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1 Introduction

In recent years, interest has grown in theories invariant under some “curved” analogs of rigid
Poincaré supersymmetry in diverse dimensions [1-3]. The main motivation was to check
general gauge/gravity correspondences in concrete field-theoretical examples, classically as
well as quantum mechanically. One construction of such theories is by the localization
method [4], which proceeds from the relevant supergravity theories in component formu-
lation. Alternatively, one can start from the supergroup of the corresponding “curved”
supersymmetry, list its various coset superspaces and develop appropriate superfield tech-
niques. These permit the derivation of invariant actions as superspace Berezin integrals,
with Lagrangians being functions of superfields and their covariant derivatives. This second
approach was used in [5-7] and goes back to [8] where superfield techniques for OSp(1]4)
supersymmetry in four dimension were fully developed for the first time.

Supersymmetric mechanics [9, 10] represents the extreme d=1 case of Poincaré-
supersymmetric field theory. In the underlying d=1 “Poincaré superalgebra” the super-
charges square to the Hamiltonian (and perhaps some constant or operator-valued central
charges). Mechanical analogs of higher-dimensional curved rigidly supersymmetric theories
can be based on semi-simple supergroups which yield flat d=1 supersymmetries through
some contraction. In other words, mechanical models on such supergroups can be treated
as deformations of standard supersymmetric mechanics. The main difference between the
two types of supersymmetric mechanics models lies in the closure of the supercharges: in
the deformed case it contains not only the Hamiltonian but also generators of some non-
trivial internal symmetry. As a consequence, the corresponding Hilbert spaces and spectra
essentially differ from each other. In particular, in the deformed case an energy level may
carry unequal numbers of bosonic and fermionic states.

The simplest examples of such deformed supersymmetric mechanics substitute flat
N'=4,d=1 supersymmetry with the supergroup SU(2|1). At the component level, they were
constructed in [11-15]. The SU(2|1) symmetry in the model built on the multiplet (1,4, 3),1
has been considered first in [11] and christened there “weak supersymmetry”. Models based
on the chiral (2,4, 2) multiplet were considered in [12-15], including a computation of the
superconformal index.

The superfield approach to SU(2|1) mechanics was worked out in [16-19]. The super-
field techniques not only reproduced the models of [11-15] (and their interacting extensions)
but also revealed some new models, in particular those associated with the (4,4, 0) multi-
plet. The latter admits a harmonic SU(2|1) superspace description generalizing flat N'=4,
d=1 harmonic superspace [20]. Many notions and models of A’'=4 mechanics still await a
deformation to the SU(2|1) case, for instance N'=4 supersymmetric Calogero-Moser sys-
tems [21, 22|, the gauging procedure in N'=4 mechanics [23, 24], or N'=4 models coupled
to background abelian or non-abelian gauge fields [25-27].

"Multiplets of the standard and deformed N'=4, d=1 supersymmetry are denoted as (k, 4,4—k) with
k=0, 1,2, 3,4. These numbers correspond to the numbers of bosonic physical fields, fermionic physical fields
and bosonic auxiliary fields, respectively. N'=8, d=1 multiplets are denoted in the same way as (k, 8, 8—k),
where k=0,1,...,8.



The present paper makes one step in a new direction, initiating a study of deformed
supersymmetric mechanics models associated with worldline realizations of the supergroup
SU(2|2). This supergroup contains eight supercharges and so can be viewed as a deforma-
tion of flat N'=8, d=1 supersymmetry. A'=8 mechanics has appeared in many contexts
(see, e.g. [28-41]). Our aim here is to construct and discuss SU(2|2) analogs for some
of these models, employing the appropriate worldline superfield approach generalizing the
SU(2|1) one. Our consideration relies essentially on [29, 31, 33, 34], where superfield meth-
ods were efficiently applied for flat N'=8, d=1 supersymmetry. In the contraction limit,
when SU(2|2) goes over into its flat counterpart, the models of this paper specialize to
those considered in [29, 31, 33, 34].

In [42], Berenstein, Maldacena and Nastase proposed an M-theory matrix model with
16 supercharges, which spurred investigations of massive super Yang-Mills mechanics (see,
e.g. [43-48]). Since their matrix model has SU(2|4) supersymmetry [44, 45], SU(2|1) and
SU(2|2) supersymmetric mechanics are expected to be relevant for massive matrix models
with 4 and 8 supercharges, respectively.

The plan of the paper is as follows. In section 2 we describe coset superspaces of
SU(2[2), to be used in the following sections for defining superfields carrying various irre-
ducible SU(2|2) multiplets. Besides the standard real SU(2|2) superspace we introduce the
chiral superspace, the harmonic superspace and the biharmonic superspace. We define the
necessary elements of the corresponding superfield technique: covariant derivatives, trans-
formation laws, and invariant integration measures. In sections 3, 4 and 5 we present the
models associated with the off-shell SU(2|2) multiplets (3, 8,5), (4,8,4) and (5,8,3). We
give both the superfield and component-field actions for all cases. Some of these actions
reveal enhanced superconformal-type symmetries, some do not. Common features of most
actions are an oscillator-type mass term for the fields and a trigonometric realization of
the superconformal symmetries. As an example of a quantum model, in subsection 5.3 we
discuss SU(2|2) quantum mechanics based on a free (5, 8,3) multiplet. In the concluding
section 6 we mention links with other models and outline some directions for further study.
We also adduce arguments why certain flat A'=8, d=1 multiplets (in particular the “root”
multiplet (8,8,0)) seem not to admit a deformation to SU(2|2) mechanics. We transferred
into three appendices some technical points, including the calculation of various harmonic
integrals, the embedding of the superalgebra su(2|2) into the N'=8, d=1 superconformal
algebra osp(4¥|4), the realization of the latter on the SU(2|2) multiplets considered, as well
as a short account of the off-shell SU(2|1) multiplet (3,4,1). The latter is an important
constituent of our SU(2|2) multiplets but was not properly treated in previous papers on
SU(2|1) mechanics.

2 Deformed N'=8, d=1 superspaces

In this section, we formulate a deformed real N'=8, d=1 superspace where worldline real-
izations of the supergroup SU(2|2) can be defined. Then we construct the corresponding
chiral, analytic harmonic and analytic biharmonic SU(2|2) superspaces. In the following
sections, these types of superspaces will be used for defining different types of superfields



and for setting up SU(2|2) invariant actions of the latter, generalizing those constructed
in [29, 31, 33, 34] in the presence of flat N=8, d=1 supersymmetry.

2.1 Superalgebra

Our starting point is the superalgebra su(2|2) with three central charges:

Q1,870 = 2im (LY — T R™) 4 24, (2.1)

{@r, 87} = 2im ( )

{Qia,ij} _ 9 zij zab (H+C), {Sm7 Sjb} _ 9 zij qab (H - Cy),
[Lij’Lkz} _ ik 4 kil [Rab,Rcd} _ codgbe | cbegad
[Lij’Qka} _ % (Eiija n gijm) ’ [Rab’ ch} _ % (€achb n Echka> ’
{Lz‘jﬁlm} _ % (eiksja + Ejkgia) ’ {Rab’skc} _ % (6acSkb +€bcska) ‘

All other (anti)commutators are vanishing.
The superalgebra su(2|2) contains in general three central charges C', C; and H. The
generators LY = L7', R® = R form two mutually commuting su(2) algebras, su(2)y, and

su(2)r. The conjugation rules are as follows:?

Qi)' = Q" (Si)'=5", (Lij)t=-LY, (Ra)' = -R™,
H =H,  ©Of=c, (©) =0. (2.2)

The mass dimension parameter m plays the same role as in the SU(2|1) case: by contraction
m — 0 the relations (2.1) are reduced to those of the flat N'=8,d=1 “Poincaré” super-
algebra extended by central charges C, C'; and possessing a restricted R-symmetry group
SO(4) ~ SU(2)1, x SU(2)r.? Correspondingly, (2.1) can be considered as a deformation of
the flat A'=8, d=1 supersymmetry, with m as a deformation parameter.

To understand the origin of the central charge operators in (2.1), let us note that
these relations in fact coincide with those defining a deformation of the flat N'=(4,4), d=2
Poincaré superalgebra. Indeed, in the m = 0 limit (2.1) can be identified with a sum
of two independent N'=4,d=2 algebras in the left and right sectors of d=2 Minkowski
space-time in the light-cone parametrization, with H + C1 and H — C] being the mutually
commuting translation operators along two light-cone directions. Moreover, one can realize
the d=2 Lorentz group SO(1,1) as an additional automorphism group of (2.1) acting as
real rescalings of the mutually (anti)commuting sets (Q, H +C1) and (S, H — Cy) (with
the weights (1/2,1) and (—1/2, —1), respectively). In such an interpretation, the generator
C' in (2.1) is SO(1,1) singlet and so it is the central charge from the d=2 perspective as
well, while C] generates the translation along the spatial d=2 direction. The natural and

2The doublet indices are raised and lowered in the standard way by the e symbols, e.g.,

_ Jjb _ 12
Qia = €ijear@’”, glo=—€e-=1.

3If C = Cy = 0, the R-symmetry group enhances to SO(8).



simplest reduction from d=2 to d=1 proceeds by eliminating altogether the dependence on
the spatial coordinate, i.e. just by putting to zero the generator C7. In what follows we will
deal with such a limited su(2|2) superalgebra, corresponding to the choice C; = 0 in (2.1).
In principle, it is easy to construct the SU(2|2),d=1 superfield formalism with C; # 0,*
but in all examples considered below there is no need to activate this central charge. It is
not the case for the “genuine” central charge C' which defines an actual symmetry, e.g., in
the models based on the multiplet (4,8,4) (section 4).

