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1. INTRODUCTION . . ... ..

Abstract

We calculate the (super)decomposition matrix for a
RoCK block of a double cover of the symmetric group
with abelian defect, verifying a conjecture of the first
author. To do this, we exploit a theorem of the second
author and Livesey that a RoCK block 53¢ is Morita
superequivalent to a wreath superproduct of a certain
quiver (super)algebra with the symmetric group ©,.
We develop the representation theory of this wreath
superproduct to compute its Cartan invariants. We
then directly construct projective characters for 3°¢ to
calculate its decomposition matrix up to a triangular
adjustment, and show that this adjustment is trivial by
comparing Cartan invariants.
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1 | INTRODUCTION

In the modular representation theory of the symmetric groups and their double covers, the cen-
tral outstanding question is the decomposition number problem: determining the composition
factors of the p-modular reductions of ordinary irreducible representations. Even for the sym-
metric groups, a solution to this problem seems far out of reach, but there is a remarkable family
of blocks for which the problem has been solved. These are called RoCK blocks. They are defined
in a combinatorial way using the abacus, and were identified by Rouquier [29] as being of partic-
ular importance. RoCK blocks have been pivotal in the proofs of several results, most importantly
in the proof of Broué’s abelian defect group conjecture for symmetric groups [6]. This hinges on
the proof by Chuang and Kessar [5] that a RoCK block of defect d < p is Morita equivalent to
the principal block of the wreath product €, : €. A consequence of this is the formula due to
Chuang-Tan [8] for the decomposition numbers for RoCK blocks. The same formula appears in
a computation of certain canonical basis coefficients, due independently to Leclerc-Miyachi and
Chuang-Tan [7, 22].

In recent years, the representation theory of double covers of symmetric groups (or equiva-
lently, the study of projective representations of symmetric groups) has been studied extensively.
Let p = 2¢ + 1 be an odd prime (see [11] for corresponding results in characteristic 2), and F an
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algebraically closed field of characteristic p. Let &, denote one of the proper double covers of the
symmetric group ©,, for n > 4, and let z € @n denote the central element of order 2. An irre-
ducible F& ,-module M is a spin module if z acts as —1 on M, and a block of F&,, is a spin block if
it contains spin modules. In fact, for studying spin modules, it is more natural to consider [F@n as
a superalgebra (i.e. a Z/27-graded algebra), and study spin supermodules and spin superblocks.
The modular spin representation theory of @n has been developed by Brundan and the second
author in [1, 2] (using two different approaches which were later unified by the second author
and Shchigolev [21]). The combinatorial part of this theory revolves around the combinatorics of
p-strict partitions.

The definition of spin RoCK blocks for @n was given by the second author and Livesey [20],
who proved an analogue of Chuang and Kessar’s Morita equivalence result, and used this to show
that Broué’s conjecture holds for spin RoCK blocks. Our purpose in this paper is to give a for-
mula for the (super)decomposition numbers for spin RoCK blocks of abelian defect; in particular,
we prove a formula conjectured by the first author in [12] based on calculations of canonical
basis coefficients.

To state our main theorem, we briefly introduce some notation. For a strict partition 1, we let
S(4) denote a p-modular reduction of the irreducible spin supermodule for C@n labelled by 4,
and for a restricted p-strict partition u, we let D(u) denote the irreducible spin supermodule for
[F@n labelled by u; see Section 5 for details on these.

If 1 is any partition, we write h(4) for the number of positive parts of 1, and a(1) =0
or 1 as 4 has an even or odd number of positive even parts. Finally, c(a;o,7) denotes the
Littlewood-Richardson coefficient corresponding to partitions «, o, 7, and K;;(q) the inverse
Kostka polynomial corresponding to o, 7; see §2.2 and §2.3 for details on these.

Rouquier p-bar-cores are discussed in Section 3 — these correspond to spin RoCK blocks of
double covers of symmetric groups. Now our main theorem can be stated as follows.

Main Theorem. Suppose p = 2¢ + 1 is an odd prime and 1 < d < p, and that p is a d-Rouquier
p-bar-core. Suppose that A is a strict partition and u a restricted p-strict partition, both with p-bar-
core p and p-bar-weight d. Let (A, ..., 1) and (u(9, ..., u©)) be the p-bar-quotients of A, u. Then
the decomposition number [S(1) : D(u)] equals

¢

1 (0) _ : ; ; i . N
A3 BEO] § et 1) [ ;00,20 D 6D, 00,
i=1

where the sum is over all partitions ¢, ..., a1 ¢ ) and we read o) as @.

We note that the assumption d > 1 made in the theorem is harmless — it simply means that we
are dealing with blocks of non-trivial defect; on the other hand, the assumptiond < pisequivalent
to the assumption that the blocks we are dealing with have abelian defect groups.

The proof of our main theorem involves two parts.

Firstly, we use the Morita equivalence result of Kleshchev-Livesey which shows that a RoCK
block B°¢ with p-bar-weight d < p is Morita superequivalent to a wreath superproduct W, =
A, 1©,, where A, is an explicitly defined quiver superalgebra. In Section 4, we develop super-
algebra analogues of results of Chuang and Tan describing the representation theory of wreath
products. In particular, by explicitly constructing indecomposable projective supermodules, we
are able to determine the (super)Cartan matrix of W; when d < p, and hence of BP4 (but without
any information on the labels of rows and columns).
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For the second part of the proof (in Section 6), we explicitly consider projective characters for
B4, The results of Leclerc-Thibon [23] comparing decomposition numbers with canonical basis
coefficients, together with the first author’s formula for canonical basis coefficients corresponding
to spin RoCK blocks, show that our main theorem is true ‘up to column operations’, thatis, that the
decomposition matrix of B°¢ is obtained from the matrix claimed in our main theorem by post-
multiplying by a square matrix A. By explicitly constructing projective characters by induction
and comparing with known general results on decomposition numbers, we are able to show that
A is triangular with non-negative integer entries. By then calculating the Cartan matrix entries
predicted by our main theorem and showing that they agree with those of W; when d < p, we
can deduce that A is the identity matrix, which gives us our main theorem.

2 | COMBINATORIAL PRELIMINARIES

WedenoteN := Z,; and Ny := Z,,. Throughout the paper, we work over an algebraically closed
field F of characteristic p > 2. We write

o ¢ :=(p—-1)/2,
o I:={0,1,..,¢},
o J:={0,1,..,72 -1}

For n € N, we write I" for the set of words i, ...i, with i, ...,i, €I.

2.1 | Compositions and partitions

A composition is an infinite sequence A = (1, 4,, ... ) of non-negative integers which are eventually
zero. Any composition A has finite sum |4|, and we say that A is a composition of |1|. We write €
for the set of all compositions, and for each d € N, we write € (d) for the set of all compositions of
d. When writing compositions, we may collect consecutive equal parts together with a superscript,
and omit an infinite tail of 0s. We write @& for the composition (0, 0, ... ). A partition is a composition
whose parts are weakly decreasing. We write & for the set of all partitions, and 9(d) for the set
of partitions of d. For example, (2,0,1,4) is a composition of 7 and (4, 1, 1) = (4, 12) a partition of 6.

A partition is strict if it has no repeated positive parts. We write %(d) for the set of all strict
partitions of d. Say that a strict partition A is even if 1 has an even number of positive even parts,
and odd otherwise. Now write

2 - 0 ifAdiseven, ,1

D=1 s odd. @D
For example, (4,3,1) and (4,2,1) are strict partitions, while (4, 3%) is not. Further (4,3,1) is odd while
(4,2,1) is even.

For a set S, let 25(d) denote the set of all S-multipartitions of d. So, the elements of 25(d) are
tuples 4 = (A®) ¢ of partitions satisfying 3" s [4®)| = d. In the special case S = I, we write the
elements of %!(d) as tuples A = (A, ..., 1)), and similarly, for 2’ (d). We refer to 1®) as the ith
component of A. We identify %’/ (d) with the subset of %!(d) consisting of those 4 € 2!(d) with
A% = 3. For example, taking p = 5 and S = I, ((22), @, (1)) is a I-multipartition of 5, however,
((2%),@,(1)) & P/(5). On the other hand, again with p = 5, ((22), (1), @) € P/ (5).
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‘We use the following binary operations on partitions: if 1, u € 2, then we write 1 + u for the
partition (4, + u;, 4, + Uy, ... ), and A U u for the partition obtained by combining the parts of 4
and u and putting them in weakly decreasing order. For example, (3,1) + (4,1%) = (7,2, 1), while
3, 1)u4,1%) = (4,3,13).

The Young diagram of a partition 1 is the set {(r,c) € N?| ¢ < 4,}, whose elements are called
the nodes of 1. We draw the Young diagram as an array of boxes using the English convention, in
which r increases down the page and c increases from left to right. We often identify partitions
with their Young diagrams; for example, we may write A C y to mean that A, < y, for all r. Using
the identifications of partitions and Young diagrams, in this case, we write u \ A for the set of
nodes of u which are not nodes of 1. For example, (4,3,1) \ (1?) consists of the marked nodes in
the following diagram.

x|x|x]

If A is a partition, the conjugate partition 1’ is obtained by reflecting the Young diagram of A on
the main diagonal. For example, (4,3,1) = (3, 22,1).

The dominance order is a partial order &> defined on 9. We set 1 &> u (and say that 1 dominates
wif |[A| = |u| and A; + - + 4, = u; + -+ + u, for all r > 1. This can be interpreted in terms of
Young diagrams in the following way: A > u if and only if the Young diagram of u can be obtained
from the Young diagram of 1 by moving some nodes further to the left, see [17, 1.4.10]. By [17,
1.4.11], the dominance order is reversed by conjugation: A > u if and only if u’ > A’. For example,
(4%,1) > (4,3,1%) but (4,1%) £ (3%).

Now we introduce the prime p into the combinatorics. Say that a partition is p-strict if its
repeated parts are all divisible by p. A p-strict partition A is restricted if for all r either A, — 4,,; < p
or 4, — 4,41 = p and p 4 A,. We write &,(n) for the set of p-strict partitions of n, and 2% ,(n)
for the set of restricted p-strict partitions of n. For example, for p = 5, (102,2) is 5-strict while
(10, 82,1) is not. Further, (10%, 2) and (15,10,6,1) are not 5-restricted, while (102, 6, 1) is.

We also introduce some new terminology: say that a p-strict partition A is a p’-partition (or
simply that 4 is p’) if it has no positive parts divisible by p. For example, for p = 5, (8,7,5,2) is not
5', while (8,7,2) is.

Suppose that A is a p-strict partition. Removing a p-bar from 1 means either:

o replacing a part A, > p with A, — p, and rearranging the parts into decreasing order, or
o deleting two parts summing to p.

In the first case, we assume that either p | 1, or A, — p is not a part of 4, so that the resulting
partition is p-strict. For example, if p = 5 and 1 = (16, 5, 3,2, 1), then the partitions which can
be obtained from A by removing a 5-bar are (11,5,3,2,1), (16,3,2,1) and (16,5,1). The corresponding
5-bars are marked in the following diagram through x, y and z, respectively.

LT Ixlxx]x[x]

N
N
N
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Note that parts might have to be rearranged after having removed the corresponding nodes from
the diagram.

The p-bar-core of A is the partition obtained by repeatedly removing p-bars until it is not possi-
ble to remove any more — this is well defined thanks to [26, Theorem 1]. The p-bar-weight of A is
the number of p-bars removed to reach its p-bar-core. For example, if p = 5, then the 5-bar-core
of (16,5,3,2,1) is (6,1) and its 5-bar-weight is 4.

If p is a p-bar-core and d > 1, we write:

o 9’; “ for the set of p-strict partitions with p-bar-core p and p-bar-weight d;
o %Qz’d for the set of restricted partitions in &, 4,
o PP 4 for the set of strict partitions in Py .

o Q’Iﬁ’d for the set of p’-partitions in @pp 4

Note that 9;,"1 c P,
Now we look at individual nodes. The residue of a node in column c is the smaller of the residues
of ¢ — 1 and —c modulo p. So, the residues of nodes follow the repeating pattern

o1i,..,r-1,7,¢r-1,..,1,0,0,1,.., 2 - 1,7, —1,...,1,0,...
from left to right in every row of a Young diagram. Note that the residue of a node is always

interpreted as an element of I. For i € I, an i-node means a node of residue i. For example, in the
next diagram, the nodes of the partition (11,5,2) have been marked with their residues for p = 5.

o[1]2][1]o]o]1][2]1]0]0]
0
0[1

—
\S)
—
=)

In particular, this partition has eight 0-nodes, seven 1-nodes and three 2-nodes.

2.2 | Littlewood-Richardson coefficients, Specht modules and
permutation modules

For partitions 4, u!, ..., u", we denote by c(4; u', ..., u") the corresponding Littlewood-Richardson
coefficient, which is zero unless 1] = |u!'| + --- + |u’|. In fact, c(4; u?, ..., &) does not depend on
the order of the partitions wl, ..., u" and depends only on the multiset {u!, ..., '} So, we will also
use the notation c(4; M) for any multiset M of partitions. If M = {u!, ...,u"}and N = {»', ..., v}
are two multisets of partitions, we can also consider

c(;M,N) :=c(;ub, . ) vt L v5).

Below we will use various standard results on Littlewood-Richardson coefficients which can
be found, for example, in [25, 1.9] or [13, Section 5].

‘We will often use calculations involving representations of the symmetric group in characteris-
tic zero. For any group G, let 1, denote the trivial G-module. For the group algebra C&,, the
irreducible modules are the Specht modules S*, for A € P(n). In particular, S™ is the trivial
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©,,-module, and S1") is the sign module, which we also denote sgn. It is well known that
S* @ sgn = SY (2.2)

for all A, see [16, 6.7]. Given a C&,-module M and any partition 4, we write [M : S*] for the
multiplicity of S* as a composition factor of M if |1| = n, and 0 otherwise.

We often induce and restrict modules between ©,, and its Young subgroups. If & = («y, ..., &) €
€ (n), then the Young subgroup &, is the naturally embedded subgroup €, X -+ X &, of &,,.
Now given modules M, ..., M, for & , ..., &, respectively, we obtain a module M, X --- [ M,
for &, and the induced module

. Sy
Myo:-oM, := Ind@aMl X - XM,.

