
that has to be satisfied reads as

(nef(X)q' +vB7elpi) NFoa=f—¢—1¢  on¥. (3.18)
Normally this condition follows from the classical master equation [30]. Alternatively it
can be viewed as vanishing of the sector of the bulk action that does not reduce to the
boundary via the field equations.
Let us now explore some boundary conditions. First, we consider
Fols, = _QaaBjkq NG* — iaaﬁ Pj N\ pr — §3ahjq A P,
5qi‘22 = Oa
. » 1 . .
Notably, the mild condition h};hf = 0 allows us (for k£ # 0) to write
i Lok
qa = _%Xk/@ by, (3.20)

where we introduced shorthand notation y =1 + ih. A medium long calculation shows
that (3.18) reduces to the bulk/boundary consistency condition

1
k3

"Although when we discuss specific examples we never add excess geometric flux on the twisted torus,

1 1 o
RUE — - QUIBPNG + 5 Fln B BYIXXG — 5 Himn 7 BY B XXX =0, (3.21)

in the general discussion such a possibility is retained.
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where we defined
R = 3% — 3l 67 + 51 5™ 5™ S
QY = —3ubkB7 + 3vO Y] + 3By + 3(1 + BB)B™ B S
ik = —3ubhiy — 3f5, — 3v3"0Bjk + 3B Brt)™™ + 3(1+ BB);(1 + BB)R 8™ Giarn »
Hijk = (1+ BB)L(1+ BB)(1+ BB){ bimn — 310 Bjx) + Bii B Bupth"™ . (3.22)
This long expression reveals the rich structure of the type of models we consider. In certain
limits the condition (3.21) simplifies drastically and reduces to known results, as we will

discuss in the next section.
Second, consider the alternative boundary conditions

1 A 1. 1 .
Fuls, = =50uBjrq’ N q" = 5028 N pr — S0aha Nopr,

1
(K'pi + Bij¢’ + §hfpj)|22 =0,
Opils, = 0. (3.23)

As before, for ¥’ # 0 and defining x' =1 — %,dh we can write

1, .
pi = —@xé Byq’ | (3.24)

which will now yield a consistency condition different from the previous case. The new

calculation leads to
1 1
with the same definitions (3.22).
Finally, let us comment on the possibility of using the boundary conditions

1
?leanqujBrkxgpxlq X;: = 07 (325)

m

Fols, = —%%Bjkqj AgF— %%Wkpj N pr — %@zhqu A Pk 5
(K'pi + Bij¢’ + %hgpj)|22 =0,
(k' + Bp; — shia)ls, = 0. (3.26)
Now we obtain that both (3.20) and (3.24) should hold. This leads to the equations

1 .
(1- @X/BX@?P]‘ =0,

1 o
(1- WXBX/B)}QJ =0 (3.27)

which in general force p; = ¢' = 0, which is way too restrictive.

As a final remark, it should be clear that the above sets of boundary conditions are
just two illustrative cases and they do not exhaust the range of possibilities, since one
can impose mixed boundary conditions too. We will encounter interesting cases of mixed
boundary conditions later.
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Twisted Dirac structure Bracket [-, |7 Condition
Lp [ e dB=H
L [ Ir 318.8] =R
Lp [ r (dB)ijk — $BiaBjmBrn R™ =0
Ly [ la ([8, B1)* — 3887 85" Hipny, = 0
Lp [ lur dB = H and B;Bjp, B, '™ = 0
Ly [ lur 5[, 8] = R and B pI™ B+ Hypppy = 0

Table 1. Integrability conditions for the almost Dirac structures Lg and Lg with H or/and R
twists.

3.3 Bulk/boundary versus integrability conditions for Dirac structures

Let us explore some limits of the bulk/boundary consistency conditions (3.21) and (3.25)
and show that they reduce to previously obtained results. In particular we show that
they are equivalent to the integrability conditions for twisted almost Dirac structures.
Recall that a Dirac structure L is a subbundle of a CA E which satisfies the following two
conditions:

(L,L)p =0, (3.28)
[L,Llp € L, (3.29)

namely it is maximally isotropic and involutive with respect to the CA bracket [25]. An al-
most Dirac structure is just a maximal isotropic subbundle, i.e. the bundle before the second
condition is imposed. Imposing the closure condition yields an integrability condition for L.

In ref. [8], the study of twisted almost Dirac structures led us to the results summarized
in table 1 for the vector bundles Lz = ePTM and LE = ?T*M with various choices of the
CA bracket.®

The brackets that appear on the table are the Courant bracket twisted by H, R or
both.” With the choice of bracket [-,-]r, the integrability condition of the third column
must hold. The conditions in the first and second row are of course standard. Additionally,
the condition in the fourth row is also standard and it corresponds to the H-twisted Poisson
sigma model [31, 32, 66]. This table can also be obtained in the context of the AKSZ sigma
models and we now show how (see also [30, 33| for related discussions).

