
Physics Letters B 838 (2023) 137681
Contents lists available at ScienceDirect

Physics Letters B

journal homepage: www.elsevier.com/locate/physletb

An improved Nicolai map for super Yang–Mills theory

Olaf Lechtenfeld, Maximilian Rupprecht ∗

Institut für Theoretische Physik and Riemann Center for Geometry and Physics, Leibniz Universität Hannover, Appelstraße 2, 30167 Hannover, Germany

a r t i c l e i n f o a b s t r a c t

Article history:
Received 22 November 2022
Accepted 6 January 2023
Available online 11 January 2023
Editor: N. Lambert

Adding a topological theta term to the action of N= 1 D=4 super Yang–Mills theory modifies its Nicolai 
map. For the BPS value of the theta angle a chiral version of the map emerges, which allows for a 
considerable simplification compared to the non-chiral formulation. We exhibit these improvements to 
all orders in perturbation theory and compute the map to fourth order in the coupling on the Laudau-
gauge hypersurface. The second-order contribution vanishes, and antisymmetrizations are more manifest. 
All checks are verified to third order.
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1. Introduction

The Nicolai map formalism can be applied to any off-shell supersymmetric field theory (with coupling parameters g). It was originally 
contrived by Hermann Nicolai [1–3] and developed further by Flume, Dietz and one of the authors in the 1980s [4–8]. In recent years, 
it has experienced a sort of renaissance with a number of modern papers [9–20]. The defining property of the Nicolai map, a nonlinear 
and nonlocal field transformation of the bosonic fields φ �→ T gφ, is that any correlation function of the interacting theory reduces to a 
free-field (g=0) correlator,〈

X[φ]〉g = 〈
X[T −1

g φ]〉0 (1)

for any functional X[φ], where T g can always be inverted perturbatively near the identity. We here specialize to unbroken N = 1
supersymmetric Yang–Mills in the Wess–Zumino gauge in four–dimensional Minkowski spacetime R1,3 � x with field content (A, λ, D) in 
the adjoint representation of the gauge group. Choosing a gauge-fixing function G(A) adds, via the Faddeev–Popov trick and the ’t Hooft 
averaging, a gauge-fixing term depending on ghost fields C and C̄ and a gauge parameter ξ to the action. For convenience, we choose the 
Landau gauge

G(A) = ∂μAμ , (2)

in which the map seems to take its simplest form [14,15]. We note that the Nicolai map is constructed to respect any gauge fixing, 
G(T g A) = G(A). For the construction of the map it is essential that the g-derivative of the action can be expressed as a supervariation 
plus a compensating Slavnov variation. This is achieved best in a particular field scaling [13]

Ã = g A = Ãμ dxμ and F̃ = g F = d Ã + Ã ∧ Ã = 1
2 F̃μν dxμ ∧ dxν . (3)

The full action, amended by the usual topological theta term, splits up into an invariant piece and a gauge-fixing part,

SSUSY = S inv + Sgf ,

S inv = − 1
g2

∫
d4x tr

{ 1
4 F̃μν F̃ μν − g2θ

32π2 F̃μν
	̃F μν + fermions + auxiliaries

}
,

Sgf = − 1
g2

∫
d4x tr

{ 1
2ξ
G( Ã)2 + ghosts

}
,

(4)
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with the dual field strength

	̃F μν = 1
2εμνρλ F̃ρλ . (5)

Setting up perturbation theory in the gauge coupling g will eventually require returning to the untilded variables. In the following we fix

θ ′ := g2θ

8π2 (6)

to a constant. In other words, we investigate a flow in the (g, θ) parameter space along lines θ = 8π2

g2 θ ′ determined by fixed values of θ ′ . 
Therefore, the correlators in (1) as well as the Nicolai map implicitly depend on θ ′! In perturbation theory, we expand around the vacuum, 
where A is pure gauge, and thus may restrict ourselves to the topologically trivial sector in configuration space, where 

∫
F∧F = 0. Hence, 

perturbative correlators cannot depend on θ ′ , and we are allowed to dial any complex value for it!1 Indeed, there exist two special 
imaginary values θ ′ = ±i for which one obtains a chiral formulation of the Nicolai map. This ‘chiral Nicolai map’ for N= 1 super Yang–
Mills theory is the subject of this paper.2 In [19], the possibility of adding a topological theta term to N = 1 supersymmetric quantum 
mechanics was thoroughly studied. In particular, it was found that for ‘magical’ theta values, the Nicolai map becomes a unique linear 
function in the coupling g . Here, we do not obtain a truncation of the map, but still find significant simplifications in comparison to the 
construction with θ = 0 [11,14].