For example, if 1 € €(n), then S®) o §™2) o ... is the permutation module M* defined in [16,
4.1], nowadays called the Young permutation module. In general, given partitions ', ...,a” and 4,
the multiplicity [S"‘1 0..08% : §1]is the Littlewood-Richardson coefficient c(1;a?, ..., a”). By
Frobenius reciprocity, this can also be written as [Res@(‘a1| """ WDS’1 ;s X - X S¥].

Later, we will need the following results.

Lemma 2.1. Supposex € &P and 3,y € €. Then
o(et; (1P1), (1P2), ... (7)) (7). ) = [(Mﬁ ® sgn) o M” : 5%
Proof. The left-hand side equals

[(5(1/31) 0 g(1%2) o o (5(}’1) 0 S 4 ) Scx]

7((5@1) ® sgn) o (S(ﬁz) ® sgn) o ) o (5(}’1) 0 S o ) 50{]

= 7((3(51) 0SB)o..)® sgn) 0 (87 6805 ..) 50‘]

= -(Mﬁ ® sgn)o M/ : S“].

Lemma 2.2. Suppose A € € and 1,0 € P. Then

Z [M? 1 SH][ST 0 S7 : S| = Z [MF : STI[IM : S°].
UEDP B.ye®
B+y=21

Proof. Letn = |1|. We may assume that |7| + |o| = n as well (since otherwise both sides are obvi-
ously zero) and we may restrict the range of summation on the left-hand side to 4 € 2(n). The
definition of M* gives [M* : S#] = [S) 0 §®2) o ... : SK]. On the other hand, if we define K
to be the Young subgroup &, |+, then Frobenius reciprocity gives [ST o S7 : S¥] = [Resg S¥ :
ST X1 89]. Since the irreducible C&,,-modules are precisely the modules S* for 4 € P(n), the
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8 0f 49 | FAYERS ET AL.

left-hand side gives the multiplicity
[ResKInd@’" 1g, : STX SY].
By Mackey’s Theorem, this is the same as

Y [Ind*1,; : TR S,
H

summing over K-conjugacy class representatives of subgroups H < K of the form (&;)* nK for
X € ©,. We can take these representatives to be the groups ©; X ©, as 8,y range over composi-
tions satisfying |8| = |7[, |y| = |o| and 3, + 7, = A, for each . Now the definition of the modules
MP and M gives the result. [l

‘We have the following ‘Mackey formula’ for Littlewood-Richardson coefficients.

Lemma 2.3. Supposea,f3,y,8 € P. Then

Y i, Bychiy,8) = Y, ola;p, ) c(Bs P, @) c(y; @, Y) (8 X, ).

rEP XY, WEP

Proof. The special case where o = (r) is proved by Chuang and Tan [7, Lemma 2.2(3)], but their
proof works in the general case. [

2.3 | Kostka polynomials

Givenl,o0 € P, we write K/{al(t) for the inverse Kostka polynomial indexed by 4, o; this polynomial
arises in the theory of symmetric functions: it is the coefficient of the Schur function s, when the
Hall-Littlewood symmetric function P, is expressed in terms of Schur functions. We refer to [25,
I11.6] for more information on Kostka polynomials, but we note in particular that K;;(t) is zero
unless 1 &> ¢ and that K;}}(t) = 1; see [12, Lemma 3.4].

Of special importance for us will be the evaluation of K;al(t) att =—1. So K;;(—l) is the
coefficient of s, in the Schur P-function P;.

We note two lemmas that we will need later.

Lemma 2.4. Suppose o € P(n). Then K;;(—l) € N, for all A € Fy(n), and there is at least one
A € P(n) for which K/I’; (-1 >o.

Proof. Stembridge [30, Theorem 9.3(b)] shows that K;;(—l) equals the number of tableaux of a
certain type, which means in particular that K;; (—1) € N,. Stembridge’s formula shows in par-
ticular that K;; (—1) > 0 when A is the strict partition whose parts are the diagonal hook lengths
of o. L]

Lemma 2.5. Suppose §, 7 € P. Then

Y PRI DR = Y el By el o).

AESR BYEP
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Proof. We consider symmetric functions in an infinite set of variables X. Let s,. denote the Schur
function indexed by 7 € 2. Since the Schur functions are linearly independent, it suffices to show
the following equality of symmetric functions, for each &:

D PR DR D = Y & By ) e By sy
AER By,teP
TEP

Working with an indeterminate ¢, consider the symmetric function

Y, biOK (OK; (O,

ATEPR

where b, (t) is the polynomial defined in [25, (2.12) on p. 210]. According to the transition matrix
in [25, p. 241], this coincides with the ‘dual Schur function’ Sg(t). Now specialise ¢ to —1. It is
immediate from the definition of b, (¢) that

2D ifle R
b,(-1) = 0
0 otherwise,

so we find that

Se(=D) = Y, 2" WK (=DK} (=Ds,.
AESR,
TEP

Let us write S¢(—1) as Sg. According to [25, IIL.8, Example 7(a)], S ¢ equals the function s:(X /—X)
defined in [25, 1.5, Example 23]. From Equation (1) in [loc. cit.], we obtain

SE(X/—X) = 2 Sﬁsé"/ﬁ”
peP

where the skew Schur function sz, equals 3 .5 c(§;8',7)s,. In addition, sgs, =
> e (s B,y)s, (indeed, this is the most usual definition of the Littlewood-Richardson
coefficients), so that

Y DK DR D = Y o€ B ) el B,y)ss

AER ByEP
TEP
Now the standard result that c(§'; 8/, y) = c(&; B, y’) gives the required equality. O

3 | ROUQUIER BAR-CORES
3.1 | Definition and first properties
For any p-strict partition p, define

r(p) := l{r €N p, =i (mod p)}|
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fori € {1,..., p — 1}. If p is a p-bar-core, then p is determined by the integers r;(). Following [20],
given d > 1, we say that a p-bar-core p is d-Rouquier if

d, and
ri_(p)+d—-1for2gi<?.

o ri(p)
o ri(p)

WV owv

(This automatically implies that 7;(0) = 0 for i > #, since a p-bar-core cannot have two parts
whose sum is divisible by p.)

Assume that p is a d-Rouquier p-bar-core,and 4 € g’pp 4 We want to define the p-bar-quotient
of 1. Firstly note that r;(1) = r;(p) foreach 1 < i < ¢, sincer;(p) > d, cf. [20, Lemma 4.1.1.(i)]. Now
define 1) to be the partition obtained by taking all the parts of 1 divisible by p and dividing them
by p.For1 <i<?,letr :=ri(2),let4;, > ..> 4, be the parts of A congruent to i modulo p and
define the partition

20 A, =r=Dp—i A, —(r—=2)p—i A, —1
> , P s .

The p-bar-quotient of A is the multipartition (1, ..., 1)) € 2!(d).

Example. Suppose p = 5and p = (32,27,22,17,16,12,11,7,6,2,1). Then p is 4-Rouquier, with
(r1(0), 5(p), r3(0), 74(p)) = (4,7,0,0). The partition 1 = (37,32,22,17,16,12,11,10, 7, 6,2, 1) lies
in #° “_and has 5-bar-quotient (1@, 11, @) = ((2), @, 12)).

Lemma 3.1. Suppose that p is a d-Rouquier p-bar-core, and 1 € @;’d, with p-bar-quotient
(O, ..., A). Then:

(i) Ais strict if and only if 1) is strict;
(i) Aisp’ ifand only if A0 = g;
(iii) A is restricted if and only if A) = @.

Proof. The first two statements follow directly from the definition, so we need only prove the third.
Note that by the given properties of the integers r;(0), the d largest parts of p are all congruent to
¢ modulo p, and p;, < p; — (d — 1)p for any k with 4, # ¢ (mod p).

We obtain A from p by adding d p-bars. So, any part 4; for which 4, # ¢ (mod p) satisfies
A < pp + p. IfAY) = @, then 1, < p; + p, while 1 contains all the integers #,7 + p, ..., p;, 50 4
is restricted.

Ifinstead lgf) # 0, choose a such that lff) > /1((1?1. Then, |A“)| > a,sothat |1?)| < d — a forany
i # ¢. This means that any part 4, # ¢ (mod p) satisfies 1, < p; —(a —1)p = p,. So, 4 contains
the part 1, = p, + /L(f)p, but does not contain any parts A, with p, + (Aff) —Dp<A <pg+
Aff) D, SO is not restricted. O

Clearly, 1 € &) 4 is determined by p and the p-bar-quotient (1©,...,1)); conversely,
given a multipartition (1©, ..., 1(?)) € P!(d), there is a partition 1 € @; 4 with p-bar-quotient
(/1(0), LAl )). In view of this and Lemma 3.1, we see that

Y = 12D and 125 = 12 = 12T @), GD
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3.2 | Rouquier bar-cores and dominance order

For our calculations in RoCK blocks, it will be helpful to introduce a partial order on %!(d):
given two multipartitions (A, ..., 1) and (1@, ..., u?)) in P!(d), we write (1(?,...,A()) >
(U, ul D)y if

/ / / ’
|A(0)| + -+ |/‘l(k_1)| +A(k)1 + .- +/‘I’(k)c > |#(0)| + .o 4 |Iu(k_1)| +#(k)1 + ... +lu(k)c

for all 0 < k < ¢ and c > 1. This order can be visualised by drawing the Young diagrams of
A0, A9 in a row from left to right; then (A(?,...,A(9) > (u(9, ..., u(?)) if and only if
A, ..., 1)) can obtained from (u©, ..., u(“)) by moving nodes further to the left.

Lemma 3.2. Let p be a d-Rouquier p-bar-core. Suppose that the partitions A and u in @; 4 have p-
bar-quotients (A?, ..., 1y and (u©, ..., u®), respectively. Then, (A9, ..., A1) = (u(, ..., u(?))
ifand only if A < .

Proof. Fori=0,...,7, let r; be the largest part of p congruent to i modulo p. We also denote
A= (O, AO), w = (U, .y,

We construct A from p by successively adding p-bars. Correspondingly, the p-bar-quotient 4
is obtained from (@, ..., @) by adding nodes; adding the node (r,c) to A0 corresponds to adding
nodes to 4 in columns

{ri +(c—-rp+lri+c—-rp+2,.,ri+(c—r+1p ifi>0 (32)
(c=Dp+1,(c—-1p+2,..,cp ifi =0.

We now prove the ‘only-if’ part of the lemma. It is easy to see that if 1 > u, then we can reach
A from u by a sequence of moves in which a single node is moved further to the left; so, it suffices
to consider a single such move, and show that this move corresponds to moving nodes to the left
in u. So, suppose that 4 is obtained from u by replacing the node (s, ¢) in the jth component with
the node (7, b) in the ith component, where i < j.

If0<i=j,then b—r <c—s,soby(3.2), 4is obtained from u by moving p nodes further
to the left. If 0 = i = j, then a similar argument applies using the inequality b < c. If 0 < i < j,
thenb —r < c—s+d — 1, because ,uf) + /,t(j)ll < d. Now (3.2) and the fact thatr; <r; + (d-1p
means that 4 is obtained from u by moving p nodes further to the left. If 0 = i < j, then we use a
similar argument via the inequality b < ¢ — s + d.

In any case, we obtain 4 < y, as required.

We now prove the ‘if’ part of the lemma. Assume A # u; then we must show that 1 ¢ u.

Case I: There is k € I such that [A@| + .- + [A®)] < |u©@] + - + |u®)|.

Note that in this case, k < . Let a = |A©Q] + - + |A®] and b = |u©@| + - + |u®)|. Now let
v, € @;’d be given by

(1%) ifi=0 (b) ifi=k
v =3@d-e) ifi=k+1 ED={d-b) ifi=¢
%] otherwise, %)} otherwise.
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Then, (v(9, ..., »()) = Aand u = (£, ..., £(9)). So (from the ‘=’ part of the lemma) in order to
show that A ¢ p, it suffices to show that v ¢ &. To do this, we let r be such that p, = r,; — (d —
a — 1)p, and compare v; + --- + v, with §; + --- + £,. We obtain

Vi+ kv =0yt o+ (d - a)p,

§ 4+ +8& =p++p,+(d—-b)p+max{r, —r, +(d+b—a—1)p,0},

and now the assumptionsry; > r, +(d —1)panda < bgivev, + --- + v, > &, + --- + &,, so that
v &

Case 2: |AO| 4+ - + [A0] > |u@| + ... 4+ |u®)| for every k € I.

The assumption that 4 # y means that we can find k € I and ¢ > 1 for which

k-1 k-1

. ’ / ; / l
D AD] + 20 e 20 < O]+ w B 1B (3.3)
i=0 i=0

Firstly, we assume that k > 0.

Letr = /1(")2, and s = r;, + (¢ — r + 1)p; then we claim that /1{ + o+ /1; < ;11 + o+ u;, so that
A '

We calculate A/ + - + A, — (0} + - + p}) using (3.2). For 0 <i < k, each node of A%!) con-
tributes p to this sum. In addition, each node (t, b) of 1) for which b — t < ¢ — r contributes

p to the sum. (The nodes of A%V for i > k do not contribute, because of the inequality ry,; —r; >
r—1

(d —1)p.) Writing T, . = }’ _| min{x, c}, we obtain

N N k-1
Z/li' - 2 ol = <2 129 + Z min{/lgk),t +c— r})p
i=1 i=1 i=0

t>max{1,r—c}
k-1 c ,
= (Z M(l)l + Z A(k)d - Tr,c>p,
i=0 d=1

with the second equality coming from the fact that /l(k)é =r.
. . 0
We calculate u] + -+ + ul — (o} + - + p) in the same way. The assumption that [u©@| + - +
| =D < |AO] 4 ... +|2*=D| means that each node of u® for i < k contributes p to this sum,
whereas the nodes of u(i) for i > k do not contribute. So, as with 1, we obtain

s s k—1
. . k
ZM{—ZPf=<Z|M(l)|+ > minfy ),t+c—r})p-
i=1 i=1 i=0 t>max{1,r—c}
It follows that

c
. k /
Y mineremrs Y-,

t>max{1,r—c} d=1
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and then,

N N

k—1 c
. ’
W= pl> (Z W@+ D u®, - Tr,c>P-
1 i=0 d=1

i= i=1
We obtain A} + -+ + A7 <y} + - + u, as required.