8Slight differences to [8] in factors and signs are due to change of conventions on one hand and different
way of presentation on the other hand.

9One should be cautious about the differences with the twists ¢ and . In ref. [8] it was assumed that
the bracket twists are exactly H = dB and R = %[ﬁ, Bls, while in the present setting the twists ¢ and ¢
are more general. We clarify this further below.
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Case 1: Dirac structure Lp. In this case we set 5 =0 and h = 0, and we keep only
a nonvanishing B. Additionally, we make the following choice of parameters:

k=0, k=1, p=1, v=1{0,1}. (3.30)
The relation (3.24) simply becomes
pi = —Bijq’ . (3.31)
Then eq. (3.22) gives
Ritk — ik
Q? = 3By,
o = =35 + 3By Bt
Hiji = Giji, — 30381 + Bii By Brph"™ . (3.32)

The bulk/boundary consistency condition (3.25) reduces to the significantly simpler ex-
pression

ijk — 30 Bj) — 3ff,; By = 0, (3.33)

or equivalently
¢—dB =0 (3.34)

in index-free notation. In order to compare this condition with the ones given in table 1,
we recall that these results were obtained by twisting the bracket on Lp with a 3-vector
R and/or a 3-form H. Therefore it is useful to write the fluxes ¢ and 1 reduced to the
boundary as

1 ) ) 1 ..
¢+ = ~(dijk + BiiBimjBurxtd"™™)q" A g7 A g" 4+~ pi Apj Api (3.35)
6 6

The first line in table 1 corresponds to the case of ¢;;, = H;j;;, and Yk = RYF = (), whence
the integrability condition (3.34) gives dB = H. Similarly, the third line corresponds to
Gijt, = BiBjmBin'™™ and ¢* = RU* leading to the integrability condition (dB);, =
2 BiiBjm By R™". Finally, for the fifth line we have ¢;j, = Hyj, and % = R* thus
giving dB = H and BilBijkanm” = 0.

Case 2: Dirac structure LB. In this case we set B =0 and h = 0, and we keep only
a nonvanishing 8. We choose the parameters

k=1, K =0, p=1, v=0. (3.36)

The relation (3.20) becomes
¢ =—Bp;, (3.37)
and the definitions (3.22)

R = 9% 4 B E™ B G
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Q) = —30,8" + 38" 8™ Sy
;k = _3f;k + 38" jn
Hijk = Gijk - (3.38)
Then the bulk/boundary consistency condition (3.21) reduces to
Wt =361t 57N — 35,6 B =0, (3.39)
or equivalently
v 8.8 =0. (3.40)

As before, this expression directly yields the integrability conditions for the almost Dirac
structure Lg appearing in the second, fourth and sixth rows of table 1. To make this
explicit we write the fluxes ¢ and 9 reduced to the boundary as

1 o 1 o
6+ = cind Ng A ¢ + 6(@&”’“ + B B™ B Gprn )i A Dj A D s (3.41)

Then the second row in table 1 corresponds to ¢;j; = 0 and Yk = R thus reduc-
ing (3.40) to R = %[6, f]s. Similarly, the fourth line in the table is obtained when ¢;;, =
H;jj, and ik = —gligmipgnkg, - resulting in the integrability condition S 37™ 3+ Hy,,, =
%([B,B]s)ijk. For the sixth line ¢y, = Hyj, and % = RF and the integrability condi-
tion (3.40) reduces to R = 3[8, 8]s and A" 8" Hy,,,, = 0.

The pattern is already obvious. The choice of bracket corresponds to the choice of
twist in the membrane action. The choice of Dirac structure deformation corresponds
to the choice of boundary condition on the boundary string. The integrability condition
corresponds to consistency of the boundary conditions with the bulk action. This dictionary
is summarized as:

Courant algebroid Sigma model
Bracket twist [-, ] Bulk term — [ T
Dirac structure deformation Lg Boundary term |, 055 B
Integrability condition for Dirac structure Bulk/boundary consistency condition

3.4 2D sigma models with dynamics

Up to now we discussed the 3D topological field theory. For physical applications, notably

for string theory, it is necessary to look at the corresponding 2D theory on the boundary

and add dynamics to it. Let us first revisit the two cases of section 3.3 from this perspective.
For the first case of Lp, the F, equation of motion yields

