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Abstract

The principle of linearized stability and instability is established for a classical model describ-
ing the spatial movement of an age-structured population with nonlinear vital rates. It is
shown that the real parts of the eigenvalues of the corresponding linearization at an equi-
librium determine the latter’s stability or instability. The key ingredient of the proof is the
eventual compactness of the semigroup associated with the linearized problem, which is
derived by a perturbation argument. The results are illustrated with examples.
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1 Introduction

The dynamics of a population structured by space and age is described by a density function
u = u(t,a,x) > 0, where t > 0 refers to time, a € J := [0, a,,] is the age variable with
maximal age a,, € (0, 00) (individuals may attain age greater than a,, but are no longer
tracked in the model), and x € 2 is the spatial position within a domain 2 C R". Then

u(t,x) = /‘am o(a,x)u(t,a,x)da
0

is the weighted local overall population with weight o (i.e. the total number of individuals
at time instant ¢ and spatial position x when o = 1). Assuming that the death rate m =
m(u(t,x),a) > 0 and the birth rate b = b(u(t, x), a) > 0 depend on this quantity and on
age, the governing equations for the density u are
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du + dqu = dive(d(a, x)Veu) —m(@u(t, x),a)u, t>0, a€0,an), x€Q,

(1.1a)
am
u(t, 0, x) :/ b(u(t,x),a)u(t,a,x)da, t>0, xeQ, (1.1b)
0
Bu(t,a,x)=0, t>0, ae0,a,), xeodf2, (1.1¢)
u(0,a,x) =ugla,x), aecOa,), xe, (1.1d)
where
Bu:={1-8u+dsdu, 6¢€f{0,1},
means either Dirichlet boundary conditions u|3q = 0 if § = 0 or Neumann boundary

conditions dyu = 0 if § = 1. Note that the evolution problem (1.1) exhibits hyperbolic
(due to the aging term) and parabolic (due to the diffusion) features and involves a nonlocal
condition (1.1b) with respect to age.

Since many years linear and nonlinear age-structured populations with spatial diffusion
have been the focus of intensive research, see e.g. [25, 30] and the references therein. In
particular, problems of the form (1.1) [9, 17, 18, 21] or variants thereof such as models
including nonlocal diffusion [13] or compartmental models for infectious diseases spreading
[5-7, 10, 11, 14] have been studied by various authors addressing questions related e.g. to
well-posedness or qualitative aspects under different assumptions (none of these reference
lists is close to being complete though). The present paper contributes to the study of stability
of equilibria to (1.1). While most research so far on stability of equilibria in age-structured
diffusive populations apply the principle of linearized stability in an ad-hoc fashion, the aim
of the present paper is to provide a proof therefor.

The existence of (nontrivial) equilibria (i.e. time-independent solutions) to (1.1) has been
established under fairly general conditions by the author in a series of papers using fixed
point methods [22] or bifurcations techniques [20, 22, 24]. A principle of linearized stability
for age-structured populations without spatial diffusion was established in [16], see also [29].
As for the case including spatial diffusion a criterion for linearized stability was derived in
a recent paper [28]. Herein, we shall refine and simplify considerably this stability result
and complement it with an instability result. In particular, we show that the spectrum of the
linearization (as an unbounded operator) indeed consists of eigenvalues only whose real parts
determine stability and instability.

To give a first flavor of our findings we present a paraphrased version for the particular
case of the trivial equilibrium ¢ = 0. In the next section we will state a more general version
for an arbitrary equilibrium.

Writing the unique strong solution v to the heat equation

dav = dive(d(a, x)Viv), (a,x) €J xQ, v(0,x)=vp(x), x€Q,

subject to the boundary condition Bv = 0 on 0<2 and the initial value v9 € L,(£2) in the
form v(a) = I (a, 0)vg, a € J, we define by

Qo = /am b(0, a) exp (— /am(O, o) da) I, (a, 0)da
0 0

a (compact and positive) operator on L, (2) and denote by r(Qo) its spectral radius. Then
the stability property of the trivial equilibrium is determined according to:
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Proposition 1.1 Let g > n and assume that
d:JxQ— (0,00, b:RxJ— (0,00, m:RxJ—>R"
are (sufficiently) smooth functions.

(a) If r(Qo) < 1, then the trivial equilibrium to (1.1) is exponentially asymptotically stable
in L1((0, am), Wy (Q)).
(b) If r(Qo) > 1, then the trivial equilibrium to (1.1) is unstable in Ly ((O, am), Wq] (Q)).

In case of Neumann boundary conditions (i.e. § = 1), the spectral radius is

r(Qo) = / " b0, a) exp <— f “ im0, s)ds) da.
0 0

Proposition 1.1 is a special case of Proposition 5.1 below. In fact, we can prove a much more
general result for an arbitrary equilibrium. For this purpose, we shall consider problem (1.1)
in an abstract setting and introduce the notation'

A(@)w = dive(d(a, )Viw), we Ej,

where e.g. E| = W;B(Q) with g € (1, co) denotes the Sobolev space of functions w €
WqZ(Q) satisfying the boundary condition Bw = 0 on 9<2. Then A(a) is for each a € J the
generator of an analytic semigroup on the Banach lattice Eq := L, (£2) with compactly and
densely embedded domain E. The abstract formulation of (1.1) now reads

ot + oau = A(@)u — m(u(t), a)u, t>0, ae,ay), (1.2a)
u(t,0) = /am b(u(t),a)u(t,a)da, t>0, (1.2b)

0
u(0,a) =ug(a), a € (0,a,), (1.2¢)

with
u(t) == /am o@u(t,a)da.
0

We then shall focus on (1.2) and present our main stability result for this problem. Later we
interpret our findings for the concrete equation (1.1) and variants thereof. The regularizing
effects from the diffusion, reflected in (1.2) by the operator A, are of great importance
since they will allow us to handle the nonlinearities under mild assumptions (mainly on the
regularity of the vital rates m and b).

2 Main Results

General Assumptions and Notations

Set J := [0, a,,]. Throughout the following, Ey is a real Banach lattice ordered by a closed
convex cone EaL (in the following we do not distinguish E( from its complexification required
at certain points) and

d
El‘—‘—>E0,

I we suppress the x-variable consistently in the abstract formulation by considering functions with values in
function spaces on £2. In particular, the data m, b, 0 may include an x-dependence and u(¢, a) € Ey.
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that is, £ is a densely and compactly embedded subspace of Eg. We write L(E, Eg) for
the Banach space of bounded linear operators from E; to Eg, set L(Eq) := L(Eo, Eo), and
denote by £ (Ep) the positive operators. For a (possibly unbounded) operator

A :dom(A) C Ey — Ey

we mean by D(A) its domain dom(.A) endowed with the graph norm. For 6 € (0, 1) and an
admissible interpolation functor (-, -)g (see [3]), we put Eg := (Eo, E1)g and equip it with
the order naturally induced by E(J{ . We use the notion

Ep :=L1(J, Eg), 6€]0,1],
and observe Ey < [Eg for 6 € [0, 1]. We assume that there is p > 0 such that
A € CP(J, H(E1, Ep)) (2.1a)
and
A(a) isresolvent positive for eacha € J , (2.1b)

where H(E1, Ep) is the subspace of L(E1, Ep) consisting of all generators of analytic semi-
groups on Eg with domain E. Then (2.1) and [3, II.Corollary 4.4.2] imply that A generates
a positive, parabolic evolution operator

{M(a,0) € L(Ep);aeJ,0<0 <a},
on Ey with regularity subspace E7 in the sense of [3, Section I1.2.1] (see Appendix B for a

summary of the most important properties of parabolic evolution operators).

Well-Posedness

Before stating our main stability result, let us recall the well-posedness of the nonlinear
problem (1.2) established in [21, 28]. In the following, let & € [0, 1) be fixed. We assume
for the birth and the death rate that

[0 — b, )] € C}(Eq, LL(J, L(Eq, Ep))), (2.2a)
[0 — m(@, )] € C} (Eq, LL(J, L(Eq, Ep))), (2.2b)

where C ;7 stands for locally Lipschitz continuous maps that are bounded on bounded sets.
The weight function g is such that

0€C(J,LL(Ep)), 0€{0,a 0}, (2.2¢)

for some ¥ € (0, 1) (if @ € (0, 1), then it suffices to take ¥ = «). We use the notation

am
v ::/ o@v(a)da e Eg, veky.
0

Observe that integrating (1.2) formally along characteristics yields the necessary condition
that a solution u : R™ — Eq with initial value u( € Eq satisfies the fixed point equation

(2.3a)

t.a) M@, a —t)uola —1) + Grw(t,a), a€lJ,0=t=<a,
u(t,a) =
I(a,0) B,(t —a) + Gru(t,a), aelJ,t>a,
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where F(u) := —m(u, -)u and
t
Gy(t,a) :=/ [M(a,a —t+s)v(s,a—t+s)ds (2.3b)
(t—a)+

for v : RT — [E,, and where B, satisfies the Volterra equation

t am
B,(t) = / b(ﬁ(t),a)l'[(a,O)Bu(t—a)da—i—/ b(u(t),a)lI(a,a —t)ugla —t)da
0 ! (2.3¢)

+/ ! b(u(t),a)Gruw)(t,a)da
0

fort > 0 (wesetb(v, a) := 0 whenevera ¢ J). Thatis, u(t,0) = B, (¢) fort > 0 by (2.3a),
while (2.3c) implies

am
B,(t) = / b(u(t),a)u(t,ayda, t=>0.
0
The following result was established in [28] (see also [21]):

Proposition 2.1 Suppose (2.1) and (2.2). For every ug € Ey there exists a unique maximal
solutionu = u(-; ug) € C(I(uo), Ea) to problem (1.2) on some maximal interval of existence
I(uo) = [0, Tnax(uo)); that is, u(t; ug) satisfies (2.3) fort € I(up). If

sup  |lu(t; uo)llg, < o0
tel(up)N[0,T]

forevery T > 0, then the solution exists globally, i.e., I (uo) = RT. Finally, ifuo € E}, then
u(t; ug) € E;rfort e I(ugp).

Proof This is [28, Proposition 2.1]. O

Note that assumptions (2.1) and (2.2) are not really restrictive and satisfied for (sufficiently)
smooth functions m, b, o and diffusion operators as in the introduction, see Sect. 5.

Linearized Stability and Instability

In the following, an equilibrium (i.e. a time-independent solution) ¢ € C(J, Ey) to (1.2) is
a mild solution (see (B.3b)) to

dup = Al@)p —m(@.a)p. ac (0. ay). ¢(0):/0mb(q_§,a)¢(a)da. 2.4)

Clearly, ¢ = 0 is always an equilibrium. As pointed out above, fairly general conditions
sufficient for the existence of at least one positive non-trivial equilibrium ¢ € E;NC(J, Ey)
were presented in earlier works [20, 22, 24].

