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Abstract

We provide necessary and sufficient conditions for stochastic invariance of finite di-
mensional submanifolds with boundary in Hilbert spaces for stochastic partial differ-
ential equations driven by Wiener processes and Poisson random measures.
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1 Introduction

Consider a stochastic partial differential equation (SPDE) of the form

(1.1)

{ dry = (Are+ary))dt + o(ry)dWy + fE v(ri—, x)(p(dt, dz) — F(dx)dt)
ro = ho

on a separable Hilbert space H driven by some trace class Wiener process W on a
separable Hilbert space H and a compensated Poisson random measure p on some
mark space F with dt® F(dz) being its compensator. Throughout this paper, we assume
that A is the generator of a Cp-semigroup on H and that the mappings o, o = (07)en
and ~ satisfy appropriate regularity conditions.

Given a finite dimensional C3-submanifold M with boundary of H, we study the
stochastic viability and invariance problem related to the SPDE (1.1). In particular, we
provide necessary and sufficient conditions such that for each hg € M there is a (local)
mild solution r to (1.1) with o = hg which stays (locally) on the submanifold M.

Any finite dimensional invariant submanifold M for the SPDE (1.1) gives rise to a
finite dimensional Markovian realization of the respective particular solution processes
r with initial values in M, i.e. a deterministic C®-function G and a finite dimensional
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Invariant manifolds with boundary for jump-diffusions

Markov process X such that r, = G(X;) up to some stopping time. This proves to be
useful in applications, since it renders the stochastic evolution model (1.1) analytically
and numerically tractable for initial values in M. An important example is the so-
called Heath-Jarrow-Morton (HJM) SPDE that describes the evolution of the interest
rate curve. Stochastic invariance for the HJM SPDE has been discussed in detail in
[2, 3,4,8,9, 15, 16, 20] for the diffusion case. The present paper completes the results
from [10, 15, 16] by providing explicit stochastic invariance conditions for the general
case of a SPDE with jumps.

Stochastic invariance has been extensively studied also for other sets than mani-
folds. In finite dimension the general stochastic invariance problem for closed sets has
been treated, e.g., in [5] in the diffusion case, and in [22] in the case of jump-diffusions.
In infinite dimension we mention, e.g., the works of [19, 20, 23], where stochastic in-
variance has been established by means of support theorems for diffusion-type SPDEs.

We shall now present and explain the invariance conditions which we derive in this
paper. Let us first consider the situation where the jumps in (1.1) are of finite variation.
Then the conditions

M C D(A), (1.2)
. T, h
i(h) e WM, h e MAOM, all j € N, (1.3)
ThOM, h e oM,
h+~v(h,z) € M for F-almostall x € E, forall h € M, (1.4)
1 . .
Ah+a(h) - 5 > Do’ (h)o? (h) (1.5)

JEN

_/ 'y(h,:c)F(dx) c ThM, he M \ oM,
. (ToM)., he oM

are necessary and sufficient for stochastic invariance of M for (1.1).

Condition (1.2) says that the submanifold M lies in the domain of the infinitesimal
generator A. This ensures that the mapping in (1.5) is well-defined. Condition (1.3)
means that the volatilities 4 — ¢7(h) must be tangential to M in its interior and tan-
gential to the boundary dM at boundary points. Condition (1.4) says that the functions
h — h + v(h,2z) map the submanifold M into its closure M. Condition (1.5) means
that the adjusted drift must be tangential to M in its interior and additionally inward
pointing at boundary points.

In the general situation, where the jumps in (1.1) may be of infinite variation, condi-
tion (1.5) is replaced by the three conditions

[l thoplptan) < oo e om (1.6)
E
A+ a(h) - ;j%mf‘(h)aﬂ'(h) (1.7)

- /EH(ThM)Lv(h,x)F(dx) € TpM, heM,
1 ) )
(i, A+ a(h)) = 5 %wh, Do’ (h)o? (k) (1.8)
J

- L(nh,v(h,fﬁ»l’(dw) >0, heoM,

where 7, denotes the inward pointing normal vector to M at boundary points h € OM.
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Condition (1.6) concerns the small jumps of r at the boundary of the submanifold
and means that the discontinuous part of the solution must be of finite variation, unless
it is parallel to the boundary 0 M. Denoting by Ik the orthogonal projection on a closed
subspace K C H, we decompose

v(h,x) = I, my(h, ) + 1, Ay LY (B, ).

As we will show, condition (1.4) implies
/ HH(ThM)gy(h,x)HF(dx) < oo, heM. (1.9)
E

The essential idea is to perform a second order Taylor expansion for a parametrization
around h to obtain

Iz, a2 ¥ (B, 2) | = [ly(h, @) = gy, ay (B, 2) || < Clly(h, @)

for some constant C' > 0. By virtue of (1.9), the integral in (1.7) exists, and hence,
conditions (1.7), (1.8) correspond to (1.5).

As in previous papers on this subject we are dealing with mild solutions of SPDEs,
i.e. stochastic processes taking values in a Hilbert space whose drift characteristic is
quite irregular (e.g., not continuous with respect to the state variables). Therefore, the
arguments to translate stochastic invariance into conditions on the characteristics are
not straightforward. The arguments to prove our stochastic invariance results can be
structured as follows: First, we show that we can (pre-)localize the problem by separat-
ing big and small jumps. Second, prelocal invariance of parametrized submanifolds can
be pulled back to R™ by a linear projection argument tracing back to [11]. Both steps
require a careful analysis of jump structures, which leads to the involved invariance
conditions.

The remainder of this paper is organized as follows. In Section 2 we state our main
results. In Section 3 we provide some notation and auxiliary results about stochastic
invariance. In Section 4 we perform local analysis of the invariance problem on half
spaces, in Section 5 we perform local analysis of the invariance problem on subman-
ifolds with boundary, and in Section 6 we perform global analysis of the invariance
problem on submanifolds with boundary and prove our main results. For convenience
of the reader, the proofs of some technical auxiliary results are deferred to the appendix
[14].

2 Statement of the main results

In this section we introduce the necessary terminology and state our main results.
We fix a filtered probability space (Q, F, (F;)¢>0, P) satisfying the usual conditions and
let H be a separable Hilbert space.

Let W be a Q-Wiener process (see [6, pages 86, 87]) on some separable Hilbert
space H, where the covariance operator @ is a trace class operator.

Let (E,&) be a measurable space which we assume to be a Blackwell space (see
[7, 17]). We remark that every Polish space with its Borel o-field is a Blackwell space.
Furthermore, let i be a time-homogeneous Poisson random measure on Ry x FE, see
[18, Definition I1.1.20]. Then its compensator is of the form dt ® F(dx), where F' is a
o-finite measure on (FE, £).

In [14] we review some basic facts about SPDEs of the type (1.1) and we recall the
concepts of (local) strong, weak and mild solutions. In particular, equation (1.1) can be
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rewritten equivalently

dre = (Arg+a(ry))dt + 3 e ol (ry)dp!
+ Jg (re—, @) (p(dt, dz) — F(dz)dt) (2.1)
ro = ho,

where (7) e is a sequence of real-valued independent standard Wiener processes. We
next formulate the concept of stochastic invariance.

Definition 2.1. A non-empty Borel set B C H is called prelocally (locally) invariant for
(2.1), if for all hy € B there exists a local mild solution r = r(ho) to (2.1) with lifetime
7 > 0 such that up to an evanescent set!

(r"')_€Bandr” € B
(rT € B).
The following standing assumptions prevail throughout this paper:

» A generates a Cy-semigroup (S;)¢>o on H.

* The mapping a : H — H is locally Lipschitz continuous, that is, for each n € IN
there is a constant L,, > 0 such that

la(hy) — a(ha)|| < Lullhy — holl, ha,hs € H with [[h], [|ha]| < n. 2.2)

* For each n € IN there exists a sequence (x,)jen C Ry with 37, (#,)? < oo such
that for all j € IN the mapping ¢/ : H — H satisfies

llo? (h1) — 07 (ho)|| < K2 ||hy — hall, Ry, he € H with ||hq]], ||he] < n, (2.3)
llod(h)|| < &%, h € H with ||h]| < n. (2.4)

Consequently, for each j € IN the mapping o7 is locally Lipschitz continuous.