Now assume instead that k = 0. Then, we claim that 4] + -- + Aép <p A+ ,uép. As for the
case above, we calculate 1] + - + A — (o] + -+ + p}) using (3.2). Each node (t,b) of 2 with
b < c contributes p to this sum, and the nodes of A® fori > 1 do not contribute, because of the
inequality r; > dp and the fact that [1()| > c. So, we obtain

cp cp c
>4 3 A= 30
i=1 i=1 i=1

The same formula with u in place of 1 gives the result. O

3.3 | Rouquier bar-cores and containment of partitions
We will need the following generalisation of [20, Lemma 4.1.2].

Proposition 3.3. Suppose that p is a d-Rouquier p-bar-core. Suppose A € 93; “and a € 93; ’b,
where a,b < d, and let (/1(0), ,/1(5)) and (oc(o), s oc(f)) be the p-bar-quotients of 1 and a. Then,
the following are equivalent:

() ACa
@) AV c o forall j € I;
(iii) « can be obtained from A by successively adding p-bars.

Proof. Ttis trivial that (iii)=(i). It is also very easy to see that (ii)=(iii): adding a node to a compo-
nent of the p-bar-quotient corresponds to increasing one of the parts of the partition by p, which
is a way of adding a p-bar.

So, it remains to show that (i)=>(ii). (We remark that the case where b — a = 1 is proved in [20,
Lemma 4.1.2].)

We use induction on a. The case a = 0 is trivial, so we assume a > 0, and that the result is true
with a replaced by any smaller value. Assume 1 C a.

Suppose y € P =1 and that the p-bar-quotient (u(©, ..., u©)) of u is obtained from the p-bar-
quotient of A by removing a single node. Then, ¢ C A (from the fact that (ii)=(iii)=(i)), so 4 C «,
and the inductive hypothesis gives u) C a'/) for all j. So, the only node of (A, ..., 1)) which
can fail to be a node of («(?, ..., () is the node removed to obtain y. In particular, if there are at
least two such partitions u (i.e. if (1, ..., 1)) has at least two removable nodes), then 1) C o))
for all j as required.

So, we can assume that (/1(0), A )) has only one removable node. This means that there is
k € I'such that 1) is a rectangular partition (x”) with x, y > 1, while A0) = @ for j # k. From the
argument in the previous paragraph, we can assume that a¥) contains the partition (x>, x — 1).
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If we suppose for a contradiction that A% ¢ ¢, then a®) has fewer than min{x, y} nodes (r, c)
forwhichc —r=x—y.

For each j, we define r; to be the largest part of p congruent to j modulo p. As observed in
Lemma 3.2, adding the node (r, ¢) to the jth component of 1¢) corresponds to adding nodes to A
in columns

rit—fp+1Lrj+(c—FAp+2,..,rj+(c—-7+1)p,

where we write 7 = 1 if j = 0, and # = r otherwise.
Assume first that k > 1. Then, the assumption 4 C «a and the paragraph above give

!’ / / !

et —p)p+1 ~ Prt-y)pt > Ark+(x—y)p+1 T Pt —ypi1 T min{x, y}.

Since a®) has fewer than min{x, y} nodes (r, ¢) for which ¢ — r = x — y, there must be some j # k
such that &) has a node (r, ¢) for which

rit(c—fAp+k—j+1 ifj <k,
ri+t(c—rp+p+k—j+1 ifj>k

rne+x—y)p+1= {

In fact, this is impossible for j > k, since it gives
(r—c—1+x—y)p+j—k=rj—rk>(d—1)p+j—k,
and therefore,
r—c+x—y>d.
But [ > r —c +1and |a®| > x + y — 2, and we obtain |a®¥)| + |al’| > d + 1, which contra-
dicts the assumption that o € 9’; b with b < d.
So, instead j < k. Now we obtain
(c—F+y-—x)p+k—j=r—r;2d-Dp+k—]j,
so that
c—7r+y—x>d-1.

But [a)| >c—7+1and |a®| > x+y—2 and |a| + |a¥)| < d, so we have equality every-

where, and, in particular, laD| + |a®] = d.

Now we perform a similar calculation using the fact that af -0
rg+(x=y+1)p re+(x=y+1)p

min{x, y}. Now there is j' # k such that (writing ¥ = 1if j* = 0 and ¥ = r otherwise)

2

rp+(C—-Hp+k—j ifj/ <k,

re+(x—-y+1)p=
e+ e=y+p {rjz+(c—r)p+p+k—j’ if j' > k.

1) SUOIIPUOD PUE SWB | 3} 89 *[1202/80/52] U0 ARIQIT3UIUO A3]1M ‘101|qIGSUOIIEWLIO | 349S1U4 1 AQ ZG8ZT SWII/ZTTT OT/0pALCD 5] 1w AIRIGIPUIIUO"D0SYELIPUO /-S4y WOA POpeojumoq 2 'v20z ‘0522697T

o1

B5UB017 SUOLILIOD dAIERID) 3|ged! (dde ay) Ag pausenob e sapie YO ‘88N JO Sa|ni 10} Ariq 1 auluQ AS|IA UO (SUONIPUOD-PL



DECOMPOSITION NUMBERS FOR ROCK BLOCKS OF DOUBLE COVERS | 15 of 49

Now the case j' < k leads to an impossibility (in a similar way to the case j > k above), so j’ must
be greater than k. But now we have indices j < k < j’ with |a”| + |a®| + |a@"| > d + 1, which
again contradicts the assumption a € 95; “_The result follows in the case k > 1.

The case k = 0 is similar but simpler. In this case,

’ ’ ’ ’ _
a(x—l)p+1 - ‘o(x—l)p+1 > A(x—l)p+1 - p(x—l)p+1 =Y

but «© has fewer than y nodes in column x, so there is j > 0 such that al/) has a node (r, ¢) with
(x—Dp+1l=rj+(c—rp+p+1—
and therefore,
(r—c+x-2)p+tj=r;2d-1p+j
so that
r—c+x—-2>d-1.

But now the fact that |«®| > x —1 and |a{)| > r —c + 1 gives a contradiction. So, the result
follows in the case k = 0 as well. O

4 | SUPERALGEBRAS, SUPERMODULES AND WREATH
SUPERPRODUCTS

The representation theory of double covers of symmetric groups is best approached via superalge-
bras. In this section, we recall the general theory and then study representations of some special
wreath superproducts A, : ©,; which play a crucial role for RoCK (super)blocks of double covers
of symmetric groups, cf. Theorem 5.4. Our aim is to compute the Cartan invariants for A, 1 &, in
the case where d < p in terms of Littlewood-Richardson coefficients, cf. Corollary 4.11.

4.1 | Superspaces

We write Z /27 = {0, 1}. If V is a vector space over F, a Z/2Z-grading on V is a direct sum decom-
position V = V5 @ Vi. A vector superspace is a vector space with a chosen Z/2Z-grading. For
€€ z/2z7,ifv € V,, we write |[v| = € and say that v is homogeneous of parity ¢.

If V and W are superspaces and ¢ € Z/27Z, then a linear map f : V —» W is called a
homogeneous superspace homomorphism of parity ¢ if f(Vs) C Wy, for all § € Z/2Z. A super-
space homomorphism f :V — W means a map f = f; + f;, where for € =0,1, the map
fe © V= W is a homogeneous superspace homomorphism of parity e. We will use the term
‘even homomorphism’ to mean ‘homogeneous homomorphism of parity 0’, and similarly for
odd homomorphisms.

We write IT for the parity change functor, see, for example, [19, §12.1]. Thus, for a superspace
V, the superspace IIV equals V as a vector space, but with parities swapped. We define an odd
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isomorphism of superspaces
oy V—TIV, v+— (=D,

IfV4,...,V4 are superspaces, then V| @ --- ® V; is a superspace with [v; @ - @ vy| = |v;| +
-« + |vy|. (Here and below in similar situations, we assume that the elements v, are homogeneous
and extend by linearity where necessary.) If f; : V; — W, is a superspace homomorphism for
i=1,..,d,then

fi1® - ®f:Vi® - QVy»W,® W,
is a superspace homomorphism defined from
(f1® @ f), @ Q@ uy) = (=) Zrwr<s<a sl £ () @ -+ @ fy(vy).
Let V = V5 @ V; be a superspace, and d € N. The symmetric group & acts on V&4 via

Y01 ® - ®g) 1= (=DM tly ) @ - @ Uiy,

where forw € €, and vy, ...,v; € V, we have

[w; U, ..., 0g] i= Z [vglve

1<a<ce<d
w(a)>w(c)
It is now easy to check that
B0y ® -+ ® ) = sga(w)(* (P @ - ® ) ). C8)

4.2 | Superalgebras

An F-superalgebra is an F-algebra A with a chosen Z/2Z-grading A = Ay ® A; such that
ab € Ajgj4p; (Whenever a,b € A are both homogeneous). If A and B are F-superalgebras, a
superalgebra homomorphism f : A — B is an even unital algebra homomorphism.

If Aj,.., A, are superalgebras, then the superspace A; ® - ® A; is a superalgebra with
multiplication

(@, ® - ®ay)b, @ - @b,) = (_1)Z1<r<s<d |as||br|a1b1 ® - ®ayby.

The following superalgebras will play a major role in this paper.
Definition 4.1. We consider the quiver

alo 521 232 af—3¢-2 af-Le-2
’ \/ \/ \/ ........... \_/.Q/.f_l
2% al a2 at’—3,t’—2 af—z,f—l
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and define the Brauer tree algebra A, to be the path algebra of this quiver generated by length 0
paths {e/ | j € J}, and length 1 paths u and {a¥**1, ak*1k | 0 < k < # — 2}, modulo the following
relations:

(i) all paths of length three or greater are zero;

(ii) all paths of length two that are not cycles are zero;
(iii) the length-two cycles based at the vertex i € {1, ...,# — 2} are equal;
(iv) u? =a%al0if > 2.

For example, if # = 1, then the algebra A, is the truncated polynomial algebra F[u]/(u®). The
algebra A, is considered as a superalgebra by declaring that u is odd and all other generators are
even.

Definition 4.2. For d € N, we consider the wreath superproduct W; := A, 1©,. As a vector
superspace, this is just A?’d ® F&,, with F&,; concentrated in degree 0. The multiplication is
determined by the following requirements.

(1) z+—~ z® 1 defines a superalgebra embedding A?d - Af?d ® F&,; we identify A?d with a
subsuperalgebra of W, via this embedding.
(2) x » 1 ® x defines a superalgebra embedding F&,; — A®d ® FS ;; we identify F& ; with a
d ¢ d d
subsuperalgebra of W, via this embedding.
B)wz;®-Qz) ="z, Qzzy)wforallw € &, and all zy, ..., z; € A,.

4.3 | Supermodules

Let A be a superalgebra. An A-supermodule means an A-module V with a chosen Z/2Z-grading
V =V @ Vy such that av € V44, for all (homogeneous)a € Aandv € V.

If V and W are A-supermodules, then a homomorphism f : V — W of superspaces is a
homomorphism of A-supermodules if f(av) = (=1)l/1@laf(v) fora € Aandv € V.

For an A-supermodule V, the superspace IIV is considered as an A-supermodule via the
new action a - v = (=1)!%av fora € Aand v € IV = V. The map o}, : V — IIV is then an odd
isomorphism of supermodules; in particular, oy (av) = (-1)!%la - oy, (v) fora € Aandv € V.

We write ‘~’ for an even isomorphism of A-supermodules, and ‘2’ for an arbitrary isomorphism
of A-supermodules, cf. [19, Chapter 12].

A subsupermodule of an A-supermodule V is an A-submodule W C V such that W = (W n
V5) @ (W N V7). An A-supermodule is irreducible if it has exactly two subsupermodules.

Irreducible supermodules come in two different types: an irreducible supermodule is of type M if
itisirreducible as a module, and of type Q otherwise (in which case as a module it is the direct sum
of two non-isomorphic irreducible modules, see, e.g. [19, Section 12.2]). Every irreducible module
arises in one of these ways from an irreducible supermodule (see, e.g. [19, Corollary 12.2.10]), so
understanding the irreducible supermodules (together with their types) is essentially equivalent
to understanding irreducible modules.

If L is a finite-dimensional irreducible A-supermodule, then L is of type M if and only if L % IIL,
see [19, Lemma 12.2.8].

IfA,,..., A, are superalgebras and V, ..., V; are supermodules over A, ..., A4, respectively, we
have a supermodule V| [X] - K]V over A; ® -+ ® A,, which is V| ® --- ® V; as a superspace
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with the action defined by
(@ ® -~ ® ag)Vy ® - @ vy) = (D) Zerwsealtlvrlg v, @ - @ agug.
If f; : V; - W, is an A-supermodule homomorphism fori = 1,...,d, then
[1®Q®fy:ViIK-~KRVy—» W, X - KW,
is a homomorphism of supermodules over A; ® --- @ A,. In particular,
oy, @ Qay, 1 ViR RKVy > [V K - R IIV,) (4.2)

is an isomorphism of (4; ® -+ ® A,)-modules (of parity d (mod 2)).

If V is a finite-dimensional A-supermodule, a composition series of V' is a sequence of sub-
supermodules 0=V, CV, C --- CV, =V such that V; /V,_; is an irreducible supermodule
forall k=1,..,n. If L,...,L, are irreducible A-modules (not necessarily distinct) such that
Vi/Vi_ = Ly for k =1,...,n, we say that V has composition factors Ly, ...,L;. These are well
defined up to even isomorphisms and permutation. So, if L is an irreducible A-supermodule, we
have a well-defined composition multiplicity

[V :L]:=|{k| Ly =L}.

(If L is of type M so that L % IIL, we could consider the more delicate graded composition mul-
tiplicity [V : L], = m+ nw where m = |{k | L, ~ L}| and n = |{k | L, ~ IIL}|, so that [V : L] =
m + n, but this will not be needed.)

If A is a finite-dimensional superalgebra and L is an irreducible A-supermodule, we denote the
projective cover of L by P; . This is a direct summand of the regular supermodule with head L, see
[19, Proposition 12.2.12]. The composition factors of the principal indecomposable supermodules
P; will be of central importance in this paper. In particular, the super-Cartan invariants of A are
defined as the multiplicities

CL,L’ = [PL . L,]

for all irreducible A-supermodules L, L’. The super-Cartan matrix of A is then the matrix (cy ;/)
of all super-Cartan invariants of A.

