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4.2.1 ŝu(2|1) superalgebra with n dynamical bosons 14

4.2.2 Division into subsystems 17

4.3 Subsystems of N=4 supersymmetric Calogero-Moser model 18

5 Center-of-mass subsystem with n sets of spin variables 18

6 Calogero-Moser system without center-of-mass sector 23

6.1 Quantization in matrix formulation 24

6.2 Quantization of the reduced spinning Calogero-Moser system 28

7 Quantization of the full system (center-of-mass plus relative-coordinate

sectors) 31

8 Concluding remarks and outlook 33

1 Introduction

The many-particle Calogero-Moser systems [1–6] and their generalizations occupy a dis-

tinguished place in the contemporary theoretical and mathematical physics. Apart from

such notable mathematical properties, as the classical and quantum integrability, these sys-

tems possess a wide range of physical applications which are hard to enumerate. Among

these applications, it is worth to mention, e.g., a close connection between the algebra

of observables in the Calogero system and the higher-spin algebra, as was pointed out

in [7, 8]. In the same papers, there was revealed an important role of Calogero-like models

for describing particles with fractional statistics. Another widely known applications of

the Calogero-Moser systems concern the black hole physics. It was suggested [9] that the
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Calogero-Moser systems can provide a microscopic description of the extreme Reissner-

Nordström black hole in the near-horizon limit. It was argued that, from the M-theory

perspective, an important role in this correspondence should be played by various N=4 su-

persymmetric extensions of the Calogero-Moser models. Supersymmetric Calogero-Moser

systems have also further applications in string theory (see, for example, [10]) and N=4

super Yang-Mills theory [11, 12].

Keeping in mind these physical and mathematical motivations, it seems of great interest

to construct and study new versions of supersymmetric Calogero-type systems.

In a recent paper [13], there was proposed the superfield matrix model of SU(2|1)
supersymmetric mechanics1 as a new N=4 extension of d = 1 Calogero-Moser multi-

particle system. This matrix model is a massive generalization of the multiparticle N=4

model constructed and studied in [24, 25]. It is naturally formulated in d = 1 harmonic

superspace [26] and is described by the following set of N=4 harmonic superfields:

• n2 commuting general superfields X
a
b = (X̃b

a), a, b = 1, . . . , n combined into an her-

mitian n×n-matrix superfield X = (Xb
a) which transform in adjoint representation of

U(n) and represent off-shell SU(2|1) multiplets (1,4,3);

• n commuting analytic complex superfields Z+
a forming U(n) spinor Z+ = (Z+

a ),

Z̃+ = (Z̃+a) and representing off-shell SU(2|1) multiplets (4,4,0);

• n2 non-propagating analytic “topological” gauge superfields V ++ = (V ++b
a),

(Ṽ ++b
a) = V ++a

b .

The matrix superfield X = X (ζH) is defined on the SU(2|1) harmonic superspace

ζH ≡
(
tA, θ

±, θ̄±, w±
i

)
(i = 1, 2), while the analytic superfields Z+, Z̃+ and V ++ on the

analytic harmonic subspace ζA =
(
tA, θ̄

+, θ+, w±
i

)
⊂ ζH . The relevant superfield action is

written as

Smatrix = −1

4

∫
µHTr

(
X

2
)
+

1

2

∫
µ
(−2)
A V0Z̃+aZ+

a +
i

2
c

∫
µ
(−2)
A TrV ++ , (1.1)

where the invariant integration measures are written as

µH = dw dtA dθ̄−dθ−dθ̄+dθ+
(
1 +mθ+θ̄− −mθ−θ̄+

)
, µ

(−2)
A = dw dtA dθ̄+dθ+ . (1.2)

The mass-dimension parameterm is encoded in the centrally-extended superalgebra ŝu(2|1)
as the contraction parameter to the flat N=4, d = 1 superalgebra.2 It does not explicitly

appear in (1.1) but comes out in the component action from the measure µH and the

θ-expansion of the superfields X as a result of solving the appropriate SU(2|1) covariant

1This kind of deformed N=4 supersymmetric mechanics was introduced and studied in [14–21]. Some

of the SU(2|1) models can be derived by a dimensional reduction from N=1 Lagrangians on the curved

d = 4 manifold R × S3 [22, 23].
2It was shown in [20], that the centrally extended superalgebra ŝu(2|1) can be represented as a semi-

direct sum of su(2|1) and an extra R-symmetry generator: ŝu(2|1) ≃ su(2|1)+⊃u(1). The central charge

is a combination of the R-symmetry generator and the internal U(1) generator of su(2|1). In the models

under consideration the central charge operator is identified with the canonical Hamiltonian.
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constraints (for more details, see [13, 19]).The local U(n) transformations of the involved

superfields are given by

X
′ = eiλXe−iλ, Z+′ = eiλZ+, V ++ ′ = eiλ V ++ e−iλ − i eiλ(D++e−iλ) . (1.3)

The superfield V0 (ζA) is a prepotential for the singlet part Tr (X) of the matrix superfield X

(see details in [13]). The constant c in (1.1) is a parameter of the model. After quantization,

it specifies external SU(2) spins of the physical states, c → 2s + 1 ∈ Z>0 , which implies

that the set of these states splits into irreducible SU(2) multiplets.

The matrix d = 1 superfield X has the physical component fields X = (Xa
b) = X†,

Ψk = (Ψk
a
b) and auxiliary bosonic component fields, the superfields Z+

a , Z̃+a have the

bosonic components Z ′k = (Z ′k
a), Z̄ ′

k = (Z̄ ′a
k) = (Z ′k)† and auxiliary fermionic fields.

Choosing the WZ gauge V ++ = 2i θ+θ̄+A(tA), eliminating auxiliary fields and redefining

the spinor fields as Z ′i
a → Zi

a/ (Tr(X))1/2, we obtain from (1.1) the on-shell component

action

Smatrix = Sb + Sf , (1.4)

Sb =
1

2
Tr

∫
dt

(
∇X∇X −m2X2

)
− c

∫
dtTrA

+
i

2

∫
dt

(
∇Z̄k Z

k − Z̄k∇Zk
)
+

∫
dt

S(ik)S(ik)

4(X0)2
, (1.5)

Sf =
1

2
Tr

∫
dt
[
i
(
Ψ̄k∇Ψk −∇Ψ̄kΨ

k
)
+ 2mΨ̄kΨ

k
]
−
∫

dt
Ψ

(i
0 Ψ̄

k)
0 S(ik)

(X0)2
. (1.6)

Here,

X0 :=
1√
n
Tr(X), Ψi

0 :=
1√
n
Tr(Ψi), Ψ̄i

0 :=
1√
n
Tr(Ψ̄i) ,

S(ik) := Z̄(iZk) := Z̄a
(iZk)a , (1.7)

and (∇Z̄kZ
k) :=∇Z̄a

kZ
k
a . The U(n) gauge-covariant derivatives in (1.5), (1.6) are defined by

∇X = Ẋ + i[A,X] , ∇Ψi = Ψ̇i + i[A,Ψi] , ∇Ψ̄i =
˙̄Ψi + i[A, Ψ̄i] . (1.8)

∇Zk = Żk + iAZk , ∇Z̄k = ˙̄Zk − iZ̄k A . (1.9)

The basic novel feature of the action (1.4) as compared to the more conventional actions of

supersymmetric mechanics is the presence of the semi-dynamical spin variables Zk
a [24],3

which has a drastic impact on the structure of the relevant space of quantum states. These

variables define extra SU(2) symmetries with the generators (1.7), with respect to which

the physical states carry additional spin quantum numbers and so form the appropriate

SU(2) multiplets. The diagonal su(2) algebra is an essential part of the “internal” algebra

su(2) ⊂ ŝu(2|1). Also, note the presence of the oscillator-type terms in (1.5) and (1.6),

with the intrinsic parameter m as the relevant frequency.

3The kinetic term of the variables Zk
a in the action (1.5) is of the first-order in the time derivatives, in

contrast to the dynamical variable Xa
b with the second-order kinetic term. Just for this reason we call Zk

a ,

Z̄a
k semi-dynamical variables. In the Hamiltonian (see below), they appear only in the interaction terms

and enter through the SU(2) current S(ik).
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The simplest one-particle (n=1) case of the system (1.4) was quantized in a recent

paper [27]. Here we consider the quantum version of the system (1.4) for an arbitrary n.

As shown in [13], at the classical level the system (1.4) describes an SU(2|1) su-

persymmetric extension of the U(2)-spin Calogero-Moser model [28–33] generalizing the

Calogero-Moser system of refs. [1–6] to the case with additional internal (spin) degrees of

freedom. Therefore, the basic purpose of the present paper can be formulated as a construc-

tion of new quantum multi-particle spinning Calogero-Moser type system with deformed

N=4, d = 1 supersymmetry.

The quantization of the Calogero-type multi-particle systems can be accomplished by

the two methods, basically leading to the same result. One method [7, 8, 30, 31, 33, 34] is

based on the construction of the Dunkl operators for a given system. Using such operators

makes it possible to represent a multiparticle system as an oscillator-like system for which

the Dunkl operators play the role of generalized momentum operators. Another way of

quantizing multi-particle systems is based on considering matrix systems with additional

gauge symmetries [30–33, 37–39]. The elimination of some degrees of freedom in such

matrix systems results in the standard multi-particle Calogero-type systems. Due to the

oscillator nature of matrix operators, the quantization of matrix systems is simpler and the

main task of this approach consists in finding solutions of the constraints generating gauge

symmetries. In this paper, we will mainly stick to the second method. We will present the

explicit expressions of the multi-particle operators of deformed N=4 supersymmetry, in

the matrix case and for the reduced system.

The plan of the paper is as follows. In section 2 we construct the Hamiltonian for-

malism for the matrix system (1.4) and show that the model indeed describes SU(2|1)
supersymmetrization of the U(2)-spin Calogero-Moser model [28–33]. In section 3 we find,

by Noether procedure, the supercharges of the underlying ŝu(2|1) superalgebra, in matrix

case and for a system with the reduced phase variables space. In the latter case ŝu(2|1) is
closed up to the constraints generating some residual gauge invariances. In section 4 we

construct a quantum realization of the deformed N=4, d = 1 superalgebra ŝu(2|1) for the
multi-particle Calogero-Moser system. In the case of the reduced system with n bosonic

position coordinates such a superalgebra is closed up to the generators of the [U(1)]n gauge

symmetry, like in the classical case. This ŝu(2|1) superalgebra is represented as a sum of

two ŝu(2|1) superalgebras. One ŝu(2|1) acts in the center-of-mass sector, whereas the other

operates only on the super-variables parametrizing the quotient over this sector. The spin

operators are common for both these superalgebras. In sections 5–7 we analyze the energy

spectrum in all cases: for the center-of-mass subsystem, for the system with relative su-

percoordinates and in the general case, when all position operators are included. The last

section 8 contains a Summary and outlook.

