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1 Introduction

The many-particle Calogero-Moser systems [1-6] and their generalizations occupy a dis-
tinguished place in the contemporary theoretical and mathematical physics. Apart from
such notable mathematical properties, as the classical and quantum integrability, these sys-
tems possess a wide range of physical applications which are hard to enumerate. Among
these applications, it is worth to mention, e.g., a close connection between the algebra
of observables in the Calogero system and the higher-spin algebra, as was pointed out
in [7, 8]. In the same papers, there was revealed an important role of Calogero-like models
for describing particles with fractional statistics. Amnother widely known applications of
the Calogero-Moser systems concern the black hole physics. It was suggested [9] that the



Calogero-Moser systems can provide a microscopic description of the extreme Reissner-
Nordstrom black hole in the near-horizon limit. It was argued that, from the M-theory
perspective, an important role in this correspondence should be played by various N'=4 su-
persymmetric extensions of the Calogero-Moser models. Supersymmetric Calogero-Moser
systems have also further applications in string theory (see, for example, [10]) and N'=4
super Yang-Mills theory [11, 12].

Keeping in mind these physical and mathematical motivations, it seems of great interest
to construct and study new versions of supersymmetric Calogero-type systems.

In a recent paper [13], there was proposed the superfield matrix model of SU(2|1)

! as a new N'=4 extension of d = 1 Calogero-Moser multi-

supersymmetric mechanics
particle system. This matrix model is a massive generalization of the multiparticle N'=4
model constructed and studied in [24, 25]. It is naturally formulated in d = 1 harmonic

superspace [26] and is described by the following set of A'=4 harmonic superfields:

e n? commuting general superfields X¢ = (f)/éé), a,b=1,...,n combined into an her-

mitian nxn-matrix superfield X = (X?) which transform in adjoint representation of
U(n) and represent off-shell SU(2|1) multiplets (1,4, 3);

e n commuting analytic complex superfields Z} forming U(n) spinor Zt = (Z}),
Z*t = (Z7%%) and representing off-shell SU(2|1) multiplets (4, 4, 0);

e n? non-propagating analytic “topological” gauge superfields V*+ = (V+10)

(VD) = v,

The matrix superfield X = X ({g) is defined on the SU(2|1) harmonic superspace
(g = (tA,Gi,Q_i,w;t) (i = 1,2), while the analytic superfields Z*, Z+ and V** on the
analytic harmonic subspace (4 = (t 4,607,067, wzi) C (g - The relevant superfield action is
written as

1 1 _ ~ ) _
Smatrix = 1 /MHTr (962) + 3 /,u(A 2)1/()2:’+C”Z’C'LIr + ;c/uf4 2Ty vt (1.1)

where the invariant integration measures are written as
pg = dwdtadf=do~dgTdOt (1+moT6- —mo=07), ul® =dwdiaddtdot. (1.2)

The mass-dimension parameter m is encoded in the centrally-extended superalgebra su(2|1)
as the contraction parameter to the flat N'=4,d = 1 superalgebra.? It does not explicitly
appear in (1.1) but comes out in the component action from the measure py and the
f-expansion of the superfields X as a result of solving the appropriate SU(2|1) covariant

!This kind of deformed N'=4 supersymmetric mechanics was introduced and studied in [14-21]. Some
of the SU(2|1) models can be derived by a dimensional reduction from N'=1 Lagrangians on the curved
d = 4 manifold R x S* [22, 23].

Tt was shown in [20], that the centrally extended superalgebra 5u(2|1) can be represented as a semi-
direct sum of su(2|1) and an extra R-symmetry generator: su(2|1) ~ su(2]|1)®u(1). The central charge
is a combination of the R-symmetry generator and the internal U(1) generator of su(2|1). In the models
under consideration the central charge operator is identified with the canonical Hamiltonian.



constraints (for more details, see [13, 19]).The local U(n) transformations of the involved

superfields are given by
X' = ei/\:x:e—i/\7 Z+/ _ €i)\Z+, V++/ _ ei/\ V++ e—i/\ o iei)\(D-‘r-i-e—i)\) ] (13)

The superfield Vy (C4) is a prepotential for the singlet part Tr (X) of the matrix superfield X
(see details in [13]). The constant ¢ in (1.1) is a parameter of the model. After quantization,
it specifies external SU(2) spins of the physical states, ¢ — 2s+ 1 € Z~¢, which implies
that the set of these states splits into irreducible SU(2) multiplets.

The matrix d = 1 superfield X has the physical component fields X = (X,?) = XT,
Uk = (¥F,%) and auxiliary bosonic component fields, the superfields ZF ,2*“ have the
bosonic components Z'* = (Z'%), 7'}, = (Z'¢) = (Z'%)1 and auxiliary fermionic fields.
Choosing the WZ gauge VT = 2i010T A(t,), eliminating auxiliary fields and redefining
the spinor fields as 2"t — Zi/(Tr(X))*2, we obtain from (1.1) the on-shell component
action

Smatrix = Sb + Sf, (14)
1
Sh =3 Tr/dt (VXVX _ m2X2) . c/dt TrA

+% /dt (V212" - 29 2*) +/dtw, (1.5)
ik
Sy = ;Tr/dt [z (\ifkvq/k - v@k\yk) + 2m‘I’k\Ilk] - /dt qjé(q;((’:;z(“‘“) (1.6)
Here,
Xy = =S ™(X), U= N Tr(TY), Ul = =S Tr(TY),
vn v vn
Sik) = Z@Zk) = Z&-Zk)a, (1.7)

and (VZ,Z%):=VZ2Z*. The U(n) gauge-covariant derivatives in (1.5), (1.6) are defined by
VX =X +i[4,X], VUV =0 +iA4,0], V=0 +id 7). (1.8)
VZF =7k viAZN,  NZ, =2, —iZ,A. (1.9)

The basic novel feature of the action (1.4) as compared to the more conventional actions of
supersymmetric mechanics is the presence of the semi-dynamical spin variables Z¥ [24],3
which has a drastic impact on the structure of the relevant space of quantum states. These
variables define extra SU(2) symmetries with the generators (1.7), with respect to which
the physical states carry additional spin quantum numbers and so form the appropriate
SU(2) multiplets. The diagonal su(2) algebra is an essential part of the “internal” algebra
su(2) C su(2]1). Also, note the presence of the oscillator-type terms in (1.5) and (1.6),
with the intrinsic parameter m as the relevant frequency.

3The kinetic term of the variables Z% in the action (1.5) is of the first-order in the time derivatives, in
contrast to the dynamical variable X,® with the second-order kinetic term. Just for this reason we call Z¥,
Z{* semi-dynamical variables. In the Hamiltonian (see below), they appear only in the interaction terms
and enter through the SU(2) current S(;p).



The simplest one-particle (n=1) case of the system (1.4) was quantized in a recent
paper [27]. Here we consider the quantum version of the system (1.4) for an arbitrary n.

As shown in [13], at the classical level the system (1.4) describes an SU(2|1) su-
persymmetric extension of the U(2)-spin Calogero-Moser model [28-33] generalizing the
Calogero-Moser system of refs. [1-6] to the case with additional internal (spin) degrees of
freedom. Therefore, the basic purpose of the present paper can be formulated as a construc-
tion of new quantum multi-particle spinning Calogero-Moser type system with deformed
N=4,d = 1 supersymmetry.

The quantization of the Calogero-type multi-particle systems can be accomplished by
the two methods, basically leading to the same result. One method [7, 8, 30, 31, 33, 34] is
based on the construction of the Dunkl operators for a given system. Using such operators
makes it possible to represent a multiparticle system as an oscillator-like system for which
the Dunkl operators play the role of generalized momentum operators. Another way of
quantizing multi-particle systems is based on considering matrix systems with additional
gauge symmetries [30-33, 37-39]. The elimination of some degrees of freedom in such
matrix systems results in the standard multi-particle Calogero-type systems. Due to the
oscillator nature of matrix operators, the quantization of matrix systems is simpler and the
main task of this approach consists in finding solutions of the constraints generating gauge
symmetries. In this paper, we will mainly stick to the second method. We will present the
explicit expressions of the multi-particle operators of deformed N'=4 supersymmetry, in
the matrix case and for the reduced system.

The plan of the paper is as follows. In section 2 we construct the Hamiltonian for-
malism for the matrix system (1.4) and show that the model indeed describes SU(2|1)
supersymmetrization of the U(2)-spin Calogero-Moser model [28-33]. In section 3 we find,
by Noether procedure, the supercharges of the underlying su(2|1) superalgebra, in matrix
case and for a system with the reduced phase variables space. In the latter case su(2|1) is
closed up to the constraints generating some residual gauge invariances. In section 4 we
construct a quantum realization of the deformed N'=4,d = 1 superalgebra su(2|1) for the
multi-particle Calogero-Moser system. In the case of the reduced system with n bosonic
position coordinates such a superalgebra is closed up to the generators of the [U(1)]" gauge
symmetry, like in the classical case. This su(2|1) superalgebra is represented as a sum of
two su(2|1) superalgebras. One su(2|1) acts in the center-of-mass sector, whereas the other
operates only on the super-variables parametrizing the quotient over this sector. The spin
operators are common for both these superalgebras. In sections 5-7 we analyze the energy
spectrum in all cases: for the center-of-mass subsystem, for the system with relative su-
percoordinates and in the general case, when all position operators are included. The last
section 8 contains a Summary and outlook.

