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1. Introduction

Solar cells are typically modeled using well-established numerical
device simulations that go far beyond the simple one-diode model.
However, simplifying and even over-simplifying treatments are
also of interest as they allow quick estimates of appropriate device
designs with little effort. Our screening of cell designs with various
nonideal contact combinations was done in the framework of the
one-diode model and may serve as an example for this: we identi-
fied a combination of poly-Si contacts with amorphous Si contacts

as the highest performing combination for
crystalline Si solar cells.[1] With a purely ana-
lytic approach using the one-diode model,
we also found that poly-Si junctions in com-
bination with conventional screen-printed
Al contacts allow high efficiencies with least
changes relative to the proven passivating
emitter rear contact technology.[2] As a result
of this, we are now investigating this type of
solar cells experimentally.[3] However, our
previous analytic modeling did not consider
extrinsic recombination losses in the bulk of
the absorber and did also not consider light
concentration. Rau and Kirchartz recently
presented an analytical equation for the opti-
mal device efficiency in the framework of
the one-diode model.[4] Their work did also
not account for arbitrary bulk recombina-
tion. Until now, there is apparently no ana-
lytic one-diode model for the optimal solar
cell efficiency with partial nonideal contacts

and arbitrary bulk recombination current.
This paper closes this gap and generalizes previous treatments to

light concentrating cells. We start with basic assumptions and gen-
eralized definitions and then prove that varying the level of light
concentration is an iso-selectivity scaling that balances a cells recom-
bination against its resistance. From previous work, we know that a
cell that allows for iso-selectivity scaling exhibits its maximum effi-
ciency at maximum selectivity[4,5] and that this maximum selectivity
can easily be calculated for given contact parameters.[5] Combining
these previous findings with the recent analytic efficiency expres-
sion from ref. [4] we derive new formulas for the optimal contact
fractions, the optimal light concentration, and the resulting optimal
cell efficiency. Some of these formulas are surprisingly simple.

For testing the analytic treatment against a numeric optimiza-
tion, we apply the new formulas to calculating the contact area
fractions and the optimum light concentration factors for the
so-called poly-Si on oxide (POLO) Si solar cells[6] that combine
screen-printed Al-doped contacts with n-type POLO.[1]

2. Assumptions and Definitions

2.1. Current–Voltage Curve and Selectivities

A solar cell’s ideal diode equation describes the current density

JðVÞ ¼ Jsc � Jc e
VþJρc
nV th � 1

� �
(1)
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The resulting formulas express the efficiency in terms of the selectivities of each
contact and the selectivity of the absorber. These equations are used to calculate the
optimum contact area fractions and the optimum light concentration level for Si
solar cells of various material qualities with screen-printed Al-doped contacts and
n-type poly-Si contacts on oxide. The efficiency results of the novel analytic and a
conventional numeric optimization agree to the expected level of accuracy.
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as a function of the terminal voltage V. The cell’s recombination
current density is Jc and the ideality factor is n. The series resis-
tance is ρc and the 1-sun short-circuit current density is Jsc. The
wide use of one- and two-diode models for quantitatively describ-
ing measured current–voltage curves of solar cells[7] underlines
the practical relevance of this simple modeling approach. Here,
we consider a one-diode model without a shunt resistance. This
is valid for good solar cells. The red lines in Figure 1 show effi-
ciencies

η ¼ max
V

VJðVÞ
Pin;1sun

� �
(2)

that we calculate numerically for any given point ðρc, JcÞ by
varying the terminal voltage V to find the maximum efficiency
η. The numerical values for Jsc, the thermal voltage Vth, the ide-
ality n, and the 1-sun insulation power Pin;1sun are given in the
caption of Figure 1 and are taken from ref. [8].

The ideal diode Equation (1) is an approximation that
describes real cells the better, the more flat the quasi Fermi levels
are. For flat quasi Fermi levels, all recombination processes are
running at the same internal voltage V þ Jρc.