2. Conventions and notation

We choose the mostly plus metric ημν = diag(−, +, +, +) and the Clifford algebra{
γ μ,γ ν

} = 2ημν , (7)

as well as the definition of the ‘fifth’ gamma matrix

γ 5 = iγ 0γ 1γ 2γ 3 . (8)

We also employ the shorthand

γ μν = 1
2 (γ μγ ν − γ νγ μ) . (9)

For simplicity we take the gauge group to be SU(N) with real antisymmetric structure constants f abc such that

f abc f abd = N δcd , a,b, . . . = 1,2, . . . , N2−1 . (10)

The Yang–Mills fields are labeled as Aa
μ (μ = 0, 1, 2, 3), but we often suppress color indices. We summarize the quantities that appear 

in the coupling flow operator in the next section. The fermionic propagator S is the Green’s function of the covariant derivative Dμ =
∂μ + g Aμ× contracted with the gamma matrices (we also suppress Majorana spinor indices α, β, . . .),

S = /D−1 = −λ λ̄ , (11)

whereas the ghost propagator in Landau gauge is given by

G = (
∂ · D

)−1 = −i C C̄ . (12)

They can be expanded in the coupling (on the Landau gauge hypersurface ∂μ Aμ ≡ 0) as

S = /∂C − g /∂C /A S = /∂C − g /∂C /A /∂C + g2 /∂C /A /∂C /A /∂C − . . . ,

G = C − gC A·∂ G = C − gC A·∂ C + g2C A·∂ C A·∂ C − . . . ,
(13)

in terms of the free scalar propagator

C = �−1 . (14)

We often adopt from Section 4 of [11] (also used in [15,17]) the shorthand (de Witt) notation for multiplying quantities in color and po-
sition space. This means that all objects are multiplied as color matrices or vectors, and integration kernels are convoluted with insertions 
of bosonic fields Aμ . For example, we write in two equivalent notations the expression

∂ρC Aλ∂μC Aρ×Aλ ⇔
∫

d4 y d4z ∂ρC(x−y) ( f abc Ab λ)(y) ∂μC(y−z) ( f cde Ad
ρ)(z)Ae

λ(z) . (15)

To make such expressions more compact, we often use the shorthand notation ∂ν C ≡ Cν , ∂μ∂νC ≡ Cμν and so on.

1 In a nonperturbative treatment, the reality of the action demands θ ′∈R. For Euclidean signature, one must take θ ′∈iR.
2 This was already partially explored in [7] using Weyl spinors instead of the now–preferred Majorana-formulation.
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3. Coupling flow operator

With the addition of the topological term, the g-derivative of the action is generated by a supervariation (δα ) up to a Slavnov variation 
(s)

∂g SSUSY = − 1
g3

{
δα�′

α − √
g s �gh

}
with �gh =

∫
d4x tr

{˜̄C G( Ã))
}

. (16)

The θ ′-dependence enters in the superfield component �′
α via

�′
α = �β [1 + iθ ′γ 5]βα with �α[ Ã, λ̃, D̃] = 1

4

∫
d4x tr

{ 1
2γ μνλ̃ F̃μν − iγ5̃λD̃

}
α

, (17)

where �α is a gauge-invariant fermionic functional that generates the invariant part of the action without a topological term, see [11,14,
15]. The supervariations are given by

δα Ãν = −(̃λ̄γν)α , δαλ̃β = 1
2 (γ μν)βα F̃μν + iD̃(γ5)βα , δα D̃ = −i(D̃μ

˜̄λγ5γ
μ)α , (18)

and the relevant Slavnov variations by

s Ãμ = √
g D̃μC̃ and s˜̄C = 1√

g
1
ξ
G( Ã) . (19)

One can now employ the usual construction of the Nicolai map via the coupling flow operator R̃[ Ã], that captures the effect of a g deriva-
tive on expectation values 

〈
X[ Ã]〉g (after integrating out gaugini, ghosts and auxiliaries) via

∂g
〈
X[ Ã]〉g = 〈(

∂g + 1
g R̃[ Ã])X[ Ã]〉g . (20)

It is a linear functional differential operator given by [5,7]

R̃[ Ã] = −i�′
α[ Ã] δα + i√

g �gh[ Ã] s − 1√
g �′

α[ Ã] (
δα�gh[ Ã]) s , (21)

where contractions indicate either gaugino or ghost propagators and the auxiliary fields have been integrated out (D̃ = 0). To develop a 
power series expansion of the Nicolai map [7,13–15] we must rescale back Ã = g A and find the ‘rescaled flow operator’