2 Hamiltonian analysis and gauge fixing

The action (1.4) yields the canonical Hamiltonian

Htotal = Hmatrix - TI‘(A G) s (21)



where A (=8
SISy | Uo Vg Sy
4(Xo)? (X0)?

The Hamiltonian (2.1) involves the matrix momentum P,” = (VX),’ and another matrix

1 _
Huatrse = 5 T (P? 4 m?X? = 2m, 0% ) — (2.2)

quantity
Gt =i[X,P],"+ {@k\pk} bk Zb gt (2.3)
a

The action (1.4) also produces the primary constraints

PZZ+%Z,§%0, PZ';—%ijzO, (2.4)
(- i

Pyrd” — 5\1/,“1%0, P@kab—imkabzo, (2.5)
Pit =~ 0. (2.6)

The constraints (2.4), (2.5) are second class and so we introduce Dirac brackets for
them. As the result, we eliminate the momenta Pz, Pyio” and their c.c. The residual
variables obey the Dirac brackets

a’c)

{Xab,Pcd}* =otor, |k, Z;’}* =iotey,  {uk, \I:lcd}* — —igksdsl.  (27)

Requiring the constraints (2.6) to be preserved by the Hamiltonian (2.1) generates
secondary constraints
Gt ~0. (2.8)

Despite the presence of the constant ¢ in (2.3) these constraints are first class: with respect
to the Dirac brackets (2.7) they form wu(n) algebra,

{Gab7 ch}* =1 (62Glc) - 52G(C1l) ’ (29)
and so produce the U(n) invariance of the action (1.4)

X' = eiozXe—ia ’ \Il,k — eia \I’k e—ioz’ Z/k _ eiosz ’ Al = eia Ae—ioe _ ieioc(ate—ia)7

(2.10)
where a,’(t) € u(n) are d=1 gauge parameters.
In the first-order formulation, the system (1.4) is represented by the action
Smatrix = /dt Lmatrixa (211)

Linatsix = Tt (PX) —i—%Tr(\le\ilk—\le\I/k) +% (2,325—2,325)  Huarin + TH(AG),  (2.12)

where Hpatrix was defined in (2.2).
Let us fix a partial gauge for the transformations (2.10). To this end, we introduce the
following notation for the matrix entries of X and P:

Tg = X%, Pa = Pp” (no summation over a),
LRSS gL pa’ = P,b for a#b, (2.13)
2,0 =0, p* =0 (no summation over a),



1 n
— .. Note that
Ly

a=1

TrP? = Zpapa + Zpabpba , Tr(XP)= Z TaPa + Z zo"pp .
a a

ie., X, = xaég + b, P = paég +pab and Xy =

ab ab
In the notation (2.13) the constraints (2.8) take the form
Gl = i(xq — xb)pab —i(py — pb):vab + i(a:acpcb — paczvcb) + Tt ~ (2.14)
for @ # b and
Go" = (2 pe”® — pawc) + T — e~ 0 (no summation over a) (2.15)
for the diagonal elements of G, with
T, = 2820 + {\I/k qzk}ab. (2.16)

Provided that the Calogero-like conditions x,, # x3, are fulfilled, we can impose the gauge
"~ 0, a#b, (2.17)

for the constraints (2.14). Then we introduce Dirac brackets for the constraints (2.14),
(2.17) and eliminate z,° by (2.17) and p,” by (2.14):
iT,"

P’ = . a#b. (2.18)
Tg — Tp

Due to the resolved form of gauge-fixing conditions, new Dirac brackets for the remaining
variables coincide with (2.7):

{rapot™ =bw, {2520} =isteh, (R = —istall.  (2.19)
In the gauge (2.17), the constraints (2.15) become

Ty—c:=T,"—c=2Z"7¢ + {\Tfk, \Ilk} “—cm0 (no summation over a)  (2.20)
a

and they generate local [U(1)]" transformations of Z¥ and W*,” with a # b. Preservation

of the conditions (2.17), #,® = {x,°, Hiota} = 0, allows one to express

i pa” T,

ALt = =— b. 2.21
Ty — Tp (xa — 13[))2 ) a 7é ( )

Inserting (2.17), (2.14) and (2.21) into (2.2), we arrive at the reduced total Hamiltonian
HOD = Ho_y - Y A, (Ta - c) , (2.22)

where A, = A% (no summation over a) and the generalized Calogero-Moser Hamiltonian
is defined as

1 1 T.bT,* _
He v =5 Z (papa + m2$a$a) + 5 Z (a7b2 —mTr (\I/kll’k)

2 La — xb)
. - 7 (2.23)
S Sy Gy S
4(Xo)? (Xo)?



The same final result can be attained in a different way. Eliminating A,°, a#b, by
the equations of motion A,* = —T,°/(z, — 23)? we obtain that the action (1.4) in the
gauge (2.17) takes the form

Scon = / dt {; 3 (xa: - m2a:ama) - %Z (Z,gz‘jj - ZgZZf) +3 4, (Ta - c)
+ Tr[ (\Ilk\llk \I/kq/k) —i—mlilklllk}
T, Tye 5<ik> Suy WSO S } |

_;b —m? | AX)? | (X0

(2.24)

The action (2.24) produces the Hamiltonian (2.23), the constraints (2.20) and the brack-
ets (2.19).

The important ingredients of the action (2.24) are bilinear combinations of Z¥ and Z¢
with the external SU(2) indices

Sux’ := Z27Z7  (no summation over a), Syt = ZSakj . (2.25)

With respect to the Dirac brackets (2.7) the objects S, .7 for each index a form u(2) algebras
{Sm-j, sbkl}* — b [5;’ Sail — 6 Sakj} . (2.26)

The object Si/ forms the “diagonal” u(2) algebra in the product of above ones
{57, S,J}* = i[9l s! —atsv]. (2.27)

The triplets of the quantities (2.25) (see also (1.7))

Sk .= zotk 77, Sk . — Z S(k3) (2.28)

generate su(2) algebras
{869, 540} = —igay [ S 4 7 5] (2:29)
{50, SW)}* = —i [e* 50D 4 &t 0] (2.30)

Below we will also use the brackets
{S(ij), ij} = 02, {S(iﬁ, Zg} A (2.31)

One more matrix present in the action (2.24) is T,° defined in (2.16). These quantities
form wu(n) algebra (2.9) with respect to the Dirac brackets:

{Tab, Tcd}* —i (5ch" - 52Tad) . (2.32)



The odd matrix variables are transformed by adjoint u(n) representation:

{Tab, \If’fcd}* —i (5g\1ﬂ“cb - 52\1/’fad) , {Tab, \If’g}* —0, (2.33)
(w2 = (st - ok, ), L) <o, 23

These u(n) transformations commute with u(2) transformations generated by Sq.”:
{Tab, SM-J}* —0. (2.35)

Let us consider the bosonic core of the system (2.24) and demonstrate that it corre-
sponds just to the spin Calogero-Moser model. Omitting terms with fermionic variables,
we find

50 = [ § 5 (s - i) - 3 (222 - )

1 Tr (S,9) S S
A (2028 —¢) = = 2.
+za: < e C) 2 % (ta—a)? | 4(X0) [’ (2.36)

where
Tr (S4Sy) := Sar’ Sp;" (2.37)
and Syx’ are defined in (2.25). The analogous reduction of the Hamiltonian (2.23) yields

1 2 L Tr(SaSh) S S
Hoon = 5 Za: (Papa +m*aa) + 5 ;J o m)? A2 (2.38)

The Hamiltonian (2.38) contains a potential in the center-of-mass sector with the coordinate
Xo (the last term in (2.38)). Modulo this extra potential, the bosonic limit of the system
constructed is none other than the U(2)-spin Calogero-Moser model which is a massive
generalization of the U(2)-spin Calogero model [28, 29, 31-33]. Thus the system (2.24)
with the Hamiltonian (2.23) describes SU(2|1) supersymmetric extension of the U(2)-spin
Calogero-Moser model.

3 Supercharges

In this section we will find the classical expressions for the generators of the deformed N'=4
supersymmetry (SU(2|1) supersymmetry) for the n-particle systems, both in the matrix
formulation and in the case of the reduced system with n position coordinates.