2 Hamiltonian analysis and gauge fixing

The action (1.4) yields the canonical Hamiltonian

Htotal = Hmatrix − Tr(AG) , (2.1)
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where

Hmatrix =
1

2
Tr

(
P 2 +m2X2 − 2mΨ̄kΨ

k
)
−

S(ik)S(ik)

4(X0)2
+

Ψ
(i
0 Ψ̄

k)
0 S(ik)

(X0)2
. (2.2)

The Hamiltonian (2.1) involves the matrix momentum Pa
b ≡ (∇X)a

b and another matrix

quantity

Ga
b ≡ i [X,P ]a

b +
{
Ψ̄k,Ψ

k
}
a

b + Zk
a Z̄

b
k − c δa

b . (2.3)

The action (1.4) also produces the primary constraints

PZ
a
k +

i

2
Z̄a
k ≈ 0 , PZ̄

k
a −

i

2
Zk
a ≈ 0 , (2.4)

PΨk a
b − i

2
Ψ̄k a

b ≈ 0 , PΨ̄
k
a
b − i

2
Ψk

a
b ≈ 0 , (2.5)

PAa
b ≈ 0 . (2.6)

The constraints (2.4), (2.5) are second class and so we introduce Dirac brackets for

them. As the result, we eliminate the momenta PZ
a
k, PΨk a

b and their c.c. The residual

variables obey the Dirac brackets
{
Xa

b, Pc
d
}∗

= δdaδ
b
c ,

{
Zk
a , Z̄

b
l

}∗

= iδkl δ
b
a ,

{
Ψk

a
b, Ψ̄l c

d
}∗

= −iδkl δ
d
aδ

b
c . (2.7)

Requiring the constraints (2.6) to be preserved by the Hamiltonian (2.1) generates

secondary constraints

Ga
b ≈ 0 . (2.8)

Despite the presence of the constant c in (2.3) these constraints are first class: with respect

to the Dirac brackets (2.7) they form u(n) algebra,
{
Ga

b, Gc
d
}∗

= i
(
δdaG

b
c − δbcG

d
a

)
, (2.9)

and so produce the U(n) invariance of the action (1.4)

X ′ = eiαX e−iα , Ψ ′k = eiαΨk e−iα , Z ′k = eiαZk , A ′ = eiαAe−iα − i eiα(∂te
−iα),

(2.10)

where αa
b(t) ∈ u(n) are d=1 gauge parameters.

In the first-order formulation, the system (1.4) is represented by the action

Smatrix=

∫
dtLmatrix , (2.11)

Lmatrix=Tr
(
PẊ

)
+

i

2
Tr

(
Ψ̄kΨ̇

k− ˙̄ΨkΨ
k
)
+

i

2

(
˙̄Za
kZ

k
a−Z̄a

k Ż
k
a

)
−Hmatrix+Tr(AG) , (2.12)

where Hmatrix was defined in (2.2).

Let us fix a partial gauge for the transformations (2.10). To this end, we introduce the

following notation for the matrix entries of X and P :

xa := Xa
a , pa := Pa

a (no summation over a) ,

xa
b := Xa

b , pa
b := Pa

b for a 6= b ,

xa
a := 0 , pa

a := 0 (no summation over a) ,

(2.13)
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i.e., Xa
b = xaδ

b
a + xa

b, Pa
b = paδ

b
a + pa

b and X0 =
1√
n

n∑

a=1

xa. Note that

TrP 2 =
∑

a

papa +
∑

a 6=b

pa
bpb

a , Tr(XP ) =
∑

a

xapa +
∑

a 6=b

xa
bpb

a .

In the notation (2.13) the constraints (2.8) take the form

Ga
b = i(xa − xb)pa

b − i(pa − pb)xa
b + i(xa

cpc
b − pa

cxc
b) + Ta

b ≈ 0 (2.14)

for a 6= b and

Ga
a = i(xa

cpc
a − pa

cxc
a) + Ta

a − c ≈ 0 (no summation over a) (2.15)

for the diagonal elements of G, with

Ta
b := Zk

a Z̄
b
k +

{
Ψ̄k,Ψ

k
}
a

b . (2.16)

Provided that the Calogero-like conditions xa 6=xb are fulfilled, we can impose the gauge

xa
b ≈ 0 , a 6= b , (2.17)

for the constraints (2.14). Then we introduce Dirac brackets for the constraints (2.14),

(2.17) and eliminate xa
b by (2.17) and pa

b by (2.14):

pa
b =

i Ta
b

xa − xb
, a 6= b . (2.18)

Due to the resolved form of gauge-fixing conditions, new Dirac brackets for the remaining

variables coincide with (2.7):

{xa, p b}∗∗ = δab ,
{
Zk
a , Z̄

b
l

}∗∗

= iδkl δ
b
a ,

{
Ψk

a
b, Ψ̄l c

d
}∗∗

= −iδkl δ
d
aδ

b
c . (2.19)

In the gauge (2.17), the constraints (2.15) become

Ta − c := Ta
a − c = Zk

a Z̄
a
k +

{
Ψ̄k,Ψ

k
}
a

a − c ≈ 0 (no summation over a) (2.20)

and they generate local [U(1)]n transformations of Zk
a and Ψk

a
b with a 6= b. Preservation

of the conditions (2.17), ẋa
b = {xab, Htotal} = 0 , allows one to express

Aa
b =

i pa
b

xa − xb
= − Ta

b

(xa − xb)2
, a 6= b . (2.21)

Inserting (2.17), (2.14) and (2.21) into (2.2), we arrive at the reduced total Hamiltonian

H(red) = HC−M −
∑

a

Aa

(
Ta − c

)
, (2.22)

where Aa = Aa
a (no summation over a) and the generalized Calogero-Moser Hamiltonian

is defined as

HC−M =
1

2

∑

a

(
papa +m2xaxa

)
+

1

2

∑

a 6=b

Ta
bTb

a

(xa − xb)2
−mTr

(
Ψ̄kΨ

k
)

−
S(ik)S(ik)

4(X0)2
+

Ψ
(i
0 Ψ̄

k)
0 S(ik)

(X0)2
.

(2.23)
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The same final result can be attained in a different way. Eliminating Aa
b, a 6=b , by

the equations of motion Aa
b = −Ta

b/(xa − xb)
2 we obtain that the action (1.4) in the

gauge (2.17) takes the form

SC−M =

∫
dt

{
1

2

∑

a

(
ẋaẋa −m2xaxa

)
− i

2

∑

a

(
Z̄a
k Ż

k
a − ˙̄Za

kZ
k
a

)
+
∑

a

Aa

(
Ta − c

)

+ Tr
[ i
2

(
Ψ̄kΨ̇

k − ˙̄ΨkΨ
k
)
+mΨ̄kΨ

k
]

− 1

2

∑

a 6=b

Ta
bTb

a

(xa − xb)2
+

S(ik)S(ik)

4(X0)2
−

Ψ
(i
0 Ψ̄

k)
0 S(ik)

(X0)2

}
. (2.24)

The action (2.24) produces the Hamiltonian (2.23), the constraints (2.20) and the brack-

ets (2.19).

The important ingredients of the action (2.24) are bilinear combinations of Zk
a and Z̄a

k

with the external SU(2) indices

Sak
j := Z̄a

kZ
j
a (no summation over a) , Sk

j :=
∑

a

Sak
j . (2.25)

With respect to the Dirac brackets (2.7) the objects Sak
j for each index a form u(2) algebras

{
Sai

j , Sbk
l
}∗

= iδab

[
δjk Sai

l − δli Sak
j
]
. (2.26)

The object Sk
j forms the “diagonal” u(2) algebra in the product of above ones

{
Si

j , Sk
l
}∗

= i
[
δjk Si

l − δli Sk
j
]
. (2.27)

The triplets of the quantities (2.25) (see also (1.7))

S(kj)
a := Z̄a(kZj)

a , S(kj) :=
∑

a

S(kj)
a (2.28)

generate su(2) algebras

{
S(ij)
a , S

(kl)
b

}∗

= −iδab

[
εik S(jl)

a + εjl S(ik)
a

]
, (2.29)

{
S(ij), S(kl)

}∗

= −i
[
εik S(jl) + εjl S(ik)

]
. (2.30)

Below we will also use the brackets

{
S(ij), Z

k
a

}∗

= −iδk(iZaj) ,
{
S(ij), Z̄a

k

}∗

= iδ
(i
k Z̄

aj) . (2.31)

One more matrix present in the action (2.24) is Ta
b defined in (2.16). These quantities

form u(n) algebra (2.9) with respect to the Dirac brackets:

{
Ta

b, Tc
d
}∗

= i
(
δdaTc

b − δbcTa
d
)
. (2.32)
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The odd matrix variables are transformed by adjoint u(n) representation:
{
Ta

b,Ψk
c
d
}∗

= i
(
δdaΨ

k
c
b − δbcΨ

k
a
d
)
,

{
Ta

b,Ψk
0

}∗

= 0 , (2.33)
{
Ta

b, Ψ̄k
c
d
}∗

= i
(
δdaΨ̄

k
c
b − δbcΨ̄

k
a
d
)
,

{
Ta

b, Ψ̄k
0

}∗

= 0 . (2.34)

These u(n) transformations commute with u(2) transformations generated by Sak
j :

{
Ta

b, Sai
j
}∗

= 0 . (2.35)

Let us consider the bosonic core of the system (2.24) and demonstrate that it corre-

sponds just to the spin Calogero-Moser model. Omitting terms with fermionic variables,

we find

S
(bose)
C−M =

∫
dt

{
1

2

∑

a

(
ẋaẋa −m2xaxa

)
− i

2

∑

a

(
Z̄a
k Ż

k
a − ˙̄Za

kZ
k
a

)

+
∑

a

Aa

(
Za
kZ

k
a − c

)
− 1

2

∑

a 6=b

Tr (SaSb)

(xa − xb)2
+

S(ik)S(ik)

4(X0)2

}
, (2.36)

where

Tr (SaSb) := Sak
jSbj

k (2.37)

and Sak
j are defined in (2.25). The analogous reduction of the Hamiltonian (2.23) yields

HC−M =
1

2

∑

a

(
papa +m2xaxa

)
+

1

2

∑

a 6=b

Tr (SaSb)

(xa − xb)2
−

S(ik)S(ik)

4(X0)2
. (2.38)

The Hamiltonian (2.38) contains a potential in the center-of-mass sector with the coordinate

X0 (the last term in (2.38)). Modulo this extra potential, the bosonic limit of the system

constructed is none other than the U(2)-spin Calogero-Moser model which is a massive

generalization of the U(2)-spin Calogero model [28, 29, 31–33]. Thus the system (2.24)

with the Hamiltonian (2.23) describes SU(2|1) supersymmetric extension of the U(2)-spin

Calogero-Moser model.

3 Supercharges

In this section we will find the classical expressions for the generators of the deformed N=4

supersymmetry (SU(2|1) supersymmetry) for the n-particle systems, both in the matrix

formulation and in the case of the reduced system with n position coordinates.

3.1 Matrix system

The odd SU(2|1) transformations of the component matrix fields entering (1.4) are as

follows4

δX = − ǫkΨ
k + ǭkΨ̄k ,

δΨk = i ǭk (∇X + imX) +
ǭjS

(jk)

X0
1 , δΨ̄k = −i ǫk (∇X − imX) +

ǫjS(jk)

X0
1 ,

(3.1)

4These transformations are a sum of the initial linear supertranslations plus extra compensating gauge

transformations (1.3) with λ = 2i
(
θ̄+ǫ− − θ+ǭ−

)
A which are required for preserving WZ gauge for V ++.
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whereas the supertranslations of the spin fields are represented by the SU(2) rotations

δZk
a = ω(kj)Zaj , δZ̄a

k = −ω(kj)Z̄
aj (3.2)

with the composite parameters

ω(kj) =
ǫ(kΨ

j)
0 + ǭ(kΨ̄

j)
0

X0
.