* The mapping v : H x E — H is measurable, and for each n € IN there exists a
measurable function p,, : E — R, with

/ (pn()? V pn(2)*) F(dz) < 00 (2.5)
E
such that for all z € FE the mapping ~(e,z) : H — H satisfies

(1, ) = y(ha, 2)|| < pu(@)l|ha = hall, ks ho € H with [P, [[hef] < n,  (2.6)
lv(h, z)|| < pn(x), h e H with ||h]| <n. (2.7)

Consequently, for each = € F the mapping (e, z) is locally Lipschitz continuous.

+ We assume that for each j € IN the mapping ¢/ : H — H is continuously differen-
tiable, that is

ol € C*(H) forall j € IN. (2.8)

The first four conditions ensure that we may apply the results about SPDEs from [14].
We furthermore assume that:

1A random set A C Q x R is called evanescent if the set {w € Q : (w,t) € Aforsomet € R4} is a
P-nullset, cf. [18, 1.1.10].
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* M is a finite-dimensional C3-submanifold with boundary of H; that is, for all h €
M there exist an open neighborhood U C H of h, an open set V' C R = R x
R™~! (where m € N is the dimension of M) and a map ¢ € C*(V; H) (which we
will call a parametrization of M around h and also denoteas ¢ : V C R" — UNM)
such that

1. ¢:V —UnNM is a homeomorphism;
2. D¢(y) is one to one forall y € V.

We refer to [14, Section 3] for further details.

Remark 2.2. We impose that M is of class C3, because this ensures that the coeffi-
cients a, (b')jen, ¢ and ©, (39);ew, T’ of the SDEs (5.26), (4.1), which we will define in
(5.38)—(5.40) and (5.44)-(5.46), satisfy the regularity conditions (2.2)-(2.4) and (2.6)-
(2.8) as well; see Lemma 5.6.

Remark 2.3. Similarly, instead of (2.5) one would expect the weaker condition

/ pn(2)?F(dz) < 0. (2.9)

The reason is that (2.5) is required in order to ensure that the above-mentioned coef-
ficients also satisfy the regularity conditions (2.2)-(2.4) and (2.6)-(2.8), but with (2.5)
being replaced by (2.9); see Lemma 5.6.

Our first main result now reads as follows.
Theorem 2.4. The following statements are equivalent:

(1) M is prelocally invariant for (2.1).
(2) We have (1.2)—(1.4) and (1.6)—(1.8).

In either case, A and the mapping in (1.7) are continuous on M, and for each hy € M
there is a local strong solution r = r(ho) to (2.1). Moreover, if instead of (1.4) we even
have

h+~(h,z) e M for F-almostallx € E, forallhe M, (2.10)

then M is locally invariant for (2.1).

Remark 2.5. It follows from Theorem 2.4 that (pre-)local invariance of M is a property
which only depends on the parameters {«,o’,~, F'} - that is, on the law of the solution
to (2.1). It does not depend on the actual stochastic basis {(Q2, F, (F;)i>0, P), W, u}.

Note that local invariance of M does not imply (2.10), as the following example
illustrates:

Example 2.6. Let H =R, (E,&) = (R,B(R)), M =0, 1) and consider the SDE

{drt = dt+fR7(rt,,x)u(dt7dx)

ro = ho,

(2.11)

where the compensator dt ® F'(dx) of u is given by the Dirac measure F' = §; concen-
trated in 1, and

v:RxR—-R, ~(hz)=1-2h.
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Then M is locally invariant for (2.11). Indeed, let hy € M be arbitrary. There exists
€ > 0 with hy + € < 1. We define the stopping time 7 > 0 as

T:=inf{t > 0:r, = ho+ e} Anf{t > 0: p([0,t] x R) = 1}.
Then we have (r("°))™ € M up to an evanescent set, because
h+~yh,z)=1—heM, he(0,1)

showing that M is locally invariant for (2.11). However, the jump condition (2.10) is not
satisfied, because for h = 0 we have

h+~y(h,z)=1¢ M.
Nevertheless, we see that condition (1.4) holds true, because 1 € M.

If M is a closed subset of H and global Lipschitz conditions are satisfied, then we
obtain global invariance. This is the content of our second main result, for which we
recall the following definition:

Definition 2.7. The semigroup (S;):>¢ is called pseudo-contractive, if
[1Se]] < e, t>0
for some constant w € R.
Now our second main result reads as follows:

Theorem 2.8. Assume that the semigroup (S;);>o is pseudo-contractive and that con-
ditions (2.2)—(2.7) hold globally, i.e. the coefficients L,, (nﬁ;)jem, pn do not depend on
n € IN, and with the right-hand sides of (2.4), (2.7) multiplied by (1 + ||k|]). If M is a
closed subset of H, then (1.2)-(1.4) and (1.6)-(1.8) imply that for any hy € M there
exists a unique strong solution r = r(ho) to (2.1) and r € M up to an evanescent set.

Remark 2.9. Let us comment on the pseudo-contractivity of the semigroup, which we
have imposed for Theorem 2.8. Together with the global Lipschitz conditions, it ensures
existence and uniqueness of mild solutions to the SPDE (2.1) with cadlag sample paths,
which we require for the proof. In the general situation, where the semigroup fulfills
the estimate

S]] < Me“*, t>0

for constants M > 1 and w € R, the global Lipschitz conditions ensure existence and
uniqueness of mild solutions, but it is generally not known whether they have a cadlag
version. However, we remark that in the continuous case v = 0 we obtain the existence
of continuous mild solutions without the pseudo-contractivity of the semigroup; see,
e.qg., [6].

Remark 2.10. Note that we have not imposed the pseudo-contractivity of the semi-
group for Theorem 2.4. Under the conditions of this result, the existence of locally
invariant mild solutions to the SPDE (2.1) follows from the existence of locally invariant
strong solutions to the finite dimensional SDEs (4.1), (5.26), and this does not require
assumptions on the semigroup.

The above two theorems simplify in the case of jumps with finite variation:
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Theorem 2.11. Assume that

/ y(h, 2)||F(dz) < 00 forall h € M. (2.12)
E

Then the following statements are true:

1. Theorems 2.4 and 2.8 remain true with (1.6)-(1.8) being replaced by (1.5).

2. Suppose that even the following stronger condition than (2.12) is satisfied: For
each n € IN there exists a measurable function 0,, : E — Ry with [, 0, (x)F(dzx) <
oo such that

lv(h,z)|| < 6,(x) forallh e M with ||h|| <nandallxz € E. (2.13)

Then, in addition to statement (1), the mapping in (1.5) is continuous on M.

3 Notation and auxiliary results about stochastic invariance

In this section, we provide some notation and auxiliary results about stochastic in-
variance which we will use for the proofs our main results. In the sequel, for hy € H
and € > 0 we denote by B (ho) the open ball

Be(ho) = {h € H: Hh — hoH < 6}.
For technical reasons, we will also need the following concept of prelocal invariance:

Definition 3.1. Let B; C B C H be two nonempty Borel sets. B; is called prelocally
invariant in B, for (2.1), if for all hy € B, there exists a local mild solution r = r(h) to
(2.1) with lifetime T > 0 such that (r")_ € B; and r™ € By up to an evanescent set.

Remark 3.2. Note that any non-empty Borel set B C H is prelocally invariant for (2.1)
in the sense of Definition 2.1 if and only if B is prelocally invariant in B for (2.1) in the
sense of Definition 3.1.

We proceed with some auxiliary results about stochastic invariance which we will
use later on. For the proofs we refer to [14, Lemmas 2.11-2.16].

Lemma 3.3. Let By C By, C H be two Borel sets such that B, is prelocally invariant in
B, for (2.1). Then we have

h+~(h,x) € By for F-almostallz € E, forallh € B;.
Lemma 3.4. Let By C By, C H be two Borel sets such that
h+~(h,z) € By for F-almostallz € E, forallh e By.

Let hy : Q — H be a Fy-measurable random variable and let r = (") be a local mild
solution to (2.1) with lifetime 7 > 0 such that (r")_ € By and r" 1o, € B2 up to an
evanescent set. Then we have r” € By up to an evanescent set.

Lemma 3.5. Let B C C C H be two Borel sets such that C is closed in H and

h+~(h,x) € C for F-almostallz € E, forallh € B.

Let hy : Q — H be a Fy-measurable random variable and let r = (") be a local mild
solution to (2.1) with lifetime 7 > 0 such that (r7)_ € B up to an evanescent set. Then
we have ™ € C up to an evanescent set.

