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1 Introduction

According to its title, the present paper concerns supersymmetric gauge theories of space-
time translations in four spacetime dimensions. We define such theories as field theories
whose Lagrangians are invariant, up to total divergences, at least under local spacetime
translations and global supersymmetry transformations. Local spacetime translations of a
field φ are generated by infinitesimal transformations δφ = vµ∂µφ + . . . where the vµ are
gauge parameters, i.e. the vµ are arbitrary functions vµ(x) of the spacetime coordinates
xµ (the ellipses denote possible additional terms which generally depend on the particular
field φ). The infinitesimal global supersymmetry transformations are required to have a
standard commutator algebra involving infinitesimal spacetime translations (with generally
field dependent gauge parameters).

Of course, supersymmetric gauge theories of spacetime translations are well-known:
these are standard supergravity theories [1, 2], cf. [3] for a review, where the local space-
time translations are general coordinate transformations and the supersymmetries are local
(= gauge) symmetries. The present paper addresses the question whether there are su-
persymmetric gauge theories of spacetime translations which are different from standard
supergravity theories.
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Concretely we seek globally supersymmetric extensions of actions of theories which
sometimes are called “teleparallel” theories (henceforth this term will be used for these
theories — just to name them). The Lagrangians of these theories contain linear combina-
tions of terms which are quadratic in the components of a torsion constructed out of the
spacetime derivatives of a tetrad field.

Section 2 briefly reviews these “teleparallel” theories as consistent deformations [4, 5] of
free field theories. In particular it is pointed out that and how standard general coordinate
transformations arise as local spacetime translations by consistently deforming these free
theories.

In section 3 supersymmetric extensions of the free field theories underlying the “telepar-
allel” theories given in section 2 are derived. Somewhat astonishingly, it turns out that
there are many new (previously unknown) supersymmetric free field theories of this sort,
with partly rather unusual supersymmetry transformations.

Section 4 outlines how supersymmetric free field theories derived in section 3 may
be extended to supersymmetric theories with interacting fields which are supersymmetric
extensions of “teleparallel” theories as in section 2, and of generalizations of such theo-
ries with couplings to other supersymmetry multiplets (super Yang-Mills multiplets, scalar
multiplets) and/or higher powers in the torsion and/or terms with more derivatives. Fur-
thermore one class of such theories is worked out explicitly.

Section 5 briefly summarizes results derived in the paper.
Conventions used in the paper are given in appendix A. In addition we use a parameter

z ∈ {1,−1, i,−i} which allows one to adapt the results to various conventions used in
the literature concerning complex conjugation and signs in the commutator algebra of
infinitesimal supersymmetry transformations. Using z, our convention concerning complex
conjugation is

XY = z2|X| |Y |X̄ Ȳ , z ∈ {1,−1, i,−i} (1.1)

where XY denotes the complex conjugate of the product XY of any two objects X and
Y , such as fields, operators or differential forms, X̄ and Ȳ denote the complex conjugates
of these objects, and |X| and |Y | denote the Graßmann grading of X and Y , respectively,
with |X|, |Y | ∈ {0, 1} (the Graßmann grading of a “bosonic” object is 0, the Graßmann
grading of a “fermionic” object is 1). Owing to these conventions, z occurs in various
equations throughout the paper.

Appendix B summarizes the derivation of results on the supersymmetry transforma-
tions used in section 3.

Appendix C outlines the derivation of results on the construction of supersymmetric
actions used in section 4.

2 Non-supersymmetric “teleparallel” gauge theories of spacetime trans-
lations

In this section it is shown how, along the lines of [6], non-supersymmetric gauge theories of
spacetime translations can be constructed as consistent deformations of free field theories

– 2 –



J
H
E
P
1
0
(
2
0
2
2
)
0
2
1

for a set of abelian gauge fields Aµν with Lorentz vector indices µ, ν in flat four-dimensional
spacetime and the abelian gauge transformations

δ(0)
v Aµ

ν = ∂µv
ν (2.1)

where the vν are gauge parameters depending arbitrarily on the spacetime coordinates.
Our starting point is a free field theory with the Lagrangian

L
(0)
Bose = a1FµνρF

µνρ + a2FµνρF
ρµν + a3Fµν

νFµρρ + a4ε
µνρσFµνρFστ

τ (2.2)

where a1, . . . , a4 are (so far arbitrary) real coefficients, Fµνρ are the components of gauge
invariant field strengths

Fµν
ρ = ∂µAν

ρ − ∂νAµρ (2.3)

and Lorentz vector indices are lowered and raised by means of the Minkowski metric ηµν =
diag(1,−1,−1,−1) and its inverse. It can be shown that, up to total divergences, (2.2)
is in four spacetime dimensions the most general free field Lagrangian for the fields Aµν

which is quadratic in derivatives of these fields and invariant up to total divergences under
the gauge transformations (2.1) and standard global Poincaré transformations.

For later purpose I remark that (2.2) also can be written as

L
(0)
Bose = a′1FµνρF

µνρ + a′2HµH
µ + a3GµG

µ + a′4GµH
µ (2.4)

where

Hµ = 1
4ε

µνρσFνρσ, Gµ = Fµν
ν , a′1 = a1 −

1
2a2, a′2 = −4a2, a′4 = −4a4 (2.5)

There are particular values of the coefficients a1, . . . , a4 which deserve special attention.
These values can be obtained from the equations of motion arising from L

(0)
Bose by its Euler-

Lagrange derivatives w.r.t. Aµν . To see this it is useful to decompose Aµν into its symmetric
and antisymmetric parts according to

Aµν = Hµν +Bµν , Hµν = Hνµ, Bµν = −Bνµ (2.6)

The Euler-Lagrange derivatives of L(0)
Bose w.r.t. Hµν and Bµν are

δL
(0)
Bose

δHµν
= 2(a2 − 2a1)∂ρ∂ρHµν + 2(2a1 − a2 − a3)∂ρ∂(µHν)ρ

+ 2a3(∂µ∂νHρ
ρ + ηµν∂ρ∂σH

ρσ − ηµν∂ρ∂ρHσ
σ)

− 2(2a1 − a2 + a3)∂ρ∂(µBν)ρ + 2a4ε
ρστ(µ∂ν)∂ρBστ (2.7)

δL
(0)
Bose

δBµν
= 2(2a1 − a2 + a3)∂ρ∂[µHν]ρ + 2a4ε

µνρσ∂τ∂ρHστ

− 2(2a1 + a2)∂ρ∂ρBµν − 2(2a1 + 3a2 − a3)∂ρ∂[µBν]ρ

+ 2a4(ερστ [µ∂ν] + εµνρσ∂τ )∂ρBστ (2.8)
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One observes that the equations of motion for Hµν and Bµν decouple if and only if 2a1 −
a2 + a3 and a4 vanish:

a3 = a2 − 2a1, a4 = 0 ⇔ a3 = −2a′1, a′4 = 0 : (2.9)

δL
(0)
Bose

δHµν
= 2a3(∂ρ∂ρHµν − 2∂ρ∂(µHν)ρ + ∂µ∂νHρ

ρ + ηµν∂ρ∂σH
ρσ − ηµν∂ρ∂ρHσ

σ) (2.10)

δL
(0)
Bose

δBµν
= −2(2a1 + a2)(∂ρ∂ρBµν + 2∂ρ∂[µBν]ρ) = −6(2a1 + a2)∂ρ∂[ρBµν] (2.11)

The Euler-Lagrange derivatives (2.10) are proportional to the left hand sides of the
linearized vacuum Einstein equations in flat background. The Euler-Lagrange deriva-
tives (2.11) are proportional to the left hand sides of the standard Maxwell type free field
equations for an antisymmetric gauge field Bµν . The cases (2.9) are special because in these
cases the free theory has two independent gauge symmetries, namely δ(0)

v Hµν = ∂(µvν) and
δ

(0)
w Bµν = ∂[µwν] with unrelated gauge parameters vµ and wµ whereas for generic values of
a1, . . . , a4 the gauge transformations of Hµν and Bµν in the free theory are δ(0)

v Hµν = ∂(µvν)

and δ(0)
v Bµν = ∂[µvν] with the same gauge parameters vµ.

The cases (2.9) are even more special when a2 = −2a1 or a2 = 2a1. In the first
case the Euler-Lagrange derivatives of L(0)

Bose w.r.t. Bµν vanish identically, i.e. up to a total
divergence L(0)

Bose does not depend on Bµν and thus effectively Bµν drops out of the free
theory.1 In this case the free theory is equivalent to linearized Einstein gravity in flat
background. In the second case the Euler-Lagrange derivatives of L(0)

Bose w.r.t. Hµν vanish
identically, i.e. Hµν drops out of the free theory. In that case the free theory is just a free
theory for an antisymmetric gauge field Bµν with Maxwell type Lagrangian proportional
to FµνρFµνρ with Fµνρ = 3∂[µBνρ],

a2 = −2a1, a3 = −4a1, a4 = 0 ⇔ a′2 = 4a′1, a3 = −2a′1, a′4 = 0 : δL
(0)
Bose

δBµν
= 0 (2.12)

a2 = 2a1, a3 = a4 = 0 ⇔ a′1 = a3 = a′4 = 0 : δL
(0)
Bose

δHµν
= 0 (2.13)

So far the gauge fields Aµν are not related to spacetime translations. In order to relate them
to spacetime translations we use Noether couplings of these gauge fields to the Noether
currents corresponding via Noether’s first theorem [7] to the global symmetries of the
free field theory under “improved” spacetime translations. The generator of the improved
spacetime translation in the µth spacetime direction is denoted by ∆µ and acts on the
gauge fields according to

∆µAν
ρ = Fµν

ρ (2.14)

∆µAν
ρ is the sum of a standard infinitesimal global spacetime translation of Aνρ in the

µth spacetime direction generated by ∂µAνρ and a gauge transformation (2.1) with field
1This can be formulated as a gauge invariance of the free theory under arbitrary shifts of Bµν which

corresponds to the invariance of the Lagrangian (2.25) under local Lorentz transformations for coefficients
as in (2.12).
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dependent gauge parameters −Aµρ. As both the standard global spacetime translations
and the gauge transformations (2.1) are symmetries of the free field theory, this also holds
for the improved spacetime translations generated by (2.14). The advantage of using the
improved spacetime translations in place of the usual spacetime translations here is that
the corresponding Noether currents are invariant under the gauge transformations (2.1).
The components ν of the Noether current corresponding to the global symmetry of the
free theory generated by ∆µ are the components Tµν of the “improved” (gauge invariant)
energy-momentum tensor

Tµ
ν = δνµL

(0)
Bose − (∆µAρ

σ) ∂L
(0)
Bose

∂(∂νAρσ)

= δνµL
(0)
Bose − Fµρ

σ(4a1F
νρ
σ + 4a2Fσ

[νρ] + 4a3G
[νδρ]

σ + 2a4ε
νρ
στG

τ − 8a4H
[νδρ]

σ )

= δνµ

[(
a1 −

1
2a2

)
FρστF

ρστ + 4a2HρH
ρ + a3GρG

ρ
]

− 4
(
a1 −

1
2a2

)
FµρσF

νρσ + 2a2(FρσµενρστHτ − 4HµH
ν)

+ 2a3(FµρνGρ −GµGν) + a4(FρσµενρστGτ − 4FµρνHρ) (2.15)

The Noether couplings of the gauge fields Aµν to the improved energy-momentum tensor
add interaction terms to the free field Lagrangian L(0)