3.1 Matrix system

The odd SU(2|1) transformations of the component matrix fields entering (1.4) are as
follows*
0X = — ek\I/k + gk\i/k ,
. . €. S(ik) _
U =ie" (VX +im X) + -2 1, 6Up=—ie (VX —imX)+
Xo Xo

IS, B

4These transformations are a sum of the initial linear supertranslations plus extra compensating gauge
transformations (1.3) with A = 2i (¥~ — 67¢~) A which are required for preserving WZ gauge for V7.



whereas the supertranslations of the spin fields are represented by the SU(2) rotations
6ZF =wkz,; 20 = —wpy 29 (3.2)
with the composite parameters
e(k\I/g) + E(kqlé)
Xo ’
Under the transformations (3.1), (3.2) and 6A = 0 the action (1.4) transforms as

6Smatrix = /th17

Wk —

L ) .
Ay =-— %Tr[(VXﬂ'mX) \If’“] + %Tr[(VX—imX) Uy —%w('“”swj) - (33)

Using (3.1), (3.2) and (3.3) we obtain the following expressions for Noether supercharges:

(ki)
Qk:Tr[(P—imX)\I'k}—l—ZSXA,

. 0 (3.4)
5 @] 5w Yo
Qk:Tr[(PHmX)qfk}—T,

where P = VX. The generators (3.4) constitute an su(2|1) superalgebra with respect to
the Dirac brackets (2.7)

[Q,Q) = —2ig H—2im (i - 6, F), {Q.Q"} =0, {Q,Q} =0. (35)
Here, H = Hpatrix, Wwhere Hyatrix was defined in (2.2), and also the su(2) and u(1) gener-
ators are present:

Il = ey [S(ij) v Tr(\I/(i\Iﬂ)H , (3.6)
1 o
F=> Tr<‘ll \I/k) (3.7)

The Hamiltonian H commutes with all other generators and so can be identified with
the central charge operator of su(2|1). The rest of Dirac brackets among the genera-
tors (2.2), (3.4), (3.6), (3.7) is given by the relations

{H, Qk}* = {H, 0} = {H,I}} = {H,F}* =0, (3.8)
(R} =10t (Ray =10, (BRI} =0, (39)
(1L, @) =5 (AQ'+e7ay) | (L0 = 5 (0 +20) . (310)
{f.1} =i (o1 - o17) . (3.11)

Note that the first-order action (2.11) is invariant, up to the surface term JSmatrix =
dtA; (with the substitution VX = P in A;), under the transformations (3.1), (3.2),
0A =0 and

_ SEN@, .+ ks, I
OP = —im (ek‘llk + Ek\Ilk> —1 k O]X+ € 9(kj) ¥ 0 1
0

It is worth pointing out that §H = 0 and 6G,” = 0 under these transformations.

(3.12)



3.2 Reduced system in the standard Calogero-Moser representation

Let us compute the su(2|1) charges for the reduced system (2.24) which follows from the
matrix formulation after imposing the gauge (2.17).
On the pattern of (2.13), we introduce the following notation for the entries of W*
and Uy
Yk = wk e Yar = W (no summation over a),

¢k b \Ilkabv 'lzkab = \i/kab for a#0.

Note that Tr(PU*) = Zpa?/)a + Zpab k@ and Wk = Z¢k Uk = Zz/}a .
In the gauge (2.17 ), supertranslations are a sum of the transformatlons (3.1)7 (3.2) and

(3.13)

the additional compensating gauge transformations (2.10) with the composite parameters

kb _ k. b
aab:iw for a#b, o =0 for a=hb. (3.14)
Lg — Tp

These transformations preserve the conditions (2.17) and have the following explicit form

0y = — Ekﬂ/)s + gqu)ak , (3.15)

Sk = i (g + imaa) + 2 S0 +i >0 (R = vty
a Xo - ’

g (3.16)
- S . €Ok - 7 “
0%ak = —i€g (Ta —imTa) + X((J) )i > (Oéabd}kb — Pra’ o ) ;
b
—kTab
J kab = - ‘ - iaab (7/}5 - 1/’1?) +1 Z (aac¢kcb - kacacb> )
Ty — Tp
b ¢ (3.17)
5iab:€k7a_'ab 7a_7 J (a07cb_7ac cb>
g, e (Vak wbk)JrZZc: g Ppe — Yraae )
6ZF =Wk z, . +i Z alZf,  OZp = —wunZ -1 D", (3.18)
b
aabTb + T, bab
=iy — (3.19)
b

An important property is that the constraints (2.20) are invariant with respect to these
supersymmetry transformations, 67, = 0. Also, ¢ [ Youla (To — c)] =0.

The variation of the action (2.24) under the supersymmetry transformations (3.15)—
(3.18) reads

8Sc_n = / dtAs

where

=k
€k . . k € b
ho==5 D Gatimea) byt 5 D (Fa —imaa) Yu + 3 §¢bjaa Ty — 5w S

(3.20)

,10,



The corresponding Noether supercharges are found to be

Tq — Tp Xo
b
‘ i . (3.21)
= - To” Yip® 1o kg) Yo
= g +1mx +1 E R
Qx - (pa a) Vak  z, —z X,

where p, = #,. These expressions can be also obtained by inserting (2.17), (2.18) into (3.4)
and turning to the notations (2.13), (3.13).

With respect to the Dirac brackets (2.19), the generators (3.21) form, up to the residual
[U(1)]™ gauge transformations generated by (2.20), the following su(2|1) superalgebra

L kx . . . iab_ a
{Q".Qr} =—2i5;ZH—2im(I,é—5,2}7’)—}—2@'2%(711_]}))’
azb ¢
oV e Ve
{@ @'} _22%;(%_;%)2 (Ta = To), (3.22)
3 0V = 2 S ViU’ o
{szQk} = 21;} (l‘a —l'b)Q (Ta Tb) .

Here we used that the last relation in (2.19), being cast in the notation (2.13), (3.13),
amounts to the relations {wé,&bk}** = —i6}6ap, {d}iab,d_)kcd}** = —iézédéb In (3.22), H =

a~’coy

Hc_w, with Ho_yp defined by (2.23), and the generators I!, F were defined in (3.6), (3.7).
The Hamiltonian (2.23) commutes with the supercharges (3.21) modulo the first-class
constraints (2.20):

(3.23)
The generators I}, F satisfy the same Dirac brackets as in (3.8), (3.9), (3.10), and (3.11).

4 Quantum multi-particle su(2|1) superalgebra

Quantum su(2|1) superalgebra obtained by quantizing the Dirac brackets (3.5), (3.8), (3.9),
(3.10), (3.11), is formed by the following non-vanishing (anti)commutators:

{Q",Qx} =26, H+2m (I, — 6.F),
1 _ 1 -
|:F7Qk:| = 5 Qku [F7Qk] = _5 ka
. . 1 o .. . 1 . _ .
[ }wQJ] = 5 <5']Z:QZ +€Z]Qk) 3 [ ?ng]] - _5 (5;Qk +<€ka1) )
1] =g

(4.1)
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The second- and third-order Casimir operators of su(2|1) are defined by the expressions [21]
1 2 ol 1 i A.
Cy = (EHiF) —ghli + Q,Qi, (4.2)
_ 1) (1 1 [si(2 o 6.
Cs = <CQ + 2> (m H F) + . {51. (mH F> IZ} Q. Q;]. (4.3)

In this section we will present the explicit form of this deformed N'=4 supersymmetry
algebra for multiparticle system constructed in the previous sections. We will do it for the
matrix formulation of this system and for the reduced system with n position coordinates.
4.1 Matrix formulation
4.1.1 Supercharges of the su(2|1) superalgebra

In the matrix formulation, the n-particle system is described by quantum operators X,°,
Pt Wil W, b Z, Zi’ which satisfy the quantum counterpart of the Dirac brackets
algebra (2.7):

X' P —igiol, |Zh 2| = - ofeh,  {Wh ) = ohalel. (44

acH 7 %a> 7 %a%c -

The quantum supercharges are uniquely restored by the classical expressions (3.4):

i S(k3) P,
QF = Tr[(P —imX) \If’“} TR
Xo
iSpi Wl (4.5)
Q= Tr[(P—H’mX) \i:k} _ 2k To
Xo
where the su(2) generators are
SR =N "z(zke. (4.6)

a

These generators form the quantum algebra of the corresponding diagonal external alge-
bra (2.30). The closure of the generators (4.5) is the full su(2[1) superalgebra (4.1) with
the following even generators

H = HPos 4 ppfemi (4.7)
Ho% — %Tr (P? 4 m2X?) — 12200 jz;)jgk) , (4.8)
e = o [ ]« Y00, (1.9
I, = ey, [s@j) 4Ty (\Iﬂi\iﬂ))] , (4.10)
F = iﬂ [\Ilk’ \i/k} . (4.11)

The set of physical states of the matrix system is singled out by the n? constraints

G, = (z X, P],"+ {lIlk \If’“} "+ ZZZZ)W —(20+1) 8," >0, (4.12)
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which are quantum counterparts of the classical constraints (2.8) (the subscript “W” de-
notes Weyl-ordering) and should be imposed on the wave functions. The constant (2¢g + 1)
present in (4.12) differs from the classical constant ¢ due to ordering ambiguities. The
operators (4.12) form u(n) algebra

[Gab, ch} = 5.2G. e — 5,0G.L. (4.13)

It is important that all constants appearing in the diagonal part of G,°, i.e. at a=b, are
equal to (2¢ 4+ 1). A corollary of (4.12) is that u(1) generator

Y G =) ZiZi —2ng~0 (4.14)

includes spin Z-operators only.

As we will see below, the u(n) constraints (4.12) have a transparent meaning: the
physical states are su(n) singlets. The constraint (4.14) fixes the homogeneity degree of
the physical states with respect to spin variables, whence 2q € Z~g .