One can rewrite the superalgebra (2.1) (hereafter with C; = 0) in a different form by
defining the complex supercharges

e — \2 (@ — sy, T = (IL,) = % (@i +is™). (2.3)
In the complex basis, the (anti)commutators of (2.1) become
{Hm, ﬁﬂ)} — _om (a“bLU — e%“*’) 20, (2.4)
{mie, it} = —2iec, {e it} — 2i e,
[Liijkl} — gilpki 4 ik i, [Ravacd] _ cadgbe | bepad
[sz’ Hka} _ % <6ik1—[ja + gijz'a> 7 [Rab,l—[kc] _ % <6acl—[kb + gbcnka> 7
|:Lz'j’ ﬁka} _ % (Eikﬁja 4 Ejkﬁia> 7 |:Rab71—[kc] 1 (Eacﬂkb 4 é_bcha>

The supergroup SU(2|2) contains a few SU(2|1) subgroups. One of them has the
bosonic subgroup SU(2)r, x U(1)g with U(1)r C SU(2)R, while another has the bosonic
subgroup SU(2)g x U(1), with U(1)r, € SU(2),. These supergroups are equivalent up to
switching SU(2)r <+ SU(2)r,. In what follows, we will mainly deal with the first choice,
where SU(2|1) generators [16] are singled out as®

I = @', I =:Qj, Ly =:1I; R™ =:F, (2.5)
{Q"Q;}=20" (H—mF)+2ml}, {Q,Q'}=0, [F.Q'] :% Q' [F.Qi] =—% Qi. (2.6)

The second basic su(2|1) subalgebra is formed by the generators I1'®, IIy;,, R, L2, H.
Actually, the generators (2.5) form the centrally extended superalgebra su(2|1) with the
central charge H, and the same is true for the second SU(2|1). The central charge H
in (2.5) is a difference of external and internal U(1) generators in the extended superalgebra
su(2|1) @ u(1)exe [17]. If the generator H — mR'2 is chosen as the full internal U(1)
generator of su(2|1) (such a choice is admissible since H commutes with everything), then
R'? decouples and becomes a generator of the external U(1)e R-symmetry, such that
U(1)ext C su(2)R -

*Non-zero C; could be generated within the Scherk-Schwarz type d=2 — d=1 reduction (see, e.g., [49]).
®The other pair of supercharges IT2, I1;2 also form an su(2|1) superalgebra, with the same set of bosonic
generators.



2.2 Basic SU(2|2) supercoset, Cartan forms and covariant derivatives

We will be first interested in the realization of SU(2|2) supersymmetry in a real N'=8,
d=1 superspace identified with the following supercoset of the supergroup with the
superalgebra (2.1):

PSU(2|2) x R? {Qi*, 8% L R™® C,H}

SU@2);, x SUR2)g x RT (L, R, C} : (2.7)

Here, the supergroup PSU(2/2) is a corresponding supergroup SU(2|2) without central
charges. Further, we will use the notation SU(2|2) as a supergroup with central extensions.
An element of this supercoset is defined as

g — 69ian69iaSmeitH’ gT = g_l, (28)
and the supercoset parameters are treated as a set of superspace coordinates

¢={uomdry, Ga =0 () = 0" (2.9)

The central charge generator H is associated with a translation generator along R?/R! ~ R!
parametrized by the time coordinate ¢.

Before presenting the realization of SU(2|2) on these coordinates induced by the left
shifts of the element (2.8), it will be convenient to calculate the left-covariant Cartan
1-forms defined by

g7 dg = i At H + A;u Q + Abiq S™ + Qj LY + Qqp R + Qo C. (2.10)
The explicit expressions for these forms are

- nia -nia g am 4 i pa
At = dt = it dBia — 0" dlia + — 0710,0,d6;),

AgT = dpie, AG = df™ 4 2im §7°6™dB,
Qij = 2im é?idej)a y Qab =2im ék(adef) y Q(C) =2 émd@ia. (2.11)

The covariant derivatives of some superfield 4 (t, e, éjb) can be found from the gen-

eral expression for its covariant differential
.. ~ 1A
A(I)A = dq)A + [Qij LY + Qu Rab + Q(C) C:| 5 (I)B
= |AtDy) + MG D™ + A0, 7| @4, (2.12)

Here, LY and R™ are “matrix” parts of the full SU(2) generators (realized as well on
Grassmann coordinates), which act on the external indices of covariant derivatives as

LW pka — % (eiija + ejkDi“> , R pke — _ % (5“Dkb + stDk“) , etc. (2.13)

In the same way, they act on the external SU(2)1, x SU(2)g indices of superfields. The rule
of complex conjugation for these matrix parts is as follows

(L)' =19, (Ra)'=B®, (C)'=-0C, (2.14)



Explicitly, the covariant derivatives are given by the following expressions

D= (9 S é“’éﬂ'“éjb) o) — 201C — 2im éibéﬂ'aagﬂ)
—2im |65 L — 0 R,
via _ 3 _idiag, .
ia
Dy =0 = % . (2.15)
They satisfy the anticommutation relations
{Dm, ij} = —2im (aabi}” — aij]%“b) —2e9%:0 0
{Di“, Dﬂ’} — _92jeMgaby, {VZ’“, Vﬂ’} = —2icep, . (2.16)
By rewriting the covariant derivative as
pia _ \}5 (D@ —ivie), D= \}i (D™ +iv™™), (2.17)
we obtain that
T S T R (215)
{Dia,Djb} = 2iC, {@m,@jb} = —2ic(C, (2.19)

2.3 Transformation properties

The transformation properties of the N'=8 superspace coordinates under the left shifts
with the parameters €® and ¢, as well as the induced stability subgroup infinitesimal
transformations, can be found from the general formula

9 (€aQ™ + €0S™) g = g 169 + wij L' + we R™ + w(c) C. (2.20)
The explicit calculations yield the following transformations:
507 = i 1 2im 007, 60" = & — 2im |#7007V¢ + é}jai)bgg] :
6t = —i0%;q — i0%€;q + %m 076790 14¢14 . (2.21)
The induced elements in (2.20) are
wij = = 2im O &0, wWap = —2im b &y, W) =20, (2.22)

It is straightforward to check that the coset-space Cartan forms undergo SU(2)r, x SU(2)r
induced transformations under the coordinate transformations (2.21):

5 (AG™) = wi APTT +wp AG®, §(AD) = Wl APT* + wif NG (2.23)



Superfields are assumed to transform according to the general law
~ .. ~ \ A
54 = (wij L9 + wap R + w(o C) o7, (2.24)

where an external index A of the superfield ®4 specifies the SU(2);, x SU(2)r matrix
representation by which this superfield is transformed (and that of C').
The SU(2|2) invariant N'=8, d=1 superspace integration measure is given by

d¢ = dtd*0d*o, §(d¢)=0. (2.25)

2.4 Chiral SU(2|2) superspace

We introduce the complex coordinates

o= {t,ﬁm,ﬁjb} . (V) = D, (2.26)
which are related to those defined in (2.9) as
) 1 . ~e QUM Aer A A _. 1 . ae QUM ~er A A
gle — — [ pglagpie 270 ezbgjae‘ gla — —_ | gia_;pia 220 611)9](10‘ ) 2.97
(o). k(e Bs)

It will be also convenient to pass to the new infinitesimal parameters

in terms of which the transformation properties of the superspace coordinates in (2.26) are
as follows

SO = 0" 4+ 2m 0P (njp, — Mjp) s 69" = "+ 2m I (g, — )
A _ M DM i ne
5t = — i — 10" + ?m 00790 ¢, + ?m 0090 14 (2.29)

The measure of integration over (2.26) can be checked to be invariant under these trans-
formations:

d¢, = dtd*9d*9,  §(d¢.)=0. (2.30)

Specializing to the 7*?-transformations in (2.29) yields the odd transformations correspond-
ing to the SU(2|1) subgroup (2.5).
The covariant derivatives (2.15) take the following form in the basis (2.26):

D = 9 — iy +i (9% — §) C —m (9" = 9 (99 —99%) 9y,
—m (95— 99) £ - (9} - ) R
D = 9 — 970, + 1 (9% — 9) C 4 m (97 — 97 (97 — 97%) Oy,
—m (95— 99) 29— (9}~ 05) B]. 23
Hereafter, we use the notation:

9 =0/, 0=/, . (2.32)



Now it is easy to show the existence of a left chiral subspace parametrized by the
coordinates

= {tr, 9"}, (2.33)

where
o 1 - 1, 1 . L
ty =t — i "Via —im | 5 9990, — 3 0990, — 3 I, + 9PH,, | D5y, (2.34)
Indeed, the set (2.33) is closed under the SU(2|2) transformations
ia ia ibgja _ . gia— dim ja,q =
00" = 0" + 2m I (np — 75n) , oty = — 210" M + EE 97 i - (2.35)
Actually, the set (2.33) can be identified with the following complex coset superspace

of SU(2|2):
o {11, T19°, L', Re* C, H }

—— 2.36
{H]b’sz’Rab’C} ( )

The invariant measure of integration over (2.33), d(y, is defined by
d¢p =dtpd*9,  6(d¢L)=0. (2.37)

In the coordinates (2.33), the covariant derivatives (2.31) are written as
pia _ gia _9; [gm +m (,lgicgkaﬁkc B ;Qgicﬁka,lg’w)] o, —m (19ib _ gib) (990 — 999) o,
i (070 = 9) C = m | (95— 99) LY — (9} - 0}) R,
pia _ Fia 4 (ﬁm B gm) G im (ﬁib - ﬁib) (ﬂja N ,&ja) 5jb
—m | (93 = 9%) LY — (9} - 93) Bt (2.38)
From the structure of the covariant derivative D we observe that the general covariantly

chiral SU(2|2) superfield &4,
DiagA =0, (2.39)

can be made explicitly chiral after the appropriate ¥, J-dependent SU(2);, and SU(2)g
rotation of ®4 with respect to the external indices. For instance, if ®4 has the SU(2)r, x
SU(2)r matrix assignment (1/2,1/2), this additional redefinition is given by

Pia <t,z9ia,z§jb) — {e—%(ﬁjb—ﬁjb)(ﬁi—@)ijk]: [e%(ﬁjb—ﬁjb)(ﬁg—ﬁg)ébc}z O (t1,0:4), (2.40)

~ o\ 1 . . ~ a 1
(L%) =5 (9o +ee]) . (B) =5 (sag+edf). (2.41)
On the other hand, it is not possible to eliminate C' from D™ in a similar way. In fact,
C should always be vanishing on chiral superfields, as follows from the anticommutation
relations (2.19), which are just the integrability conditions for the chirality constraint (2.39)
and its anti-chirality counterpart:

Deprt =0 = (Cd'=0. (2.42)



2.5 Harmonic superspace

We perform a harmonization of the SU(2)r, indices and define the analytic subspace

Gy = Lty 0365w}, (2.43)
where
grao — Hiawj’ é-‘ra _ éz‘aw;r +im éiéjbekaw;rw;rwlz’
tay =t — 0" 05w wy — 0" 0qwwi. (2.44)

It is closed under the following SU(2|2) transformations

6wZ+ — %m 9J€jaw;-wi—’ (51[)2_ = O, (St(A) =0 (9;reia + é;rém> U)z_ (245)

Note that the transformation properties of the harmonic variables wii, as well as the
precise relation between the “central basis” coordinates (¢, 0%, éw) and the “analytic basis”
coordinates (% A),Gj,é;r), are uniquely fixed just by requiring (2.43) to be closed under
the SU(2|2) transformations.