For the superalgebra A, of Definition 4.1, up to even isomorphisms and parity shifts II, a
complete set of irreducible A,-supermodules is

{L;|jeJ (4.3)

where L; is spanned by an even vector v; such that e;v; = v; and all other standard generators of

A, acton v; as zero. Now, note that for each j, the supermodule L; is of type M, and P; := Aye; is

a projective cover of L;. We can easily write down a basis for each P;:

P, = (e, uey, a' %, ue,) (omitting a'Ce, if 7 = 1),

P; = (ej,aj_l’jej,aj+1’jej,aj’j+1aj+1’jej) for 1<j<?-2,
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Pf_1 — <ef_1, af—2,f—1ef_1, af—l,f—Zaf—Z,f—lef_1> if# > 2.
From this, we can immediately read off the composition factors of each P;.

Lemma 4.3. P, has composition factors Ly, I1Ly, L, L, (omitting L, if £ = 1), P; has composition
factorsL;,L;_;,L;;,L; forl <i< ¢ —2andP,_, has composition factorsL,_y,L,_,,L,_; if ¢ > 2.

4.4 | Representations of wreath superproducts W,

We suppose from now until the end of Section 4 that d < p or p = 0. Our aim is to develop the

representation theory of the wreath superproduct algebra W, from Definition 4.2, and ultimately

to compute the super-Cartan matrix for W;. We take inspiration from the paper [8] by Chuang

and Tan; many of our results are straightforward adaptations of their results to supermodules.
Given j = j, ... j; € J¢, we define the idempotent

e ®d
ej .—e]'1®“‘®ejd€Af ng
Then, we have the orthogonal idempotent decomposition in W,:

1= Z ej. (4.4)

jerd

For a composition § = (&3, ..., 8, ) of d, we have a Young subgroup ©5 = @51 X o0 X @5k <Gy
and the corresponding parabolic subalgebra

W5 = A?d ® ﬂ:@a Q Wd'

Note that W = W51 R--QR W5k (tensor product of superalgebras). If V,..., V) are supermod-
ules for W51, s W5k, respectively, then we have the supermodule V; [ --- [X] V, over W51 R QR
W;, = W5, so we can form the W;-supermodule

Vio..oV, = Indag(v1 K- K V.

Note that the operation ‘o’ is commutative in the sense that VoV’ ~ V/oV.

Recall thatif 1 € 2(d), we write S* for the corresponding Specht module for F& . Our assump-
tions on p mean that S* is irreducible, and we can fix a primitive idempotent f* € FS, such that
FS, f* =~ St

Now given 4 € %’(d), define § := (8, ...,8,_1) = (|11, ..., |AZ~D]). Then we have a primi-
tive idempotent

26-1)

f* ;=fa(0>®_,,®f EFG;, ®  ®FS;,  =F&s,

from which we define an idempotent

ed) =20 @ @21 @ fAew, (4.5)
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Let V be a finite-dimensional A -supermodule and 4 € 2(d). Denote:
V) :=v®l g st
considered as a W;-supermodule via

ZL;® -V ®Y)=20L; @ QU Y,

WL, ® RV ®y)="(; @ ®vy) @ wy
forallz € Af’x ,WE Sy, vy,...,0y EV,y € S, Important special cases of this construction where
V =L;and V = P; are the simple A,-module and its projective cover constructed in Section 4.3
yield the W,-supermodules L; (1) and P i (4). For a general V, we have the following two results.

Lemma4.4. LetV bea finite-dimensional A ,-supermodule and 1 € %(d). Then, (TIV)(1) = V(1').

Proof. By (2.2), we have S*’ =~ S* ® sgn, sowe can identify S with S as vector spaces but with
the new action w - d = sgn(w)wd. Now, we consider the linear isomorphism

p:=0®®id: V) =v® @ s¥ — (IV)® ® $* = (V).

As pointed out in (4.2), ¢ is an isomorphism of A?d—supermodules. On the other hand, for
ﬂ./
Ug,..,0g EV,y € S* andw € &, we have

p(w(; @ - ® vy ®Y)) = (*(v; ® - B vy) B (sgn(w)wy))
= sgn(w)o@!(“(v, ® - ® vy)) ® wy
= w(og’d(vl ®® vd)) @ wy
= wp(v; ® - ® vy ®Y),

where we use (4.1) for the penultimate equality. So, ¢ is also an isomorphism of F& ;-modules. It
follows that ¢ is an isomorphism of W -supermodules. [

Lemma 4.5. Let V be a finite-dimensional A ,-supermodule, and § = (81, ..., 8 ) be a composition
of d.

(i) For A € 2(d), we have

Res,, V(1) = &%) (V)R- BVE)
wWeP(6)),..ukeP(8,)

(ii) Foru' € 2(8,), ..., uk € P(3,), we have

A€P(d)
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Proof. The proof is identical to that of [8, Lemma 3.3] paying attention to the superalgebra
signs. L]

Given 1 = (A9, ...,2¢~D) € P/(d), we now define the W,-supermodules

L(A) 1= Ly(A D)o ...oL,_,(A“~D),

P(A) := Py(AP)o...oP,_ (27D,

Proposition 4.6. The set {L(1) | 1 € #’(d)} is a complete irredundant set of irreducible W ;-
supermodules up to even isomorphism and parity shift. Moreover, P(1) is a projective cover of L(A)
foreach A € /(d).

Proof. The first statement is easy to see and is well known, see, for example, [24, Theorem A.5].
For the second statement, note using Frobenius reciprocity that P(1) ~ W;e(4) for the idempotent
e(A) € W, defined in (4.5). We now also deduce that dim Hom,y (P(4),L(w)) = &, , completing
the proof. O

Now, we determine the composition factors of the modules L(A!)o --- oL(4¥).

Lemma4.7. Let u € %’(d) and let (8, ..., 8),) be a composition of d. Forr = 1, ..., k, suppose A" =
@A, ., A0r=Dy e PI(8,). Then,

[L(AYo -+ oL(A¥) : L(w)] = Hc(,u(j);/l(l’j),... , Ay,
JjeJ

Proof. This follows from Lemma 4.5(ii) using commutativity of ‘o’. 1

4.5 | The super-Cartan matrix for W,

In this subsection, we continue to assume that d < p or p = 0. Having explicitly constructed the
irreducible and projective indecomposable supermodules for W,;, we now proceed to compute its
super-Cartan invariants.

Lemma 4.8. Let V,W be finite-dimensional A,-supermodules and U be a subsupermodule of V
suchthatV /U ~ W. Then, for A € P(d), the W 4-supermodule V(1) has a filtration with subfactors
U(u)oW (v) each appearing exactly c(1; u, v) times.

Proof. For 0 < ¢ < d, we denote by V, the subsupermodule of V(1) = V®? @ S* spanned by the
vectors of the form v; ® -+ ® vy ® x such that at least ¢ of the vectors vy, ...,v; € V belong to U
and x € S*. This gives a filtration V(1) =V, 2V, 2 -« 2V, 2 V4, = 0 with

VC

o= D UEew )P,
c+1 ueP(c)
veP(d—c)
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cf. the proof of [8, Lemma 4.2]. O
Lemma 4.9. Let A € 2(d), and V be an A, -supermodule with composition series
V=Vy2oV;D>--DV, =0
SetK :={0,...,m} Forv = (v, ... v™) e 2K(d) and j € J, define multisets
M(j,v) := ™ |k €K, Vi [V =~ L}
M'(j,») ;= {0 |k €K, Vii/Viyy 2 TIL}}.
Then, for any u = (U9, ..., u*~Y) € P/ (d), we have

V) Lwl= Y, v @, ) T s MG, ), M'(j, v).
vePK(d) JjeJ

Proof. This follows by induction from Lemma 4.8, using Lemmas 4.4 and 4.5. O
The following result is a ‘superversion’ of [8, Proposition 4.4].

Proposition 4.10. Let V,,..,V,_; be (finite-dimensional A,-supermodules and A =
O, ..., 27"y € P/(d). Set

V() := ViAo ..oV, (A,
LetV;=V;;DV;; DD V-’mj+1 = 0 be a composition series of V'; for each j € J. Set

J
K :={(,s) €I XNy |s<m}
Fori € Jandv € K(d), let
M(i,») := YUY | (j.s) EKand V[V 1 ~ L}
M'(i,v) := {0 | (j.s) €K and V; /V; , ~TIL}.

Then, for any u = (U9, ..., u“=) € P’ (d), we have

V@) :Lwl= Y [[c@P:v5, ..,.v0m) c(u; M(j, »), M'(j, ).
vePK(d) jeJ

Proof. For j € J, we set
M(i,v,j) := {v(j’s) l0<s<m;and V[V, oy = Li}

M'(i,v,j) := {(v(j’S))’ |0<s<mjand V; /V; HLi},
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so that M(i,») = |_|j€]M(i,v,j) and M'(i,v) = |_|je]M’(i,v,j).
By Lemma 4.9, for each j € J, setting § ji= I/I(j)l, we have in the Grothendieck group

VAN = > gulLe)],

weP!(§))
where

qu= D, @00, yUm)) TT el MG, v, j), M' G, , j)).

yG0) .yl ey
Now,
[V (D] = [V(,1<0))o oV, (/1(5’—1))]

= Z qluo q/.Lffl [L’uoo oLlwf—l] .
HOEP (80),pt?1EPT (8,_,)

It remains to apply Lemma 4.7 and use the following identity involving Littlewood-Richardson
coefficients:

o(u®; M(i,), M' (i, 9)) = c(u®; uO0, .., @ PN [T e MG, v, ), MG, 9, ),
jes

which, in turn, follows from the description of the Littlewood-Richardson coefficient in terms of
induction for symmetric groups using the transitivity of induction. O

Corollary 4.11. Let A, u € P’(d). Then,

[P(A) : L(w)] = Z Hc(,u(j);oc(j),ﬁ(j“),y(j_l),5(j)) c(AD; D, g0 () 50y,
jer

where the summation is over all partitions a®, B,y @ with i € J, reading y~ = (8 and
BY) = y=1) = @ (If ¢ = 1, this formula is interpreted as Cu = Zaps S a,B,8)cda,pB,5).)

Proof. Apply Proposition 4.10 to the case V(1) = P(4), using Lemma 4.3. O
5 | REPRESENTATIONS OF DOUBLE COVERS OF SYMMETRIC
GROUPS

5.1 | The double cover of the symmetric group

Let ©,, denote a proper double cover of the symmetric group &,,. Then &, contains a central
element z of order 2, with &, /(z) =~ &,,.
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The central involution z yields a central idempotent e, = %(1 — z), and direct sum decomposi-
tion

F&, =e,F&, ®(1 —e,)FS,.

The algebra (1 —e,)F&,, is isomorphic to F&,, so we concentrate here on representations of
e,F&,, often called the spin representations of &,. We identify e,F&, with the twisted group
algebra 7, see [19, Section 13.1], where a superalgebra structure is defined on 7;, by letting e, be
even or odd depending on whether the image of o in &,, is even or odd.

The classification of irreducible spin supermodules in characteristic O goes back to Schur
(though Schur worked with modules rather than supermodules, and only constructed charac-
ters; the corresponding modules were constructed much later, by Nazarov [28]). For each strict
partition 4 of n, there is an irreducible spin supermodule S-(4) for C@n, and {Sc(1)| 4 € Py(n)}
is a complete irredundant set of irreducible spin supermodules. Moreover, recalling (2.1), the
supermodule S-(4) is of type M if a(4) = 0, and of type Q if a(1) = 1.

The classification of irreducible supermodules in characteristic p is due to Brundan and the
second author [2]. (Another classification is obtained in [1], and [21, Theorem B] shows that
the two classifications agree.) For each restricted p-strict partition u of n, there is an irreducible
T,,-supermodule D(u), and {D(u)| u € RP,(n)} is a complete irredundant set of irreducible 7,,-
supermodules. Moreover, D(u) is of type M if u has an even number of nodes of non-zero residue,
and of type Q otherwise.

Since we shall be interested exclusively in representations in characteristic p, we use the nota-
tion S(1) for a p-modular reduction of S-(1), viewed as a T,,-supermodule. Note that S(1) is
not well defined as a supermodule, but its composition factors are. The (super) decomposition
number problem then asks for the composition multiplicities [S(4) : D(u)] for 2 € %(n) and
M€ RP ().

The block classification for spin modules is due to Humphreys [14]. Here, we prefer to deal with
spin superblocks, that is, indecomposable direct summands of 7, as a superalgebra; in fact, blocks
and superblocks coincide except in the trivial case of simple blocks, so we ignore this distinction,
and say ‘block’ to mean ‘superblock’, see [20, §5.2b] for more details on this. With this convention,
each S(1) belongs to a single block, and the 7,,-supermodules S(1) and D() lie in the same block
if and only if 4 and u have the same p-bar-core. This automatically means that they have the
same p-bar-weight, so blocks are labelled by pairs (p, d), where p is a p-bar-core and d € N, with
lp| + pd = n. We write 3°¢ for the block corresponding to the pair (p, d).

An alternative statement of the block classification can be given using residues: in view of [26,
Theorem 5], two p-strict partitions of n have the same p-bar-core if and only if they have the same
number of i-nodes for each i € I. So, we may alternatively label a block of 7,, with a multiset con-
sisting of n elements of I, corresponding to the residues of the nodes of any partition labelling an
irreducible module in the block. We write B for the block labelled by the multiset S. An impor-
tant consequence of this is that all the irreducible supermodules in a block have the same type; so
we say that a block has type M or Q accordingly.

We also have a double cover ﬁ[n C @n of the alternating group whose twisted group algebra
e,F9, can be identified with the even component (7;,);. Moreover, by [18, Proposition 3.16], the
even component Bg’d of 3% is a single block of F2[,,, unless d = 0 and B is of type M. We refer
the reader to [20, §5.2b] for more on this.
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5.2 | Branching rules and weights

The block classification using multisets of residues allows us to define restriction and induction
functors E; and F;. Suppose that M is a 7,-supermodule lying in the block Bs. Given i € I, we
define a 7, ;-module F;M by inducing M to 7, ; and then taking the block component lying in
the block Bg, ; (if there is such a block; otherwise, we set F;M := 0). The restriction functor E;
is defined in a similar way by restricting to 7,,_; and removing a copy of i from S. The functors
E;, F; (which are called res; and ind; in [19, (22.17),(22.18)]) are defined for all n, so we can consider
powers El’Fl’ forr > 0.

