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to compute the explicit Nicolai map to any order in the gauge coupling. Our work extends the previously
known construction method from the Landau gauge to arbitrary gauges and from the gauge hypersurface
to the full gauge-field configuration space. As an example, we present the map in the axial gauge to the
second order.
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1. Introduction

Nicolai map We consider unbroken A =1 supersymmetric gauge theories in the Wess-Zumino gauge in D-dimensional Minkowski
spacetime R-P~1 5 x. The fields (A, A, D) are in the adjoint representation of the gauge group which for simplicity we take to be SU(n¢)
with real antisymmetric structure constants f%¢ such that

fabepabd — posed @b, =1,2,...,n2-1. (1)

C

The Nicolai map [1-3] can be defined [4] as a nonlinear and nonlocal field transformation

Tg: AL(O = Af(x g A) )
of the Yang-Mills fields AZ (u=0,1,...,D—1), invertible at least as a formal power series in g, that satisfies
-1
(xtan), = (xrg'Al, vX. 3)

This enables one to compute quantum correlators in the interacting theory by using a free, purely bosonic functional measure. The
correlators' are given by

(x1A1), = /DADADDDCDE elSsusy[4.2.0.C.Cyx a7
(4)
(X(A]), = / DA €554l Ayss[A] App[A] X[A],

where the latter is obtained from the former by integrating out the auxiliaries D and the anticommuting gauginos A and ghosts C, C. This
produces the Faddeev-Popov determinant App[A] and the Matthews-Salam-Seiler determinant Apss[A] (a Pfaffian for Majorana fermions).
From the full action
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1 Note that by the vanishing of the vacuum energy in supersymmetric theories, these correlators are normalized such that (1)) g= (1) g = 1.

https://doi.org/10.1016/j.physletb.2021.136413
0370-2693/© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
SCOAP3.


https://doi.org/10.1016/j.physletb.2021.136413
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2021.136413&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:olaf.lechtenfeld@itp.uni-hannover.de
https://doi.org/10.1016/j.physletb.2021.136413
http://creativecommons.org/licenses/by/4.0/

0. Lechtenfeld and M. Rupprecht Physics Letters B 819 (2021) 136413

Ssusy[A, A, D, C,C] = /de {—%F;’WF”’” — %Q(A)2 + fermions + ghosts + auxiliaries } , (5)
only the gauge-field action
D 1 1 2
SglA] = /d X =3 Fl F = 2:6(A)%) (6)
remains, with the Yang-Mills field strength

Fo, = 0,A% —0,A% + gf " ALAS = Fuy = Ay —0Au+8Au X Ay. (7)

The gauge dependence of the Nicolai map enters through the choice of the 't Hooft parameter ¢ and the gauge fixing function G%(A), for
example

G"(A) = 3"Aj, (Lorenz gauge) or G°(A) = nAj (axial gauge). (8)

For g — 0, one obtains the free-field correlator in (3),

(x[41), = %/DA elSolAIX[A]  with L = Auss[0] App[O] . 9)

Universal form In a recent work [4], we demonstrated that the Nicolai map can be written as an ordered exponential
g
-
TeA = P exp{—/dh Rh[A]] A (10)
0

in terms of a coupling flow differential operator Rg[A], which is defined via

9g(X[A]), = ((9g + Re[AT)X[Al), . (11)

If the original local theory possesses an off-shell supersymmetric formulation, then the coupling flow operator can be canonically con-
structed in any gauge. The procedure is outlined in Section 2. Our main result is the compact form (45) and explicit perturbative expansion
(46) for

Rg[A] = ) g 'Ri[A] = RilAl+ gRo[Al+ R3[A] + ..., (12)
k=1

which allows us to compute the Nicolai map? via

TeA =3 g"caRe,[Al.. Ry [AIRy, [A] A, (13)

n = (ny,ny,...,Nng) with n; e N and Zn,-:n, (14)

1

where 1 <s <n, the n=0 term is the identity and

—1
= (—D°[n1-(i+ny)--m+nm+...+n9] . (15)
Writing out the first few terms gives
TeA = A — gRiA — 3g%(Ry —R¥)A — 1g?(2R3 — RiR; — 2RyRy +R})A
(16)

— %8*(6R4 — 2R1R3 — 3R;R; + R4R; — 6R3R; + 2R1RoRy + 3R2RE —RT)A + O(g) .

