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Abstract: SiO2 fibers doped with rare-earth-doped nanocrystals are promising to overcome
the strong SiO2 multi-phonon quenching and could yield novel laser gain materials. So far, no
attention has been paid to the question how well the nanocrystals can suppress the quenching
depending on the properties of the SiO2 host glass. Here, a novel analytical model was applied to
study the impact of the glass purity and composition on the quenching efficiency. Only a few
experimentally accessible material and design parameters are required to compute the average
quenching rate inside the nanocrystals. It is demonstrated that sufficiently low levels of quenching
can only be expected for SiO2 free of impurities or dopants that increase the multi-phonon
absorption. This indicates that high-purity aluminosilicate glasses, in contrast to phosphosilicate
and borosilicate glasses, are ideal hosts.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Optical glass fibers are a key technology of modern times. In particular, rare-earth (RE) doped
fibers in corresponding fiber lasers are essential for material processing [1], for biomedicine [2],
for telecommunication [3] or for fundamental research [4]. Despite the technological evolution
of alternative glasses such as ZBLAN [5,6], SiO2 remains one of the best host glasses for
various fundamental (e.g. high thermal robustness) and technological (e.g. low loss splicing)
reasons. However, the operation regime of RE doped SiO2 fibers is restricted to a narrow spectral
window in the IR from around 1 µm to 2 µm. Potential transitions of RE ions in the visible
(VIS) regime, for example of Pr3+ or of Er3+, cannot be addressed because the lifetimes of the
relevant electronic states are quenched by the high SiO2 phonon energy of around 1100 cm−1 and
corresponding parasitic mid-IR transitions of the RE ions. The underlying effect is a Förster
resonance energy transfer (FRET) from excited RE ions to multi-phonon states of the SiO2 host
glass [7,8]. Consequently, VIS fiber lasers with their potential advantages such as high gain,
excellent beam quality or good thermal management cannot address applications in bio-medicine,
lightning and display technology, material processing or fundamental research, so far.

As a solution, a doping with RE doped nanocrystals (NCs) has been proposed [9]: by proper
material selection, such NCs would offer a low phonon energy environment for the RE ions.
Besides a RE doping, which is at the focus here, fibers can also contain NCs doped with
transition-metal ions [10] or undoped NCs that act as quantum dots [11]. For the actual NC
doping of the fibers, two general strategies have been followed, so far. Ex-situ fabricated NCs
can either be doped into the so-called preform, which is then drawn into a fiber [12], or the NCs
can be grown in-situ in the fiber after drawing by thermal post-processing and nucleation [13].
Fibers fabricated via the latter approach are called glass-ceramic (GC) fibers. Attempts to in-situ
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grow the NCs during preform fabrication via phase separation effects [14] can be understood as
a variation thereof. So far, the vast majority of reported NC doped fibers were GC fibers, an
assessment that can also be found in recent reviews [15–17]. Reasons for this are manifold, but a
major issue related to the doping of ex-situ fabricated NCs is the dissolution of almost all NC
materials due to the harsh preform fabrication and fiber drawing conditions at temperatures up to
2000◦C. Indeed, the in-situ NC growing of GC fibers overcomes this issue but it suffers from
a low control with respect to the NC design and RE doping profile. For example, it remains
unclear how such in-situ grown NCs can provide undoped shielding shells, as they are common
in state-of-the-art ex-situ fabricated NCs [18–21].

If the refractive index of the NCs is not matched to the SiO2 host glass, undesired Rayleigh
scattering defines a maximum tolerable NC size, which must be well below the light wavelength
[22]. Obviously, for such small NCs, the multi-phonon quenching cannot be suppressed
completely. However, the following question occurs, which has to the best of our knowledge not
been addressed before: how is the multi-phonon quenching related to the properties of the SiO2
host glass and how can it be effectively suppressed by proper material design (purity, dopants
etc.) of the SiO2 glass?

