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1 Introduction

There has been considerable interest in heterotic flux compactifications in recent years.
Compared to the traditional Calabi-Yau models with their problematic moduli, these might
include more realistic examples where all moduli are fixed by a steep effective potential.
A pioneering work in this direction was Strominger’s analysis of supersymmetric com-
pactifications with only bosonic fields non-vanishing [24], leading to his well-known set of
conditions on the internal manifold and the fields. Although it has been known for quite
some time now that these conditions admit non-trivial solutions [20], explicit models are
rare [9, 12, 25].

It has been proposed in [10, 13| to consider more general vacua with external anti-
de Sitter space, where the gaugino is not supposed to vanish. Similarly to Strominger’s
approach Frey and Lippert use the condition for supersymmetric vacua to derive constraints
on the internal manifold [10]. Among their solutions the simplest models are given by
a direct product of four-dimensional anti-de Sitter space and a six-dimensional compact
nearly Kéhler manifold. Nearly Kéahler manifolds carry an SU(3) structure [8, 11] with
totally antisymmetric intrinsic torsion, giving rise to a three-form. The latter makes them
promising candidates for compactification models where one can take the H-field equal
to the intrinsic torsion. This relation follows indeed from the supersymmetry conditions.
Furthermore, it is suspected that nearly Kéhler compactifications have few moduli; e.g.
only four compact six-dimensional nearly Kéhler spaces are known.

The model proposed by Frey and Lippert is incomplete, since their discussion of the
Bianchi identity assumes a certain form of the gauge field, which does not have the instan-
ton property necessary for the vanishing of the gaugino variation. This problem has already
been adressed by Manousselis, Prezas and Zoupanos [21], who also include a dilatino con-
densate in their considerations, to have more freedom to adjust parameters. They showed
that there exist complete supersymmetric solutions for all of the four nearly Kéahler spaces.



Anomaly cancellation in heterotic string theory requires the introduction of a connec-
tion T on the tangent bundle. One usually takes the Levi-Civitd connection plus a torsion
given by the H-field, yet other choice are possible. For bosonic Minkowski compactifica-
tions, Ivanov has shown recently that the choice of I' crucially determines whether or not
the equations of motion follow from the supersymmetry conditions and the Bianchi iden-
tity for H [18]. We find this result confirmed: supersymmetric solutions fulfil the dilaton
equation only if T is the instanton connection on the internal space.

In this paper, we construct two complete solutions to the heterotic supergravity equa-
tions with string corrections of order o/, on the space AdS,(r) x K(p), where K(p) is the
nearly Kéhler coset SU(3)/U(1)xU(1) with scale p. We restrict ourselves to a vanish-
ing gravitino and dilatino,! which has the advantage that we are able to check explicitly
whether the equations of motion are satisfied. Although generally one expects the vanish-
ing of the fermionic supersymmetry variations to imply the equations of motion, this is not
always the case. Our first solution is supersymmetric and features a gaugino condensate,
while our second one is non-supersymmetric and without gaugino.

After presenting the action, supersymmetry transformation and field equations in sec-
tion 2, we find the AdS radius r fixed in terms of o/. The rich differential geometry of
homogeneous nearly Kahler spaces is reviewed in section 3, where we also calculate all
the quantities appearing in the equations throughout this paper. In section 4 we combine
the constraints on the external and internal geometries and show that at least the space
SU(3)/U(1)xU(1) supports supersymmetric models, which are not contained in the solu-
tions of [21]. In section 5 we present a non-supersymmetric solution to all equations of
motion (and the Bianchi identity), again on the coset SU(3)/U(1)xU(1), with vanishing
gaugino for simplicity. Again for T' we need to choose the instanton connection. In both
solutions, the gauge connection is proportional to the spin connection, and the scale p of
the internal manifold is determined by «’. In the Conclusions we combine our results and
display the explicit form of our two solutions. Attempts to solve the equations for the
alternative K =SU(2)%/SU(2) require a different choice for T, which fails to satisfy the
dilaton equation.

2 Action, supersymmetry and field equations

Field content. The low-energy field theory limit of heterotic string theory is given by
d=10, N'=1 supergravity coupled to a super-Yang-Mills multiplet. It contains the following
fields living on the 10d spacetime M and transforming in particular irreps of the tangent
SO(9,1) [14]:

e graviton g, a metric on M, in a 54
e dilaton ¢, a function on M, in a 1

e Kalb-Ramond field B, a two-form on M, in a 45

'In the equations of motion, we also put the dilaton to zero.



e gauge field A, a one-form on M, in a 10

e gravitino ¢, left-handed Majorana-Weyl vector-spinor, in a 144,
e dilatino A, right-handed Majorana-Weyl spinor, in a 16,

e gaugino Y, left-handed Majorana-Weyl spinor, in a 16,

Furthermore there is a left-handed Majorana-Weyl supersymmetry generator . Besides
these fundamental fields, we need the curvature forms

1 ~
F=dA+ANA  and  H=dB+ o [wes() —wes(A)], (2.1)

where weg denotes the Chern-Simons-forms

wcg(I’):tr<R/\f’—§f/\f/\f> and wCS(A):tr<F/\A—§A/\A/\A>,

(2.2)
and I is a connection on T'M, whose choice is ambiguous.? Basic choices are:

e the Levi-Civita connection THC(g)

e the plus-connection I't = T'MC — ;H
e the minus-connection '™ = 't + 5H
e the Chern connection T'CP [24].