EJP 19 (2014), paper 51. ejp.ejpecp.org
Page 7/28


http://dx.doi.org/10.1214/EJP.v19-2882
http://ejp.ejpecp.org/

Invariant manifolds with boundary for jump-diffusions

Lemma 3.6. Let G1, G, be metric spaces such that GG, is separable. Let B C (G; be a
Borel set, let C' C G5 be a closed set and let 6 : G; X E — G5 be a measurable mapping
such that §(e,z) : G1 — G4 is continuous for all x € E. Suppose that

0(h,z) € C for F-almost allx € E, forallh € B.
Then we even have
0(h,z) e C forallh € B, for F-almostallz € E.

Lemma 3.7. Let (G,G,v) be a o-finite measure space, let C C H be a closed, convex
cone and let f € L1(G; H) be such that f(z) € C for v-almost all * € G. Then we have

/GdeEC.

Lemma 3.8. Let C C H be a closed, convex cone and let 6 : 2 x Ry x F — H be an
optional process satisfying

t
IP(/ / 16(s, 2)||u(ds, dz) < oo) —1 forallt>0
0 E

such that
d(e,z) € C' up to an evanescent set, for F-almost all x € E.

Then we have X € C up to an evanescent set, where X denotes the integral process

it
X, ::/ /5(5,1:),u(d5,d:17), t>0.
0o JE

4 Local analysis of the invariance problem on half spaces

As a first building block for the proof of Theorem 2.4, our goal of this section is the
proof of Theorem 4.1, which provides a local version of Theorem 2.4 in the particular
situation where the manifold is an open subset of a half space. More precisely, fix an
arbitrary m € IN and consider the R"™-valued SDE

{ AV = O+ Loy BV, + [y TV a) (uldtsde) — Flamar)

Yo = wo

We assume that the mappings © : R™ - R™, ¥/ : R™ - R™, jc Nand': R” x E —
R™ satisfy the regularity conditions (2.2)-(2.4) and (2.6)—(2.8). Instead of (2.5), we only
demand that the mappings p, : E — R, n € IN appearing in (2.6), (2.7) satisfy (2.9).

Let V be an open subset of the half space R” = R, xR™~!, on which we consider the
relative topology. Let OV = {y € V : y; = 0} be the set of all boundary points of V. Let
Oy C Cy C V be subsets such that Oy is open in V and Cy is compact. In the sequel,
we equip R™ with the Euclidean inner product and denote by ¢; = (1,0,...,0) € R™ the
first unit vector.

Theorem 4.1. The following statements are equivalent:

(1) Oy is prelocally invariant in Cy, for (4.1).
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(2) We have
Y (y) € T,0V, ye€OyNaIV, foralljeN, (4.2)
y+(y,x) € Cy for F-almost allx € E, forally € Oy, (4.3)
/ l{e1,T(y, )| F(dz) < oo, y € Oy NIV, (4.4)
E
(e1,0(y)) — / (e1,T(y,z))F(dz) >0, ye€ Oy NaV. (4.5)
E

Proof. For the sake of simplicity, we agree to write O := Oy, 00 := ON9V and C := Cy
during the proof.

(1) = (2): Let y € O be arbitrary. Since O is prelocally invariant in C' for (4.1), there
exists a local strong solution Y = Y to (4.1) with lifetime 7 > 0 such that (Y7)_ € O
and Y7 € C up to an evanescent set. Thus, Lemma 3.3 yields (4.3), and for every finite
stopping time ¢ < 7 we have

P((e,Y,) > 0) = 1. (4.6)

From now on, we assume that y € 90. Let (®7);eny C R be a sequence with &7 # 0
for only finitely many j € IN, and let ¥ : £ — R be a measurable function of the form
U = clp with ¢ > —1 and B € & satisfying F(B) < co. Let Z be the Doléans-Dade

exponential
Z- g(

By [18, Theorem 1.4.61] the process Z is a solution of

> e+ / / u(ds, dz) — F(dx)ds)).

JEN

Z,_HZ@J/ Zodpl + //ZS_\II w(ds, dz) — F(dz)ds), t>0

JEN

and, since ¥ > —1, the process 7 is a strictly positive local martingale. There exists a
strictly positive stopping time 7; such that Z™ is a martingale. Integration by parts (see
[18, Theorem 1.4.52]) yields

t t
<e1,Yt>Zt=/ <e17Ys,>dZs+/ Za_dier, V)
0 0

4.7)
+ (e, YO, Z% + ) (1, AY)AZ,, t>0.
s<t
Taking into account the dynamics (4.1), we have
((e1,Y), 2% = > _ @ / (e, X9 (Yy))ds, t>0, (4.8)
JeEN
> (e, AY)AZ, = / / Zo W(x){ey, T(Ys_,z))u(ds,dz), t>0. (4.9)
0o JE

s<t

Incorporating (4.1), (4.8) and (4.9) into (4.7), we obtain

@ ¥0% =M+ [ 2 (e 00 + Y @ (e, ()
0 jEN (4.10)

+/E\I!(x)<el,F(YS L)) F (dx))ds, t>0,
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where M is a local martingale with My = 0. There exists a strictly positive stopping
time 75 such that M™ is a martingale.

By the continuity of © there exist a strictly positive stopping time 73 and a constant
© > 0 such that

(1, 0(Yunm)-))l <O, t>0.

Suppose that %7 (y) ¢ T,,0V, i.e. (e1,%(y)) # 0, for some j € N. By the continuity of
there exist n > 0 and a strictly positive stopping time 74 < 1 such that

|<61a Ej(}/(t/\m)—»‘ > 7, t> 0.

Let (®x)ren C R be the sequence given by

o _ { ~siEnllen SH @) 8, k=,
0, k + j.

Furthermore, let ¥ := 0 and o := 7 A 71 A 2 A 73 A 74. Taking expectation in (4.10) yields
E[{e1,Y,)Z,] < 0, implying P({e1,Y,) < 0) > 0, which contradicts (4.6). This proves
(4.2).

Now suppose [, |[(e1,T'(y, z))|F(dz) = oo. By the Cauchy-Schwarz inequality, for all
B e £ with F(B) < oo the map y — [, I'(y, z) F(dx) is continuous. Using the o-finiteness
of F, there exist B € £ with F(B) < oo and a strictly positive stopping time 74 < 1 such
that

1 ~
_5/ (1, T(Vunrs) s @) [F(dz) < —(@ +1), ¢ >0,
B

Let®:=0, V¥ := —%]IB and p := TATi AT9o AT3AT4. Taking expectation in (4.10) we obtain
E[{e1,Y,)Z,] < 0, implying P({e1,Y,) < 0) > 0, which contradicts (4.6). This yields (4.4).

Since F'is o-finite, there exists a sequence (B, )nen C € with B, 1 F and F(B,,) < oo,
n € IN. We shall show for all n € IN the relation

(e1,0(y)) + /E U, (z){e1,T'(y, x))F(dz) > 0, (4.11)

where ¥,, ;== —(1— %)]an. Suppose, on the contrary, that (4.11) is not satisfied for some
n € IN. Then there exist n > 0 and a strictly positive stopping time 74 < 1 such that

@hmmmm»+éwwmﬁmwm@ﬂmwmmgﬂﬁtzo

Let ® := 0 and o := 7 A7 A2 A T3 ATy Taking expectation in (4.10) we obtain

E[{e1,Y,)Z,] < 0, implying P({e1,Y,) < 0) > 0, which contradicts (4.6). This yields

(4.11). By (4.11), (4.4) and Lebesgue’s dominated convergence theorem, we conclude

(4.5).

(2) = (1): The metric projection II = H]RT :R™ — R on the half space R’ is given by
O(y' 2 y™) = () y% ™), (4.12)

and therefore, it satisfies

IM(y1) = (y2) || < [y — w2l| forall yi,y» € R™.

Consequently, the mappings Oy : R™ — R™, 2{1 R™ —-R™, jeNand I'p : R x E —
R™ defined as

On:=00ll, %/ :=% ol and I'y(e,z):=T(e,x)0ll
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also satisfy the regularity conditions (2.2)-(2.4) and (2.6)-(2.8), which ensures existence
and uniqueness of local strong solutions to the SDE

Ay, = Ou(Vi)dt+ 3 ;xS (Ye)ds]
+ [ Tu(Yee, 2)(u(dt, dz) — F(dz)dt) (4.13)
Yo = wo.

