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In this paper we consider a 2n-periodic and two-dimensional Hele-Shaw flow describing the
motion of a viscous, incompressible fluid. The free surface is moving under the influence of
surface tension and gravity. The motion of the fluid is modelled using a modified version
of Darcy’s law for Stokesian fluids. The bottom of the cell is assumed to be impermeable.
We prove the existence of a unique classical solution for a domain which is a small per-
turbation of a cylinder. Moreover, we identify the equilibria of the flow and study their
stability.

1 Introduction

In a Stokesian fluid the stress tensor is a continuous function of the deformation tensor
and the viscosity depends in general non-linearly on the gradient of the velocity field.
The Newtonian fluid is a linear Stokesian fluid for which the viscosity is constant. Non-
Newtonian fluids play an important role in industrial processes since many polymer
solutions and molten polymers are fluids of that type.

Despite their importance in applications, the mathematical understanding of the full
problem is far from being complete. For this reason, we study a rather simple situation:
fluid flows in a two-dimensional setting of a vertical Hele-Shaw cell. The model is based
on a non-Newtonian version of Darcy’s law which has been derived in ref. [14]. The
liquid phase and the gas phase are separated by a sharp interface. Our main concern is
the determination of the motion of this interface, i.e. we have to solve a moving boundary
problem.

Similar models are used to describe flows in porous media in refs. [6-9], particularly
the dynamic of incompressible fluids in deformable porous media (see ref. [3]). Our paper
is a continuation of these studies. In addition to the common Newtonian liquids, the
analysis presented in this paper allows us to consider a large class of Stokesian fluids in
this model, e.g. Oldroyd-B fluids and power law fluids. In comparison to the Newtonian
case the mathematical problem becomes more involved because the generalized Darcy law
leads to a nonlinear elliptic boundary value problem for the velocity potential, whereas
for Newtonian fluids this potential is harmonic.
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718 J. Escher and B-V. Matioc
1.1 The mathematical model

Let a € (0,1) be fixed. We define the set of admissible functions
U = {f e C*™*SY) : minf(x) > 0},
xeS!

and denote by #*t*(S!) the closure of C*(S') in C***(S'), k € N. Here, S' is the unit
circle. The fluid domain Qy is defined for f € % as the set

Qr ={(x,y) : xS, 0<y<f(x)
and the boundary components of € are
Ip={(x,f(x) : x€S', TIo:=S"x{0}.

Further, we denote by v the outward normal of 0Q;. For simplicity we identify functions
on S! with 2r-periodic functions in IR. The fluid is modelled using a modified Darcy law

__ Du_
A(|Dul?)’

cf. ref. [11], where
p(x,y)

u(x,y) =

is the so-called velocity potential, v is the velocity field, p is the pressure distribution within
the fluid’s body, Du = (uy,u;) is the gradient of u, g is the gravitational constant and p is
the density of the fluid.

Denoting by u € C*([0, 0), (0,0)) the viscosity of the fluid, we assume that the function
[0,00) 3 r > h(r) := rp(r) is invertible, that is u(r) + 2ry/(r) > 0 for r > 0. The effective
viscosity m, see ref. [11], is defined by

1 g2
— = ——ds,
ur) g /4 fi(rs?)

where ¢, is a positive constant and ji := po h~!. The fluid is assumed to be incompressible

(dive = 0), thus we get
Du
div| ————] =0 in Q.
(u(wum) !

The free surface I'y separating the fluid from air, at pressure normalized to zero, moves
under the influence of surface tension and gravity. At each point on the interface I'y the
pressure has a jump according to the formula

+y, (xy) ey

Dint — Pout = —O0Kjy,

where poyc is the pressure outside the fluid, pin, the pressure inside the fluid domain Qy, «;
the curvature of I'; and ¢ the surface tension coefficient (see ref. [14], (2.38b)). Denoting
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Stokesian Hele-Shaw flows with surface tension 719
by y the ratio of ¢ and gp we obtain

g
u= L hfe T i f= g tf  on Iy

gp gp
The bottom of the Hele-Shaw cell is impermeable, thus we have no flux on the fixed

boundary component Iy,

oyu=20 on TI.
In order to derive an evolution equation for the free surface we assume that a particle
located on the interface I'y remains on the interface as time progresses. The free surface
I'; is implicitly given by F(t,z) =0, where z=(x,y) and F(t,z)=y — f(t,x). Taking the
derivative of this equation with respect to the time variable ¢t and using once again the
generalized Darcy’s law, we obtain

V140,12
alf++7fa

T(Dup) viu=0 on TI7y.