R g[A] = 1
g

(
R̃[g A] − ∫A δ

δA

)
, (22)

with the only novelty here being the insertion of the square brackets in (17). Acting to the left, the operator can be written as

←
R g [A] = − 1

8

←
δ

δAμ

[
δμ

ν − DμG ∂ν
]

tr
{
γν Sγ ρλ

[
1+ iθ ′γ 5]} Aρ×Aλ . (23)

4. Simplifications

The Nicolai map can be constructed from the perturbative expansion of the coupling flow operator

R g[A] =
∞∑

k=1

gk−1rk[A] = r1[A] + g r2[A] + g2r3[A] + . . . , (24)

via the ‘universal formula’ [13]. The first few orders are given by

T g A = A − g r1 A − 1
2 g2(r2 − r2

1

)
A − 1

6 g3(2r3 − 2r2r1 − r1r2 + r3
1

)
A

− 1
24 g4(6r4 − 6r3r1 − 2r1r3 + 2r1r2r1 − 3r2r2 + 3r2r2

1 + r2
1r2 − r4

1

)
A + O(g5) .

(25)

We find that a decomposition of the covariant projector

δμ
ν − Dμ(∂ · D)−1∂ν = δμ

ν︸︷︷︸
inv

− ∂μC∂ν︸ ︷︷ ︸
lgt

− g[Aμ − Cμ A · ∂] G ∂ν︸ ︷︷ ︸
gh

, (26)

into an ‘invariant’, ‘longitudinal’ and ‘ghost’ part is very useful in our construction. According to (26), we split up the coupling flow 
operator (23) into three contributions,

R g = R inv
g + R lgt

g + Rgh
g =

∞∑
k=1

gk−1(rinv
k + rlgt

k + rgh
k ) . (27)

Introducing the shorthand

Eμ[A; x] = 1
8 tr

{
γμSγ ρλ

[
1+ iθ ′γ 5]} Aρ × Aλ = E(1)

μ + g E(2)
μ + g2 E(3)

μ + . . . (28)

and making use of
3



O. Lechtenfeld and M. Rupprecht Physics Letters B 838 (2023) 137681
Dν Eν = 0 ⇐⇒ ∂ν Eν = −g Aν × Eν , (29)

the three parts of the coupling flow operator can be written compactly as

←
R

inv

g = −
←
δ

δAμ
Eμ ,

←
R

lgt

g = g
←
δ

δAμ
∂μC Aν × Eν ,

←
R

gh

g = − g2
←
δ

δAμ
[Aμ − Cμ A · ∂] G Aν × Eν . (30)

At O(g0) only the invariant part contributes (r1 = rinv
1 ), and at O(g1) there is no ghost contribution (r2 = rinv

2 + rlgt
2 ). Adding the longitu-

dinal to the invariant part, i.e. rinv
k → rinv+lgt

k , amounts to a simple antisymmetrization,

− 1
8

←
δ

δAμ
tr

{
γμγα . . . γ ρλ

[
. . .

]}
Cα . . . Aρ×Aλ ⇒ − 1

8

←
δ

δAμ
tr

{
γμα . . . γ ρλ

[
. . .

]}
Cα . . . Aρ×Aλ , (31)

which is automatic for k=1, consistent with rinv
1 = rinv+lgt

1 .
From now on we specialize to the BPS value θ ′ = −i. This implements a chiral projection in the gamma trace, and one may switch to 

a Weyl-spinor formulation [4–8]. The decisive advantage for the chiral formulation with θ ′ = ±i comes from the Fierz identity

[γ ν(1+γ 5)]αβ [γν(1−γ 5)]γ δ = −2 (1−γ 5)αδ (1+γ 5)γ β , (32)

which implies that

rinv
k−1 r1 A = (rinv

k + rlgt
k ) A for θ ′ = ±i and k ≥ 2 . (33)

Inserting this into (25), the second order vanishes entirely because r2
1 A = r2 A, and to fourth order we obtain

T g Aμ = Aμ − g r1 Aμ − 1
3 g3(rgh

3 − rlgt
2 r1

)
Aμ

− 1
12 g4(3rgh

4 − 3(rlgt
3 + rgh

3 ) r1 − r1(r
gh
3 − rlgt

2 r1)
)

Aμ + O(g5)