An equilibrium ¢ € C(J, Ey) to (1.2) is said to be stable in E, provided that for
every ¢ > 0 there exists 6 > 0 such that, if uy € Bg, (¢, §), then T4 (1o) = oo and
u(t; ug) € B, (¢, €) for every t > 0, where u(-, up) denotes the maximal solution to (1.2)
from Proposition 2.1. The equilibrium ¢ € C(J, Ey) is asymptotically exponentially stable
in E,, if it is stable and there are r > 0 and M > 0 such that

lu(t; uo) — dlig, < Me " llug — $llg, . =0,

forug € Bg, (¢, 6). Finally, an equilibrium ¢ € C(J, Ey) is unstable in E, if it is not stable.
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Assumptions

Let¢p € E; N C(J, Ey) be a fixed equilibrium to (1.2). We assume that the death and the
birth rate are continuously Fréchet differentiable at ¢. More precisely, for o € [0, 1) still
fixed, we assume that

Eq = Loo(J. L(Ea, Eo)) . z > m(z, ) is differentiable at ¢ € E1 (2.52)
Eq — Loo(J. L(Eq. E0)). z + b(z, ) is differentiable at ¢ € E| , (2.5b)
such that for v € Eg we can write (with 9 indicating Fréchet derivatives with respect to q_b)
m(@, v —m@, )p =m@, ) — ¢) + dm(@, )0 — $lp + Ru(v —¢)  (2.5¢)
and
b(®, v = b(¢, )p = b(¢, )(v — §) + 0b($, )V — Pl + Ry(v — p),  (2.5d)

where for the reminder terms R, : E, — Eg and R, : E, — Eg there exists an increasing
function d, € C(R*, RT) with d,(0) = 0 such that d,(r) > 0 for each r > 0 with

R (W, + IRe(WIEy < do(P) IVIE, . [IVIE, <7 (2.5¢)
and

I1Rm (v1) — Ry (v2) gy + 1 Rp(v1) — Rp(v2) gy < do(r) llv1 — v2]lE, ,
lvillg,. lvallg, <7. (2.51)

For technical reasons, we assume for the birth rate that (for some ¥ € (0, 1), see (2.2¢))

b(¢,) € C(J, L(E0)) N Loo(J, L(Eg)), 6 €{0,c, 0}, (2.52)
and
[z 3b(@, )[21¢] € L(Eg, Eg), 6 € {0, 0}, (2.5h)
while for the death rate we impose that
m(¢,-) € C*(J, L(Ep, Eop)) (2.51)
for some g8 € [0, 1) and
[a = dm(¢, a)[1p(a)] € C(J, L(Ep)). (2.5))

The fact that we can handle nonlinearities m and b being defined on interpolation spaces E
guarantees great flexibility in concrete applications. Indeed, the assumptions imposed above
are rather easily checked in problems such as (1.1) since they are mainly assumptions on the
regularity of the data (see Sect. 5 for details).

In [28] it was shown that the stability of an equilibrium ¢ can be deduced from the (formal)
linearization of (1.2) at ¢ given by

v+ 0,0 = A(@)v —m(p,a)v — Im(¢p,a)[6(M)]p(a), >0, ae(0,ay),

(2.6a)

v(t,0) = / b(¢,a)v(t,a)da +/am ab(p,a)lv()]¢p@da, >0, (2.6b)
0 0

v(0,a) = vo(a), a € (0,ay), (2.6¢)
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with 9 indicating Fréchet derivatives with respect to ¢. More precisely, according to [28],
an equilibrium ¢ is locally asymptotically stable if the semigroup associated with the lin-
earization (2.6) has a negative growth bound. The characterization of the latter, however,
was left open. The aim of the present research now is to refine and improve this stability
result and complement it with an instability result. Concretely, we prove that the real parts
of the eigenvalues of the generator of the semigroup associated with the linearization (2.6)
determine stability or instability of the equilibrium. Thus, we establish the classical principle
of linearized stability for (1.2).

In the following, an eigenvalue of the generator associated with (2.6) means a number
A € C for which there is a nontrivial mild solution w € C(J, Egp), w # 0, to

Aw 4w = Ala)w — m(P, a)w — dm(p, a)[Wlp(a), a €0, ay), (2.72)

w(0) = / b(¢,a) w(a)da + / db(p, a)[w] ¢ (a)da . (2.7b)
0 0
Here is the main result:

Theorem 2.2 Leta € [0, 1). Assume (2.1), (2.2), and (2.5), where ¢ € E; N C(J, Ey) is
an equilibrium to (1.2). The following hold:

(a) If Re L < O for any eigenvalue A to (2.7), then ¢ is exponentially asymptotically stable
inEg.
(b) IfRe A > O for some eigenvalue A to (2.7), then ¢ is unstable in E,.

Theorem 2.2 follows from Theorem 4.1 below and is an extension of [16, Theorem 2],
[29, Theorem 4.13] to the case with spatial diffusion. We point out again that the ability to
work in the spaces E, (instead of only in [Eg) allows us to treat general nonlinearities in the
vital rates m and b, see Sect. 5.

Statement (a) of Theorem 2.2 refines the stability result of [28, Theorem 2.2]. Indeed, one
of our main achievements herein is the characterization of the growth bound of the semigroup
associated with (2.6) in terms of the spectral bound of the semigroup generator. Moreover,
with the instability statement (b) we complete [28, Theorem 2.2] and so provide a concise
characterization of stability or instability of an equilibrium to (1.2) via the linear eigenvalue
problem (2.7). Actually, we shall later see in Sect. 4 that the latter can be rephrased in a
somewhat more accessible way for applications.

The crucial key for the proof of Theorem 2.2 is to show that the semigroup on [E¢ associated
with the linear problem (2.6) (as well as its restriction to E,) is eventually compact. As a
consequence the growth bound of the semigroup and the spectral bound of the corresponding
generator coincide and further fundamental spectral properties of the generator can be derived.
We emphasize that, even though the semigroup associated with (2.6) when m = 0 is known
to have this eventual compactness property (see [26]), it is by no means obvious that this
property is inherited when including a nontrivial death rate m. This is due to the fact that, on
the one hand, a perturbation of the generator of an eventually compact semigroup does not
in general generate again an eventually compact semigroup, and, on the other hand, that the
perturbation am(p, a)[w]p (a) appearing in (2.6a) constitutes a nonlocal perturbation with
respect to w. In order to establish the fundamental compactness property nonetheless, we
make use of the particular form of this perturbation, see (4.1d).
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In Sect. 3 we first focus on the linear problem (2.6) and prove the eventual compactness of
the corresponding semigroup on Eq and of its restriction to E,. This and the implied spectral
properties of the generator are summarized in Theorem 3.3 and Corollary 3.5.

In Sect. 4 we use the crucial fact derived in [28] that the difference u(-; ug) — ¢ can be
represented in terms of the linearization semigroup associated with (2.6), see (4.13). Since
the growth bound of the linearization semigroup is determined by the spectral bound of the
semigroup generator as shown previously in Sect. 3, this yields statement (a) of Theorem 2.2.
Moreover, the construction of backwards solutions to problem (1.2) in Lemma 4.5 under the
assumptions of statement (b) of Theorem 2.2 then leads to the instability result. This part
of the proof is inspired by [29, Theorem 4.13]. In Proposition 4.7 we give an alternative
formulation of the eigenvalue problem (2.7).

In Sect. 5 we consider concrete examples and prove, in particular, Proposition 1.1 on
the stability analysis of the trivial equilibrium to problem (1.1). Moreover, we provide an
instability result for a nontrivial equilibrium, see Proposition 5.4.

Finally, two appendices are included. In Appendix A we provide the technical and thus
postponed proof of Proposition 3.4. In Appendix B we briefly summarize the main properties
of parabolic evolution operators which play an important role in our analysis and are used
throughout.

3 The Linear Problem

In order to prepare the proof of Theorem 2.2 we focus our attention first on the linear problem

oru + dau = Ag(a)u, t>0, ae@,ay), (3.1a)
u(t,0) = /Oam be(@u(t,ayda, >0, (3.1b)
u(0,a) = v¥(a), a € 0,a,), 3.1¢c)
where Ay satisfies
Ay € CP(J, H(E, Ep)) (3.2)

for some p > 0 and where we impose for the birth rate that there is ©* € (0, 1) with
by € Loo(J, L(Ep)), 6 €{0,9}. (3.3)
We then denote by
{Hg(a,a) €eL(Ey;,aelJ,0<0 Sa}

the parabolic evolution operator on E( with regularity subspace E; generated by A, (see
Appendix B) and use the notation

1Dello := 1DellLoo (s, (o)) -
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3.1 Preliminaries
We first recall some of the results from [26]. Formal integrating of (3.1a) along characteristics
entails that the solution
[St)v1(a) == u(t,a), t>0, ael,
to (3.1) for given ¢ € Eg = L{(J, Ep) is of the form
My(a,a—t)Y(a—-1t), aelJ,0=<t=<a,
[SHv]@) = (3.4a)
M¢(a,0)By (t —a), aelJ,t>a,

with By, := u(-, 0) satisfying the linear Volterra equation

t
By (1) =(/ % (@) be(@) Te(a, 0) By (1 — a) da
L (3.4b)
+/ xa+t)bia+1t)e(a+1t,a)Y(a)da, t=>0,
0

where x is the characteristic function of the interval (0, a,;). Note that By, is such that

By () = / be(@)[SY]@)da, t>0. (3.5)
0
It follows from [26] that there is a unique solution
[¥ — Byl e £L(Eo, CRY, Ep)) (3.6)

to (3.4b) and that (S(7));>0 defines a strongly continuous semigroup on Eg enjoying the
property of eventual compactness and exhibiting regularizing effects induced by the parabolic
evolution operator I1,. Moreover, its generator can be characterized fully. We summarize
those properties which will be important for our purpose herein:

Theorem 3.1 Suppose (3.2) and (3.3).

(a) (S(1));>0 defined in (3.4) is a strongly continuous, eventually compact semigroup on
the space By = L1(J, Ep).

If A¢(a) is resolvent positive for every a € J and if by € LOO(J, £+(E0)), then the
semigroup (S(t));>0 is positive.

(b) In fact, given a € [0, 1), the restriction (S(t)|g,)i>0 defines a strongly continuous
semigroup on Ey, and there are My, > 1 and s, € R such that

ISl £y + NSO (B Bey < Mo €™, 1 >0. (3.7

(c) Denote by A the infinitesimal generator of the semigroup (S(t));>0 on Eo. Then €
dom(A) if and only if there exists ¢ € Eq such that v € C(J, Eg) is the mild solution to

daty = Ap@)y —t(a), ael, wmzémmmwmmw (3.8)

In this case, Ayr = .
Finally, the embedding D(A) — E is continuous and dense for a € [0, 1).

Proof This follows from [26, Theorem 1.2, Corollary 1.3, Theorem 1.412. O

2 The positivity assumption [26, Assumption (1.5)] is in fact not needed in order to prove [26, Theorem 1.4],
since for Re & > 0 large, (1 — Q;L)_1 € L(Ey) is ensured by the fact that || Ollcey < 1.
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That ¢ € C(J, Eg) C Eo is the mild solution to (3.8) with ¢ € Eg means that

Y(a) = I (a, 0)y(0) —/0 y(a,0)t(0)do, acJ.

The spectrum of the generator A has been investigated in [26] when the generated semi-
group (S(7));>0 is positive. In the following, let

s(A) :=sup{Reir; A € a(A)}

be the spectral bound of the generator A and

wo(A) := inf {w eR; sup (e el 2y)) < oo}
t>0

be the growth bound of the corresponding semigroup S(1) = ', 1 > 0.