Under the transformations (3.1), (3.2) and δA = 0 the action (1.4) transforms as

δSmatrix=

∫
dtΛ̇1 ,

Λ1=− ǫk
2
Tr

[
(∇X+imX)Ψk

]
+

ǭk

2
Tr

[
(∇X−imX)Ψ̄k

]
− i

2
ω(kj)S(kj) . (3.3)

Using (3.1), (3.2) and (3.3) we obtain the following expressions for Noether supercharges:

Qk = Tr
[
(P − imX) Ψk

]
+

i S(kj)Ψ0 j

X0
,

Q̄k = Tr
[
(P + imX) Ψ̄k

]
−

i S(kj) Ψ̄
j
0

X0
,

(3.4)

where P = ∇X. The generators (3.4) constitute an ŝu(2|1) superalgebra with respect to

the Dirac brackets (2.7)

{
Qi, Q̄k

}∗
= −2i δik H − 2im

(
Iik − δik F

)
,

{
Qi,Qk

}∗

= 0 ,
{
Q̄i, Q̄k

}∗
= 0 . (3.5)

Here, H = Hmatrix, where Hmatrix was defined in (2.2), and also the su(2) and u(1) gener-

ators are present:

Iik = εkj

[
S(ij) +Tr

(
Ψ(iΨ̄j)

)]
, (3.6)

F =
1

2
Tr

(
ΨkΨ̄k

)
. (3.7)

The Hamiltonian H commutes with all other generators and so can be identified with

the central charge operator of ŝu(2|1). The rest of Dirac brackets among the genera-

tors (2.2), (3.4), (3.6), (3.7) is given by the relations
{
H,Qk

}∗

=
{
H, Q̄k

}∗
=

{
H, Iik

}∗
= {H,F}∗ = 0 , (3.8)

{
F,Qk

}∗

= − i

2
Qk ,

{
F, Q̄k

}∗
=

i

2
Q̄k ,

{
F, Iik

}∗
= 0 , (3.9)

{
Iik,Qj

}∗
= − i

2

(
δjkQi + εijQk

)
,

{
Iik, Q̄j

}∗
=

i

2

(
δijQ̄k + εkjQ̄i

)
, (3.10)

{
Iik, I

j
l

}∗

= i
(
δilI

j
k − δjkI

i
l

)
. (3.11)

Note that the first-order action (2.11) is invariant, up to the surface term δSmatrix =∫
dtΛ̇1 (with the substitution ∇X = P in Λ1), under the transformations (3.1), (3.2),

δA = 0 and

δP = −im
(
ǫkΨ

k + ǭkΨ̄k

)
− i

ǫkS
(kj)Ψ0 j + ǭkS(kj)Ψ̄

j
0

X0
1 . (3.12)

It is worth pointing out that δH = 0 and δGa
b = 0 under these transformations.
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3.2 Reduced system in the standard Calogero-Moser representation

Let us compute the ŝu(2|1) charges for the reduced system (2.24) which follows from the

matrix formulation after imposing the gauge (2.17).

On the pattern of (2.13), we introduce the following notation for the entries of Ψk

and Ψ̄k:
ψk
a := Ψk

a
a , ψ̄ak := Ψ̄ka

a (no summation over a) ,

ψk
a
b := Ψk

a
b , ψ̄ka

b := Ψ̄ka
b for a 6= b .

(3.13)

Note that Tr(PΨk) =
∑

a

paψ
k
a +

∑

a 6=b

pa
bψk

b
a and Ψk

0 =
1√
n

n∑

a=1

ψk
a , Ψ̄

k
0 =

1√
n

n∑

a=1

ψ̄k
a .

In the gauge (2.17), supertranslations are a sum of the transformations (3.1), (3.2) and

the additional compensating gauge transformations (2.10) with the composite parameters

αa
b = i

ǫkψ
k
a
b − ǭkψ̄ka

b

xa − xb
for a 6= b , αa

b = 0 for a = b . (3.14)

These transformations preserve the conditions (2.17) and have the following explicit form

δxa = − ǫkψ
k
a + ǭkψ̄ak , (3.15)

δψk
a = i ǭk (ẋa + imxa) +

ǭjS
(jk)

X0
+ i

∑

b

(
αa

bψk
b
a − ψk

a
bαb

a
)
,

δψ̄ak = −i ǫk (ẋa − imxa) +
ǫjS(jk)

X0
+ i

∑

b

(
αa

bψ̄kb
a − ψ̄ka

bαb
a
)
,

(3.16)

δψk
a
b = − ǭkTa

b

xa − xb
− iαa

b
(
ψk
a − ψk

b

)
+ i

∑

c

(
αa

cψk
c
b − ψk

a
cαc

b
)
,

δψ̄ka
b =

ǫkTa
b

xa − xb
− iαa

b
(
ψ̄ak − ψ̄bk

)
+ i

∑

c

(
αa

cψ̄kc
b − ψ̄ka

cαc
b
)
,

(3.17)

δZk
a = ω(kj)Zaj + i

∑

b

αa
bZk

b , δZ̄a
k = −ω(kj)Z̄

aj − i
∑

b

Z̄b
kαb

a , (3.18)

δAa = i
∑

b

αa
bTb

a + Ta
bαb

a

xa − xb
. (3.19)

An important property is that the constraints (2.20) are invariant with respect to these

supersymmetry transformations, δTa = 0 . Also, δ
[∑

aAa (Ta − c)
]
= 0 .

The variation of the action (2.24) under the supersymmetry transformations (3.15)–

(3.18) reads

δSC−M =

∫
dtΛ̇2 ,

where

Λ2 = − ǫk
2

∑

a

(ẋa + imxa)ψ
k
a +

ǭk

2

∑

a

(ẋa − imxa) ψ̄ak +
1

2

∑

a 6=b

αa
bTb

a − i

2
ω(kj)S(kj) .

(3.20)
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The corresponding Noether supercharges are found to be

Qk =
∑

a

(pa − imxa)ψ
k
a + i

∑

a 6=b

Ta
b ψk

b
a

xa − xb
+

i S(kj)Ψ0 j

X0
,

Q̄k =
∑

a

(pa + imxa) ψ̄ak + i
∑

a 6=b

Ta
b ψ̄kb

a

xa − xb
−

i S(kj) Ψ̄
j
0

X0
,

(3.21)

where pa = ẋa. These expressions can be also obtained by inserting (2.17), (2.18) into (3.4)

and turning to the notations (2.13), (3.13).

With respect to the Dirac brackets (2.19), the generators (3.21) form, up to the residual

[U(1)]n gauge transformations generated by (2.20), the following ŝu(2|1) superalgebra

{
Qi, Q̄k

}∗∗
= −2i δik H − 2im

(
Iik − δik F

)
+ 2i

∑

a 6=b

ψi
a
bψ̄kb

a

(xa − xb)2
(Ta − Tb) ,

{
Qi, Qk

}∗∗

= 2i
∑

a 6=b

ψi
a
bψk

b
a

(xa − xb)2
(Ta − Tb) ,

{
Q̄i, Q̄k

}∗∗
= 2i

∑

a 6=b

ψ̄ia
bψ̄kb

a

(xa − xb)2
(Ta − Tb) .

(3.22)

Here we used that the last relation in (2.19), being cast in the notation (2.13), (3.13),

amounts to the relations
{
ψi
a, ψ̄b k

}∗∗
= −iδikδab,

{
ψi

a
b, ψ̄k c

d
}∗∗

= −iδikδ
d
aδ

b
c, In (3.22), H =

HC−M, with HC−M defined by (2.23), and the generators Iik, F were defined in (3.6), (3.7).

The Hamiltonian (2.23) commutes with the supercharges (3.21) modulo the first-class

constraints (2.20):

{
Qk, H

}∗∗

= 2
∑

a 6=b

Ta
bψk

b
a

(xa − xb)3
(Ta − Tb) ,

{
Q̄k, H

}∗∗
= 2

∑

a 6=b

Ta
bψ̄kb

a

(xa − xb)3
(Ta − Tb) .

(3.23)

The generators Iik, F satisfy the same Dirac brackets as in (3.8), (3.9), (3.10), and (3.11).

4 Quantum multi-particle ŝu(2|1) superalgebra

Quantum su(2|1) superalgebra obtained by quantizing the Dirac brackets (3.5), (3.8), (3.9),

(3.10), (3.11), is formed by the following non-vanishing (anti)commutators:

{
Qi, Q̄k

}
= 2 δik H+ 2m

(
Iik − δik F

)
,

[
F,Qk

]
=

1

2
Qk ,

[
F, Q̄k

]
= −1

2
Q̄k ,

[
Iik,Q

j
]
=

1

2

(
δjkQ

i + εijQk

)
,

[
Iik, Q̄j

]
= −1

2

(
δijQ̄k + εkjQ̄

i
)
,

[
Iik, I

j
l

]
= δjkI

i
l − δilI

j
k .

(4.1)
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The second- and third-order Casimir operators of su(2|1) are defined by the expressions [21]

C2 =
( 1

m
H− F

)2
− 1

2
IikI

k
i +

1

4m

[
Qi, Q̄i

]
, (4.2)

C3 =

(
C2 +

1

2

)(
1

m
H− F

)
+

1

8m

{
δji

(
1

m
H− F

)
− Iji

}[
Qi, Q̄j

]
. (4.3)

In this section we will present the explicit form of this deformed N=4 supersymmetry

algebra for multiparticle system constructed in the previous sections. We will do it for the

matrix formulation of this system and for the reduced system with n position coordinates.

4.1 Matrix formulation

4.1.1 Supercharges of the ŝu(2|1) superalgebra

In the matrix formulation, the n-particle system is described by quantum operators Xa
b,

Pa
b; Ψi

a
b, Ψ̄i a

b; Zi
a, Z̄b

i which satisfy the quantum counterpart of the Dirac brackets

algebra (2.7):

[
Xa

b,Pc
d
]
= i δdaδ

b
c ,

[
Zk
a, Z̄

b
j

]
= − δkj δ

b
a ,

{
Ψk

a
b, Ψ̄j c

d
}
= δkj δ

d
aδ

b
c . (4.4)

The quantum supercharges are uniquely restored by the classical expressions (3.4):

Qk = Tr
[
(P− imX)Ψk

]
+

iS(kj)Ψ0 j

X0
,

Q̄k = Tr
[
(P+ imX) Ψ̄k

]
−

iS(kj) Ψ̄
j
0

X0
,

(4.5)

where the su(2) generators are

S(ik) =
∑

a

Z(i
a Z̄

k)a . (4.6)

These generators form the quantum algebra of the corresponding diagonal external alge-

bra (2.30). The closure of the generators (4.5) is the full ŝu(2|1) superalgebra (4.1) with

the following even generators

H = Hbose +Hfermi , (4.7)

Hbose =
1

2
Tr

(
P2 +m2X2

)
−

nS(ik)S(ik)

4(X0)2
, (4.8)

Hfermi =
m

2
Tr

[
Ψk, Ψ̄k

]
+

Ψi
0Ψ̄

k
0S(ik)

(X0)2
, (4.9)

Iik = εkj

[
S(ij) +Tr

(
Ψ(iΨ̄j)

)]
, (4.10)

F =
1

4
Tr

[
Ψk, Ψ̄k

]
. (4.11)

The set of physical states of the matrix system is singled out by the n2 constraints

Ga
b =

(
i [X,P]a

b +
{
Ψ̄k,Ψ

k
}
a

b + Zk
aZ̄

b
k

)
W

− (2q + 1) δa
b ≃ 0 , (4.12)
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which are quantum counterparts of the classical constraints (2.8) (the subscript “W” de-

notes Weyl-ordering) and should be imposed on the wave functions. The constant (2q + 1)

present in (4.12) differs from the classical constant c due to ordering ambiguities. The

operators (4.12) form u(n) algebra
[
Ga

b,Gc
d
]
= δc

bGa
d − δa

dGc
b . (4.13)

It is important that all constants appearing in the diagonal part of Ga
b, i.e. at a=b, are

equal to (2q + 1). A corollary of (4.12) is that u(1) generator
∑

a

Ga
a =

∑

a

Zk
aZ̄

a
k − 2nq ≃ 0 (4.14)

includes spin Z-operators only.

As we will see below, the u(n) constraints (4.12) have a transparent meaning: the

physical states are su(n) singlets. The constraint (4.14) fixes the homogeneity degree of

the physical states with respect to spin variables, whence 2q ∈ Z>0 .