For further calculations, it will be convenient to pass to another set of harmonic vari-
ables in the harmonic superspace (2.43),

ut' = wt — im0t w T = w (2.46)

With this choice, the realization of the fermionic SU(2|2) transformations in the analytic
subspace is as follows,

5u+i — A++u*’i 7 5u7i =0,
50+ = e +im (éjmbe; - 9;9“’@;) ,
807 =& +im (é;é”e; — é;e*%;) :
5ty = 2i <9ge—a + é;fe—“) , (2.47)
where
At —im (9;&“ _ é;e+a) —m? (egé—“ n é;e—a) brote,
+a ia i g:ﬁ:a ~a, + (248)

= € ’LL,i.

The SU(2|2) covariant harmonic derivative Dt preserving analyticity is uniquely defined
by requiring it to transform as

0 —i 0 +9+a 9 +é+a 0

(5D++ — _ A++D0 DO — 1 _ A - )
' A oota oh+a

(2.49)

,10,



It reads

o 2
D — 9t 4 (9;9+a + é;é+a) D4+ im G0+ (9+aa+a - 9+aa+a) + % (01) o,
(2.50)
where
s+ o O _ 0 _ 0 s 0 N . (ptptd) (stite
P = g 0a= Ot (a)’ Ora = Ggra > O+e = S50 (07)" = <9b9 )(6'10 )

This harmonic derivative reveals some unusual properties to be used below:
Dy~ — ot Dyt — % (9+)4 - DA — % s (9+)4. (2.51)

The analytic subspace integration measure

—4 ~
dCiyy) = dtay dud*0 20 (2.52)
transforms as
(-4 _ (=4)
6 (dc(y)) =2dc) A (2.53)
with
A:=im (éje—“ - Gj{é_“) . (2.54)
It is easy to check that
ATH= DAL (2.55)

2.6 Biharmonic superspace

(£1)

)

and véﬂ) associated

One can extend the superspace (2.9) by biharmonic coordinates w
with the subgroups SU(2);, and SU(2)R, respectively. No such an option exists in the
SU(2|1) case because of presence of only one SU(2) subgroup in SU(2|1). Like in the
previous case, the transformation laws of the double set of harmonics and the precise
proper change of the superspace coordinates can be found from the requirement of the
existence of the invariant analytic subspace ((py in the full biharmonic superspace

C(B) = {t(B)7 9&1’0), éz((),l)’ wgil),’l)(il)} . (2.56)

a

The relation between the coordinates (2.56) and the original coordinates (2.9) is given
by the following substitutions,

00 — g, 60D = o8 — 2im 82000y, + 42000 0y40,] o),
by =1— ieiaegwgl)wg_l) - iéiaé?”él)vé_l) +2m éiaéfékcegvé_l)U,E_l)vgl)vél). (2.57)
Now it is straightforward to explicitly find the relevant coordinate SU(2|2) transformations
leaving closed the analytic coordinate set (2.56)

5650 = ¢(10) — i {10 g(10) b(~1.0) 601 = &0 i g0V
5w£1) = AZ0) wl(_l), 5w§_1) =0,

sl = A©02) (1) sui =0,

5ty = 200010 4 9ig( OV 0-1)1, (2.58)
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Here

6(il,O)a _ ezawi ,

AR = 2 10100, A = 2 44V 01, (2.60)

1) A£F100a _ €iaw£1), (O — iag, (1) p0ED)i _ giay, () (9 50)

The analytic subspace has an invariant integration measure,

(72772) P 5 ) 5 (72772) —
de5r ™ = dt gy dw dv 2010 @290, 5(d§uﬂ ) —0. (2.61)
Now we can define the covariant harmonic derivatives
0
2,0) _ 5(2,0) 4 :n(1,0)9(1,0)a 0 _ 90 1,0)a
DR = 920 4 jgll0g10e g o DY =5) + o0 ETIEOTR
0T A [
D02) _ 5(02) -9(0,1)9(0,1)13 DO — g0 1 goni 2,62
+ 10, (B) » v=0p T 900,13’ (2.62)
where
(+20) _ (1) 0 o_.m 9 1 0 _
9 = w; aw($1) ) aw = w; awgl) w; 8w(_1) ) 6(B) a/at(B) )
9022 _ 1) 9 90—, 9 9 (2.63)
¢ (%((fl) , ! ¢ 811((11) “ 81)6(,,_1)
They possess the standard transformation laws
D20 = _ACO PO 5p0 =0,  6DOD = A2 DY 5pY—0. (2.64)
One can check that
A0 = D@07 00), A©2) = p(0.2)4©00). (2.65)
ACO = 24 [{¥DGOD 4 g(~10pL0] (2.66)

3 The multiplet (3, 8,5)

3.1 Kinematics

On one hand, the multiplet (3,8,5) can be described by a superfield V¥ satisfying the
constraints
Divit =o,  viviH =0, CVY=0. (3.1)
According to (2.24), the “passive” transformation law of V¥ is
SV = wivki 4 wivik. (3.2)
On the other hand, one can define the harmonic superfield
VI () = Vijw;'w;' [1 + 2im (ék“w,—: +im éfémbemw;w;@w;) Oéwl_} , (3.3)

which lives on the analytic harmonic superspace (2.43). The Grassmann analyticity con-
ditions for VT amount just to the constraints (3.1) for V% in the original central basis.
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After passing to the new harmonic variables (2.46), the transformation of V™1 can be
written through the parameter A defined in (2.54) as

SV = —2AV T, (3.4)
The analytic superfield V™ satisfies the harmonic condition

DVt =0, (3.5)

+

which can be proved using (3.3) expressed in terms of the harmonic u; , as well as the

explicit expression for D eq. (2.50). In fact at this step one can forget about the
relation (3.3) and deal with the real analytic harmonic superfield V** (V++ = V++)
subjected to (3.5). The harmonic constraint implies the following component structure
of V1.

vt = Uzyu+u++9+a£z ++0+a€au +<0+0+a 0+9+a) Ag— Z,U’Lju"ru <9+9+a é;fé”)
— 20010 Cy+ 0 @G Oy — i T (5’3+5 é;) ur —iftog ot (5;—5 g;;) u

2
- (9+)4 (U” + m? vij) u;u; — (9:{9+a + é;f@”r“) , (3.6)

where the fields satisfy the reality conditions:

(vij) = v", v =7, (&) = — &, (&) = — €',
(Cap) = —Cap,  Capy=Chy,  (Co)=—Co, (Ag) = — Ao . (3.7)

Thus, we are left with three physical bosonic fields v (), eight fermionic fields & (t), £i(t)
and five bosonic auxiliary fields Ag(t), Co(t), Cap(t), i.e., just with the (3,8,5) content. A
new constant p, [u] = 1, came out in the course of solving (3.5). It survives in the flat
limit m = 0.

We also present here the transformation properties of the component fields,

v = e((ffj)“ + éﬁjéj)“
55; =2 (ejaq')ij — méjavij) +2€ (Ag — p) — 26.Cy — é°Cyy
=2 (e]av + mejqu J) 28 (Ag+p) — 26 Co + lChy

640 = % (6uat™ — cia®).
5Co = & (€1 + éui®)
5C, = 2i [ Einlly - Z(agg)] +2im [ei(agg) + éiall | - (3.8)

Note that the SU(2|2) covariant constraint (3.5) and the transformation law (3.4) can
be generalized to an arbitrary analytic superfield ¢*" of the harmonic U(1) charge n:

Dt =0, §¢H = —p A gt. (3.9)
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This is similar to the analogous phenomenon observed in the flat N’=4,d=1 harmonic
superspace [20]. For even n one can impose the reality condition on ¢t . The difference
from the N'=4,d=1 case is that for n = 1 the constraint in (3.9) implies the equations
of motion for the physical fields and is similar in this respect to the harmonic equation of
motion for the analytic hypermultiplet superfield in N=2,4D case [50, 51]. For n = 2,
this constraint remains purely kinematic and defines the d=1 analog of the N'=2,d=4
tensor multiplet, with the constant u appearing as a solution of the d=1 reduction of the
well-known “notoph” condition 0*A, = 0 in 4D. All these features are retained in the flat

limit m = 0.

3.2 Invariant action

Since for n = 2 the m = 0 version of (3.9) defines an off-shell (3,8,5) multiplet, it is
expected that the analytic real superfield V1 := ¢(+2) describes the off-shell multiplet
(3,8,5) of SU(2|2) supersymmetry as a deformation of the corresponding flat off-shell
supermultiplet.

Confronting the transformation law of V™1 (3.4) with the transformation of the an-
alytic measure (2.53), one concludes that it is impossible to construct any invariant La-
grangian out of VT (even the free one), with harmonic U(1) charge +4 (needed to cancel
the negative charge —4 of the measure). To evade this difficulty, we will proceed by analogy
with the construction of the superconformal actions in [20, 52].