In the framework of the one-diode model, we consider the
cell’s lumped resistance

ρc ¼ ρa þ ρe=f e þ ρh=f h (3)

and the cell’s lumped recombination current density

Jc ¼ Ja þ f eJe þ f hJh (4)

to be made up of contributions from the absorber a, the electron
contact e, and the hole contact h, respectively. Reduced area frac-
tions fe and fh< 1 of small-scale contacts enhance the series

resistance contributions and reduce the recombination current
contributions, respectively. The noncontacted area is assumed
to be insulating and free of recombination. Note that for a
noncontacted surface with recombination current Js> 0,
we may still use the later presented results when considering
ðf eJe � JsÞ=ðJe � JsÞ ≥ 0 rather than fe as the physical
electron contact fraction. A corresponding relation holds for
the hole-contacted side of the cell. Area fractions fe and fh> 1
can be interpreted as a small-scale roughening of the respective
full-area surfaces. In both cases, the term “small scale” shall per-
mit the use of unique internal voltage anywhere in the device.
Please note that Equation (1) also implies that all recombination
processes exhibit the same ideality factor n.

We define the selectivity

Sx ¼
nV th

Jxρx
(5)

for the whole cell (x ¼ c), the electron contact (x ¼ e), the hole
contact (x ¼ h), and the absorber (x ¼ a). We do this in formal
analogy to our previous definition of the selectivity of a cell’s
contact[5] while generalizing the previous definition to non-unity
ideality factors n. The selectivities Sx can have large numeric val-
ues. We therefore define their logarithms to the base 10

S10,x ¼ logðSxÞ (6)

and to the base e

Sexp ,x ¼ lnðSxÞ (7)

For any recombination current Jx , we define a conjugated
recombination resistance

ρ̃x ¼ nV th=Jx (8)

representing a resistance that minority carriers have to overcome
for recombination. Similarly, we define a conjugated transport
current density

J̃x ¼ nV th=ρx (9)

for any transport resistance ρx that characterizes the current den-
sity that flows across this resistance at thermal voltage. The pre-
viously defined selectivities may thus be written as

Sx ¼
J̃x
Jx

¼ ρ̃x
ρx

(10)

This equation was in fact the physical motivation for the
selectivity definition (5) when first applied to contacts:[5] for
the majority carriers, recombination at the contact and transport
through the contact are two alternative processes. We defined the
contact selectivity Sx with (x ¼ e, h) as the ratio of the wanted
process—a majority carrier current J̃x through the contact resis-
tance ρx—and the unwanted process—majority carrier recombi-
nation by a recombination current Jx with a resistance ρ̃x against
recombination.

19
20

21
22

23

23

24

24
24

25

25

26

26

27

27

28

28

29

23

24

30

10.696
11.101

11.506
11.911

12.316
12.72113.126

13.531
13.936

14.341
14.746

15.151
15.556

10-3 10-2 10-1 100

Resistance  c [  cm
2
]

100

101

102

R
ec

om
bi

na
tio

n 
cu

rre
nt

 d
en

si
ty

   
J c

 [
fA

/c
m

2
]

Figure 1. Solid red lines: iso-lines of the energy conversion efficiency from
numerically finding the maximum efficiency (Equation (2)) for short-circuit
current density ( Jsc)= 43.48mA cm�2, n= 1, Vth= 25.68mV, and
Pin,1sun= 1000Wm�2. Broken blue lines: iso-lines of the selectivity S10,c
calculated with Equation (16) for the efficiency values of the red lines.
Black solid line: magic resistance ρc= ρm coding to Equation (12).
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2.2. Inverse Scaling of Recombination and Resistance

Let us now assume without reference to a physical interpreta-
tion that Jc and ρc are not independent but can be scaled
inversely: reducing the recombination current density to a
fraction fcJc with fc < 1 shall enhance the device-effective trans-
port resistance to ρc/fc. The scaled device-effective selectivity
Sc ¼ nV th

ðf cJcÞðρc=f cÞ is then invariant under scaling. Scaling does,

however, make a difference to the efficiency of the solar cell
because varying fc deliberately balances recombination losses
against resistive losses. The physical interpretation will follow
Section 3.2.