Given 1 € %)(n), let M(4,1) be the set of strict partitions of n + 1 which can be obtained by
adding an i-node to A. Then, in view of [27, Theorem 3], in the Grothendieck group of 7,,,;, we
have

Sl = Y, azlS@wl, (.1)

MEM(A,i)

where a,,, equals 2 if 1 is odd and y is even, and 1 otherwise. Frobenius reciprocity yields a cor-
responding result for E;S(4). (This description of [E;S(4)] and [F;S(4)] can also be deduced by
considering the p > n case of [19, Theorems 22.3.4, 22.3.5].)

We can now apply the operators E; and F; to characters of supermodules (either ordinary char-
acters or p-modular Brauer characters) as well as to supermodules. For example, if y* denotes
the character of an irreducible supermodule S.(1), we define F;x* = Y, ueM(ii) Mp X" We define
E; x" similarly.

The modular branching rules of Brundan-Kleshchev and Kleshchev-Shchigolev give infor-
mation on the modules E;D(u). We just need one result, and to state this, we need some more
combinatorics. Recall that in Section 2.1, for partitions a C 3, 8 \ a has been defined to consist of
the nodes of 8 which are not contained in «. Suppose that u is a p-strict partition and i € I. Let
1~ denote the smallest p-strict partition such that u~ C y and u \ u~ consists of i-nodes. These
nodes are called the removable i-nodes of u. Similarly, let ut denote the largest p-strict partition
such that u™ D pand u* \ u consists of i-nodes. These nodes are called the addable i-nodes of u.

The i-signature of u is the sequence of signs obtained by listing the addable and removable
i-nodes of u from left to right, writing a + for each addable i-node and a — for each removable i-
node. The reduced i-signature is the subsequence obtained by successively deleting adjacent pairs
+—. The removable nodes corresponding to the — signs in the reduced i-signature are called the
normal i-nodes of u.

The result we will need below is the following (see [21, Theorem A(ii)]).

Lemma 5.1. Suppose u € %Qp(n) and v € %@p(n —1), and that v is obtained from u by
removing a normal i-node. Then D(v) is a composition factor of E;D(u).

Now given a 7,,-supermodule and a word i =i, ...i, € I", we say that i is a weight of M if
E; ...E; M # 0. The fact that the functors E; are exact, together with the results above, yields the

following.

Proposition 5.2. Supposei € I and i ...i,_, € I""L.
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(i) Suppose A € Fy(n) and u € F(n — 1) is obtained from A by removing an i-node. If i; ...1i,_; is
a weight of S(u), then i, ...1,_4i is a weight of S(A).

(ii) Supposeu € RP,(n) andv € P ,(n — 1) is obtained from u by removing a normal i-node.
Ifi; ...i,_; is a weight of D(v), then i, ... 1,_,i is a weight of D(u).

For (much) more information on branching rules for 7,,, see [19, Part IT] and [21].

5.3 | Virtual projective characters

Given 1 € 9‘6” ’d, we write )(/1 for the character of the irreducible supermodule S:(4), and we
denote by Ch*? the Q-span of the set {y* | 1 € g%p ’d} of class functions on @| ol+dp-

For each u € %@?d’ we have an indecomposable projective supermodule P(u) with simple
head D(u). Lifting the idempotents as in the classical theory, we deduce that P(u) lifts to char-
acteristic zero, yielding the character ¢* € Ch”?. We denote by PCh? the Q-span of the set
{p* |n e %Qg’d} and refer to the elements of PCh®? as virtual projective characters.

Note that {y* | 1 € 41 is a basis for Ch®? since each y* is either an irreducible character
or a sum of two irreducible characters y** + y*~, and all the irreducible characters y*=*, y*
are distinct (cf. [19, Corollary 12.2.10]). Moreover, {p* | u € %@Z’d} is a basis for PCh®¢. This is
proved as for the y*. First, note that each ¢* is either an indecomposable projective character
or a sum of two indecomposable projective characters p** + ¢*~, and all the indecomposable
projective characters p**, p# are distinct in view of [19, Proposition 12.2.12 and Lemma 12.2.16].
Then use linear independence of the indecomposable projective characters [6, Theorem 18.26(iii)].

Givengp = Y, aeapd a,x* € Ch* 4 we write the coefficient a L as [ : x*]. We say that y* occurs

in ¢ if [p : x*] is non-zero. Below we will use a superversion of Brauer reciprocity to compute
decomposition numbers for 3°¢ in terms of the multiplicities [p* : x*]:

2[pH : x*  ifSc(A) is of type Q and D(w) is of type M,
[S()) : D] =1 3[p#* : x*] ifSc(A) is of type M and D(u) is of type G, (5.2)
[p* : x*]  otherwise.

This follows from the classical Brauer reciprocity taking into account that when S:(4) is of type Q,
we have y* = y»* + x*~, and when D(w) is of type Q, we have ¢* = p** + ¢*~, and moreover,
D(w) = D(u, +) @ D(u, —) for non-isomorphic irreducible modules D(u, +) and D(u, —) obtained
from each other by tensoring with sign.

5.4 | Projective characters from the gq-deformed Fock space
Leclerc and Thibon [23] show how one can use canonical basis vectors to obtain another basis for
the space PCh?%; we briefly outline the background. Let ¢ be an indeterminate. The level-1 Fock

space of type A(z? is a Q(q)-vector space & with a standard basis

{|A) | 1 a p-strict partition}.
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This space is naturally a module for the quantum group U, (A;?). We note that the conventions

for residues (and for simple roots in type Ag)) used here are as in [12, 20] and differ from those in
[23]. The submodule of # generated by the vector |@) possesses a canonical basis

{G(n) | n arestricted p-strict partition }.

Expanding the canonical basis vectors in terms of the standard basis, one obtains the
g-decomposition numbers d,;,(q), indexed by pairs of p-strict partitions 4, u with y restricted:

G = Y, d@la).

A p-strict

In fact, [23, Theorem 4.1] implies that d;,,(g) is zero unless 4 and u have the same p-bar-core and

the same size, so for u € RBPP ’d, we actually have

G = ), d@ld). (5.3)

P-d
AGF/JP

By [23, Theorem 4.1(i)], each d,,(g) is a polynomial in g with integer coefficients. So, given a strict
partition A and a restricted p-strict partition u, recalling (2.1), we can define the integers

1
Dy, = o3 (D +1=a(@))] d;, (D),

where h,(4) denotes the number of positive parts of 4 that are divisible by p. Then, the discussion
in [23, Section 6] shows the following.

Proposition 5.3. Suppose that u is a restricted p-strict partition of n. Then the character

¢t = Y Dyx* (5.4)

A strict
is a virtual projective character of @n. Moreover, {¢* | u € %@’;’d} is a basis for PCh 4,

In fact, the character ¢* coincides with g* quite often, and our main aim in this paper is to
show that $* = ¢* when u € 9?99';"1 and B¢ is an abelian defect RoCK block.

5.5 | RoCK blocks for double covers and the Kleshchev-Livesey Morita
equivalence

Now, following [20], we can define RoCK blocks: given a p-bar-core p and d > 0, we say that
Bf4 is a RoCK block if p is d-Rouquier. The term ‘RoCK’ is borrowed from the corresponding
theory for (non-spin) representations of symmetric groups, and stands for ‘Rouquier or Chuang
-Kessar’.

The definition of spin RoCK blocks is a natural analogue of the non-spin situation, and we
expect that RoCK blocks will play a similarly important role. This has already begun with the use
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of RoCK blocks in proving Broué’s conjecture for double covers [4, 9, 20]. Our purpose in this
paper is to emulate the work of Chuang and Tan in the non-spin case and find the decomposition
numbers for RoCK blocks.

Recall the material of Section 4, in particular, the wreath superproduct W; = A, &,. One of
the main results of [20] is a Morita superequivalence relating a RoCK (super)block B¢ withd < p
and W,. This easily implies the following theorem.

Theorem 5.4. Suppose 1<d < p, and p is a d-Rouquier p-bar-core. Then, we have a Morita
equivalence

W B4 if BP s of type M,
d " Mor Bg’d if B~ is of type Q.

Proof. By [20, Proposition 5.4.10(i)], we have a Morita superequivalence

oy Wy if B~4 is of type M,

shor W, ® ¢, if B> is of type Q.
where C; is the Clifford superalgebra of rank 1. If %< is of type M, the result follows immediately
since Morita superequivalence implies Morita equivalence, see [20, §2.2c]. If B°¢ is of type Q,
then we obtain B¢ ® C; ~gor Wy ® C; ® C; = W, ® C,, and we apply [20, Lemmas 2.2.19 and
2.2.20]. 0

5.6 | The regularisation theorem

One of the early general results concerning decomposition numbers for symmetric groups
is James’s regularisation theorem [15]. Later, we will need the analogue for spin modules,
which was proved by Brundan and the second author [3, Theorem 1.2]. They define (in
a combinatorial way) a function 1 — 4™ from %(n) to £ ,(n) and prove the following
statement.

Theorem 5.5. Suppose that A is a strict partition. Then, D(A™8) occurs as a composition factor of
S(A4), and D(v) is a composition factor of S(1) only if A8 > v.

We will not need the exact definition of regularisation, since we use an alternative description
of regularisation in RoCK blocks, as follows.

Lemma 5.6. Suppose that p is a d-Rouquier p-bar-core, and A € ﬁop’d with p-bar-quotient
AO), ., 1), Then A™8 is the partition in %9’;"1 with p-bar-quotient

(A©, .., 6= 20D 1 2@ g5y,

Lemma 5.6 is not very hard to prove directly from the combinatorial definition of 1*8, but we
will give a proof using canonical basis coefficients in Section 6.1.

1) SUOIIPUOD PUE SWB | 3} 89 *[1202/80/52] U0 ARIQIT3UIUO A3]1M ‘101|qIGSUOIIEWLIO | 349S1U4 1 AQ ZG8ZT SWII/ZTTT OT/0pALCD 5] 1w AIRIGIPUIIUO"D0SYELIPUO /-S4y WOA POpeojumoq 2 'v20z ‘0522697T

o1

B5UB017 SUOLILIOD dAIERID) 3|ged! (dde ay) Ag pausenob e sapie YO ‘88N JO Sa|ni 10} Ariq 1 auluQ AS|IA UO (SUONIPUOD-PL



DECOMPOSITION NUMBERS FOR ROCK BLOCKS OF DOUBLE COVERS 29 of 49

6 | PROJECTIVE CHARACTERS

Having summarised all the background we need, we now work towards our main result. Through-
out this section, we fix an integer d > 1 and a d-Rouquier p-bar-core p. Our aim is to work with
projective characters in °¢; our main result in this section is to find the decomposition matrix
for B¢ up to multiplying by a non-negative unitriangular matrix. Note that the results of this
section do not require d < p.

6.1 | Projective characters ¢* in RoCK blocks
Recall the virtual projective characters ¢* defined in (5.4). One of the main results of the first
author’s paper [12] is an explicit determination of the canonical basis vectors G(u) for partitions
in RoCK blocks. As a result of this, we can give the characters ¢* in B°¢ explicitly.

Firstly, we give the formula for the canonical basis coefficients in a weight space corresponding

to a RoCK block. Recall the notation of Section 2.3.

Theorem 6.1 [12, Theorem 8.2]. Suppose that p is a d-Rouquier p-bar-core, A € @;’d and u €
9?9’;‘1. Then

4
d/m(‘J) — ZK/l(é)c(o)(_qZ)HC(A(I);G(I)’TO)) c(,u(l 1);0(1 1)’.[(1) )qZZ,el i(|AW = |p I),
i=1

where the sum is over all partitions @, ..., =D V) ) and we read ') as @.

As a consequence, we can write down the characters ¢# in RoCK blocks; this follows from
Theorem 6.1, (5.3) and the definition (5.4).

Corollary 6.2. Suppose that p is a d-Rouquier p-bar-core and u € 9?9’;’61. Then
L h(2©® 4 ’
M = Z L5 (hAO)+1-a())] Z K;(é)g(o)(_l) H c(AD; gD 7Dy C(,u(l_l); ol=D 7@ Yt
Ae%ﬁd i=1
where the second sum is over all partitions c® o@D D @) and we read o) as @.

Corollary 6.3. Suppose that p is a d-Rouquier p-bar-core and u € %@g’d. Then ¢+ is a

non-negative integral linear combination of irreducible characters y* with A € g’op 4
Proof. Follows from Corollary 6.2 and Lemma 2.4. O

We now use Theorem 6.1 to give the deferred proof of Lemma 5.6. This relies on the following
regularisation theorem for canonical basis coefficients.

Theorem 6.4 [10, Theorem 3.2]. IfA € #,(n)and u € R P ,(n), thend;res(q) # 0,and d;, (@) =0
unless A" > u.
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Proof of Lemma 5.6. The lemma asserts that A™8 is the partition v € 9’; “ defined by

A0 ifogi<z -2,
v =300 12 ifi= g -1,
@ ifi=¢.

Theorem 6.4 shows that 178 is the most dominant p-strict partition u for which d; ,(q) # 0. So, to
show that 176 = v we must show that d;,(q) # 0, and that if u & v with d; ,(q) # 0, then u = ».

Showing that d;, (q) # 0 is straightforward: in order to obtain a non-zero summand in the for-
mula in Theorem 6.1, we must take c® =10 forogig<#Z -1, 10 =g for1<i<#—1, and
@ = 1), giving d,, (q) = g?4.

Now take a p-strict partition such that u &> v and d,,,(q) # 0. From (5.3), u must lie in %gjg’d.
Choose partitions o®,7® for which the summand in Theorem 6.1 is non-zero. We assume for
the rest of the proof that p > 5; a minor modification is needed when p = 3, which we leave to
the reader.