The procedure is as follows. We introduce an auxiliary constant triplet ¢¥/. Its har-

monic projections ¢t~ = ¢ u:ru; and ¢t = ¢¥ uliu]lL satisfy the relation
++ ff_(+—)2_} ij . (3.10)
c e c =5¢7ey .

that follows from the completeness relation for the harmonics. Without loss of generality,

we choose ¢/ cij = 1. Next, we define the “shifted” superfield VT as
~ m2
Vit =yt et et =ctt — 5 (67) ¢ . (3.11)

The triplet éT 1 satisfies the condition
DHtett =0, (3.12)

and so
DHVTt =0, (3.13)

The appearance of an additional term in ¢* is related to the properties (2.51) of DT .
Note also the useful relation

2
D et~ =t 4 mT (9+)4c__ =&t 4m? («9+)4 c . (3.14)

The component structure of the shifted analytic superfield V*+ related to V*+ by (3.11)
is obtained from (3.6) just via the substitution v*/ — 9% , where 9% = v¥ — ¢,
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The newly defined quantities are transformed as

dett = ATt D (AT
ST+ — _9A <V++ n 5++> — AN 4 DT (AT (3.15)

where ATt = —DTTA (recall eq. (2.55)). Using these relations, one can construct invariant
actions (see appendix A.1) with the superfield Lagrangian

Or++) 2 ——U++ ——++
I+ — 2(V*) 2_m2(9+)4 <V _ + <V _ '
(1_|_ 1_‘_2677{7++) V142 =Vt 14V 142 -VHF
(3.16)
To find the component form of the action
5(3,85) = /dC A)4 LY = /dt L3,85); (3.17)
we use the normalization
d (=4 p+ (=4 _ 1 - n—a ——a
C (9 = [ dtdu, dC(A) =16 dt du (Da D ) (Va \Y ) . (3.18)

The main technical problem is to do the relevant harmonic integrals. This can be accom-
plished using the formulas listed in appendix A.2. The component Lagrangian finally reads

1 S Y] i “ia bia 2 i F(iég)a 8
L85 = ﬁ [Uiﬂ}] + 5 (5 &ia +§ &'a) 2| B (§a g 4 £ligd) )Uikvf

2, 2 (52 € Cup — 26108 Co + &ia&f (Ao + 1) = &kl (A0 — 1)) - lcabcab

(g + 1) (Ao — ) — 2(Co)? + D o o i
0+ ) (Ao —p) —2(Co)” + S[ofs £€Ja§k£zb+ m€ &ia — M0

T 04 (C?Ujk + C?Uik>

[v] (Jo] + civid)

(3.19)

Here, |v| := y/v;jv% . The expression within the square brackets can basically be obtained
by a dimensional reduction d=4 — d=1 from the d=4 Lagrangian of [52]. The new terms
are those ~ p (they survive in the m = 0 limit), the fermionic “mass” mixed term ~ m

2 ik

and the bosonic potential term ~ m*. The last term ~ p is a special WZ term for v

known as a Lorentz-force type coupling to Dirac magnetic monopole [20, 29].
3.3 Duality transformations

In [52], duality transformations of the tensor multiplet was shown to lead to the free
hypermultiplet action. Here, we define in the same way duality transformations for the
d=1 multiplet (3,8,5).
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We can rewrite the action (3.17) as

Stwss =y [ dila) () (3.20)
where ft7 is an analytic superfield related to V*+* and V*+ by
2V 1
fft= v - —m2e (0+)4 1+ = =
1+ V14+2¢c -Vt 2V142¢c VT
1
vt = ftt (1 +5 cf++> Fett e mPe (00) (1+ e fH),
N 1
Vit = (1 + 3 cf++) +m*c (6+)4 (; + cf**) . (3.21)

In view of this one-to-one correspondence, the harmonic constraint (3.13) implies a nonlin-
ear constraint on the superfield f*+. The transformations of f** can be found from (3.21)

2

++
ofT = 14 ¢ f++

1
[ AfT (1 + 5 C——f++) —Aett — A++C+—} _ 9 DHHATT
(3.22)
Next, we add to the action (3.20) an additional term with the Lagrange multiplier w,

gdual _ /dC((;;)@ B (f++)2 LDyt (f**,ugt)] 7 (3.23)

and thereby get rid of the condition (3.13), ending up with two independent analytic super-
fields, w and fT*. The requirement of invariance of this action implies w to transform as

2(ct A+ c7ATT)

ow = — [ (3.24)
Integrating by parts the last term in (3.23), we obtain
u - 1 2
Gdual _ /dC((A)4) [2 (f++) _ptt (f++’uli) Dol . (3.25)

By analogy to [52], we can cast the Lagrangian (3.25) in the form of the free action

gdual _ _% /dC((;lf) g+ D++qi+’ (3.26)
where
¢t= [f++u*i - QCiju;r +m2eu! (9+)4] cos (w/\@)
- V2 [Cijf++uj_ +ut 4 mQC”uJ c («9+)4} sin (w/\/ﬁ) (3.27)
From this relation, one can establish that

Vit = 3 Cii qqt. (3.28)

,16,



Taking into account (3.22) and (3.24), one can find the superfield transformation of the
newly introduced analytic superfield ¢t

Sgt = —Ag™. (3.29)

By making use of the transformation properties (2.49), (2.53) and (3.29), it is easy to check
the SU(2|2) invariance of (3.26).

We observe that the external doublet index i of ¢t

is inert with respect to the whole
SU(2|2), including the SO(4) transformations. So it a sort of Pauli-Giirsey index and it is
convenient to replace it by another letter, e.g. as

gt — ¢t (3.30)

The action (3.26) respects an additional invariance under an extra SU(2)pg rotating the
doublet index A.
The superfield ¢*4 has the following §-expansion:

g (Cay) =2+ 0TONE + 07N + (9;0“ + éjé*“) B4+ (9;9” - é;é*a) c A
00T DAL OO DA oo AT DAL (pT) ACDA (3.31)

Here, all fields are defined on the extended bosonic space (t( A)» uﬂ), i.e., their harmonic
expansions produce infinite towers of fields [51]. Eliminating auxiliary fields by the relevant
part of the equation of motion for (3.26),

Dt r¢t4 =0, (3.32)
we obtain the on-shell superfield g™ containing a finite set of physical fields,

gt = 2yl +otarA 1 graiA (0;9” + é;é*a) P (3.33)

(xiA) = xiAa m = - )\Aa, (5‘,4(1) = - S\Aa‘ (334)

The constraint (3.32) puts the residual component fields on-shell:

2

T T e R L (3.35)
They can be re-derived from the on-shell component Lagrangian
dual L. iA & Aa {Aay i \ Aa m® 1A
L= S a:iA—kZ()\ Mo+ A AAa>+1m)\ Mo — T2, (3.36)

which is invariant under the transformations
bt =@ Ae e N A = 2054 — imedat, oA = 2% im edatt. (3.37)

These have an on-shell SU(2|2) closure. Note that the translational symmetry =4 —
2 " and its fermionic counterpart which are present in the undeformed m = 0 version
of (3.36) are broken by the oscillator terms.
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4 The multiplet (4,8,4)

4.1 Kinematics

The multiplet (4, 8,4) can be described by the superfield ¢'*, with (g;,) = ¢**. The proper
constraints are imposed as

plkbga — ¢ Vkbqia) — (4.1)
The SU(2|2) covariance of these constraints requires that
Cq' = —im . (4.2)
According to (2.24), the odd transformations of ¢* can be written as
64" = 2im (£8" ¢ + E°0;4" ) (4.3)
Now one can define the analytic biharmonic superfield
gy (C(B)) _ qiawz(l),u((ll) + 2%m é£071)9§qibw§1)7 (4.4)
living on the analytic subspace (2.56) and transforming as
§qb1) = A00)4(11) (4.5)

where A% was defined in (2.66). While the Grassmann constraints (4.1) are automatically
satisfied for ¢(')) in the analytic basis, the restricted harmonic dependence in (4.4) amounts
to the harmonic constraints

Taking into account the transformation laws of D% and D(2) eqs. (2.64), as well as the
definitions (2.65) and (2.66), it is easy to establish the SU(2|2) covariance of (4.6).
The solution of (4.6) is given by the undeformed superfield
q(1,1) _ fiawgl)vél) +0(1.0) avl()l)Xab + é(O,l)iw§1)>2ij +9(1,o)aé(o,1)iFm
_ i(gl()ho)@(l,o) bv((ll)wl(—l) +é§071)é(0,1)jvé71)w1(1)> fia
B ié§0,1)é(071)j0(170) avé—l)xab B ig{(}l,o)g(l,o)bé(o,l)iw§—1)>%ij
_ A§071)é(0,1)j9£1,0)9(1,0) bwl(—l)v((l—nf'z‘a_ (4.7)

With taking into account (4.5) and (2.58), its components transformations are found to read
S = =y = &%y, 6Fia =20 (ejaX,” —éxa”) +2im (Gax,” —enxa”)
oxe” = 2 (€iaf P =méiaf”) — " Fa, 0%, =2 (&uf1" —meia ") + I Fy. (48)

Since the superfield ¢(*!) in itself is not deformed (only its transformation properties
prove to be deformed), we can realize on it the supersymmetry SU(2|2) in parallel with the
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standard flat N'=8, d=1 Poincaré supersymmetry, or even with another SU(2|2) involving
the flipped-sign deformation parameter —m. The closure of all these symmetries including
the original SU(2|2) turns out to constitute an extended superalgebra introduced in [33]:

- 1
{ o Sjb} = €45 Jab—Eab Iij+§ Eab Eij £,

~ 1
{Szom ij} = €ab Jij —Eij Iab+§ EabEij £,

{Q0,, Q%) =2¢eiea H, {50 Sh} =2¢eiea H, (4.9)
Lij, Int) = €ir Inj + € L Uabs Led] = €ad Ive + €be Laa
[Jijs Tkl = €t Jij + €5k Jit s [Jabs Jed] = €ad Joe + €be Jad (4.10)
[ S8) = 5 (oo Sty ewshe) [ @] = 5 (e @+ 250
[ Tup, Qe } = % (€ac Qrb + be Qm) ; [Izg, Ska] = % (&'k Sia+ ik gia) ;
Q) = 5 (cac @+ @), [ S0l = 5 (e S% +230.5%)
[ abaSkc} = % (Eac Skb + Ebe gka) [ngana] = % <5ik Qjatejn Qm> . (411)

In fact, the superalgebra (4.9)—(4.11) contains four SU(2) subalgebras with the generators
Ly, ILij, Jap, Jij. These generators differently act on the indices of the component fields

fia,xba,f(ji,Fw}. The generators I,;, I;; rotate only the upper-case indices 7 and a,
while Jgp, , Ji; act only the lower-case ones (though denoted by the same characters). Thus,
the two types of SU(2) indices of the component fields can actually be split into four types.