¢ =edX?=¢". (3.42)
Using this to integrate out the auxiliary field and adding dynamics in the standard way,

we obtain the familiar 2D field theory with Wess-Zumino term

1 » 1 ) : 1 , .
S = <2‘qijeZ N xe! + iBijeZ A e]> — gqbijkel Aed Aek (3.43)

Yo X3
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In the second case of L%, the F, equation again gives (3.42), and integrating out the
auxiliary 2-form produces the action

S= <1§ijpz‘ A*pj+pi A€ + lﬁijpi /\Pj> - / 11/1”']“1?% N pj APk (3.44)
5 \ 2 2 5, 6
where in the spirit of the first order formalism we added dynamics with the inverse metric'®
G, exactly as in ref. [4]. Some remarks regarding the action (3.44) are in order. First,
when the bracket is twisted only with a 3-form H, one has 9% = —pgligmignkm,  and
this is precisely the H-twisted Poisson sigma model [66] on a nilmanifold. In that case one
can write the standard kinetic term. Furthermore, if 3 is invertible and its inverse is equal
to B, then the action (3.44) with g = —Bg~ !B is equivalent to (3.43).

3.5 Explicit sigma model with both B and 3, and B3 ¢ {0,1}

In section 3.3 we showed that the general formulae of section 3.2 reproduce known results
in the limits B = 0 and 8 = 0 respectively. However, in general none of B and [ is zero,
and moreover they do not have to satisfy any relation of the sort B3 = 1, as is sometimes
assumed. The results of section 3.2 reflect such general cases. In the present section we
want to show that these results are not empty, in the sense that there indeed exist nontrivial
cases where the consistency conditions of the AKSZ sigma model can be satisfied.

In order to be very explicit, let us consider the toy example of section 2.2.2; where the
nonvanishing components of B and 3 are Bas = NX! and 3'2 = \/c. Therefore

0 00
BB = 0o o0o0f, (3.45)
VENX1 00

which is neither vanishing nor unity. In very explicit terms, the sigma model is
S = g <FaAdX“+;indpi+;pqui — (q" = Vep2) NFL — (¢% + Vepr) A B
3
—(@+ X'+ VeX'p)ANFs+ ¢ A Aps — N¢* Ag® A g
~VeN(@ NP Npa+q" Ng® Ap1) — eNg® Apyr Apa — cpi Apz Aps

—eNX'(ps Apt Ag® +pa Apt Ag?) — e(NX1)2p1 A g® /\q?’)

+/ (Nqu2 A ¢+ Vep /\pg) ) (3.46)
o

where the indices a and i run from 1 to 3, and we have made the choices k = k' = % and

i = v = 1. Proceeding with the variations, the dx« ones directly lead to the boundary
condition

Fi=-N@*ANG, Fo=F3=0. (3.47)

00\ore precisely this is not an inverse metric but the standard metric on the dual algebroid structure.
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The variations 0p, and ¢, lead to the following set of relations:

1 1 1
(5111 +/ep2)dp1 = 0, (§q2 —Vep1)dpa =0, (§q3)5p3 =0,
1 1 1
(§p1)5q1 =0, (§p2 + Nqu?’)(Sq2 =0, (§p3 — Nquz)(Sq3 =0. (348

Additionally, taking into account (3.47), the bulk/boundary consistency condition is

NG = Vep) NP AP +d" NG Aps — N Ag? A g
—VeN(@P NG Apa+q ANg® Ap1) —eNg* Ap1 Apa—ep1 Apa Aps
—ecNX'(ps Apt AP +pa ApL Ag®) —e(NX)PpiAg® Ag* =0 (3.49)

Now we have to choose appropriate boundary conditions, consistent with egs. (3.48)
and (3.49). The choice corresponding to (3.23) is

opi=0, p1=0, pp=-2NX'¢®, ps=2NX'¢g". (3.50)

It is observed that eq. (3.13) gives v = 0. This is a legitimate possibility but it is not
so interesting because it makes one of the twists vanish. On the other hand, the choice
§q" = 0 of (3.19) is not consistent with (3.49) for ¢ # 0. This indicates that mixed boundary
conditions are appropriate in order to keep both ¢ and 1 nonvanishing. We can find such
conditions by first noting that

¢ 5! 40 = p=0 = =0,
e dp3#0 = ¢ =0 = ¢=0,
e (0p1 #0 and 6¢*#0) = (ppx¢® and ¢'x¢®) = ¢=0,
° (5p27$0 and 5q37é0) = (p3 x p; and q20<p1) = ¢Y=0.
This leads to the necessary requirements
5¢" =0, op3=0, (5p1 =0 or 6¢°= O) , ((5p2 =0 or 6¢ = 0) ) (3.51)