Bose that provide a first order deforma-
tion L(1)

Bose of this Lagrangian which is

L
(1)
Bose = Aν

µTµ
ν (2.16)

This deformation of the free field Lagrangian L
(0)
Bose is accompanied by a corresponding

deformation δ̃(1)
v of the gauge transformations (2.1) which is

δ̃(1)
v Aµ

ν = vρ∆ρAµ
ν = vρFρµ

ν (2.17)

As Tµν is invariant under the gauge transformations (2.1), one has

δ̃(1)
v L

(0)
Bose + δ(0)

v L
(1)
Bose ' 0 (2.18)

where ' denotes equality up to a total divergence. According to (2.18), L(1)
Bose and δ̃

(1)
v

provide a consistent first order deformation of the free theory, i.e. deformations L(0)
Bose +

gL
(1)
Bose and δ

(0)
v +gδ̃(1)

v of the free field Lagrangian and gauge transformations with (constant
but otherwise arbitrary) real deformation parameter g such that the deformed Lagrangian
is invariant under the deformed gauge transformations, up to a total divergence and up
to terms that are quadratic in g. The relation of the deformed gauge transformations to
general coordinate transformations is obtained by writing (2.17) as follows:

δ̃(1)
v Aµ

ν = vρ(∂ρAµν − ∂µAρν) = vρ∂ρAµ
ν + (∂µvρ)Aρν + ∂µ(−vρAρν) (2.19)

Eq. (2.19) shows that δ̃(1)
v Aµ

ν is the sum of a standard infinitesimal general coordinate
transformation with parameters vµ which ignores the second (upper) index of Aµν , and
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a gauge transformation (2.1) with gauge parameters −vρAρν . The latter portion, i.e.
∂µ(−vρAρν), can be removed from δ̃

(1)
v Aµ

ν because it does not contribute to δ̃
(1)
v L

(0)
Bose

in (2.18) as L(0)
Bose is invariant under the gauge transformation (2.1) (for arbitrary v’s).

Hence, in place of δ̃(1)
v Aµ

ν = vρFρµ
ν one may use

δ(1)
v Aµ

ν = vρ∂ρAµ
ν + (∂µvρ)Aρν (2.20)

without amending L(1)
Bose, i.e. one has

δ(1)
v L

(0)
Bose + δ(0)

v L
(1)
Bose ' 0 (2.21)

Now, δ(1)
v Aµ

ν has the form of an infinitesimal general coordinate transformation of Aµν

which ignores the upper index ν. However, (δ(0)
v + gδ

(1)
v )Aµν additionally contains the por-

tion δ(0)
v Aµ

ν = ∂µv
ν . This suggests to introduce a field with components δνµ+gAµν because

the deformed gauge transformation δ(0)
v +gδ

(1)
v of this field precisely has the form of a stan-

dard infinitesimal general coordinate transformation (with parameters gvµ) which ignores
the upper index ν. δνµ + gAµ

ν thus transforms under the deformed gauge transformations
precisely like a tetrad field under infinitesimal general coordinate transformations.

It is now obvious how one can extend the first order deformation of the free field
theory to all orders. Namely, switching to standard notation, one can introduce a tetrad
field eµ

a whose lower index is treated as a covariant world index of general coordinate
transformations and whose upper index is treated as a contravariant Lorentz vector index
(with generally globally realized Lorentz transformations). Then the torsion

Tµν
a = ∂µeν

a − ∂νeµa (2.22)

is an antisymmetric tensor under general coordinate transformations with respect to its
world indices µ, ν. Assuming (or imposing) that the tetrad is invertible everywhere one
introduces also the inverse tetrad eµa which fulfills

eµaeµ
b = δba , eνaeµ

a = δνµ (2.23)

Now one can convert the world indices of Tµνa in the standard way into Lorentz vector
indices according to

Tbc
a = eµbe

ν
c(∂µeνa − ∂νeµa) (2.24)

By construction Tbca transforms scalarly under general coordinate transformations. Hence
the Lagrangian

LBose = e(a1TabcT
abc + a2TabcT

cab + a3Tab
bT acc + a4ε

abcdTabcTde
e)

= e(a′1TabcT abc + a′2HaH
a + a3GaG

a + a′4HaG
a), (2.25)

where e = det(eµa) denotes the determinant of the tetrad, Lorentz vector indices are
lowered and raised by the Minkowski metric ηab and its inverse, Ha = 1

4ε
abcdTbcd and

Ga = Tab
b, is a scalar density (with weight one) under general coordinate transformations

and thus fulfills
δvLBose = g∂µ(vµLBose) (2.26)
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where δv is an infinitesimal general coordinate transformation with parameters gvµ,

δveµ
a = gvν∂νeµ

a + g(∂µvν)eνa (2.27)

Using eµa = δaµ + gAµ
a, an expansion of LBose in powers of g reproduces at zeroth order in

g the free field Lagrangian (2.2) and at first order in g the first order deformation (2.16)
of that Lagrangian. Furthermore, (2.27) provides (2.1) and (2.20) via eµa = δaµ + gAµ

a.
Hence (2.25) and (2.27) complete the first order deformations (2.16) and (2.20) of the free
field Lagrangian (2.2) and gauge transformations (2.1) to all orders in g via eµa = δaµ+gAµa.
Of course, the expansion of LBose in g yields infinitely many terms owing to the presence
of the inverse tetrad in LBose. As is well-known, possibly first observed by Lanczos (cf.
section 5.1 of [8]), the Lagrangian (2.25) is for a2 = −2a1, a3 = −4a1, a4 = 0 (the so-
called “teleparallel equivalent of general relativity”) proportional to the Einstein-Hilbert
Lagrangian for the metric gµν = eµ

aeν
bηab, up to a total divergence.2

3 Supersymmetric free field theories

In order to construct supersymmetric theories of gauged spacetime translations, we first
seek supersymmetric extensions of free field theories with a Lagrangian (2.2) in flat space-
time. To this end we introduce fermionic spinor-vector fields λαν which are to become the
superpartner fields of the gauge fields Aµν . The index α of λαν is a spinor index with two
values (α = 1, 2, cf. appendix A), the index ν is a contravariant Lorentz vector index (in
flat spacetime). λαν is a complex-valued field (i.e. a field with a real part and an imaginary
part) which is invariant under the gauge transformations (2.1),

δ(0)
v λα

ν = 0 (3.1)

The complex conjugate of λαν is denoted by λ̄α̇ν (α̇ = 1̇, 2̇).
We denote the generators of global supersymmetry transformations in flat spacetime

by Dα and D̄α̇ where D̄α̇ is the complex conjugate of Dα, and make the following Ansätze
for the supersymmetry transformations Dα of Aµν , λβµ and λ̄α̇µ:

DαAµν = (b1σµλ̄ν + b2σν λ̄µ + b3ηµνσ
ρλ̄ρ + b4εµνρσσ

ρλ̄σ)α (3.2)
Dαλ

β
µ = z[δβα(b5Gµ + b6Hµ) + σµνα

β(b7Gν + b8H
ν) + b9σ

νρ
α
βFνρµ] (3.3)

Dαλ̄
α̇
µ = 0 (3.4)

where the coefficients b1, . . . , b9 in general are complex numbers, i.e.

bi = xi + iyi, xi, yi ∈ R (i = 1, . . . , 9)

The Ansätze (3.2) through (3.4) are motivated by the requirements that the supersymmetry
transformations Dα of Aµν , λβµ and λ̄α̇µ do not explicitly depend on spacetime coordinates
and commute with the gauge transformations (2.1).

2A corresponding “teleparallel equivalent of supergravity” is given in section 1.5 of [3].
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For the supersymmetric free field Lagrangrian we make the following Ansatz:

L(0)
susy = L

(0)
Bose + L

(0)
Fermi (3.5)

L
(0)
Fermi = z[a5λ

µσν∂ν λ̄µ + a6(λµσν∂µλ̄ν + λµσµ∂ν λ̄
ν)

+ ia7(λµσν∂µλ̄ν − λµσµ∂ν λ̄ν) + ia8ε
µνρσλµσν∂ρλ̄σ] (3.6)

with L(0)
Bose as in (2.2) and real coefficients a5, . . . , a8. L(0)

Fermi is the most general free field
Lagrangian for λαµ and λ̄α̇µ that is invariant under standard Poincaré transformations,
linear in the derivatives of these fields and real, up to total divergences.

We impose that the anticommutators of the Dα and D̄α̇ fulfill the standard supersym-
metry algebra, i.e.

{Dα , D̄α̇} ∼ −2zσµαα̇∂µ , {Dα , Dβ} ∼ 0, {D̄α̇ , D̄β̇} ∼ 0 (3.7)

where ∼ denotes equality up to gauge transformations (2.1) (with field dependent parame-
ters) and up to terms that vanish on-shell in the free field theory, i.e. up to terms containing
the Euler-Lagrange derivatives of L(0)

susy w.r.t. Aµν , λαν or λ̄α̇µ. Eq. (3.5) implies that the
Euler-Lagrange derivatives of L(0)

susy w.r.t. Aµν are of second order in the derivatives of Aµν .
Hence, the Ansätze (3.2) through (3.4) imply that the anticommutators {Dα , D̄α̇}Aµν do
not contain the Euler-Lagrange derivatives of L(0)

susy w.r.t. Aµν when we require that these
anticommutators do not contain gauge transformations or on-shell vanishing terms that
explicitly depend on spacetime coordinates.3 With this requirement, (3.7) imposes on Aµν
for generic values of a1, . . . , a4, i.e. for values which exclude the special cases (2.9):4

{Dα , D̄α̇}Aµν = −2zσραα̇∂ρAµν + ∂µXναα̇ (3.8)

where Xναα̇ are some field dependent gauge parameters of a gauge transformation (2.1).
In appendix B it is shown that (3.8) and the Ansätze (3.2) through (3.4) imply that with
no loss of generality one may assume b9 = −1 and then obtains

Xναα̇ = 2zAρνσραα̇ (3.9)

3This requirement appears to be natural but it is not completely innocent as there are supersymmet-
ric free field theories where the commutator algebra of the infinitesimal supersymmetry transformations
contains infinitesimal gauge transformations and on-shell vanishing terms which depend on spacetime coor-
dinates explicitly even though the supersymmetry transformations themselves do not depend on spacetime
coordinates explicitly, cf. [9, 10] for examples.

4In the cases (2.9) one has {Dα , D̄α̇}Hµν = −2zσραα̇∂ρHµν + ∂(µXν)αα̇ and {Dα , D̄α̇}Bµν =
−2zσραα̇∂ρBµν + ∂[µYν]αα̇ where Xµαα̇ and Yµαα̇ can be different. In the very special case (2.12), which
provides linearized standard supergravity, {Dα , D̄α̇}Bµν does not impose any condition at all because
then Bµν effectively drops out of the free field theory, cf. remarks following (2.11). For these reasons, the
coefficients bi which occur in linearized standard supergravity need not and actually do not fulfill all of
the equations in appendix B. This is the reason why, for instance, the coefficients in (3.10) do not provide
linearized standard supergravity.
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Furthermore in appendix B it is shown that the choice y1 = y3 = 0 provides the following
coefficients which will be used in the further investigations:

b1 ∈ R\
{3

4

}
, y5, y6, y7, y8 ∈ R,

b2 = 1− b1, b3 = b1 − 1, b4 = i(1− b1),

b5 = 1− b1
3− 4b1

+ iy5, b6 = iy6, b7 = 2(b1 − 1)
3− 4b1

+ iy7, b8 = iy8, b9 = −1,

(1− b1)y5 =
(

1− 3
2b1

)
y7, (1− b1)(2 + y6) =

(
1− 3

2b1
)
y8 (3.10)

The values of y5, y6, y7, y8 in (3.10) are so far only restricted by the last two equations
in (3.10) — hence, for any particular value of b1, at most two of the coefficients y5, y6, y7, y8
are independent. Furthermore the value b1 = 3/4 must be excluded in the cases y1 = 0 (cf.
derivation of (B.29) in appendix B).