Finally, there appears the space-time curvature form
R=dl +T AT, (2.3)

for whichever connection has been chosen. Traces are taken over the adjoint representation
of the gauge group or of SO(9,1), depending on the context.

Action and supersymmetry. In this paper we are putting the gravitino and dilatino
to zero,

P =0 and A=0. (2.4)

With this, the low-energy action up to and including terms of order o/ reads [4, 10]

1 1 -
S(g,¢,B,x,A) = /Mdlox\/detg e_2¢{Scal+4]d¢]2— 2]T\2—|—4o/tr(\R]2— ]F]2—2xDx)},
(2.5)

where

1 1
T=H-— 22 with Y= 240/ tr(xymyvyex) de™ A daN A da” (2.6)

Different, connections correspond to different regularization schemes in the 2d sigma model, and are
related by field redefinitions, see [17] and the list of references for different choices in the introduction of [9].



and
1 _ 1
tr|R|? = 2J:aMNpQJR:MNPQ and  tr|F]* = 2trFMNFMN (2.7)

Finally, D = vV, denotes the Dirac operator, coupled to FLC(g) and to A. The action

is invariant under N'=1 supersymmetry transformations [4], which act on the fermions as

1 1
0y = Ve — 8HMNP’YN’YP€ + 967(2)’YM57
1 1 1
= — — H — E 2'
A==y7 (d‘b 127 7 48 > © (28)
1
ox = _47(F)5’

where v denotes the map from forms to the Clifford algebra,

1
y (p'le"'Mp de™ AN dxMP> = le___Mprl oM, (2.9)

Field equations. The equations of motion take the form (we symmetrize with weight
one)

) 1
Ricpn + 2(Vdo)un — 8TPQ(MHN)PQ+
1 - - 1
—1—40/ RMPQRR;QR —tr (FMPFNP - 2X’Y(MVN)X>

2 Lo 1, 50 2
Scal +4A¢ — 4|do|* — _|T|* +  « tr[[R\ —|F|* - 2XDX] =0,
2 4 (2.10)

! -2, _
(D— 247(T)> e “x=0,
eXdx (eTF)+ AN«F —«FNA++TANF =0,
dxe 29T = 0.

The derivation of the equations is greatly simplified by a Lemma in [4], as was pointed out

by Becker and Sethi [3]. It implies that up to this order in o’ one can neglect variations of
the form g? a?.lf), for any field (---). Besides these equations, the Bianchi identity for H

must be satisfied, which follows from the definition (2.1):
1, =
dH:4atr[R/\R—F/\F]. (2.11)

One expects the vanishing of the fermionic supersymmetry transformations plus the Bianchi
identity to imply all equations of motion, but whether or not this is true depends on the
connection T'.?

3Tvanov [18] proves that solutions of Strominger’s equations (which are equivalent to the vanishing
of (2.8) with vanishing gaugino) satisfy the equations of motion only for I' = I'~.



Taking the trace of the Einstein equation (the first one in (2.10)) gives

1
TunpHMNP.

3!
(2.12)
This equation can be combined with the dilaton equation (the second one in (2.10)) in two

3 1 ~ 1
Scal+2A¢p— 2(T, H)—|—2o/tr |R|> — |F)? — 2)(1))( =0 with (T,H)=

different ways as

3

1
2P Ae 2 4 ) T|? - )

1 -
(T, H) + ,o/te[|R]> — |F|* + xDx] = 0,
4
(2.13)

9 3 3
Scal — 264¢/3Ae*4¢/3 — ’T‘Q + 2(T7H) — 4o/tr(XDX) =0.

One can replace the dilaton equation by one these, and if further the Einstein equation is
satisfied, then the other equation in (2.13) is implied. For the remainder of the paper we
put the dilaton to zero,

¢ =0, (2.14)

motivated by the results in [10]. This noticeably simplifies the equations of motion (2.10).

Space-time factorization. Our interest is in space-time manifolds of direct product
form,

M = AdS,(r) x K, (2.15)

with a 4d anti-de Sitter space of ‘radius’ r as ‘external’ factor and a 6d compact Riemannian
‘internal’ space K. Small Greek indices shall be restricted to the external part, while small
Latin indices will be reserved for the internal dimensions. Furthermore, we assume that
F, H and X are restricted to K, i.e. they do not depend on the AdS coordinates. The
components of R in AdS direction are taken to coincide with the Riemann curvature of AdS.
This further simplifies the equations. From now on, hatted quantities refer to the AdS part,
and unhatted ones live on K. The ambiguity in picking I is a choice of connection on K.