2.3. Magic Resistance for Optimal Inverse Scaling

In ref. [5], we showed numerically that for any pair of parameters
(Jc, ρc), the optimal inverse scaling ( fcJc, ρc/fc) maximizing the
efficiency is

ρc=f c ¼ ρm ¼ 0.61Ω cm2 (11)

when using the parameters given in the caption of Figure 1.
Here, the index m in ρm stands for magic resistance as it is
on the first glance quite surprising to find this resistance being
independent of the contacts recombination current Jc. Rau and
Kirchartz disenchanted this magic by proving analytically that
Equation (11) is in good approximation with a property of the
diode Equation (1).[4] Following their derivation and allowing for
nonunity ideality, we find

ρm ¼ nV th=Jsc (12)

The solid black line in Figure 1 shows ρc= ρm.

2.4. Parameters of the Illuminated Current–Voltage Curve under
Optimal Inverse Scaling

Following the analytical treatment in ref. [4], the open-circuit
voltage at optimal scaling is

Voc ¼ nV thSexp;c (13)

and is thus independent of the Jsc. Inserting this into Green’s
approximation for the prefactor of the fill factor[9] gives

FF0ðSexp ,cÞ ¼
Sexp ,c � lnðSexp;c þ 0.72Þ

Sexp ,c þ 1
(14)

This prefactor is thus a sole function of the selectivity Sexp,c.
The efficiency[4]

η ¼ jscnV th

Pin
ðSexp ,c � 1ÞFF0ðSexp ,cÞ (15)

thus depends only on the selectivity Sexp,c once the Jsc, the input
power density Pin, and the ideality n are set. The analytic results
(12) through (15) rely on analytical approximations for the fill fac-
tor and neglect the derivative of the fill factor versus the scaling
factor fc. This makes the results approximations. In ref. [4], the
efficiency (15) was tested to overestimate the correct result by

0.05%, corresponding to an error of the order of 0:1%abs
efficiency points for silicon cells.

Using Sexp ,c ¼ lnð10ÞS10,c and Taylor expanding (15)
around S10;c ¼ 13 yields to the first order in ðS10,c � 13Þ the
efficiency

η ¼ jscnV th

Pin
ð2.21104S10,c � 3.94672Þ (16)

at optimum scaling. Equation (16) is equivalent to η=% ¼
2:46895S10,c � 4.40715 for the parameters given in the caption
of Figure 1. This is very similar to the η=% ¼ 2:4733S10,c �
4.432 as derived from a numerical optimization in ref. [5].
The deviations of these two efficiencies are again of the order
of Δη¼ 0:1%abs. We use (16) with the parameter values given in
the caption of Figure 1 to calculate the selectivities S10,c that
correspond to the efficiency values η of the red iso-efficiency lines
in Figure 1. These iso-selectivity lines are plotted broken and in
blue in Figure 1. They should be tangent to the iso-efficiency lines
at ρc= ρm. The slope at ρc= ρm is as expected. However, the values
deviate by about Δη ¼ 0:1% efficiency points due to the limited
accuracy of the analytic calculation (15).

The efficiency of any solar cell obeying the ideal diode
Equation (1) with arbitrary ideality factor n can thus be optimized
by iso-selectivity scaling.[4,5] Inverse scaling of Jc and ρc with a fac-
tor fc= ρc/ρm yields the optimum efficiency that can be calculated
with (15) or with the linearization (16).

3. Maximizing the Device Efficiency

3.1. Maximizing the Selectivity

Maximizing Sc with respect to fe and fh by using (5), (3), and (4)
requires solving the equation system ∂Sc

∂f e
¼ 0 ∧ ∂Sc

∂f h
¼ 0. The

solution is

f e ¼
ffiffiffiffiffiffiffiffiffi
ρeρ̃e

pffiffiffiffiffiffiffiffiffi
ρaρ̃a

p ¼
ffiffiffiffiffiffiffiffi
Jaρe
Jeρa

s
∧ f h ¼

ffiffiffiffiffiffiffiffiffiffi
ρhρ̃h

p ffiffiffiffiffiffiffiffiffi
ρaρ̃a

p ¼
ffiffiffiffiffiffiffiffiffi
Jaρh
Jhρa

s
(17)

and it follows

f e
f h

¼
ffiffiffiffiffiffiffiffiffi
Jhρe
Jeρh

s
(18)

The optimal ratio of the contact areas can thus be deduced
from the contact properties only. It is independent of the
absorber properties. With the selectivity-maximizing fractions
(17), the total cell resistance at optimum selectivity is