Of course, in addition to (3.8), the algebra (3.7) is required to be satisfied on λαν and
λ̄α̇

ν . However, on λαν and λ̄α̇ν , the anticommutators of the supersymmetry transformations
can (and do) involve the Euler-Lagrange derivatives of L(0)

susy w.r.t. these fields. Therefore
it appears to be more efficient to first determine Lagrangians L(0)

susy which are invariant,
up to a total divergence, under the supersymmetry transformations with coefficients ful-
filling (3.10). The algebra (3.7) then “automatically” will also hold on λαν and λ̄α̇ν .

Now, as L(0)
susy is real up to a total divergence, it is invariant up to a total divergence

under D̄α̇ whenever it is invariant up to a total divergence under Dα. Hence, it is sufficient
to consider DαL

(0)
susy. Using (3.2) through (3.4), one obtains

DαL
(0)
susy ' [c1σν λ̄µ∂ρF

ρ(µν) + c2σµλ̄
µ∂νG

ν + c3σ
ν λ̄µ∂νHµ + c4σ

ν λ̄µ∂µHν

+ c5σ
ν λ̄µ∂νGµ + c6σ

ν λ̄µ∂µGν + εµνρσσσλ̄µ(c7∂νHρ + c8∂νGρ)]α (3.11)

with (for arbitrary coefficients bi)

c1 = z2(a5 + a8)b9 − 4a′1(b1 + b2)

c2 = −z2
[
(a6 + ia7)b5 +

(1
2a5 − a8

)
b7 + a8b9

]
− 4a′1b3 − 2a3(b1 + b2 + 3b3)

c3 = −z2
[(1

2a6 + i
2a7 + a8

)
b8 + a5b6 + 2ia8b9

]
+ 8a′1b4 − 2a′2b4 + a′4b2

c4 = z2
[(1

2a5 + 2a6 − ia7

)
b8 − (a6 − ia7)b6 + 2(ia6 + a7)b9

]
− 8a′1b4 + 2a′2b4 + a′4b1

c5 = −z2
[(1

2a6 + i
2a7 + a8

)
b7 + a5b5 −

(1
2a5 + 1

2a8 + a6 + ia7

)
b9

]
+ 2a′1(b2 − b1)− a′4b4 + 2a3b2

c6 = z2
[(1

2a5 + 2a6 − ia7

)
b7 − (a6 − ia7)b5 −

(1
2a5 −

1
2a8 + 2a6

)
b9

]
+ 2a′1(b1 − b2) + a′4b4 + 2a3b1

c7 = z2
[1

2(ia5 − ia6 + a7 − ia8)b8 + ia8b6 − (a5 − a8)b9
]

+ 4a′1(b1 − b2) + a′2(b2 − b1) + a′4b4
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c8 = z2
[1

2(ia5 − ia6 + a7 − ia8)b7 + ia8b5 + (ia6 − a7)b9
]

+ 4a′1b4 + 1
2a
′
4(b2 − b1) + 2a3b4 (3.12)

All the coefficients c1, . . . , c8 must vanish in the generic cases. We shall now sum up what
this imposes in the cases of coefficients b1, . . . , b9 given in (3.10). In these cases, obviously
c1 = 0 is a real equation and provides (3.13):

a′1 = −z
2(a5 + a8)

4 (3.13)

c7 − ic3 = 0 turns out to be a real equation too which, using (3.13), provides (3.14):

a′2 = −z2(a5 + a8)
(
y6 + 1

2y8

)
(3.14)

c8 − ic5 = 0 also turns out to be a real equation which, using (3.13), provides (3.15):

a′4 = −2z2(a5 + a8)
(
y5 + 1

2y7

)
(3.15)

c5 + c6 = 0 is a complex equation which provides (3.16) by its real part and (3.17) by its
imaginary part:

a3 = −z
2

2

[2(1− b1)a5 + a6 + (1− 2b1)a8
4b1 − 3 + a7

(3
2y7 − y5

)]
(3.16)

a7
3− 4b1

+ a5

(1
2y7 − y5

)
+ a6

(3
2y7 − y5

)
− a8y7 = 0 (3.17)

c7 + ic3 = 0 is a complex equation which, using (3.13), (3.14) and (3.15), provides (3.18)
by its real part and (3.19) by its imaginary part:

2a5[(1− b1)(2− y8) + (2b1 − 1)y6] + 2a8[2(b1 − 1)y6 + b1(y8 − 2)] + a6y8 = 0 (3.18)

a7y8 = 4(1− b1)(a5 + a8)
(
y5 + 1

2y7

)
(3.19)

c2 = 0 is a complex equation which, using (3.13) and (3.16), provides (3.20) by its real part
and (3.21) by its imaginary part:

−2(1− b1)2a5 + (2b1 − 1)a6 + 2b1(1− b1)a8 = 0 (3.20)

−a6y5 + (1− b1)a7
4b1 − 3 −

(1
2a5 − a8

)
y7 = 0 (3.21)

c3 + c4 = 0 is a complex equation which, using (3.13), (3.14) and (3.15), provides (3.22) by
its real part and (3.23) by its imaginary part:

a7

(3
2y8 − y6 − 2

)
− 2(a5 + a8)

(
y5 + 1

2y7

)
= 0 (3.22)

a5

(1
2y8 − y6

)
+ a6

(3
2y8 − y6 − 2

)
+ a8(2− y8) = 0 (3.23)
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Finally, c8 + ic5 = 0 is a complex equation which, using (3.15), provides (3.24) by its real
part. Using (3.13) and (3.16), the imaginary part of c8 + ic5 = 0 gives again (3.20).

2(3b1 − 2)a7
4b1 − 3 + 2a5[(2b1 − 1)y5 + (b1 − 1)y7] + a6y7 + 2a8[2(b1 − 1)y5 + b1y7] = 0 (3.24)

We note that for b1 6= 1 we have 3
2y8− y6− 2 = 1

2y8/(1− b1) by the last equation in (3.10)
which then implies that (3.19) and (3.22) are equivalent. For b1 = 1 one has y8 = 0 by
the last equation in (3.10) and thus (3.19) becomes trivial in the case b1 = 1. Hence,
actually (3.19) does not provide any extra condition in either case and can be ignored.

Notice that (3.17) through (3.24) have been written such that they only involve the
coefficients a5, . . . , a8 in L

(0)
Fermi but not those in L

(0)
Bose. Hence, (3.17) through (3.24) are

equations for a5, . . . , a8 and b1, y5, . . . , y8 which must be fulfilled in order that L(0)
susy is invari-

ant, up to a total divergence, under the supersymmetry transformations (3.2) through (3.4)
with coefficients bi as in (3.10). Eq. (3.13) through (3.16) then provide the coefficients a′1,
a′2, a3, a′4 in L(0)

Bose, without imposing further conditions. In other words, in order to obtain
a supersymmetric free field theory with a Lagrangian L

(0)
susy and supersymmetry transfor-

mations (3.2) through (3.4) with coefficients bi as in (3.10), it is necessary and sufficient
that equations (3.17) through (3.24) (where one can ignore (3.19)) and additionally the
last two equations in (3.10) are fulfilled.

We shall now provide various supersymmetric free field theories arising from these
equations by giving the respective coefficients a′1, . . . , a8 in the Lagrangian L

(0)
susy and

b1, . . . , b9 in the supersymmetry transformations (3.2) through (3.4). Firstly we provide
the free field theories for the cases b1 = 1 because for b1 = 1 both the supersymme-
try transformations (3.2) through (3.4) (with coefficients bi as in (3.10)) and the equa-
tions (3.17) through (3.24) are particularly simple, and the last two equations in (3.10)
impose y7 = y8 = 0. One obtains:

a5, y5, y6 ∈ R,
b1 = 1, b2 = b3 = b4 = 0, b5 = iy5, b6 = iy6, b7 = b8 = 0, b9 = −1,

a′1 = −1
8z

2a5(2 + y6), a′2 = −1
2z

2a5y6(2 + y6), a3 = 1
2z

2a5

(
−y2

5 + 1
2y6

)
,

a′4 = −z2a5y5(2 + y6), a6 = 0, a7 = −a5y5, a8 = 1
2a5y6 (3.25)

Secondly we provide the free field theories for the cases b1 = 2/3 which are also special for
various reasons (in these cases the last two equations in (3.10) imply y5 = 0 and y6 = −2;
furthermore in these cases there is a formulation of the free field theories with a commutator
algebra of infinitesimal supersymmetry transformations and spacetime translations which
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closes off-shell, up to gauge transformations, see below). In these cases one obtains:5

a5, a8, y7 ∈ R, a5 6= 2a8,

b1 = 2
3 , b2 = 1

3 , b3 = −1
3 , b4 = i

3 , b5 = 1, b6 = −2i, b7 = −2 + iy7,

b8 = 4i(a5 + a8)
3(2a8 − a5) , b9 = −1, a′1 = −1

4z
2(a5 + a8), a′2 = 2z2(a5 + a8)(5a8 − 4a5)

3(2a8 − a5) ,

a3 = −1
2z

2
[
5a8 − 4a5 + 3

4(2a8 − a5)y2
7

]
, a′4 = −z2(a5 + a8)y7,

a6 = 2
3(a5 − 2a8), a7 = 1

2(2a8 − a5)y7 (3.26)

Thirdly we provide the free field theories for the cases y6 = 0 with b1 different from 1 and
2/3:

b1 ∈ R\
{

1, 2
3 ,

3
4

}
, a8, y7 ∈ R,

b2 = 1− b1, b3 = b1 − 1, b4 = i(1− b1), b5 = 1− b1
3− 4b1

+ i(2− 3b1)y7
2(1− b1) , b6 = 0,

b7 = 2(b1 − 1)
3− 4b1

+ iy7, b8 = 4i(b1 − 1)
3b1 − 2 , b9 = −1,

a′1 = − z2a8
4(1− b1) , a

′
2 = 2z2a8

3b1 − 2 ,

a3 = −z2a8

[
1

2(4b1 − 3) + (3b1 − 2)(4b1 − 3)y2
7

8(1− b1)3

]
, a′4 = z2(4b1 − 3)a8y7

(1− b1)2 ,

a5 = b1a8
(1− b1) , a6 = 0, a7 = (3b1 − 2)(4b1 − 3)a8y7

2(1− b1)2 (3.27)

Eq. (3.25) through (3.27) show that there are supersymmetric extensions of various free
field theories with a Lagrangian L(0)

Bose as in (2.2), where of course supersymmetry relates
the coefficients a1, . . . , a4 of L(0)

Bose. Furthermore, we remark that (3.25) through (3.27)
do not exhaust such free field theories because there are other free field theories with
coefficients a1, . . . , a8 and b1, . . . , b9 different from those in (3.25), (3.26), (3.27) which
fulfill equations (3.10) and (3.17) through (3.24) (we leave it to interested readers to work
out such free field theories).