So far, the multi-phonon quenching in NCs has mainly been modelled as a loss process
controlled by parameters phenomenologically extracted from or fitted to experimental data
[23–25]. Thereby, it is not possible to understand the relevance and interplay of the individual
parameters or to identify strategies for efficient suppression of the quenching. Here, a novel
analytical model of the FRET interaction of RE doped NCs with the host glass will be presented,
which overcomes these issues. Particularly, it will be shown that the multi-phonon quenching
depends only on a few macroscopic and experimentally accessible parameters. It will be
demonstrated that only if the quality (mid-IR absorption) of the SiO2 host glass is comparable to
ultra-pure SiO2, the penetration depth of the multi-phonon quenching can be kept at reasonable
levels and low lifetime quenching can be expected for sufficiently small NCs. Particularly, this
indicates that borosilicate glasses, as have been mainly used as host glasses in GC fibers until
now [17], and phosphosilicate glasses are not a good choice. In contrast, arguments will be
presented that aluminosilicate glasses are ideal hosts for SiO2 fibers doped with NCs.

2. Modeling

Assume a RE ion embedded in a NC, for example a crystalline fluoride material such as LiYF4,
which is surrounded by a glass host. Since the focus here is on the FRET interaction of the
RE ion with the host glass, other effects related the finite NC size (migration, concentration
quenching etc.) are not considered hereafter [26]. For example, a potential enhancement of the
multi-phonon quenching into the NC itself is neglected because experimental and theoretical data
indicate that the phonon spectra of the NCs are only modified in small NCs below 10 nm [27,28].
Note that the majority of the effects not considered here tend to reduce the RE ion lifetime(s) even
more than by multi-phonon quenching into the host glass. Thus, the model presented here can be
understood as a best-case assessment, but the limitations identified with it cannot be overcome
even if all other issues are solved.

During the FRET process, the RE ion, pumped to an excited electronic state, can transfer its
energy via a dipole-dipole interaction to the molecular network of the glass, see Fig. 1. It can
do so either by excitation of electronic or vibrational states of the molecular lattice. Since the
relevant RE transition energies (wavelengths of 2 µm to 4 µm) are well below the SiO2 bandgap of
8.9 eV and above the SiO2 phonon energy of around 1100 cm−1, the discussion can be restricted
to overtones of lattice vibrations, i.e. multi-phonon transitions. Note that the FRET dipole-dipole
interaction should not be confused with a Dexter process because there is no physical electron
transfer from the RE ion into the molecular glass structure.
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Fig. 1. An excited RE ion inside a NC transfers its energy via a dipole-dipole Förster
interaction to the surrounding SiO2 host glass. A lattice overtone vibration, represented
as a vibrating oxygen atom, is induced and the RE ion decays from the excited to a lower
electronic state. Thereby, the lifetime of the excited state is quenched.

The rate equation of the upper state population probability n(t) is

d
dt

n(t) = −
1
τ

n − κn + rates of other processes. (1)

τ is the (unquenched) radiative lifetime, which depends on the NC material, and κ is a rate
associated with the FRET process. Further processes such as pumping from the ground state or
stimulated emission are of no relevance for the following discussions. One can define an effective
lifetime τeff with

1
τeff
=

1
τ
+ κ (2)

and introduce a measure
η = 1 −

τeff
τ
=
τκ

1 + τκ
, (3)

which is the quenching factor of the radiative lifetime. For example, η = 0.5 corresponds to
κ = 1/τ and a quenching of 50%.
κ can be computed via Fermi’s Golden Law. For a single pair of donor (the RE ion) and

acceptor (multi-phonon state) spatially separated by RDA, κ is [29]

κ =
1
τ

R6
0

R6
DA

(4)

with critical radius
R6

0 =
3cτ

8π4n2
0

∫
dλσD

em(λ)σ
A
abs(λ). (5)

σD
em(λ) and σA

abs(λ) are the emission and absorption cross section of the donor and the acceptor
and c the speed of light. n0 is the refractive index of the material in-between the donor and
acceptor, which is assumed to be constant over the whole overlap integral in Eq. (5). Given the
1/R6 scaling of κ, it seems reasonable to assume that n0 is determined by the refractive index of
the NC. Indeed, if the NC and the glass host have similar refractive indices, the choice of n0 has
only a marginal relevance. The following discussions could be performed for any NC shape, but
for a spherical NC with radius rNC, analytical results can be found.