Summarizing, we arrive at the following moving boundary problem

Du
div( ———= | =0 in  Qpy, t=0,
(mwm%) T
oyu = 0 on I, t=0,
u = —yKy +f on I'yy), t=0, (1)
1+axf2(t>')
O f(t, )+ = owu(-,f(t,+)) =0 on S, t>0,
R T e TORY [ A AE
fO,) = fo on S,

where f( is the initial data.
We set ¥~ := % N h**(S"). A pair (u, f) is called a classical Holder solution of (1) on
[0, T], with T >0, if

fec(o,T,7)nC'([0, T], " ™(S")),
u(-,t) € buc®*(Qs), t € [0, T1,

and if (u, f) satisfies the equations (1) pointwise. For f €, the space! bucz+°‘(9f) is

defined as the closure of BUC™(Qy) in BUC”“(Qf).
We denote by Q the quasilinear operator

. Du
Qu = div (lu(|Du|2)> 5

acting on twice-differentiable functions on deformed cylinders Qy, or Gy, where f € % and

Gy i={(xy) : x€S', —f(x) <y < f(x)}.

! The notation buc or BUC stands for ‘bounded and uniformly continuous’.
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720 J. Escher and B-V. Matioc

The coeflicients of the quasilinear operator u —— Qu = a;j(Du)u;; are

N

Sii 2x;x 1 (x2 + x3
aij(x1,%2) = ——— R (X1 + 3)

_ ;1
A(xi+x3) a4+

i,j <2, (x1,x2) € R,

The eigenvalues of the matrix [a;;(x)]1<i, j<2, X € R? are

| L 2xPER(xP)
M) = ——5 Aalx) = -
W =z5my Y= I6m T T R2en

and we have
cle? < aj(x)EE; < CIEP, VE = (£1,8,) € R%, x € R?,

if we assume that there exist positive constants ¢ and C such that

(A)) c < <C Vr=0,

=l
- =
~

—
L ZEW
a(r) ()

It can be shown, cf. ref. [4], that (4;) and (A,) hold, provided there exist positive constants
m, and M, such that

(A7) c < Yr=0.

(V1) my < ul(r) < My,

(V2) my < ,u(r) + 27'/1/(7‘) < M,u:

for all » > 0. If the viscosity u is constant the fluid is called Newtonian. The class of
Stokesian, sometimes also called non-Newtonian, fluids satisfying (V7) and (V3) is quite
large. This class includes particularly numerous Oldroyd-B and power law fluids. For
Oldroyd-B fluids with viscosity given by

1+ In(1 + 2r)

=0,
T+

() = Voo + (Vo — Vo)

where A>0 is a material constant and vy > v, >0, relations (V) and (V) hold if
(e> + 1)vo, > vo. The power law fluids with viscosity laws:

1(r) = v +vo(L +1H)74, or  u(r) = vy +vo(1 +7)7%, >0,

where vy and v, are positive and s < 0, belong to this class if s € [—1,0]. The examples
mentioned earlier are all shear thinning fluids, i.e. the viscosity decreases with the shear
rate. The shear thickening fluid with viscosity

pr+ro
r—+ro

,LL(V) = Ho , r=0,

where ro > 0, B > 1 and po >0, satisfies (V1) and (V) for any choice of the parameters
rOa HO and B
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Stokesian Hele-Shaw flows with surface tension 721

Thus, if (V1) and (V>) hold, then Q is a uniformly elliptic quasilinear operator in R
Let us now consider the moving boundary problem

Du
V{———] =0 in  Ggpy, =0,
(u(lDulz)) 1o
u=—yxs+f on 0Gp,, t=0

1+0./2(t, )
a(Du(-, £z, -))I?)

(-, f(t, ) = 0 on S, >0,
f(07)=f0 on Sl.

A pair (u, f) is called a classical Holder solution of (2) on [0, T], with T > 0, if

0uf(t, ) +

f e ([0, TL,»)nC\([0, T], (S,
u(-,t) € buc®**(Gy (), t € [0, T1,

and if (u, f) satisfies the equations (2) pointwise. Given f € 7", buc““(G;) stands again
for the closure of BUC*(G;) in BUC*™(Gy).