Let us choose d¢> = dpy = 0 for the last two requirements. The remaining boundary
conditions from (3.48) are

¢ = —2Vepa, p3=2NX'4¢%, onX,. (3.52)
In order to be able to solve the bulk/boundary consistency condition we choose additionally
@+ %ﬁlel =0 onY,. (3.53)

Then we find that on the boundary

1
¢ = §CNX1(]2 Ap1 A pa, (3.54)

¥ = 2v/eNg> ANg® A pa, (3.55)
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and it is checked that the condition (3.49) is satisfied. This shows that the boundary
conditions that were chosen are consistent with the AKSZ action, while both twists ¢ and
v and both deformations B and  are nonvanishing. Focusing on 2D, the corresponding
action can be brought to the form

1 : 1 )

/ <2gijeZ A *el + SPi Aet+ NX1e? Aed +y/epi Aps — VeNXpr A 63> ) (3.56)
P

This is a nontrivial case from the general class of 2D field theories called Dirac sigma

models, introduced and studied in refs. [64, 65].

4 Toward a sigma model description of double field theory

We would like to examine to what extend the approach we adopted up to now can be carried
on to account for genuinely non-geometric cases. As mentioned in the introduction, non-
geometric situations are better understood in the doubled formalism, where non-geometry
is triggered by the presence of dual coordinates. In the doubled field theory these where im-
plemented in an effective field theory on some doubled spacetime. Here we do not work in a
target space field theory framework, but instead we formulate the appropriate sigma model.
This is close in spirit to the inspiring attempt of ref. [6] to describe non-geometric back-
grounds in the context of AKSZ sigma models. The authors used this approach to discuss
quantization of non-geometric backgrounds and limited their description to the single pres-
ence of R flux. This case is however known to be T-dual to standard H flux backgrounds
and as such it is not a genuinely non-geometric background. In the following we will extend
and generalize the scope of AKSZ inspired sigma models to account for more general cases.

4.1 Sigma models with doubled target space

Let us recall a key point in the analysis of ref. [6]. Consider the sigma model (3.1) associated
to the standard CA on a torus. Moreover let T'= R be the only generalized 3-form with

R a constant 3-vector. This means that the 3D action is!!

&WAH:/

1
(Fa/\an—i-qa/\dpa —¢“NF, + éR“bCpaApb /\pc> , (4.1)
33

where we used only early Latin indices because for the moment we refer to the flat torus.
Integrating out the 2-form F, one obtains

%WAﬂz/

1
pa AAX + / 6R“”Cpa Apy A e, (4.2)
P

33

with X®independent R*¢ by assumption. The equation of motion for X¢ is simply

dpe =0 . (4.3)

' As mentioned in ref. [6] a 2D kinetic term should be included for consistency with the equations of
motion. We do not explicitly write it here because it will not play a crucial role in the argument.
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This means that the 1-form p, may be written locally as
pa = dX,, (4.4)

where X, € C> (X3, X*T*M). These X, are similar to the dual coordinates of DFT, which
is the reason for our choice of notation. As suggested in ref. [6], in the sigma model they
essentially correspond to an augmented embedding of the 2-dimensional boundary theory
on Y9 in the full cotangent bundle of the target manifold M. In other words there are gener-
alized (or doubled) target space coordinates (X!) = (X%, X,) which correspond to the map
X = (X!) : 3 — T*M. Note that the appearance of the dual coordinates is very natural
in this context, since they were suggested by the equations of motion of the sigma model.

An alternative way to think about the above doubling is in the spirit of the topological
approach to T-duality [67, 68], which was explained via Courant algebroids in refs. [69-71].
In this approach there is a product manifold M x M of original and dual spaces and T-
duality corresponds to an isomorphism of twisted K-theories [67, 68]. In [70] it was shown
that this can be extended to an isomorphism between the corresponding CAs. Here we
associate X! to the product manifold M x M. Presumably, the AKSZ sigma models for
CAs over this extended target space correspond to the ones we will consider below. We
plan to study this correspondence carefully in future work.