Proposition 3.2 Suppose (3.2) and (3.3). Let A¢(a) be resolvent positive for every a € J
and by € LOQ(J, £+(Eo)) such that by(a)Tl¢(a, 0) € L (Ey) is strongly positive3 forain
a subset of J of positive measure. Then

s(A) = wo(A) = 4o,

where Lo € R is uniquely determined from the condition r(Qy,) = 1 with r(Q,) denoting
Jor ) € R the spectral radius of the strongly positive compact operator Q, € L(Ep) given
by

0= [ " ¢ by(a) My(a, 0 da.
0

Proof This is [26, Corollary 4.3]. ]

3.2 Eventual Compactness of the Perturbed Semigroup

If B € L(Ep), then G := A + B generates also a strongly continuous semigroup on Eo,
which, however, is not necessarily eventually compact even though the semigroup generated
by A is. Nonetheless, we next shall prove that for particular (nonlocal) perturbations of the
form

[By](a) := /am qa,o)Y(o)do, ael, ¢ ek, (3.9a)
0
with ¢ (a, 0) = g(a) (o) satisfying

q € C(J. Loo(J, L(Ey))) . (3.9b)

the semigroup generated by G = A + B is eventually compact. This yields more information
on the spectrum of G and implies, in particular, that the spectral bound s(G) and the growth
bound wo(G) coincide. This we shall apply later on to the linearization of problem (1.2) in
which the perturbation operator B has the particular form (3.9). Note that B € L(Eq) with

IBll 2y < am lglloo lglloo = lgllc,Los (s, L(Eq))) -

3 Recall that if E is an ordered Banach space, then T € L(E) is strongly positive if Tz € E is a quasi-interior
point for each z € E1 \ {0}, that is, if (z/, Tz)g > 0 for every z/ € (E")* \ {0}.
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For the birth rate we impose additionally that
by € C(J, L(Ep)). (3.9¢)
We then shall prove the following theorem which is fundamental for our purpose:

Theorem 3.3 Suppose (3.2), (3.3), (3.9), and let A be the generator of the semigroup (S(t)) ;>0
defined in (3.4).Then the semigroup (T(t));>0 on Eg generated by G := A + B is eventually
compact. In particular,

$(G) = wo(G) (3.10)

and the spectrum o (G) = 0,(G) is countable and consists of poles of the resolvent R(-, G)
of finite algebraic multiplicities (in particular, o (G) is a pure point spectrum). Moreover, for
eachr € R, the set {\ € 6(G); Re X > r} is finite.

Finally, if A¢(a) is resolvent positive for every a € J, if by € LOO(J, £+(E0)), and if
B € £ (Eo), then the semigroup (T(t));>0 is positive, and if s(G) > —o0o, then s(G) is an
eigenvalue of G.

Theorem 3.3 relies on the following crucial observation:

Proposition 3.4 Suppose (3.2), (3.3), and (3.9). Set

t
VS(t) v ::/()S(t—s)BS(s)tﬂds, t>0, ¥veky.

Then VS : (0,00) — K(Ey), i.e. VS(t) is a bounded compact operator on Eq for every
t € (0, 00).

The proof of Proposition 3.4 uses the explicit form of the semigroup (S(¢));>0 in (3.4) and
the particular form of the perturbation B in (3.9a), but is rather technical and thus postponed
to Appendix A.

Proof of Theorem 3.3

Recall that S(r) = ¢'® and T(¢) = ¢! ®*® . Theorem 3.1 ensures that the semigroup (S(t));>0
is eventually compact. Therefore, since B € L(E() and since VS is compact on (0, 00)
according to Proposition 3.4, we infer from [12, IIl.Theorem 1.16 (ii)] (with k = 1) that
also (T(#));>0 is eventually compact. This implies (3.10) due to [12, IV.Corollary 3.11]
while the remaining statements regarding the spectrum of G = A + B now follow from [12,
V.Corollary 3.2].

Finally, if A¢(a) is resolvent positive for every a € J and by € Loo(] , £+(Eo)), then
Theorem 3.1 entails that S(7) = ' is positive. Since B € £ (Ep), it is well-known that the
semigroup T (1) = ¢'“*® is positive as well, e.g. see [4, Proposition 12.11]. Since Eg is a
Banach lattice, this implies that s(G) is an eigenvalue of G if s(G) > —oo according to [4,
Corollary 12.9]. This yields Theorem 3.3. O

We can derive now also properties of the semigroup (T(¢)),>0 restricted to E,.
Corollary 3.5 Suppose(3.2),(3.3),(3.9), and let A be the generator of the semigroup (S(t));>0
defined in (3.4). Let (T(t));>0 be the strongly continuous semigroup on E( generated by

>0

G = A + B. For every a € [0, 1), the restriction (T(I)I]Ea) is a strongly continuous,
eventually compact semigroup on By, Its generator Gy, is the Ey-realization of G. For the
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corresponding (point) spectra it holds that o (G) = 0 (Gy). Moreover, for every @ > s(G)
there is Ny > 1 such that

ITOl &) + 1T £Ey) + 1 NTO N £EyEy) < Nae™, 1>0. (3.11)
Proof (i) It was shown in [26, Theorem 1.2] that the semigroup (T(¢));>0 on E¢ generated
by G = A + B is given by

t
’]1‘(t)¢>:S(t)¢+/ St —)BT(s)pds, t>0, ¢elky, (3.12)
0

and that there are C,, > 1 and ¢, > 0 such that
ITO £EyEy) < Cae®'t™, 1>0. (3.13)
We then infer from (3.7) and (3.12) that

t
ITO¢lE, < Mee”™ $lE, + Mo IIBIIL:(EC,,EO)/O (9 (1 — )™ | T(s)p|lg, ds, >0,

for ¢ € E, so that Gronwall’s inequality implies
ITON ) < cae®™, =0, (3.14)

for some ¢, > 1 and w; > 0. Moreover, since

t
IT®¢ — ¢lle, < IS¢ — dlg, +/0 IS¢ = )l 2o B 1Bl £Ey Eo) IT()P I, ds

for 7 > 0 and ¢ € E,, the strong continuity of (T(t)]E, ), , on Ey follows from the strong
continuity of (S(#)|g,)r>0 on E, guaranteed by Theorem 3.1 and from (3.7) and (3.14).
Therefore, (T(Z) |Ea) is a strongly continuous semigroup on [E,. Writing

T®g, = T — 10)T(0) |,
and noticing that T'(r9) € L(Eg) is compact for #( large due to Theorem 3.3 while T(zr —1y) €

L(Eg, Ey) by (3.13) for t > 19, we deduce that (T(t)ha)pO is eventually compact on E,,.

(ii) Denote by G, the generator of the restricted semigroup to [E, so that T(¢)|g, = ¢'Ga
for t > 0. We prove that G is the E,-realization of G. To this end, denote the latter by G,
and let ¢ € dom(Gyg). Then

t>0

;(T(t)g“ -¢)= ; (e’G“g“ —;) — Go¢ in Ey <> Ey as 1 — 0,

hence ¢ € dom(G) and
G¢ =Gyt € Ey . (3.15)

Consequently, ¢ € dom(Gg,) and Gg,¢ = G¢.
Conversely, let ¥ € dom(Gg,) and A € p(G) N p(G) (this is possible since both G and
Gq are semigroup generators). Then

¥ € dom(G) = dom(A) C E,

by Theorem 3.1 and Gy € E,. Thus, since (A — G)y € E, and since A € p(Gy), there is
aunique ¢ € dom(Gy) such that (A — Go)¢ = (A — G)yr. Since (A — Gy)¢ = (A — G)¢
by (3.15) and since A € p(G), we conclude ¢ = ¢ € dom(Gy). Therefore, G, = Gg,,; that
is, G coincides with the [E,-realization of G.
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(iii) We claim that o (G) = 0 (Gy), where we recall thatboth o (G) = 0, (G) and 0 (Gy) =
0, (Gy) are point spectra since both G and G, generate eventually compact semigroups by
Theorem 3.3 respectively (i). Let A € o (G). Then there is ¢ € dom(G) \ {0} with

Gy = Ay € dom(G) = dom(A) C E,

by Theorem 3.1. From (ii) we deduce that ¢ € dom(Gy) with Gqy = Ayr. Therefore,
A€o (Gy).

Conversely, let © € o(Gy). Then there is ¢ € dom(Gy) \ {0} with G4¢ = u¢. Since
Gq¢ = G¢, we conclude that i € o (G).

(iv) Consider now @ > s(G). Since G and G, both generate eventually compact semi-
groups, it follows from (iii) and [12, IV. Corollary 3.11] that

0o(G) = 5(G) = 5(Ga) = wo(Ga) -
Thus, for  — ¢ > s(G) with ¢ > O there is ¢, > 1 such that
ITO 2@ + ITOlcE, < cae®™™" . t>0. (3.16)
On the one hand, it follows from (3.13) and (3.16) for ¢t > 1 that
ITON £Eo.E) < 1T 2o k) ITE = Dll£y) < Ca e cq @™

<y Cye @T¢ (sup saefs‘Y) 7% e,

5>0
On the other hand, due to (3.13) we have, for0 <7 < 1,
IT@ 2o Ee) < Caet™ < Caese el 1™ e
Consequently, there is N, > 1 such that
ITO) | @ Ey) < Nt @ e, 1>0,

and the assertion follows. ]

Remark 3.6 One can show that A + B has compact resolvent for any B € L£(IEg) (not neces-
sarily satisfying (3.9)). We refer to a forthcoming paper [27].

4 Linearized Stability for the Nonlinear Problem: Proof of Theorem 2.2

The development of this section is based upon the treatment of linearized stability in [28],
which, in turn, is based on the treatment of the case without spatial diffusion in [16]. In fact,
we follow the exquisite exposition in [29, Section 4.5] of this case.

For the reminder of this section, let ¢ € E; N C(J, Ey) be a fixed equilibrium to the
nonlinear problem (1.2) and assume (2.1), (2.2), and (2.5). As pointed out in Sect. 2 we
shall derive statements on the stability or instability of ¢ from information on the (formally)
linearized problem (2.6), that is, from information on

v+ 0,0 = A(@)v —m(p,a)v — Im(¢p,a)[6()]Ip(a), >0, ae(0,ay),
v(t,0) :fumb(q_ﬁ,a)v(t,a)da—i—/
0 0

v(0, a) = vo(a), a e (0,ay).

a,

! ab(p,a)lv()]¢p@da, >0,

@ Springer



Journal of Dynamics and Differential Equations

In the following, we demonstrate that this linear problem fits into the framework of
Sect. 3. More precisely, the solution v is given by a semigroup (Ty(f)),>0 generated
by an (unbounded) operator of the form Ay + By as in Theorem 3.3 with perturbation
Byw = —8m(¢_>, a)[w]¢ (a). Moreover, if u(-; up) is the solution to the nonlinear prob-
lem (1.2) provided by Proposition 2.1, then the difference u(-; ug) — ¢ can be represented in
terms of this semigroup (T (¢));>0, see Proposition 4.4 below. This will be the key for our
stability and instability results stated in Theorem 2.2 (see also Theorem 4.1 below).