4.1.2 Separation of the center-of-mass sector

Let us split the matrix quantities as

Xa
b =

1√
n
δbaX0 + X̂a

b , Pa
b =

1√
n
δbaP0 + P̂a

b ,

Ψk
a
b =

1√
n
δbaΨ

k
0 + Ψ̂k

a
b , Ψ̄k a

b =
1√
n
δbaΨ̄0 k +

ˆ̄Ψk a
b , (4.15)

with

X0 =
1√
n

∑

a

Xa
a , P0 =

1√
n

∑

a

Pa
a , Ψk

0 =
1√
n

∑

a

Ψk
a
a , Ψ̄0 k =

1√
n

∑

a

Ψ̄k a
a

(4.16)

being the center-of-mass operators and

X̂a
b = Xa

b − 1√
n
δbaX0 , P̂a

b = Pa
b − 1√

n
δbaP0 ,

Ψ̂k
a
b = Ψk

a
b − 1√

n
δbaΨ

k
0 ,

ˆ̄Ψk a
b = Ψ̄k a

b − 1√
n
δbaΨ̄0 k (4.17)

the traceless parts of matrix operators.

In terms of the variables (4.16), (4.17) the supercharges (4.5) are represented as

Qk = Qk
0 + Q̂k , Q̄k = Q̄0k +

ˆ̄Qk , (4.18)

where

Qk
0 = (P0 − imX0)Ψ

k
0 +

iS(kj)Ψ0 j

X0
, Q̄0k = (P0 + imX0) Ψ̄0 k −

iS(kj) Ψ̄
j
0

X0
(4.19)

involve only the center-of-mass operators (4.16) and spin variables, whereas

Q̂k = Tr
[ (

P̂− im X̂
)
Ψ̂k

]
, ˆ̄Qk = Tr

[ (
P̂+ im X̂

)
ˆ̄Ψk

]
(4.20)

depend on the traceless parts (4.17).
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The even operators (4.7), (4.8), (4.9), (4.10), (4.11) admit a similar splitting

H = H0 + Ĥ , Iik = I0
i
k + Îik , F = F0 + F̂ . (4.21)

Here,

H0 =
1

2

(
(P0)

2 +m2 (X0)
2
)
+

m

2

[
Ψk

0, Ψ̄0 k

]
−

S(ik)S(ik)

4 (X0)
2 +

S(ik)Ψ
i
0Ψ̄

k
0

(X0)
2 , (4.22)

I0
i
k = εkj

[
S(ij) +Ψ

(i
0 Ψ̄

j)
0

]
, (4.23)

F0 =
1

4

[
Ψk

0, Ψ̄k 0

]
, (4.24)

and

Ĥ =
1

2
Tr

(
P̂2 +m2X̂2

)
+

m

2
Tr

[
Ψ̂k, ˆ̄Ψk

]
, (4.25)

Îik = εkjTr
(
Ψ̂(i ˆ̄Ψj)

)
, (4.26)

F̂ =
1

4
Tr

[
Ψ̂k, ˆ̄Ψk

]
. (4.27)

The sets (Qk
0, Q̄0k, H0, I0

i
k, F0) and (Q̂k, ˆ̄Qk, Ĥ, Îik, F̂) form ŝu(2|1) superal-

gebras (4.1) on their own, with the vanishing mutual (anti)commutators:
{
Qi

0, Q̂
k
}

=
{
Qi

0,
ˆ̄Qk

}
= 0, etc. Thus, we have singled out the center-of-mass sector from the total

system. Note that the ŝu(2|1) generators Q̂k, ˆ̄Qk, Ĥ, Îik, F̂ have no action on the spin

operators Z which in fact remain in the center-of-mass sector.

It is of importance that the constraints (4.12) involve in fact only the traceless

parts (4.17) of the matrix operators (apart from the spin variable operators). Indeed,

they can be rewritten in the form

Ga
b = i

[
X̂, P̂

]
a

b +
{
ˆ̄Ψk, Ψ̂

k
}
a

b + Zk
aZ̄

b
k −

(
2q + n− 1

n

)
δa

b ≃ 0 . (4.28)

However, due to the presence of the same spin variables in the center-of-mass sector, these

constraints are applicable also to the corresponding quantum states and so accomplish a

link between the two sectors.

4.2 Quantum algebra for SU(2|1) spinning Calogero-Moser system

4.2.1 ŝu(2|1) superalgebra with n dynamical bosons

The quantum counterpart of the multiparticle system from section 3.2 is described by the

quantum operators xa, pa; ψ
i
a, ψ̄i a; ψ

i
a
b, ψ̄i a

b, a 6= b; Zi
a, Z̄

a
i which satisfy the algebra

[xa,pb] = i δab ,
[
Zk
a, Z̄

b
j

]
= − δkj δ

b
a ,

{
ψk

a, ψ̄j b

}
= δkj δab ,

{
ψk

a
b, ψ̄j c

d
}
= δkj δ

d
aδ

b
c (a 6= b, c 6= d) .

(4.29)
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Performing the Weyl-ordering in the quantum counterpart of (3.21), we obtain the

quantum supercharges:

Qk =
∑

a

(pa − imxa)ψ
k
a +

iS(kj)Ψ0 j

X0
− i

2

∑

a 6=b

ψk
a −ψk

b

xa − xb
+ i

∑

a 6=b

Ta
bψk

b
a

xa − xb
,

Q̄k =
∑

a

(pa + imxa) ψ̄k a −
iS(kj) Ψ̄

j
0

X0
− i

2

∑

a 6=b

ψ̄k a − ψ̄k b

xa − xb
+ i

∑

a 6=b

Ta
b ψ̄kb

a

xa − xb
,

(4.30)

where

Ta
b = Zk

aZ̄
b
k +

(
ψk

a −ψk
b

)
ψ̄ka

b +
(
ψ̄ak − ψ̄bk

)
ψk

a
b +

∑

c 6=a, c 6=b

(
ψk

a
cψ̄kc

b + ψ̄ka
cψk

c
b
)

(4.31)

are quantum counterparts of (2.16) at a 6= b and

X0 =
1√
n

∑

a

xa , Ψi
0 =

1√
n

∑

a

ψi
a , Ψ̄0 i =

1√
n

∑

a

ψ̄i a . (4.32)

Computing the anticommutators of the supercharges (4.30),

{
Qi, Q̄k

}
= 2 δik Hn + 2m

(
Iik − δik F

)
− 2

∑

a 6=b

ψi
a
bψ̄kb

a

(xa − xb)
2 (Ta −Tb) , (4.33)

{
Qi,Qk

}
= −2

∑

a 6=b

ψi
a
bψk

b
a

(xa − xb)
2 (Ta −Tb) , (4.34)

{
Q̄i, Q̄k

}
= −2

∑

a 6=b

ψ̄ia
bψ̄kb

a

(xa − xb)
2 (Ta −Tb) (4.35)

we find the explicit form of the quantum even generators

H =
1

2

∑

a

(
papa +m2xaxa

)
+

m

2

∑

a

[
ψk

a, ψ̄k a

]
+

m

2

∑

a 6=b

[
ψk

a
b, ψ̄k b

a
]

−
S(ik)S(ik)

4 (X0)
2 +

S(ik)Ψ
i
0Ψ̄

k
0

(X0)
2 +

1

2

∑

a 6=b

Ta
bTb

a

(xa − xb)
2 , (4.36)

Iik = εkj


S(ij) +

∑

a

ψ(i
aψ̄

j)
a +

∑

a 6=b

ψ(i
a
bψ̄j)

b
a


 , (4.37)

F =
1

4

∑

a

[
ψk

a, ψ̄k a

]
+

1

4

∑

a 6=b

[
ψk

a
b, ψ̄k b

a
]
. (4.38)

The commutators of the generator H with odd generators Qi, Q̄i are a quantum general-

ization of (3.23). The remaining generators Iik, F obey the same commutation relations as

in (4.1).

From the (anti)commutators obtained we observe that the generators (4.30), (4.36),

(4.37), (4.38) form the ŝu(2|1) superalgebra (4.1) up to the differences (Ta −Tb). However,
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recalling the constraints (2.20), this reduced system is specified also by the conditions

Ta − 2q − 2 (n− 1) = Zk
aZ̄

a
k +

∑

c 6=a

(
ψk

a
cψ̄kc

a −ψk
c
aψ̄ka

c
)
− 2q ≃ 0 , (4.39)

which must be superimposed on the physical states. Therefore, the differences (Ta −Tb)

are vanishing on the physical states, and the physical sector of the relevant Hilbert space

is closed under ŜU(2|1) symmetry.

It is important that the quantum constraints (4.39) commute with the ŝu(2|1)
generators: [

Ta,Q
i
]
=

[
Ta, Q̄i

]
= 0 . (4.40)

In addition, the quantities (4.31) satisfy the algebra

[
Ta

b,Tc
d
]
= δbc Ta

d − δda Tc
b , (4.41)

where Ta
a = Ta at fixed a.

It is instructive to be convinced that the numerator in the last term in (4.36) is indeed

reduced to that for U(2) spin Calogero-Moser system [33], when applied to the bosonic

wave functions Φbos defined by the conditions

ψ̄i aΦbos = ψ̄i a
bΦbos = 0 .

It is easy to check that in this case

Ta
b ⇒ Zk

aZ̄
b
k + 2(n− 1)δba

and the constraint (4.39) is reduced to

Zk
aZ̄

a
k − 2q ≃ 0 .

Now, taking into account that in the numerator in (4.36) a 6= b, it is easy to check that

1

2
Ta

bTb
a ⇒ −1

2
S(ij)
a Sb (ij) + q (q + 1) , a 6= b , (4.42)

where S
(ij)
a = Z

(i
a Z̄j) a (no summation over a). The operators S

(ij)
a are just the quantum

version of S
(ij)
a defined in (2.28). Foe each value of the index a they generate su(2) alge-

bras and commute with each other for a 6= b. The expression (4.42) coincides with that

appearing in the rational U(2) spin Calogero-Moser model, with q being the pairwise spin

coupling constant.5

5Following [33], this model can be referred to as the reduced matrix U(2) spin Calogero-Moser model,

with 2q ∈ Z>0. There exists another type of U(s) spin models, the so-called “exchange-operator mod-

els” [33–36], for which the spin coupling constant is an arbitrary number. Our SU(2|1) supersymmetric

multi-particle system yields just the first type of U(2) spin models in the bosonic sector.
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4.2.2 Division into subsystems

Using the simple identity
∑

a

KaMa =
1

n

∑

a

Ka

∑

b

Mb +
1

2n

∑

a 6=b

(Ka −Kb) (Ma −Mb)

which is valid for arbitrary n-vector operators Ka, Ma, a = 1, . . . , n, and introducing the

center-of-mass quantities (4.32) and

P0 =
1√
n

∑

a

pa , (4.43)

we can represent the charges (4.30) as the sums

Qk = Qk
0 + Qk , Q̄k = Q̄0k + Q̄k . (4.44)

The first items Qk
0, Q̄0k in these sums were defined in (4.19), and they involve only the

central-of-mass supercoordinates, whereas the second items Qk, Q̄k depend only on the

differences of the supercoordinates:

Qk =
1

2n

∑

a 6=b

[
(pa − pb)− im (xa − xb)

] (
ψk

a −ψk
b

)

− i

2

∑

a 6=b

ψk
a −ψk

b

xa − xb
+ i

∑

a 6=b

Ta
bψk

b
a

xa − xb
,

Q̄k =
1

2n

∑

a 6=b

[
(pa − pb) + im (xa − xb)

] (
ψ̄k a − ψ̄k b

)

− i

2

∑

a 6=b

ψ̄k a − ψ̄k b

xa − xb
+ i

∑

a 6=b

Ta
b ψ̄kb

a

xa − xb
.