ρc ¼
ffiffiffiffiffiffiffiffiffi
ρaρ̃a

p 1ffiffiffiffiffi
Sa

p þ 1ffiffiffiffiffi
Se

p þ 1ffiffiffiffiffi
Sh

p
� �

(19)

and the total recombination current density becomes

Jc ¼
ffiffiffiffiffiffiffiffi
JaJ̃a

q 1ffiffiffiffiffi
Sa

p þ 1ffiffiffiffiffi
Se

p þ 1ffiffiffiffiffi
Sh

p
� �

(20)

Here, we use the conjugated recombination resistance ρ̃a of
the absorber and the conjugated transport current density J̃a
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of the absorber in the latter two equations for achieving
an easy-to-remember notation. Multiplying the left- and
right-hand sides of (19) and (20), respectively, and using
Jx ρ̃x ¼ J̃xρx ¼ nV th, we find that the relation

1ffiffiffiffiffi
Sc

p ¼ 1ffiffiffiffiffi
Sa

p þ 1ffiffiffiffiffi
Se

p þ 1ffiffiffiffiffi
Sh

p (21)

giving the maximum achievable selectivity Sc as a function of the
selectivities of the contacts and the absorber.

3.2. Maximizing the Efficiency of a Concentrator Cell

Equations (19) and (20) define a point (ρc,Jc) in Figure 1 on the Sc
iso-line of maximum selectivity. Using the scaling factor

f c ¼
ρc
ρm

(22)

from (11) and (12) brings the cell to maximum efficiency at
ðρc=f c, f cJcÞ under the constraint of constant selectivity. From
(19), we find the efficiency-maximizing scaling factor

f c ¼
ffiffiffiffiffiffiffiffiffi
ρaρ̃a

p
ρm

1ffiffiffiffiffi
Sa

p þ 1ffiffiffiffiffi
Se

p þ 1ffiffiffiffiffi
Sh

p
� �

(23)

The maximum efficiency directly follows from (15) or (16)
when using Sc from (21).

We now give a physical interpretation of this efficiency-
maximizing scaling factor fc. The scaled solar cell has the
efficiency η defined by the equations

η ¼ max
V

VJðVÞ
Pin;1sun

� �
∧ JðVÞ ¼ Jsc � f cJc e

VþJðρc=f cÞ
nVth � 1

� �
(24)

Expanding the first part of (24) and multiplying the second
part by the factor

C ¼ 1=f c (25)

respectively, we find

η ¼ max
V

VCJðVÞ
CPin;1sun

� �
∧ CJðVÞ ¼ CJsc � Jc e

VþCJρc
nVth � 1

� �
(26)

Renaming the variable CJðVÞ ! JðVÞ and using
CPin;1sun ¼ Pin;Csuns, this transforms to

η ¼ max
V

VJðVÞ
Pin;Csuns

� �
∧ JðVÞ ¼ CJsc � Jc e

VþJρc
nVth � 1

� �
(27)

The latter equation system describes the efficiency of
the non-scaled cell under light concentration C. The linear scal-
ing of ρc and Jc by the factor fc has the physical interpretation of
putting the device under concentration C= 1/fc. Equations (25)
and (23) can thus be used to calculate the optimal light concen-
tration level that maximizes the efficiency for a cell with optimal
contact area fractions.

3.3. Maximizing the Efficiency of a Non-Concentrating Cell

Scaling a device with maximized selectivity to the point of
maximum efficiency is not possible for a non-concentrating cell.
Non-concentrating cells will typically have an optimum efficiency
at contact fractions fe and fh with less than maximum selectivity.
Here, we report the contact fractions that maximize the efficiency
in this case.

Using Equation (S21), of the supplementary information of
ref. [4], we find the cells efficiency

η¼ nvt ln
Jsc

Jaþ f eJeþ f hJh

� �
Jsc� ρaþ

ρe
f e
þρh
f h

� �
J2sc

� �
FF0=Pin;1sun

(28)

as the product of open-circuit voltage, the approximate fill factor
and the Jsc. We then find the contact fractions for maximum effi-
ciency by solving the equation system ∂Pout

∂f e
¼ 0 ∧ ∂Pout

∂f h
¼ 0.