We focus our attention on the linearization (2.6). Regarding the linearized age boundary
conditions (2.6b) we point out that

A

/Om b(¢'>,a>;<a)da+/0 mab(é,a)[é]¢(a>da=fo "bp@)¢(@)da, ¢ eRy,

where we set
by(a)v := b(¢, a)v + /Oam 3b(p, )o(a)vlgp(o)do, ael, vekEy, (4.la)
so that
by € C(J, L(E0)) N Loo(J, L(E))., 0 €{0,a, ¥},
according to (2.5g), (2.5h), and (2.2c). We also introduce
Ap(a)v := A(a)v —m(p,a)v, veEr, aecl, (4.1b)
and infer from (2.1), (2.51), and [3, I.Theorem 1.3.1] that
Ay € C*(J, H(E), Ep)).
Therefore, Ay and by satisty (3.2), (3.3), and (3.9¢). Moreover, we define By € L(IEg) by
Byt 1(a) := —dm(p, a)[C1p(a), ael, ¢ ey, (4.1¢)
and infer from (2.5a), (2.5j), and (2.2c) that

Byt 1a) = —m(@, a) [/0 Q(o>;<o)do] $(@) = /0 g@. o)) do, acl,
(4.1d)
for ¢ € o, where g € C(J, C(J, L(Ep))) is given by
qa,o)v = —dm(p, a)lo(o)vlp(a), a,c€J, veE.

Hence, (3.9a) and (3.9b) also hold, and we are in a position to apply the results from the
previous section with A, and by replaced by Ay respectively bg. Throughout the reminder
of this section we thus assume (see Theorem 3.1) that

Ay is the generator of the semigroup associated with (3.1) and the data
Ay and by introduced in (4.1a)—(4.1b). Moreover, (Ty(t));>0 is the strongly (4.1e)
continuous semigroup on Eo generated by Gg := Ay + By.
Theorem 3.3 implies that (Ty(2));>0 is eventually compact and the spectrum consists of
eigenvalues only, i.e. 0(Gy) = 0,(Gy). Moreover, the characterization of Ay (and thus

of Gy) in Theorem 3.1 (c) and (4.1) imply that the eigenvalue problem for G4 corresponds
exactly to (2.7).
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We shall then prove the following reformulation of Theorem 2.2 regarding the stability of
equilibria to the nonlinear problem (1.2):

Theorem4.1 Leta € [0, 1) andletp € By NC(J, Ey) be an equilibrium to (1.2). Assume
(2.1), (2.2), (2.5), and use the notation (4.1). The following hold:

(a) IfRe) < O forany A € 0,(Gg), then ¢ is exponentially asymptotically stable in E,.
(b) IfRe) > 0 for some A € 0,(Gg), then ¢ is unstable in Fy,.

Proof of Theorem 4.1 (a): Stability

Assumptions (2.1), (2.2), (2.5) ensure that we are in a position to apply [28, Theorem 2.2],
where it was shown that the equilibrium ¢ is exponentially asymptotically stable in E,
provided that there is wy (¢) > 0 such that

1Ty (Ol £y + 121 Tp ()| Ry By < Me™ @ 15 0. 4.2)

Now, the supposition ReA < 0 for any A € 0,(Gy) ensures a negative spectral bound
5(Gg) < 0 so that Corollary 3.5 implies (4.2). This proves Theorem 4.1 (a). O

Preparation of the Proof of Theorem 4.1 (b): Instability

The proof of the instability result requires some preliminaries. First of all, we infer from the
supposition of Theorem 4.1 (b) and due to Theorem 3.3, that the set

Y1 :=0(Gy)N[Rei > 0]
is nonempty and finite; that is, ¥ is a bounded spectral set. Let
0<w<inf(ReXy). 4.3)
This yields the following spectral decomposition:
Lemma 4.2 Assume (4.3). There is a projection P € L(IEy) yielding a decomposition
Eo=E ®E3, {0} #E}:=P(Ey) C D(Gy) CEy, Ej:=(— P)(Ep),

(4.4a)
such that G¢|E}) € E(IE(])). Moreover; there are M > 1 and § > 0 such that
Ty ()Pl £y by < M@ 1 <0, (4.4b)
and
ITg(t)(1 = P)l ook, < Mt @™ 150, (4.4¢)

Proof Since X is a bounded spectral set, it follows from [15, Proposition A.1.2] (or [29,
Proposition 4.15]) that there is a projection P € L(IEy) such that (4.4a) holds (noticing that
dom(Gy) = dom(Ay) C E, by Theorem 3.1, see also [26, Corollary 3.4]) and such that

Gy = Gyl € LEY)-
Moreover,

Gé : dom(Gy) N IE(Z) — E2, V> Gy
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with
oGy =3y, oGy =0(Gy)\ =y (4.5a)
and
A=Gp'=m- G¢)*1|E6 . i=12, repGy). (4.5b)
Choose § > 0 such that
supfRer; X € O’(Gé)} <w—25<w+6§<inf{Rer; A € X}.

It follows from (4.5) that (G;) and Gé generate strongly continuous semigroups on ]E(l) respec-
tively E% such that

1 2
etG¢ — €IG¢|E(1) — etG¢P|E(1) , elG¢ — etG¢|E(2) — eZG¢(1 _ P)hﬁ% (46)
1
for t > 0. In fact, ¢’ is extended to R by (see also [15, Proposition 2.3.3])

1
¢'C — 7/ M —Gy)tdr, reR, (4.7)
2mi r

where I' is a positively oriented smooth curve in p(Gg) enclosing ¥4 with ReA > w + 8
for every A € I". Using (4.7), we have, for € E,

Gl 1 _
lle"™® Pyrllm, < 5T sup (L = Gg) e e ™ lg,, t<0.
(S

Similarly, since
1 1
G t@¢=7/)\ Mh—=Gg)lda, teR,
¢ 2mi r ¢ ( ¢)
we have
Gl 1 _
IGge"™® Pyrllgy, < =— IT| sup I (A — Gp) ™ ll gy €™ 1 llgy . £ <0.
27 er
Combining the two estimates we find N > 1 such that

G! G! G
1'% PY iy = 16" PYllg, + G’ PYllz, < N e 1/llg,. 10,

Consequently, since D(Gy) < E, according to [26, Corollary 3.4], we deduce (4.4b).
Finally, since (¢/®%),~¢ is an eventually compact semigroup on Eq by Theorem 3.3, it

2
follows from (4.6) that also (etG‘l’)tZo is an eventually compact semigroup on E% hence
a)o(Gi) = s(G?)) due to [12, IV.Corollary 3.11] and therefore a)o(Gi) < o — 26 by the
choice of §. Thus, there is Ny > 1 such that

le'% (1 = P)llceg) < N1 e, 1> 0. (4.8)

Noticing that also
e (1 = Pl 2ok < 1€l 10 = P)licgey < N2t ™ e, £>0, (49)
for some w; > 0 and N> > 1 due to (3.11), we may use (4.8)—(4.9) and argue as in part (iv)

of the proof of Corollary 3.5 to conclude (4.4c). This proves Lemma 4.2. O
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For the next step we introduce for a given function 2 € C([0, T'], E¢) and y € R (sticking
to the notation of [28, Definition (5.3)]) the function W({ 'Oh by setting

0, (t,ba)eRx J, t<a,

Wiyt a) = [ (4.10a)

e My(a,0) Byt —a), (t.a)€[0.TI1xJ, t>a,

where B({’Oll € C([0, T], Ey) satisfies

t
By (1) =/ bs(a)e " Ty(a,0) By (t —a)da+h(t), t€[0,T],  (4.10b)
0

with the understanding that by(a) = 0 whenever a ¢ J. Here, 1, denotes the parabolic
evolution operator associated with Ay. Let wy € R be such that

1Ty (a, o)l 2(Ey) + (@ — ) I Tg(a, o)l £(Ey By < Mxe™* @™, 0<0 <a<ay,

for some M, > 1 (see (B.2)). Then we have:

Lemma4.3 Leth € C([0,T1, Eo), y € R, and 6 € [0, 1). Then W € C((—00, T], Eg)
and there are constants @ = u(¢p) > 0 and ¢y = co(¢p) > 0 (both independent of T, vy,
and h) such that

t
WL e, < co /0 T (¢ 0y (@) gy da, 1€ [0,T]. (A.11)

Proof This is [28, Lemma 5.7]. O
Now, let ug € E, be arbitrary and set
wi=u(;up) —¢, wo:=uo—a¢,

where u(-; ug) € C (1 (ugp), Ea) is the unique maximal solution to the nonlinear problem (1.2)
provided by Proposition 2.1. Then, using the expansions (2.5¢) and (2.5d) of m respectively
b and the notation from (4.1), we derive that w € C(I(up), Ey) is the generalized solution
(in the sense of (2.3), see [28, Proposition 4.2]) to

hw + daw = Ag(@w + [Byw(t, )](a) + Ry (w(@)), tel(ug), ael, (4.12a)
w(t,0) = /am by(a) w(t,a)da + hy (1), t € I(ug), (4.12b)

0
w(0, a) = wo(a), aelJ, (4.12¢)

where hy,, € C(I(ug), Ep) is defined as

hy(t) == /am Rp(w(t))(a)da, t e I(up), (4.124d)
0

and reminder terms R, and R;, stemming from (2.5).

The characterization of the generator Ay given in Theorem 3.1 (c) gives rise to a repre-
sentation of w = u(:; ug) — ¢ in terms of the semigroup (T (#));>0. In fact, the following
result was established in [28] (see also [16] for the non-diffusive case). It is fundamental for
the investigation of stability properties of the equilibrium ¢.
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Proposition 4.4 Given ug € Eq let u(-; ug) € C(I(uo), Eq) with I(ug) = [0, Tyax (uo)) be
the unique maximal solution to the nonlinear problem (1.2) provided by Proposition 2.1. Set
w = u(-;ug) — ¢ and wy = ug — ¢. Then w € C(I(ug), Ey) can be written as

t
w(t) = Ty(t)wo + /0 Tyt —s) (()/ + m)w&*&“’ (s,) + Rm(w(s))) ds

(4.13)
+ W)
fort € I(up) and every y € R, where hy, € C(I(ug), Eo) stems from (4.12d) and
Wio" € C((=00, Tyax (1)), Eq)
from (4.10).
Proof This is [28, Proposition 6.1]. O

In the following, assume (4.3) and let the projection P € L([Ep) and the constants M and
8 be as in Lemma 4.2. Further, let @y, co, and 1 be as in Lemma 4.3. Choose then y > 0
such that

kK =w—wy—u+y>0

and set

col'l—a) M co
Roi= "=+ = (14+6°T(1 - @)(lly +Bollea o + 1), @4
where I" denotes the Gamma function. Recalling the function d,, from (2.5e) and (2.5f), we
may choose » > 0 and wg € IE(I) is such that

w 1 1
lwolls, _ 1 _ 1

Rod
0dy(r) < M=2

(4.15)

In order to prove the instability of ¢, we now show the existence of a sequence (uﬁ) k>1
such that u](g — ¢ in E, and

inf |lu(k; ub) — 0.
inf lu(k; ug) — ¢llg, >
To this end, we first derive backwards solutions to problem (1.2):

Lemma4.5 Letr > 0andwy € Eé be as in (4.15). Then, for each integer k > 1, there exists
a unique function vy € C((—oo, k], ]Ea) such that