Once one considers the possibility of such generalized embeddings, it is natural to allow
all the fields that appear in the model to depend both on X% and X,. In that case insisting
on the formulation (3.1) for the sigma model is rather restrictive. From the viewpoint of
physics, eq. (3.1) does not contain dX, at all, which should not be the case in general.
Thus, returning to the general case, our proposal here is twofold. First, allow B, [, h,a
and 7T to depend on both X% and X,. Second, introduce a second world volume 2-form
Fe e Q2(X3,X*TM); note that this is again an auxiliary world volume 2-form like F,, with
the difference of having a vector index instead. Then we write the 3-dimensional action

- ~ 1 ~ -1
Sy, = / (Fa/\an+Fa/\an+2771JAI/\dAJ—PIaAI/\Fa— aIAIAF“—i—GTUKAI/\AJ/\AK) .
X3

(4.5)
In more compact notation, writing Py = (P¢, P,r) and F! = (F,, F*) for F1 € Q?(%3,X*E),
we get

1 1
Sy, = / <5UFI AdXT + iU JAIANdAT — 6P AT AN FE + ETI sk AT A AT A AK> .
X3
(4.6)
The boundary action is the same as before, namely

1
e, = | 5B JAT AN AT (4.7)
P

with the difference that B = B(X, X). An important remark regards the object P,7, which
was absent before. These are the components of a map P : E — T*M that maps elements

of the Courant algebroid to the cotangent bundle. Examples of such a map is the unit map
on 1-forms and the map B* : TM — T*M that acts simply as B*(X;) = B;;n’.
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Our purpose now is to consider the analog of the construction we did for the CA Lpg®
L4, bearing in mind that a complete mathematical characterization of the construction
is due. The ingredients are similar to the standard case. We consider the twists ¢ and v,
as given in eqgs. (3.12) and (3.13), as well as the geometric twist f of the nilmanifold that
appears in eq. (3.11). Then the action reads as

S = <Fa/\an—|—F“/\d)2a—|—kqi/\dpi+k/pi/\dqi
DY

—(pefq' +vBedp) A Fy — (Welpi + v/ Bijelq') NF* + f — ¢ — ¢)

1 . . 1 .. 1 . .
+/ <2.Bl'jqz VAN q] + 5&”}?1‘ /\pj + §hng /\pj) . (48)
3o

For the map P we took

Pi=ylel and P, =v'Biel, (4.9)
which is the natural choice. As before, the parameters p, v, y/, V' are valued in {0, 1}, which
reflects the flexibility of trivializing the corresponding map or not. Once more, k and &’
should satisfy k + k' = 1.

Next we determine the equations of motion on the boundary by varying with respect
to X, f(a, ¢' and p;. The only new equation is

- 1~ . 1~ . 1 -~ .
53,85, = F+ §aaBjkqﬂ Adh+ iaaﬁjkpj A pr + 5a“h;‘:’qﬂ Apr =0, (4.10)

where 0% = 3/0X,. The other three equations are exactly as in (3.17). Additionally, the
bulk/boundary condition that should hold reads as

(pelq' + uﬁije?pi) ANFE, + (peip; + I/Bijeﬁqi) ANF = f—¢—1p on Y . (4.11)

This has to be consistent with the choice of boundary conditions that guarantee the equa-
tions of motion on the boundary.

Let us examine how the boundary conditions that were considered in section 3.2 are
modified. First we consider the boundary conditions

-ﬂbg:—%%Bmquk—%@ﬁMmpr—%%@prb
Fly, = —%5aBjkqj Agh— %5“Bjkpj A D — %5%;?(]]' A Dk
5¢'|s, = 0,

(kq' + B7pj — Shjd)|z, = 0. (4.12)

The bulk/boundary consistency condition (4.11) becomes formally identical to (3.21),
namely
1

- 1 ... 1 .. . N P mon
R — - QU BN + 5 Fhn B2 BYGXG — 15 Himn 87 BY B™ XX X3 = 0,
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but with the upgraded definitions
RIF = gk — 300,57 4 515 8™ Sy, — 367 57 (4.13)
QY = —3u8 8+ 381G 1)) 3By 4-3(1+ BB)L B B Gy 4300001 — 31/ B 57
ik = —3ubhiy — 3fj — 3vB"0, Bk + 3By Bt + 3(1 + BB)(1+ BB} B™ Sy
—3,u'9~iBjk — 31/B[ﬂ0~lh§€] ,
Hijk = (1+BB).(1+B8B) T (1+ BB)} Gt — 3110 Bjy) + Bii B Brit™ — 3V By 0' By

where we defined §" = eflé“. Similarly, the boundary conditions

1 . 1. 1 .
Fuls, = 50aBjka’ A" + 508" pj Apk + 50ah50° A i

2
i 1~ . 1~ . 1o o s
Fils, = 50°Bjsd’ A" + 50°67pj Api + 50°h5d Apr,
T
(K'pi — Bijq’ — 5%%)’22 =0,
(3pi’22 = 0, (4.14)

lead to the generalization of the alternative condition (3.25), namely

1 I 1
Hijr — @fﬁngk]X;f + 25 Q" Bpj By X X — s

L2 leanquj BrngpX;%XZ =0,

with the definitions (4.13).