Here Pout=VJ(V ) is the output power delivered by the solar cell.
The contact area fractions follow from solving two equations that
are quadratic in fe and fh, respectively, and by selecting the posi-
tive solutions

f e ¼ 1
2

Jscffiffiffiffiffiffi
Je J̃e

p 1ffiffiffiffi
Se

p þ 1ffiffiffiffi
Sh

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1ffiffiffiffi
Se

p þ 1ffiffiffiffi
Sh

p
� �

2
þ 4 Ja

Jsc

s !
∧

f h ¼ 1
2

Jscffiffiffiffiffiffiffi
Jh J̃h

p 1ffiffiffiffi
Se

p þ 1ffiffiffiffi
Sh

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1ffiffiffiffi
Se

p þ 1ffiffiffiffi
Sh

p
� �

2
þ 4 Ja

Jsc

s !
.

(29)

Inserting this in (28), we find the maximum efficiency under 1
sun. Note that the ratio of hole to electron contact area fraction
fe/fh given by Equation (18) also follows from (29) and is thus the
same for the concentrating and the non-concentrating case.
Again, the results of this section are approximations because
(28) is an approximation and because finding the maximum
power point neglected the voltage dependence of FF0.

[4]

3.4. Test and Application of the Analytic Treatment

For testing the analytic one-diode model equations against the
numeric solutions, we consider a POLO solar cell with a p-type
Si wafer of resistivity 1Ωcm, a wafer thicknessW= 150 μm, and
a Jsc= 42mA cm�2. The cell shall have a passivating poly-silicon
electron-selective contact with Je= 3 fA cm�2 and a recombina-
tion active local screen-printed Al-doped hole-selective contact
with a recombination current density of Jh= 500 fA cm�2.
The two contact resistances shall be ρe ¼ ρh ¼ 1mΩcm2.
These values are typical for the contacts of POLO cells.[6] We vary
the recombination parameter Ja of the absorber in a wide range
from 1 to 1000 fA cm�2 and consider three absorber resistances
ρa= 10, 100, and 500mΩcm2.

Figure 2 shows the testing for 1 sun illumination. The analytic
optimum contract area fractions (29) and efficiencies (28) are
shown as broad dashed lines. According to (29), the contact area
fractions do not depend on the series resistance of the absorber.
This is why the blue-dashed line for ρa = 500mΩcm2 hides the
lines of the two other resistances. Numerically maximizing the
efficiency (27) for fixed C= 1 is a three-parameter optimization
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of fe, fh, and of the terminal voltage V. The voltage is optimized to
find the maximum power point. The numeric results are plotted
as narrow dash-dotted lines in Figure 2. They deviate from the
analytic result by about 0.08%abs efficiency points. The
dotted black line is calculated numerically and applies an
injection-dependent intrinsic series resistance of the Si wafer
that follows from the algorithms described in ref. [8] when
assuming spatially homogeneous photo generation.

Figure 3 shows the respective testing for optimized light con-
centration C. The broad dashed lines are the analytical results for
the contact area fractions from (17), the light concentration from

(25) and (22), and the efficiency from (15). Searching the
optimum efficiency numerically with (27) is a four parameter
optimization of fe, fh, C= 1/fc, and V. The numeric results are
shown as narrow dash-dotted lines. The perfect agreement of
analytic and numeric contact fractions is due to not making
any approximations when deriving the analytic formula (21) that
maximize the selectivity. We find electron contact area fractions
that are always a factor of 12.9 larger than that for the holes from
(18) when inserting the specific contact parameters. The devia-
tion between numeric and analytic optimal light concentration C
is 4%. Some deviation is expected because the analytic formulas
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Figure 2. Comparison of analytic and numeric optimization under 1 sun illumination. The colors distinguish different absorber resistances ρa. Broad
dashed lines: analytical results for the area fractions of the electron contact fe (top left graph) and the hole contact fh (top right graph) from Equation (29),
and efficiency η (bottom graph) from (28). Narrow dash-dotted lines: results of the numeric optimization. The parameters are Jsc= 42mA cm�2, n= 1,
Vth= 25.68mV, Pin,1sun= 1000Wm�2, ρe = ρh = 1mΩcm, Je= 3 fA cm�2, and Jh = 500 fA cm�2. Dotted lines: numeric optimization applying the
injection-dependent intrinsic resistance ρa of the absorber that is calculated numerically at the maximum power point for a p-type 1Ωcm Si wafer with
a thickness W= 150 μm.
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are approximations. In consistency with ref. [4], the analytic
efficiency η is slightly larger than the numeric result. Again
we find a difference of about 0.08%abs efficiency points. The
dotted line is again a numerical optimization accounting for
the injection-dependent intrinsic wafer resistance.