As a consequence of the splitting, the equations of motion (2.10) decompose. The
Einstein equation (first in (2.10)) splits into

I T 1 U
Ricy, + 40/RWB,YRV0‘5’Y — 80/tr(x’y(ﬂv,,)x),
1 . ~
0= 8o/tr(x(%va +7Vu)x) (2.16)
: 1 cd 1 NG D cde c 1 /
Ricy, — 8Tcd(aHb) + 4a [RacdeRb — tr(Fach )} = 8a tr(x’y(avb)x),
and the two combinations (2.13) then read
1 3 1 ~ ~ 1 ~
T2 = (T H) + o[ |RP +|RP — |FIP] = = atr(x (D+D) x).
2 2 4 4 (2.17)
— 3 3 - '
Scal 4 Scal — |T'|*> + 2(T, H) = —{—40/tr(x (D+D) x).



The gaugino, Yang-Mills and Kalb-Ramond equations become

~ 1
D+D— T =
(B4 D) x =0

dxF+ AN*F —«FANA++TAF =0, (2.18)

dxT = 0.

The gravitational data on AdSs(r) are

12
r2’

~

— — 1 3 . ~ 1 —2 6
Scal = Ric = 4Scal 9== 20 RuaﬁyRSM = 24Scal Juv =4 Gv- (2.19)

The gaugino is taken to factorize as
X=X®n+X @, (2.20)

where X is an anticommuting spinor on AdS, with values in the adjoint of the gauge group,
while 77 denotes a commuting spinor on K, which we assume to be normalized: nn = 1. On
X we impose the massless Dirac equation on AdSy [1],

Dy =0, (2.21)

so that the gaugino equation (first in (2.18)) implies

;, (T,%)). (2.22)

(o~ Jam)u=o i woow -

Inserting these relations into the equations of motion, we obtain the conditions *

3 3 - 1 ~ e L L S
N <T2 B 27“4O/> Jnw = SO/tr(XW(“vV)X +X VX',

0= tr((FX) Van) + (K50 V') = KV, 0an’) + (V%) (07 7a)).

. 1 1 ~ ~
Ricgp — STCd(aHb)Cd + 40/ [RacdeRdee —tr (Fachc)] =

1 A~k * = ~x *
= 80/tr<(x X) (1@ Veyn) = X)) 170 Viyn )),
1 2 3 3 / 1 / 2 2 _ _1
TP = (T H) + "o + 4atr[lRl |F| ] =-,05),

12 1,
— 2 + Scal + 2|T| =0,

1
D — T =0
( 941 ))77 ;
d« F+AN*F —xFNA++«T NF =0,

d*xT =0.
(2.23)
which entangle the internal fields with the AdS data.

“Note that ¥ = xT7° but n=n'.



On the right-hand side of these equations we encounter external gaugino bilinears,
which are nilpotent on the classical level. The standard lore to give meaning to these
terms performs a quantum average (... ) over the space-time fermionic degrees of freedom.
At this stage, assumptions about the fermionic quantum correlators enter: we assume
the presence of a suitable space-time gaugino condensate as a backdrop for the bosonic
equations, namely

(trxx*) =iA®  but  (tr yMY) = (tr YMY*) =0 (2.24)

for all non-scalar operators M , to be consistent with (2.22). The condensate scale A € R

will be fixed later. After averaging over the gaugino, our set of equations (2.23) simplifies to

3 3 ~
N (7"2 B 2r4a/> Gur =05

1 ~ ~ .
o [RacdeRdee —tr (Fachc)] = ; Ao (U*V(avb)ﬁ -n 7(avb)n*)’

. 1
Ricqp — 8Tcd(aHb)Cd + 4

1 3 3 1 . 1
7> - (T, H ‘4ot |RP = || = - (7,3
ST = S H) 4 o 4 ol |RP - (PP = - (1),
12 1, .9
~ 2 + Scal + 2\T! =0,
p- o)) n=o0
247 77 -
d* F+AN*F —xFNA++«TNANF =0,
dxT =0,
(2.25)
where we continue to use the symbol ¥ for the condensate
i N *
(B) = oy A (17 w3en = n7awren’) da® A da® A da. (2.26)
Remarkably, the first equation fixes the AdS, radius in terms of o/,
1
r? = 20/. (2.27)

We note that tracing the second equation simplifies its right-hand side to é(T, Y)), propor-
tional to the right-hand side of the third equation. In the fourth equation (the dilaton
equation), the negative contribution Scal = —713 allows for internal manifolds of positive
scalar curvature, which are excluded in the usual Minkowski compactifications. The final
three equations are conditions on the commuting spinor 7, the Yang-Mills connection A
and the torsion H on the internal manifold K. We shall construct solutions to them, after

having introduced the geometry of nearly Kéahler manifolds in the following section.