= Aμ + 1
8 g tr

{
γμαγ ρλ

[
1+γ 5]} Cα Aρ×Aλ

+ 1
24 g3 [Aμ − Cμ A·∂] C Aν tr

{
γνγβγ ρλ

[
1+γ 5]} Cβ Aρ×Aλ

− 1
96 g3 tr

{
γμαγ νβ

[
1+γ 5]} tr

{
γσγ γ ρλ

[
1+γ 5]} Cα AνCβ Aσ Cγ Aρ×Aλ

− 1
12 g4(3rgh

4 − 3(rlgt
3 + rgh

3 ) r1 − r1(r
gh
3 − rlgt

2 r1)
)

Aμ + O(g5) ,

(34)

where we spelled out the first three orders explicitly. This pattern persists to all orders. In the universal formula [13] at order gn we 
sum over all compositions n = (n1, n2, . . . , ns) with n = ∑

i ni . The form of the Stirling-type coefficients cn (see [13]) allows us to pairwise 
combine terms to

T g A = A − g r1 A +
∑

n

′
gn cn rns . . . rn2 (rk − rk−1r1) A

= A − g r1 A +
∑

n

′
gn cn rns . . . rn2 (rgh

k − rlgt+gh
k−1 r1) A ,

(35)

where the prime on the sum indicates a restriction on the compositions to n ≥ 3 and n1 ≡ k > 1,

n = (k,n2, . . . ,ns) with k > 1 . (36)

Hence, 50% of the 2n−1 compositions (namely those beginning with ‘1’) will not appear. We remark that, due to (33), the beginning of any 
tree diagram contributing to the Nicolai map is either a ghost contribution (rgh

k ) or the first-order term (r1) followed by a non-invariant 
contribution (rlgt+gh

k−1 ). An invariant contribution rinv
i with i > 1 can occur only in the second or higher iteration of the coupling flow 

operator. This reduces the number of contributions considerably in comparison to the non-chiral map. For higher-order actions of rinv
k the 

Fierz identity (32) can be used to fuse more gamma traces higher up in the tree diagrams, but not for actions of rlgt
k or rgh

k , because the 
Lorentz index on their functional variation is attached to A or ∂ and not to a gamma matrix. Therefore, multiple gamma traces remain. 
We have not yet explored these simplifications systematically.

5. Chiral Nicolai map to fourth order

We evaluate the traces in (28) with the identities

1
4 tr(γνγβγρλ[1+γ 5]) = −2ην[ρηλ]β − iενβρλ , (37)
1
4 tr

(
γνγβγσ γγ γρλ[1+γ 5]) = −4(ην[βησ ][ρηλ]γ + ηγ [νηβ][ρηλ]σ + ην[ρηλ][βηγ ]σ )

−i
(
ηνβεσγρλ − ηνσ εβγρλ + ηβσ ενγρλ − 2ηγ [ρελ]νβσ

)
,

(38)

where square brackets indicate antisymmetrization of indices.3 The result for the map is

3 with strength one, e.g. a[μbν] = 1
2 (aμbν − aνbμ).
4
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T g Aμ = Aμ − g
{

Cλ Aμ×Aλ + i
2εμαρλCα Aρ×Aλ

}
− g3

3 [Aμ − Cμ A · ∂] C AρCλ Aρ×Aλ + 2g3

3 Cα A[μCα] AρCλ Aρ×Aλ + 4g3 Cν AαCβ A[μCν Aα×Aβ]

− ig3

6 ενσρλ[Aμ − Cμ A · ∂]C AνCσ Aρ×Aλ + ig3

3 ενσρλCα A[μCα] AνCσ Aρ×Aλ

− ig3

3 εμναβCα AνCβ AρCλ Aρ×Aλ + g4 T g Aμ

∣∣
O(g4)

+ O(g5) ,

(39)

where in the third order we have two topologies (i.e. implicit color and position structures), e.g.

(AμC AρCλ Aρ×Aλ)a(x) ≡ f abc f cde f ef g
∫

y1,y2

Ab
μ(x)C(x−y1)Ad

ρ(y1)Cλ(y1−y2)A f ρ(y2)Ag λ(y2) (40)

and

(Cα AμCα AρCλ Aρ×Aλ)a(x) ≡ f abc f cde f ef g
∫

y1,y2,y3

Cα(x−y1)Ab
μ(y1)Cα(y1−y2)

· Ad
ρ(y2)Cλ(y2−y3)A f ρ(y3)Ag λ(y3) .