For all numeric results in Figures 2 and 3, we observe numeric
convergence to a maximum efficiency. This is worth mentioning
as we did not explicitly prove that the analytic solutions describe
an efficiency maximum rather than a minimum or a saddle
point. In Figure 2, the analytic efficiency for ρa= 10mΩ cm2

under 1 sun (broad dashed black line) drops from 27.6% at

Ja= 1 fA cm�2 to 24.2% at Ja= 100 fA cm�2. Under optimized
concentration, this efficiency drops in Figure 3 over the same
range of recombination currents Ja from a slightly higher value
of 28.0% at C ¼ 7 to a significantly higher value of 26.6% at
C= 35, when compared to the non-concentrating case. The
enhancement form 24.2 to 26.6% is due to the iso-selectivity
scaling of a device with a low resistances and high recombina-
tion. Figure 3 also shows that in the opposite case of low
recombination Ja and high resistances, the iso-selectivity scaling
works in the opposite direction and optimizes the efficiency by
de-concentrating the light intensity to C< 1.
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Figure 3. Comparison of the analytic and the numeric optimization under efficiency-optimized concentration. The colors distinguish different extrinsic
absorber resistances ρa. Broad dashed lines: Analytical results for the area fractions of the electron contact fe (top left graph) and the hole contact fh
(top right graph) from Equation (29), the concentration C (bottom left graph) from Equations (25) and (22), and the efficiency η (bottom right graph) from
Equation (15). Narrow dash-dotted lines: numeric optimization. Dotted lines: numeric optimization with the injection-dependent intrinsic resistance of
the absorber. The parameters are identical to those given in the caption of Figure 2.
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In Figures 2 and 3, the dotted lines for a Si absorber with its
intrinsic injection-dependent wafer resistance are close to those
for ρa= 10mΩcm2, in particular at low Ja values of 1 to
100 fA cm�2. Please note that a wafer with specific resistance
rbulk= 1Ωcm and a thickness W= 100 μm would contribute in
low injection rbulkW= 10mΩcm2 to the total resistance. This
order of magnitude is thus to be expected for the absorber resis-
tance of an efficient Si cell. From the dotted C line in Figure 3, we
find that POLO type of cells with a poor material quality
Ja= 100 fA cm�2 and with the contacts as the only sources of
extrinsic resistances would still allow for high efficiencies of up
to 26.0% if the cell is put under high concentration of C= 47.

4. Summary

In the framework of a single-diodemodel, we derived a set of equa-
tions for an efficiency-optimized solar cell with electron contacts
(ρe,Je), hole contacts (ρh,Jh), and given absorber properties (ρa,Ja). If
light concentration is allowed, we first optimize the contact frac-
tions fe and fh for optimal selectivity and then put the device under
optimum concentration C. The second step can be described as
inverse scaling of recombination rates against transport resistance
under the constraint of constant device selectivity. If light concen-
tration is not allowed, the optimum efficiency is achieved at less-
than-optimum device selectivity. For this case, we also gave ana-
lytic expressions. In the admittedly limited range of validity of the
one-diode model, the analytic and numeric optimization gives
similar results for all tests conducted. Our novel analytic equations
may thus be used to easily estimate optimal efficiencies, optimal
contact fractions, and the optimal solar concentration. We applied
these equations to the special case of POLO cells that combine
local screen-printed hole contacts with n-type poly-silicon contacts
and calculated the dependence of the optimum concentration level
on the recombination parameter Ja of the bulk for various
series resistances ρa. High efficiencies of up to 26.0% are theoret-
ically feasible even with rather high recombination of
Ja= 100 fA cm�2 if the cell is put under optimal concentration
and has negligible extrinsic resistances.
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