Jhy
ve() = Tyt — Kwo + Wy o * (2, )

k
- / Tyt = )P ((r +Bg)Wog ™ 5. + Ru(u(5))) ds (4.16)

t

1
[ To =90 = P (7 + BWey 5. + Ra(uns)) ds

fort < k and satisfying

lok()llg, < re®™0, t<k. (4.17)
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Proof Let k > 1 be fixed. We introduce the complete metric space Z = (Z, dz) by
Z:={veC((—00,kl.Ea); v@®)g, <re®"™ 1 <k}
equipped with the metric

dz(0,9) = sup (o) = 50)lle, ), v, D€ Z,
t<k

and claim that

H@)(1) = Tyt — kywo + W) (t. )
k
—/ Tyt — s) P ((y + Bg) W o (5. ) —|—Rm(v(s))) ds
t

t
[ Lo == Py (7 + B W60 + Ral06) ds

defines a contraction H : Z — Z. Indeed, for v € Z we have ||v(t)||g, < r fort < k and
thus, invoking (2.5e),

R () Iy < do(r) (D), < do(r)re® "™, t <k, (4.18)
and, together with (4.12d),
By (Dl Ey, < IR gy < do(r) V(D)l|E, < do(r)re® ™ 1 <k.
Therefore, (4.11) implies forv € Z, t < k,and 0 € {0, o} that

A

h
W0 2, )l

< COF(I] ;9)d0(r)rew(t_k) .
-

1
xr+ () cod, (r)r / e Potn=y)i=a) 4 _ 4)=0 p0@=k) qq
0

(4.18b)

We then use (4.4), (4.18), and (4.14) to derive
I1H@)®OIE,
Jhy
=Tyt =Pl &, lwollg, + IIW(;O @, ) E,

k
Jhy
+ / ITo(t = )Pl 2o £y (17 + Boll gy 1oy 62 g + | R (5D Iy ) ds
t

t
Jhy
+/ 1Tyt = )0 = Pl gy £y (17 + Boll o) 1WE o (5, g + | R (0D, ) ds
—0o0

col'(1 — )

T dy(r) re® =k

< M@0 |y +
k
Cj
+ Mrdo(r)(ny + Byl £5y) ;O + 1) / @+ (1=5) o (s=k) g
t

t
+Mr do(r)(||y + Byl ) %0 + 1) / @-8)1=5) gols—h) (; _ gy g

—00
col'(1 — )
—a

; do(r)re“’(t_k)
K

< Me® TR g, +
M (&) _
+ 5 rdo(r) (14611 —a))(ny +Byll ey — + 1)ew(f 9

M
= (7||w()||]E(1) + Rodo(r)) re@t—k)
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so that (4.15) implies
IH@)® g, < re®™P, vez, t=k.
Thatis, H : Z — Z. Next, notice from (2.5f) that, for v;, v, € Z,
IR (1 (1)) — R (02 (D)l < do(r) dz(vi, v2) ™0 1 <k, (4.192)
while from (4.12d) and (2.5f),
[0y (1) = By (D1 2y < [IR6(01 () — Rp(2(0)) ||y < do(r) dz(v1,v2) e 1 <k.

Therefore, since the mapping [h — W(; ‘Oh] is linear, it follows from (4.11) that

C()F(l - O{)

il

o o B
Wy (1) — Wo o (2, )llE, < dy(r)dz (o1, v2)e® 0 | 1 < k. (4.19b)

Using then (4.19) we derive similarly as above that, for vy, v2 € Z,
IH@)(#) — Hw)(0)lg, < Rodo(r)dz(v1,v2) ™0 1 <k,
so that (4.15) implies
1
dz(H(v1), H(v)) < Edz(vl, v), v,neZ.

Consequently, H : Z — Z is indeed a contraction, and Lemma 4.5 follows from Banach’s
fixed point theorem. O

In fact, for positive times we have a simpler representation of vg:

Corollary 4.6 Let r > 0 and wy € IE(I) be as in (4.15). Then v, € C((—oo, k], Ea) from
Lemma 4.5 satisfies

Jy
V(1) = Wy o (1, ) + Typ()ve (0)
! v.hy,
+ fo To(t = 5) (v +Bo) Woo ™ (5,) + Ru(ui(s))) ds
forQ <t <k
Proof Define fort < k

9t == (y + B) Wl o (1, ) + Ru(ui(0),  p(0) = Wiy ™ (2, )

so that

t

k
vr(t) — p(t) =Tyt — kb)wo — / Tyt —s) Pg(s)ds —|—/ Ty —s) (1 —P)g(s)ds.
¢ )
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Then ¢ € C((—00,k],Ep) and p € C((—o0, k], E,) by Lemma 4.3. However, we may
approximate ¢, p uniformly on compact intervals by continuously differentiable functions
with compact support and wy by a sequence in dom(Gy) to justify the formal computation

d
&(Uk(t) — p(0)) = Gy Tyt — k)wo + Pq(t)
k
—/ GyTy(t —s)Pq(s)ds
'

t
[ BT =91 = Py ds + (1= Py

=Gy (v () — p() + @) .

Thus, for 0 <t <k,

1

(1) = p(1) = Ty(1) (vk(0) — p(0)) +/0 Ty(r —s)q(s)ds

’hU .
and since p(0) = Wg,o k(0, -) = 0, the assertion follows. ]

We are now in a position to provide the proof of Theorem 4.1 (b).

Proof of Instability: Theorem 4.1 (b)

In order to prove instability, we may assume without loss of generality that all solutions
u(-; up) to (1.2) provided by Proposition 2.1 exist globally — that is, 7,4, (g) = 0o —
whenever the initial values u( are close to the equilibrium ¢. We set

ué =) +¢, k=1,
and note from (4.17) that
lug — ¢z, = Il O)g, <re™ >0, m— oo,

Hence Tyqx (uf) = oo asjustagreed. Let wy == u(-; uf) —¢ € C(R*, Ey). Then Lemma 4.6
and Proposition 4.4 entail that both wy, vx € C([0, k], E,) satisfy the fixed point equation

t

2(t) = Ty(0) (i — ¢) +/O Tyt =) (v + Bg) Wi " (5. ) + R (2(s) ) ds + WY (2. )

fort € [0, k]. It is easily seen that Gronwall’s inequality ensures uniqueness in C ([0, k], E,)
of this fixed point equation, hence vy = wy on [0, k]. Thus, we deduce from (4.16), (4.4),
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and (4.18) that

(s ug) — pllg, = lwi®)lg, = llvi®)llg,

V.hy
> wollg, — Wy * &k, g,

k
- f 1Tk — $)(1 = Pl cczo5oy

—00
Vihy
x (17 + Bollczo) 1Wop ™ (5. e + | R (0x () 1, ) s

C()F(] - C{)
l—o

> llwollg, — do(r)r

k
C
— M (Ily +Bylleey < +1) do(r)r / @I (k — 5y~ ds

—00
col'(1 — o)
l—o

= |lwollg, — dy(r)r

M [e)

— 55 T =) (Ily +Bylleey = +1) do(r)r =: 0.

where, due to (4.15) and (4.14),

col'(1 — ) M
Kl—a _-al—a

C
f > (Ro - =) (Iy +Byllee) - + 1)) do(r)r > 0.

Consequently, we have shown that there exists a sequence (u](())kzl such that ué — ¢ in Ey
as k — oo while |lu(k; u](‘)) — ¢llg, > &o for k > 1. This proves that ¢ is unstable in [E, and
thus Theorem 4.1 (b). ]

Rephrasing the Eigenvalue Problem

According to Theorem 4.1, the stability of an equilibrium ¢ is determined from the eigen-
values of the operator Gy = Ay + By. Clearly, A € C is an eigenvalue of Gy = Ay + By
if and only if there is some 1 € dom(Ag) such that (A — Ay — By)yr = 0. Now, due to
Theorem 3.1 (c) and (4.1), this is equivalent to ¢ € C(J, Eyp) solving (in a mild sense)

da = (= 2+ Ap@)¥ + By (@), ael, (4.202)
w0 = [ bs(@ v da. (4.20b)
Note that (4.20a) entails
Y(a) = e M Ty(a, 0)y(0) + /0 e M) My(a,0)By¥)(o)do, aeld, (421)
which, when plugged into (4.20b), yields

(1 - fam by(a) e~ Ty (a, 0) da) ¥ (0) = /am by (a) fa e M) My (a, 0)Byy) (o) doda .
0 0 0
(4.22)

Recall from (4.1¢) that

Byv1(a) = —dm($, a)[¥1p(a), aeJ.
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We thus introduce
Kga(a)y = /ae*”“*f’) My(a, o) dm(p, o)[¥lp(o)do, acl, (4.23)
0

and then obtain from (4.22) that
am am -
(1 —/ by(a)e " Ty(a, 0) da) v(0) = —/ by(a)Ky . (a)da .
0 0
Moreover, (4.21) implies that x} satisfies

(1 +/0 " ,Q(a)qu,A(a)da) " :/0 m ¢~ o(a) Ty (a, 0) da v (0).

Therefore, 4 € C is an eigenvalue of Gy = Ay + By if and only if there is a nontrivial
eigenvector (¥ (0), ¥) € Eg x Ep in the sense that

Am

1-— /am e H by (a) Ty (a, 0)da / by(a)Ky ;.(a)da
0 0 <I/f(—0)> =0, 4.29)

Am

—/ "M o(a)Ty(a, 0) da 1+/ 0@ Ky (a)da
0 0

where Ky  is defined in (4.23) with I1y denoting the evolution operator associated with Ag
given by

Ap(a)v = A(a)v —m(J),a)v, veEy, ael,

and
- am -
by(a)v = b(¢, a)v +/ ab(¢,o)lo(@)v]lgp(o)do, aelJ, vekE.
0
Consequently, we obtain from Theorem 4.1:

Proposition4.7 Let o € [0, 1). Assume (2.1), (2.2), (2.5) and let € B NC(J, Ey) be an
equilibrium to (1.2). The following hold:

(@) IfRer < O for every » € C for which there is a nontrivial (y(0), %) € Eo x Ep
satisfying (4.24), then the equilibrium ¢ is exponentially asymptotically stable in E,.

(b) Ifthere are » € CwithRe A > 0 and a nontrivial (Y (0), ) € Eg x Eq satisfying (4.24),
then the equilibrium ¢ is unstable in E,,.

It is worth emphasizing that the (spectral radius of the) compact operator

0,(®) :=/O " e by(a) Ty (a, 0) da € K(Eo) (4.25)

occurring in the linear eigenvalue problem (4.24) plays a particular role in the analysis. This
becomes also apparent in the next section where we will focus on applications. For A = 0 one
may interpret its spectral radius r (Qo(¢)) as the expected number of offspring per individual
during its life span at equilibrium.
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5 Examples

In order to shed some light on the previous results, we consider concrete examples. We impose
for simplicity stronger assumptions than actually required*. In the following, & C R" is a
bounded domain with smooth boundary and outer unit normal v. We consider

o + Oyu = divx(a'(a,x)qu) — m(ﬁ(t,x),a,x)u , t>0, (a,x)e0,a,) xR,

(5.1a)
am
u(t,O,x):/ b(i(t,x), a, x)u(t,a,x)da, t>0, xeQ, (5.1b)
0
Bu(t,a,x) =0, t>0, (a,x)e0,ay)x 0, (5.1¢)
u(0,a,x) =up(a,x), (a,x)e 0,ay) x 2, (5.1d)

where
Bu:=(1—8u+8du, §ei0,1},

either refers to Dirichlet boundary conditions u|se = 0 if § = 0 or Neumann boundary
conditions d,u = 0if § = 1 and

am
b_t(t,x):/ o(a,x)u(t,a,x)da, t>0, xeQ.
0

We set J = [0, a,,] and assume for the data that

qg>n, 2ce@n/qg,2)\{§+1/q}, p>0, (5.2a)
deC’'(JxQ,(0, ), (5.2b)
me CH AR x J x Q,R"), (5.2¢)
be 2R x J x Q,(0,00)), (5.2d)
0€C™?(J x QRY). (5.2¢)

Note that one may choose 2a = 1 in the following. We introduce Ey := L, (£2) and
Ej =W, 5(Q) :={ve W (Q): Bw=00n03Q}.