(4.45)

Since [S(ij),Ta
b] = 0, Qk

0, Q̄0k anticommute with second Qk, Q̄k:{
Qk

0,Q
j
}
=

{
Qk

0, Q̄j

}
=

{
Q̄0k,Q

j
}
=

{
Q̄0k, Q̄j

}
= 0 . (4.46)

This implies that the bosonic generators (4.36), (4.37), (4.38) can also be represented as

similar sums,

H = H0 + H , Iik = I0
i
k + Iik , F = F0 + F, (4.47)

where H0, I0
i
k and F0 are given by eqs. (4.22), (4.23), (4.24) and so involve only the center-

of-mass coordinates, while the rest of operators is defined by the expressions

H =
1

4n

∑

a 6=b

(
(pa − pb)

2 +m2 (xa − xb)
2
)
+

1

2

∑

a 6=b

Ta
bTb

a

(xa − xb)
2

+
m

4n

∑

a 6=b

[(
ψk

a −ψk
b

)
,
(
ψ̄k a − ψ̄k b

)]
+

m

2

∑

a 6=b

[
ψk

a
b, ψ̄k b

a
]
, (4.48)

Iik = εkj


 1

2n

∑

a 6=b

(
ψ(i

a −ψ(i
b

)(
ψ̄j)

a − ψ̄j)
b

)
+
∑

a 6=b

ψ(i
a
bψ̄j)

b
a


 , (4.49)

F =
1

8n

∑

a 6=b

[(
ψk

a −ψk
b

)
,
(
ψ̄k a − ψ̄k b

)]
+

1

4

∑

a 6=b

[
ψk

a
b, ψ̄k b

a
]
. (4.50)
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The sets of the generators (Qk
0, Q̄0k, H0, I0

i
k, F0) and (Qk, Q̄k, H, Iik, F) form two

separate mutually (anti)commuting ŝu(2|1) superalgebras. Note that second set generates

an ŝu(2|1) superalgebra up to the constraints, as in (4.33), (4.34), (4.35). Also, note that

the “internal” SU(2) generators (4.49) (appearing in the anticommutator of supercharges)

act on the indices i, j of the fermionic operators ψi
a − ψi

b, ψ̄i a − ψ̄i b, ψ
i
a
b, ψ̄i a

b, a 6= b,

while the indices i, j of the spin operators Zi
a, Z̄

a
i are subject to the action of the external

SU(2) generators (4.6).

4.3 Subsystems of N=4 supersymmetric Calogero-Moser model

We have found that the N=4 supersymmetric n-particle Calogero-Moser system is a direct

sum of two subsystems with different realizations of the ŝu(2|1) generators.
The generators (Qk

0, Q̄0k, H0, I0
i
k, F0) act in the sector of the center-of-mass operators

(X0, P0, Ψ
i
0, Ψ̄0 i) and the spin operators (Zi

a, Z̄
a
i ). The second set of the ŝu(2|1) generators

(Q̂k, ˆ̄Qk, Ĥ, Îik, F̂) act, in the matrix formulation, within the sector of the traceless

operators (X̂, P̂, Ψ̂i, ˆ̄Ψi). Physical states in this subsystem are specified also by the spin

operators (Zi
a, Z̄a

i ) which are present in the u(n) constraints (4.28). These constraints

also specify physical states in the center-of-mass sector involving the same spin operators.

In the reduced formulation, the generators (Qk, Q̄k, H, Iik, F) are spanned by the set of

operators (xa −xb, pa −pb, ψ
i
a −ψi

b, ψ̄i a − ψ̄i b, ψ
i
a
b, ψ̄i a

b, a 6= b; Zi
a, Z̄

a
i ). It should be

pointed out that the spin operators Zi
a, Z̄

a
i have a non-zero action on the physical states

with q 6=0 for all subsystems defined above and listed below.

The just described structure of the considered system suggests that we can consider

three subsystems:

I) The center-of-mass sector spanned by the quantum operators (X0, P0, Ψ
i
0, Ψ̄0 i, Z

i
a,

Z̄a
i ) and the symmetry operators (Qk

0, Q̄0k, H0, I0
i
k, F0);

II) The pure Calogero-Moser multi-particle sector with the center-of-mass sector sep-

arated. It is spanned by the quantum operators (X̂, P̂, Ψ̂i, ˆ̄Ψi) in the matrix

formulation or by (xa − xb, pa − pb, ψ
i
a − ψi

b, ψ̄i a − ψ̄i b, ψ
i
a
b, ψ̄i a

b, a 6= b) in

the reduced formulation. In both formulations, this subsystem also involves the spin

operators Zi
a, Z̄

a
i . The SU(2|1) symmetry generators are (Q̂k, ˆ̄Qk, Ĥ, Îik, F̂) or (Q

k,

Q̄k, H, Iik, F);

III) The full Calogero-Moser multi-particle system which contains the center-of-mass sec-

tor and so is spanned by the set of all quantum operators. The ŜU(2|1) symmetry

generators are sums of the ŜU(2|1) generators acting in the two previously defined

sectors.

Now we are prepared to determine the energy spectrum of all these systems.

5 Center-of-mass subsystem with n sets of spin variables

In this section we consider the subsystem I) which describes the center-of-mass sector with

the Hamiltonian H0 (4.22).
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The center-of-mass supercoordinates (4.32), (4.43) satisfy the following (anti)commu-

tation relations

[X0,P0] = i ,
{
Ψi

0, Ψ̄0 k

}
= δik , (5.1)

while those for the spin variables read

[
Zi
a, Z̄

b
k

]
= − δikδ

b
a . (5.2)

We will use the following realization of the operator relations (5.1), (5.2)

X0 = x0 , P0 = −i
∂

∂x0
, Ψi

0 = ψi
0 , Ψ̄0 i =

∂

∂ψi
0

, (5.3)

Zi
a = zia , Z̄a

i =
∂

∂zia
, (5.4)

where x0 is a real commuting variable, zia are complex commuting variables and ψi
0 are

complex Grassmann variables. In this realization the Hamiltonian (4.22) takes the form

H0=
1

2

(
− ∂2

∂x02
+m2x0

2

)
+m

(
ψi
0

∂

∂ψi
0

−1

)
+

1

x02

(
−1

4
S(ik)Sik+S(ik)ψ0 i

∂

∂ψk
0

)
, (5.5)

where S(ij) =
∑

a

za (i
∂

∂z
j)
a

. Wave function Φ(2q)(x0, z
i
a, ψ

i
0) is subject to the n constraints

originating from (4.28):

Ga
aΦ(2q) =

(
zka

∂

∂zka
− 2q

)
Φ(2q) = 0 , a = 1, . . . , n . (5.6)

The solution of eqs. (5.6) is a function which is homogeneous of degree 2q with respect

to each set of spin variables zka . So the number q taking positive integer and half-integer

values can be treated as a spin associated with every SU(2) group generated by the quantum

generators

S(ij)
a = za (i

∂

∂z
j)
a

, (no summation over a). (5.7)

The number s will be associated with the diagonal SU(2) group generated by

S(ij) =
n∑

a=1

S(ij)
a , (5.8)

and, in what follows, will be referred to as “SU(2) spin s”. Since Φ(2q) is transformed in the

direct product of n spin q SU(2) representations, the maximal external SU(2) spin is just

s = nq. It will be convenient to expand Φ(2q) into irreducible multiplets of the diagonal

SU(2), with spins running in the intervals 0, 1 . . . nq (for 2nq even) or 1/2, 3/2 . . . nq (for

2nq odd).
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As an illustration, we dwell on two lower-n cases.

n = 2. In this case the wave function Φ0(x0, z
i
1, z

i
2, ψ

i
0) is subject to two constraints

(T1 − 2q) Φ
(2q)
0 =

(
zk1

∂

∂zk1
− 2q

)
Φ
(2q)
0 = 0 , (T2 − 2q) Φ

(2q)
0 =

(
zk2

∂

∂zk2
− 2q

)
Φ
(2q)
0 = 0 .

(5.9)

Their general solution is

Φ
(2q)
0 = (z1z2)

2q φ+

2q∑

s=1

(z1z2)
2q−s zi11 . . . zis1 z

is+1

2 . . . zi2s2 Φ(i1...i2s) , (5.10)

where (z1z2) := zi1z2i. The component wave functions φ, Φ(i1...i2s) in the expansion (5.10)are

functions of x0, ψ
i
0. They form irreducible SU(2) multiplets with spins s = 0, 1, . . . 2q .

Their expansions with respect to ψi
0 are

φ = a+ + ψi
0bi + (ψ0)

2 a− , (5.11)

Φ(i1...i2s) = A+(i1...i2s) + ψ0 (i1Bi2...i2s) + ψj
0Cj(i1...i2s) + (ψ0)

2A−(i1...i2s) . (5.12)

All components in these expansions are functions of x0 only. In the bosonic wave function

Φ
(2q)
0 , the fields a±, A±(i1...i2s) are bosonic, whereas bi, B(i2...i2s), C(ji1...i2s) are fermionic.

The SU(2) spins of the component wave functions are counted with respect to the “internal”

SU(2) with the generators (4.23) which contain, besides the part acting on the bosonic spin

variables, also the one acting on the fermionic variables.

Let us determine the eigenvalues of the Hamiltonian (5.5) on the wave function (5.10),

i.e. solve the stationary Schrödinger equation

H0Φ
(2q,ℓ)
0 = Es,ℓΦ

(2q,ℓ)
0 . (5.13)

As a prerequisite, we adduce the following eigenvalue relations

− 1

2
S(ij)S(ij)z

k1
1 . . . z

kp
1 z

kp+1

2 . . . zk2s2 A(k1...k2s) = s (s+ 1) zk11 . . . z
kp
1 z

kp+1

2 . . . zk2s2 A(k1...k2s) ,

(5.14)

S(ij) (z1z2) = 0 , S(ij)S(ij) ψ
k
0za k = −S(ij)ψ0 i

∂

∂ψj
0

ψk
0za k = −3

2
ψk
0za k , (5.15)

S(ij)ψ0 i
∂

∂ψj
0

ψn
0 z

k1
1 . . . z

kp
1 z

kp+1

2 . . . zk2s2 A(nk1...k2s) =

= −sψn
0 z

k1
1 . . . z

kp
1 z

kp+1

2 . . . zk2s2 A(nk1...k2s) .

(5.16)

S(ij)ψ0 i
∂

∂ψj
0

zk11 . . . z
kp
1 z

kp+1

2 . . . zk2s2 ψ0 (k1Ak2...k2s) =

= (s+ 1) zk11 . . . z
kp
1 z

kp+1

2 . . . zk2s2 ψ0 (k1Ak2...k2s).

(5.17)

They can be easily checked and shown to be valid for an arbitrary p ≤ 2s. Due to these re-

lations, all the component fields in the expansions (5.11), (5.12) of the wave function (5.10)
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are eigenstates of the center-of-mass Hamiltonian (5.5) with the spin s of the diagonal

SU(2) group given by S(ij). The equation (5.13) amounts to the following equations for

the component wave functions

1

2

[
− ∂2

∂x 2
0

+m2x0
2

]
a
(ℓ)
± = (E0,ℓ ±m) a

(ℓ)
± ,

1

2

[
− ∂2

∂x 2
0

+m2x0
2

]
b
(ℓ)
i = E0,ℓ b

(ℓ)
i , (5.18)

1

2

[
− ∂2

∂x 2
0

+m2x0
2 +

s(s+ 1)

x02

]
A

(ℓ)
±(i1...i2s)

= (Es,ℓ ±m)A
(ℓ)
±(i1...i2s)

,

1

2

[
− ∂2

∂x 2
0

+m2x0
2 +

(s+ 1)(s+ 2)

x02

]
B

(ℓ)
(i1...i2s−1)

= Es,ℓB
(ℓ)
(i1...i2s−1)

,

1

2

[
− ∂2

∂x 2
0

+m2x0
2 +

s(s− 1)

x02

]
C

(ℓ)
(i1...i2s+1)

= Es,ℓC
(ℓ)
(i1...i2s+1)

, (5.19)

where (5.18) corresponds to s = 0, while in (5.19) s runs over 2q ≥ 1 values, s = 1, . . . , 2q.