For now, assume that the RE ion is embedded at the NC center since the corresponding results
are useful for the general case of arbitrary position, which will be discussed later. The FRET rate
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is

κ =
R6

0
τ

∫
d3r

1
|r⃗ |6
Θ(|r⃗ | − rNC)ρ(r⃗) (6)

with step-function Θ(x) = 0 for x<0 and = 1 for x>0 and acceptor density ρ(r⃗), which can be
assumed to be constant ρ(r⃗) = ρ0. By using spherical coordinates it follows that

κ =
ρ0
τ

R6
04π2

∫ ∞

rNC

dr
1
r4 =

ρ0
τ

R6
0

r6
NC

VNC (7)

with NC volume VNC = 4/3πr3
NC. Substitution of Eq. (5) yields

κ =
VNC

r6
NC

3c
8π4n2

0

∫
dλσD

em(λ)α(λ) (8)

where α(λ) = σA
abs(λ)ρ0 is the absorption (in units 1/m) of the glass host. Since the emission

cross sections are relatively narrow in crystalline hosts, α(λ) ≈ const = α(λ0) = α0 (λ0 being the
center wavelength of the RE transition) in the integral and

κ =
VNC

r6
NC

3cα0

8π4n2
0

∫
dλσD

em(λ). (9)

Similar results have already been reported before [7,8] in the context of multi-phonon quenching
of RE ions doped in pure glass. To simplify Eq. (9) further, one can use that, for an optical
transition with transition energy E, the Einstein coefficient A = 1/τ is related to the emission
cross section as [30]

σem(ω) = A
(︃
πc
ωn0

)︃2
g(ω) (10)

with angular frequencyω = E/ℏ. g(ω) is a normalized lineshape function such that
∫

dωg(ω) = 1.
Rearranging and integration with substitution ω = 2πc/λ yields

A = 8πn2
0c

∫
dλ
σem(λ)

λ4 . (11)

Since the emission cross sections are relatively narrow, which means λ ≈ const = λ0 in the
integral, it follows that ∫

dλσem(λ) =
1
τ

λ4
0

8πn2
0c

, (12)

which is a variation of the Füchtbauer–Ladenburg equation [31]. Substitution in Eq. (9) finally
yields

κ =
1
τ

α0

r3
NC

(︃
λ0

2πn0

)︃4
(13)

which is an very simple result because the FRET rate κ (of the central RE ion) depends only
on the NC size rNC, the (unquenched) radiative lifetime τ, the NC refractive index n0 (at the
transition wavelength), and the host absorption α0 (at the transition wavelength). With respect
to the underlying physics, Eq. (13) is consisting since it involves all parameters expected to be
relevant.

In the following, the RE ion is assumed to be at arbitrary position within the NC. Without
loss of generality and due to the spherical NC symmetry, one can define a Cartesian coordinate
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system such that the RE ion is at position z = (0, 0, z) where z is the spatial separation from the
NC center. The distance R(z, r) to any other point in space r = (r, θ, ϕ) is

R(z, r) = | |r − z| |2 =
√︁

r2 − 2rzcos(θ) + z2. (14)

Thus, the position-dependent FRET rate is

κ(z) =
R6

0ρ0

τ

∫ ∞

rNC

dr
∫ π

0
dθ

∫ 2π

0
dϕ

r2sin(θ)
R6(z, r)

. (15)

Following the same strategy as before for the central RE ion, it follows that

κ(z) =
3α0λ

4
0

τ64π5n4
0
I(z) (16)

with
I(z) = 2π

∫ ∞

rNC

dr
∫ π

0
dθ

r2sin(θ)√︁
r2 − 2rzcos(θ) + z26 . (17)

The integration over θ can be carried out by substitution u =
√︁

r2 − 2zrcos(θ) + z2. Using

du
dθ
=

zr
u

sin(θ) (18)

it follows that

I(z) =
2π
z

∫ ∞

rNC

drr
∫ r+z

r−z
du

1
u5 =

2π
4z

∫ ∞

rNC

drr
(︃

1
(r − z)4

−
1

(r + z)4

)︃
=

4πr3
NC

3
(︂
r2
NC − z2

)︂3 . (19)