Now, let yo € O be arbitrary. Then there exists a local strong solution Y to (4.13) with
Yo = yo and some lifetime 7 > 0. First, suppose that yo ¢ 90. Then there exists ¢ > 0
such that B.(yo) C O. We define the strictly positive stopping time

o:=inf{t >0:Y; & Be(y0)} A T.
Then we have
(Y€)_ € Be(yo) C O.

Using (4.3) and Lemma 3.4 we obtain Y?¢ € C' up to an evanescent set.
From now on, we suppose that yg € 00. Then there exists ¢ > 0 such that B.(yo) N
R C O. We define the strictly positive stopping time

=inf{t>0:Y, ¢ Bc(yo)} AT
Setting
P:=B.(y) and R™:={yecR™:y <0},
by taking into account that the metric projection II on R is given by (4.12), we have
II(y) € 00, ye€ PNR™. (4.14)

By (4.12) and (4.3), for all y € PN R} we have

(e1,y +&Tn(y, x)) = (1 = &)(er, ) +&((er, y) + (e, Ty, x)))
=1 —=&ler,y) +&e1,y+I(y,z)) =20 forall{ € [0,1], (4.15)
for F-almost all x € E.

Furthermore, by (4.2)-(4.5) and (4.14), for all y € P " R™ we have

(e1, %1 (v)) = (e1, ¥ ((y))) =0, forallj €N, (4.16)
(e1,Tr(y, ) = (e1, 1(y)) + (e1, '(IL(y), x)) (4.17)
= (e1,(y) + T(X(y),x)) > 0, for F-almostall x € E,
/|61,Fn | F(dz) /\61, WE(dz) < (4.18)
<61,®n(y)>—/(el,Fn(y,x)>F(dx) (4.19)
E

— (e1.0() - [ (e1,T(11(y), ) F(da) 2,
B
The function ¢ : R — R, ¢(y) := (—y>)T is of class C%(R) and we have ¢'(y) < 0 fory < 0
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and ¢'(y) = ¢”(y) = 0 for y > 0. By (4.15)-(4.19) and Lemma 3.6, we obtain

@' ((e1,y)) <<6176H(y)> - / <€17FH(y7$)>F(d$)> <0, yeP (4.20)
E
¢" (e, ) (e, ZL())> =0, ye P, foralljeN (4.21)
& ((er,y))(e1, Bh(y)) =0, yeP, foralljeN (4.22)
1
( | oteny +§rn<y,x>>>d5) (1.Tn(y,2)) <0 forallye P, (4.23)
0

for F-almost all z € E.
Applying It6’s formula (see [18, Theorem 1.4.57]) yields IP-almost surely
o((e1,Yine)) = o({e1,%0))
# [ (#eranten o) + 3 T ¢ fen Yalfen, ShO)P

jE]N

+ [ (9ller, Yoot Tal¥s,20) — offer, Yo
E
- ¢/(<€1,YVs))(@l,FH(n,x»)F(das)) ds

+ Z/ ¢/(<€1,Y>)<61,§]j( L))dpBl

// 1, d((er, Yoo + Tr(Yae,2))) — d((er, Yao)
(u(ds,dx) — F(dx)ds), t>0.

By (4.18) and Taylor’s theorem we obtain P-almost surely
o((e1, Ying))
tAo
= [ty (tenenti - [ e rataran)
0 E

+ 3 30d e Yl (er, ShV) R as

JEN

+Z/ @' ({e1, Y. <61,E%[(Ys)>dﬁg

/“@/ (/ ¢((e1,Ysr +€0n(Ys, >>>d5><6’1’r“( =)

w(ds,dz), t>0

By (4.20)-(4.23) and Lemmas 3.7 and 3.8, we deduce that ¢({e;,Y?)) < 0 up to an
evanescent set. Therefore, we obtain on up to an evanescent set

(Y7)_ € B(yo) NRT C O.

Using (4.3) and Lemma 3.5 we obtain Y7 € C up to an evanescent set. Since O|¢c =

Oule, ¥|¢ = B |¢ forall j € N and I'(e,z)|c = (e, z)|c for all z € E, the process Y is
also a local strong solution to (4.1) with lifetime p, proving that O is prelocally invariant
in C for (4.1). O
EJP 19 (2014), paper 51. ejp.ejpecp.org
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Note that V is a m-dimensional C3-submanifold with boundary of R™, and that for
y € 0V the inward pointing normal vector to OV at y is given by the first unit vector
e1 = (1,0,...,0) € R™. In order to see that for the submanifold V' conditions (4.2)-
(4.5) resemble conditions (1.2)-(1.4) and (1.6)—(1.8), we require the following auxiliary
result.

Lemma 4.2. Suppose that (4.2) is satisfied. Then for all j € IN we have
(e, DX/ ()% (y)) =0, y € Oy NIV.

Proof. The statement is a consequence of [14, Lemma 3.13]. O

5 Local analysis of the invariance problem on submanifolds with
boundary

As next building block for the proof of Theorem 2.4, our goal of this section is the
proof of Theorem 5.3, which provides a local version of Theorem 2.4. We assume that
for the m-dimensional C-submanifold M with boundary of H there exist

+ a m-dimensional C3-submanifold N with boundary of R,

* parametrizations ¢ : V C R} - M and ¢ : V C R = N,

+ and elements (1, ...,(, € D(A*) such that the mapping f := ¢o¢~1 : N'— M has
the inverse

LM = N fTHR) = (G h) o= (G h), - (G ) (5.1)

In other words, the diagram

f
N CR™ o MCH
C,o
N / (5.2)
V CRY

commutes.

Remark 5.1. According to [14, Proposition 3.11], for an arbitrary C3-submanifold M
with boundary of H and an arbitrary point hy € M there always exists a neighborhood
of hg such that a diagram of form (5.2) exists and commutes. We will use this result for
the global analysis of the invariance problem in Section 6.

Remark 5.2. For a C3-submanifold M without boundary there even exist local para-
metrizations ¢ : V C R™ — U N M with inverses being of the form ((,e) for some
C1,y---,Cm € D(A*), see [11]. In the present situation, where M is a submanifold with
boundary, this is generally not possible, and thus, we consider the situation where the
diagram (5.2) commutes.

Let Opy € Cpy C M be subsets. We assume that Oaq is open in M and Cp, is
compact. Our announced main result of this section reads as follows.

Theorem 5.3. The following statements are equivalent:

(1) O, is prelocally invariant in C'xq for (2.1).

EJP 19 (2014), paper 51. ejp.ejpecp.org
Page 13/28


http://dx.doi.org/10.1214/EJP.v19-2882
http://ejp.ejpecp.org/

Invariant manifolds with boundary for jump-diffusions

(2) The following conditions are satisfied:
Om C D(A),
Uj(h)EThM, heOn, j€EN,
o’ (h) € T,OM, heOyNOIM, jeN,
h+~(h,z) € Cpq for F-almostallx € E, forallh € Op,

/|<77m’7(h,96))|F(dac)<<>o7 heOpnNoM,
E

Ah + a(h) - % " Do (h)o' (h)
JEN

_/ Mg, poyey(h 2) F(dz) € ThM,  h € O,
E
1 . .
(i, A+ a(R)) = 5 > _(1m, Do? () (h)
JEN

- / (b)) F(da) = 0, h € Opg N OM.
E

In either case, A and the mapping in (5.8) are continuous on O .

(5.3)
(5.4)
(5.5)
(5.6)

(5.7)

(5.8)

(5.9)

Our strategy for proving Theorem 5.3 can be divided into the following steps:

+ Define the R™-valued SDE (5.26), whose coefficients a, b7, c are given by pull-backs

in terms of o, 07, 7.

» Define the R™-valued SDE (4.1), whose coefficients ©,%7,T" are given by pull-

backs in terms of a, ¥/, c.
e Provide conditions (4.2)-(4.5) for invariance of V for the SDE (4.1);
ready been established in Theorem 4.1.

this has al-

 Translate these conditions into conditions (5.17)—(5.22) regarding invariance of A/

for the SDE (5.26).

» Translate these conditions into conditions (5.3)-(5.9) regarding invariance of M

for the original SPDE (2.1).
Now, we start with the formal proofs. First, we prepare an auxiliary result.
Lemma 5.4. The following statements are true:

1. For each h € H we have

> 1D (W) (h)]| < oo,

JEN
and the mapping

H—H, hw~ Y Do’(h)o’(h)
jEN
is continuous.
2. If (5.6) is satisfied, then for each h € O, we have

[E 1MLty py ()| F(d) < o,

and the mapping

OM — H, h’—)/ H(ThM)Lfy(h,x)F(dx)
E

is continuous.