We end the discussion of supersymmetric free field theories by addressing the issue of
auxiliary fields which might be used to close the commutator algebra of the infinitesimal
supersymmetry transformations and spacetime translations off-shell, up to gauge transfor-
mations. According to the standard counting of degrees of freedom, the free field theory
with Lagrangian L(0)

susy has, in the generic cases, 12 bosonic and 16 fermionic degrees of free-
dom off-shell. Hence one needs at least four additional bosonic degrees of freedom to close
the commutator algebra of the infinitesimal supersymmetry transformations and spacetime
translations off-shell, up to gauge transformations. This suggests to introduce an auxiliary

5The case a5 = 2a8 is excluded in (3.26) because b1 = 2/3 and a5 = 2a8 imply that all coefficients
a1, . . . , a8 must vanish.
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real vector field Bµ and the following Ansatz for modified supersymmetry transformations
D′α in presence of Bµ:

D′αAµν =DαAµν = (b1σµλ̄ν +b2σν λ̄µ+b3ηµνσ
ρλ̄ρ+b4εµνρσσ

ρλ̄σ)α (3.28)
D′αλ

β
µ = z[δβα(b5Gµ+b6Hµ+b10Bµ)+σµνα

β(b7Gν +b8H
ν +b11B

ν)+b9σ
νρ
α
βFνρµ] (3.29)

D′αλ̄
α̇
µ =Dαλ̄

α̇
µ = 0 (3.30)

where b10 and b11 are complex coefficients,

b10 = x10 + iy10, b11 = x11 + iy11, x10, x11, y10, y11 ∈ R (3.31)

Now, as the algebra (3.7) was already realized off-shell on Aµν , the Bµ-dependent terms
arising from (3.29) must not contribute in {D′α , D̄′α̇}Aµν . Up to a factor z these terms
turn out to be

Bνσµαα̇

(
b1b10 + 1

2b2b11 + ib̄4b11

)
+Bµσναα̇

(
b2b10 + 1

2b1b11 − ib̄4b11

)
+ ηµνBρσ

ρ
αα̇

[
b̄3

(
b10 −

3
2b11

)
− 1

2(b1 + b2)b11

]
+ εµνρσB

ρσσαα̇

[
b̄4

(
−b10 + 1

2b11

)
+ i

2(b1 − b2)b11

]
+ c.c. (3.32)

It is straightforward to verify that all terms in (3.32) vanish for coefficients bi as in (3.10)
if and only if

x10 = x11 = 0, (1− b1)y10 =
(

1− 3
2b1

)
y11 (3.33)

Eq. (3.33) thus are necessary conditions for the commutator algebra of infinitesimal space-
time translations and supersymmetry transformations with D′α as in (3.28) through (3.30)
to close off-shell, up to gauge transformations (2.1), with coefficients bi as in (3.10). In the
case b1 = 1 one has y11 = 0 and obtains that the commutator algebra of the infinitesimal
supersymmetry transformations and spacetime translations closes off-shell, up to gauge
transformations (2.1), for the following transformations D′α:

b1 = 1 : D′αAµν = (σµλ̄ν)α (3.34)
D′αλ

β
µ = z(iδβαB̂µ − σνραβFνρµ) (3.35)

D′αλ̄
α̇
µ = 0 (3.36)

D′αB̂µ = −i(σν∂ν λ̄µ)α (3.37)

where, in order to simplify the supersymmetry transformations, we have redefined the
auxiliary field according to

B̂µ = y5Gµ + y6Hµ + y10Bµ (3.38)
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In the cases b1 6= 1 we write the transformations D′α in (3.28) through (3.30), for coefficients
bi as in (3.10), as follows:

b1 6= 1 : D′αAµν = b1(σµλ̄ν)α + (1− b1)(σν λ̄µ − ηµνσρλ̄ρ + iεµνρσσρλ̄σ)α (3.39)

D′αλ
β
µ = z

[
δβα

( 1− b1
3− 4b1

Gµ − 2iHµ + i 2− 3b1
2(1− b1)B̂µ

)
+ σµνα

β
(
−2 1− b1

3− 4b1
Gν + iB̂ν

)
− σνραβFνρµ

]
(3.40)

D′αλ̄
α̇
µ = 0 (3.41)

where we have redefined the auxiliary field according to

B̂µ = y7Gµ + y8Hµ + y11Bµ (3.42)

Furthermore we make the following Ansatz for D′αB̂µ:

b1 6= 1 : D′αB̂µ = i(b12σ
ν∂µλ̄ν + b13σµ∂ν λ̄

ν + b14σ
ν∂ν λ̄µ)α + b15εµνρσ(σν∂ρλ̄σ)α (3.43)

where b12, . . . , b15 are complex coefficients. Imposing now that D′α and D̄′α̇ fulfill
{D′α , D̄′α̇} = −2zσναα̇∂ν and {D′α , D′β} = 0 on λγµ and B̂µ, one gets

b1 = 2
3 , b12 = 2

3 , b13 = −2, b14 = b15 = 0 (3.44)

We conclude that, for coefficients bi as in (3.10), b1 = 1 and b1 = 2/3 are the only values
of b1 for which the commutator algebra of infinitesimal supersymmetry transformations and
spacetime translations can be closed off-shell, up to gauge transformations, by means of
an auxiliary vector field as in (3.28) through (3.30). Of course, this does not exclude
that for other values of b1 there might be a different set of auxiliary fields which can be
used to close the commutator algebra of infinitesimal supersymmetry transformations and
spacetime translations off-shell, up to gauge transformations.

4 Supersymmetric actions for interacting fields

4.1 Lagrangians for “teleparallel” theories

We now discuss the construction of globally supersymmetric extensions of actions with
Lagrangians (2.25) and generalizations thereof (containing higher powers of the torsion
and/or terms with more derivatives). We denote the generators of the global supersymme-
try transformations by Dα and D̄α̇ and define covariant derivatives Da according to

Da = eµa∂µ (4.1)

We shall now assume that Dα and D̄α̇ are realized such that on the tetrad one has

{Dα , D̄α̇}eµa = −2zσναα̇Tνµa, {Dα , Dβ}eµa = {D̄α̇ , D̄β̇}eµ
a = 0 (4.2)
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with σµαα̇ = eµaσ
a
αα̇, and Tµνa as in (2.22), and on all fields which transform scalarly under

general coordinate transformations (λαa, λ̄α̇a and auxiliary fields transforming scalarly
under general coordinate transformations) one has

{Dα , D̄α̇} = −2zσaαα̇Da, {Dα , Dβ} = {D̄α̇ , D̄β̇} = 0 (4.3)

Hence, we assume that (4.2) and (4.3) hold off-shell, and thus that the commutator algebra
of the infinitesimal supersymmetry transformations and general coordinate transformations
can be closed off-shell by means of one or more auxiliary fields. It need not be assumed
that the auxiliary fields are the components of a vector field even though this of course is
the case we have in mind.

Eqs. (4.2) and (4.3) imply that the commutator of two infinitesimal supersymmetry
transformations is an infinitesimal general coordinate transformation, on all fields. Indeed,
introducing an anticommuting constant spinor with components εα and the complex conju-
gated spinor with components ε̄α̇ as parameters of the infinitesimal global supersymmetry
transformations according to

δsusy
ε = z(εαDα + ε̄α̇D̄α̇), (4.4)

one obtains, on all fields, that the commutator of two such supersymmetry transforma-
tions with parameters εα1 , ε̄α̇1 , and εα2 , ε̄α̇2 , respectively, is an infinitesimal general coordinate
transformation δv with parameters vµ = 2z3(ε1σ

µε̄2 − ε2σ
µε̄1):

[ δsusy
ε1 , δsusy

ε2 ] = δv, vµ = 2z3(ε1σ
µε̄2 − ε2σ

µε̄1) (4.5)

Now, (4.1) through (4.3) imply that on all fields which transform scalarly under general
coordinate transformations and are constructible out of the fields eµa, λαa, λ̄α̇a and their
derivatives (such as Tabc, λαa, λ̄α̇a and covariant derivatives thereof) and the one or more
auxiliary fields (such as Ba and covariant derivatives thereof), one has

[DA,DB} = −TABCDC (4.6)

where the indices A, B, C run over Lorentz vector indices a and spinor indices α, α̇, and
[DA,DB} denotes the commutator [DA , DB ] if A or B is a Lorentz vector index and the
anticommutator {DA , DB} if both A and B are spinor indices:

[DA,DB} = DADB − (−)|A| |B|DBDA, |a| = 0, |α| = |α̇| = 1 (4.7)

Using [ ∂µ , Dα ] = [ ∂µ , D̄α̇ ] = 0, (4.1) through (4.3) imply

Tαα̇
a = Tα̇α

a = 2zσaαα̇, Tαa
b = −Taαb = eµaDαeµb,

Tα̇a
b = −Taα̇b = eµaD̄α̇eµb, Tab

c = eµae
ν
bTµν

c (4.8)

The Bianchi identities following from (4.6) are∑
ABC

◦ (−)|A| |C|(DATBCD + TAB
ETEC

D) = 0 (4.9)
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where
∑
◦ XABC = XABC + XBCA + XCAB denotes the cyclic sum. The Bianchi identi-

ties (4.9) for the torsions in (4.8) actually are implied by (4.2), i.e. these Bianchi identities
hold whenever equations (4.2) hold, as can be checked readily.

Now we assign “mass dimensions”, denoted by [ ], to the various fields and operators
according to

[eµa] = 0, [λαa] = [Dα] = 1/2, [∂µ] = 1 (4.10)

Assuming (or imposing) that the supersymmetry transformations only contain parameters
with vanishing mass dimension and taking into account the Lorentz indices, Dαeµa must
be linear in λ̄α̇a. Hence, in order to construct supersymmetric extensions of actions with
Lagrangians (2.25) corresponding to supersymmetric free field theories with coefficients bi
as in (3.10), we now shall consider

Dαeµa = [b1σµλ̄a + (1− b1)σaλ̄µ + (b1 − 1)eµaσbλ̄b + i(1− b1)εµabcσbλ̄c]α (4.11)

In addition we shall need Dαλ̄α̇a. In order to derive it, we decompose λ̄α̇a into a spin-1/2
part χ and a spin-3/2 part ψ̄ according to

λ̄α̇ββ̇ ≡ λ̄α̇
aσaββ̇ = 1

2εα̇β̇χβ + ψ̄α̇β̇β , ψ̄α̇β̇β = ψ̄β̇α̇β (4.12)

which implies

χα = (σaλ̄a)α, ψ̄α̇β̇α = σaα(α̇λ̄β̇)a, λ̄α̇a = −1
4(χσa)α̇ + 1

2 σ̄a
β̇βψ̄α̇β̇β (4.13)

Eqs. (3.4), (4.10) and the Bianchi identity (4.9) with indices ABCD = αβcd suggest that
Dαλ̄α̇a is bilinear in λ̄. Therefore we make the following general Ansätze for Dαχβ and
Dαψ̄α̇β̇β :

Dαχβ = εαβ(d1χχ+ d2ψ̄ψ̄) (4.14)