3 Nearly Kahler manifolds

Definitions. A six-dimensional Riemannian manfiold (K, g) is said to carry an SU(3)
structure, if there is a compatible almost-complex structure .JJ € I'(End(T'K)), with J? =



—1 and ¢g(JX,JY) = g(X,Y), the associated two-form w = g(-,J-) € QUD(K), and a
non-vanishing (3,0)-form Q € QG9(K). Every SU(3)-manifold has a metric-compatible
connection V~ with holonomy contained in SU(3). If it coincides with the Levi-Civita
connection V¢ one has a Calabi-Yau space, with dw = dQ = 0. Furthermore, SU(3)-
structure manifolds are spin and carry a nontrivial, covariantly constant spinor (w.r.t. the
canonical connection) of each chirality, n and n*, which are charge conjugates of each other.
A nearly Kahler manifold is characterized by the conditions

dw = —3¢Re(9), dQ =2icw AN w with ¢ eR. (3.1)

These forms can be constructed from the spinors n and n* as

i
W=, Ny e A e,

1
Q=+ nawren e Ae’ Aef, (3.2)

1 *
Q== 0" raWren e A e’ Aef,

where the e® form an orthonormal frame of one-forms for T*(K). Every compact six-

dimensional Einstein manifold carrying a nontrivial Killing spinor (, i.e. one satisfying

7 /Scal
=0 ith 0=+ , ,
Vol Yal wi 2\/ 30 (3.3)

has a nearly Kéhler structure (the converse is also true [15]). Indeed, one can choose ¢ to
be of the form n + n* for some positive-chirality spinor 7, which then defines the SU(3)
structure (J,w, Q) satisfying (3.1) with the particular value

¢ = \/S?i?l where Scal = Scal(VLC). (3.4)

Another important quantity in the study of a nearly Ké&hler manifold is its intrinsic torsion.
This is defined as the torsion of the canonical connection, and it is totally antisymmetric,
which is useful in regard of the supersymmetry equations. In this paper, we identify the
intrinsic torsion with (one-half of) the H-flux

1
H= 6 Hapee® A eb A €. (3.5)

In terms of the basic three-form, it is given by

H= —;g(Q—Q) =¢Im(Q). (3.6)

Therefore, the canonical connection reads
1
Vo=V 4 2H;}ceb®(Ea®ec), (3.7)

with vector fields E, dual to the one-forms e®.



Properties of nearly Kahler manifolds. Let K be a nearly Kahler manifold. The
following properties of K can all be proven by some elementary spinor calculus, the as-
sumption that n + n* is a Killing spinor for the Levi-Civita connection on K, and multiple

application of the following Fierz identities:

1 1 ir
nn= (1 — 2(77'Yab77)7ab> (1+ (=1)%Mir),
* 1 a b_c
n'n = —489@@7 795, (3.8)
* 1 a . b_c
n77=+489abc’y v

Here ‘Chir’ denotes the chirality operator, giving 0 on positive chirality spinors, and 1 on
negative chirality. Our convention for the gamma-matrices is {7y?,~7?} = 2g%. The forms
satisfy the duality relations

*Q = —i€), *(Q = i), 2%w =w Aw, (3.9)

and they act on the spinors n and n* as

Qapern” =0, Qapern =0,
X i (3.10)
Qabey"Yn = =8%an"s  Qabe¥' YN = 8yan.
Our forms are normalized as
(w,w) =3, (Q,0) =38, (Q,0)=(2,9) =0, (3.11)
where (-, ) denotes the metric induced on Q(K) by g. This implies
w? = 6Vol and QAN Q= —8iVol. (3.12)

The derivatives dw and df2 are given in (3.1).

Coset models. There are four known compact six-dimensional nearly Kéhler manifolds,
which can all be represented as coset spaces K = G/H, for two Lie groups H C G, where
H is isomorphic to a subgroup of SU(3), and not to be confused with the torsion form
H e Q(K):

SU(3)/U(1) x U(1), Sp(2)/Sp(1) x U(1),

G,/SU(3) = S°, SU(2)%/SU(2)diag = S° x 2, (3.13)

Their nearly Kéhler structure comes from a so-called 3-symmetry, i.e. an automorphism

s:G—G with s® =idg and s|,, = idy. (3.14)

H

For a precise definition consult [6]. The differential ds : g — g has three possible eigenval-

UCS, Ilam(lly
- + 7/\/ 9 ] ] — Z\/ 9

pr— = — -1
5 5 J =17 ) 5 (3.15)

L J=



with eigenspace decomposition g€ = h€ @ m+ @m~. Then m = (m™ @ m~) N g can be
identified with the tangent space TjG//H. Identifying m* with (1,0)-type vectors and m~
with (0,1)-type ones, we obtain an almost-complex structure J on G/H, which relates to

the 3-symmetry via

1., V3
ds| = —22d+ 5 (3.16)
This decomposition has the following properties,
[h,m"] Cm™, [h,m~]Cm™,
mt, mf]cm, m~,m7] Ccm", (3.17)
m*,m~]Cp, [h.5] b

Let {Eq}q=1,....6 be a basis of m, {Ej } =7, 6+dimp & basis of b, and {e®}, {eF} the dual
bases. As indicated, we use letters a,b,c,... for indices in m and 14, j, k, ... for those in b.
We also identify the e* and eF with the correponding left-invariant forms on G. Locally
one can find a smooth map « : G/H — G, by which we pull back the forms on G to forms
on G/H, which we again denote by the same symbols. An important technical tool is the

Maurer-Cartan equation

1
dea:—2 aeb net — faeb Ak

X . (3.18)
dek:—2 fceb/\ec—2 Z@ei/\ej.

For the metric on m we choose minus the Cartan-Killing form of g restricted to m, i.e.

Gab = — [ fl — 2fS fh. (3.19)

Both terms on the right-hand side are separately proportional to the metric [16],

1
gdflflc = (;lcflf:c = _3gab- (3.20)

The last two equations fix the scale of the internal space G/H. This is done here for
simplicity only; later on, we shall allow for a rescaling p of the metric.