The equations (5.18) for the fields a
(ℓ)
± and b

(ℓ)
i have the form

1

2

[
− ∂2

∂x 2
0

+m2x0
2

]
f (ℓ)(x0) = Eℓ f

(ℓ)(x0) (5.20)

and describe the excitations of oscillators. The standard solutions of the equation (5.20)

are given via Hermite polynomials Hℓ as

f (ℓ)(x0) = Hℓ (x0) exp
(
−mx0

2/2
)
, ℓ = 0, 1, 2, . . . , (5.21)

and have the energies

Eℓ = m (ℓ+ 1/2) . (5.22)

Thus, the energy spectrum reads

E0,ℓ = m

(
ℓ− 1

2

)
. (5.23)

It is worth pointing out that the solution for N=4 supersymmetric harmonic oscilla-

tor (5.18) was originally given in [14].

The equations (5.19) for the fields A±(i1...i2s), B(i1...i2s−1) and C(i1...i2s+1) have the

generic form
1

2

[
− ∂2

∂x 2
0

+m2x0
2 +

γ (γ − 1)

x02

]
f (ℓ)(x0) = E

′
ℓ f

(ℓ)(x0) , (5.24)

where γ is a constant. It is the well-known equation describing quantum states of non-

relativistic particle moving in a sum of the one-dimensional oscillator and conformal inverse-

square potentials, and it has the following general solution (see, e.g., [1, 3, 40])

f (ℓ)(x0)=

√
2ℓ!

Γ(ℓ+γ+1/2)
x0

γL
(γ−1/2)
ℓ (mx0

2) exp(−mx0
2/2) , ℓ=0,1,2, . . . , (5.25)
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2
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2

9m

2
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2

H0

A+(ij) Bi C(ijk) A
−(ij)a+ bi a

−

Figure 1. The degeneracy of energy levels of H0 for n = 2 and q = 1/2. Circles and crosses

represent bosonic and fermionic states, respectively. On the left from the dotted vertical line the

degeneracy corresponding to harmonic oscillator [14, 19] is shown. On the right side there is shown a

sum of SU(2|1) representations specified by their spin values s and coinciding with those found in [27]

for the relevant spin. For the considered simplest case of q = 1/2, spin s takes only one value, s = 1.

where L
(γ−1/2)
ℓ is a generalized Laguerre polynomial. The corresponding energy levels are

E
′
γ,ℓ = m

(
2ℓ+ γ +

1

2

)
. (5.26)

The general solution (5.25) was used in ref. [27] to reveal the energy spectrum of the

one-particle system with one set of the spin variables. Each equation in the set (5.19)

has the form of (5.24), the parameter γ being s + 1, s + 2 and s, respectively. Thus, the

energy of the states of spins s and s+ 1/2 described by the wave functions A+(i1...i2s) and

C(i1...i2s+1), is equal to

Es,ℓ = m (2ℓ+ s+ 1/2) , ℓ = 0, 1, 2, . . . , s = 1, . . . , 2q .

The energy of the states A−(i1...i2s) of spin s and the states B(i1...i2s−1) of spin s + 1/2 is

given only for excited states by the same expression

Es,ℓ = m (2ℓ+ s+ 1/2) , ℓ = 1, 2, 3, . . . , s = 1, . . . , 2q .

The lowest energy for these states corresponds to s = 1, ℓ = 0 and equals

Emin =
3m

2
. (5.27)

At q = 1/2 we have the picture drawn in the figure 1.

The q = 1 case encompasses the same states as for q = 1/2 (s = 1) depicted in figure 1,

but also additional states with higher spins and higher energies. The similar pictures persist

at lager q.
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Summarizing the above discussion, we observe the basic distinction between the one-

particle system of ref. [27] and the center-of-mass sector of n-particle system considered

here. In the former case, the energy spectrum arises as a solution of the eigenvalue problems

of the type (5.24), with the Hamiltonians involving a sum of the oscillator and the inverse

square potentials. In the latter case, the energy spectrum contains as well pure oscillator

excitations due to the presence of the eigenvalue problems of the type (5.20).

n = 3. In this case there are three constraints of the type (5.6) and for integer q they

lead to the following dependence of the wave function on the spin variables

Φ
(2q)
0 = [(zazb) (zazc) (zbzc)]

q φ+
∑

a 6=b,a 6=c,b 6=c

(zazb)
q−1 [(zazc) (zbzc)]

q ziaz
k
b Φab(ik) + . . .

+ zi11 . . . z
i2q
1 zj12 . . . z

j2q
2 zk13 . . . z

k2q
3 Φ(i1...i2qj1...j2qk1...k2q) . (5.28)

The component wave functions in the expansion (5.28) are functions of x0 and ψi
0, and

they display the dependence on ψi
0 similar to that in (5.12).

In the three-spinor case, the relations analogous to (5.14), (5.15), (5.16), (5.17) are

also valid, the difference is that now an additional spin variable zi3 appears in the products.

As a result, in the energy spectrum we find the same states as in the n = 2 case, though

with a bigger multiplicity (due to extra indices ab in (5.28)), as well as the states of higher

spins due to the presence of the additional spin variable zi3.

In the case of half-integer q, the n = 3 wave function has an expansion in which

the component wave functions carry odd numbers of spinor indices, as opposed to the

expansion (5.28). For example, for q = 1/2 wave function is

Φ
(1)
0 = (z2z3) z

i
1Φ1 i + (z1z3) z

i
2Φ2 i + (z1z2) z

i
3Φ3 i . (5.29)

The superwave functions Φa i(x0, ψ0) display the energy spectrum of the one-particle system

of ref. [27], this time with the three-fold degeneracy.

The pictures for higher n are similar to those for n = 2 and n = 3, such that the

number of states and the values of admissible spins are increasing at increasing n.

6 Calogero-Moser system without center-of-mass sector

As was mentioned in Introduction, there are two methods of finding the quantum energy

spectrum of multiparticle Calogero-type systems: either by considering matrix models

which produce physically equivalent Calogero-type systems after gauge-fixing and the cor-

responding reduction of phase space, or through introducing Dunkl operators and passing

to a generalized oscillator system. In this section we apply the first method to quantize

the N = 4 spin Calogero-Moser model under consideration in the matrix formulation, with

the center-of-mass sector detached (section 6.1). The case of the reduced-phase space is

briefly addressed in section 6.2.
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6.1 Quantization in matrix formulation

We consider the quantization of the matrix subsystem in which ŝu(2|1) superalgebra is

formed by the generators (Q̂k, ˆ̄Qk, Ĥ, Îik, F̂) defined in (4.20), (4.25), (4.26) and (4.27).

The basic operators of this system are spin operators Zi
a, Z̄

a
i and traceless matrix operators

X̂a
b, P̂a

b, Ψ̂a
b, ˆ̄Ψa

b subject to the constraints (4.28) (as usual, applied to the physical

states).

Introducing creation and annihilation even operators

Aa
b =

1√
2m

(
P̂a

b − imX̂a
b
)
, A+

a
b =

1√
2m

(
P̂a

b + imX̂a
b
)
, (6.1)

Tr (A) = Tr
(
A+

)
= 0 ,

we rewrite the Hamiltonian (4.25) in the form

Ĥ =
m

2
Tr

{
A+,A

}
+

m

2
Tr

[
Ψ̂k, ˆ̄Ψk

]
. (6.2)

In this notation, the supercharges (4.20) are rewritten as

Q̂k =
√
2mTr

(
AΨ̂k

)
, ˆ̄Qk =

√
2mTr

(
A+ ˆ̄Ψk

)
, (6.3)

where quantum (anti)commutators of the involved operators are

[
Aa

b,A+
c
d
]
= δa

dδc
b − 1

n
δa

bδc
d,

{
Ψ̂i

a
b, ˆ̄Ψjc

d
}
=

(
δa

dδc
b − 1

n
δa

bδc
d

)
δij . (6.4)

The constraints (4.28) take the form

Ga
b =

[
A+,A

]
a
b +

{
ˆ̄Ψk, Ψ̂

k
}
a

b + Zk
aZ̄

b
k −

(
2q + n− 1

n

)
δa

b ≃ 0 . (6.5)

They involve the spin operators, with the non-vanishing commutator

[
Zi
a, Z̄

b
k

]
= − δikδ

b
a . (6.6)

The operators Zi
a, A+

a
b, Ψ̂i

a
b form a full set of creation operators. Therefore, the

general structure of the physical states is as follows

Zi1
a1 . . .Z

ik1
ak1

A+
b1

c1 . . .A+
bk2

ck2 Ψ̂j1
d1

e1 . . . Ψ̂jk3 dk3
ek3 |0〉 . (6.7)

In the holomorphic realization,

Zi
a = zia , Z̄a

i =
∂

∂zia
,

A+
b
c = â+b

c = a+b
c − 1

n
δcb a

+
d
d , Ab

c =
∂

∂â+c b
=

∂

∂a+c b
− 1

n
δcb

∂

∂a+d
d
,

Ψ̂i
b
c = Ψ̂i

b
c = Ψi

b
c − 1

n
δcb Ψ

i
d
d , ˆ̄Ψib

c =
∂

∂Ψ̂i
c
b
=

∂

∂Ψi
c
b
− 1

n
δb

c ∂

∂Ψi
d
d
, (6.8)
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we deal with the traceless objects â+ and Ψ̂i. Then the physical states (6.7) are rewritten as

zi1a1 . . . z
ik1
ak1

â+b1
c1 . . . â+bk2

ck2 Ψ̂j1
d1

e1 . . . Ψ̂jk3 dk3
ek3 |0〉 . (6.9)

The constraint (6.5) indicates that all physical states are singlets of SU(n) (see [33, 37–39]).

This is also a direct consequence of vanishing of all Casimir operators on the states (6.7):

Ga
bGb

c . . .Ge
a ≃ 0 . (6.10)

On the other hand, the states (6.7) belong to irreducible representations of the group

SU(2) with the generators S(ij) defined in (4.6) and the group SU(2) × U(1) with the

generators (4.26), (4.27) acting only on fermionic fields.

Eigenvalues of the Hamiltonian (6.2) on the states (6.7) are specified by the numbers

NA and NΨ of the operators A+
b
c and Ψ̂i

b
c:

E = m

(
NA +NΨ − n2 − 1

2

)
. (6.11)

Here we will basically limit our consideration to the pure bosonic case, without odd

operators Ψ̂i
b
c, ˆ̄Ψjb

c. The set of fermionic states can be generated by action of the super-

charges on the subset of bosonic states. Examples of fermionic states will be constructed

below for few simple particular cases.

The trace part of the constraints (6.5) leads to homogeneity of the physical states of

degree 2qn with respect to the spin operators Z . In addition, the property that physical

states are the SU(n) singlets implies the following structure for them [33, 37–39]

Φ(2q,s,ℓ) ≃
[
Tr

(
A+

)2]p2 [
Tr

(
A+

)3]p3
. . .

[
Tr

(
A+

)n]pn

×
2q−1∏

r=0

{
εa1a2...an

[(
A+

)lnr+1 Zinr+1

]
a1

. . .
[(
A+

)lnr+n Zinr+n

]
an

}
|0〉 , (6.12)

where p2, p3 . . . , pn are arbitrary integers and 0 ≤ lnr+1 ≤ lnr+2 . . . lnr+n < n. The wave

function Φ(2q,s,ℓ) in (6.12) is given up to the coefficients C(i1i2...i2s), where the number s ≤ nq

can be interpreted as SU(2) spin, with 2s being the number of symmetrized SU(2) indices

of spin variables. It is worth pointing out that for lr < n/2 the coincident degrees, lr = lp,

are permitted. Besides, such a degree cannot appear more than once in the products of

monomials
{
εa1a2...an

[(
A+

)lnr+1 Zinr+1

]
a1

. . .
[(
A+

)lnr+n Zinr+n

]
an

}
, r = 0, 1 . . . 2q − 1 . (6.13)

For the highest spin s = nq, the degrees are given by

lnr+1 = 0 , lnr+2 = 1 , . . . lnr+n = n− 1 , r = 0, 1 . . . 2q − 1 . (6.14)

Degeneracy analysis of bosonic wave functions for the quantum spin Calogero model

was considered in [36], where it was noticed that some of possible spin states may vanish.