Dαψ̄α̇β̇β = d3εαβψ̄
α̇β̇γχγ + d4ψ̄

α̇β̇
(αχβ) + d5ψ̄γ̇

(α̇
αψ̄

β̇)γ̇
β (4.15)

with χχ = χαχα, ψ̄ψ̄ = ψ̄α̇β̇
αψ̄α̇β̇α, and (in general complex) coefficients d1, . . . , d5. Us-

ing (4.8) with Dαeµa as in (4.11), and (4.14) and (4.15) in the Bianchi identity (4.9) with
indices ABCD = αβcd yields

d1 = 3− 4b1
4 , d2 = 1

2(4b1 − 3) , d3 = 3− 4b1
2 , d4 = 0, d5 = −1 (4.16)

We note that (4.14) through (4.16) also imply {Dα , Dβ}λ̄α̇a = 0, as well as

Dα(χχ) = 1
3− 4b1

χαψ̄ψ̄, Dα(ψ̄ψ̄) = 3− 4b1
2 χαψ̄ψ̄ (4.17)

Furthermore we note that

χχ = −λ̄aλ̄a − 2λ̄aσ̄abλ̄b, ψ̄ψ̄ = −3
2 λ̄aλ̄

a + λ̄aσ̄abλ̄
b (4.18)
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In appendix C it is shown that, under the above assumptions, Lagrangians which are
invariant, up to total divergences, under infinitesimal general coordinate transformations
and supersymmetry transformations (4.4) can be constructed by means of operators P and
P̄ defined according to

P = D2 + 2(4b1 − 3)χD + 1
2(4b1 − 3)2χχ+ ψ̄ψ̄ (4.19)

P̄ = −z2
[
D̄2 + 2(4b1 − 3)χ̄D̄ + 1

2(4b1 − 3)2χ̄χ̄+ ψψ

]
(4.20)

with D2 = DαDα, χD = χαDα, D̄2 = D̄α̇D̄α̇, χ̄D̄ = χ̄α̇D̄α̇, χ̄χ̄ = χ̄α̇χ̄
α̇, ψψ = ψαβα̇ψαβ

α̇,
and χχ and ψ̄ψ̄ as above. We note that

1
2(4b1 − 3)2χχ+ ψ̄ψ̄ = −1

2[(4b1 − 3)2 + 3]λ̄aλ̄a − 16(b1 − 1)
(
b1 −

1
2

)
λ̄aσ̄abλ̄

b (4.21)

The operator P and the field polynomial 1
2(4b1 − 3)2χχ + ψ̄ψ̄ fulfill the following

equations:

[Dα + (4b1 − 3)χα]P = 0, [Dα + (4b1 − 3)χα]
(1

2(4b1 − 3)2χχ+ ψ̄ψ̄

)
= 0 (4.22)

where the first equation in (4.22) is an operator identity. Accordingly P̄ and 1
2(4b1 −

3)2χ̄χ̄+ ψψ fulfill

[D̄α̇ + (4b1 − 3)χ̄α̇]P̄ = 0, [D̄α̇ + (4b1 − 3)χ̄α̇]
(1

2(4b1 − 3)2χ̄χ̄+ ψψ

)
= 0 (4.23)

In appendix C it is shown that, under the above assumptions, the “density formula”

eP̄h(T ) + c.c. (4.24)

provides a function of the fields and their derivatives which is invariant, up to total di-
vergences, under general coordinate transformations and supersymmetry transformations
generated by (4.4) for any function h(T ) of the tensors T r given in (C.12) (with φM as
in (C.3) where Ba may be replaced by other auxiliary fields, if any) which fulfills

[Dα + (4b1 − 3)χα]h(T ) = 0 (4.25)

I remark that (4b1 − 3)χαh(T ) in (4.25) originates from the presence of the torsion Tαa
b

in (4.6), as the analysis in appendix C shows.
Using the mass dimensions given in (4.10) one infers that the supersymmetric exten-

sions of actions with Lagrangians (2.25) arise from functions h(T ) which are quadratic
in the λαa and λ̄α̇a. Furthermore these functions must be Lorentz invariant. According
to (3.3) (with b9 = −1) one always has Dαλβa = −zσbcαβTbca + . . . This implies that the
supersymmetric extensions of actions with Lagrangians (2.25) arise from Lorentz invariant
functions h(T ) which are quadratic in the λ̄α̇a, and thus that any such function is a linear
combination (with complex coefficients) of χχ and ψ̄ψ̄. Eq. (4.17) implies that the only
linear combinations of χχ and ψ̄ψ̄ which fulfill (4.25) are a(1

2(4b1−3)2χχ+ ψ̄ψ̄) where a is
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an arbitrary complex number. This implies that (in the generic cases) the supersymmetric
extensions of actions with Lagrangians (2.25) arise from

aeP̄
[1

2(4b1 − 3)2χχ+ ψ̄ψ̄

]
+ c.c., a ∈ C (4.26)

Now, in general (4.26) provides two contributions to the Lagrangian which are separately
invariant, up to total divergences, under general coordinate transformations and super-
symmetry transformations and are proportional to the real and the imaginary part of
eP̄ [1

2(4b1 − 3)2χχ + ψ̄ψ̄], respectively. In other words, any Lagrangian (4.26) involves at
most two arbitrary real coefficients. Furthermore it can and does happen, as in the case
b1 = 1 (cf. section 4.3), that the Lagrangian (4.26), up to a total divergence, actually
involves only one arbitrary real coefficient, namely when the real or the imaginary part
of eP̄ [1

2(4b1 − 3)2χχ + ψ̄ψ̄] is a total divergence. Then that coefficient is just an overall
factor of the Lagrangian, i.e. the Lagrangian essentially is unique. Notice that this also
implies that at most two of the coefficients a1, . . . , a4 in the Lagrangian can be indepen-
dent. This shows that supersymmetric “teleparallel” theories are much more constrained
than non-supersymmetric ones.

I remark that the analysis in appendix C analogously can be conducted for the su-
persymmetric free theories of section 3 (assuming that the commutator algebra of the
supersymmetry transformations and spacetime translations can be closed off-shell, up to
gauge transformations, by means of auxiliary fields). In place of (4.24) and (4.25) one
then obtains −z2D̄2h̃(T̃ ) where h̃(T̃ ) is any function of Fµνρ, λαµ, λ̄α̇µ, Bµ (or other aux-
iliary fields) and derivatives thereof which fulfills Dαh̃(T̃ ) = 0. According to (3.4) one has
Dαλ̄

α̇µ = 0 which implies that χχ and ψ̄ψ̄ fulfill Dα(χχ) = 0 and Dα(ψ̄ψ̄) = 0. The analog
of (4.26) in the supersymmetric free field theories thus reads −z2D̄2(aχχ + bψ̄ψ̄) + c.c.

where a and b are arbitrary complex coefficients.6 This shows that and explains why
supersymmetric “teleparallel” theories are more constrained than the corresponding super-
symmetric free field theories: the reason is the condition (4.25) in combination with the
nonlinear terms in the supersymmetry transformations of the fields.

Lagrangians of supersymmetric actions more general than (4.26) arise from

eP̄Pf(T ) + c.c. (4.27)

where f(T ) is any function of the tensors T r (notice that h(T ) = Pf(T ) fulfills (4.25)
for any f(T ) due to the first equation in (4.22)). A constant contribution to f provides
again (4.26). Non-constant contributions to f provide supersymmetric actions containing
higher powers of the torsion Tabc and/or terms with more than two derivatives.

4.2 Lagrangians with further supersymmetry multiplets

We now discuss the construction of supersymmetric actions involving further supersymme-
try multiplets. We first introduce super Yang-Mills multiplets whose fields are Yang-Mills

6This implies that a Lagrangian of a supersymmetric free theory corresponding to (2.2) may have up to
four arbitrary real coefficients, just as (2.2). However there may be a linear combination of D̄2(χχ) and
D̄2(ψ̄ψ̄) which is a total divergence which then reduces the number of arbitrary real coefficients to at most
three.
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gauge fields Aµi, gauginos λαi (and their complex conjugates λ̄α̇i) and real scalar auxil-
iary fields Di where i enumerates generators δi of a reductive Lie algebra. We proceed
analogously to section 4.1: we extend the covariant derivatives (4.1) according to

Da = eµa(∂µ −Aµiδi), (4.28)

impose
DαAµi = (σµλ̄i)α, (4.29)

and shall assume that the supersymmetry transformations Dα and D̄α̇ on Aµ
i fulfill the

algebra

{Dα , D̄α̇}Aµi = −2zσναα̇Fνµi, {Dα , Dβ}Aµi = {D̄α̇ , D̄β̇}Aµ
i = 0 (4.30)

where Fµνi are the components of the Yang-Mills field strengths:

Fµν
i = ∂µAν

i − ∂νAµi + fjk
iAµ

jAν
k (4.31)

where fijk are the structure constants of the Lie algebra of the δi,

[ δi , δj ] = fij
kδk (4.32)

Furthermore we assume that the supersymmetry transformations Dα and D̄α̇ are realized
off-shell such that, in place of (4.6), one has, on the fields (C.35) (where Ba may be replaced
with other auxiliary fields transforming scalarly under general coordinate transformations,
if any) and their covariant derivatives,

[DA,DB} = −FABiδi − TABCDC (4.33)

with nonvanishing field strengths

Fαa
i = −Faαi = (σaλ̄i)α, Fα̇ai = −Faα̇i = (λiσa)α̇, Fabi = eµae

ν
bFµν

i (4.34)

Eq. (4.33) gives the additional Bianchi identities∑
ABC

◦ (−)|A| |C|(DAFBCi + TAB
DFDC

i) = 0 (4.35)

In place of (4.5) one now gets

[ δsusy
ε1 , δsusy

ε2 ] = δv + δYM
w , wi = −2z3(ε1σ

µε̄2 − ε2σ
µε̄1)Aµi (4.36)

where δv denotes an infinitesimal general coordinate transformation with parameters vµ

as in (4.5), and δYM
w denotes an infinitesimal Yang-Mills gauge transformation with gauge

parameters wi which reads on Aµi, λαi and Di, respectively:

δYM
w Aµ

i = ∂µw
i + fjk

iwkAµ
j , δYM

w λα
i = fjk

iwkλα
j , δYM

w Di = fjk
iwkDj (4.37)
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Now, in order to construct, along the lines of the section 4.1, supersymmetric actions
containing the fields of the super Yang-Mills multiplets we need Dαλ̄α̇i. We make the
following Ansatz:

Dαλ̄α̇i = d6λ̄α̇
a(σaλ̄i)α + d7(σaλ̄a)αλ̄α̇i (4.38)

Using (4.34), (4.38), and (4.8) with Dαeµa as in (4.11) in the Bianchi identity (4.35) with
indices ABC = αβc yields

d6 = −1, d7 = 2(1− b1) (4.39)

We note that (4.29), (4.38) and (4.39) imply {Dα , Dβ}Aµi = 0, i.e. (4.38) with d6 and d7
as in (4.39) is consistent with (4.30).

Now it is straightforward to verify that

[Dα + (4b1 − 3)χα](dij λ̄iλ̄j) = 0 (4.40)

where dij are constant components of a symmetric invariant tensor of the Lie algebra of
the δi, i.e.

∀i, j, k : fki
mdmj + fkj

mdim = 0 (4.41)

According to (4.40) and (4.41), h = dij λ̄
iλ̄j fulfills both (4.25) and (C.41), and thus (4.24)

provides a contribution to the Lagrangian of a supersymmetric action given by

beP̄ (dij λ̄iλ̄j) + c.c. (4.42)

where b is an arbitrary complex number. Hence, in general (4.42) provides two contributions
to the Lagrangian which are separately invariant, up to total divergences, under general
coordinate transformations and supersymmetry transformations and are proportional to
the real and the imaginary part of eP̄ (dij λ̄iλ̄j), respectively.