Conventions and notation We work with the mostly plus metric n#¥ = diag(—1, +1, ..., +1) and the Clifford algebra {y*, yV} = —2nH".
We generally suppress color indices and position labels, adopting the shorthand notations from section 4 in [5]. All objects are multiplied
as color matrices or vectors, and integration kernels are convoluted with insertions of A. In the following we summarize the quantities
that appear in the coupling flow operator. The fermionic propagator S is the Green’s function of the covariant derivative D;, =9, + gA;, x
contracted with the gamma matrices (we also suppress Majorana spinor indices «, 8, ...),

S=pP"' =iri, (17)
L1
whereas the ghost propagator is given by
_ (96(A) -1 _ -7
G = (37, Du) = cc. (18)

2 And its inverse, by an equally simple formula.
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They can be expanded in the coupling as

S = So—gSoAS = > _(~gSoA)'So = So Y (~gASo)' .

=0 =0

(19)
o0 o0 k
_ _ 9G(A) _ _ 09(/‘\) _ 3G(A)
G = Go—8Go5a, AuC = Z( 8Go AM) Go = Go Z( E9A, AMGO> ;
k=0 k=0
in terms of their free (g = 0) versions
1 _

Go= (%2 0.) ", So=#'=-dc, c=0o", (20)
with the scalar® propagator C.
Projectors and gauge-field decomposition It is useful to introduce the covariant gauge projector

g .- g k. ag
— 9G(A) 9G(A AG(A
Pu’ = 8u" = DuGUE = 7 [56" — g0 > (~8Go 52 A,) Go'S2 ), (21)
k=0

which in the free limit reduces to the projector

My = 8,7 — ,Go g . (22)
They obey the identities

TPyt =0=A M, and  P,"Dy =0 =T1,"3. (23)

A decisive advantage of the Lorenz gauge ag(A) =0, is that Go = C so that IT is equivalent to the standard transversal projector

" =8," —9,Ca8", (24)
which fulfills the relations

o,”1m,” =1,", .7 U,¥ =1,", (25)
and splits the Yang-Mills fields into transversal and longitudinal components

Ap = AL +AL, AL =1L A, AL =8, —L,"MA, = 0,C0-A. (26)

For further convenience, we abbreviate 9 - A =9"A, and B=C 9 - A. The longitudinal component of the gauge field A;LL lies in the kernel
of both projectors,

L, AL = 1m,"Ab = 0. (27)

Note that on the Landau gauge hypersurface (3 - A =0, £ — 0) the longitudinal component of the gauge field vanishes while AT = A. In
general gauges (or outside of the gauge hypersurface of the Landau gauge), this is not the case. There, it turns out to be useful to define
the ‘conjugate’ Yang-Mills field

A = Al — A, = Ay —20,B, (28)
related to A, by an involution
QuY =1, — 6" =1, A; = Qu A, . (29)

It satisfies various helpful properties like 9* A}, = —9* A, and 9j, Ay) = dj, A},. For the explicit construction of the Nicolai map, it is
convenient to further define

" = Q" " " = @, I, =21, " —1,", (30)

which is also a projector. Note the important simplification IT* = IT for the Lorenz gauge.

3 It should be noted that we differ in our convention of C by a minus sign compared to other texts, since we prefer 0C = 1.
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2. Coupling flow operator

Rescaled construction In the canonical construction of the coupling flow operator, the g derivative of the action is written as a supervari-
ation. This requires that the supersymmetry is realized off-shell, in which case the action is the highest component of a superfield. In the
following we therefore restrict ourselves to D = 4. However, at least in the Landau gauge, the Nicolai map generalizes [5] to the critical
dimensions D = 3,4, 6, 10 [6]. In gauge theories, the g derivative of Ssysy cannot be written as a supervariation. A convenient solution is
a rescaling of the field content with a suitable power of g [7], such that the dependence on the coupling presents itself only as an overall
factor in front of the action (except for a factor of g multiplying the ghost term):