Substitution in Eq. (16) finally yields

κ(z) =
α0
τ

(︃
λ0

2πn0

)︃4 r3
NC(︂

r2
NC − z2

)︂3 , (20)

which is an analytical solution for the position-dependent quenching rate inside the NC. To
confirm its validity it was successfully checked that numerical triple integration of Eq. (15) yields
the same results. Furthermore, for z = 0 (RE ion at NC center) Eq. (20) is identical to Eq. (13). In
addition, in the context of FRET assisted quenching of NCs into the molecules of a surrounding
solvent host, an analytical formula has been presented for the position-dependent quenching rate,
see Eq. (2) in [25], which is quite similar to Eq. (15). However, the formula presented in [25]
requires a parameter related to the "FRET energy transfer strength" of a single donor acceptor
pair, which cannot directly be measured experimentally. In contrast, the result obtained here is
directly related to measurable and known parameters such as the absorption.

Based on Eq. (20), the position-dependent quenching factor

η(z) =

(︄
1 +

1
α0r3

NC

(︃
2πn0
λ0

)︃4 (︂
r2
NC − z2

)︂3
)︄−1

(21)

can be computed. The average quenching factor

η̄ = V−1
NC

∫
VNC

dzdϕdθ η(z) (22)
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can be expressed conveniently using the dimensionless substitution q = z/rNC

η̄ = 3
∫ 1

0
dq

q2

1 + χ
(︁
1 − q2)︁3 (23)

with the dimensionless parameter

χ =
r3
NC
α0

(︃
2πn0
λ0

)︃4
. (24)

To the best of our knowledge, the remaining integral in Eq. (23) cannot be solved analytically.
However, it can easily be computed numerically if all relevant design parameters (NC size rNC,
transition wavelength λ0, host absorption α0 and NC refractive index n0) are specified through
the dimensionless parameter χ.

3. Results

It will be discussed below that the relevant RE ion transition wavelength regime spans from
around 2 µm to around 4 µm. If the SiO2 glass is of high purity, its absorption in this regime is
mainly given by the multi-phonon absorption tail. However, potential impurities such as hydroxyl
groups or dopants are known to increase the absorption, in particular at wavelengths around 3 µm
[32,33]. The relevance of this effect will be discussed further below. The SiO2 multi-phonon
loss obeys the following general rule [34]

α(λ) = A0 exp(−a/λ) (25)

where a can computed from fundamental parameters for single component dielectrics [35]
and a ≈ 50 µm for SiO2. A0 has been chosen such that the absorption is 20 dB/km (around
8.5×104 dB/km) at a wavelength of 2 µm (3 µm), which coincides with the theoretical limit of
the SiO2 multi-phonon absorption tail [36] and matches experimental data of ultra-pure SiO2
[37]. The absorption obtained by these numbers is referenced as the best-case scenario in the
following. LiYF4 has been assumed as NC material and the corresponding refractive index n0
has been modelled by Sellmeier coefficients [38]. As a material, LiYF4 is promising because its
refractive index matches that of SiO2 quite well, which promises low scattering losses related to
the NC doping.

For the best-case SiO2 absorption scenario, Fig. 2 shows the average quenching rate η̄ in
dependency of the transition wavelength λ0 and the NC diameter 2rNC as computed with Eq. (23).
As expected, with increasing transition wavelength, increasingly large NCs are required to shield
the RE ions from quenching and to maintain a certain level of average quenching. For example,
for a transition wavelength of around 3 µm a NC diameter of at least 100 nm is required to
obtain an average quenching smaller than 0.2. In NCs below 50 nm, even wavelengths as low
as 2 µm experience some quenching, which is consistent with the fact that the 2 µm transition
of Tm3+ is already slightly quenched in pure SiO2 [39]. The wavelength regime (2.4 µm to
2.9 µm) in-between the two dashed lines belongs to two relevant parasitic mid-IR transitions
of RE ions in LiYF4, namely the Pr3+ 3P0 −

1 D2 and the Er3+ 4I11/2 −
4 I13/2 transition [40,41].

In the context of VIS light and laser sources, both are of high relevance, see Fig. 3. Pumping
the Pr3+ 3P0 state gives access to various potential VIS emission lines [41] if the lifetime of
the 3P0 state is sufficiently high. Since the parasitic 3P0 −