(41)

We note that the first branched tree, which the non-chiral map generates from r3
1 A at this order, is absent here. For the fourth order, we 

introduce the following abbreviations for the various topologies,

(G1A
μναβγ δσρλ)

a(x) = f abc f cde f ef g f ghi
∫

y1...y4

Cμ(x−y1)Ab
ν(y1)Cα(y1−y2)Ad

β(y2)Cγ (y2−y3)

· A f
δ (y3)Cσ (y3−y4)Ah

ρ(y4)Ai
λ(y4) ,

(G1B
μνγ δσρλ)

a(x) = f abc f cde f ef g f ghi
∫

y1...y4

[Ab
μ(x)δ(x−y1) − Cμ(x−y1)Ab(y1) · ∂]C(y1−y2)

· Ad
ν(y2)Cγ (y2−y3)A f

δ (y3)Cσ (y3−y4)Ah
ρ(y4)Ai

λ(y4) ,

(G1C
μνγ δσρλ)

a(x) = f abc f cde f ef g f ghi
∫

y1...y4

Cμ(x−y1)Ab
ν(y1)[Ad

γ (y1)δ(y1−y2) − Cγ (y1−y2)Ad(y2) · ∂]

· C(y2−y3)A f
δ (y3)Cσ (y3−y4)Ah

ρ(y4)Ai
λ(y4) ,

(G2A
μναβγ δσρλ)

a(x) = f abc f cde f df g f ehi
∫

y1...y4

Cμ(x−y1)Ab
ν(y1)Cα(y1−y2)Cβ(y2−y3)A f

γ (y3)Ag
δ (y3)

· Cσ (y2−y4)Ah
ρ(y4)Ai

λ(y4) ,

(G2B
μβγ δσρλ)

a(x) = f abc f cde f df g f ehi
∫

y1...y4

[Ab
μ(x)δ(x−y1) − Cμ(x−y1)Ab(y1) · ∂]C(y1−y2)

· Cβ(y2−y3)A f
γ (y3)Ag

δ (y3)Cσ (y2−y4)Ah
ρ(y4)Ai

λ(y4) ,

(G3
μναβγ δσρλ)

a(x) = f abc f bde f c f g f ghi
∫

y1...y4

Cμ(x−y1)Cν(y1−y2)Ad
α(y2)Ae

β(y2)Cγ (y1−y3)A f
δ (y3)

· Cσ (y3−y4)Ah
ρ(y4)Ai

λ(y4) ,

(42)

which allow us to express the fourth order compactly as (we write all indices downstairs for clarity but pairs of indices are still contracted)

T g Aμ

∣∣
O(g4)

= −G1A
ν[μν]β[βρ]λρλ − G1A

ν[μν][βρ]λβρλ − G1A
ν[μν]ρ[λ|β|β]ρλ − 1

3 G1A
ν[μν][βρ]βλρλ + 1

2 G1A
α[μα]νσρ[νσρ]

−3G1A
νσεδδ[μνσε] + 4G1A

νσεδ[μ|δ|νσε] − 4G1A
νσε[μ|δδ|νσε] − 8G1A

νσε[μνσ |δδ|ε]
− i

2εμναβ(G1A
ναβσ [σρ]λρλ + G1A

ναβ[σρ]λσρλ + G1A
ναβρ[λ|σ |σ ]ρλ + 1

3 G1A
ναβ[ρλ]ργ λγ − 1

2 G1A
ναβσδρ[σδρ])

− i
12εαβρλ(3G1A

ν[μν]δδαβρλ − 4G1A
ν[μν][δα]δβρλ + 4G1A

ν[μν]αβρδδλ)

+ 1
2 G1B

μββρλρλ − 1
4 G1B

μβρβλρλ + 1
2 G1B

μ[βρ]λβρλ + 1
2 G1B

μρ[λ|β|β]λρλ

− 1
6 G1B

μ[βρ]βλρλ − 1
4 G1B

μνρλ[νρλ] + i
12εαβρλ(3G1B

μνναβρλ + 4G1B
μ[αν]νβρλ + 2G1B

μαβρννλ) (43)

− 1
2 G1C

λ[λμ]σδσδ + 3G1C
νρλ[μνρλ] + i

4εμνρλG1C
νρλσδσδ + i

4εσδεγ G1C
λ[μλ]σδεγ

−2G2A
ναβ[μνα|γ |β]γ + i

12ενρλδG2B
μαναρλδ

− 1 G3 − G3 − 1 G3 + 1 G3 − 1 G3

6 αγ [μ|γ |α]ρλρλ νγ αγ β[μναβ] 4 α[μαβ]βρλρλ 2 α[σρλ|α|μ]σρλ 2 α[σρλ|μ|α]σρλ

5
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+ i
12εμναβ G3

αγ νγ βρλρλ − i
12ενσρλG3

αγ [μ|γ |α]νσρλ

− i
12ε[μ|ναβ G3

γ ναβ|γ ]ρλρλ − i
8ενσρλG3

α[μαγ ]γ νσρλ .