In view of Lemma 3.2, the assumption that x4 > v means that

O]+ o + a7 < ]AQ] + v + 1207

for 0 < r < £ — 2. On the other hand, the non-vanishing of the polynomial K;(i)a(o)(_qz) and of

the Littlewood—Richardson coefficients c(A®; c®, t®) and c(u=; ¢0-D, z®") implies that
O]+ o + a7 = [2O] + oo + 2D 4 |20+D)

for0 <r < —1.S0, |t = ... = |t~V| = 0and [t?] = |1()|. Again, by the non-vanishing of
the Littlewood-Richardson coefficients, it then follows that 7V = ... = (/=D = & while 1) =
A®)_This, in turn, gives 0@ = u® for0 <i < —2,and o = A for1 <i < # — 1, so that

-1
o K/l(o)u(o)(t) #0,

o u®=20for1gi<?s -2,
o c(uf=D; 26D, A"y % 0.

In particular, |u®| = [v@)| for all i, so (again using Lemma 3.2) the assumption u > v amounts

to the statement that u® > v® for all i. But now the only way that K;(;)M(O)(t) = Kv_((l))u(m(t) can

be non-zero is if 4@ = v© = 19, A standard result about Littlewood-Richardson coefficients
/ !/

is that the most dominant partition & for which c(£; 1D, 1) £ 0is A¢~D + 1) so we also

obtain u“~1 = »(*~1_and therefore, u = v. O

6.2 | Gelfand-Graev induction
Our aim is to explore the relationship between the characters ¢ and ¢* by considering a third

set of projective characters obtained by inducing the projective character y* along special words
which we call thick Gelfand-Graev words. Recall the induction operators F; from Section 5.2.
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Giveni € J and k > 1, we define the corresponding thick Gelfand—Graev word (cf. [20, (4.2.1)])
ko= k(e — 1% LG+ DR koK Lk (6.1)
and the corresponding induction operator

; . 1k kp2kpk  pkp2k 2k k
F(i,k) 1= F¥ . FKP2*Fr FFF? F% FK (6.2)

We want to know what these operators do to characters in a RoCK block.

Remark 6.5. We could define divided power induction operators F, @ . and use them in place
of the usual powers in the definition of F(i, k). This would produce shghtly simpler formulas in
Propositions 6.6 and 6.7 below but would not make things any easier, since, a priori, Fl( ") is defined
on the Grothendieck groups with scalars extended from Z to Q (although one can check, using
[19, Lemma 22.3.15] for the case of large p, that, in fact, Fi(r )is always defined on the Grothendieck
groups without extending scalars; we will not pursue this).

Proposition 6.6. Takei€J, 1 € Qi)p’c and a € %P’Hk, where k > 1 and ¢ + k < d. Then, x%
occurs in F(i, k) x* if and only if the p-bar-quotient (a9, ..., a?)) is obtained from (A1, ..., 1)) by
adding k nodes in componentsiandi + 1, with no two nodes added in the same column of component
i or in the same row of component i + 1. If a satisfies this condition, define
fQ,a)=|{c>1] a @\ 19 contains a node in column ¢ but not in column ¢ + 1}
Then
[F(i k)X/l C ¥ =2 f(/l,oc)+%(k(p—2)+h(/1(0>)—h(oc(0>)+a(/l)—a(a))(2k)!f—i J12i+1

Proof. Firstly, we assume i > 0.
For j € I, we define a j-hook to be a set of nodes of the form

{r+¢—j,ce+j+1),r+¢—-j—1l,c+j+2),..,(r,c+¢+1),r,c+¢+2),..,0r,c+j+p)}

for r > 1 and ¢ > 0 with p | c. In other words, a j-hook is a set of p nodes with residues in the
configuration below.

Jj+1
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In [20, Section 4.1a], Kleshchev and Livesey observe that if 1 € 9%’3 “ with ¢ < d, then adding a
node to the jth component of the p-bar-quotient of A corresponds to adding a j-hook to A.

By Proposition 3.3,if 1 € 2 and a € %/ “*k with a D 4, then « can be obtained from A by
adding some p-bars. Thus, o) D 10 for all j € I. In particular, if y* occurs in F(i, k) x*, then «
is obtained from A by adding j-hooks (for various values of j). But by the branching rule «a is also
obtained from 4 by adding nodes one at a time, with a specific sequence of residues determined
by the definition of F(i, k). In particular, the last k nodes added must all have residue i, so there
must be a strict partition 8 with A C § C a such that a \ § comprises k nodes of residue i.

In any of the individual j-hooks comprising « \ 4, the last node added must either be the left-
most node of residue j, or the rightmost node of residue j — 1. So, the last node added can have
residue i only if j = i or i + 1. Moreover, the assumption that i > 0 means that the last two nodes
added in a given j-hook cannot both have residue i. So, the only way the last k nodes added in
reaching o from A can all have residue i is if all the added hooks are i-hooks or (i + 1)-hooks, and
each of these hooks contains exactly one node of a \ 8. In particular, the p-bar-quotient of « is
obtained from the p-bar-quotient of A by adding nodes in components i and i + 1.

If two nodes are added to the same column of A%, the corresponding i-hooks are diagonally
adjacent, as in the following diagram.

But now the i-hook on the right cannot contain a node of « \ 3, because the i-node at the left
of this hook must be added before the (i — 1)-node at the right of the hook on the left. This is a
contradiction. Similarly, if two nodes are added to the same row of 1¢*1), then the corresponding
hooks are horizontally adjacent, and we reach a contradiction in the same way.

i+1

This is enough to prove the ‘only if’ part of the proposition. For the ‘if part, suppose that the p-
bar-quotient of « is obtained from the p-bar-quotient of 4 by adding nodes in different columns
of A® and in different rows of A(+1). To show that y* occurs in F(i, k) x*, we show that we can
get from A to a by adding nodes one at a time with the appropriate sequence of residues.
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We begin by adding all the #-nodes in « \ 4 (in an arbitrary order), then all the (# — 1)-nodes,
and so on, down to the (i + 1)-nodes. Then we add an i-node in each hook, then an (i — 1)-node
in each hook, and so on, working along the arm of each hook, until we add a node of residue 1 to
each hook. Then we add all nodes of residue 0 in « \ 4, and then all remaining nodes of residues
1,...,1 in turn. The assumptions on o mean that we obtain a strict partition at each stage, so y*
does occur in F(i, k) x*.

The construction in the preceding paragraph enables us to compute the coefficient of y* in
F(i,k)*. To do this, we need to count possible orders in which the nodes of « \ 1 can be added
to A with the required sequence of residues, so that the partition obtained at each stage is strict.
For each term F¢ appearing in F(i, k), we need to add ak nodes of residue j, and it is clear that
the choice made in the previous paragraph is the only possibility: in order to be able to add the
nodes of residue 0 in a given hook when applying F gk, we must already have added the nodes of
residues i,i — 1,...,1 to the left of the nodes of residue 0 in that hook. So, our only choice is in
which order to add the j-nodes for each factor F ;‘k. In each case, we have a free choice, except for

the factor F gk : here in each hook, the leftmost 0-node must be added before the rightmost one.
So, the number of choices of order is

-1 i ) '

| 12i+1 V=i

k! x | | (2k)! x I] K12 x (2’?- _ k! (ik). .
Jj=i+1 i=1 2 2

It remains to consider the coefficients a;, appearing in the branching rule. Because i > 0, the
assumptions on « give a©® = 1O \which, in turn, implies that h(1) = h(x); therefore, as we go
from A to a by adding nodes, the partitions obtained alternate between even and odd. So, the
number of times we pass from an odd partition to an even partition is %(k p + a(d) — a(a)). This
yields

[FG, Ky 3% = 23K(P-Dra@—a@) gy ~ij2i+1.

which agrees with the proposition because 1) = (0,

Now we consider the case where i = 0. Now in order for y“ to appear in F(i, k) )(l, it must be the
case that o is obtained from A by adding j-hooks, and now there must exist a strict partition § with
A C B C a such that a \ § comprises 2k nodes of residue 0. Arguing as in the previous case, this
implies that al) = A0 for j > 2, while a® is obtained from 1) by adding nodes in distinct rows,
and a® 2 1, Now if two nodes are added in the same column of (%), then the corresponding
0-hooks are vertically stacked, as in the following diagram.

But now the upper 0-bar cannot contain any nodes of « \ 8, giving a contradiction. So, again, we
find that the nodes added to A(*) to obtain a(®) must be added in distinct columns.
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Now suppose that o satisfies the conditions, and consider how we can obtain « from A by
applying F(0,k) := ngka F;’ilFl;. For each of the residues j = 7,7 — 1, ..., 1, we can add the
j-nodes of a \ 1. In each added 1-hook, the two 0-nodes must be added in order from left to right,
but otherwise there are no restrictions on the 1-hooks. The 0-nodes occurring in the added 0-
hooks can be added in any order, except that when two added 0-hooks correspond to nodes in
consecutive columns of a(?, then the rightmost 0-node of the left hook is adjacent to the leftmost
0-node of the right hook (as in one of the following diagrams) so that these two nodes must be
added in a specific order.

As a result, we obtain a coefficient k!(2k)!” /2k=/(4%)_ But we also need to take into account the
coefficients coming from the branching rule: the partitions obtained as we add nodes alternate
between even and odd, except when we add a node in column 1. So, we obtain a further factor

1
23 (kpra)—al@+hM-h(@) pyting these coefficients together, we obtain

[F(0,k)x" © 3] = 2/ GO+ 3KP-D+hD-h@r+a@=a@) gy ko,

in agreement with the proposition. O
6.3 | Projective characters obtained by induction

Our aim is to explore the relationship between the characters p# and ¢+, which we do by
considering a third set of projective characters.

Recall from Section 2.1 the set Q@p’i’d C 9“(‘)" 4 of the p’-partitions in 95; 4 By Lemma 3.1(ii), a
partition 4 € .@; 4 s p’ if and only if A© = @. Recall (6.2). Given 1 € 9;,"1, we will define a

projective character * by inducing the projective character y*:

r A
¢ = [1T1FG-1.47) z* € pcne, (63)

i=1r=1

where the factors F(i — 1, /1(”:) can be taken in any order. (It is not obvious at this stage that @
is independent of the order of the factors, but we will see in Corollary 6.9(ii) that this is the case.
For now, we define @' by fixing an arbitrary order for each 1.)
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For any strict partition 77 and any composition y, let ¢(r; ) be the number of ways 7 can be
obtained from @ by adding at each step y; nodes all in different columns such that each step a
strict partition is obtained. Now given o € gi)p d and 1 € Q’Iﬁ’d, define

¢
- 1 . . .
D, = 93 (dp=2)+a(d)—a(p) I I I I(2/1(1):)!1—1+1/1(l);!21—1’

i=1r>1

¢
B=Dr Y @y | @sgmyo s 55,
B, pOew i=1
YO,y Oz
BD 4y D=2

where we read y“*1 as @. Then we can deduce the following result from Proposition 6.6.

Proposition 6.7. Suppose a € P/ Land A e 995,"1. Then x occurs in @ if and only if D,, # O.
Furthermore, if a is a p’-partition, then [¢* : x*] = D,,,.

Proof. We construct ¢ by starting from y* and applying each of the operators F(i — 1,/1(1');), for
1<ig<fZand1<r< /1?). We start from the p-bar-quotient of p, that is, (&, ..., @), and when we
apply F(i — 1,/1(”:), we add /1("); nodes in components i — 1 and i in accordance with Proposi-
tion 6.6, and we consider the possible choices of how to add these nodes. Let ,6’50 be the number
ﬁi) the number of nodes we add in component i — 1. This
defines partitions 8@, y® for 1 < i < # with B® + y® = 10’ and we need to consider all possi-
ble such choices of &,y Take a particular choice of %), "), and consider the coefficient of ¥
obtained. Recall from Proposition 6.6 that when we apply F(i — 1, A(i);), the nodes added in com-
ponent i — 1 must be in distinct columns, and the nodes added in component i must be in distinct
rows. So (by the Pieri rule), the number of ways of obtaining the p-bar-quotient @@, a®, .. a®))
is

of nodes we add in component i, and y

4
; ; ; (i) (i)
@@y [T e@®; ), 5 ), ., @F), %), )

i=1

¢
=@y ] [(Mﬁ(l) ® sgn)om” 52
i=1

by Lemma 2.1; here, we read y(“l) =Q.

We sum over all possible choices of 8%, y® to get D, /D;; so, the coefficient of y* is non-zero
if and only if D, # 0. In the case where a is a p’-partition, the product of the coefficients arising
from Proposition 6.6 is D;, so the coefficient of y* in ¢* is D;,,. O

Our next task is to show that the characters ¢* are linearly independent. Firstly, we use Proposi-
tion 6.7 to give more information about the structure of the characters ¢*. Recall the partial order
> on multipartitions from Section 3.
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Proposition 6.8. Suppose 1 € @Iﬁ’d. Then the character x* occurs in &, while any character x*

occurring in & satisfies
A9, 2N < (@@, ., a)y <Y, . 29 @)

Proof. Certainly, y* occurs in @*: in the sum in Proposition 6.7, we can take 8 = 10" andy® = @
for all i; the corresponding summand is then

-1 -1
II [M’W) ® sgn : S’W)] = [M’W) ®sgn: " ® sgn]
i= i=1

(-1

-T1 [MW : SW],

i=1

which is well known to be non-zero (indeed, 5’1@, is defined to be a submodule of Ml(i),).

Now suppose that y® occurs in @*, and choose S0, ..., 3, yM .. ¥ such that the corre-
sponding summand in 5,10( is non-zero. Then, in particular, |a®| = |3®| 4 [y for 0 N4
(where we read 8@ = y(“+1) = &). To show that (a(?, ..., a(?)) > (1(9, .., (), take 0 %
and ¢ > 1. Then,

i
k

NN

k-1 c , k-1 c ,
(2 la®] + Za(k)l) _ (2 D] + z/l(k)l)
i=0 i=1 i=0 i=1

c c
/ /
= 70 + z “(k)i _ Zfl(k)i

i=1 i=1
c , c C
k k
AR Y G T WA Wi
i=1 i=1 i=1
c , c
k
> (B0 Ly, -y g
i=1 i=1
> 07

as required.
! i
To show that (a@, ...,a) < AD, ..., A1) &), take 0 < k < £ and ¢ > 1. Then,

k-1 c k-1 c ,
) k .
( z |l(l+1)| + 2 )ll( +1)> _ < 2 |O((l)| + z a(k)i)
i=1 i=1

i=0 i=0

c

c

k /

= B0 + Z/ll( +) _ Za(k)i
i=1

i=1

c c
/ / /
> 181+ Y Ly, = F B0 4y,
i=1 i=1
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C c

!/ !/
> Z(('B(k+l))/ Ll J/(k+1) )i _ Z y(k+1)[
i=1

i=1

> 07
as required. Ll

As a consequence, we can show that the characters ¢* span the space of virtual projec-
tive characters, and derive some information about the form of the indecomposable projective
characters.