Here we consider the matrix construction for the system with the center-of-mass sector
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detached,6 where some of these spin states may also vanish. Listing all admissible degree

numbers lnr+1, lnr+2 . . . , lnr+n is a rather complicated task.

On the states (6.12) the energy (6.11) take the values

E = m

(
n∑

k=2

kpk +

2qn∑

k=1

lk −
n2 − 1

2

)
. (6.15)

The energy is maximal for the choice (6.14):

E(s=nq) = m

(
n∑

k=2

kpk + (n− 1)nq − n2 − 1

2

)
. (6.16)

The minimal energy corresponds to the choice p2 = p3 . . . pn = 0 and lnr+1 = lnr+2 = 0,

lnr+3 = lnr+4 = 1, lnr+5 = lnr+6 = 2, etc:

Emin = m

[
n
(n
2
− 1

)
q − n2 − 1

2

]
, for even n ,

Emin = m

[
(n− 1)2 q

2
− n2 − 1

2

]
, for odd n > 1 . (6.17)

The fermionic states are constructed with the help of the operators Ψ̂i
b
c, on the

pattern of (6.12). Such physical states have additional contributions mNΨ to the en-

ergy value (6.15). As was already mentioned, full wave functions can be generated from

the bosonic states (6.7) by acting on them by the supercharges (6.3). Casimir opera-

tors (4.2), (4.2) take the following values on the states (6.7) and those produced from (6.7)

by SU(2|1) supersymmetry transformation:

m2C2 =

(
E +

(
n2 − 1

)
m

2

)(
E +

(
n2 − 3

)
m

2

)
,

m3C3 =

(
E +

(
n2 − 2

)
m

2

)
C2 . (6.18)

Casimirs can take zero eigenvalues only for n = 2 at arbitrary q and for n = 3 at q = 1/2

(we consider q > 0 in this paper). The corresponding sets of the quantum states belong to

atypical representations of SU(2|1). For illustration, we will consider here these two cases

in some detail.

n = 2. In this case the Hamiltonian is written as

Ĥ = mTr
(
A+A

)
+mTr

(
Ψ̂k ˆ̄Ψk

)
− 3m

2
. (6.19)

Bosonic wave functions, from which the full set of the wave functions can be produced by

the supercharges (6.4), are given by

Φ(2q,s,ℓ) =
[
Tr

(
A+

)2]ℓ (
εijε

abZi
aZ

j
b

)2q−s
Zi1
a1Z

i2
a2 . . .Z

i2s
a2s

s∏

k=1

εakbkA+
bk

as+kC(i1i2...i2s) |0〉 ,

(6.20)

6The construction of [36] implies reduction to the angular spin Calogero model by separating the radial

coordinate, which corresponds in the quantum case to setting p2 = 0 in (6.12).
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where C(i1i2...i2s) are coefficients with 2s symmetric indices. The wave functions Φ(2q,s,ℓ)

are eigenfunctions of the Hamiltonian (6.19),

ĤΦ(2q,s,ℓ) = E(s,ℓ)Φ
(2q,s,ℓ), s = 0, 1 . . . 2q , (6.21)

with the energy eigenvalues

E(s,ℓ) = m

(
2ℓ+ s− 3

2

)
. (6.22)

The wave functions on which Casimirs take zero values, i.e., those belonging to atypical

representations of SU(2|1), correspond to the choice s = 0, ℓ = 0:

Φ(2q,0,0) =
(
εijε

abZi
aZ

j
b

)2q
|0〉 , (6.23)

This ground state wave function is SU(2|1) singlet, since it is annihilated by both su-

percharges. There is still another atypical non-singlet bosonic state corresponding to

s = 1, ℓ = 0:

Φ(2q,1,0) =
(
εk1k2ε

c1c2Zk1
c1Z

k2
c2

)2q−1
εabZ(i1

a Z
i2)
d A+

b
d |0〉 , (6.24)

which gives rise to the fundamental SU(2|1) representation. The other two components of

this representation are generated from (6.24) by SU(2|1) supercharges:

Q̂jΦ(2q,1,0) =
√
2m

(
εk1k2ε

c1c2Zk1
c1Z

k2
c2

)2q−1
εabZ(i1

a Z
i2)
d Ψ̂j

b
d |0〉 , etc. (6.25)

n = 3, q = 1/2. The n = 3 Hamiltonian reads

Ĥ =
m

2
Tr

{
A+,A

}
+

m

2
Tr

[
Ψ̂k, ˆ̄Ψk

]
= mTr

(
A+A

)
+mTr

(
Ψ̂k ˆ̄Ψk

)
− 4m. (6.26)

For q = 1/2, the bosonic wave functions Φ(2q,s,ℓ) as eigenfunctions of this Hamiltonian are

constructed as

Φ(1,1/2,ℓ)=
[
Tr

(
A+

)2]p2 [
Tr

(
A+

)3]p3
εa1a2a3εijZ

i
a1Z

j
a2

(
A+Zk

)
a3
Ck |0〉 , (6.27)

Φ′(1,1/2,ℓ)=
[
Tr

(
A+

)2]p2 [
Tr

(
A+

)3]p3
εa1a2a3εij

(
A+Zi

)
a1

(
A+Zj

)
a2
Zk
a3C

′
k |0〉 ,

Φ(1,3/2,ℓ)=
[
Tr

(
A+

)2]p2 [
Tr

(
A+

)3]p3
εa1a2a3Zi

a1

(
A+Zj

)
a2

([
A+

]2
Zk

)
a3
C(ijk) |0〉 ,

with the coefficients Ck, C
′
k, C(ijk). They have the following energy values

E(1/2,ℓ) = m (ℓ− 3) , E′
(1/2,ℓ) = m (ℓ− 2) , E(3/2,ℓ) = m (ℓ− 1) , (6.28)

where ℓ = 2p2 + 3p3. The minimal energy is achieved on the state

Φ(1,1/2,0) = εa1a2a3εijZ
i1
a1Z

i2
a2

(
A+Zk

)
a3

|0〉 (6.29)

and it is equal to

E(1/2,0) = −3m. (6.30)
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Casimir operators take zero values on this state. The action of the SU(2|1) supercharge,

Q̂jΦ(1,1/2,0) = εa1a2a3εi1i2Z
i1
a1Z

i2
a2

(
Ψ̂jZk

)
a3

|0〉 , (6.31)

produces an additional fermionic state which, together with (6.29) and one more bosonic

state generated by further action of supercharges on (6.31), constitute an atypical funda-

mental SU(2|1) supermultiplet.

6.2 Quantization of the reduced spinning Calogero-Moser system

We briefly discuss quantization of the reduced spinning Calogero-Moser multi-particle sys-

tem without center-of-mass defined in section 4.2.1. More explicitly, we consider the two-

particle case n = 2.

Introducing the holomorphic realization

Zi
a := zia , Z̄a

i :=
∂

∂zia
, pa := −i∂a = −i

∂

∂xa
,

ψi
a = ψi

a, ψ̄i a =
∂

∂ψi
a
, ψi

b
c = ψi

b
c, ψ̄ib

c =
∂

∂ψi
c
b
, (6.32)

the differential realization of Hamiltonian (4.48) on physical states is given by

∑

a<b

[
1

2n

[
− (∂a − ∂b)

2 +m2 (xa − xb)
2
]
+

gab

(xa − xb)
2

]
+ const . (6.33)

Here gab are eigenvalues of the quantum operators 1
2

{
Ta

b,Tb
a
}
(a < b), and they corre-

spond to spin couplings of two interacting particles xa and xb. As was shown in section 4.2,

one can represent gab on bosonic states via (5.7) as

gab = −S(ij)
a Sb (ij) + 2q (q + 1) , a < b . (6.34)

This model is restricted to positive integer values of 2q and is referred to as “matrix model”

in [33]. Arbitrary values of 2q can be achieved by applying the exchange operator formal-

ism involving Dunkl operators (see, e.g., [35]). As was already mentioned, our SU(2|1)
supersymmetric system yields just the U(2) spin matrix model as its bosonic core.

In the simpler case gab = ϑ (ϑ∓ 1), quantization was given in [7, 8, 34] via Dunkl

operators defined as

Da = ∂a +
∑

a( 6=b)

ϑ

xa − xb
(1−Kab) , (6.35)

where Kab is a permutation operator, Kab xb = xaKab. Below we consider the simplest

case n = 2, where g12 = s (s+ 1) and the operator K12 becomes Klein-type operator acting

on the relative coordinate x1 − x2 as

K12 (x1 − x2) = (x2 − x1)K12 = − (x1 − x2)K12 , (K12)
2 = 1 . (6.36)
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Let us consider in details the two-particle system (n = 2). It is described by the

algebra of quantum operators

[x,p] = i ,
[
Zk
1, Z̄

1
j

]
=

[
Zk
2, Z̄

2
j

]
= − δkj ,

{
ψk, ψ̄j

}
= δkj ,

{
ψk

1
2, ψ̄j 2

1
}
=

{
ψk

2
1, ψ̄j 1

2
}
= δkj ,

(6.37)

where

x =
1√
2
(x1 − x2) , p =

1√
2
(p1 − p2) , (6.38)

ψi =
1√
2

(
ψi

1 −ψi
2

)
, ψ̄i =

1√
2

(
ψ̄i 1 − ψ̄i 2

)
. (6.39)

Below we use the following realization for them

x = x , p = −i
∂

∂x
, ψi = ψi , ψ̄i =

∂

∂ψi
,

Zi
1 = zi1 , Zi

2 = zi2 , Z̄1
j =

∂

∂zj1
, Z̄2

j =
∂

∂zj2
,

ψi
1
2 = ψi

1
2 , ψi

2
1 = ψi

2
1 , ψ̄i 1

2 =
∂

∂ψi
2
1
, ψ̄i 2

1 =
∂

∂ψi
1
2
.

(6.40)

Here x, zia and ψi, ψi
a
b, a = 1, 2 are complex commuting and fermionic anticommuting

variables, respectively.

The Hamiltonian (4.48) without center of mass takes the form

H =
1

2

(
− ∂2

∂x2
+m2x2

)
+m

(
ψk ∂

∂ψk
+ ψk

1
2 ∂

∂ψk
1
2
+ ψk

2
1 ∂

∂ψk
2
1
− 3

)
+

{
T1

2,T2
1
}

4x2
.

(6.41)

where

T1
2 = zk1

∂

∂zk2
+
√
2ψk ∂

∂ψk
2
1
−
√
2ψk

1
2 ∂

∂ψk
,

T2
1 = zk2

∂

∂zk1
−
√
2ψk ∂

∂ψk
1
2
+
√
2ψk

2
1 ∂

∂ψk
. (6.42)

The operators (6.42) act in the following way on the variables entering the wave function

T1
2 : zk2 → zk1 , ψk → −

√
2ψk

1
2 , ψk

2
1 →

√
2ψk ;

T2
1 : zk1 → zk2 , ψk →

√
2ψk

2
1 , ψk

1
2 → −

√
2ψk

(6.43)

and give zero, while acting on other variables. Thus, the operators T1
2T2

1 and T2
1T1

2

transform all components in the expansion of the wave function into themselves, with

some coefficients including the vanishing ones. Therefore, on all components the Hamil-

tonian (6.41) has the standard form with the oscillator and conformal potentials. As the

result, we can find its energy spectrum.