The SU(2|2) generators of (2.1) can be identified with the following linear combinations
of the generators of the extended superalgebra (4.9)-(4.11):

Qia = ona — 2im Q’iav Sia = zoa — 2im giav
Lij == (JZ] + IZ]) ) Ry = — (Jab + Iab) . (412)

Hence, the superalgebra (2.1) can be viewed as a subalgebra of the extended superalge-
bra (4.9)—(4.11), with the central charge

C=—imZ. (4.13)

The second SU(2|2) supergroup is generated by the supercharges
0 +2imQiq, Sk, +2imSi,. (4.14)
The integration measure (2.61) is invariant under the transformations of both SU(2|2)

supergroups, with the parameters m and —m , i.e. it is also invariant under the transfor-
mations produced by all generators of (4.9)—(4.11).
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The generators appearing in (4.12) are realized on the biharmonic superspace (2.56) as

0o _ ., mW_0 . (~1)y10) 0 wm_ 9 . (=1)5(0,1)
ia = Wi Soi0)a 2iw; 0,7 0(py,  Sig = vg EY IO 2iv, 0;7 OBy

5. — 500,02 4 L0050, 9 A00), (—1)

Qia =0, "v;’0 2 . 0 v, Y ICRE 0, o 7,
L (10 (1,0)b ( y 0 (1,0), (=1)
o500 ) e — 0V,

Ii; = wgl)wj(.l)@(_m) + 3 [wgl)wj(fl) + w](.l)wgfl)] <9(1’0)“ o — Z>

S = 010 V020) 1. 1

60(1,0) a
+ Z'wgil)wj(fl)ggl’o)e(l’o)a 8(3) s

Ly = o0V 4 1 [vé Vol o >} (é@vl)kaé(fl)k - Z)

\)

+ ivé_l)vlgil)égo’l)é(o’l)i8(3) ,
H(0,1

. 1
Jij =— 2[9(01)8+6(°’1) 9 .],Jabz—[9§1’0)898+0§1’0)a]. (4.15)

900 T Hgo1)i 2 (L,0)b 00(1,0)a

While applying these operators to the superfield gD one is led to put Z¢"* = ¢, in
accord with (4.2) and (4.13). The algebra of the generators (4.15) can be extended by the
generator

K =i 909100 o(=20) 190001 9(0.-2) _y o 7. (4.16)
which, together with H = iy and Z, form the Heisenberg algebra h(2)
(K, H]=iZ. (4.17)

The superalgebra (4.9)—(4.11) with the generator K being included can be treated as N'=8
extension of the algebra h(2) [33].

4.2 Invariant actions

Let us define the new “shifted” superfield
q"(l»l) = q(lvl) _C(lzl)’ X =2 c(flvfl)qA(lzl)’

L) Ciawgl)v(l) 11 mel(fl)v((l—l) (LD ((~1-1) _ (-1,1) (1,-1) %’ (4.18)

a 9

where ¢/ is a constant satisfying ¢*®c;, = 1. It is enough to consider the e-transformations

51D = ALOGLY 1 A0 LD _ A02)1-1)

)

(
5X = ALO X 4 2L LD A0 _ g (~1-1)(1-1) 4 0:2) (4.19)

Such transformations are similar to the “superconformal” transformations [33]. Then it
follows that an SU(2|2) invariant action can be constructed in the same way:

In(1+X) 1
1,1) (1,1
Sa84) = /dt£(484 /dC(B ghh g AT 0x] (4.20)
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Since the superfield ¢V is not deformed, this action coincides with the one given in (33]
and so it is invariant under the full hidden supersymmetry with the algebra (4.9)—(4.11)
and the additional transformations with the generator (4.16). The central charge generator
Z acts as a dilatation generator in the target space, 87¢1D = wghY) | where w is a constant
parameter. Note that (4.20) is not invariant under the standard dilatations which affect
not only ¢(*V), but also the time coordinate t(B)-

Despite the transformations (4.8) are mass-deformed, the component Lagrangian
of (4.20) contains no terms with the parameter m. In particular, the bosonic core of
this Lagrangian is as follows

1 /. .. 1 ) ,
5%2758,4) e <fz'afw 1 Fz’aFw> ; 2= fuaf™ (4.21)

On the other hand, from the SU(2|1) standpoint, the multiplet (4,8,4) is a direct sum
of two SU(2|1) multiplets, (4,8,4) = (4,4,0) ® (0,4,4), and it is known [19] that the
Lagrangian of the multiplet (4,4, 0) in the general case explicitly involves the deformation
parameter m. In particular, its bosonic core is

.. . 2 .
~G(f) (f“’fm - I g f)

The only option for which the mass term becomes a constant and so fully decouples is just
G(f) = 1/f? required by the SU(2|2) invariance.’ It can be shown that for this special
choice the parameter m disappears also from all other terms in the (4,4, 0) Lagrangian.

Note that the Lagrangian (4.21) is invariant under the Z ‘dilatations”, 6z f% = wfi,
SF" = wF™ and, up to a total derivative, under the transformations generated by the
operator K defined in (4.16), 0 f'¢ = W' tf"¢, 6 F' = W' tF@,

5 The multiplet (5,8, 3)

5.1 Kinematics

In the standard flat N'=8,d=1 supersymmetry, chiral superfields with some extra con-
straints can be used to describe the supermultiplets (2, 8,6) and (5,8, 3) (see the table of
N'=8 supermultiplets in [31]). As we have checked, the constraints defining the multiplet
(2,8,6) do not admit a generalization to the SU(2|2) supersymmetry, while those defining
the supermultiplet (5, 8, 3) can be SU(2|2) covariantized. Thus, the supermultiplet (5,8, 3)
proves to be the only SU(2|2) multiplet for the description of which a chiral superfield can
be utilized.
We consider the complex superfield ¥ satisfying the standard chiral constraints

D =0, LYV =RPY=CVU. (5.1)

5Note that the singularity of this metric at f** = 0 can be avoided, e.g., by assuming that f%* starts with
a constant ¢'*. The 4-dimensional manifold with such a metric is known as Hopf manifold (see e.g. [53]) and
it provides a simplest non-trivial example of the so called HKT (“hyper-Kéahler with torsion”) manifolds.
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This superfield lives as unconstrained on the chiral subspace (2.33). It means that the
solution of (5.1) is given by the general ¥-expansion

. . . . N2 . 1o
U (t,0') = 24+ V29" e +9"99 Ay +19m19§?3a,,+\3f 90T 5y 0+ 3 9919 404D,

Bab = Bpa, A=Ay (5.2)
The passive transformation law ¥ = 0 implies the following component transformations:
0z =—V20""Yia,  Othig=—V2 (nZAij + 11 Bap — iﬁm»’f) ;
5Aij - = \/577?] [ﬂ-i)a + mwi)a] - \/if]?] [sz)a - mwi)a} )
0By = — V2 n; [WZ) + m%)} + V2 [2%) + m%)} ,
57Tia - \/5 <_ “7&141] + Zﬁ?BOLb - niaD> + \/im {(77& - ﬁé) Aij + (775 - ﬁf) Bab - Zﬁzaz} )
5D = /2 (frm n m¢m) . (5.3)
Indeed, their Lie brackets are easily checked to form SU(2|2) symmetry. The chiral super-

field (5.2) contains 16 bosonic and 16 fermionic fields and so is reducible. To single out the
multiplet (5,8,3), we impose the extra SU(2|2) covariant constraints

DD U+ DDLU = 0, 2V/2DVIF = — DRy, 9y DIk — —UDRe g,
DYt — g, DiVIM =0, CVi=0, V| 5 =, (5.4)

where V¥ is an additional deformed N'=8 superfield. Solving the constraints, we find that

b
I

i = V2 (=it +muy), Tia = — Wiq + Mig — MYiq D=Zz+imz,
Z) Z, (wm) = 1,/_Jia, (Uij) = ’Uij, (Bab) = Bab = Bba. (5.5)

—~

This field content now corresponds to the multiplet (5,8,3), and the deformed transfor-
mations (5.3) are rewritten for the involved fields as

02 = —=V20""Pia,  0Z=V201"%ia,  Ovij = —nl¥ira + T Pia s
Stia = 202055 — 2mnlug; — V218 Bay + V2ifia%
Sia = — 207005 — 2m Py — V217 Bap — V2inia?
§Bap = V2mp |ithl) — m%)} + V21 [Z%) +may,| . (5.6)
5.2 Invariant actions

The N'=38 invariant deformed action can be written as an integral over chiral subspaces,
like in the case of flat N'=8 supersymmetry [32]:

S(5,83) = i/dCLf(\I’) + i /dCRf(‘I’) = /dt L58,3) - (5.7)
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The component Lagrangian reads

P . . _ |
L583) =9 [ZZ + 050" + B (%’awm - i/)mwm) — M Yia" — mPv v + 3 Bap, B
7 - . 7
— —mg(zz — 22) +§

. _. 1 . _
5 (29: — £92) Yia®" — 3 (g2 Yiba + gz laby) B®

i a T o a oig m a YN AN ¥ |
+ NG (92 Yiat§ — gz ia¥}) 07 — NG (92 Yiath§ + gz biath}) vV
o (e P i gs G (53)
12 9zz ibWia T Gzz b Wia | - .
Here, g is a special Kéhler metric defined as
_ o g (2,2 dg(z,z
@)= @), =200 WD e g

As compared to the undeformed case, we observe the appearance of the oscillator-type
fermionic (~ m) and bosonic (~ m?) potential terms, as well as the internal bosonic WZ
term accompanied by some new Yukawa-type couplings.

free

The simplest free action S(’g ) corresponds to the choice f () = ¥2/4. Tts compo-
nent off-shell Lagrangian reads

Egr;’e&?,) :ZLZ" +1')Z‘j1')ij + % (1/Jmlzm —1/‘)1'@’(;“1) —m @Dmi/;m — % m (52—573) — m22)ij1)ij + % BabBab.

(5.10)

In [47], SU(2|2) supersymmetry was shown to underlie N'=8 massive quantum me-

chanics of type I inspired by some super Yang-Mills theory. One can show that the rel-

evant Lagrangian in the abelian case with U(1) as a gauge symmetry coincides with the

on-shell Lagrangian obtained from (5.10). It would be interesting to inquire to which
higher-dimensional system the general Lagrangian (5.8) could correspond.

5.3 Description in terms of SU(2|1) superfields

The supergroup SU(2|2) contains as a subgroup the supergroup SU(2|1). Hence, SU(2|2)
supersymmetric mechanics can be equivalently viewed as SU(2|1) supersymmetric mechan-
ics [16-19] associated with a few irreducible SU(2|1) multiplets forming a given SU(2|2)
multiplet. Here, we deal with the supergroup SU(2|1) defined in (2.5). The multiplet
(5,8,3) can be split into SU(2|1) multiplets as (4,4,0) @ (1,4,3) or (2,4,2) ® (3,4,1).
We have restricted our consideration to the latter option.