Using the Bianchi identity (4.35) with indices ABC = αβ̇c, one infers that (4.42)
provides terms quadratic in the Yang-Mills field strengths Fµνi, for one obtains

Dαλβi = −zσabαβFabi + . . . , D̄α̇λ̄β̇i = zσ̄abβ̇ α̇Fab
i + . . . , (4.43)

Contributions to a supersymmetric action containing higher powers of the Yang-Mills field
strengths, terms with more than two spacetime derivatives, and/or terms containing both
the torsion Tµνa and the Yang-Mills field strengths arise from (4.27).

Next we shall discuss the inclusion of scalar supersymmetry multiplets whose lowest
component fields are complex scalar fields ϕm which transform under Yang-Mills gauge
transformations according to

δYM
w ϕm = −wiTimnϕn (4.44)

where Timn are the entries of matrices Ti representing the δi according to [Ti , Tj ] = fij
kTk.

We denote the higher component fields of scalar supersymmetry multiplets by ηαm and Fm

where ηm are complex spinor fields and Fm are complex scalar auxiliary fields.
For the supersymmetry transformations Dα of ϕm, ηαm and Fm we use, as usual,

Dαϕm = ηα
m, Dαηβm = εβαF

m, DαFm = 0 (4.45)
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Let us now discuss the transformations Dα of the complex conjugated fields whose
components are denoted by ϕ̄m̄, η̄α̇m̄ and F̄ m̄. Usually (in standard supergravity) one im-
poses the antichirality condition Dαϕ̄m̄ = 0. This can be done here too. However, imposing
Dαϕ̄m̄ = 0 for all scalar multiplets does not allow the construction of a superpotential for
the scalar multiplets. Namely a superpotential would arise from (4.24) for a function h(ϕ̄)
of the undifferentiated fields ϕ̄. Now, this function must fulfill (4.25) which is not the
usual antichirality condition Dαh(ϕ̄) = 0 but the condition Dαh(ϕ̄) = (3 − 4b1)χαh(ϕ̄)
which cannot be fulfilled nontrivially when all km̄ are zero (recall that b1 6= 3/4). This
suggests to relax the antichirality condition Dαϕ̄m̄ = 0 and use instead of it the following
Dα-transformations:

Dαϕ̄m̄ = χαk
m̄ϕ̄m̄ (no sum over m̄) (4.46)

where km̄ are numbers which coincide for the component fields of any particular scalar su-
persymmetry multiplet (whose component fields transform under Yang-Mills gauge trans-
formations according to some irreducible representation {Ti} of the Lie algebra of the δi)
but may differ for different such multiplets. One now easily derives Dαη̄α̇m̄ and DαF̄ m̄

by imposing and using the algebra (4.33). The result is not spelled out here. Then (4.24)
through (4.27) can be used to construct contributions to supersymmetric actions containing
the fields of the scalar multiplets and their derivatives.

4.3 Lagrangians for b1 = 1

In this section we present the nonlinear extensions of the supersymmetric free field the-
ories provided in section 3 for b1 = 1. The nonlinear extensions of the supersymmetry
transformations given in (3.34) through (3.37) turn out to be

b1 = 1 : Dαeµa = (σµλ̄a)α (4.47)
Dαλβµ = z(iδβαB̂µ − σνραβTνρµ) (4.48)
Dαλ̄α̇µ = 0 (4.49)
DαB̂µ = −iσναα̇∂ν λ̄α̇µ + iλ̄α̇ν∂νσµαα̇ (4.50)

It is important that the index µ of λβµ, λ̄α̇µ and B̂µ in (4.48) through (4.50) is a contravari-
ant (i.e. upper) world index. The corresponding transformations of these fields with a co-
variant (i.e. lower) index µ are more complicated, as are the transformations with a Lorentz
vector index in place of a contravariant world index. These transformations are obtained
from (4.47) through (4.50) as usual, using Dαλβµ = Dα(gµνλβν) with gµν = eµ

aeν
bηab,

Dαλβa = Dα(eµaλβµ) etc. The resultant transformations of λβa, λ̄α̇a and B̂a are

Dαλβa = z(iδβαB̂a − σbcαβTbca)− λβb(σbλ̄a)α (4.51)
Dαλ̄α̇a = −λ̄α̇b(σbλ̄a)α (4.52)
DαB̂a = −i(σbDbλ̄a)α + iTbca(σbλ̄c)α + B̂b(σbλ̄a)α (4.53)

Eq. (4.47) through (4.50) (and the complex conjugates of these transformations) imply that
on all fields eµa, λβµ, λ̄α̇µ, B̂µ the commutator of two infinitesimal supersymmetry trans-
formations (4.4) fulfills (4.5) off-shell, with δv a standard infinitesimal general coordinate
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transformation which acts, e.g., on eµa and λβµ according to

δveµ
a = vν∂νeµ

a + (∂µvν)eνa, δvλ
βµ = vν∂νλ

βµ − (∂νvµ)λβν (4.54)

Accordingly the Dα and D̄α̇ fulfill the algebra (4.3) off-shell on Tab
c, λβa, λ̄α̇a, B̂a

and covariant derivatives thereof which was used in the derivation of the Lagrangians
presented in (4.24) through (4.27), cf. appendix C. Eq. (4.26) thus gives a Lagrangian of
a supersymmetric action in the case b1 = 1. In this case (4.21) and its complex conjugate
and (4.20) give:

b1 = 1 : 1
2(4b1 − 3)2χχ+ ψ̄ψ̄ = −2λ̄aλ̄a (4.55)
1
2(4b1 − 3)2χ̄χ̄+ ψψ = −2λaλa (4.56)

P̄ = −z2(D̄2 + 2λaσaD̄ − 2λaλa) (4.57)

Using (4.51) through (4.53) (and the complex conjugates of these transformations) one ob-
tains that the imaginary part of eP̄(λ̄aλ̄a) is a total divergence (one gets 1

2eP̄(λ̄aλ̄a)−c.c. =
−ieεabcdTabeTcde + . . . = ∂µ(−2ieεµνρσeνaTρσa + . . . )). The real part of eP̄(λ̄aλ̄a) is

− 1
2z

2e(D̄2 + 2λaσaD̄ − 2λaλa)(λ̄bλ̄b) + c.c.

= e(2TabcT abc − 4z3λ̄aσ̄bDbλa − 4z3λaσbDbλ̄a − 4B̂aB̂a + . . .) (4.58)

where the ellipses denote terms which are at least trilinear in the Tabc, λβa, λ̄α̇a and B̂a.
I stress that the analysis of appendix C implies that (4.58), up to a total divergence and
an overall factor, is the unique counterpart of a Lagrangian (2.25) in a supersymmetric
theory in the case b1 = 1, i.e. a theory with Lagrangian (2.25) has a supersymmetric
extension with b1 = 1 only for a′2 = a3 = a′4 = 0.

Finally we provide for the case b1 = 1 the supersymmetry transformations (4.4) of
the component fields of super Yang-Mills multiplets which fulfill (4.36) off-shell. These are
generated by the following transformations Dα and the corresponding complex conjugated
transformations D̄α̇:

b1 = 1 : DαAµi = (σµλ̄i)α (4.59)
Dαλβi = z(iδβαDi − σbcαβFbci)− λβb(σbλ̄i)α (4.60)
Dαλ̄α̇i = −λ̄α̇b(σbλ̄i)α (4.61)
DαDi = −i(σbDbλ̄i)α + iFbci(σbλ̄c)α + B̂b(σbλ̄i)α (4.62)

Eq. (4.42) provides a contribution to the Lagrangian of supersymmetric actions involv-
ing the component fields of super Yang-Mills multiplets. As the imaginary part of eP̄(λ̄aλ̄a),
the imaginary part of eP̄(dij λ̄iλ̄j) is a total divergence. The real part of eP̄(dij λ̄iλ̄j) is

− 1
2z

2e(D̄2 + 2λaσaD̄ − 2λaλa)(dij λ̄iλ̄j) + c.c.

= edij(2FabiF abj − 4z3λ̄iσ̄bDbλj − 4z3λiσbDbλ̄j − 4DiDj + . . .) (4.63)
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Concerning the construction of supersymmetric actions with Lagrangians containing
terms with the component fields of scalar multiplets, higher powers of the torsion and/or
Yang-Mills field strengths, and/or terms with more than two derivatives we refer to sec-
tions 4.1 and 4.2.

5 Conclusion

This paper shows that supergravity theories are not the only supersymmetric gauge theo-
ries of spacetime translations. Rather, in four spacetime dimensions there is at least one
other class of theories, presented in section 4.3, which is new (previously unknown) and
similar to globally supersymmetric Yang-Mills theories in flat spacetime. In these theo-
ries, the supersymmetries are global symmetries generated by infinitesimal supersymmetry
transformations whose commutators contain infinitesimal general coordinate transforma-
tions with field dependent gauge parameters, analogously to the presence of infinitesimal
Yang-Mills gauge transformations in the commutators of infinitesimal global supersymme-
try transformations in supersymmetric Yang-Mills theories in flat spacetime.

The present paper leaves open whether the theories presented in section 4.3 are the
only supersymmetric gauge theories of spacetime translations besides supergravity theories
in four spacetime dimensions. If they were the only such theories, this would drastically
constrain supersymmetric versions of “teleparallel” theories with Lagrangians (2.25) be-
cause in these theories one has a′2 = a3 = a′4 = 0. However, according to the results
presented in sections 3, 4.1 and 4.2, there might be more theories of this sort (theories with
b1 6= 1). It should be noted however that any such theory which fulfills the prerequisites of
the present paper also would relate the coefficients a1, . . . , a4 in the Lagrangian (2.25) such
that these coefficients are not all independent, cf. the discussions in sections 3 and 4.1.