Let f € 7" be given and denote by u e buc““(Gf) the unique solution of the quasilinear
Dirichlet problem

Qu= 0 in Gy,

3)

u= —yk+f on 0Gy.
Because of the symmetry of the domain G; and of the boundary conditions we obtain
u(x,—y)=u(x,y) for all (x,y) € Gy, thus the restriction of u to €; is the unique solution

of the mixed boundary problem

Ou=20 in  Q,
ou=20 on [, (4)
u=—)ks+f on Iy
We deduce that there exists a one-to-one correspondence between solutions to (1) and (2)
Namely, if (u, f) is a solution to (1) on the interval [0, T'], T >0, then for each t € [0, T']
the velocity potential u(-,t) ebuc2+°‘(9f(t)) can be extended by reflection on the entire
domain Gy). We obtain in this manner a solution to (2). Moreover, if (i, f) is a solution
to (2) on the interval [0, T], T >0, we can restrict for ¢ € [0, T] the function u( -, ) to Qy,
and thus obtain a solution to (1). It is more convenient to treat (2), because we have in
this case a Dirichlet problem for the velocity potential.

The uniqueness of the solutions to (3) and (4) can be shown using the same method as
in the proof of Theorem 9.2 in ref. [10]. The existence of the solutions will be discussed
later.

The main results of this paper are as follows.

Theorem 1.1 (Existence and uniqueness)  Assume that (A1) and (A,) hold.

(a) Let ¢ be a positive constant. Then we find an open neighbourhood O of ¢ in ¥~ such
that, for each fo € O, problem (2) has a classical Hdlder solution (u, f) on an interval [0, T
with T >0. Moreover, there exists a constant 6 € (0,1) such that f € Cg((O, T1, h*+*(Sh)).
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722 J. Escher and B-V. Matioc

(b) Let (uy,f1) and (uz, f2) be solutions of (2) with fi € C:;‘(((), T],h4+°‘(§] ) ,01€(0,1)
and fzecgj((o, T],h4+°‘(S1))), 0y € (0,1). If fi(([0,T]) = O and f»([0,T]) = O, then
(ur, f1) = (u2, f2).

For the definition of the weighted Holder spaces C!((0, T],h***(S")), y € (0,1), see, e.g.,
ref. [12].

Theorem 1.1 guarantees the existence and uniqueness of local solutions, provided they
are sufficiently near to a cylinder initially. In Section 4 first we will prove a conservation
law for the fluid volume. We further determine the steady-state solutions of the system
(1) and prove that the equilibrium (c,c), where ¢ € R., attracts exponentially solutions
of (1) which correspond to initial data fy € ¢ + ﬁ4+“(Sl) sufficiently closed to c¢. Here
WySY) = {f € %S : Jsi fdx = 0}. Having fo € ¢ + K**%(S!) means the domains
Qy, and Q. contain the same amount of liquid. More precisely we state:

Theorem 1.2 (Exponential stability) — For any » < (1 + y)tanh ¢/u(0), there are positive
constants r and M such that for any fo € ¢ + h***(S') with | fo — cllcsrsty < 1 solution to
(1) exists and the estimate

I£(t) = cllcsasty + 1f (O] crensty < Me™ | fo — || caaisry,  VE =0,

holds. Moreover, the volume of the domain saturated by fluid is constant in time,
/ f(ydx=c¢, Vt=0.
S!

The new feature of the present paper compared to the problem studied in ref. [4] is the
inclusion of surface tension effects. From the analytical point of view this implies that the
full problem (1) is governed by a nonlinear evolution equation of third order, whereas the
problem studied in ref. [4] is of first order.

Furthermore, our analysis shows the regularizing effect of surface tension since the
value (1 +7y)tanh ¢/u(0) from Theorem 1.2 tends to infinity as y increases to infinity. Such
an effect cannot be observed for the system studied in ref. [4].

