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We investigate instantons on sine-cones over Sasaki-Einstein and 3-Sasakian manifolds. It is shown
that these conical Einstein manifolds are Kähler with torsion (KT) manifolds admitting Hermitian
connections with totally antisymmetric torsion. Furthermore, a deformation of the metric on the sine-cone
over 3-Sasakian manifolds allows one to introduce a hyper-Kähler with torsion (HKT) structure. In the
large-volume limit these KTand HKT spaces become Calabi-Yau and hyper-Kähler conifolds, respectively.
We construct gauge connections on complex vector bundles over conical KT and HKT manifolds which
solve the instanton equations for Yang-Mills fields in higher dimensions.
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I. INTRODUCTION

Kähler geometry is by now an established mathematical
field with strong interrelations to theoretical physics,
especially to supersymmetry and string theory. Another
important geometry used in string theories and M-theory is
Sasakian geometry (see [1–3] for reviews and references),
especially in the AdS/CFT correspondence in the physi-
cally interesting dimensions five and seven. Here, we shall
focus on Sasaki-Einstein manifolds and on 3-Sasakian
manifolds, which are of dimension 2nþ 1 and 4nþ 3,
respectively.
On a manifold M of real dimension 2nþ 1, Sasakian

geometry is sandwiched between Kählerian geometries on
particular manifolds of the two neighboring dimensions. In
particular, the metric cone over any Sasakian manifold is
Kähler, and over any 3-Sasakian manifold it is hyper-
Kähler. If the metric on a Sasakian manifold is Einstein,
then the metric cone over it is a Calabi-Yau manifold. As
examples, some well-known homogeneous and some
recently discovered inhomogeneous Sasakian spaces often
occur in string compactifications [4–6]. These manifolds
admit a connection with nonvanishing torsion and a struc-
ture group of SUðnÞ⊂SOð2nþ1Þ or SpðnÞ ⊂ SOð4nþ 3Þ,
respectively. There exist brane solutions of ten-dimensional
supergravity which interpolate between an AdSpþ1 × X9−p
near-horizon geometry and an asymptotic geometry
Mp × CðX9−pÞ, where Mp is p-dimensional Minkowski
space andCðX9−pÞ is a metric cone overX9−p (see e.g. [7,8]
and references therein). Such kinds of brane solutions in

heterotic supergravity with Yang-Mills instantons on the
metric cones CðX9−pÞwere considered in [9,10]. We intend
to generalize them by considering sine-cones with a Kähler-
torsion structure instead of metric cones with a Kähler
structure.
In this paper we will consider sine-cones over Sasaki-

Einstein and 3-Sasakian manifolds and solve instanton
equations for Yang-Mills fields on these conical manifolds.
Recall that for any Riemannian metric g on a manifold M,
the warped product metric ~g on CðMÞ ¼ Rþ ×M is
defined as

~g ¼ dr2 þ f2ðrÞg; ð1:1Þ

where r ∈ Rþ and fðrÞ is a warping function. ðCðMÞ; ~gÞ is
called the metric cone over M if fðrÞ ¼ r, and it is known
as the sine-cone overM if fðrÞ ¼ sin r. It is known that the
sine-cone metric ~g over a Sasaki-Einstein or 3-Sasakian
manifold is Einstein [2].1 We show that these conical
manifolds admit Kähler with torsion (KT) structures, i.e.
on them there exists a Hermitian connection with a totally
antisymmetric torsion ~T ¼ Jd ~ω. Here, J is an almost
complex structure, and ~ωð·; ·Þ ¼ ~gðJ·; ·Þ is the fundamental
2-form. For ~T ¼ 0 the Hermitian structure is Kähler.
We also show that for any 3-Sasakian manifold one can

deform the sine-cone metric ~g in such a way that CðMÞ
will be a hyper-Kähler with torsion (HKT) manifold.
HKT geometry has been described in detail e.g. in [11]
and intensively studied since then (see e.g. [12–15] and
references therein). In fact, these Hermitian manifolds
with three integrable almost complex structures Jα,
α ¼ 1, 2, 3, are not hyper-Kähler for nonvanishing torsion
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~T ¼ J1d ~ω1 ¼ J2d ~ω2 ¼ J3d ~ω3, but we will follow the
established terminology. Here, ~ωαð·; ·Þ ¼ ~gðJα·; ·Þ are three
Hermitian 2-forms.
After introducing the KTand HKT structures on the sine-