A Conventions

Minkowski metric, ε-symbols:

ηab = diag(1,−1,−1,−1), a, b ∈ {0, 1, 2, 3}

εabcd = ε[abcd], ε0123 = 1

εαβ = −εβα, α, β ∈ {1, 2}, εα̇β̇ = −εβ̇α̇, α̇, β̇ ∈ {1̇, 2̇}, ε12 = ε1̇2̇ = 1

εαγε
γβ = δβα, εα̇γ̇ε

γ̇β̇ = δβ̇α̇

Matrices σa with entries σaαα̇ (α: row index, α̇: column index):

σ0 =
(

1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)

Matrices σ̄a with entries σ̄aα̇α:
σ̄a α̇α = εα̇β̇εαβσa

ββ̇
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Matrices σab, σ̄ab:

σab = 1
4(σaσ̄b − σbσ̄a), σ̄ab = 1

4(σ̄aσb − σ̄bσa)

Raising and lowering of spinor indices:

ψα = εαβψ
β , ψα = εαβψβ , ψ̄α̇ = εα̇β̇ψ̄

β̇ , ψ̄α̇ = εα̇β̇ψ̄β̇

Contraction of spinor indices:

ψχ = ψαχα, ψ̄χ̄ = ψ̄α̇χ̄
α̇

Symmetrization and antisymmetrization of indices are defined with “weight one”, e.g.:

X(ab) = 1
2(Xab +Xba), X[ab] = 1

2(Xab −Xba)

B Derivation of equations (3.9) and (3.10)

Eqs. (3.2), (3.3) and the complex conjugates thereof give:

z−1{Dα , D̄α̇}Aµν =
(1

2b7b̄1 + b5b̄2 − ib7b̄4 + ib9b̄4
)
Gµσναα̇ (B.1)

+
(
b5b̄1 + 1

2b7b̄2 + ib7b̄4 − ib9b̄4
)
Gνσµαα̇ (B.2)

+
(1

2b8b̄1 + b6b̄2 − ib8b̄4 + 2b9b̄4
)
Hµσναα̇ (B.3)

+
(
b6b̄1 + 1

2b8b̄2 + ib8b̄4 − 2b9b̄4
)
Hνσµαα̇ (B.4)

+ b9(b̄1Fρµν + b̄2Fρνµ − ib̄4Fµνρ)σραα̇ (B.5)

+ 1
2[(2b6 − b8)b̄4 + ib8(b̄2 − b̄1)]Hµνρσ

ρ
αα̇ (B.6)

+
[
−1

2b7(b̄1 + b̄2 + 3b̄3) + (b5 + b9)b̄3
]
ηµνGρσ

ρ
αα̇ (B.7)

+
[
−1

2b8(b̄1 + b̄2 + 3b̄3) + b6b̄3

]
ηµνHρσ

ρ
αα̇ (B.8)

+ 1
2b9(ib̄1F ρσνεµρστ + ib̄2F ρσµενρστ − b̄4F ρστ εµνρσ)στ αα̇ (B.9)

+ 1
2[(b7 − 2b5)b̄4 + ib7(b̄1 − b̄2)]εµνρσGρσσαα̇ + c.c. (B.10)

where
Hµνρ = εµνρσH

σ = ∂µBνρ + ∂νBρµ + ∂ρBµν (B.11)

Eqs. (B.5) and (B.6) have to give the terms on the right hand side of (3.8). The parts
of (B.5) and (B.6) which are symmetric in µ, ν show that b9 must not vanish. By redefining
λα

µ one can thus fix b9 to some particular non-zero value. Hence, with no loss of generality
one may use

b9 = −1 (B.12)
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Then the parts of the right hand side of (3.8) and of (B.5) which are symmetric in µ, ν

give (3.9) and
x1 + x2 = 1 (B.13)

The parts of the right hand side of (3.8) and of (B.5) and (B.6) which are antisymmetric
in µ, ν then give

y4 = 1− x1 (B.14)

0 = (1− x1)
(

2 + y6 −
1
2y8

)
+ x4

(
x6 −

1
2x8

)
+ 1

2y8(2x1 − 1)− 1
2x8(y1 − y2) (B.15)

where (B.14) arises from the terms containing derivatives of Hµν , (B.15) arises from the
terms containing derivatives of Bµν , and (3.9), (B.12) and (B.13) were used (and addition-
ally (B.14) to derive (B.15)).

By (3.8), in addition to (B.12) through (B.15), the real parts of the coefficents in (B.1)
through (B.4) and (B.7) through (B.10) have to vanish where the parts of (B.9) and (B.10)
which are antisymmetric in µ, ν must be considered together (as these parts both contain
εµνρσG

ρσσαα̇). We shall now work out these requirements using (B.12) through (B.14).
We start with (B.9). The parts of (B.9) which are symmetric in µ, ν give

y1 + y2 = 0 (B.16)

and thus, together with (B.13):
b1 + b2 = 1 (B.17)

The parts of (B.9) and (B.10) which are antisymmetric in µ, ν give, using (B.16):

x4 = y1 (B.18)

0 = y1

(
x5 −

3
2x7 − 1

)
+ y5(1− x1) + y7

(3
2x1 − 1

)
(B.19)

Eqs. (B.14) and (B.18) give
b4 = i(1− b1) (B.20)

Using (B.12), (B.17) and (B.20), (B.1) and (B.2) give

x7 = −2x5 (B.21)

0 = x5(4x1 − 3) + y1

(
y5 −

3
2y7

)
+ 1− x1 (B.22)

Analogously (B.3) and (B.4) give

x8 = −2x6 (B.23)

0 = x6(4x1 − 3) + y1

(
y6 −

3
2y8 + 2

)
(B.24)

Using (B.12), (B.17), (B.20) and (B.21), (B.7) gives

x5 − x3(1− 4x5) + y3

(
y5 −

3
2y7

)
= 0 (B.25)
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Finally, using (B.17) and (B.23), (B.8) gives

x6(4x3 − 1) + y3

(
y6 −

3
2y8

)
= 0 (B.26)

Eq. (B.12) through (B.26) still leave a lot of freedom for the coefficients xi and yi. The
choice y1 = 0 reduces this freedom. For this choice (B.18) and (B.19) yield

y1 = x4 = 0 (B.27)

y5(1− x1) = y7

(
1− 3

2x1

)
(B.28)

Using y1 = 0 in (B.22), one observes that x1 = 3/4 would give 0 = 1/4. Hence, for y1 = 0,
x1 must not be 3/4:

y1 = 0 : x1 6=
3
4 (B.29)

Eq. (B.22) through (B.24) now give

x5 = 1− x1
3− 4x1

(B.30)

x6 = x8 = 0 (B.31)

and, using (B.31), (B.15) gives

(1− x1)(2 + y6) =
(

1− 3
2x1

)
y8 (B.32)

Using (B.30) in (B.25) gives

x3 = x1 − 1 + (4b1 − 3)y3

(
y5 −

3
2y7

)
(B.33)

One is left with (B.26) which gives, using (B.31):

y3

(
y6 −

3
2y8

)
= 0 (B.34)

Hence, in the cases y1 = 0 there are two options: y3 = 0, or y3 6= 0 and y6 = 3
2y8. The

first option gives (3.10). We note that the second option provides the same results for
the coefficients b2, b4, b5, b7 as in (3.10), and b3 = b1 − 1 + (4b1 − 3)y3(y5 − 3

2y7) + iy3,
b6 = 6i(b1 − 1) and b8 = 4i(b1 − 1).

C Derivation of Lagrangians

In this appendix it is explained how one can derive Lagrangians which are invariant, up to
total divergences, under general coordinate transformations and supersymmetry transfor-
mations using BRST methods. The approach uses general and well established concepts
and results, cf. e.g. [11–13], and more specific results on supersymmetric theories [14–16].
We shall not review these concepts and results in detail. However, for readers which are
not familiar with them we shall outline the main line of reasoning.
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We shall first discuss supersymmetric pure “teleparallel” theories whose fields are eµa,
λαa, λ̄α̇a and auxiliary fields Ba (in place of Ba one may use B̂a, cf. (3.38) and (3.42),
or other auxiliary fields — if any). As in section 4.1 we shall assume that the commu-
tator algebra of the infinitesimal supersymmetry transformations and general coordinate
transformations closes off-shell. Then one can construct a BRST differential s which acts
on the fields and on “ghosts” related to infinitesimal general coordinate transformations
and global supersymmetry transformations, and which squares to zero on all fields and the
ghosts.7 The BRST transformations of the fields are:

seµ
a = Cν∂νeµ

a + (∂µCν)eνa + (ξαDα + ξ̄α̇D̄α̇)eµa (C.1)
sφM = (Cµ∂µ + ξαDα + ξ̄α̇D̄α̇)φM (C.2)

where Cµ are anticommuting ghost fields of general coordinate transformations and ξα and
ξ̄α̇ are commuting constant ghosts of global supersymmetry transformations, and

{φM} = {λαa, λ̄α̇a, Ba} (C.3)

The BRST transformations of the ghosts are:

sCµ = Cν∂νC
µ + 2zξσµξ̄, sξα = sξ̄α̇ = 0 (C.4)

Now, the BRST transformations of the fields are just infinitesimal general coordinate
transformations and supersymmetry transformations with parameters of these transforma-
tions replaced by the respective ghosts (up to the factor z in the definition of the super-
symmetry transformations (4.4)). Hence, a Lagrangian L constructed of the fields and
their derivatives is invariant, up to total divergences, under general coordinate transfor-
mations and supersymmetry transformations if and only if sL is a total divergence. Using
differential forms this can be written as

sω4 + dω3 = 0 (C.5)

where ω4 = d4xL is a local 4-form with ghost number 0 and ω3 is a local 3-form with
ghost number 1, where the ghost number is the degree of homogeneity in the ghosts, and
d denotes the exterior derivative

d = dxµ∂µ (C.6)

The differentials dxµ are treated as anticommuting variables which are BRST-invariant
(sdxµ = 0). Using [ s , ∂µ ] = 0, this gives

s2 = {s , d} = d2 = 0 (C.7)

Applying s to (C.5) and using (C.7) gives dsω3 = 0. The fact that the cohomology of
d is trivial in the space of local forms in form-degrees 0 < p < 4 (i.e., dωp = 0 implies
ωp = dηp−1 for 0 < p < 4 in four spacetime dimensions) implies sω3 + dω2 = 0 for some
local 2-form ω2 with ghost number 2. Repeating the reasoning one concludes sω2+dω1 = 0,

7Actually s is an “extended” BRST differential for local and global symmetries [17].
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sω1 + dω0 = 0 and sω0 = 0 for some local 1-form ω1 with ghost number 3 and some local
0-form ω0 with ghost number 4 (a constant form with form-degree 0 cannot occur here
because that form would be a polynomial in the supersymmetry ghosts which cannot arise
as it would be independent of the fields). Hence, the forms ω4, . . . , ω0 fulfill the so-called
descent equations. These equations can be written compactly as

s̃ω = 0, s̃ = s+ d, ω =
4∑
p=0

ωp (C.8)

Sums of local forms, such as ω, will be called “total forms”. s̃ is a differential (s̃2 =
0, as follows from (C.7)) which has “total degree” 1 where the total degree is the sum
of the form degree and the ghost number, i.e. s̃ increases the total degree by one unit.
Hence, any Lagrangian which is invariant, up to total divergences, under general coordinate
transformations and supersymmetry transformations gives rise to a local total form ω with
total degree 4 which is s̃-closed. Furthermore one can assume that ω is not s̃-exact because
ω = s̃η for some local total form η with total degree 3 would imply ω4 = dη3 (with η3 the 3-
form in η), and thus that L is a total divergence. Hence, ω is determined by the cohomology
H(s̃) of s̃ in the space of local total forms of the fields and ghosts at total degree 4.