1.2 The transformed problem

In order to solve problem (2), first we have to study the dependence of the solution u
to (3) on the variable f € 7. This is quite a difficult task because u is defined on the
domain Gy, and the domain depends on f. Therefore, we transform the problem on a
fixed domain G :=S' x (0,2). For f € %, let of € BUC*(G, Gy) be defined by

(i)f(x’y) = (X,(l _y)f(x))’ (xay) €G.
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Stokesian Hele-Shaw flows with surface tension 723

It is clear that ¢; is a global diffeomorphism mapping G onto G;. We introduce the
push-forward and pull-back operators induced by ¢; :

¢} : BUC(Gy) — BUC(G),u+— uo ¢y,
¢l : BUC(G) — BUC(Gy),v0 > v o 7,

and the transformed operators .Z(f) and 4%, acting on BUC?*(G), respectively, on
U x BUC*™™(G) by

A(f) =} o Qo ¢l,

D(¢lv) , i
B(f,v)(x) = Do) )(x,f(x)) n(x), x €S,
with n(x) = (=f'(x),1), x € S".
We arrive at the problem
A(fo=0 in G x [0,00),
= —ny +f on 3G x [0,00), )
Of +%(f,v) = on S!x (0,00),

f(0) = fo.
Given f € 77, the operator .o/(f) is uniformly elliptic and
&f(f)l] = bij(y,f,DU)Uij + b(ysfaDU)UZ Vv e BUCZ(G)

Here, we use the summation convention and v; and v;; stand for partial derivatives of v.
Furthermore, the coefficients b;; and b are given by

bii(y, f,Dv) = a;1(Dyv),

by, f.Dv) = bar(y. £, Do) = I (o) — J%au(va),
2472 _ ’
bosty, £.00) = LT 0oy — 2L Dy + L an(Dyo),
b, 1,00 = (1 =) (L = 22 ani0yo) + 2L ar(dyo),
0 e SO Eh

where Dsv := (v + (]_f—y)f/vz,—]%vz) for f € %, v € BUC*(G) and y € [0,2]. A pair (v, f) is
a classical Holder solution of (5) on [0, T], with T > 0, if

fec(o, T, ¥ )nC'([0, T], " ™(S")),
v(-,t) € buc*™(G), t € [0, T],

and if (v, f) satisfies the equations (5) pointwise. It is obvious that problems (2) and (5)
are equivalent in the following sense:
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724 J. Escher and B-V. Matioc

Lemma 1.3 Let fo € ¥~ be given.
(a) If (u, f) is a classical Holder solution of (2), then (¢;-u,f) is a classical Holder solution

of (5).

(b) If (v, f) is a classical Hdlder solution of (5), then (qb{v,f) is a classical Holder solution
of (2)
Proof See for example ref. [4]. O

Lemma 14 Given § € (0,1) and k = 0, the mapping
"

Ck+2+9(Sl) Sgr— Ky = (1 - (gg/)z)yz c Ck+3(Sl)

is smooth.
Proof The proof follows by direct computation. O

Using Lemma 1.3 and general results from the theory of quasilinear elliptic equations
we obtain the following existence, uniqueness and regularity result.

Theorem 1.5 Let f € ¥ be given. There exists a unique solution v € buc***(G) of the
quasilinear Dirichlet problem
A(flo=0 in G,

(6)
v=—yk;+f on 0G.

Denote by 7 (f) € buc***(G) the solution to (6). The mapping [¥" 3 f — T (f) € buc*™*(G)]
is smooth.

2 The abstract Cauchy problem

Let 7 : 4" < h***(S!) - buc’**(G) be the solution operator defined in Theorem 1.5. We
reduce problem (5) into an abstract, nonlinear Cauchy problem on S!

of +o(f) =0, f(0) = fo, (7

where

&(f) == B(f, 7 (f)).
We consider here the restriction % : 7~ x buc***(G) — h't*(S!) of the operator defined
in Section 1. Given (f,v) € 7~ x buc***(G), we have

1 ',
AB(f,v) = —W (f Yov1 +

1

fu+f%mn>,

where V,o(x) := D(qS{:v)(x,f(x)) = poDsv(x) for x € S' and yy is the trace operator on I.
The following result on the differentiability of % holds.
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Stokesian Hele-Shaw flows with surface tension 725

Lemma 2.1 The mapping B : ¥~ x buc’>**(G) — h'+*(S') is smooth. The Fréchet derivative
of B in (f,v) € 7" x buc***(G) is given by

2B o)) = — - (1V,01?) [f ot + Hyovr + f<1 - Yous

!
I

h 2](‘ h/ f/2
(f G ) W]

=2 ( ) (IV50l?) (f/“/ovl + %(1 +f/2)"/ovz> {7001141 +

/

I

Yov102

/ 11,/ 12
+ ]} Youivz + J} YoviUy — )}—zyovlvz + )}7?005 + %Vovzuz
12 h
&l =503 + =5 ov2tz — 5700
R f2 f? 2}
for all [h,u] € i2**(S!) x buc®**(G).