The SU(2|1) superspace coordinates are defined in the basis (2.26) as {t, 9, ,0" } =
{t,0;,0"} and are transformed under SU(2|1) according to

060, = ¢, +2m Ejﬁjei , 80" =& —2m Eje_j@_i, ot = 'LEZ@ + ZEZH_Z . (5.11)
Here the parameters ¢;, € are related to the parameters in (2.29) as
i1 =: €, ’F]il = Ei? Ni2 =: &4, 7772 = éi) (512)

the e-transformations being associated with the hidden supersymmetry which extends
SU(2[1) to SU(2|2).
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The e-transformations in (5.6) are split into SU(2|1) transformations corresponding to
the chiral multiplet (2,4, 2) [16] with the U(1) charge x = 0 and the multiplet (3,4, 1) (see
appendix C):

® = (2,9", —Bay) = (2,¢",B), V= (Uz‘j,—¢7ﬂ7—¢i1,—\/§i312) = (vij, X' X, A) -
(5.13)
Generally, the SU(2|2) invariant Lagrangian can be written in terms of these SU(2|1)
superfields as

L583) = /d20 d*0 (1 +2m ékek) F(®,2,V;), (5.14)

where F is an arbitrary real scalar function of SU(2|1) superfields satisfying the five-
dimensional Laplace equation [28, 30]:

40? 0?
_ 0 0. 1
<8<I> 9% oV awj> F=0 (5.15)

The metric g := g (2, Z,v;;) of the target space is expressed as

B 0*F (Z,E,’Uij) _ 40°F (Z,Z, Uij)

— 1
v vy 020z (5.16)

9 (2,Z,v45) =
One can explicitly check that (5.15) is the only condition which is required for the invari-
ance under the second subgroup SU(2)r of SU(2|2) in the terms quadratic and quartic
in fermions. Since the closure of SU(2|1) and SU(2)gr transformations necessarily yields
the supersymmetry SU(2|2), the equations (5.15) is none other than the conditions of the
SU(2|2) supersymmetry. One can treat the invariant Lagrangian (5.14) as a Lagrangian
constructed in terms of harmonic superfields associated with ¥, ¥ and V¥. This way
of obtaining (5.14) can presumably be figured out from the harmonic formalism elabo-
rated in [30].
As a solution of (5.15), the Lagrangian (5.8) can be rewritten in terms of SU(2|1)
superfields as

_ _ 1 .- o 1 g o
Lisss) = /d29 @20 (1+2m 00y {4 (@ (@)+0f (B)] — < ViV [ (@)+f" (3)] }
(5.17)
Here, the function f is related to (5.7) as

F(®) = f () lg,—giz—o (5.18)

and the relevant metric (5.16) coincides with that defined in (5.9).

The metric (5.9) corresponds to the most general solution of (5.15) for F restricted
to the 2-dimensional target space as F = F (z,2) ,g = ¢(z,2). One can consider more
general solutions involving some extra dependence on the triplet v*. For instance, the
most general solution with g = g (v;;) yields the Lagrangian

1 _ _ P — 2V;; VU
Lisg3) = 8/d29 d*0 (1 +2m akek) — . (5.19)
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In the component form it reads

. 1 N
Liss3) = 57 [22 + 007 + (@ﬁmd}w ¢ia¢za> +3 B"Bay, + —5 v |2 ﬂ)(ZW vik b}

2Jv)|
v o b s 7 7as) | SVGEGVRD)
+ W (2009) Bas it 2 + 0ot 2) = g3 0o 0
me“ m*viv J], (5.20)
with 1
g (vij) = SR (5.21)

One can explicitly check that this Lagrangian is invariant under (5.6).
There can be many other solutions of (5.15) depending on all five fields. An example
of such a solution producing a superconformal model is given in appendix B.3.

5.4 The free quantum model

As an example, here we present quantization of the simplest free model corresponding
o (5.10). Eliminating auxiliary fields, we obtain

E?:,)ees 3) = = 23+ 0;0% + - (’(ﬁmﬂ)w zﬁw@[_)w) —m g™ — % m(2z—22) —mPu o7, (5.22)

After performing Legendre transformations we obtain the canonical Hamiltonian

. . i o
H = <Pz + ;mz> <pz — ;mz> + b f” + m%”v,] + m* iy, . (5.23)

Other Noether charges are given by
e — 2 (pz _ ;mz> Cn ( ik | 2imvz‘k> o8,
M =2 (pz + ;mz> Vv — (pji — 2imuj) Ur,
= Y jq — % 8 pF e + 200 py; — i650M pyy
= PPy — é 5 e . (5.24)
The Poisson and Dirac brackets are imposed as
(sp:} =1, {Zps}=1, {vV py)= % (k07 +oi61) {0z} = —id0)  (5.25)
and they are quantized in the standard way
lps) =i, [Eps) =i, [v7 pu]= % (0107 +0i61), {¥up} =0 (5.26)
We will use the operators

VoVl =m, [V, V8] = T (016] + oo} . (5.27)
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where

1 .
(pij + levi]’) . (528)

g = i
szpz—imz, V22p2+§mz, Vf;:i

In terms of the so defined creation and annihilation operators, the quantum version of the
generators of (2.4) takes the form

T = 2V, '@ 4 2V ke M, = V2 Vs, — 2V;k¢§,
7 a7 1 i .ke. 7. 1 +ikyr— + v —ik a ka 7. 1 a ke 7.
Ly = 0 — 5 05 VM e+ — (VERVE = VEVTH) | RE = R — 5 o ¢ U
H =V:V.+ VTV +mi i, (5.29)

As follows from the definition (5.28), the quantum generator Lé- in fact does not involve
the parameter m. So the latter appears only in the supercharges and the Hamiltonian.
To construct the Hilbert space of wave functions, we use the creation operators Vs,
V+4 | 4" and the annihilation operators V,, V=%, 1)’ Then, the energy spectrum of H
is found to be
HQY = meq®), (5.30)

where Q) is a wave function at the Landau level £. The ground state corresponds to
¢ = 0 and the first excited level to ¢ = 1. The relevant wave functions are given by the
expressions:

_mzZz

O (z)e5,

a
0 — (a(l) (2) Vs + bl(]l) (2) VT 4 cz(,i) (%) q/)m> e 2 . (5.31)

0O —

The coefficients a(?), a(}), bg) and cgi) are some arbitrary antiholomorphic functions. This
infinite degeneracy is caused by action of the additional generators V., +imz and V —imz
(magnetic translations) which commute with all quantum generators (5.29). All the higher
levels ¢ > 1 have wave functions of more complex structure and we will not consider
them here.

A few words about SU(2|2) representations are to the point. The ground state Q(©) is
annihilated by all quantum generators (5.29), i.e., it is just a singlet. According to [54],
the level ¢ = 1 corresponds to the atypical SU(2|2) representation (1,0;1/2,0,0) , with the
overall dimension 8. All the higher ¢ wave functions can be also classified based on the

analysis of [54].

6 Conclusions

Using powerful d=1 superfield coset techniques, we have constructed and studied several
models of SU(2|2) supersymmetric mechanics based on the off-shell multiplets (3,8,5),
(4,8,4) and (5,8,3). This new kind of supersymmetric mechanics is a deformation of
flat N'=8 supersymmetric mechanics. The corresponding actions were presented, both in
terms of superfields and of component fields. The extended symmetries of these actions
were revealed, and quantization was explicitly performed in one simple case.
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Off-shell supermultiplets of standard N'=8 supersymmetric mechanics [29, 31, 33, 34]
other than (3,8,5), (4,8,4) or (5,8,3) do not seem to admit a deformation to SU(2|2)
multiplets. A possible explanation is the following. If we take for granted that the SU(2|2)
transformations form a subset of N'=8 superconformal transformations (like the SU(2|1)
ones which are embedded into an appropriate N'=4 superconformal group), then such su-
perconformal transformations can correspond only to the superconformal group OSp(4*[4).
Indeed, the superalgebra osp(4*|4) is the only one which contains su(2|2) as a subalgebra
(see appendix B.1). According to [38], OSp(4*|4) transformations are realized only on
the multiplets (3,8,5) and (5,8,3). Hence, the supergroup SU(2|2) also admits an ac-
tion only on these two multiplets. The multiplet (4,8,4) is exceptional: none of N'=8,
d=1 superconformal symmetries can act on it. However, one can realize on it an N'=8
extended Heisenberg superalgebra [33]. In section 4, we showed that this extended superal-
gebra (4.9)—(4.11) contains an su(2|2) superalgebra. Hence, the SU(2|2) transformations of
all three multiplets (3, 8,5), (4,8,4) and (5, 8, 3) are embedded into extended supergroups
containing SU(2|2) as a subgroup.

As an example for the contrary, the root multiplet (8,8,0) of flat N'=8,d=1 super-
symmetry admits osp(8]2) superconformal transformations [37]. Besides a flat N'=8,d=1
subalgebra, this superalgebra possesses two “curved” subalgebras with 8 supercharges [55],
namely su(1|4) and osp(4|2),” but not su(2|2). This is evidence in favor of the non-
existence of the multiplet (8,8,0) for SU(2|2) supersymmetry. Still, one might hope to
construct the root multiplet (8,8,0) as a sum of two mutually mirror SU(2|1) multiplets
(4,4,0) @ (4,4,0) [19]. However, by trial and error, we became convinced that there is no
way to extend SU(2|1) supersymmetry to SU(2|2) in such a system, although we are not
able to give a direct rigorous proof. Similar arguments also suggest the absence of SU(2|2)
analogs of the other “flat” off-shell N'=8, d=1 multiplets discussed in [31, 34]. For a more
systematic search of these “missing” deformed multiplets, one should presumably study
general deformations of N'=8 supersymmetric mechanics.