EJP 19 (2014), paper 51.
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Proof. This follows from [14, Lemma 2.17 and Corollary 3.28]. O

Let GG be another separable Hilbert space. For any £ € IN we denote by Cf(G; H) the
linear space consisting of all f € C*(G; H) such that D’f is bounded foralli = 1,...,k.
In particular, for each f € CF(G; H) the mappings D'f, i = 0,...,k — 1 are Lipschitz
continuous. We do not demand that f itself is bounded, as this would exclude continuous
linear operators f € L(G; H).

Definition 5.5. Leta: H — H,0/ : H — H,j € Nand~ : H x E — H be mappings
satisfying

> llo?(h)|I* < oo and / Iv(h, 2)||*F (dz) < oo (5.10)
jEN E

forallh € H, andlet f : G — H and g € C¢(H; G) be mappings. We define the mappings
(f,9)3a:G—= G, (f,9)lyo?!:G—G,jeN and (f,9);7:GxE—Gas

((f;9)3)(2) := Dg(h)a(h) + % Y D*g(h) (0’ (h),07 () (5.11)

jeEN
+ / (g(h+~(h,z)) — g(h) — Dg(h)y(h, z)) F(dz),
E

((f,9)ivo?)(2) := Dg(h)o’ (h), (5.12)
((f,9);)(2 2) = g(h + ~y(h,z)) — g(h), (5.13)
where h = f(z).

The following results show that the mappings from Definition 5.5 may be regarded
as pull-backs for jump-diffusions. First, we provide sufficient conditions which ensure
that the regularity conditions (2.2)-(2.4) and (2.6)-(2.8) are preserved.

Lemma 5.6. Leta: H — H,0’ : H - H,j € Nand~: H x E — H be mappings
satisfying the regularity conditions (2.2)-(2.4) and (2.6)-(2.8). Furthermore, let f €
C}(G;H) and g € C3(H;G) be arbitrary. Then the following statements are true:

1. The mappings (f,g9)ia, ((f,9)307);en and (f, 9);y also fulfill the regularity con-
ditions (2.2)-(2.4) and (2.6)-(2.8), but with the mappings p, : E - Ry, n € IN
appearing in (2.6), (2.7) only satisfying (2.9) instead of (2.5).

2. If g € L(H; @), then the mappings p, : E — Ry, n € N appearing in (2.6), (2.7)
even satisfy (2.5).

Proof. See [14, Lemma 2.24]. O

Recall that M denotes a C3-submanifold with boundary of the separable Hilbert
space H. Let N be a C3-submanifold with boundary of G. We assume there exist
parametrizations ¢ : V — Mand ¢ : V — N. Let f := ¢oyp™! : N = M and
g:=f~': M — N. Then the diagram

f
NcCG MCH

V CRT

commutes. We assume that ¢, 1, ® := ¢!, ¥ := 1)~! have extensions ¢ € C3(R™; H),
Y € C3R™G), ® € C3(H;R™), ¥ € C3(G;R™). Consequently, the mappings f, g have
extensions f € C3(G; H), g € C(H; G).

We define the subsets Oxr C Cyr C N by Opr := g(Onq) and Ci := g(Cpy).
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Definition 5.7. Let 3 : Opy — H, 07 : Opy — H, j € Nand vy : Op x E — H be
mappings satisfying (5.10) for all h € Op. We define the mappings f;5 : Oy — G,
fivo? :On = G, jeNand fiy:Ox x E— G as

(F38)(2) == (£, 9)38)(2);
(fivo)(2) = (£, 9)iw e’ ) (2),
(fin)(z,2) := (£, 9)u7)(2, @)

according to (5.11)-(5.13).

leta:G =G, ¥V :G—=G,je€Nandc: G x E — G be mappings satisfying the
regularity conditions (2.2)-(2.4) and (2.6)—(2.8). In the sequel, for z € N the vector &,
denotes the inward pointing normal vector to N at 2.

The following result shows how the invariance conditions of Theorem 5.3 translate
when we change to another manifold, and how this is related to the just defined pull-
backs.

Proposition 5.8. Suppose we have (5.3) and define 5 : Opq — H as
B(h) := Ah+ a(h), h € Opnp.

Moreover, we suppose that

a(z) = (f3B)(2), =z €O, (5.14)
V(2) = (fiyo?)(z), je€Nandzec Oy, (5.15)
c(z,z) = (fiv)(2,2) for F-almostallz € E, forallz€ Oy. (5.16)

Then the following statements are true:

1. If conditions (5.4)-(5.9) are satisfied, then we also have

V(z)eT.N, z€O0u, jeN, (5.17)
V(z) € T.ON, z€OxNON, jeN, (5.18)
z+4c(z,x) € Cyr for F-almost allz € E, forall z € Oy, (5.19)
/ &, c(z,2))|F(dz) < 0o, 2z € Opn NIN, (5.20)
E
1 . A
a(z) — ij%mﬂ (2)b (2) (5.21)

- / i ayrc(z,2)F(dr) € TN, 2z € Oy,
E
(&2, a(2)) — % > (&, DV ()b (2)) (5.22)
JjEN

- / (€22 2)) F(dz) 2 0, =€ Oy NON.
E

2. If we have (5.4), (5.6) and (5.8), then we also have

B(h) = (gxa)(h), h € Opn, (5.23)

ol(h) = (g3V!)(h), jE€Nandh € Oy, (5.24)

v(h,z) = (g;¢)(h, ) for F-almostallz € E, forallh € Onm. (5.25)

Proof. This follows from [14, Propositions 3.23 and 3.33]. O
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Now, we consider the G-valued SDE

{ dZ; = a(Z)dt+ Y ;e Y (Z0)dB] + [ o(Zee, ) (u(dt, dz) — F(dx)dt)

ZQ = 20-

(5.26)

For our subsequent analysis, the following technical definition will be useful.

Definition 5.9. The set O, is called prelocally invariant in C'y for (2.1) with solutions
given by (5.26) and f, if for all hg € O there exists a local strong solution Z = Z(9(h0))
to (5.26) with lifetime T > 0 such that (Z7)_ € O, and Z™ € Cy up to an evanescent
set and f(Z) is a local mild solution to (2.1) with initial condition hy and lifetime 7.

Lemma 5.10. Suppose O, is prelocally invariant in C . for (2.1) with solutions given
by (5.26) and f. Then the following statements are true:

1. O, is prelocally invariant in Cyq for (2.1).
2. Oy is prelocally invariant in C s for (5.26).

Proof. This is an immediate consequence of Definitions 3.1 and 5.9. O

The following result shows how the coefficients of locally invariant jump-diffusions
translate when we change to another manifold; they are given by the respective pull-
backs.

Proposition 5.11. Let Z be a local strong solution to (5.26) for some initial condition
20 € Op with lifetime 7 > 0 such that (Z7)_ € Oy and Z™ € Cyr up to an evanescent
set. Then r := f(Z) is a local strong solution to the SDE

dre = (gia)(ro)dt+ 3 ;en(gi) (r)dB]
+ [p(ghe)(re—, ) (u(dt, dx) — F(dz)dt) (5.27)
ro = h()

with initial condition hy = f(z¢) and lifetime 7.

Proof. This follows from It6’s formula for jump-diffusions in infinite dimension; see [14,
Proposition 2.25]. O

If the generator A is continuous, then the just introduced invariance concept trans-
fers to the sets Oxr and Cly.

Lemma 5.12. Suppose A € L(H). Then the following statements are equivalent:

(1) O is prelocally invariant in Cy for (2.1) with solutions given by (5.26) and f.
(2) Oy is prelocally invariant in Cys for (5.26) with solutions given by (2.1) and g.

Proof. (1) = (2): Let z9 € O be arbitrary and set hg := f(z29) € Orq. There exists
a local strong solution Z = Z@()) = 7z(20) to (5.26) with lifetime 7 > 0 such that
(Z7)_ € On and Z7 € Cyr up to an evanescent set, and, since A € L(H), the process
r = f(Z) is a local strong solution to (2.1) with initial condition hy = f(zp). Therefore,
we have (r7)_ € Oxq and r™ € Cpq up to an evanescent set, and g(r) is a local strong
solution to (5.26) with initial condition 2, and lifetime 7, because Z™ = g(r7).