Lemma 22 Let f € ¥ and h € h***(S") be given. The function 07 (f)[h] is the unique
solution of the linear Dirichlet problem

b,’jW,‘j + bwy + Dsw [unéau(Dfu) + 2uyy <(1_fy)f,aa11(Dfu) — }6a12(Dfu)>
_ u)2 472 _ ’
+ uny <(1f)f6a11(D u)— 2(1 fzy)f @alz(Dfu) fzﬁazz(D,u)>
" ”2 !

+uy ((1 —y) (]; — 2]};) day1(Dyu) + 2]]:26(112(Dfu))]

=—u ((1 - J’)fh,f_tha ;12) : [unaau(Df“)
— / 2412
+2uys <(1fy)f@a11(Dfu) — }5012(1)1‘14)) +uxp (“Jg)z)faan(l)f“)

" 12

Oarn(Dyu) + 7 @azz(Dfu)> +u ((1 —) ( — 2f ) dar(Dyu)

=y
2 L

f2

+ 21]:;66112(Dfu)>:| — 2upp ((1 — y)wau(Dfu) + 72 alz(Dfu))

)2 1 12 ’r_ /
R e T R L)
"o fn 11,/ 72 /o ’
—uy ((1 _y) (fh 2f h ff n— f h) all(Dfu) +2Ma12(Dfu)) in G’
f f? f
w=— ! '+ 3y 7 W+h on 3G,

RTENTERE (1+(f%?)3
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where u := 7 (f) and b;j = b;;j(y, f,Du), b = b(y, f,Du) are the coefficients of </(f). Again
Wij, Wi, wa denote partial derivatives of w.

Proof The proof is standard and is left to the reader. O

Combining Lemmas 2.1 and 2.2 we conclude that the nonlocal pseudodifferential
operator ¢ defined at the very beginning of this section depends smoothly on the function
f. More precisely, we state:

Theorem 2.3
¢ € C*(v ', h'(Sh)).

Given f € V" we have
09(f) = 0A(f, 7 (f)) o (idys++s1), 0T (f)).

Let ¢ € R be fixed. Our goal is to prove existence and uniqueness of the solution to
(7) for fo in a small neighbourhood @ of ¢ in h***(S!). To this end we use general results
from the theory of maximal regularity, see ref. [12].

We prove next that —0¢(c), regarded as an unbounded operator in h!**(S'), with
dense domain h***(S!) generates a strongly continuous analytic semigroup, i.e. 0¢(c) €
%(h4+a(sl)’ h1+cz(§1)).

The solution 7 (c) to (6) is the constant function ¢ on G. Given h € h***(S!), w =
07 (c)[H] is the unique solution in buc***(G) of the Dirichlet problem

62W11 +wy =0 in G,

w=h—yh" on OG, ®)

and
—0B(H] = —0B(e. 7 (@)l w] = o
where { = 1/1(0).
We consider Fourier expansions of h and w
hx) =Y ae™,  wixy) = Clye™,
keZ keZ
and substitute these expressions in (8). Comparing the coefficients of e*
the following equations for Cy:

,k € Z, we get

Gl -G =0, 0<y<2,
Ci(0) = (1 + yk?)cy, )
Cu(2) = (1 + pk?)er,
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for k € Z\ {0}, and

Cy =0, 0<y<?2,
Co(0) = co, (10)
C0(2) = Co.