4.1.2 Separation of the center-of-mass sector

Let us split the matrix quantities as

1 - 1 .
X, = Jn X0 + X, P, = 7n Py + P,
1 . - 1 _ -
‘I’kab = % 5(2‘:[]]8 + ‘Ilkab ) ‘I’kab = % 62l1’0k + lI’kab ) (415)
with
XO—LZX“ PO—LZP” \I,g_izq,ka @Ok_iz@ka
- a - a - a - a
yps Vi 2 V2 Vi 2
(4.16)
being the center-of-mass operators and
. 1 . 1
X=X, - NG X, Plt=pP, - 7 Py,
. 1 2 _ 1 _
wkb— gk b NG oWk, W, =00 - NG S0 (4.17)

the traceless parts of matrix operators.
In terms of the variables (4.16), (4.17) the supercharges (4.5) are represented as

Q" =Q5+Q",  Qi=Qor+ Q. (4.18)
where
iSED Wy, _ i S ¥
Q= (Py — imXo) Wk + > =% Qop = (Po +imXo) To — — 0 (4.19)
XQ XO
involve only the center-of-mass operators (4.16) and spin variables, whereas
QF = Tr{ (f’ —im X) \ilk] , Qk = Tr{ (f’ +im X) \ilk] (4.20)

depend on the traceless parts (4.17).
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The even operators (4.7), (4.8), (4.9), (4.10), (4.11) admit a similar splitting

H=H,+H, t=Tgh + 1L, F=F,+F. (4.21)
Here,
Hy = : <(P0)2 +m® (X0)2> + 2 [\Pk ‘i'ok} - 55ty , Sboby (4.22)
2 2 17O 4(Xg)? (Xo)? '
Loj, = epy |87 + wiwg)|, (4.23)
1 _
Fo = |6 %ol (4.24)
and
oo 1 52 22 m sk T
H_2Tr(P +mx>+2Tr[\I:,\Ifk}, (4.25)
Il = e, Tr (\i:(i\iﬂ?) , (4.26)
.1 L2
F= T [\1: \I:k} . (4.27)

The sets (QF, Qox, Ho, Ioi, Fo) and (Qk, Qk, H, iz, f‘) form su(2[1) superal-
gebras (4.1) on their own, with the vanishing mutual (anti)commutators: {Qg,(ﬁ)”f } =
{Qg, ék} = 0, etc. Thus, we have singled out the center-of-mass sector from the total

system. Note that the su(2|1) generators QF, ék, H, iz, F have no action on the spin
operators Z which in fact remain in the center-of-mass sector.

It is of importance that the constraints (4.12) involve in fact only the traceless
parts (4.17) of the matrix operators (apart from the spin variable operators). Indeed,
they can be rewritten in the form

Gl =i [X,P]ab + {\ifk,\i:k}ab +ZFZY - <2q+n - :L) 5.t~ 0. (4.28)

However, due to the presence of the same spin variables in the center-of-mass sector, these
constraints are applicable also to the corresponding quantum states and so accomplish a
link between the two sectors.

4.2 Quantum algebra for SU(2|1) spinning Calogero-Moser system

4.2.1 su(2|1) superalgebra with n dynamical bosons

The quantum counterpart of the multiparticle system from section 3.2 is described by the
quantum operators Xq, Pa; V'a, Via: Ve, Pial, a # b; Z, Zf which satisfy the algebra

J - as

[9ha ot =50m,  {wha it} = 86258 (a £ bc£d).

[Xa; Pb] = i 6ab ; [Z’;,Zﬂ = — kP
(4.29)
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Performing the Weyl-ordering in the quantum counterpart of (3.21), we obtain the
quantum supercharges:

> LUV s Tyt
k _ . k 1 Foy a b
Q=2 (pu—imxa) e+ Xa— X e Xy

a a;éb
o (4.30)
~ . - S Yo — W;b To’ Yrp”
Qk:Z(pa“"LmXa)'wka_ Z — erb’
a a;éb aF#b
where

= Z’;Zz + <¢Ic§ - Ilpl]f) J’kab + ('J’ak - "zbk) 'l;bkab + Z ("wbkacd_)kcb + Il_’kaczl)kcb)
c#a, c#b
(4.31)

are quantum counterparts of (2.16) at a # b and
XOILZX ‘I’Z:LZTJ’Z \T’O':LZ'I.B (4.32)
\/ﬁ — a 0 \/ﬁ - a» ? \/ﬁ - 1a .

Computing the anticommutators of the supercharges (4.30),

{Q, Qi} =20, H, +2m (I, - 5, F) —2)  —*—— ¥ Pir” 5 (Ty —Ty), (4.33)
a;éb( —xp)°
i by k a
[Q.Q") = 2Z‘i T (), (434)
{Qi, Qe =—2)" i’ ‘if:) (T —T) (4.35)
a;éb

we find the explicit form of the quantum even generators

H= % ; (PaPa + m*X4%4) + % ; [ﬂ,bka, Py, a} + % > [¢kab, Py, b“}

ab

S COIS SupPLwk T, T,
- W) p 200 oy et (4.36)

4(Xo) (Xo) 2 2 (Xa — Xs)
I, = ey, +Z¢ oo+ Uity ] (4.37)

ab
_1 k n 1 kb, a

F—4Zaj[w a,¢ka}+4a§jﬂ[wa,¢kb}. (4.38)

The commutators of the generator H with odd generators Q!, Q; are a quantum general-
ization of (3.23). The remaining generators I¢, F obey the same commutation relations as
n (4.1).

From the (anti)commutators obtained we observe that the generators (4.30), (4.36),
(4.37), (4.38) form the su(2|1) superalgebra (4.1) up to the differences (T, — T}). However,
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recalling the constraints (2.20), this reduced system is specified also by the conditions
To—20-2(n—1) = Z8Zi + > (WFaehee” — ¥hera®) = 20 0, (4.39)
c#a

which must be superimposed on the physical states. Therefore, the differences (T, — T})
are vanishing on the physical states, and the physical sector of the relevant Hilbert space
is closed under S/[\J(2|1) symmetry.

It is important that the quantum constraints (4.39) commute with the su(2[1)
generators:

[Tcu QZ} = [Tav QZ] =0. (440)
In addition, the quantities (4.31) satisfy the algebra

[Tab, Tcd} — T4~ 5T, (4.41)

where T,* = T, at fixed a.

It is instructive to be convinced that the numerator in the last term in (4.36) is indeed
reduced to that for U(2) spin Calogero-Moser system [33], when applied to the bosonic
wave functions @y, defined by the conditions

PiaPhos = Pia Pros = 0.
It is easy to check that in this case
T, = ZFZ% +2(n —1)8°
and the constraint (4.39) is reduced to
ZFZ8 —2¢~0.
Now, taking into account that in the numerator in (4.36) a # b, it is easy to check that
Ly o —Lging, 4 (g+1) a#b (4.42)
5 Ta'Ty 5 Sa”'Sp (i) +a (g , :

where S((lij ) = zszﬁa (no summation over a). The operators Sgij ) are just the quantum
version of S{7) defined in (2.28). Foe each value of the index a they generate su(2) alge-
bras and commute with each other for a # b. The expression (4.42) coincides with that
appearing in the rational U(2) spin Calogero-Moser model, with ¢ being the pairwise spin
coupling constant.®

Following [33], this model can be referred to as the reduced matrix U(2) spin Calogero-Moser model,
with 2g € Zso. There exists another type of U(s) spin models, the so-called “exchange-operator mod-

el

els” [33-36], for which the spin coupling constant is an arbitrary number. Our SU(2|1) supersymmetric

multi-particle system yields just the first type of U(2) spin models in the bosonic sector.
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4.2.2 Division into subsystems

Using the simple identity

1 1
2 KM= ;KaibjMan D> (Ko = K;) (My — My)

a#b
which is valid for arbitrary n-vector operators K,, My, a = 1,...,n, and introducing the
center-of-mass quantities (4.32) and
1
Py=— 4.43
0 \/ﬁ ; pa I ( )
we can represent the charges (4.30) as the sums
Q" =Qf+0",  Qn=Qox+ Q- (4.44)

The first items Q’g, Qo in these sums were defined in (4.19), and they involve only the
central-of-mass supercoordinates, whereas the second items QF, Q; depend only on the
differences of the supercoordinates:

Qk = % az:# [(pa - pb) —im (xa - xb):| (’l:bka - ";bkb)
i Pr, =k, Tl phy®
_2§) X, — Xp +Zaz7éb X, — Xp
o - (4.45)
Qr = o az#b {(pa —Py) +im (xg — Xb)} (Yrka — Prsp)
i Yo — Vrb |~ Ta Yip®
_2%;) Xg — Xp +Zaz:# Xq —Xp
Since [S(¥), T,"] =0, Q’g, Qo anticommute with second QF, Q:
{@b.07} = {Qh,0;} = {Que. @'} = {Qui, &} = 0. (4.46)

This implies that the bosonic generators (4.36), (4.37), (4.38) can also be represented as

similar sums,
H=H,+H, =T+, F=F¢+F, (4.47)

where Ho, Ip;, and F are given by eqs. (4.22), (4.23), (4.24) and so involve only the center-
of-mass coordinates, while the rest of operators is defined by the expressions

1 1 T, T,
H Z ((pa - pb)2 +m® (Xa — Xb)2> + D) Z aibQ

= oy prt (xq — Xp)
+ % > [(";bka - 'l/’kb) s (Yra — P b)] + % > [@bkab, Py, ba} ; (4.48)
arb arb
[ % az#b <¢(ia _ ¢‘ib) (@)a _ zﬁﬂb) n % Bl by (4.49)
F= SLn Z [(d’ka - TPkb) , (Yra — ";kb)} + i Z [ kaﬂ&kba} : (4.50)
a#b a#b
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The sets of the generators (QF, Qox, Ho, Ioi, Fo) and (QF, Q, H, I, F) form two
separate mutually (anti)commuting su(2|1) superalgebras. Note that second set generates
an su(2|1) superalgebra up to the constraints, as in (4.33), (4.34), (4.35). Also, note that
the “internal” SU(2) generators (4.49) (appearing in the anticommutator of supercharges)
act on the indices 4, j of the fermionic operators ¥, — ¥y, Wia — Vi, Ve’ Pial, a # b,
while the indices i, j of the spin operators Z¢, Z¢ are subject to the action of the external
SU(2) generators (4.6).