(2) = (1): This implication is proven analogously. O

Proposition 5.13. The following statements are equivalent:

(1) O, is prelocally invariant in C'y4 for (2.1) with solutions given by (5.26) and f.
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(2) Oy is prelocally invariant in C'ys for (5.26) and we have

O C D(A), (5.28)
(A+a)(h) = (gha)(h) forallh € Opn, (5.29)
ol(h) = (g}y¥’)(h) forallj € N, forallh € O, (5.30)
v(h,z) = (g;c)(h,z) for F-almostallz € E, forallh € Onm. (5.31)

In either case, A is continuous on O 4.

Proof. (1) = (2): By Lemma 5.10 the set O, is prelocally invariant in Cs for (5.26). Let
h € O be arbitrary. Since O, is prelocally invariant in Cx, for (2.1) with solutions
given by (5.26) and f, there exists a local strong solution Z = 7)) to (5.26) with
lifetime 7 > O such that (Z7)_ € On and Z7 € Cj up to an evanescent set and r := f(2)
is a local mild solution to (2.1) with initial condition h and lifetime 7. By Proposition 5.11
the process r is a local strong solution to (5.27) with initial condition h = f(z) and
lifetime 7.

Let ¢ € D(A*) be arbitrary. Since r is also a local weak solution to (2.1) with lifetime
7, we have P-almost surely

(Corne) = (G 1) + / (A ) + (Coalr)))ds

tAT

+Z/ (¢, 07 (ry))dB?

JjEN

tAT
/ / ¢ y(rs_, ) (u(ds, dx) — F(dx)ds), t>0.
Therefore, we get up to an evanescent set
B+ M+ M*=0,

where the processes B, M€, M® are given by

B, = / (AT ) + (Calrs) — (gha)(ra)))ds,
-y (¢ o9 () — (g b)) B,

JEN

/ ' / € A(raer @) — (g56) (ra—, 2)) (i ds, i) — F(dar)ds).

The process B is a finite variation process which is continuous, and hence predictable,
M¢ is a continuous square-integrable martingale and M? is a purely discontinuous
square-integrable martingale. Therefore B+M¢+M¢ is a special semimartingale. Since
the decomposition B 4+ M of a special semimartingale into a finite variation process B
and a local martingale M is unique (see [18, Corollary 1.3.16]) and the decomposition
of a local martingale M = M€+ M? into a continuous local martingale M¢ and a purely
discontinuous local martingale M d ig unique (see [18, Theorem 1.4.18]), we deduce that
B = M¢ = M?% = 0 up to an evanescent set. By the It6 isometry, we obtain P-almost
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surely
tAT
/ ((A*Cre) + (¢ alrs) — (gra)(rs)))ds =0, ¢ >0, (5.32)
0
/MT (Z (¢, 07 (1) — (gﬁvbj)(m)>l2>d8 =0, t>0, (5.33)
0 JEN

/Ot/\"' (/E [y (rs—, o) — (g,jc)(rs,m))|2F(dx))ds =0, t>0. (5.34)

Since the process r is cadlag, by Lemma 5.6 and Lebesgue’s dominated convergence
theorem (applied to the sum JeN and to the integral f ) the integrands appearing in
(5.32)—(5.34) are continuous in s = 0, and hence, we get

(A%C ) + (¢ (k) — (gfa) () = O, (5.35)
S0 () — (g ¥ )W) =0, (5.36)
jeEN

/E (Coy(h ) — (ge) ()2 F(der) = 0, (5.37)

Identity (5.35) shows that ( — (A*(,h) is continuous on D(A*), proving h € D(A*).
Since A = A**, see [21, Theorem 13.12], we obtain h € D(A), which yields (5.28).
Using the identity (A*(, h) = (¢, Ah), we obtain

(¢, Ah + a(h) — (gya)(h)) =0 forall { € D(AY),
and hence (5.29). For an arbitrary 5 € IN we obtain, by using (5.36),
(¢, a7 (h) = (giy?)(h)) =0 forall ¢ € D(A),
showing (5.30). By (5.37), for all ( € D(A*) we have
(¢;v(h,z) — (g5,¢)(h,x)) =0 for F-almostall x € E.
Using Lemma 3.6, for F'-almost all x € F we obtain
(¢.7(h,z) — (ghe)(h,a)) =0 forall ¢ € D(A"),

which proves (5.31).

(2) = (1): Let hg € Opq be arbitrary. Since O, is prelocally invariant in Cxs for (5.26),
there exists a local strong solution Z = 7(9(ho)) tg (5.26) with lifetime 7 > 0 such
that (Z7)_ € Op and Z7 € Cj up to an evanescent set. By Proposition 5.11 and
conditions (5.28)-(5.31), the process r := f(Z) is a local strong solution to (2.1) with
initial condition h( and lifetime 7, showing that O, is prelocally invariant in Cy, for
(2.1) with solutions given by (5.26) and f.

Additional Statement: If conditions (5.28), (5.29) are satisfied, then we have

Ah = (gia)(h) —a(h), h € Oum,
and hence, the continuity of A on O, follows from Lemma 5.6. O

For the rest of this section, let G = R", where m € IN denotes the dimension of
the submanifold M. We assume there exist elements (3, ...,(, € D(A*) such that the
mapping f : N'— M has the inverse (5.1), that is, diagram (5.2) commutes.

EJP 19 (2014), paper 51. ejp.ejpecp.org
Page 19/28


http://dx.doi.org/10.1214/EJP.v19-2882
http://ejp.ejpecp.org/

Invariant manifolds with boundary for jump-diffusions

We define the subsets Oy C Cy C V by Oy := ¢~ 1(Ox) and Cy := ¢~ 1(Cyr). Recall
that O is open in M and C\, is compact. Since f : N' — M is a homeomorphism, O
is open in N and C) is compact. Furthermore, since 1 : V — A is a homeomorphism,
Oy is open in V and Cy is compact. We define the mappings for the R™-valued SDE
(5.26) as

a:= (A"C, f) + (f,(C,9)) a: R™ = R™, (5.38)
= (f, (¢, 0))yo? : R™ = R™ forjc NN, (5.39)
(fv <C7 .>) v R™ x E — Rm (540)

where (A*(, f) = ((A*C1, f), ..., (A*Cm, f)). Then for each h € O we have

a(z) = (A"C, h) + (¢, a(h)), (5.41)
V(z)=(¢,0’(h), jEN (5.42)
c(z,2) = ((,v(h,2)), weE (5.43)
where z = (¢, h) € Opr. Furthermore, we define the mappings
= (¥, ¥)%a: R™ = R™, (5.44)
= (v, )ij :R™ = R™, forjeN, (5.45)
= (¥, 9)rc: R x E = R™ (5.46)

and consider the R™-valued SDE (4.1). According to Lemma 5.6, the mappings a,
(b7)jen, cas well as ©, (X7),cn, I satisfy the regularity conditions (2.2)-(2.4) and (2.6)-
(2.8). Note that

O(y) = (Yra)(y), y €Oy (5.47)
S (y) = Wi b)(y), j€Nandye Oy (5.48)
[(y,z) = (Yyc)(y, ), =€ Eandy € Oy. (5.49)

Note that V is a m-dimensional C3-submanifold with boundary of R™, and that for
y € 0V the inward pointing normal vector to dV at y is given by the first unit vector
e1 = (1,0,...,0) € R™. Therefore, Theorem 4.1 together with Lemma 4.2 provides the
statement of Theorem 5.3 for the particular case, where the submanifold is an open
subset in the half space R".

Lemma 5.14. Suppose that O, is prelocally invariant in Cyq for (2.1). Then the set
O is prelocally invariant in Cy4 for (2.1) with solutions given by (5.26) and f.

Proof. Let hy € O be arbitrary. Since Op4 is prelocally invariant in Cy, for (5.26),
there exists a local mild solution r = r("0) to (2.1) with lifetime 7 > 0 such that (ri)_ €
On and 77 € Caq up to an evanescent set. Since (i, ..., (n € D(A*) and r is also a local
weak solution to (2.1), setting Z := (¢, r) we have, by taking into account (5.41)-(5.43),
P-almost surely

amf«wM><<m>/"hAg> T (¢ alra))ds
+ Z/ C7OJ Ts dﬁj / / C ’Y Ts—y X (dS d!L‘) (dm)ds)

jeEN

«wlﬁn%m+Z/WWmm

tAT
/ / Zs_,x)(u(ds,dx) — F(dx)ds), t>0.
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Therefore, the process Z is a local strong solution to (5.26) with initial condition ((, ho)
and lifetime 7 such that (Z7)_ € Oy and Z7 € Cyr up to an evanescent set. By (5.1) we
have f(Z7) = r", and hence, the process f(Z) is a local mild solution to (2.1) with initial
condition hy and lifetime 7. O

Now, we are ready to provide the proof of Theorem 5.3.