Then E| is compactly embedded in the Banach lattice Eq and, for real interpolation with
6 €(0,1)\{1/2},

Eg = (Ly(), W;,B(Q))qu = W2%(Q)
_ { [vew?@; Bw=0ooe| . s+1/g <20 <2,
|l wr@. 0<20<8+1/q,
while, for complex interpolation with 6 = 1/2,
Eip = [Ly(), qu,B(Q)]m =W, 5(Q).
Setting

Ala, x)w = divy(d(a, x)Vw), we W, 5(Q), acl, xeQ,

41n particular, the results require less regularity assumptions than imposed in (5.2) and also apply to any other
uniformly elliptic second-order differential operator.
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it follows from (5.2b) and e.g. [1] that A € C”(J, H(W, 5(R), L4(S))) while the maximum
principle ensures that A(a) is resolvent positive for each a € J. Therefore, (2.1) holds. It
follows from (5.2a), (5.2¢), (5.2d), and [23, Proposition 4.1] that

2
[V b, )], [V m, -, )] € CH (W %(R), Lao(J, W, 5(Q))),
2n € (0,20)\ {6+ 1/q},

with

(9b(v, H[R]) (@) (x) = d1b(V(x), a, )h(x), (@, x) €J xQ, v,he WqZ_‘"B(Q),
and correspondingly for m. In particular, using the continuity of pointwise multiplication

W () x W2%(Q) — Ly ().

we deduce that (2.5a)—(2.5f) are valid and hence also (2.2a) and (2.2b). Clearly, (5.2¢)
implies (2.2¢). Moreover, if ¢ € E| = L (J, qu’B(Q)) is an equilibrium to (5.1), then

am
b= [ o@ 0@ da e W@
due to (5.2e), hence b(¢h, -, ) € Loo(J, qu, 5(82)). Since pointwise multiplication
W2 5(S2) x W2(Q) — W2%(Q)

is continuous [2], we deduce (2.5g). Moreover, since b, -, ) € LOO(J, W(IZR}?(Q)) for
every ¢ > 0 small and since pointwise multiplication

qu;\f(Q) x W2 (Q) — W2 ()

is continuous for 6 = 0, «, we obtain (2.5h) and similarly (2.5j). Clearly, (5.2c) implies (2.51).
Consequently, assumptions (2.1), (2.2), and (2.5) are all satisfied owing to (5.2).
Recall for (a, x) € J x Q that

Ag(a, x)w = divy (d(a, ) Vew) — m($(x), a, x)w, w e W, (),

and
by (a, x) :b(é(x),a,xwr/o 91b(p(x), o, x) p(o, x)do 0(a, x) .

Moreover,

Byv)(a, x) = —81m(¢_5(x),a,x)¢(a,x)/0 ! o(o,x)y¥(o,x)do, (a,x)eJ xQ.

The Trivial Equilibrium

For the particular case of the trivial equilibrium ¢ = 0, we observe that (with dot referring
to the suppressed x-variable)

bo(a) = b(0,a, ), Ag(a) = A(a) —m(0,a, -).

Then v(a, -) = Ip(a, O)vg, a € J, is for each vy € L, (2) the unique strong solution to the
heat equation

0V = divx(d(a,x)va) —m(0,a,x)v, (a,x)eJ xQ, v(0,x) =vo(x), x €,
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subject to Dirichlet boundary conditions if § = 0 or Neumann boundary conditions if § = 1.
Also note that By = 0 and Ko, = 0in (4.23). The eigenvalue equation (4.24) then reduces
to

(I - 0,(0)¥(0) =0,

where
0,(0) = f " ¢4 b0, a, ) Ty(a, 0) da
0

is a strongly positive compact operator on L, (2) for A € R due to [8, Corollary 13.6] and
the strict positivity of b(0, -) assumed in (5.2d). As for its spectral radius r(Q; (0)) we note
that the mapping

R — (0,00), A r(Q(0))
is continuous and strictly decreasing with

Alirll r(0,(0)) = oo, Alim r(0;(0) =0

according to [26, Lemma 3.1]. Thus, there is a unique A9 € R such that 7(Q;,(0)) = 1. In
fact, it follows from [26, Proposition 4.2] that Ao = s(Gy); that is, Ay coincides with the
spectral bound of the generator Gy = Ag (see Proposition 3.2).

Consequently, we can state the stability of the trivial equilibrium according to Proposi-
tion 4.7 as follows:

Proposition 5.1 Assume (5.2). Then:

(@) Ifr(Qo(0)) < 1, then the trivial equilibrium ¢ = 0 to (5.1) is exponentially asymptoti-
cally stable in the phase space L (J , WCsz’B(Q)).

) If r(Qo(0)) > 1, then the trivial equilibrium ¢ = 0 to (5.1) is unstable in the phase
space L (J, W‘IZfXB(Q)).

Proposition 1.1 is the special case of Proposition 5.1 with « = 1/2 and x-independent
vital rates m € C*?(R x J, (0, 00)) and b € C*°(R x J, (0, 00)), noticing that in this case

Io(a, 0) = exp <— /a m(0, o) do) Il (a,0),
0

where v(a, -) = [i(a, 0)vg, a € J, is for given vy € Ly (2) the unique strong solution to
the heat equation

dav = dive(d(a, x)Veu), (@, x)eJxQ, v0,x)=vx), x€Q,

subject to Dirichlet boundary conditions if § = 0 or Neumann boundary conditions if § = 1.

It is worth pointing out for the case of x-independent vital rates m and b and Neumann
boundary conditions B = 9, (i.e. § = 1) that the constant function 1 := [x + 1] belongs
to qu’ ~ (§2) (with subscript N referring to the Neumann boundary conditions) and satisfies
Il (a, 0)1 = 1. Therefore,

Qo)1 = / " (0. @) e~ im0 g4 1
0
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so that 1 is a positive eigenfunction of the strongly positive compact operator Q¢ (0). Krein-
Rutman’s theorem (e.g., see [8, Theorem 12.3]) implies

Aam a
r(Qo(0) = / b(0, @y e fo MO qq
0
Consequently, we obtain from Proposition 5.1:

Corollary 5.2 Assume (5.2) with x-independent vital ratesm = m(u, a) and b = b(i, a) and
8 = 1 (case of Neumann boundary conditions). Set

am a
ro := / b(0,a) e~ Jo MmO gy
0

(a) If ro < 1, then the trivial equilibrium ¢ = 0 to (5.1) is exponentially asymptotically
stable in Ly (J, W74 ().
(b) Ifro > 1, then the trivial equilibrium ¢ = 0 to (5.1) is unstable in Ll(J, quoj\, (Q)).
In particular, if the death rate dominates the birth rate in the sense that
b(0,a) <m0,a), aelJ,

then

am " a
rg = / b(0,a)e” Jo m©.5)ds g, < /
0 0

m

m(0, a) e~ JomOds gy — o= [i" mOs)ds

Hence, the trivial equilibrium is stable.
We also remark the following result on global stability of the trivial solution in the special
case of Corollary 5.2 (a). It is the analogue to the non-diffusive case from [16, Theorem 4].

Corollary 5.3 Assume (5.2) with § = 1 (case of Neumann boundary conditions) and assume
that there are b, € C(J, (0, 00)) and m, € CP(J,R™") such that

b(r,a,x) <by(a), m(r,a) >my(a), (r,a,x)eR xJ x Q, (5.3a)
and

Aam a
/ by(a) e Jom®ds 44 < 1 (5.3b)
0

Moreover, assume that there is Cy > 0 such that
101b(r, a, x)| + [m(r,a, x)| + |qm(r,a,x)| < Cx, (r,a) eRx J x Q. (5.3¢0)

Then the maximal solution u(-; ug) to (5.1) exists globally for eachug € L1(J, qu (2)) with
uog > 0and u(t; ug) — 0in L1(J, Ly(R2)) ast — oo.

Proof Note that
Agla, x)w := divx(d(a,x)wa) —my(@)w, we W;»N(Q), (a,x) e J x Q,

and by := b, satisfy (3.2) and (3.3). We then denote by (S(#)),>¢ the corresponding positive
semigroup on g = L1(J, L4(£2)) defined in (3.4) for these Ay, b, (see Theorem 3.1). As
in the proof of Corollary 5.2, supposition (5.3b) implies that the semigroup (S(¢)),>0 has a
negative growth bound wg < 0 (see Proposition 3.2).
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Letug € Eyp = L1(J, W‘}(Q)) with ug > 0 be arbitrary and u(-; ug) € C(I(uog), E1,2)
be the maximal, positive solution to problem (5.1) (guaranteed by Proposition 2.1). We simply
write u = u(-; ug) and note that i satisfies (in a mild sense)

Ou + 0qu = Ag(a) + f(t,a,x), tel(o), ae€@,an), xe€,
Aam
u(,0,x) = / be(a)u(t,a,x)da+ h(t,x), t € I(ug), x e,
0
Bu(t,a,x) =0, tel(ug), ae@0,a,), xe€d2,

where we have introduced the negative functions f € C(I(ug), Eo) and h € C(I(up), Ep)
by

f(t,a,x) = (mi(@) —m((t, x),a,x))u(t,a,x) <0,

h(t,x) == /am (b(a(t,x),a,x) — be(a)) u(t,a,x)da < 0.
0

Here, in a mild sense means that u satisfies
! 0,h
u(t) = St)ug + / S(t —s) f(s)ds + Wo,’o (t,), tel(ug), 5.4
0

according to [28, Corollary 5.8], where W& (I)’ € C(I(ugp), Ep) stems from Lemma 4.3. Since

£t~ <0and Woy (r,) < 0fort € I(up) due to (5.3a) and (4.10), it follows from (5.4)
and the positivity of (S(¢)),>¢ that

0 <u() =S@Wuo, 1€ l(uop),
in the Banach lattice Eg = L1(J, L4(£2)). Therefore,
lu@ gy < SOl 2@y lluolle, < coe™ lluolley . € 1uo). (5.5)
Assumption (5.3c) ensures that there is a constant C; > 0 such that
IF Ol wian + 1Ol < CLL+ 1O, gwi@)) 1€ 1o, (5.6)
while (3.7) yields for every T > 0 a constant ¢(7") > 0 such that
ISOI 2wy ,w)@y =), 1€I[0,T]. (5.7
It then readily follows from (5.4), (5.6), (5.7), Lemma 4.3, and Gronwall’s inequality that
lu@L, g wi@n =), telwo)n0,T],
forevery T > 0. Proposition 2.1 now implies that the solution u exists globally, i.e. I (1g) =
[0, 00). Consequently, we may let# — coin(5.5)and use wg < Otoconclude thatu(z; ug) — 0

in the phase space g = L1(J, Ly (£2)). O

Corollary 5.2 is not restricted to the particular case of Neumann boundary conditions (just
replace the left-hand side of (5.3b) by the corresponding spectral radius).