4.2 The pure R flux limit

Let us briefly revisit the pure R flux limit of ref. [6] with the results of section 4.1. Consider
B =h=0and 8 = 8(X) to be independent of X* Additionally, let us turn off the ¢
flux and geometric flux f just for the present example, namely f = ¢ = 0. With these
assumptions, egs. (4.13) reduce to

Rk — ik _ 35li gkl
Q=F=H=0. (4.15)
We choose the boundary conditions (4.12), in which case the bulk/boundary condi-

tion (3.21) reads as
Riik =0 = ik = 3Hligikl (4.16)

In case A is linear in X,, eg. B = Neijkégf(api A pj, we can identify ¢ with the constant R
flux, e.g. R = N. This is similar to the case considered in [6], where more details may be
found.

4.3 Genuine non-geometry?

The main motivation for the formulation we propose in section 4.1 was to examine the
possibility to construct genuinely non-geometric models, in the sense that was explained in
the Introduction. This is essentially the message of the results in section 4.1, but in order
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to make sure that they are not empty and indeed contain nontrivial cases we construct
here an explicit toy model.

Consider the sigma model on the twisted torus of section 3.5, upgraded to a model of
the type (4.8) with the following background fields instead:

B=NX'¢ANq¢®, B=NXopi Aps . (4.17)
Both B and g are nonvanishing, and they satisfy

0 -NNX'X, 0
BB=1|0 0 ol . (4.18)
0 0 0

Moreover, in this case we identify ¢ and ¢ with the corresponding derivations, namely
¢=Ng' N> Ng®, ¥ =NpiApsAps. (4.19)

Making the choices k = k' =  and = ¢/ = v =1/ =1, the model is given as

2
—Fi A (q" = NXops) — Fa N> — F3 A (¢° + X'¢* + NXopy)
—F'"Apr— F? Apa = X'ps = NX'¢> = N(X")?¢%) — F* A (ps + NX'¢?)

+q1/\q2/\p3—¢—w>

- - 1 1.
S = <FaAdX“+F“Aan+2piAdql+q’Ade-
X3

+/ <NX1612 A q* + NXopy /\p3> ; (4.20)
P
where in the present case we find

d=N@NEAPHNNX(P AP Aps+ P Agt Ap1)+N(NX2)2¢? Aps Apr,
Y =Npi Apa Aps+NNX (p3 Apt AP +pa Apt AP)+N(NXY)2pr A2 Ag . (4.21)

The equations of motion for X and X, lead to the boundary conditions for F, and F:

Fi=-N¢*A¢’, Fy=F3=0,
F? = _Npi Aps, F'=F3=0. (4.22)

Additionally, the equations of motion for ¢* and p; lead to:

1 ~ 1 1 o
(§q1 + NXop3)dp1 =0, (5612)5])2 =0, (§q3 — NX3)dp3 =0, (4.23)
1 1 1
(5p1)(5q1 =0, (Gp+ NX'¢*)éq*> =0, (58— NX'¢*)5¢* =0.

An analysis similar to section 3.5 dictates the boundary conditions

5¢t =0, Opy=0, ((5p3:0 or 5q2:()), ((5p1:0 or 6q3:()). (4.24)
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Out of the last two requirements we make the random choice 6p3 = §¢> = 0. The remaining
boundary conditions are

¢ = —2NXops, p2=—-2NX'¢g>. (4.25)
Imposing also that X'p; — 2X5¢% = 0, we find that on the boundary
¢ = —NNXops Ag* A g®,
b= NNX'pi ApsAg®, (4.26)
and that the bulk/boundary consistency condition
FiA(¢ = NXops) +F2A(pa— X'p3s— NX'¢® ~ N(X)2¢*) +q¢" AP Aps—p—1p = 0, (4.27)

is satisfied. This means that the model is a nontrivial case where the twists ¢ and 1, as well
as the deformations B and [, are nonvanishing. Unlike the model with pure 3-vector flux,
which is well known to be T-dual to standard geometric models, the present case cannot
be T-dualized to a standard geometry. Thus it constitutes a genuine case of non-geometry.
The latter statement is corroborated by attempting to write down the corresponding
2D string model. This is not possible just in terms of X%; instead X, necessarily appear,
similarly to the pure R-flux models considered in refs. [4, 6] but in a significantly more
complicated way. The topological sector of the corresponding model can be written as

/ <8N2NX1e1 A2 A L ANNEX2Rpd %y A d Xy A dKs + NN Zoel A e? A dy +

33

CONN(Kae? — Krel) A A dX3>+

+/ (—NX1(1+4NNX1X1)62 A3+ N(Xo+ NX2(XYH)2 42NN X2X2)dX, A dX3 +
Yo
3 N 1v 2 v \] 1v 3 21 v

+5NNX! Xpe? NdXy — 2NN X Xi(e® — X% AdXs ), (4.28)

which supports the above remarks. Notice that for N — 0, namely when the deformation
[ is turned off, we obtain

~NXxte? ne?, (4.29)
3o

while for N — 0 (or B = 0) we obtain

NX,dX; AdXs, (4.30)
Yo

as expected.