Using ODE techniques we determine the solution to (10) to be the constant function
Co = ¢y, while, for k € Z \ {0}, the solution to (9) is

Cr(y) = (1 + yk*)erdi(y), 0<y <2,

where

2ck 4ck 2ck

et —1 4, e —e
dk(y) = e4ck_le T+ edck _ 1 €

Consequently,

—0¢(c) [che ] = Z)chke"kx, (11)

keZ keZ
for all h =Y, 5 cke™ € h**(S"), with

2ck
(k +9k%), kel (12)

C 2<k + 1
The multiplicative coefficients 4, satisfy Ay = A for all k € Z and the sequence (2 )k=0
is strictly decreasing to —oo

0=/10>/11L1 >;bi2>"'>/lik>)vi(k+])>"'

We shall make use of this representation of —0¢(c) to prove that d¢(c) belongs to
A (WS, h1+(S1)). It is enough, cf. ref. [1], to find constants ® > 0 and 3 > 1 such
that

)+ 0¢(c) € Isom(h*T*(S"), ' T*(SY)), (13)
|4 - [R(4, =0 ()| 2(ni+s1)) < %o (14)

for all Re A > . Here, given two Banach spaces E and F, we denote by Isom(E,F) the
subset of #(E,F) containing just isomorphisms, i.e. bijective linear operators. As usually,
Z(E,F) stands for the space of all linear and bounded operators form E to F. The open
map theorem implies especially that the inverse T~! belongs to Z(F,E), if T is an element
of Isom(E, F).

For simplicity we choose ® = 1. We now study —0¢(c), regarded as an multiplier
operator on Sobolev spaces over S!. Given r > 0, the Sobolev space H"(S') is defined by

H'(S") = {f € LXS") : Y (1 +n|f () < oo},

neZ
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where ]A‘(n) is the nth Fourier coefficient of f. This space is endowed with the scalar
product

(f.g) = (1 +myfmEn).

neZ
The smooth functions are dense in H'(S') and the Sobolev embedding H**"(S!) — CK(S!)
holds for all k € N, provided r > 1/2. Therefore we have

HkJrS(SI) Ld) hk+ﬂ(Sl), (15)
forallk e N, f € [0,1] and s > 3/2.
Lemma 2.4 Given r > 0 and Re /. > o, we have i+ 0¢(c) € Isom(H'3(S!), H'(S')).

Proof The proof follows directly from limy_. Ax/k’> = —y{. Given ReX > ® and h =
> rez h(k)e* € H™3(S!) we have

d(c) lz ﬁ(k)eikx]

keZ

=Y (LK) [ah() < MY (1 + k) [hik)?

HA(S!)  keZ kez

> " h(k)e™

keZ

= M?

>

Hr+3(§1)

with M > 0 such that |4;] < M(1 +k2)%, Vk € Z. Since |2 — ;| = 1 holds for all k € Z, it
follows that A + 0¢(c) is injective.
Using the same argument as given earlier it is easy to verify that the linear mapping

1 zk‘c r+3
"(§") > Z cre®™ —s Z T e H'H(SY),
keZ keZ
is well defined and this completes the proof. O

Given r = 0 and Re/l > o, the inverse of A + 0¢(c) is the operator R(4,—0¢(c)) €
Isom(H"(S'), H'3(S")) defined by

R(4,—0¢(c) [Z cye ] = Z ;L_likckeikx, (16)

keZ keZ

forall h :=3", 7 cxe™ € H'(S").
By virtue of (15) and Lemma 2.4 we obtain

Corollary 2.5 Let k € {1,4} and suppose R(/,—0¢(c)) € L(C'T*S"), CK+*(S")), for some
Re/ > . Then R(., —0¢p(c)) € L(h'T*(Sh), HF*(Sh)).

Proof We prove first the case k = 4. The proof of the assertion in the case k = 1 is similar.

By assumption, we know that R(Z, —¢(c)) € Z(h'+*(S!), C**(S")). Given f € h!T*(S"),
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Stokesian Hele-Shaw flows with surface tension 729
from (15) we find a sequence (f,), = H"(S'),r > 3, such that f, — f in C'**(S!). Thus
R(4,—0¢(c)fn — R(Z,—0¢(c))f in C*S").
We know that R(A,—A)f, € H3(S!). Consequently
R(Z,—0¢(c))f € HF(ST) 7" = pt+(st),
O

Having stated Corollary 2.5 we prove now that the resolvent set p(—0¢(c)) of the
linearization contains an halfplane. More precisely, we have:

Proposition 2.6
{2 @ : Red = o} = p(—dd(c)).