Now, H(s̃) can be analysed analogously as in standard supergravity in [15, 16]. Firstly
one introduces appropriate variables that substitute for the fields, ghosts and derivatives
thereof:

{U `} = {xµ, ∂(µ1 . . . ∂µkeµk+1)
a : k = 0, 1, . . .}, (C.9)

{V`} = {s̃U `} = {dxµ, ∂µ1 . . . ∂µk+1 ξ̃
a + . . . : k = 0, 1, . . .} (C.10)

ξ̃a = (Cµ + dxµ)eµa (C.11)
{T r} = {D(a1 . . .DakTak+1)ak+2

b,D(a1 . . .Dak)φ
M : k = 0, 1, . . .} (C.12)

This yields

s̃ T r = (ξ̃aDa + ξαDα + ξ̄α̇D̄α̇)T r (C.13)

s̃ ξ̃a = 2zξσaξ̄ − ξ̃bξαTαba − ξ̃bξ̄α̇Tα̇ba + 1
2 ξ̃

bξ̃cTbc
a (C.14)

s̃ ξα = s̃ ξ̄α̇ = 0 (C.15)

with Tαba, Tα̇ba and Tbca as in section 4.1.
Eq. (C.9) through (C.15) imply that the U ` and V` drop out of the cohomology H(s̃)

because they form so-called contractible pairs. It follows that H(s̃) reduces to the co-
homology of s̃ in the space of total forms ω(ξ̃, ξ, ξ̄, T ) depending only on the T r, ξ̃a, ξα

and ξ̄α̇. Hence, up to a total divergence, any Lagrangian which is invariant, up to total
divergences, under infinitesimal general coordinate transformations and supersymmetry
transformations as in section 4.1 is the 4-form contained in a total form ω(ξ̃, ξ, ξ̄, T ) with
total degree 4 which fulfills

s̃ω(ξ̃, ξ, ξ̄, T ) = 0 (C.16)
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In order to find solutions ω(ξ̃, ξ, ξ̄, T ) of (C.16) we decompose (C.16) into parts with dif-
ferent degree of homogeneity in the ξ̃a (this degree will be called ξ̃-degree in the following).
According to (C.13) through (C.15), s̃ decomposes on the T r, ξ̃a, ξα, ξ̄α̇ according to
s̃ = δ− + δ0 + δ+ into three parts δ−, δ0 and δ+ with ξ̃-degrees −1, 0 and +1, respectively:

δ− = 2zξσaξ̄ ∂

∂ξ̃a
(C.17)

δ0 = −(ξ̃bξαTαba + ξ̃bξ̄α̇Tα̇b
a) ∂

∂ξ̃a
+ (ξαDαT r + ξ̄α̇D̄α̇T r)

∂

∂T r
(C.18)

δ+ = 1
2 ξ̃

bξ̃cTbc
a ∂

∂ξ̃a
+ (ξ̃aDaT r)

∂

∂T r
(C.19)

The decomposition of (C.16) thus gives

δ−ω
m = 0, δ−ωm+1 + δ0ω

m = 0, . . . (C.20)

where ωk denotes the part of ω with ξ̃-degree k, and m denotes the lowest ξ̃-degree in this
decomposition,

ω(ξ̃, ξ, ξ̄, T ) =
4∑

k=m
ωk, ξ̃a

∂ωk

∂ξ̃a
= kωk (C.21)

By (C.20) ωm is δ−-closed. Furthermore, one can assume that ωm is not δ−-exact and does
not contain any δ−-exact portion δ−ηm+1 because such a portion can be removed from ω

by subtracting s̃ηm+1 from ω (which would alter L at most by a total divergence). Hence,
ωm is determined by the cohomology H(δ−) of δ−. As δ− only involves the ghosts ξ̃a,
ξα, ξ̄α̇, the cohomology H(δ−) can be formulated on polynomials f(ξ̃, ξ, ξ̄) of these ghosts.
According to [14] one has

δ−f(ξ̃, ξ, ξ̄) = 0 ⇔ f(ξ̃, ξ, ξ̄) = P (ϑ̄, ξ) + P ′(ϑ, ξ̄) + rΘ + δ−g(ξ̃, ξ, ξ̄) (C.22)
P (ϑ̄, ξ) + P ′(ϑ, ξ̄) + rΘ = δ−g(ξ̃, ξ, ξ̄) ⇔ P + P ′ = 0, r = 0 (C.23)

where
ϑα = ξ̄α̇ξ̃

α̇α, ϑ̄α̇ = ξ̃α̇αξα, Θ = ξ̄α̇ξ̃
α̇αξα (C.24)

with ξ̃α̇α = ξ̃aσ̄
aα̇α, and in (C.23) P + P ′ = 0 can occur only in the trivial case that P

and P ′ do not depend on the ghosts at all. Eq. (C.22) through (C.24) state that H(δ−) is
represented by polynomials P (ϑ̄, ξ) in the ϑ̄α̇ and ξα, polynomials P ′(ϑ, ξ̄) in the ϑα and
ξ̄α̇, and a representative proportional to Θ.

As the ϑ̄α̇ anticommute, P (ϑ̄, ξ) is a most bilinear in the ϑ̄α̇, and any contribution
to P (ϑ̄, ξ) which is bilinear in the ϑ̄α̇ reads ϑ̄ϑ̄Q(ξ) for some polynomial Q(ξ) in the
ξα. Hence, any polynomial P (ϑ̄, ξ) only contains terms which have at most ξ̃-degree 2.
Analogous statements apply to P ′(ϑ, ξ̄). Furthermore Θ has total degree 3. This implies
that the part ωm of any nontrivial real s̃-cocycle ω(ξ̃, ξ, ξ̄, T ) with total degree 4 can be
assumed to have ξ̃-degree m ∈ {0, 1, 2} and in the various cases can be written as:

m = 2 : ω2 = ϑ̄ϑ̄h(T ) + c.c. (C.25)
m = 1 : ω1 = ϑ̄α̇ξαξβhα̇αβ(T ) + c.c. (C.26)
m = 0 : ω0 = ξαξβξγξδhαβγδ(T ) + c.c. (C.27)
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Now one concludes that any s̃-cocycle ω(ξ̃, ξ, ξ̄, T ) containing a Lagrangian with terms
given in (2.25) has a part ω2 as in (C.25) with h(T ) quadratic in the λαa and/or λ̄α̇a. To
show this we assign the following mass dimensions to the ghosts and differentials:

[Cµ] = [dxµ] = −1, [ξα] = [ξ̄α̇] = −1/2 (C.28)

Eqs. (4.10) and (C.28) imply that both s and d have mass dimension 0. As d4xLBose with
LBose as in (2.25) has mass dimension −2, a corresponding s̃-cocycle ω(ξ̃, ξ, ξ̄, T ) also has
mass dimension −2. Furthermore, this s̃-cocycle must be at least quadratic in the T r. Now,
ϑ̄ϑ̄, ϑ̄α̇ξαξβ and ξαξβξγξδ in (C.25) through (C.27) have mass dimensions −3, −5/2 and
−2, respectively. All the tensors T r in (C.12) have mass dimensions ≥ 1/2, where only λαa

and λ̄α̇a have mass dimension 1/2. This implies that any s̃-cocycle ω(ξ̃, ξ, ξ̄, T ) containing
a Lagrangian with terms given in (2.25) has an ω2 as in (C.25) with h(T ) quadratic in the
λαa and/or λ̄α̇a. Therefore we now shall discuss (C.16) for ω with ω2 as in (C.25), but for
general h(T ). The second equation in (C.20) imposes that δ0ω

2 is δ−-exact. Using (C.18)
with Tαab obtained from (4.8) and (4.11), one gets

δ0[ϑ̄ϑ̄h(T )] = ϑ̄ϑ̄ξα[(4b1 − 3)(σaλ̄a)α +Dα]h(T ) + . . . (C.29)

where ellipses denote terms depending on components of both ξ and ξ̄. Using (C.23)
one concludes that δ0[ϑ̄ϑ̄h(T ) + c.c.] is δ−-exact if and only if h(T ) fulfills (4.25). The
other equations in (C.20) do not impose any further condition because H(δ−) is trivial at
ξ̃-degrees 3 and 4. One obtains

ω3 = iz−1Ξa[(2b1 − 3)λaξ + 2(1− 2b1)λbσabξ + ξσaD̄]h(T ) + c.c. (C.30)

ω4 = −iz−2Ξ
[1

4D̄
2 + 1

2(4b1 − 3)χ̄D̄ + 1
8(4b1 − 3)2χ̄χ̄+ 1

4ψψ
]
h(T ) + c.c. (C.31)

where
Ξ = − 1

24εabcdξ̃
dξ̃cξ̃bξ̃a, Ξa = −1

6εabcdξ̃
dξ̃cξ̃b (C.32)

The 4-form contained in (C.31) provides (4.24), up to a factor i (which may be absorbed
by redefining h).

The above analysis can be extended to theories with super Yang-Mills multiplets
and/or scalar multiplets. We shall now briefly outline this extension, assuming again that
the commutator algebra of the infinitesimal supersymmetry transformations, general coor-
dinate transformations and Yang-Mills gauge transformations closes off-shell. The BRST
transformation (C.1) of the tetrad remains unchanged, and the BRST transformations of
the other fields are

sAµ
i = Cν∂νAµ

i + (∂µCν)Aνi + ∂µC
i + fjk

iCkAµ
j + (ξαDα + ξ̄α̇D̄α̇)Aµi (C.33)

sφM = (Cµ∂µ + Ciδi + ξαDα + ξ̄α̇D̄α̇)φM (C.34)

where the Ci are anticommuting ghost fields of Yang-Mills transformations,

{φM} = {λαa, λ̄α̇a, Ba, λαi, λ̄α̇i, Di, ϕm, ηαm, Fm, ϕ̄m̄, η̄α̇m̄, F̄ m̄}, (C.35)
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and δiλ
αj = −fikjλαk, δiϕm = −Timnϕn etc. (again, Ba in (C.35) may be replaced by

other auxiliary fields, if any). The BRST transformations of the ghosts Cµ, ξα and ξ̄α̇ are
as in (C.4), and the BRST transformations of the Yang-Mills ghosts are

sCi = Cµ∂µC
i + 1

2fjk
iCkCj − 2zξσµξ̄Aµi (C.36)

The set {U `} of (C.9) now additionally contains the ∂(µ1 . . . ∂µkAµk+1)
i, the set {V`}

of (C.10) additionally contains the ∂µ1 . . . ∂µk+1C̃
i + . . . (with C̃i as in (C.38)), and the set

{T r} of (C.12) now reads

{T r} = {D(a1 . . .DakTak+1)ak+2
b,D(a1 . . .DakFak+1)ak+2

i,

D(a1 . . .Dak)φ
M : k = 0, 1, . . .} (C.37)

with the φM of (C.35). The undifferentiated Yang-Mills ghosts give rise to additional
variables C̃i defined according to

C̃i = Ci + (Cµ + dxµ)Aµi (C.38)

The s̃-transformation of C̃i is

s̃ C̃i = 1
2fjk

iC̃kC̃j − ξ̃aξσaλ̄i − ξ̃aλiσaξ̄ + 1
2 ξ̃

aξ̃bFab
i (C.39)

In place of (C.13) one gets

s̃ T r = (ξ̃aDa + C̃iδi + ξαDα + ξ̄α̇D̄α̇)T r (C.40)

Eqs. (C.14) and (C.15) still hold unchanged. Again the U ` and V` drop out of the
cohomology H(s̃) because they form contractible pairs. Therefore H(s̃) reduces to the
cohomology of s̃ in the space of total forms ω(ξ̃, ξ, ξ̄, C̃, T ) depending only on the T r, ξ̃a,
ξα, ξ̄α̇ and C̃i. The presence of the C̃i amends the structure of H(s̃) as compared to the
case without super Yang-Mills multiplets. These amendments can be derived analogously
to the analysis of H(s̃) in [16]. We shall not discuss these amendments in detail here
because they hardly are relevant to the derivation of Lagrangians. We only note that the
presence of C̃iδiT r in (C.40) imposes that any function h(T ) in (C.29) through (C.31)
must be invariant under the δi, i.e.

∀i : δih(T ) = 0 (C.41)

One obtains that a Lagrangian which is invariant, up to total divergences, under general
coordinate transformations, global supersymmetry transformations and Yang-Mills gauge
transformations arises from (4.24) for any function h(T ) which fulfills (4.25) and (C.41).
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