Connections and curvature in the coset models. Using the above mentioned prop-
erties, one can determine the Levi-Civita connection on G/H by the conditions of metricity,

0= Eagbc = FZbgdc + Fgcgbch (321)
and the vanishing of the torsion,
de® +T% N e’ = 0. (3.22)

One finds that )
r= ( el 4 ) f;;é’) (B, @ €°). (3.23)

,10,



We will need not only the Levi-Civita connection but a metric connection with torsion of

the form
T=rfle"® (E,®e) € Q(End(TK))  with reR. (3.24)
The canonical connection is included for kK = —1/2. Thus we have
|
e = ( oe' + 2¢f,fceb> (B, ® €°) with ¢ := 2k+1. (3.25)

The curvature tensors of I'* are found to be

K 1 e rc c c re a
R" = _4{¢fabfed + 2f§bfkd - ¢2 aefbd} e eb(EC ® ed)7
1

~ 1 (4k%=5) g, (3.26)

Ric® =
Scal“——1¢2—|—¢+2——2/<2+ o
2 N 2’

In the following we will denote V* for special values of x as

V2=V~ canonical connection - Rz = R,
vl=vV Levi-Civita connection == R’ =: R, (3.27)
Ve = v+t no name = Rt2 = R,

The curvatures R are sometimes denoted as Ri{m, in order to distinguish them from
the curvature R*‘h of another so-called canonical connection on the principal H-bundle
G — G/H. The latter acts in the adjoint representation on b, but it has the same functional
form as R"m [16, 19]. Explicit formulae are

Rﬂm = —ad(E,) om0 ad(Ep) e®A €, (R 4o = 2fl§[aflﬁd’

_ 1 a —1 e c

R ‘m - _Qf(fb adm(Ej) €*A eb’ (R |m) dab — ‘fbfkd’ (3.28)
— 1 a — m

R |h = _2f(fb adh(Ek) e“N eb, (R |h)klab = —Jab TIj’Ll’

where 7y is the projection of g onto . The torsion three-form of the canonical connection
V™ reads 1
H = —6fabc e® A el A e (3.29)

From the explicit expression for R" above we compute various curvature bilinears for

later use: )
RN RY = =} (B By L

- _ 1
trmR-AR™ =+ 4<Ek,El>m fr fleabed,

X (3.30)
tI‘hRi AR = —|—4 <Ek, El>hf§bféd€ab0d,

C

1
dH = — | favrf e,

— 11 —



where tr denotes minus the usual trace, e®°? = % A e? A €€ A e, and

(Ex, E)y = —f . as well as (B, B = — 512, (3.31)

are minus the Cartan-Killing forms on § and m, respectively. On three of the four nearly
Kahler cosets G/H (those where b is semisimple) we have the identity

(50 =085 (3.32)

for a specific value of 3. The value of 8 can be calculated in orthonormal coordinates on
G as follows:

1 2
k pk o k ek _ (1 _ kk _ (1_ : -1 —
abJab — 350(1 =2 and fabfab - (1 6)5 (1 B) dlm(H) = B 1 dlm(H)’
(3.33)
for semisimple h. For our examples this yields
SU(3)/U(1)xU(1) Sp(2)/Sp(1)xU(1) G2/SU(3) SU(2)*/SU(2)
¢ 0 — 3/4 1/3
and we get (¢ = 2k+1)
trmRTART = 3dH,
trqR-AR™ = (08 —1)dH,
tryR-ANR™ = —p3dH,
1
trmR"A R = (B + 4¢2 —1)dH,
4
trm’R+’2 = 3 - ﬁ7
B2 =15, (3.34)
trg| R™|* = 5,
1
b R¥[? = ) 6%(¢" —2) +1- 5,
4 —
R;_cdeR-li;Cde = 936 Gab,
— —cde 1-
RacdeRb e = 3 B Yab-

In the compactifications we consider, the curvature R of the tangent bundle of K is
one of the R®, usually either R™ or R™. In contrast, the gauge field F is free to live
on an arbitrary bundle, and so we also have the choice F' = Ri‘h at our disposal. The
supersymmetry constraint, however, forces F' to be a (generalized) instanton, meaning
that *F' = —w A F. This is satisfied only by R~ (both on m or on h). If b is abelian,
we will also have the freedom to rescale '™ without losing the instanton property. Hence,
for SU(3)/U(1)xU(1) we may take F' = AR~ with A € R (cf. [23]). Yet even without
the supersymmetry constraint it is very convenient to choose an instanton solution for the
gauge field because it automatically satisfies the Yang-Mills equation.
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On the space Sp(2)/Sp(1)xU(1) there is no common value for (. Instead, we have
B =0onu(l)and 3 = 2/3 on sp(1). This allows one to calculate the quantities tr(R*ART),
which are no longer proportional to dH. However, we have the freedom to restrict the
curvature R to the u(1) part of h. Again this can be rescaled, enabling us to satisfy the
Bianchi identity for a particular choice,

R=R| and F=R"|_ — tr(RAR—FAF)=rdH with r=1/3.