4.3 Subsystems of N'=4 supersymmetric Calogero-Moser model

We have found that the A'=4 supersymmetric n-particle Calogero-Moser system is a direct
sum of two subsystems with different realizations of the su(2|1) generators.

The generators (Q’g , Qor, Ho, IO};, Fy) act in the sector of the center-of-mass operators
(Xo, Po, ¥, ¥y;) and the spin operators (Z¢, Z¢). The second set of the 51(2|1) generators
(Qk, ék, H, i}c, F) act, in the matrix formulation, within the sector of the traceless
operators (X, 15, \iii, \ilz) Physical states in this subsystem are specified also by the spin
operators (Z¢, Z¢) which are present in the u(n) constraints (4.28). These constraints
also specify physical states in the center-of-mass sector involving the same spin operators.
In the reduced formulation, the generators (QF, Qz, H, H};, [) are spanned by the set of
operators (Xq — Xp, Pa — Pb, W'a — W'y, Wia — Pip, Wb, Piol, a # b; Z¢, Zf) It should be
pointed out that the spin operators Z¢ Z? have a non-zero action on the physical states
with ¢ 0 for all subsystems defined above and listed below.

The just described structure of the considered system suggests that we can consider

three subsystems:

I)  The center-of-mass sector spanned by the quantum operators (Xo, Po, ¥, ¥q;, Z¢,
Z¢) and the symmetry operators (Q’g, Qox, Hy, IO};, Fy);

IT) The pure Calogero-Moser multi-particle sector with the center-of-mass sector sep-
arated. It is spanned by the quantum operators (X, 13, Wi, \ilz) in the matrix
formulation or by (xa — Xy, Pa — Pb» ¥'a — V', Yia — Yin, ¥'a’, Yia®, a # b) in
the reduced formulation. In both formulations, this subsystem also involves the spin
operators Z%, Z¢. The SU(2|1) symmetry generators are (QF, ék, H, i}c, F) or (QF,
Qw, H, 12, F);

ITT) The full Calogero-Moser multi-particle system which contains the center-of-mass sec-

tor and so is spanned by the set of all quantum operators. The S/I\J(2]1) symmetry
generators are sums of the SU(2|1) generators acting in the two previously defined
sectors.

Now we are prepared to determine the energy spectrum of all these systems.

5 Center-of-mass subsystem with n sets of spin variables

In this section we consider the subsystem I) which describes the center-of-mass sector with
the Hamiltonian Hy (4.22).
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The center-of-mass supercoordinates (4.32), (4.43) satisfy the following (anti)commu-
tation relations

[Xo,Po] =1, (W), ®or} =6}, (5.1)
while those for the spin variables read
[z;, Zz} = il (5.2)
We will use the following realization of the operator relations (5.1), (5.2)

0 0

Xg=x9, Po=—i—1, W, =1}, Wy;=—), 5.3

0 0 0 8%0 0 wo 02 awé ( )

. . _ o

Z, =z, Z?:@, (5.4)
a

where zg is a real commuting variable, 2 are complex commuting variables and Y are
complex Grassmann variables. In this realization the Hamiltonian (4.22) takes the form

1 0* 9 9 ; 1
Hoz5 <_8x02 +mxo” | +m | g

0 1 . 0
1) +— [ —= 8RS, +8(H) Z) 5.5
8¢6 >+x02 < 4 k+ wO au}]g ) ( )

0 o
where S;;) = g Za (i - Wave function &) (2o, 25, 1) is subject to the n constraints
0z
a a

originating from (4.28):

G, 520 — <z§ 9

8Zk—2q><1>(ZQ):O, a=1,...,n. (5.6)

The solution of egs. (5.6) is a function which is homogeneous of degree 2g with respect
to each set of spin variables z¥. So the number ¢ taking positive integer and half-integer
values can be treated as a spin associated with every SU(2) group generated by the quantum
generators

9

Sii) — » -
Ozé) 7

( ali (no summation over a). (5.7)

The number s will be associated with the diagonal SU(2) group generated by
S — Z ngj), (5.8)
a=1

and, in what follows, will be referred to as “SU(2) spin s”. Since ®29) is transformed in the
direct product of n spin ¢ SU(2) representations, the maximal external SU(2) spin is just
s = ng. It will be convenient to expand ®(2%) into irreducible multiplets of the diagonal
SU(2), with spins running in the intervals 0,1...nq (for 2ng even) or 1/2,3/2...nq (for
2nq odd).
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As an illustration, we dwell on two lower-n cases.

n = 2. In this case the wave function ®¢(xo, 2%, 23, ¢6) is subject to two constraints

(Ty — 29) &7 = (z’“a - 2q> O =0, (Ty —29) 5 = (z&a - ) o5 = 0.

02k 02k
(5.9)
Their general solution is
<I>(2q (2122)%1 6 + Z 2129) 207 A gl gl e D (i) ins) 5 (5.10)

where (2122) := 24 29;. The component wave functions ¢, D ;.. ip,) in the expansion (5.10)are
functions of xg, ¥§. They form irreducible SU(2) multiplets with spins s = 0,1,...2q.
Their expansions with respect to 1% are

¢ = ay + b + (o)’ a, (5.11)
¢(i1...125) = A—‘r(il...igs) + @bo (i1 Z2 125 + ¢0 j(’Ll 225) + (QZ)O) Zl 7,25) (512)
All components in these expansions are functions of zy only. In the bosonic wave function

2
‘I’é ) the fields a.., At (i) ing) iving)s Cljiy..izs)
The SU(2) spins of the component wave functions are counted with respect to the “internal”

are bosonic, whereas b;, B( are fermionic.

SU(2) with the generators (4.23) which contain, besides the part acting on the bosonic spin
variables, also the one acting on the fermionic variables.

Let us determine the eigenvalues of the Hamiltonian (5.5) on the wave function (5.10),
i.e. solve the stationary Schrodinger equation

H, ") = B, oY (5.13)

As a prerequisite, we adduce the following eigenvalue relations

1.
- 58(”)8( )zfl ...z’f”zgp“ ) kQSA(kl hoy) = 8(s+1) 2 .zlfng”“ §2SA(I~:1...1~:25) ,
(5.14)
g y ) 3
S(Z]) (2122) = O, S(ZJ)S(Z]) @bgzak = —S(Z])d}ol. 871/}] @bgzak = —5 ¢(]§Zak , (515)
0

7 n k k s —

S( ] T,Z)OZ 7¢ kl . Zl 22p+1 .. Z];Q A(?’Lk1...k25) =
P} (5.16)

= —s ¢6Lzlf1 . zlf”z];p“ .zgzsA(nklkaS) )

z] woz A k ”.lefp §p+1 - k2s¢0 Ak hag) =

81/10 o (5.17)

k kp kpii1 kos
= (8 + 1) le A pZQP . 2:22 ’Lbo (klAkz...kzs)'

They can be easily checked and shown to be valid for an arbitrary p < 2s. Due to these re-
lations, all the component fields in the expansions (5.11), (5.12) of the wave function (5.10)

— 20 —



are eigenstates of the center-of-mass Hamiltonian (5.5) with the spin s of the diagonal
SU(2) group given by S(). The equation (5.13) amounts to the following equations for
the component wave functions

1 0?
[— + m2x02} agf) = (Epextm) agf) \

2 Oxgd
1[92 5 5,0 ()
5 |:_ 8,1,‘02 +m o :| bl = EO,K bz ) (518)
1 o 2 o, S+ L@ ()
5 |:_ 81:02 tm o * .%'(]2 :| Ai(il"'iQS) - (ES’Z + m) Ai(iIH'iZS)’
1 0 2. 2, s+ D(s+2)] Lo ()
5 |:_ axOZ +m o + :COZ B(il...i2371) = Esl B(il...izsfl) 2
1 02 9 o S(s—1) 0 (0)
2 [_ Oxgd T x0? } C(i1-~i2s+1) = B C(i1-~-i2s+1) ’ (5.19)
where (5.18) corresponds to s = 0, while in (5.19) s runs over 2¢ > 1 values, s = 1,...,2q.
The equations (5.18) for the fields agf) and bz@ have the form
LIL9 a] 4 (0
5| oe2 +mzo”| [ (w0) = E¢ f1 (20) (5.20)
0

and describe the excitations of oscillators. The standard solutions of the equation (5.20)
are given via Hermite polynomials H, as

FO(w0) = Hy (w0) exp (—mag?/2), £=0,1,2,..., (5.21)

and have the energies
Er=m({+1/2). (5.22)

Thus, the energy spectrum reads

Eor=m (z - ;) . (5.23)

It is worth pointing out that the solution for N'=4 supersymmetric harmonic oscilla-
tor (5.18) was originally given in [14].