Proof of Theorem 5.3. (1) = (2): By Lemma 5.14, the set O, is prelocally invariant in
Cr for (2.1) with solutions given by (5.26) and f. Therefore, we have two implications:

* Proposition 5.13 yields (5.3) and

(A+a)(h) = ((¢,0)ra)(h), he€Opm, (5.50)
o (h) = ({¢,e)}b?)(h) forallj € N, forallh e Oy, (5.51)
v(h,x) = ({C,®);c)(h,z) for F-almostallz € E, forallh € Onp.  (5.52)

e By Lemma 5.10, the set Oy is prelocally invariant in Cx for (5.26). Hence, by
(5.47)-(5.49) and Proposition 5.13, the set Oy is prelocally invariant in Cy for
(4.1) with solutions given by (5.26) and V.

The latter statement has two further consequences:

e By Lemma 5.12, the set O is prelocally invariant in C'yr for (5.26) with solutions
given by (4.1) and ¢. Thus, Proposition 5.13 yields

a(z) = (¥30)(2), z€ O, (5.53)
V(z) = (U3,%7)(2), j€Nandze€ Oy, (5.54)
c(z,z) = (¥, I')(z,7) for F-almostallz € £, forallz € Oy. (5.55)

e By Lemma 5.10, the set Oy is prelocally invariant in Cy for (4.1). Theorem 4.1
implies that conditions (4.2)-(4.5) are satisfied.

In view of (4.2)—(4.5), Lemma 4.2, identities (5.53)-(5.55) and Proposition 5.8 we obtain
(5.17)-(5.22), where &, denotes the inward pointing normal vector to ON at z. Taking
into account (5.50)-(5.52), applying Proposition 5.8 we arrive at (5.4)-(5.9).

(2) = (1): Suppose that conditions (5.3)-(5.9) are satisfied. By (5.3) and (5.41), for all
z € Onr we obtain

a(z) = (A*C,h) + (G, a(h)) = ((, Ah + a(h)) = (fX(A+a))(2),

where h = f(z) € Op. Thus, we have

a(z) = (f{(A+a))(z), z€Op, (5.56)
V(z) = (fiyo?)(z), j€Nandze€ Oy, (5.57)
c(z,z) = (fi7)(z,7), =€ Eandze€ Oy, (5.58)

which has two implications:

* By (5.4), (5.6), (5.8) and Proposition 5.8 we obtain (5.50)-(5.52).
* By (5.4)-(5.9) and Proposition 5.8 we have (5.17)-(5.22).

In view of (5.47)-(5.49), we obtain the following consequences:

* By (5.17), (5.19), (5.21) and Proposition 5.8 we obtain (5.53)-(5.55).
e By (5.17)-(5.22), Proposition 5.8 and Lemma 4.2 we have (4.2)-(4.5).
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Therefore, by Theorem 4.1, the set Oy is prelocally invariant in Cy for (4.1). By (5.53)-
(5.55) and Proposition 5.13, the set Oy is prelocally invariant in Cx for (5.26) with
with solutions given by (4.1) and ¥. According to Lemma 5.10, the set O is prelocally
invariant in Cys for (5.26). By (5.3), (5.50)-(5.52) and Proposition 5.13, the set Oy, is
prelocally invariant in C'y4 for (2.1) with solutions given by (5.26) and f.

Additional Statement: If O, is prelocally invariant in C'y, for (2.1) with solutions given
by (5.26) and f, then Proposition 5.13 implies that A is continuous on Ous. Using
Lemma 5.4, we obtain that the mapping in (5.8) is continuous on O 4. O

6 Global analysis of the invariance problem on submanifolds with
boundary and proofs of the main results

In this section, we perform global analysis of the invariance problem and prove our
main results. The idea is to localize the invariance problem and to apply Theorem 5.3
from the previous section. In order to realize this idea, we will switch between the
original SPDE (2.1) and the SPDE (6.3), which only makes sufficiently small jumps.

Before we start with the proofs of our main results, we prepare some auxiliary re-
sults. Let B € £ be a set with F/(B°) < co.

Lemma 6.1. The mappings o : H - H and v® : H x E — H defined as

aB(h) := alh) - / v(h, z)F(dx), (6.1)
v (h, @) =y (h, 2)Lp(x) (6.2)

also satisfy the regularity conditions (2.2), (2.6), (2.7).
Proof. See [14, Lemma 2.18]. O

Now, we consider the SPDE

drf = (ArP +aP(rP))dt+ Y, 07 (rP)dB]
+ [P (rf x)(u(dt, dx) — F(dz)dt) (6.3)
B _
Ty = 0-

We define o as the first time where the Poisson random measure makes a jump outside
B; that is

of =inf{t > 0: u([0,t] x B®) =1}
Lemma 6.2. The mapping o7 is a strictly positive stopping time.
Proof. See [14, Lemma 2.20]. O

The following result shows that the SPDEs (2.1) and (6.3) locally have the same mild
solutions.

Proposition 6.3. Let hg : Q — H be a Fy-measurable random variable, let B € £ be
a set with F(B¢) < oo, and let 0 < 7 < oF be a stopping time. Then the following
statements are true:

1. If there exists a local mild solution r to (2.1) with lifetime 7, then there also exists
a local mild solution rZ to (6.3) with lifetime 7 such that

Lo = (1) Lpo-- (6.4)
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2. Ifthere exists a local mild solution rZ to (6.3) with lifetime 7, then there also exists
a local mild solution r to (2.1) with lifetime T such that (6.4) is satisfied.

In particular, in either case we have (r")_ = ((r2)7)_.
Proof. See [14, Proposition 2.21]. O

Recall that M denotes a C*-submanifold with boundary of H. The following result
shows how the invariance conditions regarding a, 07, and o, 07,7 are related.

Proposition 6.4. Let O,y C M be a subset which is open in M, and suppose that
Om C D(A),
h+~(h,x) € M for F-almostallx € E, forallh € O .

Then the following statements are true:

1. We have (5.7)-(5.9) if and only if

/ |y vB (b, 2))| F(dz) < 0o, h € OpgNOM, (6.5)
E
Ah + B (h) — % J%:V Do (B (h) (6.6)

—/ Mg, py2 7" (hy ) Fdx) € ToM, h € O,
E

(s A+ 0 (1) — ;gnh,mﬂ‘(h)aﬂ‘(h» (6.7

= [P F(dn) 20, he Opnom,
E
2. The mapping in (5.8) is continuous on Oy, if and only if the mapping in (6.6) is
continuous on O .
Proof. This follows from [14, Lemma 3.27 and Proposition 3.19]. O

The following auxiliary result shows that for each hy € M there exists a neighbor-
hood of hg such that the assumptions from Section 5 are fulfilled, and that the global
jump condition (1.4) can be localized by choosing the set B € £ for +? appropriately.

Proposition 6.5. Suppose that condition (1.4) is satisfied. Then, for all hy € M there
exist

(i) aconstante > 0 such that B.(ho)N.M is a submanifold as in Section 5, i.e., diagram
(5.2) commutes,
(ii) subsets Opq C Caq C Be(ho) N M with hy € Opq as in Section 5, i.e., Opq is open
in Bc(ho) N M and Cy, is compact,
(iii) and a set B € £ with F(B¢) < oo

such that we have
h+~P(h,x) € Cpy for F-almostallz € E, forallh € Oy. (6.8)
Proof. This follows from [14, Proposition 3.11 and Lemma 3.15]. O
Finally, we require the following result about the existence of strong solutions to

(2.1) under stochastic invariance.
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Lemma 6.6. Suppose that M C D(A) and that A is continuous on M. Let hg € M
be arbitrary, and let = (") be a local weak solution to (2.1) with initial condition hg
lifetime T > 0 such that (r™)_ € M up to an evanescent set. Then r is also a local strong
solution to (2.1) with lifetime .

Proof. See [14, Lemma 2.7]. O
Now, we are ready to provide the proofs of our main results.