order 1 2 3 4
non-chiral map 1 3 34 380
chiral map 2 0 21 224

Here, indices between vertical lines are omitted from antisymmetrization. Taking into ac-
count all the antisymmetrizations of indices while respecting the symmetries of the various 
topologies, we count here the number of terms in the first four orders for the non-chiral 
map [14] versus the chiral map (39). There does not seem to be a huge difference between 
the two formulations, but the epsilon symbol generated in the chiral map allows one to combine the antisymmetrization of many terms.

The tests for the map to the third order (39) are performed in the Appendix. These are the gauge condition

∂μ(T g A)μ = ∂μ Aμ = 0 , (44)

on the Landau-gauge hypersurface, the free-action condition

S0[T g A] = S g[A] , (45)

and the determinant-matching condition

det
(

δA′
δA

) = �MSS[A] �FP[A] , (46)

where �MSS[A] is the Matthews–Salam–Seiler determinant (technically a Pfaffian for Majorana fermions), and �FP[A] is the Faddeev–
Popov determinant, see e.g. [11]. While the first two conditions are straightforward, the determinant matching is more involved to show. 
One requires the Jacobi identity in color space and the Schouten identity

ηαβεμνρλ + ηαμενρλβ + ηανερλβμ + ηαρελβμν + ηαλεβμνρ = 0 , (47)

which explicitly makes use of D=4 spacetime dimensions.

6. Conclusions

We have exploited the option of adding a topological theta term to the super Yang–Mills action in four spacetime dimensions with 
the aim of simplifying its Nicolai map. If it were not for the ghost sector induced by gauge fixing, the perturbative expansion of the 
Nicolai map would collapse to a linear O (g) plus a longitudinal O (g3) expression for the BPS choice of the theta angle, due to a Fierz 
identity. We call this choice the ‘chiral Nicolai map’. The ghost sector still renders the map nontrivial, but it is a lot simpler than for 
vanishing or generic theta angles. For example, it vanishes in second order in the gauge coupling, and the antisymmetrizations among 
Lorentz indices are more manifest. Although nonperturbatively the BPS choice is admissible only for Euclidean signature, in Minkowski 
space it just restricts us to the topologically trivial sector. Therefore, perturbative quantum correlators may be computed using the chiral 
Nicolai map with less effort than previously. To this end, we have written out this map to fourth order in the Landau gauge. In addition, 
all consistency checks have been verified to the third order, which required several algebraic conspiracies.

The existence of the chiral Nicolai map nurtures the hope that further magical simplifications can occur for the maximally supersym-
metric N= 4 Yang–Mills theory in four dimensions. The SU(4) R-symmetry of this theory allows for even more flexibility in the Nicolai 
map [17]. Furthermore, the obstruction to a linear Nicolai map coming from the gauge fixing may perhaps be alleviated by choosing a 
manifestly supersymmetric gauge fixing, i.e. a supersymmetric generalization of the Landau gauge (see, e.g. [21]). We hope to come back 
to this option of a most simple super Yang–Mills Nicolai map soon.
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Appendix A. Tests to third order

Gauge condition (44): The first order is easy to check using symmetry. In the third order, we can remove most terms immediately by 
symmetry arguments (e.g. Cμαεμαρλ = 0) and the ghost contributions get projected out by

∂μ[Aμ − Cμ A · ∂] . . . = [A · ∂ − A · ∂] . . . = 0 . (48)

Free-action condition (45): The free-action condition at first order is

−
∫

d4x Aμ�T g Aμ|O (g)
!=

∫
d4x ∂μ Aν(Aμ×Aν) , (49)
6
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which is easy to check. The contribution from the εμαρλ only gives a total derivative. At second order, the condition is

− 1
2

∫
d4x T g Aμ|O (g)�T g Aμ|O (g)

!= 1
4

∫
d4x (Aμ×Aν)(Aμ×Aν) . (50)

On the left-hand side, there are four terms: The mixed terms proportional to one ε symbol cancel each other. The term proportional to 
two ε symbols can be written as three terms using the identity

εμναβεμσρλ = −δν
σ δ

ρλ
αβ + δα

σ δ
ρλ
νβ − δβ

σ δ
ρλ
να . (51)