@ Springer



Journal of Dynamics and Differential Equations

An Instability Result

We provide the analogue to [16, Theorem 6]:

Proposition 5.4 Assume (5.2). Consider a positive equilibrium
¢ eLi(J, W, z()NCU, W), ¢=0,
to (5.1) for which
b(p(x),a,x) >0, Im(p(x),a,x) <0, (a,x)eJxQ. (5.8)
If's(Gy) # 0, then ¢ is unstable in L1 (J, W ().

Proof (i) Observe that (5.2d), (5.2¢), (5.8), and the positivity of ¢ entail the strict positivity
by > 0 and that By is a positive operator on Eg = L1 (J, L;(£2)). Moreover, the maximum
principle ensures that Ay (a) is resolvent positive for a € J. Theorem 3.3 now implies that
Gy = Ay + By is resolvent positive. We then claim that for its spectral bound we have
5(Gg) > —oo. Indeed, since By > 0, it follows from [4, Proposition 12.11] that s(Gg) >
s(Ag). Next, the strict positivity by > 0 and [8, Corollary 13.6] imply that by (a)I1g(a, 0) is
strongly positive on L, (£2) for a € J. Thus, for A € R, the operator

0,(9) = /0 ! e by(a) Mg (a,0)da

is compact and strongly positive on L, (£2). As in the previous section we infer from [26,
Lemma 3.1] that the mapping [A — r(Q,(¢))] is continuous and strictly decreasing on R
with

im r(Qr(@)) =00, lim r(Qi(¢)) =0,

and then from [26, Proposition 3.2] that s(Ag) = Ao with A9 € R being the unique real
number such that r(Q3,(¢)) = 1. Thus s(Gy) > Ao and 5(Gy) is an eigenvalue of G.
(ii) Let now A > 0 be large enough, i.e. A > max{s(Gy), 0} with r(Q;.(¢)) < 1. Set

vi=(A— Gq;)_lqﬁ

and note that v > 0 since Gy is resolvent positive and A > 5(Gy), see [4, Remark 12.12 (b)].
Then Theorem 3.1 (c) entails that v satisfies (in the sense of mild solutions)

am
v =(—r+Ag@)v+Byv+¢, acl, v0)= / bg(a)v(a)da .
0
Thus, since Bgv > 0, we deduce

a

v(a) = e Tg(a, 0) v(0) +/ e M) My(a,0)p(0)do, ael, (5.9)
0

and, when plugging this into the initial condition,

a,

(0) > / by(a) e l'[¢(a,0)dav(0)+/
0

m a
b¢(a)/ e M=) My (a, 0) ¢(0) do da
0 0

a

> / " b(@, @)~ Ty (a, 0) da v(0) + / b @) / " ) [1,(a, 0) $(0) dor da,
0 0 0

(5.10)
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where we used that by (a) > b(¢, a) due to (5.8). Now, the equilibrium ¢ satisfies
¢(a) =Tly(a,0000), aecJ, ¢0)= Qo(9)¢(0).
Therefore, using the evolution property
Iy (a,o0)y(0,0) =Tly(a,0), 0<o <a=<ap,

we infer that

/d e M) My(a, 0) (o) do = %(1 — e ) Tg(a,0) $(0) G.1D)
0

and thus
am a 1
/0 b(qb,a)/o e M=) My(a,0) ¢(0) do da = X(l — 0:1(9))9(0). (5.12)

From (5.10) and (5.12) it then follows that
1
(1= Qx(e)v(0) = X(l — 0:.(9))$(0)

and thus, since (1 — 0 ((]5))7l > 0asr(Q,(¢)) < 1, we conclude that Av(0) > ¢(0). Using
this along with (5.11) in (5.9) we derive Av(a) > ¢(a) for a € J. By definition of v, this
means that

Mr—GCy) o =9, 1>0.

Invoking the exponential representation of the semigroup we obtain

t —n
¢'®p = lim (1—4(34,) p>¢, t>0,
n

n—o0o

from which ||e'Ce lz@®y = 1fort > 0,since Eg = L{(J, Ly(2)) is a Banach lattice. This
implies that s(Gy) = wo(Gy) > 0. By supposition, we then even have s(Gg) > 0. Since
5(Ggy) is an eigenvalue of G4, we conclude from Theorem 4.1 that ¢ is unstable. O

A simple consequence is:
Corollary 5.5 Assume (5.2). Consider a positive equilibrium
¢ eLi(J, W, 5()NCWU, W (Q), ¢>0,
10 (5.1) for which (5.8) holds. If r(Qo(¢)) > 1, then ¢ is unstable in L1(J, ij;v(sz)).

Proof It has been observed in the proof of Proposition 5.4 that s(Gg) > A, where 19 € R
is the uniquely determined from the condition r(Q;,(¢)) = 1. Since [A — r(Q;(¢))] is
strictly decreasing on R and r(Q¢(¢)) > 1, we necessarily have 1o > 0. O
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Appendix A. Proof of Proposition 3.4

We provide here the proof of Proposition 3.4 which is fundamental for Theorem 3.3. We thus
impose (3.2), (3.3), (3.9), and recall that we consider nonlocal perturbations

[BZ1(a) 52/0 qla,0)¢(o)do, aelt, ¢ ek,
for some g (a, o) = g(a)(o) satisfying
q € C(J, Loo(J, L(Ep))).
Then B € L(IEy) with

1Bl £&y) < a@m g lco lglloo = llgllc, Lo (s, L(Eq))) -

For the birth rate we recall that by € C(J, £(E)). We begin with an auxiliary result:

LemmaA.1 Suppose (3.2), (3.3), and (3.9). Given ¢ € Eo, let By € C(R™T, Ey) be defined
as in (3.4b). Then, given T > 0, there is cg(T) > 0 such that

IBy (D)llE, < ca(T) T I¥lg,, 7€ ©,T], 0ei{0,9)}. (A.1)
Moreover, given ¢ > 0 and k € (0, a,, /2), there is § :== §(T, k, €) > 0 such that
IBr: (t1) — Bre (1)l gy < €ll¢llRy, 71,72 €&, T] with |11 — 12| <6,

whenever ¢ € Eyg.

Proof Estimate (A.1) follows for 6 = 0 from the fact that [ > By ] € L(Eo, C(R™, Ey)),
see (3.6). It is derived from Gronwall’s inequality as shown for both cases 6 = 0, ¢ in [26,
Formula (2.2)].

In order to prove the continuity property of Bg; for ¢ € Eo, set ¥ := B¢ € [Eg. We write

By (7) = /r be(t —a)y(t —a,0)By(a)da
(

T—am)+
(am—7)+
+ [T o e+ v@da
0
=: B}, (1) + B}, (1) (A.2)
for t > 0 and note from (B.2) that

cr:=_ max |Ile(a,o0)llgE, < oo. (A.3)
0<o=<a<am
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Choose 81 := §1(T, &, k) € (0, min{a,, /2, k}) such that
£
2¢c1cg(T) 1Dl Lo (7, 2(Ey)y) Mmax{T, 1} < ——. (A4)
4Bl £ (m)

Due to Lemma B.1 we may choose 8, := 62(T, €, k) > 0 such that

&
T cg(T) 161l Lo (7, 2(E)) ITTe(s1,0) = Ie(s2, Ol £(Ey) < —— (AS)
4B £(&y)
for 51,50 € [61, T A ap] with |s; — s3] < 8, and
- _ &
1be(51) — be(52)|l £(Ey) €1 max{cg(T)T, 1} < ———— (A.6)

~ AUBIl £y
for 51, 57 € [0, a;,] with |51 — 52| < 7. Set
80 :=60(T, &, k) := min{dy, 62} > 0.

Then, for k < 1p < 17 < T with |11 — 1| < &9 we note that (11 — a;)+ < T2 — 81 and
obtain from (A.1)—(A.6)

1By, (1) — By (22) | &

(t1—am)+
< / lbe(t2 — a)llc(gy) 1TTe (T2 — a, 0) || £(Ey) 1By (@) £, da
(

T —am)+

(%)
+f lbe(T1 — a) — be(t2 — a)ll £(Ey) ITe(T1 — a, 0)|l £(Ey) 1By (@)l £y da
(

T —am)+

'1.’2731
—I—/ 1be(t2 — a)llckg) Mo (t1 — a, 0) — Ile (12 — a, 0)|l £(£q) 1By (@)l gy da
(

T —am)+

1%}
+f 1be(t2 — a)llc(Eg) Me(t1 — a, 0) — Ie(12 — a, 0) | £(£q) 1By (@)l £, da
T

241

7
+f 1be(T1 — @)l ckg) Mo (t1 — a, O) || 2(Ey) 1By (@) || £, da
T

2
S bell Log (1, £Eo)) €1 c8(T) 1Y gy [(T1 — @m)+ — (T2 — @m) +|
+  sup  lbe(s1) — De(s2)ll cigg) c1 e8(T) T 1Y llg,

s1,82€[0,a,]
Is1—s2]=do

+ 1bell Loe (7, £(Eo)) sup  |[ITg(s1, 0) — ITe(s2, O)ll 2(Eg) c8(T) T IV IR,

$1,52€[81,am]

[s1—s21<80
+21bell Lo v, 2Ep) €1 81 cB(T) T 1Y llEy + D¢l oo (7, 2(Eg)) €1 €B(T) 1Y IE, IT1 — T2
&
< — ¥lE, -
1Bl 2z 0

Consequently, using ¥ = B¢ with B € L(IEy) we derive
IBL () —BL()llgy <¢li¢lls,. k<m<u<T, [n-wl<d. (A7)

For Blzp we use Lemma B.1 to find n := (e, k) > 0 such that

&
1Dell Loo(r,c(Ee)) ITe(a + 11, a) — Te(a + 2, D)l £(Eg) < ——,
4Bl £ (&)
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wheneverk <1 <11 <T,a €0, (an —t1)+], |11 — 72| < n.Letd3 > 0 with

glloc 83 <

)

and set
8 :=48(T, e, k) := min{dy, 1, §3} .
Then we obtain for k < 70 < 71 < T with |t] — 72| < § that
1B (1) — B, (x2) 1

(am—71)+
< / lbe(a + 1) — bea + ) |l (k) ITe(a + t1, a) |l o) 1Y (@) || £y da
0
(am_fl)+
+ / lbea + 1)l ey ITe@ + 11, @) — Teta + 12, @)l ee) 1@ £, da
0

(am—12)+
+ / lbeta + )1l £z 1 Tela + 12, @)l 2y 1V (@)l 2, da

(am—71)+

< sup  |lbe(s1) = be(s2) ll c(Eg) €1 1V IRy

51,52€[0,ap]
[s1—s2]<8
+ 1bell Lo (7, 2(Eo)) sup Te(a + 71, a) — Mela + 12, A)ll £y 1V IR,
a€l0,(an—711)4]
(am—12)+
bl s 2CEoy €1 / 19 @l da.
(am_fl)+

Since ¥ = B¢ we get from (3.9) that

(am—12) 4 (am—7)+ fam
/ ||w<a>||E0das/ f lq(a, 0)¢()] 5, doda
0

(am—71)+ (am—71)+

= ||§||IE0 lglloo [(am — 2)+ — (am — T1)+].

Gathering the previous computations and using (A.6) and ¥ = B¢ with B € L(Ep), we

deduce that

1By, (r1) — By, (22) [l £y < & ¢ I -

fork < v < 11 < T with|t; —13| < §.Consequently, Lemma A.1 follows from (A.2), (A.7),

and (A.8).