5 Conclusions

The extended nature of the fundamental degrees of freedom in string theory leads to du-
ality symmetries, whose consequences are unconventional from a traditional field theory
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viewpoint. One of these consequences is our encounter with non-geometric string back-
grounds. A central question in this line of research is whether such backgrounds are always
equivalent (up to duality) to previously known geometric ones or there exist ones that are
truly new. Recent developments, mainly in the context of DFT, suggest that duality orbits
of flux configurations that do not intersect geometric regions indeed exist [22].

In this paper we addressed the problem of constructing sigma models that correspond
to genuinely non-geometric backgrounds. This approach is inspired by previous work along
these lines in the string theory literature [4, 6], which we extended and generalized. The
underlying mathematical setting is that of Courant algebroids, which has recently found
applications in the physics of string theory [4-8]. Here we constructed a general class of
CAs with base manifolds being twisted tori. The choice of twisted tori is made for a number
of reasons, in particular (i) they are the simplest nontrivial generalization of flat tori that
retain parallelizability and they can be endowed with all kinds of generalized complex struc-
tures [72],!2 (ii) they naturally incorporate geometric fluxes, and (iii) they play a central
role in flux compactifications, notably in Scherk-Schwarz reductions. We followed the ap-
proach of introducing the basic mathematical notions first, then applying them for general
twisted tori of step 2, and finally examining in detail an illustrative example from the class.

In order to reach our main goal of constructing relevant sigma models, we resided on
the result that every CA structure over a manifold M has an associated topological sigma
model with M as target space [28]. For physical applications, it is natural to consider
manifolds with boundary and add general topological boundary terms and also kinetic
terms that break the topological nature of the model. Studying the corresponding mem-
brane sigma models for the class of CAs we constructed, we found general bulk/boundary
consistency conditions appearing in eqs. (3.21) and (3.25). These expressions generalize
on one hand previously known integrability conditions for Dirac structures [31-33], and
on the other hand allow for a systematic characterization of fluxes, extending expressions
found in [4]. In certain limits, our expressions reproduce previous results; on the other
hand we also studied in detail a case where both 2-form and 2-vector deformations coexist
meaningfully without being inverse of one another.

However, in order to really account for cases that appear in string theory via generalized
T-duality, the above sigma models cannot be the end of the story. This was already noticed
in [4], and later in [6], where sigma models of an extended type were first suggested. These
sigma models have the phase space of M as target space, instead of M itself. Inspired
by this approach, we proposed a minimal systematic generalization of the previous sigma
models that incorporates this doubled point of view. Analysing such models we found that
the bulk/boundary consistency conditions take again the form appearing in egs. (3.21)
and (3.25), albeit with an upgraded set of definitions that characterize the fluxes of the
model. Then we were able to write down an explicit example of a model which combines
the following properties: (i) all types of generalized fluxes are present, (ii) it cannot be
reduced to a 2D theory with standard target space and (iii) it cannot be dualized to a

2For example, several twisted tori admit a symplectic structure and their phase space can be completely
characterized, see [61].
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standard geometric model. This makes this example, and any other constructed similarly,
an excellent toy model for genuinely non-geometric backgrounds.

Finally, it is interesting to compare our results with the expressions for fluxes found in
the context of DFT and its generalized Scherk-Schwarz dimensional reduction on twisted
doubled tori [50-53]. For this comparison, it is not enough to look at egs. (4.13), which
contain less information than the corresponding ones from DFT. The relevant equations are
instead the full conditions (3.21) and (3.25) with the definitions (4.13). These two equations
give the “H” and “R” flux in the present formulation, which actually contain all terms
appearing in DFT plus additional terms of higher order in the combinations of B and 3. For
the other two sets of fluxes the comparison is not yet possible, since we have not determined
general expressions for mixed boundary conditions in this paper. However, we can conclude
that our formulation encompasses results from DFT and it would be interesting to examine
further the relation between DFT (target space theory) and the sigma model we proposed.
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A Proof of protobialgebroid structure on (Lpg, L)

In this appendix we prove that (LBﬁ,Lgﬁ) with the ingredients (brackets, anchors and
twists) given in section 2.2.1 is a protobialgebroid, i.e. it satisfies the properties 1 to 4 of
Definition 2.1.