Of these, the first one gives the desired term on the right-hand side of (50), while the two others combine to cancel the remaining term 
on the left-hand side of (50) without any ε symbols. At third order, we need to show that∫

d4x Aμ�T g Aμ|O (g3)
!= 0 . (52)

The ghost contributions vanish due to ∂·A = 0 and symmetry. Further, contracting the last term in the second line of (39) with Aμ�, one 
finds that

(∂ν Aμ×Aα)Cβ A[μCν Aα×Aβ] = − 1
2 (Aμ×Aα)Cνβ A[μCν Aα×Aβ] = 0 , (53)

after integration by parts. With the same integration by parts, the contribution from the last term in the third order of (39) vanishes. The 
remaining four terms cancel pairwise.

Determinant matching (46): The first order is trivial, since the right-hand side starts at g2 and the left-hand side vanishes due to f aac = 0. 
At second order, we need to show that

− 1
2 tr

[
δA′
δA

∣∣
O(g)

δA′
δA

∣∣
O(g)

] != − 1
2 g2[5 tr(Cμ AμCν Aν) − 2 tr(Cμ AνCμ Aν)] , (54)

where the traces are over color and position (and Lorentz indices on the left-hand side). For the second-order computation, we find

tr
[

δA′
δA

∣∣
O(g)

δA′
δA

∣∣
O(g)

]
= (D−1) tr(Cμ AμCν Aν) − εμναβενμρλ tr(Cα Aβ Cρ Aλ) + 2iεμναβ tr(Cμ AνCα Aβ)

(D+1) tr(Cμ AμCν Aν) − 2 tr(Cμ AνCμ Aν) + 2iεμναβ tr(Cμ AνCα Aβ) ,

(55)

where we used

εμναβενμρλ = 2δα
ρδβ

λ − 2δα
λδβ

ρ . (56)

With D=4, this gives exactly what we need in (54), but we have one term remaining. However, with Cμ(x−y) = −Cμ(y−x), we get

εμναβ tr(Cμ AνCα Aβ) = εμναβ tr(Cα AνCμ Aβ) = 0 , (57)

so that the condition is indeed satisfied. At third order, the condition is

tr
[

δA′
δA

∣∣
O(g3)

]
+ 1

3 tr
[

δA′
δA

∣∣
O(g)

δA′
δA

∣∣
O(g)

δA′
δA

∣∣
O(g)

] != + 4 tr(Cμ AμCρ AλCρ Aλ) − 5
3 tr(Cμ AρCρ AλCλ Aμ)

− 2 tr(Cμ AρCρ AμCλ Aλ) + 2
3 tr(Cμ AρCλ AμCρ Aλ)

− 2 tr(Cμ AρCλ AμCλ Aρ) ,

(58)

where we use the same color-coding as in [11].4 (For interpretation of the references to colour please refer to the web version of this 
article.) First we compute

1
3 tr

[
δA′
δA

∣∣
O(g)

δA′
δA

∣∣
O(g)

δA′
δA

∣∣
O(g)

]
= 1

3 tr(Cρ AλCα AβCσ Aδ)
[− δνλ

μρδ
γ β
να δ

μδ
γ σ − iεμ

ν
ρ

λεν
γ

α
βεγ

μ
σ

δ

+3δνλ
μρεν

γ
α

βεγ
μ

σ
δ + 3iδνλ

μρδ
γ β
να εγ

μ
σ

δ
]
,

(59)

for which the various terms give

− 1
3 δνλ

μρδ
γ β
να δ

μδ
γ σ −→ 3−D

3 tr(Cμ AρCρ AλCλ Aμ) − tr(Cμ AρCρ AμCλ Aλ)

+ 1
3 tr(Cμ AρCλ AμCρ Aλ) ,

− 1
3 iεμ

ν
ρ

λεν
γ

α
βεγ

μ
σ

δ −→ i
3εμνρλ

{
tr(Cμ AαCν AαCρ Aλ) + tr(Cα AμCα AνCρ Aλ)

− tr(Cμ AαCα AνCρ Aλ) − tr(Cα AμCν AαCρ Aλ)
}

,

δνλ
μρεν

γ
α

βεγ
μ

σ
δ −→ − tr(Cμ AρCρ AλCλ Aμ) + (3−D) tr(Cμ AρCρ AμCλ Aλ)

+ (D−1) tr(Cμ AμCρ AλCρ Aλ) − tr(Cμ AρCλ AμCλ Aρ) ,

iδνλ
μρδ

γ β
να εγ

μ
σ

δ −→ −iεμνρλ

{
2tr(Cα AαCμ AνCρ Aλ) + tr(Cα AμCν AαCρ Aλ)

}
.