Proof Let Rel > ® be given. In virtue of Corollary 2.5, it is enough to show that
R(J,—0¢(c)) € 2(C'H*(Sh), CH*(S")). Because R(/, —0¢(c)) is a multiplier operator (see
(16)), we are done if we have

(i) sup [k’ M| < co,
keZ
(i) sup [k[*|Mi11 — My| < 0, and
keZ
(ifi) sup |k]’|Mii2 — 2Myy1 + Mi| < oo,
keZ
where My = 1/(A — A) (see, e.g., refs. [2] and [13]). From

lim K _ !
k>0 — A G

we obtain (i). For k > 1 we have

k? k> Akt — 3

kK Myt — My| = — =
Mot =Ml = T =3 & o 1t

because of (1 — Axt1)/k> — 39, (ii) is proved. For k > 1 we compute

k3 k3 k3
|2 — Akl |2 — Aesr| 1A — Ak

1 )
k*|Miia — 2Miiq + My| = ﬁ|ﬂ(/1k+2 — 241 + k)
+ A (A1 — As2) + A2 (k1 — )l

and (As2— 201 +4)/k* — 0, respectively (A(As1 — Aks2) + A2 (At — ) /k* — 12920
This completes the proof. O

Proposition 2.7 There exists y = 1 such that

|4 - |R(4, =0 ()| z(n+=s1y) < %o

for all Re A = o.
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Proof Given h =Y, 5 h(k)e* € h'**(S!), we have

IR(Z 0 (c)) lz E(k)é’“] =D M{h(k)e",

keZ keZ

where

M} = 1 , YkeZ Rel>o.
i_)\.k

It suffices to prove (see refs. [2] and [13]) that there exist positive constants sy, s, and s3
such that
(i) sup |M| < s,
keZ
(i1) sup|k|\M,fJrl — M{| < 53, and
keZ

(iii) sup k> IM}, 5 — 2M{,, + M{| < s3,

for all ReZ > . For ReA > @ and k € Z we have Re(4 — ) = 1 and |4 — 4] = |4].
Consequently (i) holds with s; = 1. For k & 0, we have |1 — 1| = |4, for all Re A > o,
hence

|| e e P L R e ]

KIME. — M| = <
k|| My il = dustl 1A=l K2 A

and (ii) holds. For k > 1 we further have

k*| Myt — 2Mit1 + M| = — 1 - K e iﬂ}v(ikﬂ — 2041 + Ak)
|4 — Akga| |4 — Zk] |4 — 2| k
+ Ak(Aagt — Aiy2) + A2 (A1 — Al

< I Ve = 2hker + ]

= L k
IS gt = Ag2) + Aea (s — Al
2] k1] k# .
Since
Q42 — 24, A
2 kk+1 A —6yt,
k—o0

we obtain, using the symmetry of the coefficients Ay, (iii) and the proof is completed. [

From (13) and (14) we conclude that —O¢(c) generates a strongly continuous ana-
lytic semigroup in Z(h'**(S')). The proof of Theorem 1.1 is now similar to that of
Theorem 8.1.1 in ref. [12], and the assumptions of this theorem are all satisfied (see
Theorem 2.3).
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Stokesian Hele-Shaw flows with surface tension 731
3 Stability results

A pair (u,f) € bu02+°‘(Qf) x 7" is a steady state of the flow (1) iff it is a solution of the
free boundary value problem

Du
div () =0 in  Qf,
A(Dul?) !
oyu=0 on I, (17)

u=—yx;+f on Iy,
oyu=0 on [7.

It is obvious that constant functions (u, f) = (¢, ¢), with ¢ € R, are steady-state solutions
of system (1). In the following we show that there are in fact no other steady states. Assume
that (u, f) is an equilibrium of (1). Then it follows from the first, the second and the last
equation of (17) that there exists a constant ¢ € R such that u = ¢. Moreover the function
f must solve the differential equation

f//

W on Sl. (18)

f—ec=y

Because of the periodicity of f we find a point xo where f attains its maximum M. Let
us first assume that M > ¢. From f”(x¢) = (M —c¢)/y > 0 and f’(x¢) = 0 we obtain that f
is constant in the neighbourhood of xq. The set f~!(M) is therefore a non-empty, closed
and open in S'. We conclude that f = M, in contradiction with (18).

If M <c we have f” <0 and we obtain a contradiction to the periodicity of f. Con-
sequently M = ¢ and together with (18) we deduce f = c.