cones over Sasaki-Einstein and 3-Sasakian manifolds, we
consider the appropriate instanton equations on these
conical manifolds. Such first-order gauge equations, which
generalize the Yang-Mills anti-self-duality equations in
d ¼ 4 to higher-dimensional manifolds with special hol-
onomy (or, more generally, G-structure), were introduced
and studied both in the physical [16–18] and mathematical
[19–21] literature. Some instanton solutions were found e.g.
in [22–28]. Due to the foliated structure of the considered
conical KT and HKT manifolds, a natural ansatz for the
gauge fields reduces the instanton equations to matrix-
model equations. We discuss their simplest analytic and
numerical solutions.
This article is arranged as follows. In Sec. II we collect

various geometric facts concerning Sasaki-Einstein, 3-
Sasakian, Kähler-torsion and hyper-Kähler with torsion
manifolds. We introduce the KT and HKT structures on
sine-cones over Sasaki-Einstein and3-Sasakianmanifolds. In
Sec. III we discuss the instanton equations in more than four
dimensions and specialize them for KTand HKT manifolds.
Then we describe an ansatz reducing these instanton equa-
tions to matrix equations and present some solutions.

II. HERMITIAN MANIFOLDS WITH TORSION

A. KT manifolds

A G-structure on a smooth orientable manifold M
of dimension m is a reduction of the structure group
GLðm;RÞ of the tangent bundle TM to a closed subgroup
G ⊂ GLðm;RÞ. Choosing an orientation and a Riemannian
metric g defines an SOðmÞ-structure onM. We assume that
m ¼ 2n is even and that ðM; gÞ is an almost Hermitian
manifold. This means that there exists an almost complex
structure J ∈ EndðTMÞ, with J2 ¼ −1TM, which is com-
patible with the metric g, i.e. gðJX; JYÞ ¼ gðX; YÞ for all
X; Y ∈ TM. One can introduce the fundamental two-form
ω as

ωðX; YÞ ≔ gðJX; YÞ for X; Y ∈ TM; ð2:1Þ

and the canonical objects ðg; J;ωÞ define a UðnÞ-structure
on M. The additional existence of a complex n-form Ω
reduces the UðnÞ- to an SUðnÞ-structure. It implies that the
almost Hermitian manifold ðM; g; JÞ has a topologically
trivial canonical bundle. If the almost complex structure J
is integrable, then ðM; g; JÞ is a Hermitian manifold and
ðM; g; J;ΩÞ is Calabi-Yau.
On any almost Hermitian manifold ðM; g; JÞ one has a

Hermitian connection2 with totally antisymmetric torsion

T. Two particularly interesting cases arise when the torsion
T is the real part of either a (3,0)-form or a (2,1)-form. In
the former case, the manifold M is called nearly Kähler
[29,30]. The latter case entails a property called Kähler-
torsion (KT) [31,32]. Namely, on a Hermitian manifold
ðM; g; JÞ the KT connection is a Hermitian connection Γ
with antisymmetric torsion T given by

T ¼ Jdω; ð2:2Þ
where J acts on the p-form ea1 ∧ � � � ∧ eap as

Jðea1 ∧ ea2 ∧ � � � ∧ eapÞ ¼ Jea1 ∧ Jea2 ∧ � � � ∧ Jeap

with Jea ¼ Jabe
b: ð2:3Þ

Here feag with a ¼ 1;…; 2n is a local frame for the
cotangent bundle T�M, and Jab are the corresponding
components of the almost complex structure J. Note that
J is integrable in the KT case and nonintegrable in the
nearly Kähler case. For traceless anti-Hermitian Γ the KT
manifolds are called Calabi-Yau torsion [33].