Proof of property 1. For X = X'O; and Y = Y'O; we compute:

(X, fY]L,, = ePe” ([e—ﬁe—Bx, e Pe P YL + Ble Pe P (8(X, 1Y), -))
= Bef ([eBeBX, fe e Y L + fB(e Pe P(8(X, Y1), ->)
= eBef ( flePe BX, e Pe BY|Lic + (e PeBX(f))e Pe By

BB Y.).0)

= f <eB€B (e e X, e e PYLie + Ble e P(0(X, Y1), ->>)
+ePel (p(X)fle Pe By
= [IX,Y]Lg, + (p(X)N)Y . (A.1)

Similarly the proof for n = n;E* and ¢ = &E°.
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Proof of property 2. Essentially this is already covered by construction in the main
text. As a cross check we compute:

p([X,Y]L,,) = p<eBeﬁ([e—ﬁe—BX,e—ﬁe—BY]Lie+5(e—5e—3(¢(x,y,.)),.))>

(2.18), (2.19)

2 p(eBe'B([p(X), P(Y)Lic + p+(6(X, Y, -)))>

P20 (), p(V)]tie + pu(6(X, Y, ) (A.2)

and the proof is complete. Similarly for the corresponding property on LJ*B,B'

Proof of property 3. We directly apply the general expressions for the derivations on
Lpg and L} 5

p+1
dp (X1, .. Xpy1) = Z(—1)Z+1p(x) WXt Xy, Xpi1) +

+Z D Iw0([Xe, Xi)1ps0 X1y vs Ky ooy Xy ooy Xp1) -
1<J
p+1

dLTB 9(7717 s 777p+1) = (_1)i+1p (nZ)Q(nla c Ty anPJrl) +
B

+Z 1+JQ 77177]]] 3577717"‘77%7’"7ﬁj7"'777p+1)7
1<J

for arbitrary w € I'(APL%5) and 2 € I'(APLpg), to compute the derivations of the basis
elements E' € F(/\IL}‘Sﬁ) and ©; € T'(A'Lpp)

dp,,E' = —f( L — B o) EY A ER (A.3)
dzy ©i = ( 0;67% + 287" fE + B BE §1 ) O A O, (A.4)

Then we compute

10:,0;]155,OklLss = (Ok(B™ ™ bmis) — £1;8™ " bt — FikB Omij + B™ B™ bumijdpit) ©

(A.5)
and
B(dry,, 0i,0;,0k) = =i (08 — 2£1,8™ + B 8" Gipn) O, (A.6)
Moreover,
dry,#(04,0;,0k) = 80,100 - (A.7)

These expressions deliver the result
H@U Gj]LBﬁ7 @k]LBB +C-p-—dL%ﬂ¢(@i7 @j? Gk’)_¢(dL* O, @jv @k) _¢(®iv dL’fg[;@ja @k)

—¢(0i,0;,dLy OF) = ™ (‘9[z¢]kl] fz]¢kl]n+ 5 P brfij Pre > (A.8)
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which means that the property holds when the condition
0 djmy — ;Qﬁm[ij(f;?f] = B"" bpiy) =0 (A.9)
is satisfied. A similar computation for the dual property yields the condition
Blm6,, M — %W“’“(emﬁm + B fh + BBY frst) = 0. (A.10)
These two conditions are essentially Bianchi identities as will be clear from property 4.

Proof of property 4. Using the expansions
1 i N i oAk
¢ = gdhjkE NEVNE”,
1 ..
Y = gw’f@i AO; A By, (A.11)

and the result (A.3) we compute

1 4 : 1 . .
drps¢ = g(dL3g¢ijk)El ANEINEF 4+ 50ik(dLp, BY) A BV A E*
1 3 , .
=5 <el¢ijk — 5qsmjk(f;y — ﬁm”qﬁnh))El NE'NEJANE*, (A.12)

which vanishes when the condition (A.9) is satisfied. This is essentially a Bianchi identity
(and fully agrees with previous results, e.g. [5, 53]). It is simple to check that this Bianchi
identity is satisfied in the example of section 2.2.2. On the other hand, using (A.4) we
compute

1 . 1 ..
dL*Bw:g(dL*Bﬁwk)@i NO; A O, + 5@/;”’“(dL*Bﬂ@i) CIVCH (A.13)

1 g 3 A . .
=< (B Oy — SR (OB + B g+ BB Gmst)OL N O A O A O,

which vanishes when the Bianchi identity (A.10) is satisfied. This is also true in the example
of section 2.2.2.
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