The equations (5.19) for the fields Ay, i,.), B
generic form

y and C, . ,,.,) have the

11...125—1
L[ & 2 2, YOr=D] .o 't

— | ——= +m°z o zo) =&, Oz 5.24
2|: 8$02+ o+ CUOQ f (0) Zf (0)7 ( )
where 7 is a constant. It is the well-known equation describing quantum states of non-
relativistic particle moving in a sum of the one-dimensional oscillator and conformal inverse-
square potentials, and it has the following general solution (see, e.g., [1, 3, 40])

20!

~ 7 (v=1/2) 2 . 2 _
Tl +1/2) zo" L, (mxo”) exp(—mxo/2), £=0,1,2,..., (5.25)

f(ﬁ) (z0) =
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Figure 1. The degeneracy of energy levels of Hy for n = 2 and ¢ = 1/2. Circles and crosses
represent bosonic and fermionic states, respectively. On the left from the dotted vertical line the
degeneracy corresponding to harmonic oscillator [14, 19] is shown. On the right side there is shown a
sum of SU(2|1) representations specified by their spin values s and coinciding with those found in [27]
for the relevant spin. For the considered simplest case of ¢ = 1/2, spin s takes only one value, s = 1.

where L?—l/ ) is a generalized Laguerre polynomial. The corresponding energy levels are

1

The general solution (5.25) was used in ref. [27] to reveal the energy spectrum of the
one-particle system with one set of the spin variables. Each equation in the set (5.19)
has the form of (5.24), the parameter v being s + 1, s + 2 and s, respectively. Thus, the
energy of the states of spins s and s + 1/2 described by the wave functions Ay (iy..ins) and
Cliy..ing,1)s 18 €qual to

Ep=m(20+s+1/2), £=0,1,2,..., s=1,...,2q.

The energy of the states A_;, ;,.) of spin s and the states B(;, ;, ) of spin s +1/2 is
given only for excited states by the same expression

BEoy=m20+s+1/2), £=1,23..., s=1,...,2.

The lowest energy for these states corresponds to s = 1, £ = 0 and equals

3
Euin = 77” . (5.27)

At g = 1/2 we have the picture drawn in the figure 1.

The g = 1 case encompasses the same states as for ¢ = 1/2 (s = 1) depicted in figure 1,
but also additional states with higher spins and higher energies. The similar pictures persist
at lager q.
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Summarizing the above discussion, we observe the basic distinction between the one-
particle system of ref. [27] and the center-of-mass sector of n-particle system considered
here. In the former case, the energy spectrum arises as a solution of the eigenvalue problems
of the type (5.24), with the Hamiltonians involving a sum of the oscillator and the inverse
square potentials. In the latter case, the energy spectrum contains as well pure oscillator
excitations due to the presence of the eigenvalue problems of the type (5.20).

n = 3. In this case there are three constraints of the type (5.6) and for integer ¢ they
lead to the following dependence of the wave function on the spin variables

Y = [(7a2) (2a2) (210 Y (cum)” [(zaze) (2020))” 2 Banay + -
a#b,a#c,b#c
R oy S o L Z];Qq@(il,,,mjl...j2qk1...k2q) : (5.28)
The component wave functions in the expansion (5.28) are functions of zo and v, and
they display the dependence on 1 similar to that in (5.12).

In the three-spinor case, the relations analogous to (5.14), (5.15), (5.16), (5.17) are
also valid, the difference is that now an additional spin variable z} appears in the products.
As a result, in the energy spectrum we find the same states as in the n = 2 case, though
with a bigger multiplicity (due to extra indices ab in (5.28)), as well as the states of higher
spins due to the presence of the additional spin variable zé.

In the case of half-integer ¢, the n = 3 wave function has an expansion in which
the component wave functions carry odd numbers of spinor indices, as opposed to the
expansion (5.28). For example, for ¢ = 1/2 wave function is

(I)él) = (2223) Zi P+ (2123) Z% Py, + (leg) Zg (I)3Z' . (5.29)

The superwave functions @ ;(x, 1) display the energy spectrum of the one-particle system
of ref. [27], this time with the three-fold degeneracy.

The pictures for higher n are similar to those for n = 2 and n = 3, such that the
number of states and the values of admissible spins are increasing at increasing n.

6 Calogero-Moser system without center-of-mass sector

As was mentioned in Introduction, there are two methods of finding the quantum energy
spectrum of multiparticle Calogero-type systems: either by considering matrix models
which produce physically equivalent Calogero-type systems after gauge-fixing and the cor-
responding reduction of phase space, or through introducing Dunkl operators and passing
to a generalized oscillator system. In this section we apply the first method to quantize
the NV = 4 spin Calogero-Moser model under consideration in the matrix formulation, with
the center-of-mass sector detached (section 6.1). The case of the reduced-phase space is
briefly addressed in section 6.2.
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6.1 Quantization in matrix formulation

We consider the quantization of the matrix subsystem in which su(2[1) superalgebra is
formed by the generators (QF, Q, H, 127 F) defined in (4.20), (4.25), (4.26) and (4.27).
The basic operators of this system are spin operators Z, Z? and traceless matrix operators
X0, Pl w0, \ilab subject to the constraints (4.28) (as usual, applied to the physical

states).
Introducing creation and annihilation even operators

1 ony 1 ey
Al = o (Pab . szab> . A= o (Pab n szab) ,

Tr(A)=Tr (A") =0,
we rewrite the Hamiltonian (4.25) in the form
~ m m ~ A
H= 7 T {AT, A} + 20 Te [ 05,
2 I'{ ) } + 2 r y ¥k
In this notation, the supercharges (4.20) are rewritten as
QF = Vom Tr (A@’“) . Qr=V2mTr (Aﬂi/k) :

where quantum (anti)commutators of the involved operators are

[Aab,Ajd} — 6,50 — %5(}’5;& {\Il” \i:jcd} - <5ad50b _ ;56575,;‘1) 5.

The constraints (4.28) take the form
A _ 1
G’ = [AT,A] b+ {qlkxpk} by zhzb <2q+n— ) 5.0~ 0,
a n

They involve the spin operators, with the non-vanishing commutator

[z;, zg} = —5iob.

(6.1)

(6.5)

(6.6)

The operators Z!, A}, Wit form a full set of creation operators. Therefore, the

general structure of the physical states is as follows
Z .. L Ay AZ;Z Cha Pt g O \ilj’“sdkS “k3|0) .

. akl

In the holomorphic realization,

. . _ 0
1 0 0 1 0
1&-"-c:d-|—c:a-‘rc_7(5ca-‘rd7 A€ — _ Y _ = 67,
b b b, %% b T 9aft  daft n baa;d
- 0 0 1 0

. n . 1 . 2
‘1’sz = ‘;[/zbc = \I/lbc — E (55 \Iﬂdd, \I’ibc =T z. ;. =

(6.7)



we deal with the traceless objects a™ and {i. Then the physical states (6.7) are rewritten as

i1 iy Aty At CroJpd1 el Uk ek
Zay - Zag, Gy, ey 2T g, L Wks g, ks |0) (6.9)

The constraint (6.5) indicates that all physical states are singlets of SU(n) (see [33, 37-39]).
This is also a direct consequence of vanishing of all Casimir operators on the states (6.7):

G, Gy.. .G, ~0. (6.10)

On the other hand, the states (6.7) belong to irreducible representations of the group
SU(2) with the generators S(;;) defined in (4.6) and the group SU(2) x U(1) with the
generators (4.26), (4.27) acting only on fermionic fields.

Eigenvalues of the Hamiltonian (6.2) on the states (6.7) are specified by the numbers
Na and Ng of the operators Al‘fc and \ilibcz

n%—1
E=m/|Na+ Ng — 5 . (6.11)

Here we willA basically limit our consideration to the pure bosonic case, without odd
operators Wi,c, @jbc. The set of fermionic states can be generated by action of the super-
charges on the subset of bosonic states. Examples of fermionic states will be constructed
below for few simple particular cases.

The trace part of the constraints (6.5) leads to homogeneity of the physical states of
degree 2gn with respect to the spin operators Z. In addition, the property that physical
states are the SU(n) singlets implies the following structure for them [33, 37-39]

Cret) o [1x (A%)%)" [1e (a4)’]™ 1 (A1)

% £0102...an [(A+)an+1 Zinr+1]
IT{

where po,ps3...,p, are arbitrary integers and 0 < lpp41 < lppg2 .- lpren < n. The wave

al

[(A+)l’”+" zinr+nLn} 0Y, (6.12)

function ®(2¢50 in (6.12) is given up to the coefficients C , where the number s < ng

ivig..ios)
can be interpreted as SU(2) spin, with 2s being the number of symmetrized SU(2) indices
of spin variables. It is worth pointing out that for [, < n/2 the coincident degrees, I, = I,,,
are permitted. Besides, such a degree cannot appear more than once in the products of

monomials

{€a1a2~~.an [(A-I—)ZMH Zinr+l:| o [(A+)Z"T+" Zi”*"} } , r=0,1...2¢g—-1. (6.13)
Qn

ay

For the highest spin s = ng, the degrees are given by
41 =0, lppgo=1, ... Ilpyn=n—1, r=0,1...2¢g—1. (6.14)