1 D2 transition quenches this lifetime,
NCs must be sufficiently large to shield this particular transition. Pumping the Er3+ 4I11/2 state
and cross-relaxation processes among the Er3+ ions can yield excitation of higher energy states
with subsequent emission in the green [23]. Such Er3+ up-conversion requires a high lifetime
of the Er3+ 4I11/2 state and, again, NCs must be large enough to shield this particular transition
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from parasitic transitions to the Er3+ 4I13/2 state. Within the relevant wavelength regime (2.4 µm
to 2.9 µm), Fig. 2 indicates that for NCs larger than 50 nm (100 nm), the average quenching is
smaller than 0.3 (0.2). However, for NCs as small as 10 nm it is already higher than 0.9 in the
worst case (wavelength of 2.9 µm).

Fig. 2. Average quenching of the RE ions in dependency of the transition wavelength and
the NC diameter for the best-case (multi-phonon) SiO2 absorption case.

Fig. 3. Schematic diagram of relevant Pr3+ (left) and Er3+ (right) energy states and
transitions (not to scale).

Figure 4 demonstrates how the NC diameter required to maintain a certain level of average
quenching, increases if the SiO2 absorption increases beyond the best-case scenario. A fixed
transition wavelength of 2.9 µm was used, which is the upper bound of the transition wavelength
regime of the aforementioned parasitic mid-IR Pr3+ and Er3+ transitions. Interestingly, for
each level of average quenching, a tenfold increase of the SiO2 absorption requires roughly a
doubling of the NC diameter to maintain a certain average quenching. For example, for an
average quenching of 0.5, the required NC diameter is around 28 nm (best case scenario), around
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62 nm for a tenfold increase and around 133 nm for a 100x increase. If the average quenching
shall be better than 0.1, the NCs must already be larger than 300 nm for a tenfold increase of the
absorption. For a 100x increase, NCs below 100 nm can only maintain an average quenching
of around 0.6. For NCs as small as 10 nm and a tenfold increase of the SiO2 absorption, the
average quenching is close to 1, which means the NCs cannot suppress the multi-phonon at
all. As discussed above, the quenching for such small NCs is already around 0.9 even for the
best-case absorption scenario.

Fig. 4. Minimum required NC diameter for different levels of average quenching in
dependency of an increase of the SiO2 absorption for a fixed transition wavelength of 2.9 µm.