Ssusvl,7,D,C,C1 = Sin[A,%, D1 + SglA.C. 1,

SilA5D1 = / d' [-3FRE,, - 3BT + 307, (31)
4 ~ Z ~ o~

SeilA,C,Cl = /d {97 +C2EA5, T},

where quantities with a tilde are rescaled. In particular, A= gA such that

Dy=odu+Aux and Fuy = 0uAy— A+ Ay x Ay, (32)
In this scaling we can write the g derivative of the action as a supervariation up to a Slavnov variation,

dgSsusy = —;—3{50,Aa [A, %, D1 — /g5 AgnlC, Al} (33)
with the superfield component
AulA.7. D] = %/d“x {39 T Fuw + 75 T B, (34)

the ghost contribution

AghlC, A1 = f a'x [Ead). (35)
the supervariations

50121) = _i()_h)/v)as 5013:,3 = _%(Vuv)ﬁa;:u.v —5()/5);301 , 8015 = i(ﬁu)_\VSVM)a , (36)
and the Slavnov variations

sZ,,;@ﬁ,[C“, s’X:@X C, s§=«/§ix€,

- - o~ ~ -~ ~ ~ ~ (37)

sD = /gD xC, sC=—¥ECXCT, sC = 21 6(A).

It is convenient to integrate out the auxiliaries (with equation of motion D = 0), so that
AlA ] = -1 / dix [y 3 F) (38)
o
An intermediate rescaled coupling flow operator is then given by [7,8]
e Als— L A A
7z AanlAl's — 72 AulAl (SuAghlAl) s (39)

One can perform the contractions explicitly, obtaining gaugino and ghost propagators. Acting to the left, we write in compact notation

R[A] = —iAgl[A] 8 +
L 1

RIAl = —§ 55 PulAl tr(y"SIALy )
C T R L Pt e A R "

1 8
sa; Au— 5 54, PuvlALtr(y"SIAI[20 - A — gA x A]) ,
where the first two lines are related by the identity
yPFon = 2BA+20-A—Ax 4, (41)

and we have inserted A = gA in the third line.
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Unrescaled coupling flow In [4] we demonstrated that the original (unrescaled) coupling flow operator is given by

RglA]l = L (RIA1—E) with E=Ag. (42)
Hence, we can write with 2Sp9-A = —24% = A" — 4:
gRglA] = % 55 PV tr (1S[20- A—gh x 4])
=} P [yv[§<—gsoA)l < ) =3 (g5olSosh x Al
= -} 15 Pu’ tr[yv[g( g2So)' x (A A)+;( gSol)! x 4]}
= -} s Pt n [1213( gSoA)! x (A" — A)+I;‘< g5 x A]} +1 5Py welyat] (43)
— b Pt S0 < A kA
=1
= +§ 5o Put {0 Y (—gSo)'Sod x A%} - o P,V AY
=0

o1

.
= +§ 51 Pu’ tr{yUSA X A*]— % P,V AL .

The necessity that Rg[A] contains no term of order O(g~1) directly follows from HM“A,L, =0 (27). More explicitly, we can expand the
covariant projector (21) to find

oo
Pu AL =117 {86" ~ gAq Z(—gco—f’ggjmp) WAl

k=0 (44)
o
= — g, " A, G XA AL = —g11, 74, Y (~gGo E2 A ) xB.
k=0
Therefore, the coupling flow generator can be written succinctly as
R (Al = § 52 Pu tr{nS Ax A7} + 55 11,7 Aq G 2L, (45)
or in its full perturbative expansion as
> 5 og(A) kaga - I %
RelAl = § o 150" — 840 G0 3 (~e 292 A,Go) 290 | tyu50 S (g0 A x 4°)
k=0 1=0 (46)
«— e} k
Ao ) (—8Go 54224, ) < B.

k=0

which is the main result of this work. Together with (13), equation (46) offers a straightforward way to compute the Nicolai map in
any gauge and to any order by collecting the powers of the gauge coupling. The first term generalizes* the Landau-gauge on-shell flow
operator of [5], with the distinct modification of the last factor A to A*. For our linear gauges, the second term reduces on the gauge
hypersurface to

5
sa; Aux B, (47)

but outside the gauge hypersurface it appears in even the Landau gauge. For gauge-invariant functionals X[A], our coupling flow operator
simplifies considerably. Such situations are left for further study.