Corollary 6.9.

(i) Theset{g*| A € Pg ;d} is a basis for the space of virtual projective characters in 3.

.. o,d oy . Y
(ii) Foreach A € Qp, , the character @" is independent of the order of the factors F(i — 1, /l(l)r).

(iii) There is a bijection A — A, from @lﬁ’d to 9?9";"1 such that y* occurs in ¢*-, and any character

X% occurring in ¢t satisfies a < A.

Proof.

(i) Since L@If,’dl = |9‘29’§’d| by (3.1), it suffices to show that the @* are linearly independent.
But this follows from Proposition 6.8 which shows that the matrix giving the multiplicities
[¢* : x*]fora, A € 97’15"1 is triangular with non-zero diagonal.

(ii) Let @* be defined using a particular choice of order of the factors F(i — 1, (A(i):)), and let g*°
be defined in the same way but using a different order. By Proposition 6.7, * — @*" is a linear
combination of the characters y with a not being p’. By (i), we can write 3* — ¢** as a linear
combination of the characters @¢ with & € @5"1. If this linear combination is non-zero, then

take £ maximal in the dominance order such that ¢¢ appears with non-zero coefficient. Then,
by Proposition 6.8, the character y¢ occurs in ¢* — @**, a contradiction.
(iii) Since " isa character (notjust a virtual character), it can be written as a linear combination,
with non-negative coefficients, of the indecomposable projective characters. Since y* occurs
in @*, it must occur in some indecomposable constituent g% of ¢*. Then, if y* occurs in p'e,
it must occur in ¢*, giving & < A.
This defines a map (@;’d - 92932’(1, A - A, with the required properties. This map is

obviously injective, and hence bijective since |9’§’d| = |9‘29’§’d| by (3.1). O

6.4 | The bijectioni— 4,
In Corollary 6.9(iii), we have defined the bijection
PP PPt A A
pl p o

such that y* occurs in g%, and any character y occurring in g* satisfies @ < 1. The goal of
this subsection is to prove Proposition 6.12 which describes the bijection explicitly. To prove this
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proposition, we consider weights of modules, as outlined in Section 5.2. We fix a weight i of D(p).
Recalling (6.1), for any A € .@p‘i’d and j € J, define the word g/ to be the concatenation

. : j ! i j ! i j !
gj,/l c= gja/l(ﬁ—l)l gJ'/I(jH)z gj’/l(j+1)3 e e

Now define g* to be the concatenation

A o_ = ‘-1, -2, 0,4
gt :=i’g g e gt

Lemma 6.10. Let 1 € ng’d. Then g” is a weight of S(u) if and only if x* occurs in *.

Proof. For a word i =i, ..i, €I", we denote E; :=E; ..E; and F; :=F; ..F; . Then by def-
inition, g is a weight of S(u) if and only if Ei:S(u) # 0 if and only if E 2 x* # 0. But Ez =
EpE ¢14 .. Egoa, 80 Eax* # 0 if and only if E ¢14 ... Ejoa x* = cx® for some non-zero scalar
c. By Frobenius reciprocity, this is equivalent to the fact that y* occurs in F oz ... F 12 .
Recalling the definition (6.3) of ¢* and taking into account Corollary 6.9(ii), we deduce that

Foon o Fyraax® = @*, completing the proof of the lemma. O

P
—1u©®
Given u € 29", define ji € @@g’d 421 10 be the partition with p-bar-core p and p-bar-
quotient (@, u, ..., =, @); in other words, f is defined by deleting from u all the parts
divisible by p from g, cf. Lemma 3.1(iii).

A —]A®
Given 1 € @p’i’d, define A € {@p’j’d A1 to be the partition with p-bar-core p and p-bar-quotient
(@,2,19, ..., 4.

Lemma 6.11. Suppose u € %Qg’d and 1 € @pp,’d. Ifu® = A0 and g/1 is a weight of D({t), then
g” is a weight of D(u).

Proof. By Proposition 5.2, it suffices to show that we can get from u to i by successively removing
© o,®
normal nodes, with the residues of these nodes giving the word g**1 ¢g™*2" .... We use induction

on |u®|, with the case u) = @ being vacuous. For the inductive step, suppose u® # @. Let u~
be the partition obtained from u by deleting the last positive part divisible by p; call this last part

k= ’u%‘m))' Similarly, define A~ by deleting the last non-zero column from A1), Then, i = &= and

=150 by induction, if g’i is a weight of D(f2), then g*~ is a weight of D(u ™). So, we just need to
show that we can get from u to 4~ by removing 2k normal 0-nodes, then 2k normal 1-nodes,.. .,
2k normal (¢ — 1)-nodes, and finally k normal #-nodes. In fact, to do this, it suffices to look at
the first kp columns of u. By assumption, u has at least one part equal to kp, so let r be maximal
such that u, = kp, and let h = h(u). Then (because p is d-Rouquier), the integers y, , , ..., 4, are
simply the integers a < kp which are congruent to 1, ..., # modulo p. So, 4 has removable 0-nodes
incolumns1, p, p + 1, 2p, ..., kp. These are normal, and we define a smaller partition by removing
them; specifically, if we remove them in order from right to left, then each node remains normal
until it is removed. Now rows r, ..., h — 1 of the resulting partition are the integers a < kp which
are congruent to 2, ..., ¢ or —1 modulo p. This means that there are removable 1-nodes in columns
2,p—1,p+2,2p—1,..,kp — 1. These nodes are normal, and we remove them (again, in order
from right to left). Now rows 7, ..., h — 1 of the resulting partition are the integers a < kp which
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are congruent to 1,3,...,7 or —2 modulo p. We continue in this way, removing at the final step
normal Z-nodes in columns I + 1,2l + 1, ..., kp — L. In the partition resulting after this final step,
rowsr, ..., h — 1 are the integers a < kp which are congruent to 1, ..., # modulo p, in other words,
the integers u, .1, ..., 4y,. So, the overall effect is just to have deleted the part kp, and we have the
partition u~, as required. [

Proposition 6.12.  Suppose Ae@ﬁ’d. Then A, is the partition with p-bar-quotient
av',..,.2, ).

Proof. The defining properties of the bijection 4 — A4, together with Brauer reciprocity (5.2), show
that the composition factors of S(4) lie among the irreducible supermodules D(x, ) for which x >
A, and include D(4,) at least once.

Now consider weights. By Lemma 6.10, g* is a weight of S(x) if and only if x* occurs in ¢*,
which, by Proposition 6.8 and Lemma 3.2, happens only if ¥ < A. So, if x > 4, then g# is not a
weight of S(x), and, in particular, is not a weight of D(x,). So, g* is not a weight of any com-
position factor of S(1) except possibly D(4,); but g# is a weight of S(1), so it must be a weight
of D(1,).

So, we can characterise the bijection ¢ — A, recursively by the conditions

Ao & {1, | x<}, g* is a weight of D(1,). (6.4)

Now to prove the proposition, we use induction on d. For given d, we consider first the parti-
tions A for which 1) # @. For these partitions, we use induction on the dominance order; so, we
assume that the proposition is true if 4 is replaced with any partition x < 1 (observe by Lemma 3.2
that if 1 and x are p’-partitions with A1) # @ and x < 4, then x(!) # @ as well).

Given A with 1) # @, let A be the partition with p-bar-quotient (&, @, 1@, ..., 1 )) as above.
By induction on d, we know that 1° is the partition with p-bar-quotient (@, /1(2) A ,2). In
particular, D(@, /1(2), A ,@) has g* as a weight. Now Lemma 6.11 shows that g# is a weight
of DAW', .., 2@ ). By induction, we know the partitions x, for x < A, in particular, we know
that none of them has p-bar-quotient (/1(1),, s, A ),, @). So, from the characterisation (6.4), 4,
must be the partition with p-bar-quotient (/1(1),, s A )/, D).

So (for our fixed d), we can assume that the proposition is true whenever 1) # @. In particular,
this means that

{x.|xe ‘@Iﬁ’d, D £} ={ulue 2P, 1 + a3,
and therefore,
{x,|xe 209V =g} ={ulue 22", U = g (6.5)
Now we deal with partitions A for which A() = @. For these partitions, we use induction with
a different order: we write x € 4 if (&, 3,x@’, ...« = (,2,2?, ..., 1), and we assume
that the proposition is true if 1 is replaced by any x for which x € 4.

Now (6.5) shows that there is x with ¥() = @ such that x, is the partition with p-bar-quotient
(2, /1(2),, s A )’, @). By Theorem 5.5 and Brauer reciprocity (5.2), we know that y* occurs in ¢*°
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and therefore, occurs in ¢*. Then, Proposition 6.8 gives
(@5 1(2)’a 5/1(f),s ®) < (®5 K(z),’ eee s K(f)’7 Q)y

which is the same as saying x € 4. But if x 4 4, then we know by induction that x, is the partition
with p-bar-quotient (@, K(2)/, e ),, @), a contradiction. So, x = A, and we are done. O

6.5 | Adjustment matrix

Now we can return to the virtual projective characters ¢*. Firstly, we express the characters ¢* in
terms of the characters ¢~.

Proposition 6.13. Suppose A € 9’;;% Then

Proof. Proposition 6.8 shows that @* is determined among all virtual projective characters in 34
by the coefficients [¢* : y*]fora € @;,’d. So, we fix a € (@Iﬁ’d, and we just need to show that the

coefficient of y* on each side of the equation is the same.
Using Corollary 6.2 together with the assumption that a(®) = @, we find that the coefficient of
x* on the right-hand side of the equation can be written as D, X, where

4 4
Xpu= Y H[MW : 5#("”] 3 T ea®; 0, 70 c(uli=D; o0, 20",

pd i=1 (+) z(+) i=1
,ue%@p o).t

Here and throughout this proof, ¥ . ., means that we sum over all oD, .., oD D &) e
2, and we read 0© and ¢ as @.

Summing over u € %@g’d is equivalent to summing over u©@,...,u*~V € P (because if
W@ + -+ + |u?V]| # d, then the summand is zero anyway). So, we can write

3
. . . DY i i ! i
X, Z Hc(a(l);a(l)’f(l)) Z [M’l() . gH 1)”50( Do gt L gul n]

g('),f(') i=1 #(ifl)e(@
4 . N7 . .
— Z HC(OC(i);O'(i),T(i)) Z [Mﬁ(l) . Sr(l) ] [My(l) . So(l—l)]
o)) i=1 50w

B4y D=2 ®

¢
Z H Z [Mﬁ(l) ® sgn : ST(I)] [My(l) . So(l—l):l [ST(I) o SU(!) . Sa(l)],
o)) =1 g ,eg
LDy D=2
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where for the second equality, we use Lemma 2.2. Since we interpret ¢(® as @, the term [MV(D :

S"(O)] equals 1 if y(l) = @, and 0 otherwise. But if y(l) # @, then (comparing the sizes of all the
partitions involved) the product of the remaining terms in the summand is zero anyway. So, we can
simply omit the term [MV(D : S"(O)]. Since we read o) as @&, we can also add a harmless factor
[M}’(”D : S"(f)] in which we interpret y“*1 as @. Now (with a shift of variable) X 1o Decomes

ﬁ [Mﬁ‘” ® sgn ST“’] [MV”*” : 50(")] [ST(” 05" s"‘”)],
o)) g0, ey i=1
YO,y Oz
BD 4y D=2

4
_ Z Z [(Mﬁ(l) ® sgn) X M},(z+ ) : ST(z) X Sg(z)] [Sr(z) o Sg(l) : Sa(l)]
B0, . g e o) 1) i=1
/0 SOz
B4y D=2

¢
(@) (i+1) (i)
S H[(Mﬁ ® sgn) o MV 1 57 ]
B, pDew i=1
YO,y Oez
B4y D=2

where in the final equality, we use transitivity of induction and the fact that for any ¢, s, the
irreducible C(&; x &,)-modules are precisely the modules S* [X] S° for t € Z(t) and o € P(s).

So, D; X, coincides with the coefficient D, from Proposition 6.7 (bearing in mind that a(® =
@), and the proof is complete. O

We are now ready to prove the main result of this section. Firstly, we need some more notation.
Recall from above the bijection

9’;,’d — 9?9’;"1, Ar— A,

where 1, is the partition with p-bar-quotient (1", ...,A®)", @). We write u + u° for the
inverse bijection.
Given 1 € &) 4 we define g(2) to be the composition (1A@1],...,129)) € €(d). Given a
composition m = (my, ..., m,_;,0) of d, we define m° to be the composition (0, my, ..., Mm,_;).
Now say that a virtual character i is m-bounded if:

o every y occurring in 1 satisfies m & g(a) & m°,
o there is at least one Y occurring in 3 with g(a) = m and
o there is at least one y occurring in ¥ with g(a) = m°.

Say that a virtual character 1 is m-semi-bounded if:

<

every y® occurring in ¢ satisfies g(a) = m° and
there is at least one y* occurring in ¢ with g(a) = m°.

<

We make the following observations about the virtual characters we have defined. We begin
with the virtual characters ¢~.
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Lemma 6.14. Suppose u € %@;’d, and let m = g(w). Then ¢* is m-bounded.

Proof. Suppose that y® occurs in ¢H. Then, by Corollary 6.2, there are partitions
o©, .. o@D M 7 such that

4
_ . . . . . N/
Kb oD [[e@®;0®, 2D e(ut=;00 0,207 2 0
i=1

(where as usual we read ) = @). Using the fact that K_1(—1) is non-zero only if || = ||, while
c(B;v,9) is non-zero only if || = |y| + |J], this gives

|#(O)| + o |,u(r_1)| + |a(r)| — |a(0)| 4o |a(r)| — |#(0)| Foeee |,u(r)| _ |T(r+1)| (6.6)
foreachr =0,1,...,7 (interpreting |7¢¢*+1)| as 0), so that
ULO], e 11D 0) 2 (Ja @, e, [ & 0, |1, oo, 117D

as required.