(3.35)
In contrast to the SU(3)/U(1)xU(1) case, there are then no free parameters left in the
gauge field. We will find below that only » = 2/3 and r = 4/9 are compatible with
the dilaton equation, in the supersymmetric and non-supersymmetric case, respectively.
Therefore we will not consider this coset space any further.

Forms in the coset models. Now we can compare the general theory to our concrete
realization in terms of coset models. In particular, we identified

. 1. 5 Scal 1
ab =~ o fab and Scal = Scal’ = 5 = =0\ gy T \/12. (3.36)

From this we easily deduce

(Q — Qape = —4V3i fupe and Hape = — fabe (3.37)

as well as the relations

3 V3
dw:—2g(Q+Q) = — 4 (Q—i—Q) = 3xH,
1
dQY=—-dQ =2icw Nw =, iwAw, (3.38)

V3
dH = L Scalw Aw = ! A
= JSalviv= jwAw.
With ¢ we have fixed the scale of the nearly Ké&hler manifold. Let us finally see what

happens if we relax this scale by allowing for an arbitrary value of ¢. The new metric is
then ¢’ = pg, with p = 121§2. Denoting ¢’ by g again, we get the relations

) )
Ric = 12;)_19, Scal = 2p_1,
. | (3.39)
‘H‘Q = 3/)717 HacdeCd = 3pilgab7
and the quantities given in (3.34) scale as follows,
tr RAR ~ p YdH, tr|R?> ~ p™2,  RaeRy® ~ p %ga. (3.40)

4 Supersymmetric solutions with gaugino condensate

In [10, 13] solutions of the supersymmetry equations (2.8) were constructed on the product
of AdS; with a nearly Kéhler space K, by setting ¢ = 0 and H = —}12 equal to the
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intrinsic torsion of K. The metric on K = G/H is a scale factor p, to be determined
below, multiplied by (the negative of) the Killing form of G. Frey and Lippert in [10]
also propose a certain ansatz for the gauge field, which is not an instanton however and
therefore has a non-vanishing gaugino variation. We will discuss the choice of the gauge
field later, together with the Bianchi identity and dilaton equation. The supersymmetry
generator € is obtained as follows [10]: AdS4(r) carries a Killing spinor ¢+ ¢* with Killing
number ¥ = [2, 5], 1

\/2 '
VHZ: 19%@\* and vﬂf* = 19%@\. (4.1)
On K we have the Killing spinor n (of positive chirality) with V™n = V™n* = 0, which
gives ' _
e=eil@n + e il @t (4.2)
Apparently the dilatino variation d\ in (2.8) vanishes, and for the AdS; components of
01, we obtain

1
Y(E)vue

5 pu—
Yy =Vue + 96

(4.3)

1 i~ ~
0g DT+ e T ).
The condition ¥ = —4H fixes the condensate scale A in the condensate (2.24). Together

with (3.6), it follows that

:eifvﬂfyuz*(@n + e*ifﬂ’yug?@m* —

Y =2ic(Q2-Q) and ¢ = \/Scal \/12 & p= 121§2, (4.4)
relating ¢ to the scale p of K. Together with (3.10) this implies
y(X)n = —-96i¢n* and y(E)n* = —96i¢n. (4.5)
Finally we get
dthy = (U = <) eTwE*@nJre‘Tme@n*] —  d= (4.6)

The K component 1, gives zero as well, due to v(X)vy,n = v(X)yan* = 0.

Implications of supersymmetry. Due to the condition ¥ = ¢ we can determine the
total scalar curvature of our space AdSy x K:

Scal + Scal = —489% +30¢% = —1892 = — | (4.7)
a
which is strictly negative. Furthermore,
1
Y =—-4H = T:H—QE:?)H, (4.8)

which turns the gaugino equation (left of (2.22)) into the form

(D - éﬂH)) =0. (4.9)

This will be satisfied if we decompose the gaugino as in (2.20), with 7 being the Killing
spinor of K [10]. Having adjusted the value of A, the three-form ¥ assumes the required
structure ¥ = 2i¢ (Q — Q).
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Einstein and dilaton equations. The external Einstein equation (the first one in (2.25))
was analyzed in section 2, yielding

1 o 1 o
2 2
T a2 T T MY PT g (4.10)
Next, we want to consider the fourth equation in (2.25), which can be written as
_ 9,
Scal + Scal + Q\H\ = 0. (4.11)
The normalization of the intrinsic torsion H was such that |H|?> = 4<%, and together

with (4.7) and (4.6), we deduce that (4.11) is satisfied.
Let us then determine the remaining conditions for R and F following from the equa-
tions of motion. Due to (4.8), the third equation in (2.25) becomes

1,12 .
40/ L (R = |F)?)| = 3|H|* = 1267, (4.12)
r

and the Bianchi identity remains unchanged:

1 o
dH = 4o/tr[R/\R—FAF]. (4.13)
Written in terms of p = 121<2 = Oé/, we arrive at the conditions
(2 2 2 5o 2
tr[|R|* — |F|°] == and  tr[RAR—FAF] =P dH. (4.14)

Further we need the Einstein equation on K (the second one in (2.25)), which must im-
ply (4.12). It is easy to see that all terms in this equation are proportional to g, so that
it becomes equivalent to its trace (4.12).