4. Implications regarding the host glass

An increase of the SiO2 absorption, as it has been assumed, is indeed very likely for two reasons.
First, impurities such hydroxyl groups increase the SiO2 absorption significantly, in particular at
the relevant parasitic mid-IR transition wavelengths around 2.4 µm to 2.9 µm [32,33] because
the fundamental OH stretching vibrations have energies from around 3700 cm−1 (2.7 µm) to
around 3500 cm−1 (2.9 µm) [42]. For example, it was observed that for a hydroxyl content of
less than 0.2 ppm (F300 SiO2 quality), the mid-IR absorption did not show features related to
hydroxyl groups and was close to the best-case absorption scenario as considered above [43].
However, for a hydroxyl content of around 700 ppm (F100 SiO2 quality) the OH peak absorption
increased already by around three orders of magnitude. Similarly, data presented elsewhere
[44] can be interpreted such that the hydroxyl peak absorption (in units 1/m) increases roughly
by a factor of 1000 if the hydroxyl content (in units ppm) increases by a factor of 10. Other
impurities such as transition metal ions or other RE ions are also known to be efficient quenching
partners. Consequently, a tenfold increase of the SiO2 absorption, as assumed above, is indeed a
reasonable scenario. Hence, as a first design rule, the SiO2 host glass should be of highest purity.
Common GC fiber fabrication concepts such as the melt-in-tube or molten-core approach do not
use glasses derived by vapor-phase processes [17], which typically suffer from a rather low purity.
However, counterexamples have also been reported [45]. The results presented here encourage to
pay highest attention to the purity of the fiber fabrication process.
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The second reason for an increased SiO2 absorption are dopants as they are commonly used in
SiO2 based fibers to control the refractive index, to enhance the solubility of RE ions or to tailor
the required fiber fabrication and processing parameters (e.g. temperature). Such dopants can
have a strong impact on the multi-phonon absorption tail by altering the phonon spectrum and the
maximum phonon energy. A particular example is a phosphorus doping, which is known to shift
the maximum phonon energy to around 1330 cm−1 [46]. A corresponding lifetime reduction
(increase of the multi-phonon quenching) has for example been observed in Tm3+ SiO2 fibers
doped with phosphorus [39]. In Er3+:Yb3+ co-doped fibers this effect is even exploited to enhance
the Yb3+ to Er3+ energy transfer [47]. Hence, phosphosilicate glasses cannot be recommended
as a basis for NC doped fibers. In this context it is also questionable if borosilicate glasses, as
they have been used in many investigations to obtain GC fibers [17], are a good choice. It is
known from Raman spectroscopy that the phonon spectra of borosilicate glasses contain high
energy bands up to 1500 cm−1 [48]. Accordingly, a significant increase of the absorption of boron
doped fibers has been observed experimentally [49]. A 5 wt% B2O3 doping increased the mid-IR
absorption up to an order of magnitude, indicating again that a tenfold (or even higher) increase
of the SiO2 absorption is a likely scenario. In contrast to phosphosilicate and borosilicate glasses,
it has been observed that an aluminum doping yields an increased radiative lifetime of RE ions in
SiO2 [39,50]. In contrast to phosphorus and boron, which increase the maximum phonon energy,
aluminum reduces it because, at a molecular level, Si-O-Si bonds are substituted by Al-O-Al
bonds, which are known to have a reduced vibrational energy [51]. A corresponding decrease of
the mid-IR absorption has been observed in aluminum doped SiO2 glasses [52] but it remains
to be investigated how significant this effect is. Thus, as a second design rule, the SiO2 host
glass should not contain any dopants such as phosphorus or boron that increase the multi-phonon
absorption. In contrast, the aluminum doping of aluminosilicate glasses seems to be a promising
strategy to reduce the penetration of the multi-phonon quenching effect in RE doped NCs.

5. Conclusion

RE doped NCs doped in SiO2 fibers, e.g. GC fibers, are promising to overcome the strong
multi-phonon quenching of vitreous SiO2. A novel analytical model was used to investigate
how the multi-phonon quenching penetrates the NCs depending on the composition and the
properties, in particular the mid-IR absorption, of the SiO2 host glass. Beyond the discussions
presented here, the analytical model could also be used if the host is not glass but a different
material. In this context, it could also be applied to compute the required shell thickness of
ex-situ fabricated NCs as they are commonly used in solvents [18]. Furthermore, the presented
analysis is also valid if the RE ion is not embedded in a crystalline but in a vitreous nanoparticle
(NP). Historically, such NP doping has been used very successfully to reduce RE ion clustering
[53] but it can also yield vitreous local environments with a low phonon energy [54].

Assuming a best-case absorption scenario, in which the SiO2 mid-IR absorption is given by
the multi-phonon absorption tail, it was shown that for the relevant transition wavelength regime
from 2.4 µm to 2.9 µm and NCs diameters between 50 nm and 100 nm, the average quenching is
less than 0.3. However, for NCs as small as 10 nm it is already as high as 0.9 in the worst case
(wavelength of 2.9 µm). In case of a tenfold increase of the SiO2 absorption, NCs below 10 nm
cannot provide any reduction of the multi-phonon quenching and the average quenching is near
to 1.0. In addition, an average quenching of less than 0.5 can only be expected for NCs larger
than 60 nm.

Such an increase of the SiO2 mid-IR absorption is indeed a likely scenario. Impurities
such as hydroxyl groups or transition metal ions and common dopants such as phosphorus or
boron are known to significantly increase the absorption, in particular in the critical wavelength
regime around 2.9 µm. Thus, phosphosilicate and borosilicate glasses with low purity are
expected to significantly degrade the performance of RE doped NCs doped in SiO2 fibers. In
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contrast, high-purity aluminosilicate glasses are promising to maintain a sufficiently low level of
multi-phonon quenching.
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