Degeneracy analysis of bosonic wave functions for the quantum spin Calogero model
was considered in [36], where it was noticed that some of possible spin states may vanish.
Here we consider the matrix construction for the system with the center-of-mass sector
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detached,® where some of these spin states may also vanish. Listing all admissible degree
numbers lpy 41, lnr+2 -« -, lnrin is a rather complicated task.
On the states (6.12) the energy (6.11) take the values

2gn

" n?—1
Ezm(kZQkpk—sz:llk— 5 ) (6.15)

The energy is maximal for the choice (6.14):

- n?—1
Es—ngy =m (Z kpi + (n—1)ng — 5 ) . (6.16)

k=2

The minimal energy corresponds to the choice po = p3...p, = 0 and [, 41 = lpyry2 = 0,

lnrys = lnr+4 =1, lnrg5 = lnrye = 2, etc:
2

—1
Emin:m[n(g_1>q—n }, for even n

—1)° 21
Emin:m[(n 2)q—"2 ] for odd n > 1. (6.17)

The fermionic states are constructed with the help of the operators ¥iC. on the
pattern of (6.12). Such physical states have additional contributions mNg to the en-
ergy value (6.15). As was already mentioned, full wave functions can be generated from
the bosonic states (6.7) by acting on them by the supercharges (6.3). Casimir opera-
tors (4.2), (4.2) take the following values on the states (6.7) and those produced from (6.7)
by SU(2|1) supersymmetry transformation:

WFC2::<E+-@22;)m> <E+_Uﬂzf)m>,

nﬁC3::<E+—0ﬂ7;”7n>(b. (6.18)

Casimirs can take zero eigenvalues only for n = 2 at arbitrary ¢ and for n = 3 at ¢ = 1/2
(we consider ¢ > 0 in this paper). The corresponding sets of the quantum states belong to
atypical representations of SU(2|1). For illustration, we will consider here these two cases
in some detail.

n = 2. In this case the Hamiltonian is written as

. SN 3

H=mTr (ATA) +mTr (§59,) - 2. (6.19)
Bosonic wave functions, from which the full set of the wave functions can be produced by

the supercharges (6.4), are given by
2s

J4 .\ 2q—s . . . s
@@%M):[EWA+V}(&ﬁ“Z$%) Zo,23, 2 [ ] e AL Cl iy 10)
k=1

(6.20)

5The construction of [36] implies reduction to the angular spin Calogero model by separating the radial
coordinate, which corresponds in the quantum case to setting p. = 0 in (6.12).
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are coefficients with 2s symmetric indices. The wave functions ®(245:¢)

where C(

B2 i2s)
are eigenfunctions of the Hamiltonian (6.19),

Ho 10 = B @050, s=0,1...2¢q, (6.21)

with the energy eigenvalues
3
E(s7g) =m <2£ + s — 2> . (6.22)

The wave functions on which Casimirs take zero values, i.e., those belonging to atypical
representations of SU(2|1), correspond to the choice s = 0, £ = 0:

N2
®(20,00) _ (ngabzzzi) 4 0), (6.23)

This ground state wave function is SU(2|1) singlet, since it is annihilated by both su-
percharges. There is still another atypical non-singlet bosonic state corresponding to
s=1,£=0:

2q—1 N
D10 — (e, e zlizly ) 2z AL ), (6:24)

which gives rise to the fundamental SU(2|1) representation. The other two components of
this representation are generated from (6.24) by SU(2|1) supercharges:

. 21 PRI
ng)@q,l,o) _ \/% <€klk2€cwzzlccllzlcg22) q Eabzguzf;)\l,jbd ‘O>, etc. (6.25)
n =3, q=1/2. The n =3 Hamiltonian reads
~ m + m A= . + 2 kT
H= 2T {AT A} + 200 (05, 0] = mTr (ATA) +mTr (¥49,) —dm. (6.26)

2q,s,{)

For ¢ = 1/2, the bosonic wave functions ®f as eigenfunctions of this Hamiltonian are

constructed as
PL1/2,6) _ [Tr (A+)2]p2 [Tr (A*)?’}m
P(1,1/2,6) _ [Tr (A+)2]p2 [

$(1:3/2.0) _ [rﬁ (A+)2]”2 [

gma2asg, 70 7] (A+zk> . 0Y, (6.27)
as

(1)) ency; (At 2), (AYZ), ZE,CL10),

(a%)*]

with the coefficients Cy, CY, Clijr)- They have the following energy values

Tr
-~ p3 £010203 Zle (A+Zj)a2 ([A+] 2 Zk> C(ijk) 0),
as

E(1/2,€) =m (6 - 3) 5 EEl/?,é) =m (f — 2) s E(3/2’g) =m (6 - 1) s (628)
where ¢ = 2ps + 3p3. The minimal energy is achieved on the state
H(1.1/2,0) _ €a1a2a3€ijzz1l 2222 (A-i-zk) . 0) (6.29)

and it is equal to

E(1/270) =-3m. (630)
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Casimir operators take zero values on this state. The action of the SU(2|1) supercharge,

Qo120 — g, 7 7 (W92F) [0), (6.31)
produces an additional fermionic state which, together with (6.29) and one more bosonic
state generated by further action of supercharges on (6.31), constitute an atypical funda-
mental SU(2|1) supermultiplet.

6.2 Quantization of the reduced spinning Calogero-Moser system

We briefly discuss quantization of the reduced spinning Calogero-Moser multi-particle sys-
tem without center-of-mass defined in section 4.2.1. More explicitly, we consider the two-
particle case n = 2.

Introducing the holomorphic realization

. . _ 0 0
AR 74 .— _—_ a;:—'aa:—' ,
a = %a> Y02 P ! ! Oz,
N T = SN ()
a — as “Z_awia’ b — b ib _8wicb’ .
the differential realization of Hamiltonian (4.48) on physical states is given by
1 2 2 2 Yab
S| [— (B — B) + m? (z4 — ) } +—Jab 14+ const. (6.33)
a<b 2n (SL’a b

Here g, are eigenvalues of the quantum operators % {Tab, Tb“} (a < b), and they corre-
spond to spin couplings of two interacting particles x, and x,. As was shown in section 4.2,
one can represent g,;, on bosonic states via (5.7) as

gap = —SUSy 5 +2a (g +1),  a<b. (6.34)

This model is restricted to positive integer values of 2¢ and is referred to as “matrix model”
in [33]. Arbitrary values of 2¢ can be achieved by applying the exchange operator formal-
ism involving Dunkl operators (see, e.g., [35]). As was already mentioned, our SU(2|1)
supersymmetric system yields just the U(2) spin matrix model as its bosonic core.

In the simpler case go = ¥ (Y F 1), quantization was given in [7, 8, 34] via Dunkl
operators defined as

v

Lag — Tp

D, = 0, + Z
a(#b)

(1 - Kap), (6.35)

where K, is a permutation operator, K., v, = x4 K,,. Below we consider the simplest
case n = 2, where g13 = s (s + 1) and the operator K12 becomes Klein-type operator acting
on the relative coordinate x1 — x9 as

Kip (21 — 22) = (33 —21) K12 = — (21 — 22) K12, (K12)°=1. (6.36)
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Let us consider in details the two-particle system (n = 2). It is described by the
algebra of quantum operators

. p] =1, 24,2} = |75, 23] = - 4,
- - - (6.37)
{¢k7¢j}=5§€7 { k12,¢j21}={ k21,¢j12}=5j’?7
where
x= = (1 %) = (1 -p2) (6.39)
- \/5 1 2) P = \/§ P1 p2), .
. 1 . . _ 1 - _
= (Y =), P = ——= (i1 — Pin) . 6.39
Below we use the following realization for them
0 i i - 0
X=, pP= _Z% 77[’—1/17 ¢2_8’¢Ji’
. . . 4 _ 0 - 0
7, =2, Zh = 2, Zl-zf., Zz:f-, 6.40
e o 70y 702 (6.40)

i2_ i i1 il 52— 9 ol _9
(1 17, Ph 2, pin GoiyT hi2 902

Here z, 2! and 1, PP, a = 1,2 are complex commuting and fermionic anticommuting
variables, respectively.
The Hamiltonian (4.48) without center of mass takes the form

_ 1 62 E Y 0 k:2 0 k1 O {T127T21}
(6.41)
where
k k
T12—Zlak+\/>w W—\/»dJ 287,/}k’
k k
Tgl—zQ——fw ¢k2+\f¢ 1a¢k (6.42)

The operators (6.42) act in the following way on the variables entering the wave function

T2: 25—, ofF » V29RE gk o Vg,

4
To' 2 = 2h, F o V2Rt P2 = V2P (6:43)

and give zero, while acting on other variables. Thus, the operators T2T,! and To!T,2
transform all components in the expansion of the wave function into themselves, with
some coefficients including the vanishing ones. Therefore, on all components the Hamil-
tonian (6.41) has the standard form with the oscillator and conformal potentials. As the
result, we can find its energy spectrum.