Summarizing, a pair (u, f) € bucz+°‘(9f) X ¥ is a steady state of the flow iff there exists
a positive constant ¢ such that (u, f) = (¢, ¢).

Now we fix ¢ € R., and study the stability of the equilibrium (c,c) € buc’**(Q.) x ¥
for the flow (1). The corresponding steady state for the flow (5) is the pair (c,c) €
buc’™(G) x #". Using similar arguments as given in Proposition 2.6 we compute

{4 : k € N} = a,(—0¢(c)) = a(—0(c)).

In [6] the spectrum of the linearized operator is discrete and contains only positive
eigenvalues. The situation presented here is more complicated since 4y =0 belongs to the
spectrum of the linearization.

We now transfer problem (7) in the neighbourhood of the origin by letting ¥, := ¥ —c
and defining ¥ : ¥". = h**(S') — h'+*(S!) by y(f) := —¢(f +¢), for f € ¥".. We have
to study now the stability of the equilibrium f = O for the abstract Cauchy problem

of =v(f),  f(0)=fo (19)

Let C*(S') :== {f € C*(S") : [g fdx = 0}. For k € N, let I*+*(S') be the closure of
6”(81) in C**(S!). In this way we have defined closed subspaces of the little Holder
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spaces. We have h*™(S!) <, h*(S!) and
HHSY = {f € S /S fdx =0},
for all k € N. Let 7~ := ¥ . N h**S").
Lemma 3.1 (Conservation of volume)  Given g € ¥, we have Y(g) € EH“(SI).

Proof Let g +c¢ = f € ¥ and denote by u the solution of (4). We have

[ weyix== [ otnas=— [ a.7)ax
Du 1 Oy
L s 0 s 2n/;u0Dua °

1 Du 1 Oyu
=—— div | ——— dx—{——/ —— _do=0.
21 Jo, (uﬂDm%) 2n Jr, WIDuP)
O

This motivates us to consider the restriction n} of Y to ¥". From Theorem 2.3 we have
that y belongs to C*(7", h!**(S!)) and

W) | S k™| = N Ah(k)e™,
}

keZ\{0 keZ\ {0}

for all h = 37,7 h(k)e* € h**(S'). The coefficients {Zx}kem jo; are given by (12).
Because the functions h € h***(S!) have integral mean equal to zero, that is E(O) =0, we
can invert 61/7(0).

Even more, we have the following result:

Theorem 3.2 Consider 6%(0) as an unbounded operator in ﬁ1+q(Sl) with dense domain
h*+%(SY). Then

a@P(0) = (A : k=1, (20)
1 [R(,—0%(O) | sty <% YRed >0, 1)

where x and ® are the constants from Proposition 2.7.

Summarizing, —y(0) belongs to # (h**(S'), h'**(S')) and therefore, if the initial value
fo in (19) belongs to E4+“(Sl) and is small enough, then this problem possesses a unique
solution and the evolution takes place entirely in h*T*(S").

Combining Theorem 3.2 and Theorem 9.1.2 of ref. [12] we obtain the stability result
stated in Theorem 1.2.
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4 Conclusion

Starting from a generalized version of Darcy’s law we have derived a mathematical model
for the dynamic of a Stokesian fluid situated between the parallel plates of a vertical
Hele-Shaw cell. Comparing it to ref. [4], the inclusion of surface tension effects is the new
important feature of this work. The Newtonian case u = constant, treated in refs. [6-9], is
included in this model.

The corresponding moving boundary problem is a coupled system consisting of a
quasilinear mixed boundary problem for the velocity potential u and a fully nonlinear
evolution equation for the interface f. We transformed the problem into an abstract
Cauchy problem for f on the unit circle S':

of +o(f)=0,  f(0) = fo,

and attacked it by investigating the Fréchet derivative of ¢. Using the theory of maximal
regularity given by Lunardi [12], we proved the existence and uniqueness of local solutions
for initial data f, sufficiently close to a positive constant. The volume of the fluid is
preserved by the flow.

In fact, the constant functions are the only equilibria of this system. Different equilibria
correspond to different quantities of fluid. Prescribing a volume of fluid, there exists a
unique steady state with the property that the domain determined by it contains exactly
this volume of fluid. This steady state attracts all solutions at an exponential rate, provided
they are initially close enough to the cylinder determined by the steady state and enclose
the same volume of fluid.
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