In [47], two types of N'=8 massive super Yang-Mills quantum mechanics provided
matrix descriptions of supermembranes. Type I is based on the supergroup SU(2|2), while
type II uses the product supergroup SU(2|1) x SU(2|1). In section 5, we noticed that
the type I model of [47] reduced to the simplest U(1) gauge symmetry corresponds to
the free Lagrangian (5.10) of the multiplet (5,8,3). Our superfield approach gives the
more general SU(2|2) supersymmetric Lagrangian (5.8). It will be interesting to explic-
itly consider deformations yielding the supergroups SU(2|1) x SU(2|1) [47] or SU(1|4) [46].
Further off-shell deformed N'=8 multiplets and the associated mechanics models may be
constructed in this way. It is especially interesting to inspect worldline realizations of the
supergroup SU(2|4) [44, 45], as they should bear a direct relation to the matrix models
of [42] (see also [46]). Such models can be studied directly in an SU(2|2) mechanics lan-
guage, proceeding from the fact that SU(2|2) is a subgroup of SU(2|4) and representing the
multiplets of the latter as direct sums of the appropriate SU(2|2) multiplets. For instance,
the SU(2|4) on-shell multiplet (10,16) can hopefully be organized from two copies of the
SU(2|2) multiplet (5,8, 3).

"The superalgebra osp(4]2) is a superconformal N'=4 algebra [56].
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A Details of invariant action for the multiplet (3,8, 5)

A.1 Calculation of the superfield action

The idea is to construct the invariant Lagrangian as a power series in V7,

LY o pettvHt £om? (9+)4 Z an, __V++ + Zb )" 2 V++) . (A1)
n=2

Using the fact that V++ is transformed inhomogeneously in (3.15), we require that the
variations of the adjacent terms in the sum cancel each other modulo a total derivative,
which will impose strict relations between the coefficients b, and, finally, fix the form of
the above series. We will properly employ the freedom in normalizing (A.1).

The physical normalization of the kinetic term of the boson triplet fixes by = 1/2. We
include the transformation of the integration measure (2.53) into the variations of various
terms in the Lagrangian (A.1). Then such a generalized variation of the first term in the
sum in (A.1) is reduced to (up to a total harmonic derivative)

1,~ N A ~ ~
5 [2(V++)2} =y [—A (V+++25++) —4A++C+_} . (V+++65++) AV (A2)
The first piece of this variation is going to be compensated from the variation of the term
~ (V++)3 in (A.1), while the second piece is canceled with the variation of the term ~ p
n (A.1). Indeed, it is easy to show that, up to a total derivative,

5 (pett VTt = 4N (pEtt i) (A.3)

and the choice p = 3/2 ensures the cancelation needed. Next, we consider the cubic term
bsc (VJFJF)3 with the variation

{413 O3 2, Bm? 2 4
6 [ba e (V)] = =& [bg ™ (V)| = 205 A (V) 25 by (7 V74F) 6 (07)
(A.4)
Under the choice b3 = —by = —1/2, the second piece in (A.4) exactly cancels the second
piece in (A.2). The remaining term in (A.4) is canceled by the variation of the term

N AR R 4

In this term, the variation of V*+ yields a vanishing contribution due to the presence
of the highest-order § monomial and the fact that both A and A™" involve at least one
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power of the Grassmann-odd coordinates. So its full variation is exclusively defined by the
variations of the explicit 6 s. Proceeding further, we find that

— M= etc. (A.6)

After some effort, using the general formula

o L L ——\n—1 1 DTV (=) >1 e —1
)= m ) ey O n2 Ll =1
(A.7)
we find a recurrence relation for the coefficients a,, and b, :
(n+1)(2n+1) 2n —1
=— b bpi1=———by. A8
(079 9 (QTL — 1) n+1 5 n+1 nt1 n ( )
Then, using the property that, up to a total derivative,
ST = () T (A.9)
we represent the total Lagrangian L(T%) as
[e.9]
(+4) _ 1\ (2n —3)! ——\n—2 (Yr++\"
L _42( 1 2”n!(n—2)!<c V)
n=2
[e.e]
2n—1)2n—4)! , __ . \n-1
~om? (01) S (—1)nd /ans A.10
m(0") Zé( =2 ) (4.10)

It remains to learn to which functions these series sum up. Using the Taylor expansions

— 2n+1)! ., 1
> (2n)! 1 = (2n)! 1
n _ = " = (1—-1—-4

2 p 2olriy ™ 2 (17 VIE )

with A

Vtte——
x = — 5 ,
it is straightforward to write (A.10) as
4 2 (744 Y T
L = _m? (6% - ).
<1+ 1+2€——f/++> V142¢—VHE 14142 VH
(A.12)

Then, the SU(2|2) invariant Lagrangian for the multiplet (3, 8,5) is given by

Liss = / d¢TH L, (A.13)
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A.2 Harmonic integrals

For the calculation of the component Lagrangian of (A.13), we take as input the known
harmonic integrals [20, 52]

/( du - 1 S (A.14)

142c0tt)%2 /T4 2¢07 + 0500

(1 +2 C__@++)3/2 142 Cijf)ij +1A)ijﬁij+(1+cijﬁij) \/1+2 Cijf}ij —l-@ijf)ij

After some algebraic manipulations involving integration by parts, the component La-

duuus — Cf@'k‘i‘ckﬁik
/ ) _ ( A > . (A.15)

grangian is reduced to a few terms containing the expressions (all taken at 6 = 0)

PPLED 1

BT T (14 2¢—0tt)3/2”
PLHY 3¢~

T3 T (14 2c —ot+)p/2)
LY 15(e )’

(A.16)

O0t+E (14 2¢—ot+)7/2°
They appear with the specific combinations of harmonics and the corresponding harmonic
integrals are computed as

LD 1
/du PN = — —
9o+ V126500 + 03507
k l opt+3 (1+201]@U +1A}Z]0Zj)3/27
(+4) 3(c+0) g (c+0)

/du uf u gt 0L ) (A.17)
kYl “m®n 8A++4 .

(1 + QCij@ij + @ij@ij)B/z .
There is also the harmonic integral
oo et et
— /du - = + — + = )
VIH2c =0t (14142 =0+ )  1+V142c 0t V142 -0+

(A.18)
responsible for the potential term ~ m?. It is not immediately obvious how to compute it.
It is easier to calculate this integral by considering its series expansion

/ Z =1 (p — 12n —4) [(2n—3)0" 0"+ (2n—1)c 0] (0771§++)n_2 :

N (n—2)!
(A.19)
Using the identities
. _ 2n—1 . N n—2
/du ++ = o1 /ducm c” ++ 2n+1 /du ) v++) ,
1 2 _
/du@——@++ (o) 2 = _ (= Doyo? o )_“1] /du (ot )" 2,
b0 =267 0T — ottt =TT ot —2¢T 0T, (A.20)
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we transform (A.19) to the form

2 (=)™ (20 + 2)!
2n+2n] (n + 1)! (c

1 - -
5 + (L4207 + 0597) /du ot (A.21)

0

n=
The final result is given by the integral (A.14) as

du (1 + 2 ¢;;0% + ;0% 11 ij ij
/ (( . ++)z3/2 373 <1 a \/1 2+ mj@l]) A
2(14+2c 0

(A18) = —

B Superconformal symmetry

Superconformal N'=4 symmetry in SU(2|1) superspace is realized by trigonometric trans-
formations [18]. Analogously, superconformal A'=8 symmetry in SU(2|2) superspace also
yields trigonometric superconformal mechanics [57].

B.1 Superconformal algebra osp(4*|4) and its su(2|2) subalgebra

There are four superconformal N'=8, d=1 algebras [56]: o0sp(8|2), su(l,1[4), F(4),
osp(4*|4). According to [55] (table VI), the superalgebra su(2|2) can be embedded only
into the superconformal algebra osp(4*|4). Here, we present this embedding.

The explicit structure of osp(4*|4) is given by the following nonvanishing (anti)-

commutators:
{Qza Q]b} 2€z]€abP {Qia7 Q],B} _ _2€ij€o<,8P’
{Sm Sjb} — 26U {Sm,SjB} = — 29K,

{Qia’ Sjb} _ 2<€abTij_6ij€abD_2EijTlab>’

(@817} = 2(eoPT —elie2P D277,

(Qe,87%) = —aciipyee, (g gin) = —gciipee, (B.1)
[D,P]=—iP,  [D,K|=iK, [P, K] = 2iD,
|79, 7| = — i (T T (U, U] = —2i (2Tt 1 oty
[be, de} S (s“c bd | edefC) : [T;“B , T;/’] —— (aaVTff’ + sﬁpT;V) ,
70, 0] = — & (cocype 4 eygen) L - (gwuamgwa)( .
B.2
[P, 5] = sz [P, Sl =iQ", | [K,Q"] = sz [K,Q"] = fism,
[0.@") = —5Q" [D.@"]=-5@"  [D.§] =35 [D.§"] =55,
[Uaa@w} __iuign vee, Qw] _ g
[T, 5] — — i cobse, [vee, 5] =~ jeodsin
[Tab Qw} _ ;< acqyit +€chm>’ [ 7 Sw] _ ;< ac gib Hbcsz-a)’
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[T;zﬁ, Qz‘v} _ % (6cw Qi 4 B Qia) 7 [T;ﬂ,Sm] _ % (gavgiﬂ + gﬁvgm) 7
[Tij7 Qka} _ _% (giija I Eijia> , [Tfj, Ska] _ _% <€iijb + gjlcsm) 7
(B.3)

The bosonic subgroup is SO(5) x SU(2) x SO(2,1).
There are three SU(2) groups with generators 7%, T Ty P acting on the relevant
indices. Let us redefine the SU(2) indices a,b,c... and «, 3,7,... as

Qo — g, S st T oTgt, U U, (B.4)

This redefinition just means that we passed to the equivalent basis where, instead of the
su(2) algebra with the generators Ty f we deal with the diagonal su(2) in the direct sum
of the former su(2) and the one with the generators T{. Then, we define the m-deformed
supercharges

T (+m) = % [Q" —iQ"™ £ m (S8 +1i5")],
' (£m) = % [Q" +iQ" £m (S8 —iS")] (B.5)
and the bosonic generators

H=— 5 (P+m2K) 7 U= §5cd UCd, U(ab) _ (Uab + Uba) , LY — iT”,

N — DN

R = (be + T;”) . Rt =i (be—T;b) . Te=-(P-m2K £2imD). (B.6)
In terms of these redefined generators the superalgebra osp(4*|4) takes the form:

{Hw(ﬂ:m), T (+m)

{Hi“(im), 7 (Fm)

{10 m), 107" ()

)