Proof of Theorem 2.4. (1) = (2): We will prove that prelocal invariance of M for (2.1)
implies conditions (1.2)-(1.4), (1.6)—(1.8), the continuity of A and the mapping in (1.7)
on M, and and that for each hy € M there is a local strong solution r = (") to (2.1).

According to Lemma 3.3 we have (1.4). Let hy € M be arbitrary. By Proposition 6.5
there exist quantities as in (i)—(iii) such that condition (6.8) is satisfied.

We will show that O, is prelocally invariant in Cy for (6.3). Indeed, let gg € O be
arbitrary. Since O, is open in B.(hg)NM, there exists § > 0 such that Bs(go)NM C O .
Since M is prelocally invariant for (2.1), there exist a local mild solution r = (%) to
(2.1) with lifetime 0 < 7 < o such that (r7)— € M up to an evanescent set. According
to Proposition 6.3, there exists a local mild solution rB = rB.(90) to (6.3) with lifetime 7
such that (r7)_ = ((r®)™)_. The mapping

o:=inf{t>0:7r; ¢ Bs(go)} AT

is a strictly positive stopping time, and we obtain up to an evanescent set

((r%)8)- = (r®)~ € Bs(go) "M C O

Furthermore, using (6.8) and Lemma 3.5 we obtain (rB)Q € Ci up to an evanescent
set. Hence, the set O, is prelocally invariant in C for (6.3).

Theorem 5.3, applied to the SPDE (6.3), yields (5.3)-(5.5), (6.5)-(6.7) and that A
and the mapping in (6.6) are continuous on O,,. Since (5.3) and (1.4) are satisfied,
by Proposition 6.4 we also have (5.7)-(5.9) and the mapping in (5.8) is continuous on
O . Since hg € M was arbitrary, we deduce (1.2), (1.3), (1.6)-(1.8) and that A and the
mapping in (1.7) are continuous on M. By Lemma 6.6, for each hy € M there is a local
strong solution r = r("0) to (2.1).

(2) = (1): Now, we will prove that conditions (1.2)-(1.4) and (1.6)-(1.8) imply prelocal
invariance of M for (2.1) and the statement regarding local invariance.

Let hg € M be arbitrary. By Proposition 6.5 there exist quantities as in (i)-(iii) such
that condition (6.8) is satisfied.

We will show that C is prelocally invariant in O for (6.3). By (1.2), (1.3) and
(1.6)-(1.8) we have (5.3)-(5.5) and (5.7)-(5.9). Since (5.3) and (1.4) are satisfied, by
Proposition 6.4 we also have (6.5)-(6.7). Consequently, by (5.3)-(5.5), (6.8), (6.5)-(6.7)
and Theorem 5.3, the set C'y is prelocally invariant in O, for (6.3).

Now, we will show that M is prelocally invariant for (2.1). Since Cy4 is prelocally
invariant in O, for (6.3), there exists a local mild solution rB to (6.3) with lifetime
0 < 7 < oP such that up to an evanescent set

(rB))_ € On and (rB) € Opy.

According to Proposition 6.3, there exists a local mild solution r to (2.1) with lifetime 7
such that (r)" 1o -[ = (r®)"1,,[. We obtain up to an evanescent set

()= = ((r"))- € Om T M
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as well as
T‘T]l[[o,.,-ﬂ = (TB)T]IHO’T[ e Cp C M.

Using Lemma 3.4, by (1.4) we obtain 7 € M up to an evanescent set, proving that M
is prelocally invariant for (2.1).

If even condition (2.10) is satisfied, then by Lemma 3.4 we obtain " € M up to an
evanescent set, and hence, M is locally invariant for (2.1). O

Proof of Theorem 2.8. Let hg € M be arbitrary. Then there exists a unique mild and
weak solution = (") to (2.1); see, e.g., [12, Corollary 10.9]. Defining the stopping
time

T:=1inf{t > 0: 1, ¢ M}, (6.9)
we claim that
P(r =o00) =1. (6.10)

Suppose, on the contrary, that (6.10) is not satisfied. Then there exists N € IN such that
P(r < N) > 0. We define the bounded stopping time 7y := 7 A N. By the closedness
of M in H, we have (r™)_ € M up to an evanescent set. Therefore, by relation (1.4)
and Lemma 3.5 we obtain r™® € M up to an evanescent set. We define the filtration
F(m) .= (Fro+t)t>0, the sequence (,B(TO)J) ;e of real-valued processes by

B =gl L~ B >0, (6.11)
and the random measure ;(™) on R x E by
17 (w; B) := pu(w; Bry(w)), w € Qand B € B(Ry) ®E, (6.12)
where we use the notation
B, :={(t+710,2) € Ry x E: (t,x) € B}.

According to [13, Lemma 4.6], the sequence (B(T“)’j)je]N is a sequence of real-valued
independent standard Wiener processes, adapted to F("), and u(m) is a homogeneous
Poisson random measure relative to the filtration (™) with compensator dt @ F(dz).
The process 1,1, is a weak solution to the time-shifted SPDE

dre = (Arg+a(r))dt+ Yoy 09 (re)dp
+ [p (e, ) (uC0(dt, dx) — F(dx)dt) (6.13)
To = hg

with initial condition r,, because for each ¢ € D(A*) we have P-almost surely
<<? rTo+t> = <<7 TT(J> + <<7 T70+t — 7"7-U>
7'0+t

To+t
:((,rm)—i—/ ((A*CJ’S) + (¢, a(rs)) dS—i—Z/ (¢, 07 (ry))dp?

JeEN

/TOH/ (C,v(rs—, ) (pu(ds, dx) — F(dx)ds)

= (o) + / (A", Prgta) + (G alrmysa)))ds + 3 / (G0 (ry40)) BT

JeEN

+/0 /E<<’7(7”<m+s>—,w)>(u“°)(ds,dx) — F(dz)ds), t>0.

EJP 19 (2014), paper 51. ejp.ejpecp.org
Page 25/28


http://dx.doi.org/10.1214/EJP.v19-2882
http://ejp.ejpecp.org/

Invariant manifolds with boundary for jump-diffusions

There exists K € N such that P(I") > 0, where
D= {r < N}n{[rrll < K}.

By choosing a suitable covering M = [J;, .y My according to Lindel6f’s Lemma [1,
Lemma 1.1.6] and arguing as in the second part of the proof of Theorem 2.4, there exists
a local weak solution r¥ to the time-shifted SPDE (6.13) with the Fr,-measurable initial
condition 7,1y, <k} and lifetime ¢ > 0 such that (rf)¢ € M up to an evanescent
set. Noting that {7 < N} = {r = 70}, by the uniqueness of weak solutions to (6.13) we
obtain up to an evanescent set

(Fr4e)?Ir = (rro4e)?Ir = (r™)?1r € M,

which contradicts the definition (6.9) of 7. Therefore, relation (6.10) is satisfied and we
obtain r € M up to an evanescent set. Hence, Lemma 6.6 implies that r is a strong
solution to (2.1). O

For the proof of Theorem 2.11 we prepare an auxiliary result.

Lemma 6.7. For all h € 9M we have (T, M), = T,M N {n,}*, where

{mn}*t ={9€ H: (n,g) >0}

Proof. See [14, Lemma 3.7]. O

Proof of Theorem 2.11. Relation (2.12) implies (1.6). Furthermore, presuming (1.2), we
have (1.5) if and only if (1.7), (1.8) are satisfied. Indeed, noting that

Ah + a(h) — % > Do (h)o? (h) — /Ev(h, x)F(d)

JEN
— Ah+ a(h) % S Dod () () — / Lz, 0y (s 2) F(d2) (6.14)
jEN E

—Tr, m / ~v(h,x)F(dz), he M,
E
we have (1.7) if and only if

Ah + a(h) — % Z Do’ (h)o? (h) — /E’y(h,x)F(daj) €TpM, heM,

JEN

and, by Lemma 6.7, we have (1.8) if and only if

Ah + a(h) — % Z Do’ (h)o? (h) — /E'y(h,:c)F(dx) € (TpM)y, heoM,

JEN

showing that condition (1.5) is equivalent to (1.7), (1.8).

Now, suppose that even condition (2.13) is satisfied. Since, by Theorem 2.4, the
mapping in (1.7) is continuous on M, identity (6.14) together with relations (2.6), (2.13)
and Lebesgue’s dominated convergence theorem shows that the mapping in (1.5) is
continuous M. O
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