(60)

4 with r=4 spinor degrees of freedom in four spacetime dimensions, and we differ by an overall minus sign on the right-hand side of (3.16) in [11] compared to (58) due 
to different color ordering.
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For the first term on the left-hand side of (58), we list the contributions of the third order of (39) in one line per term5:

tr
[

δA′
δA

∣∣
O(g3)

]
= − N

3 Aμ(C)Cλ Aμ × Aλ − 2
3 tr(AμC A[μCλ] Aλ)

+ N
3 Aα(CμCα)Cλ Aμ × Aλ + 1

3 tr(Cμ AρCρ AμCλ Aλ) − 1
3 tr(Cμ AμCρ AλCρ Aλ)

+ N
3 Aμ(CαCα)Cλ Aμ × Aλ − 1

3 tr(Cμ AρCλ AμCλ Aρ) + 1
3 tr(Cμ AμCρ AλCρ Aλ)

− N
3 Aα(CμCα)Cλ Aμ × Aλ − 1

3 tr(Cμ AρCρ AλCλ Aμ) + 1
3 tr(Cμ AμCρ AλCρ Aλ)

− 1
3 tr(Cμ AρCρ AμCλ Aλ) − 2

3 tr(Cμ AρCλ AμCλ Aρ) + 2
3 tr(Cμ AμCρ AλCρ Aλ)

+ 1
3 tr(Cμ AρCλ AμCρ Aλ)

− i N
6 εμνρλ Aμ(C)Cν Aρ × Aλ − i

3εμνρλtr(AμC AνCρ Aλ)

+ i N
6 εμνρλ Aα(CαCμ)Cν Aρ × Aλ + i

3εμνρλ tr(Cμ AαCα AνCρ Aλ)

+ i N
6 εμνρλ Aμ(CαCα)Cν Aρ × Aλ + i

3εμνρλ tr(Cα AμCα AνCρ Aλ)

− i N
6 εμνρλ Aα(CαCμ)Cν Aρ × Aλ − i

3εμνρλ tr(Cα AαCμ AνCρ Aλ)

− i
3εμνρλ tr(Cα AαCμ AνCρ Aλ) − i

3εμνρλ tr(Cμ AαCν AρCλ Aα) ,

(61)

where round brackets indicate a loop. The gray terms vanish in groups of three in a calculation already performed in 2005.12324 (3.23), 
making use of the Jacobi identity. The cyan terms cancel pairwise. For the black terms, we first note that we can read the traces ‘back-
wards’, e.g.

tr(Cα Aβ Cμ AνCρ Aλ) = tr(Cα AλCρ AνCμ Aβ) , (62)

using Cα(x−y) = −Cα(y−x) and f abc Ab
μ = − f cba Ab

μ (giving us six minus signs, hence a plus overall). This, together with the cyclicity of 
the trace and symmetry, gives us

εμνρλtr(Cμ AαCν AαCρ Aλ) = εμνρλtr(Cρ AαCν AαCμ Aλ) = −εμνρλtr(Cμ AαCν AαCρ Aλ) = 0 ,

εμνρλtr(Cα AμCα AνCρ Aλ) = εμνρλtr(Cα AμCα AλCρ Aν) = −εμνρλtr(Cα AμCα AνCρ Aλ) = 0 ,

εμνρλtr(Cμ AαCα AνCρ Aλ) = εμνρλtr(Cα AαCμ AλCρ Aν) = −εμνρλtr(Cα AαCμ AνCρ Aλ) .

(63)

Further we can use the Schouten identity (47), which implies that

0 = εμνρλ[tr(Cα AαCμ AνCρ Aλ) − tr(Cα AμCα AνCρ Aλ) + tr(Cα AμCν AαCρ Aλ)

− tr(Cα AμCν AρCα Aλ) + tr(Cα AμCν AρCλ Aα)]
= 2εμνρλtr(Cα AαCμ AνCρ Aλ) + εμνρλtr(Cα AμCν AαCρ Aλ) .

(64)

Applying (63) to the black terms in (60) and (61), many terms drop out, and we are left with

− 8
3εμνρλtr(Cα AαCμ AνCρ Aλ) − 4

3εμνρλtr(Cα AμCν AαCρ Aλ) = 0 , (65)

which vanishes by (64). Lastly, all the colored terms add up to the correct factors needed on the right-hand side of (58). This proves the 
determinant matching condition up to and including third order.
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