Choice of connections. The gaugino equation (left of (2.22)) is satisfied because n
is parallel with respect to V~. The Kalb-Ramond equation is solved due to (3.1), (3.6)
and (3.9). The Yang-Mills equation will be obeyed for (generalized) instanton connections.
The nearly Kahler geometry of K determines H, but for R and F different choices are
possible, the consequences of which can be computed using (3.34). To this end, the following
lemma will be useful:

Lemma 4.1. Let F be a (generalized) instanton, i.e. F satisfies the w-anti-self-duality
relation
*F = —w A F|

(which is equivalent to the vanishing of the gaugino supersymmetry variation). Suppose
further that

tr(FAF)="dH,
P

Then it follows that

wwﬁz—;.
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Proof. We have

P » P
tr|[F? =trx(FA*F) = —trx(FAWAF) = - sx(wWAdH) = - sw3=—"_,
fFJ? = tr(F A*F) = —tre(F AwAF) == w(wndH) = = %) w’ ==

where the relations w? = 6 Vol and dH = 61;)“’ Aw for nearly Kahler spaces in our particular

normalization have been used.

The lemma implies that if both R and F are instantons, with tr(F A F ) ~ dH, then the
two equations (4.14) become equivalent to one another, and we need to solve only one of
them. Hence, in this case the vanishing of the supersymmetry constraints plus the Bianchi
identity imply the field equations, as expected.

The gauge field A proposed by Frey and Lippert is the torsionful connection I'* as
in (3.25), where the value of x has to be adjusted to the Bianchi identity. However, they
employ I' = I't.5 The problem with this choice is that I'* is in general not an instanton,
leading to a non-vanishing gaugino variation. We will therefore consider I' = '™ and other
possibilities of the gauge connection as well.

The minus-connection: I' = I'". First we consider solutions where R = R~ ‘m and F
is also an instanton, i.e. F'= R~ p O for h abelian, F' = )\R_‘m with A € R. The Bianchi
identity reads

5
trFAF = <5— 3> p~tdH. (4.15)
Choosing the canonical H-connection
_ : g 5
F=R"| ~ with tr(FAF)=-"dH — B= (4.16)
p

which is not among the admissible values. A solution is obtained however on SU(3)/U(1)x
U(1) (8 =0), where we can choose

5 _ 5
F:\/?)R\m — tr(F/\F)z—3dH. (4.17)

The explicit expressions for F' and R can be found in (3.28).

The plus-connection: T' = I'". Now we turn to R = RT solutions, so that R is not an
instanton any more. Here, tr(RT A RT) and tr|R*|? have been calculated in (3.34) and
lead to the conditions

2
trFAF = <ﬂ - 3> ptdH (Bianchi), (418)

tr|FI?=(2—-0)p 2 (Dilaton),

in contradiction with Lemma 4.1. The Bianchi identity on SU(2)3/SU(2) with 3 = 1/3
can be obeyed for F' = Ri‘b’ but this choice fails to solve the dilaton equation (second

of (2.13)). Thus we confirm Ivanov’s result that only for T = I'~ the field equations

5Note that our I't is their I'~.
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follow. The string theory formulated in this background then has a conformal anomaly,
but is otherwise consistent [22]. The situation can be remedied by turning on a dilatino
condensate. This introduces the freedom necessary to generate consistent solutions with
I' = I't on all nearly Kihler spaces [21].

5 Non-supersymmetric solutions with vanishing gaugino

We will now construct a solution of the bosonic equations of motion on AdSy x K with
vanishing gaugino, which necessarily breaks supersymmetry. As before we choose the H-
field equal to the intrinsic torsion.

Equations of motion for y = 0. For ¢ =0 and y = 0 the equations (2.13) simplify to

1 12 ~ 48 4 -
|H|? = 4o/tr[r4 +|R)? — |F|] — o a,yHF +tr|F)? —tr |R|%,
24 24 1 !
0=—"_ +2Scal + |H|? = — Scal + _|H|? = p:a,
r2 o 2 9
(5.1)
by virtue of r? = Oé/. The value for p differs from the supersymmetric one (4.7). The
Bianchi identity and the remaining equations of motion become
1, = -
dH = 4atr[RAR—F/\F],
0=dx*H,
0=dF + AN*F —xF NA++H A\ F, (5.2)

1 1 ,,= -
0 = Ricap — 4HacdeCd + 40/ [RacdeRdee - trFlzcj?bc]

1

40/ [RacdeRdee - trFachC] )

1
= 3gab +

Since all terms in the Einstein equation are proportional to g4, its information is already

contained in the trace,
36

(@)

which is just the first equation of (5.1). We will solve the Yang-Mills equation simply by

, = tr[\F\Q - \Rﬂ, (5.3)

imposing the instanton condition on F, so that all equations are satisfied, except for the
Bianchi identity and the dilaton equation (5.3). Let us again assume that both F' and R
satisfy the instanton condition, as well as

tr (RAR) = };1 dH and tr(FAF)= }/‘)2 dH. (5.4)

Using lemma 4.1, we can rewrite these two conditions as

w 4 w1 M 36
( PP > o <p2 p2> (af)? (5:5)
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The minus-connection: I' = T'~. Let us try to fulfil the equations using I'". According
to the discussion above, a single equation remains to be solved:

13
tr FAF = (ﬁ ~ > p tdH. (5.6)
The most obvious choice is the canonical H-connection, i.e. F_‘h' This however has
try ' N F = —fdH, so that (5.6) implies § = %g, which is not admissible. Only on

SU(3)/U(1)xU(1) we achieve a solution for F' = \/193 R*|m.