Now use Lemma 2.4 to choose a strict partition »*) for which Kv_((l))ﬂ(o)(—l) # 0, and let v be the
partition in gi,)p 4 with p-bar-quotient (v, M, .., u“=V @). Then, g(v) = m and x” occurs in
@* (the only non-zero summand is for 7) = @ and o = u® for every i).

Finally, let 1 = °. Then g(1) = m and y* occurs in ¢* (the only non-zero summand is for

1@ = =" and ¢ = & for every i). O
Next we look at the characters ¢@*.

Lemma 6.15. Suppose 1 € (@Iﬁ’d andletm = (AW, ..., 1A, 0). Then @* is m-bounded.

Proof. The fact that m > g(a) > m°® whenever y* occurs in ¢* is just a cruder version of the
second statement in Proposition 6.8. Furthermore, the first statement in Proposition 6.8 says
that y* occurs in ¢*, and by definition, g(1) = m°. Finally, let £ be the partition in Qi)p 4 Wwith

p-bar-quotient ((AD)), 2@, . 2@ &), Then, the coefficient 5/15 from Proposition 6.7 is non-

zero: to see tl;lis, observe that the summand in which B® = @ and y® = 1@’ for each i equals
&((JAM), 207y = 1. Hence, x¢ occurs in ¢#, and satisfies 9(&) =m. O

Finally, we look at the indecomposable projective characters g~.
Lemma 6.16. Suppose u € %" ’d, andletm = g(u). Then ¢* is m-semi-bounded.
Proof. Let A = u°. Then, 2(/1) = m°, and Corollary 6.9(iii) says that ¢ is m-semi-bounded. [

We now have a lot of information about our three families of virtual characters. Take a
composition m = (my, ..., m,_,0) of d, and let

RP,, = {,,4 e 275 | g0 = m}-
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Now define

Py, = {o* |'ue'%g’ﬂ}’

P, = {gﬁ’l |/10 e%@m},

P, ={¢'|uerz,}.

Each of these sets is a linearly independent set of virtual characters, of size |%%,,|. The
virtual characters in P, and P, are m-bounded, whereas the virtual characters in P, are
m-semi-bounded. B N N

Now we can finally make the connection between the characters ¢* and the virtual
characters ¢~.

Theorem 6.17. Take a composition m = (m, ..., m,_,,0) of d. Then, for each u,A, € ZP,,, we
can write o

ot = Z A, p” and @' = Z B,,¢”,
VERP VERP

where

¢ A, B, €N foreach v;
< A‘u‘u > OandBAO/l > 0,'

¢ ifA,, >Oresp.B,, >0, thenv & presp.v > 4,.

Moreover, each character * € P,, is m-bounded.

Proof. We use induction on m in decreasing dominance order. So, assume that the theorem is true
whenever m is replaced by a composition n > m.

Since 1, € #%,,, the character @* is m-bounded by Lemma 6.15. Because ¢* is a projective
character (not just a virtual projective character), it is a linear combination, with non-negative
coefficients, of the characters ¢” for v € 9?9’5"1. We claim that only the characters ¢” for v €
R Py, can oceur, that is that =Y ca 2, Bya@” for some non-negative integer coefficients B,,;.
By Lemma 6.16, any other character ¢¥ that occurs is n-semi-bounded for some n # m: if n I
m, then there is a character y* occurring in ¢¥ for which g(a) = n° % m°, so ¢¥ cannot be a
constituent of 3* because ¢* is m-bounded. On the other hand, if n > m, then by induction, ¢? is
n-bounded, so includes a character y* with g(a) = n > m, so again the fact that ¢* is m-bounded
means that g% does not appear in ¢*. This proves our claim.

By the previous paragraph, the span of P,, equals the span of P,,. On the other hand, Proposi-
tion 6.13 shows that the span of P,, equals the span of P,,. So, the span of P,, equals the span of
b,,,. In particular, each character ¢ € P,, is a linear combination of the virtual characters in P,,,,
that is, there are coefficients A, " such that o

gDM = Z Av;xgav
ve.%@m

foreachu € %,,.
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But now observe from Corollary 6.2 that each character ¢” € P,, includes exactly one character
x% with g(a) = m°, namely the partition « = v°, and that [¢” : x”"] = 1. To see this note that by

(6.6), we need to take ¥ = @ and then 1) = v in order to have a non-zero summand in the
formula for [¢” : x"°].

So, for each , v, the coefficient 4, is simply the coefficient [ : x”° . These coefficients are
certainly non-negative integers because ¢* is a character, and Corollary 6.9(iii) shows thatif A, , #
0, then v° < u°. Since g(u) = ¢g(v), this condition is the same as saying v > u. This triangularity
property also gives AW_;E 0 for each u, because the characters ¢ are linearly independent.

Furthermore, by Proposition 6.13,

-1
= (@) i
Z AVI/)BIPA :Dll | | I:M;LC’ . SV()].
Z,b&%@m i=0

It then follows by [16, Theorem 4.13] that v &> 1, whenever B,; > 0, and then also that B; ; > 0
since by the previous paragraph A; , > O only if ¢ < 4,.

The final statement of the theorem now follows for m: each ¢” € P, is m-bounded, and is
a non-negative linear combination of irreducible characters, which means that any non-zero
non-negative linear combination of the ¢” will also be m-bounded; so, in particular, p* is
m-bounded. O

We extend the definition of the integers A4, to all u,v € @@g’d by setting A,, = 0 when
g(,u) +* g(v). Then, the matrix A with entries A,, is a non-singular square matrix with non-
negative integer entries, which is triangular with respect to the dominance order. We call A the
adjustment matrix for B4, Theorem 6.17 shows that the (super)decomposition matrix for B°4
can be obtained from the matrix determined by the characters ¢ by post-multiplying by A. Our
aim in the remainder of the paper is to show that A is the identity matrix when d < p (and B4
is RoCK).

7 | CARTAN MATRICES AND PROOF OF THE MAIN THEOREM
7.1 | The super-Cartan matrix and the adjustment matrix

In this subsection and the next, we consider the entries of the super-Cartan matrix of 3°4.
Recall from (5.4) and Corollary 6.2 that we have integers

14
1 h(1©) — _ . . . . . ~/
D, = L3 (RAP)+1-a())] Z KA((I))U(O)(_DHC(A(I);O-(I)’T(D) C(,u(’ . gD Oy
..... o“Dep i=1
D Oep

ford e g%p’d and 1 € %@p’d, such that o = ), D}LM)(’1 for each . We also have from Section 6.5
an adjustment matrix A such that p# =)' A, .$” for each p. Hence,

[¢* : )(;L] = z Ay D;,

veRPo*
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forevery A € 9’0'0 ’d, ue %ﬁg’d. So, by Brauer reciprocity (5.2), if we define

¢
Lp(a©@ 2 _ . : . . . N
D, = 2@ g ) [ e@®:0®, 1) eu=D; 00D, 20
0O, oC-Degp i=1
D, ODep
for all A, u, then
[S) : Dwl= D, A,Dj, (7.0)
veR 0!

Now consider the super-Cartan matrix entries
C,, = [P(v) : D(w)]
for u,v € %ﬁg’d, where P(v) denotes the projective cover of D(v). From above, we can write

Cpy = Z [ : ¥*1IS) : D(w)] = Z AguD;:gAm;Dm-
regf d ’legﬁpﬂ
tneR P’

7.2 | Entries in the unadjusted Cartan matrix

Our objective in this subsection is to compute the ‘unadjusted super-Cartan matrix’ entries
¢y = ZD;MDM
2

for u,v € %gg’d. In Section 7.3, we will then use Corollary 4.11 and Theorem 5.4 to see that these
‘unadjusted super-Cartan matrix’ entries coincide with the actual super-Cartan matrix entries,
which will imply our main result.

Proposition 7.1. Suppose 4, v € %gg’d. Then
/-1 ) )
é/w = H c(u®@; @ ¥ O D7 Dy c(p®; ) 1@ 5 (+D7 Dy

i=0

summing over all partitions @, p®, ¥®, w® for0 <i < £ — 1 such that ¥© = p©’, and reading
O =90 = g

Proof. From the definition of the integers D; , and D;‘:M, we obtain

¢w= Y, D;Du

p.d
/16@0
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(0) _ . . . N/
= Z <2h(/1 'K (0)0(0)( I)K/l(o) (0)( 1) H C(/l(l) T(l)) C(M(l 1); o 1), ® )
i=

¢
% H c(AD; 6O 7Dy (=D, gD, f(i)’)>’
i=1

where the sumis over 1 € g’op’d, o®. 60 e pforo0<i<f —1andtW, 70 € Pfor1 <i < £, and
weread o) = ¢) = @. Summingover 1 € QJOP s equivalent to summing over A, ... ,/1(5 le P
with 1 strict and |19 + --- + |A)| = d. But, in fact, the summand is zero when |A©@] + --- +
|A)| # d, so we can safely replace the variable 1 € %° 4 with variables 2© € %, and A0 € P
for1 <i<g?.

We apply Lemma 2.3 to eliminate the variables 1, ..., 1(), We obtain

4
B ©) e N N
C/w §,<2h(/1 )Kl(o) (0)( DK A(o)g(o)( 1)| IC(O'(I)W’(I):)((I)) C(T(l);zp(l)’w(l 1))
i=1

4
X H (6D; @, @) (70 D, =D
i=1

2
x [ eu@: 0t 70" ¢(pi=D; gD, f<i)’)>’

i=1

where we have eliminated the variables 1® from the summation, and introduced new variables
o@D, @ ¥ e P for 1 <i< ¢ and w® for 0 <i<# —1. Now we use standard relations for
Littlewood-Richardson coeff1c1ents to get

] h(A©)Y) - — — . ! ! = 14 !
C,MV 2 (2 (1 )K,l(o)g(o)( I)K,l((lng(o)( 1) c(,u(o),a(o),l,b(l) , w©® )C(V(O),G(O),)((D ’w(O) )

4
x [ cu@Ds 0D, 30D, 0" D) ¢(u0D; =D =Dy O, w“‘”’))-
i=2

Here, we have eliminated the variables c®, @ for1 < i < £ — 1and @, ¥ for1 < i < #. We have
also elided the terms c(¢(); ), ¥(©)) c(6\); (@), (). This is harmless because we interpret
o) = ) = @, but it means that we now eliminate ("), y(©), () as variables, reading %) =
x“) = @ in the formula above.

Now we apply Lemma 2.5 to eliminate the terms K (—1). We get

_(0) (0)( 1) /1(0) 5(0)

o ' B ' ' _ ’ /
Cp= (C(Gw); 2@ 50 ¢(60; o® @) ¢(1®; ¢ YV () (O, 5O LD Oy

¢
x [T ;90D 207D, 0", i) (D =D g H 0", w("‘”')>,
i=2
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where we have eliminated the variable 1(®) and introduced two new variables (@, (® € 2. Now
we eliminate 0@, 5 and obtain

o ’ ’ ’ ’ ’
CMV - Z <c(,u(0); ¢(0)’¢(0) ,¢(1) ,0)(0) )C(V(O); ¢(0)’¢(0)’X(1) , w©® )

-1
x JT c(u®; 0@, 5O, ¢(i+1)’, w(i)') c(vD; 0D 3@, x(i“)/, w(i)’)>'
i=1

Replacing w® with @’ for each i gives the required result. O

7.3 | Proof of the main theorem

Let d < p and p be a d-Rouquier p-bar-core. Take 1 € P° 4 and u € %g’g’d. Our main theorem
asserts that the decomposition number [S(4) : D(u)] equals the integer D;l““ defined in Section 7.1.
We have seen in (7.1) that [S(1) : D(w)] = ), A,,MD;V, so our task is to show that the adjustment
matrix A is the identity matrix.

Recall from Section 7.1 that for genuine super-Cartan matrix entries, we have

Cu= X Aulrhn

tner S

and the unadjusted super-Cartan matrix entries Co‘gﬂ are given by Proposition 7.1. The matrix A
is triangular with non-negative integer entries, which implies that C, , > CO'W for all u, v, with
equality for all i, v if and only if A is the identity matrix. More simply, A is the identity matrix if
andonlyif, ,C,, =2, Cype

Assume first that B°¢ is of type M. Then simple modules are the same as simple super-
modules, and indecomposable projective modules are the same as indecomposable projective
supermodules, so the entries of the usual Cartan matrix are given by C, .

Assume next that 3¢ is of type Q. Then, when we look at modules rather than supermodules,
each p# splits as a sum p*+ @ ¢~ and each simple module D(u) splits as a direct sum D(u, +) @
D(u, —). If we restrict to the double cover Q[n of the alternating group, then @** and ¢*~ both
restrict to the same indecomposable projective character ¢, and the simple modules D(u, +) and
D(u, —) both restrict to the same simple module E(y, 0). So, Resﬁnqo“ = 290 and ResﬁnD(,u) =
E(w, 0)®2, and it follows that the entries of the usual Cartan matrix of the block Bg’d of QA[,I are
given by C, ..

Now consider the wreath product algebra W, from Section 4. By Theorem 5.4, this algebra is
Morita equivalent to B¢ if 374 is of type M or to Bg’d if 374 is of type Q. In either case, the Cartan
matrix of W, and the matrix (C, ,) are the same up to row and column permutations; that is, there
is a bijection 6 : .%’,@f,’d — 9’(d) such that C,, = [P(6(v)) @ L(B(w))] for all 4, v. Summing over
U, v, we obtain

Y Cu= Y [P@): L@

,u,ve%.@f;d AuEP! (d)
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But a comparison of Proposition 7.1 and Corollary 4.11 shows that if we define a bijection
L ,%g’f,’d — 2(d), ur— (A4, ... ,/1f),

where

i = w1 jeven
T 1Y odd,

then €, = [P(((v)), L(«())] for all 1, v. Summing, we obtain
vu g

Y Cu= Y [PW:Lwl= )

,u,vef%@ﬁ‘d AueP!(d) ,u,ve&?@@‘d
and the result follows.
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