This system is similar to the one we have considered in section 5, but it has a wider set
of fermionic fields. The spin s is associated with the diagonal external SU(2) group (4.6).
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In contrast to (4.23), the SU(2) subgroup (4.49) of SU(2|1) acts only on fermionic fields,
which gives a different degeneracy picture for the supergroup SU(2|1).
Let us consider pure bosonic wave functions. They are given by

oo 2q
V=33 a0
¢ s=0
. . 2q—s
Q) (3,24, ) = (ehma) " el bl AlY (@), (6.44)

and are subject to the constraints

T,029 = T, Q(Z‘J) = 2qQ(q) 2¢=1,2,3...,

T _Zla k: +f 21/,1« 2 — ¥k 1wl(?21’
Ty =25~ a — ok 2¢1?12 + wzlwil (6.45)
The eigenvalue problem for the Hamiltonian (6.41) amounts to the equation
% _8822 +m’z® + s(sx—;—l) - Gm] A0 (%) (i1ig..ine) = Els0) AEZQ...QS)’ (6.46)
which is solved as”
A0 (%) (i ine) = Clinin..iine) 25t Lésﬂ/z) (ma?) exp(—ma®/2), 0=0,1,2,...,
B =m <2€ +s— g) . (6.47)

The energy spectrum is consistent with the energy spectrum (6.22) calculated in the matrix
formulation.

An alternative construction of wave functions can be given via creation and annihilation
operators [7, 8, 34]. To solve the equation (6.46), we take the ansatz:

(5,0) _ 1 g(s:0)
A(’ZiQ...’igs) - C(i1i2~--i25) xs"_ Q-‘f ’ (648)
where @Sf’g) is an even function of x. Introducing the Klein operator K :=Kjs (6.36)
satisfying
K?=1, Kz=-2K, Kb, =-0,K Ko =o" (6.49)

we define the creation and annihilation operators a* through the Dunkl operator D:

s+1
T

t=FD4+ma, D= |0+ (1-K)|, Ka*=-a"K. (6.50)

"As was discussed in [27], the equation (6.46) has an additional solution which was thrown away for
s > 0 due to the presence of singularities at = 0. Here this additional solution must be thrown away even
for the case s = 0, applying the same reasoning to the fermionic expansion of the full wave function.
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Then eq. (6.46) is rewritten as

1 9 9 S(s+1) 5,0 s+1 (5,0)
5 —W—me —I—T—Gm A( )::E [H_i_q)Jr s (651)
where
1
Hi=ga’a + % (2sK +2K —5),  [Hy,a] = +mat. (6.52)

Taking into account that K @f’e) = @Sf’e), the function CIJSf’E) is expressed as
o) = (ah)* e a e =, (6.53)

and the associate energy spectrum is
3
He @) = B pdl),  Eug=m <2£ +s— 2) . 0=0,1,2,.... (6.54)

One can also choose an alternative ansatz
ABD = g5 90 (6.55)
satisfying

KoY = — o0, (6.56)

The construction of wave functions via the creation and annihilation operators will give
the same solution for the energy spectrum as (6.54). We skip details of this construction
which is similar to the previous one.

7 Quantization of the full system (center-of-mass plus relative-coordinate
sectors)

The energy spectrum of the unified system, which is a sum of the center-of-mass sector
of section 5 and the relative coordinate system of section 6, can be found as a tensorial
product of the spectra of these two subsystems.

In the ungauged matrix formulation, the bosonic wave functions are a generalization
of (6.12) in the holomorphic realization (6.8):

p2

cI)(2q,s,l) -~ f(j1...j23)(m0) {TI‘ (CALJF)Q} [Tr (d+)3} b3 . [TI' (d+)n]pn

2q—1

% H {6(110,2...(1” |:(€L+)ln'r+1 Zinr+1:|
r=0

Their general structure is quite specified by the three requirements:

. [(eﬁ)l”*” z*}} 0y.  (7.1)

ay

e The wave functions should be U(n) invariant as a consequence of the constraint (4.12)
(or its equivalent form (4.28)). This means that all U(n) indices a should be con-
tracted with the appropriate invariant tensors;
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e They should be of degree 2gn with respect to the whole set of spin variables in virtue
of the constraint (4.14);

o All free SU(2) indices of the spin variables should be symmetrized and contracted with
the indices of f(;, . ,,)(z0). The energy spectrum of admissible spins of these functions
extends from s = 0 to ng (for 2nq even) and from s = 1/2 to ng (for 2ng odd).

All the fermionic wave functions can be obtained by action of the total supercharges
on (7.1). The basic distinctions of the total system from the multi-particle system of
section 6 concern the realizations of the SU(2) symmetry appearing in the anti-commutators
of the supercharges as an internal subgroup of SU(2|1). In the system with the center-of-
mass sector detached considered in section 6, this SU(2) symmetry is given by (4.49), acts
only on the fermionic operators and gives rise just to degeneracy of the energy spectrum. In
the total system, the internal SU(2) symmetry acts on the indices i, j, . . . of all components
of the wave functions (7.1) and their fermionic completion.

Taking into account the analysis of the previous section, we see that the problem of
description of all states in the unified case (the option III) in section 4.3) for an arbitrary
n is rather complicated. At the same time, we can directly determine, for all possible cases,
the full energy spectrum simply by applying the methods of the previous sections. Let us
briefly describe the energy spectrum for the choice of n = 2.

In this simplest case the matrix system is described by the Hamiltonian

1 0 2 2 ;0 1 L <ir) (ik) 0
+ mTr (ATA) +mTr (5% ) - 2m. (7.2)

The traceless part of the general constraints (6.5),
i - _
Ga' = = [Xo,Po] 8." + [A*,A] " + {\pk xp’f} by ZEZE —(2¢+n)6l ~0,  (7.3)
a

requires wave functions to be SU(n) scalars, while its trace part fixes the degree of homo-
geneity with respect to spin variables:

Y G =0 = > ZFZ-49=0. (7.4)
a a

The bosonic wave functions are constructed as

mzo2 L 1 ] 2(]
0L = Hy, (o) e~ "5 [Te (A4)] (e4222)) " 10), (7.5)
¢ .\ 2q9—s . . .
P(20.5.0.00) _ Agfg}”m) (o) [Tr ( A+)2] (z—jijgabzflzg)) zlnzi . 72
S
« H €akbkA;;€as+k |0), s=1,2...2¢q, (7.6)
k=1
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and possess the energies
E(O,Z,Zo) =m (2[ + fo — 2) ,

1
E(s 009 = 2m <€—|—€0—|—5—2>, s=1,2...2¢q. (7.7)
The complete set of the quantum states is recovered through the action of SU(2|1) super-
charges on the complete set of these bosonic wave functions.

The generic case in the reduced phase space formulation will be considered elsewhere.

8 Concluding remarks and outlook

In this paper, we presented the full quantum description of the SU(2|1) supersymmetric
multi-particle Calogero-Moser system with spin variables. It was constructed by mak-
ing use of the matrix formulation of this system. Due to the presence of spin variables,
the system under consideration involves internal spin degrees of freedom and so provides
N =4 supersymmetrization of U(2) spin Calogero-Moser system, as opposed to the systems
considered in refs. [41-43].

We obtained the explicit expressions for the classical and quantum charges of the
mass-deformed N'=4 supersymmetry inherent to the multiparticle system considered. The
crucial role in quantization of this system is played by the property that it became possible
to single out the center-of-mass subsector in the full system. This allowed us to separately
explore the case of the center of mass and the case without the center-of-mass variables.
Knowing the energy spectrum in these two cases immediately allows one to derive the
energy spectrum of the total system.

We computed the energy spectrum, exploiting the matrix formulation of the N'=4
supersymmetric U(2) spin Calogero-Moser system. An alternative way of quantizing such
systems is to deal with the reduced system, involving the dynamical position coordinates
only. Such a method [7, 8, 30, 31, 33, 34] (the “operator method” in the terminology by
A. Polychronakos) widely uses the Dunkl operators for building the oscillator-like phase
space of the multi-particle Calogero-type systems. Some simple examples of applying this
equivalent method within the model considered here were already discussed in section 6.2.
In the next publication we are planning to develop, in full generality, the applications of the
operator method to the systems with spin variables. On this way we expect, in particular,
to find out some new generalizations of the Dunkl operators and obtain a complete set of
independent conserved quantities (integrals) for a rigorous proof of possible integrability
of our system. One more direction for the future study is to construct and quantize multi-
particle Calogero-type models with higher-rank deformed supersymmetries of the kind
SU(m|n) and to reveal their relationships with the integrable structures in N'=4 super
Yang-Mills theory, e.g., along the lines of refs. [11, 12].

One more interesting problem is to elucidate a possible hidden superconformal sym-
metry of the multi-particle system considered. In the one-particle case, the corresponding
quantum-mechanical (massive) system [13] was found to possess such a hidden N'=4 su-
perconformal symmetry associated with the supergroup OSp(4|2) [27]. In the quantum
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domain, the corresponding superalgebra osp(4|2) acts as a spectrum-generating algebra.
The existence of an analogous extension of SU(2|1) symmetry in the multi-particle case is
an open question. In general, one could expect as well a hidden D(2, 1; «) supersymmetry
for which OSp(4/2) is a particular case corresponding to the choice « = —1/2. However,
this possibility would require, from the very beginning, some nonlinear sigma model action
for the superfields Xf in (1.1) and, respectively, for the bosonic fields X;' in (1.5). The
choice of OSp(4|2) is the unique one consistent with free kinetic terms for the bosonic fields,
as long as one insists on the supercharges (4.30) being linear in fermionic variables [44].
Allowing for supercharge terms cubic in the fermionic operators will constrain their coeffi-
cient functions by the so-called WDVV equations [41-46]. It will be interesting to develop
a superspace variant of this more general situation.
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