3. Axial gauge

Map construction As an example, we calculate the D =4 Nicolai map in the axial gauge up to the second order. This includes the light-
cone gauge. Inserting G(A) =n - A, we obtain the coupling flow operator

4 Moreover, a similar graphical representation with Feynman-like graphs is possible.

5
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- o0 k o0
Re 4] = § 5 11,7 [55" — 8AsGo Y (—gn- AGo) 1"} trfySo 3" (~gAS0) s x A°]
k=0 =0
_ . ) (48)
+ 55 7 Ao Z(—g(}on : A) x B,
k=0
with So = —dC, we can read off (see (12))
P < 1
Ri= b M0 [A(, < B~ Ltr(y UC A A*)] ,
| (49)
R2= 5i; Mu” [~AoGon-AxB + g Ag Gony tr (y " #C Ax A") — g tr (yo dC AIC AxA")] .
Evaluating the traces gives
RiAy = —T1,"AY  with A} = CPA, AL + 1C,APAY — ALB (50)
and
1 1)
ReAy = " [AvGon- AD = 3CP A*CluA AT +2CP Ajp ALY +2CP AjpAuB (51)

where we further simplified notation by writing 3°C = C” and with the understanding that the last object in each line is a color vector
instead of a color matrix. For the second order we also need

R2A, = I1," [anm;” — AT AL 4 P AT AL + CﬂArpnvﬁAg”] , (52)
which we can simplify by inserting IT* =2 II —IT and identifying (A — A*), = ZA; =20,B:

REA, =T, [BIL ALY — A,CTM, AL +27 Ay Ly *A” = 20791,B T AL |

(53)
=1, [~ ALCT T ALY 4200 A, Ly *AfY + 207 Bayp AL |

In the second step we have used integration by parts® in the last term and used

M,"C, =0, Cp=1, 3,0 = dpd". (54)
With

C°Ty* = C* — Gon*, (55)
when combining (51) and (53) to

(RIA—RA), = HM”[—A,,C’\A(;) —2CP ApCol*ASY +2CPBoj, ALY +3CP A*CyAp AT — ZCPA[pAv]B] (56)

we have found a structure where the ghost contribution only resides in the projector IT at the beginning of each term.® Inserting A;l) of
(50), with relations

Gcr=ccr=c, cPM =0, et (57)
one quickly finds the following expression for the Nicolai map TzA=A — gR{A + g;(Rf —R2)A + O(g?) in the axial gauge for D = 4:
TgAu = Au+ gl {CP A, A — Ay B}
+g2—21'I,L” {3CpA’\C[VApA§] —2CPApAnyB —2CP B, (A B)
+2CP Ay Cuo)* AsB — CP A, C AY AT + A, CH A, B — JA,CAMAT)
+g°M, " CPIBC,7 Ais Al + O(g) .

Note that when setting B =0, A = A* and IT = L1, one recovers the known expression for the Landau gauge (on its gauge hypersurface).
From n*TI M" =0 it follows trivially that this map respects the gauge condition n- TgA = 0. The free-action and determinant-matching
conditions,

(58)

!
SolA'l = SglA] and  det(34) = Awss[A] AmlA], (59)
must also be obeyed, as they follow from the general construction. They may be verified as a cross-check of the expression in (58).
5 When integrating by parts away from B we obtain two terms: One where the derivative moves to the left, without a minus sign due to the structure of the position

labels and one where the derivative moves to the right with a sign flip.
6 1t is left for further study whether this can be achieved at higher orders.
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4. Conclusions and outlook

For N' =1 off-shell supersymmetric Yang-Mills theory with arbitrary gauge fixing, we have recast the coupling flow operator in a
compact form with the help of the gauge projector IT and a ‘conjugate’ gauge field A* = AT — AL, This allows for an efficient construction
of the Nicolai map even off the gauge hypersurface, as we demonstrated for the axial gauge to second order in the coupling. It also
elucidates the special character of the Landau gauge. Our formulation should also facilitate applications of the Nicolai map, like the ones
initiated in [9,10].

Various further investigations come to mind, such as a study of the light-cone gauge, the effect of gauge transformations on the Nicolai
map, a graphical representation of its perturbative expansion, its convergence properties, possible non-uniqueness related to the kernel of
the coupling flow operator, a chiral variant of the map, an on-shell extension to higher dimensions and, not the least, the case of extended
supersymmetry, in particular of A" = 4 super Yang-Mills theory in four dimensions.

When writing up the present paper we received the preprint [11], which has substantial overlap with ours, but organizes the coupling
flow operator in a different fashion. We have checked that their result for the axial gauge agrees with ours.
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