This system is similar to the one we have considered in section 5, but it has a wider set

of fermionic fields. The spin s is associated with the diagonal external SU(2) group (4.6).
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In contrast to (4.23), the SU(2) subgroup (4.49) of SU(2|1) acts only on fermionic fields,

which gives a different degeneracy picture for the supergroup SU(2|1).
Let us consider pure bosonic wave functions. They are given by

Ω(2q) =
∞∑

ℓ

2q∑

s=0

Ω(2q,s,ℓ),

Ω(2q,s,ℓ)
(
x, zi1, z

j
2

)
=

(
zk1zk2

)2q−s
zi11 zi21 . . . zis1 z

is+1

2 . . . zi2s2 A
(s,ℓ)
(i1i2...i2s)

(x) , (6.44)

and are subject to the constraints

T1Ω
(2q) = T2Ω

(2q) = 2qΩ(q), 2q = 1, 2, 3 . . . ,

T1 = zk1
∂

∂zk1
+ ψk

1
2 ∂

ψk
1
2
− ψk

2
1 ∂

ψk
2
1
,

T2 = zk2
∂

∂zk2
− ψk

1
2 ∂

ψk
1
2
+ ψk

2
1 ∂

ψk
2
1
. (6.45)

The eigenvalue problem for the Hamiltonian (6.41) amounts to the equation

1

2

[
− ∂2

∂x2
+m2x2 +

s (s+ 1)

x2
− 6m

]
A(s,ℓ) (x)(i1i2...i2s) = E(s,ℓ)A

(s,ℓ)
(i1i2...i2s)

, (6.46)

which is solved as7

A(s,ℓ) (x)(i1i2...i2s) = C(i1i2...i2s) x
s+1 L

(s+1/2)
ℓ

(
mx2

)
exp(−mx2/2) , ℓ = 0, 1, 2, . . . ,

E(s,ℓ) = m

(
2ℓ+ s− 3

2

)
. (6.47)

The energy spectrum is consistent with the energy spectrum (6.22) calculated in the matrix

formulation.

An alternative construction of wave functions can be given via creation and annihilation

operators [7, 8, 34]. To solve the equation (6.46), we take the ansatz:

A
(s,ℓ)
(i1i2...i2s)

= C(i1i2...i2s) x
s+1Φ

(s,ℓ)
+ , (6.48)

where Φ
(s,ℓ)
+ is an even function of x. Introducing the Klein operator K :=K12 (6.36)

satisfying

K2 = 1 , Kx = −xK, K∂x = −∂xK, KΦ
(s,ℓ)
+ = Φ

(s,ℓ)
+ , (6.49)

we define the creation and annihilation operators a± through the Dunkl operator D:

a± = ∓D +mx , D =

[
∂x +

s+ 1

x
(1−K)

]
, Ka± = −a±K . (6.50)

7As was discussed in [27], the equation (6.46) has an additional solution which was thrown away for

s > 0 due to the presence of singularities at x = 0. Here this additional solution must be thrown away even

for the case s = 0, applying the same reasoning to the fermionic expansion of the full wave function.
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Then eq. (6.46) is rewritten as

1

2

[
− ∂2

∂x2
+m2x2 +

s (s+ 1)

x2
− 6m

]
A(s,ℓ) = xs+1H+Φ

(s,ℓ)
+ , (6.51)

where

H+ =
1

2
a+a− +

m

2
(2sK + 2K − 5) ,

[
H+,a

±
]
= ±ma±. (6.52)

Taking into account that KΦ
(s,ℓ)
+ = Φ

(s,ℓ)
+ , the function Φ

(s,ℓ)
+ is expressed as

Φ
(s,ℓ)
+ =

(
a+

)2ℓ
Φ
(s,0)
+ , a−Φ

(s,0)
+ = 0 , (6.53)

and the associate energy spectrum is

H+Φ
(s,ℓ)
+ = E(s,ℓ)Φ

(s,ℓ)
+ , E(s,ℓ) = m

(
2ℓ+ s− 3

2

)
, ℓ = 0, 1, 2, . . . . (6.54)

One can also choose an alternative ansatz

A(s,ℓ) = xsΦ
(s,ℓ)
− , (6.55)

satisfying

KΦ
(s,ℓ)
− = −Φ

(s,ℓ)
− . (6.56)

The construction of wave functions via the creation and annihilation operators will give

the same solution for the energy spectrum as (6.54). We skip details of this construction

which is similar to the previous one.

7 Quantization of the full system (center-of-mass plus relative-coordinate

sectors)

The energy spectrum of the unified system, which is a sum of the center-of-mass sector

of section 5 and the relative coordinate system of section 6, can be found as a tensorial

product of the spectra of these two subsystems.

In the ungauged matrix formulation, the bosonic wave functions are a generalization

of (6.12) in the holomorphic realization (6.8):

Φ(2q,s,l) ∼ f(j1...j2s)(x0)
[
Tr

(
â+

)2]p2 [
Tr

(
â+

)3]p3
. . .

[
Tr

(
â+

)n]pn

×
2q−1∏

r=0

{
εa1a2...an

[(
â+

)lnr+1 zinr+1

]
a1

. . .
[(
â+

)lnr+n zinr+n

]
an

}
|0〉 . (7.1)

Their general structure is quite specified by the three requirements:

• The wave functions should be U(n) invariant as a consequence of the constraint (4.12)

(or its equivalent form (4.28)). This means that all U(n) indices a should be con-

tracted with the appropriate invariant tensors;
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• They should be of degree 2qn with respect to the whole set of spin variables in virtue

of the constraint (4.14);

• All free SU(2) indices of the spin variables should be symmetrized and contracted with

the indices of f(i1...i2s)(x0). The energy spectrum of admissible spins of these functions

extends from s = 0 to nq (for 2nq even) and from s = 1/2 to nq (for 2nq odd).

All the fermionic wave functions can be obtained by action of the total supercharges

on (7.1). The basic distinctions of the total system from the multi-particle system of

section 6 concern the realizations of the SU(2) symmetry appearing in the anti-commutators

of the supercharges as an internal subgroup of SU(2|1). In the system with the center-of-

mass sector detached considered in section 6, this SU(2) symmetry is given by (4.49), acts

only on the fermionic operators and gives rise just to degeneracy of the energy spectrum. In

the total system, the internal SU(2) symmetry acts on the indices i, j, . . . of all components

of the wave functions (7.1) and their fermionic completion.

Taking into account the analysis of the previous section, we see that the problem of

description of all states in the unified case (the option III) in section 4.3) for an arbitrary

n is rather complicated. At the same time, we can directly determine, for all possible cases,

the full energy spectrum simply by applying the methods of the previous sections. Let us

briefly describe the energy spectrum for the choice of n = 2.

In this simplest case the matrix system is described by the Hamiltonian

H =
1

2

(
− ∂2

∂x02
+m2x0

2 − 1

)
+mψi

0

∂

∂ψi
0

+
1

x02

(
−1

4
S(ik)Sik + S(ik)ψ0 i

∂

∂ψk
0

)

+ mTr
(
A+A

)
+mTr

(
ΨkΨ̄k

)
− 2m. (7.2)

The traceless part of the general constraints (6.5),

Ga
b =

i

n
[X0,P0] δa

b +
[
A+,A

]
a
b +

{
Ψ̄k,Ψ

k
}
a

b + Zk
aZ̄

b
k − (2q + n) δa

b ≃ 0 , (7.3)

requires wave functions to be SU(n) scalars, while its trace part fixes the degree of homo-

geneity with respect to spin variables:

∑

a

Ga
a = 0 ⇒

∑

a

Zk
aZ̄

a
k − 4q = 0 . (7.4)

The bosonic wave functions are constructed as

Φ(2q,0,ℓ,ℓ0) = Hℓ0 (x0) e
−

mx0
2

2

[
Tr

(
A+

)2]ℓ (
εijε

abZi
aZ

j
b

)2q
|0〉 , (7.5)

Φ(2q,s,ℓ,ℓ0) = A
(ℓ0)
(i1i2...i2s)

(x0)
[
Tr

(
A+

)2]ℓ (
εijε

abZi
aZ

j
b

)2q−s
Z(i1
a1 Z

i2
a2 . . .Z

i2s)
a2s

×
s∏

k=1

εakbkA+
bk

as+k |0〉 , s = 1, 2 . . . 2q , (7.6)
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and possess the energies

E(0,ℓ,ℓ0) = m (2ℓ+ ℓ0 − 2) ,

E(s,ℓ,ℓ0) = 2m

(
ℓ+ ℓ0 + s− 1

2

)
, s = 1, 2 . . . 2q . (7.7)

The complete set of the quantum states is recovered through the action of SU(2|1) super-
charges on the complete set of these bosonic wave functions.

The generic case in the reduced phase space formulation will be considered elsewhere.

8 Concluding remarks and outlook

In this paper, we presented the full quantum description of the SU(2|1) supersymmetric

multi-particle Calogero-Moser system with spin variables. It was constructed by mak-

ing use of the matrix formulation of this system. Due to the presence of spin variables,

the system under consideration involves internal spin degrees of freedom and so provides

N=4 supersymmetrization of U(2) spin Calogero-Moser system, as opposed to the systems

considered in refs. [41–43].

We obtained the explicit expressions for the classical and quantum charges of the

mass-deformed N=4 supersymmetry inherent to the multiparticle system considered. The

crucial role in quantization of this system is played by the property that it became possible

to single out the center-of-mass subsector in the full system. This allowed us to separately

explore the case of the center of mass and the case without the center-of-mass variables.

Knowing the energy spectrum in these two cases immediately allows one to derive the

energy spectrum of the total system.

We computed the energy spectrum, exploiting the matrix formulation of the N=4

supersymmetric U(2) spin Calogero-Moser system. An alternative way of quantizing such

systems is to deal with the reduced system, involving the dynamical position coordinates

only. Such a method [7, 8, 30, 31, 33, 34] (the “operator method” in the terminology by

A.Polychronakos) widely uses the Dunkl operators for building the oscillator-like phase

space of the multi-particle Calogero-type systems. Some simple examples of applying this

equivalent method within the model considered here were already discussed in section 6.2.

In the next publication we are planning to develop, in full generality, the applications of the

operator method to the systems with spin variables. On this way we expect, in particular,

to find out some new generalizations of the Dunkl operators and obtain a complete set of

independent conserved quantities (integrals) for a rigorous proof of possible integrability

of our system. One more direction for the future study is to construct and quantize multi-

particle Calogero-type models with higher-rank deformed supersymmetries of the kind

SU(m|n) and to reveal their relationships with the integrable structures in N=4 super

Yang-Mills theory, e.g., along the lines of refs. [11, 12].

One more interesting problem is to elucidate a possible hidden superconformal sym-

metry of the multi-particle system considered. In the one-particle case, the corresponding

quantum-mechanical (massive) system [13] was found to possess such a hidden N=4 su-

perconformal symmetry associated with the supergroup OSp(4|2) [27]. In the quantum
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domain, the corresponding superalgebra osp(4|2) acts as a spectrum-generating algebra.

The existence of an analogous extension of SU(2|1) symmetry in the multi-particle case is

an open question. In general, one could expect as well a hidden D(2, 1;α) supersymmetry

for which OSp(4|2) is a particular case corresponding to the choice α = −1/2. However,

this possibility would require, from the very beginning, some nonlinear sigma model action

for the superfields X
a
b in (1.1) and, respectively, for the bosonic fields Xa

b in (1.5). The

choice of OSp(4|2) is the unique one consistent with free kinetic terms for the bosonic fields,

as long as one insists on the supercharges (4.30) being linear in fermionic variables [44].

Allowing for supercharge terms cubic in the fermionic operators will constrain their coeffi-

cient functions by the so-called WDVV equations [41–46]. It will be interesting to develop

a superspace variant of this more general situation.
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