J
J
} —2m eI 4 om E”R"b,
J

{ﬁi“(m), °(—m) } =2m eIy(ab) _ o gl Rab, (B.7)
R T =+mTs, (T4, T-] = —2m*H,
|:Lij,Lkl_ _ gilpki 4 gkt [Rab’Rcd_ — cadpbe | cbe pad
[ R, Red| — cadpbe b Rad, R, Red| — cadpbe | be Red,

[Rab’ U(cd)' _ cadpy(be) | ghegr(ad) |:Rab’ U(cd): _ (Eacgbd + Eadé_bc> U,

[U(ab), U(Cd)i _ _ cadpbe _ gbCR“d, [Rab7 U: _ U(ab)7 [U(ab)7 U} = R“b, (B.8)

— 32 —



L9, T ()| = o (R (o) + T () )

_Rab,Hic(ﬂ:m)_ _ acsz(im) + Ebcnza :I:m )
L3, TR (m) | = = (eFT1% (2m) + IR 1T j:m))
'Rab,ﬁic(ﬂ:m)- _ acsz(im) _|_5bch +

_Rab? HZC(im)_ _

AAAAAA

[ I O S N I N NN

m)
acsz(:Fm) + Ebcl—[za :Fm )

R T (+m)| = = (%I (Fm) + eI (Fm) (B.9)
[H 0 ()] = & 2 10 (£m), [ 10 ()] = 22 117 (),
(T2 I (m)] = imnw (&m), [T, IT9(m)] = % m 117 (£m),
U, T (m)] = — © nw m), (U, T (4m)] = %ﬁm(im),
|:U(ab I (+ ] _ 7( acsz(:Fm) +5bcHza(:Fm)>
[U@b),HZC(im)] - % <5“CH”’(:Fm) + sbcnw(:pm)) . (B.10)

Thus, the deformed supercharges I1°(m), I17°(m) generate the su(2|2) superalgebra (2.4)
with central charges H = H+mU and C' = 0.8 Hence, the supercharges I1(—m), T17*(—m)
also form a su(2|2) superalgebra, but with the opposite-sign deformation parameter —m.
The closure of these two su(2|2) superalgebras yields the whole superconformal algebra
osp(4*]4). In this embedding, the subgroup SO(5) contains the subgroup SU(2)gr from
SU(22), i.e. SU(2)r C SO(5). Switching SU(2)g <> SU(2), in SU(2|2), one can consider
the embedding where SU(2);, C SO(5).

B.2 Superconformal properties of the multiplet (3, 8,5)

The component fields of (3.6) can be rewritten in a complex notation as

e i 7. 7mt £ L ,,m 7mt
gza = \/§ <¢za e @Z)m ) y fza - \/» (d%a + ¢za €2 )
Ay = — % (Ae™ + Ae™"™) | Co = % (Ae™ — Ae™'™). (B.11)

Then the Lagrangian (3.19) is rewritten as

conf. ia i.Tia v T )a,, “k 1 } ab
£(3 8,5) — 2| ‘ [UZ]U +5 <wzaw — Yia¥ ) =+ ‘U|2 wa (0 Uik U +24AA 1 C®Cu
’Ul i a T .7 Ta ~a 3’1)7;"0“ a —
2| 2 <Z¢1 % ab + Wia§ A+ ithiap A —2p T/Jialbj) - 8(|j)\4 ) Vi Vja ¢Z¢lb

ot (e s

+ — m; 0" -
: K ol (Jo] + c07)

8As discussed, any N'=8, d=1 superconformal symmetry cannot be realized on the multiplet (4,8,4)
which has C # 0.
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The relevant transformations (3.8) leaving this Lagrangian invariant (modulo a total deriva-

tive), become
5vij = n?j&i)a eiémt + ﬁgjwi)a e%mt’
0hia = (22'775% — 2muvij — inf Cap + 2y ma) e 2™ + i A ™,
0thiq = — (22'775%‘ + 2m vij + i1]; Cap + 24 %) e2™ — 2, Ae 3,
=~ 7 — i _ .. 1 . Q
0Cab = 2nj(p [%) +t5 ml/fé)] e 2™ + 27, [1/12) —3 m%)] e2™,
. . 7 i _ . - 7 - i
oA =—n" <wm +3 mlﬁm) e 2™, fA=1q" (%z —5 ml/%a) e2™.

Exploiting the property that the Lagrangian (B.12) depends only on m?

additional SU(2|2) transformations with m — —m:
6/Uij - nz?'&i)a ex™ + ﬁgwi)a 67§mt7
8" bia = (2infJ sy + 2m vy — infl Cap + 2m], ) €3™ + 2iff, A ™5™,
6o = — (20033 — 2m vy + i Cup + 2417, ) =3 = 2im] A ™,
.. 7 _. i _ . 7 ; _i
§'Cap = 2, [ )" m%} e + 27y, [% +3 m%] e 2,

; i l i - . - Z _ i
(SIA = - n/za <wia - 5 mwia) e§mt, 5,14 = ﬁlw <¢ia + 5 mwm> e_imt.

(B.13)

, we can define

(B.14)

The closure of these two types of SU(2|2) transformations gives a trigonometric realization

of the full superconformal symmetry OSp(4*|4). Thus, the Lagrangian (B.12) is supercon-

formal and is recognized as a deformation of the parabolic Lagrangian given in [31] by the

oscillator mass term ~ m2.

B.3 Superconformal properties of the multiplet (5,8, 3)
Redefining component fields in (5.6) as

z — ze Mt zZ — ze'™ By, — Bup
—imt - - It
Yia = Via € 2™ > ¢ia — ¢ia62m s

we cast their SU(2|2) transformations into the form

0z = = V2" pig 3™, 02 = V2 Wiq eI, Gvyy = — e €™ + 00

Oia = <2ing@ii — 2mvij — V2] Bab> 2™ 4 /2 i (1% +mz) e 2™,

(51;1‘& = <* 2277&1),” —2m ﬁgvij — \/iﬁgBab> 6_%mt — \/5771'(1 (’LZ — mZ) 6§mt,

s 3mo— | N T [ R
3Bay = V215 {“%) — 2%)] e2™ 4+ V27, |:“/)a) + 2%)] ez,
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Making the change m — —m in these transformations, we define additional SU(2|2) trans-
formations. In the same way as in the previous case, the two types of SU(2|2) transforma-
tions close on the superconformal symmetry OSp(4*|4) in the trigonometric realization.
Superconformal Lagrangian admits construction in terms of SU(2|1) superfields corre-
sponding to the multiplets (2,4, 2) and (3,4,1) as SU(1, 1|2) € OSp(4*|4) superconformal
trigonometric Lagrangian. Superfield Lagrangian satisfying (5.15) is given by

log (x/VijVij + 4/ VigVi + (I><I>>
In contrast to section 5.3, the chiral SU(2|1) superfield ® describing the multiplet (2,4, 2)
has a central charge? b = —1 [18]. By analogy with (B.12) and previously constructed

ceonk = [ d20d%0 (1 + 2m 6%6, B.17
(5,8,3)

trigonometric superconformal Lagrangians [18, 57], the relevant (5,8,3) superconformal
Lagrangian is a deformation of the parabolic superconformal Lagrangian [29, 31] by oscil-
lator term. The bosonic truncation of superconformal Lagrangian reads

.. _ . .. 1 ..
ﬁ%g?sfﬁ) ‘bos = (vijv” + 25) 3/2 zz + ’l')z‘jl')zj + 5 BabBab — m2 (’UZ‘]"UU + ZE) . (B18)

One can see that this Lagrangian is SO(5) x SU(2) invariant, where dynamical bosonic
fields form SO(5) vector and auxiliary fields are combined into SU(2) triplet.

C The multiplet (3,4,1)

We briefly consider the multiplet (3,4, 1) described by the superfield V¥ in the framework
of the SU(2|1) superspace [16]. It satisfies the SU(2|1) covariant constraints

Dy = plyi) =g, (v =y,  vi=vi (C.1)
where SU(2|1) covariant derivatives are

- - 3m? /- 2] 0 _. 0 . — o~ . - =
7 k k in . i j k i
D [1+m0 Hk——4 (9 0k> } 7891‘ —mb HJ—agj —10'0; + mO'F — mo <1—m0 Hk) I,

_ _ 2, 2 _ - _ -
D; = —[1+m0k0k—372 (ekek) ] 9 + mb*o; 0 +i0;0; —mO; F +mby, (1—m919l) Iy,

06 a0k
(C.2)
The solution is given by
. - 9 [ 7k 2 . o . e
Vi — [1 +m@* 0, —m (9 ek) } v 4 0ty 4 gligd) — igligh) A

. 1 _ o 1 /- 2

— [e(zek n ekeﬂ ok _ gk, [Q@XJ) - 0“;—(])] +3 (ekek) T
(v7) =vij, () =%, (B)=B. (C.3)
9The central charge b is related to a scaling dimension parameter as b = —Ap where A\g=1 for the

multiplet (5, 8,3) [38]. Thus, we have that b = —1.
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The superfield V¥ has the following passive transformations
SV = — m(1+m é@,) [(eké’f%’f@k) Vi — (0 +E0y) VI — (e,67 + 0y, V’”‘f}, (C.4)
and its component fields transform as
507 = — eliyd) — eligd) 0A = epx" — & xp +im <ekxk + Ek)_gk) ,
ox; = — 2i€" iy +iej A+ 2metuy;,  Ox' = — 2™ — e A — 2m et (C.5)
The general o-model action for the SU(2|1) multiplet (3,4, 1) is constructed as

S@a1) = /dt£ = — é /dtd20 d*0 (1 +2m ék0k> L(v?), V*P=V,V9,  (C.6)

where dt d?0 d*6 (1 +2m6%6;) is a SU(2|1) invariant measure. The simplest free La-
grangian corresponding to the choice L = V? reads

L i L - .. A2
Ll =007 + 5 (X' = Xax') +mx'xi — mPvigo’ + - (C.7)

After eliminating the auxiliary field A, this Lagrangian can be viewed as an abelian reduc-
tion of the mass-deformed N'= 4 matrix models of type I [47]. Recently, in [48], the SU(2|1)
multiplet (3,4,1) was used at the component level for the description of a new class of
N'=4 supersymmetric massive quiver matrix models. The component Lagrangian (C.7)
corresponds to the simplest case of one node without arrows and with a U(1) gauge group.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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