The plus-connection: T' = I'. In this case, the Bianchi identity and Einstein equation

read

16 — 93

0p? (5.7)

4
tr FAF = (ﬁ - 9> p tdH and tr|F|? =

These equations do not admit instanton solutions for F', as
4 -1 Lemma 4.1 2 4 —92
tr FAF = B—g p dH = tr |F|* = 9—B p e, (5.8)

which leads to the contradiction 3 —fB= 196 —B.

Furthermore, there are no models with a conformal anomaly, satisfying only the Bianchi
identity. Non-instanton solutions are not excluded by this argument, but these have the
drawback that the Yang-Mills equations have to be checked explicitly.

Another possibility is to allow for more general torsionful connections, I' = I'¥, and
maybe also F' = I'*'. This does not lead to further solutions however, as one can see from

the relevant expressions calculated in (3.34).

The volume modulus. One may try to deform our supersymmetric solution to obtain
a family of solutions, possibly relaxing the supersymmetry constraint. A simple option is

a rescaling
X'=7x., ¢ =pg and F =0F. (5.9)
In this case, the dilaton and Einstein equations together with the Bianchi identity imply

7=0 or T=1 = o =9p or o =6p (5.10)
and the corresponding values for F' we found above. In particular, our two solutions to
the equations of motion cannot be continuously connected by an obvious path in the field

space.

6 Conclusions

We found that for two nearly Kihler spaces, SU(2)%/SU(2) and SU(3)/U(1)xU(1), the
supersymmetric model of Frey and Lippert can be completed by an appropriate choice of
gauge field, and that the equations of motion are satisfied on the second space, whereas the

first one has a conformal anomaly at order ¢, i.e. the dilaton equation (fourth of (2.23))
does not hold. This is due to the choice I' = I't required by the SU(2)?/SU(2)-model,
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whereas on SU(3)/U(1)xU(1) we can work with the instanton connection I' = I'". The
explicit form of our solution on AdS4(r) x SU(3)/U(1)xU(1) with radius r = y/a//2 and

internal scale p = o//6 reads

gab:_ fdfbc__ fkfbc,
(D) = ()G = fiee',

Tabc = 3Habc = -3 fabm
(6.1)
Fab:\/ ab| \/ fab ad Ek
p=1v=A=0,
~ ~x * 4
X=XQ®n + X ®n and <Eabc>:_3Tabc:4fabc-

On the same space (but with p = o//9) we were also able to construct a solution to
the equations of motion with non-vanishing fermionic supersymmetry variations,

1
gab=—30/ gd bc__ fkfbm
(D) = ()5 = fiue,
Tabc = abc = fabca (62)
13 13
Fap = \/ 9 Rab‘m ~ Vo fc]fb ad(Ey),

p=Pp=A=x=0 = ()=0.

It was known previously [21] that there exist complete solutions of the supersymmetry
constraints and Bianchi identity (with r = ') on every nearly Kéhler manifold if one
includes a dilatino condensate, but the derivation of the equations of motion for this case
is more involved. In the limit of vanishing dilatino condensate, these solutions still differ
from ours.

A nice feature of the space-time Einstein equation with o correction,

1
Ric,, + 4a/ng,yRyaﬁ'v =0, (6.3)

is that it fixes the radius of AdSy (in terms of o’) and thereby, in combination with the
vanishing of the gravitino variation, also the scale of the internal manifold. There is thus no
volume modulus in the game, an argument which apparently does not apply to Minkowski
compactifications. It is not the supersymmetry constraints which fix the AdSy radius; even
our non-supersymmetric solution seems to have no volume modulus.

The length scale r of both the internal and external manifold was found to be of the
order of the string length v/o/. To arrive at the solutions we truncated the equations of
motion, supersymmetry transformations, and Bianchi identity at order (o/)!, assuming
higher order terms to be small. These equations are really expansions in o/ /r? however,
which is of order one and thus not a good expansion parameter. It is therefore unclear
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whether the solutions extend to full non-perturbative ones, and even if they do one has to
expect large corrections to the relation between r and o we found.

To address this problem one could try to study the world-sheet string theory in a
background of the form AdSy times nearly Kéahler. Another problem that might find
its solution in such an approach is the determination of the effective 4D superpotential.
In [10] it was shown that the perturbative superpotential is independent of the gaugino
condensate, whereas non-perturbative contributions are expected to generate an explicit
Y.-dependence [7].

What concerns the connection I' we confirmed Ivanov’s result [18] that supersymmetry
constraints, Bianchi identity, and equations of motion are compatible only for I = I'",
even in the case of AdS; compactifications with a gaugino condensate. Even without
supersymmetry, we found that the choice I' = ' is mandatory.
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