Proof of Proposition 3.4

For the proof of Proposition 3.4 we suppose (3.2), (3.3), and (3.9). We have to show that

VS(t) € K(Ey) for each r > 0, where

t
VS(t)¢ = /0 St —s)BS(s)¢cds, ¢ ely.
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To this end we use Simon’s criterion for compactness in Eg = L1(J, Eg) (see [19, Theo-
rem 1]). Note first from (3.7) that, fort > 0 and ¢ € Eo,

t
IVS@)¢ Ik, < /0 ISt — )l 2o 1Bl 2&g) ISO) | 2o 1€ I, ds
< M3 Bl 2oy € 111 Ik, »

so that VS : (0, 0c0) — L(Ey).

Let 1 € (0, T) be fixed and consider a sequence (¢;) jen With [|¢;]lg, < ko for j € N.
Then (VS(1)¢;) jen is bounded in g as just shown.
(a) We introduce

vl :=BS(s)¢;, s>0, jeN.
Note that [s — /] € C((0, 00), Eo) with, recalling (3.9),
||1/fsj(a)|IE0 < g NiLw.cEn IS®)¢jlE,, a€d, s€0,T], jeN,
Hence, invoking (3.7),
1 @llg, <coMke., aelt. se©.T], jeN, (A9)
where co(T) = |1qllco Mo eI and then
1 1z < amco(T) ko, s € (0. T], jeN. (A.10)
Together with (A.1) this yields
1B, (D), < c8(T) am co(T) ko ™%, 5,1e€0,T], jeN, 6e{0,9}.(A11)

Let0 < h < min{a,, /2, t}. Then, due to (3.4) we have

am—h
/0. [[VS()¢;l(a +h) — VSt)p,1(a) | £, 4@

am—h t
0 0

am—h t
5/ f IMe(a+h,a+h—t+s)—Tl(a,a—1t+5)lzEy
0 (t—a)y+

[S¢ =@ + ) ~ 186 — 9y 1@ dsda

19 (@+h—1+9)llg, ds da

am—h t X .
+/ / ITe(a,a —1t+8)l g 1V (@+h—1+5) =i @a—1+9)Eg dsda
0 (t—a)y+

am—h  p(t—a)s :
+/ f ITe(a+h.a+h—14+)9/(a+h—1+s)
0 (t

—a—h)4

— y(a, O)Bw(l‘ -5 — a)HEO ds da

am—h (t—a—h)4+
+/ / [Tle(a+h,00B, ;(t —s —a—h)
0 0 .‘//:
— M@, 0B (t —s —a)| ;, dsda
=I1+I1I+1I1+1V. (A.12)

We then treat each integral separately. Let ¢ > 0 be arbitrary in the following.
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(1) Choose k :=«k (e, T, t) € (0, min{a,, /2, t}) such that
2e1 co(T) ko (T +an)k <

and n; := n1(T, &, k) € (0, ay) such that (see Lemma B.1)

N ™

sup TI¢(ar, o1) — Me(az, 02|l 2(Ey) co(T) koam T <

(a1,01),(az,02)€S,
[(a1,01)—(az,02)|<m

Then, from (A.9), (A.3) we have, for 2h < ny,

K t
ISCO(T)ko/ / Mea+h,a+h—t+s)—Tlela,a—1t+5)|cE)dsda
0 (t—a)+

am—h pt—k
+C0(T)k0/ f Tle(a+h,a+h—t+s)—T(a,a—t+s)|cE,) dsda
K (

t—a)y

am—h t
+c0(T)k0/ / Tlg(a +h,a+h—t+s)—T(a,a—t+5)|cE) dsda
K 1—K

=< 2c1e0(T)ko(T + am)x

am—h t—kK

+c0(T)k0/ / Tle(a +h,a+h—t+s)—T(a,a—t+5)|cE) dsda
K (t—a)+

< 2c1eo(T)ko(T + am) k

+co(T)koan T sup e (ar, o1) — Me(az, 02)|l 2(Ey)

(a1,01),(az,02)€S,¢
[(a1,01)—(a2,02)|<n

and therefore

(A.13)

I <-, 2h<n.

W] ®

(i1) We choose n, := n2(T, €) > 0 according to (3.9) such that

&
e sup g ) — g2, I oriegy am T Mo e T ko < =
11,126 3
[t1—71|<m

We then use (A.3), recall ij = BS(s)¢;, and invoke (3.9) and (3.7) to get, for h < n2,

am—h t am
11 501/ / / H(q(a—l—h—l+s,a)—q(a—t+s,a))[S(s)¢_,-](a)HEo dodsda
0 (t—a)y+ JO

am—h t
SC1/0 /( gt =5, = @ = 5l 18608, dsda
t—a)y

<c sup g, — g2, Mo, cEg) @m T M()e‘%O‘T ko
T1,10€J
[ti—Til=m

and therefore

115%, h<ns. (A.14)
(iii) It follows from (A.3), (A.9), and (A.11) that
(A.15)

111 < ¢y co(T) ko am(1 + ca(T) am) h .
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(iv) Finally, we choose k¥ := k (g, T') € (0, a,, /2) such that

2¢1 a2 cp(T) co(T) ko & < %

and invoke then (A.9) and Lemma A.1 to find n3 := n3(T, €) > 0 such that

& — .
||B¢(‘(Tl) - Bl//‘j(TZ)HEo < Scra T’ 71,2 € [, T] with |11 — 2] < 3.
; : N

Let C(¥) > 0 be the constant from (B.4) (for IT replaced by I1,). Using the previous estimate
along with (A.3) and (A.11) we then derive, for & < 73,

ay—h (t—a—h—k)+
we "] 1Mo+ . 0) = Mo, O)ll sy ) 1By (1 — s —a — W), ds da
am—h p(t—a—h—ic)4
+/0 /0 ITe(@, Ol 1B, (¢t =5 —a—h) =Bt — s — @)l g, ds da
am—nh (t—a—h)+
+[) [IMe@+ . 0l e 18, =5 —a = W,

(t—a—h—k)4

+ I, Ol ey 1B,y (¢ = 5 — @)l gy | ds da

Ay —h (t—a—h—k)4+
< C®)h? eg(T) am co(T) ko / / (t—s—a—h)""dsda
0 0
Fetan T —— +2¢1 a2 cg(T) co(T) ko @
6cra,, T
and therefore
IV < g + C®) cg(T) amco(T koam TP h?, h<ns3. (A.16)

(v) Consequently, we conclude from (A.12)—(A.16) that

ay—h
lim sup / |Vs®))1a+h) = VSD¢;l@) |, da < e
h—0 jeNJo 0

and thus, since ¢ > 0 was arbitrary,

ay—h
lim sup / [VS() 1@+ h) — [VS®)$j1(a) |z da=0. (A.17)
h—0 jeNJo 0
(b) Finally, for j € N we have from (B.2), (A.11), and (A.9) that
am am pt—a)+
/0 VSl e, da < /0 /(; ITX(a, O)ll (k0. E9) 1B, (t =5 — @)l ds da
am t .
+/ / ITH(a. a — 1+ $)|l £(Eo.E9) W (@ — 1 + )| £, ds da
0o Ju-ay
< My (cB(T) am + l)co(T) kof ! e a"da.
0

Since the right-hand side is finite and due to the compact embedding of Ey in Eg we conclude
that

a
{/ [VSt)¢jla)da; j e N} is relatively compact in Eg for 0 < a; < ax < ay, -
aj
(A.18)
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We now infer from (A.17), (A.18), and [19, Theorem 1] that the sequence (VS(¢)¢;) jen is
relatively compactin Eg = L (J, Ep). Since t > 0 was arbitrary, this yields Proposition 3.4.
O

Appendix B. Parabolic Evolution Operators

Parabolic evolution operators are thoroughly treated in [3] to which we refer. We only provide
here their most important properties that we have used in the previous sections.

Basic Definition

Let E1 < Eg be a densely injected Banach couple, J = [0, a,,], and
Ja:={(a,0) eI xJ;0<0 <a}, Jx:={ao0)elxJ;0<0 <a}.
We consider
A J — A(Ep)

withdom(A(a)) = E| foreacha € J, where A(E() means the closed linear operators in Ey.
Following [3, Section I1.2.1] we say that A generates a parabolic evolution operator IT
on Eo with regularity subspace E1, provided that IT : Jo — L(E)p) is such that

I e C(Ja, Ls(Eg)) N C(JX. L(Eo, E1)) (B.la)
satisfying
(a,a) = 1g,, IM(a,o) =TI(a, s)lI(s,0), (a,s),(s,0) € Ja, (B.1b)
and, fora € J,
(-, a) € C'((a,am), L(Ep)), T(a,-) € C'([0,a), L;(E1, Eo)) (B.1c)
with
ohIl(a,o) = A(a)1(a,o), 0dI1(a,0) =—Il(a,0)A(c), (a,o0) € JZ . (B.1d)
In the following, let
A € CP(J, H(E1, Ep))
be fixed with p > 0. Then [3, II. Corollary 4.4.2] ensures that A generates a unique parabolic

evolution operator IT on E( with regularity subspace E in the above sense.

Basic Estimates

Given an interpolation space Eg = (Eo, E1)g with 6 € [0, 1], there are o € R and My > 1
such that

ITL(a, o)l 2y + (@ — ) ITH(@, )|l 2By Es) < Moe® @™, (a,0) € Ja, (B.2)

according to [3, II. Lemma 5.1.3].
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Solvability of Cauchy Problems
Forx € Eg and f € L1(J, Ey), the mild solution v € C(J, Ep) to the Cauchy problem
ov=A(@v+ f(a), ac J = (0, an], v(0)=x, (B.3a)

is given by
v(a)=H(a,0)x+/al'l(a,o)f(o)do, aelJ. (B.3b)
0

If x € Ey for some 9 € [0,1] and f € C?(J, Eg) + C(J, Eg) with 6 € (0, 1] (with
admissible interpolation functors), then

veC(J,Eg)NC (J, Ey)NC(J, Ep)
is a strong solution to (B.3a). Actually, if, in addition, x € E1, then
veCY(J,E))NCW, Ey).

See [3, II. Theorem 1.2.1, Theorem 1.2.2].

Continuity Properties
Given ¢ € (0, 1), there is C(¢}) > 0 such that

TI(a + h, 0) — I(a, 0)|l £(Ey, Eg) < COh’, O<a<a+h<ay, (B.4)
according to [3, II. Equation (5.3.8)]. Moreover:
LemmaB.1 Fore > 0 and k € (0, ay) given, there is n := n(e, k) > 0 such that
IT(a1, 01) — (a2, 02) |l c(Ey) < €, (ai1,01),(az,02) € S, |(a1,01) — (a2,02)| <n,
where S, = {(a,0) € A% ; k <a—o}.

Proof This follows from the fact that IT € C (A’;, [J(Eo)) is uniformly continuous on the
compact subset S, of A%. O

Positivity

If Eq is an ordered Banach space and A(a) is resolvent positive’ for each a € J, then [3,
II. Theorem 6.4.1, Theorem 6.4.2] imply that the evolution operator IT is positive, that is,
[l(a, o) € Ly (Ep) for each (a, o) € Ja.

5 An operator A € A(E) is resolvent positive, if there is A > 0 such that (Ao, 0c0) C p(A) and

—A"leLi(Ey, r>1.
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