B. Remark

Let

θj ≔ e2j−1 þ ie2j and θ ȷ̄ ≔ θj with j ¼ 1;…; n

ð2:4Þ
constitute a local frame for the (1,0) and (0,1) parts of the
complexified cotangent bundle. Then J, g and ω may be
chosen as follows:

Jθj ¼ iθj; g ¼
Xn
j¼1

θj ⊗ θ ȷ̄ and

ω ¼ i
2

Xn
j¼1

θj ∧ θ ȷ̄: ð2:5Þ

Their nonvanishing components are thus given by

Jkj ¼ iδkj; J ȷ̄
k̄
¼ −iδ ȷ̄k̄;

gjk̄ ¼
1

2
δjk̄ and ωjk̄ ¼

i
2
δjk̄ ð2:6Þ

with respect to the θ-basis. For g−1 and ω−1 we have

gjk̄ ¼ 2δjk̄ and ωjk̄ ¼ −2iδjk̄: ð2:7Þ

C. Cones

For any Riemannian manifold ðM; gÞ we define

CΛðMÞ ¼ ðð0;ΛπÞ ×M; ~gÞ with

~g ¼ dr2 þ Λ2sin2
�
r
Λ

�
g ð2:8Þ

2This connection ∇ ¼ dþ Γ preserves g; J and ω.
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to be the sine-cone over M. Here r ∈ ð0;ΛπÞ which is an
open interval, and so the volume of the sine-cone is
ΛvolM. In the infinite-volume limit Λ → ∞ the sine-cone
becomes the metric cone3

C∞ðMÞ≡ CðMÞ ¼ ðRþ ×M; ~gÞ with ~g ¼ dr2 þ r2g:

ð2:9Þ

Note that

~g ¼ dr2 þ Λ2sin2
�
r
Λ

�
g ≕ Λ2sin2φðdτ2 þ gÞ; ð2:10Þ

where

φ¼ r
Λ

and τ¼ log

�
2
Λ
r0
tan

φ

2

�
⇔r¼ 2Λarctan

�
r0eτ

2Λ

�

ð2:11Þ

with τ ∈ R and a constant r0 ∈ Rþ. In the limit Λ → ∞,
(2.11) simplifies to

τ ¼ log

�
r
r0

�
⇔r ¼ r0eτ ð2:12Þ

which are valid for the metric cone with

~g¼ dr2þ r2g¼ r2
�
dr2

r2
þg

�
¼ r20e

2τðdτ2þgÞ: ð2:13Þ

It follows from (2.12) and (2.13) that both cones are
conformally equivalent to the cylinder

CylðMÞ¼ ðR×M;gcylÞ with gcyl ¼ dτ2þg: ð2:14Þ

D. Sasaki-Einstein manifolds

A (2nþ 1)-dimensional Riemannian manifold ðM; gÞ
is called Sasakian if the metric cone ðCðMÞ; ~gÞ is Kähler.4
A Sasakian manifold ðM; gÞ is Sasaki-Einstein if in
addition the metric g is Einstein. In this case the metric
cone CðMÞ is a Ricci-flat Kähler manifold (Calabi-Yau),
so its holonomy group is reduced from UðnÞ to SUðnÞ.
Sasaki-Einstein manifolds have a reduced structure group
of SUðnÞ ⊂ SOð2nþ 1Þ. They are endowed with 1-, 2-, 3-
and 4-forms η;ω; P and Q, which can be defined in a local
orthonormal basis feâg, â ¼ 1;…; 2nþ 1, as

η ¼ −e2nþ1; ω ¼
Xn
j¼1

e2j−1 ∧ e2j;

P ¼ η ∧ ω and Q ¼ 1

2
ω ∧ ω: ð2:15Þ

These forms satisfy the relations

de2nþ1 ¼ −2ω and dP ¼ 4Q: ð2:16Þ

Note that, in the above basis, the torsion T of the canonical
suðnÞ-valued connection Γ on M is not totally antisym-
metric and has the components (see e.g. [9])

Ta ¼ nþ 1

2n
Pab̂ ĉe

b̂ ∧ eĉ and T2nþ1 ¼ P2nþ1b̂ ĉe
b̂ ∧ eĉ;

ð2:17Þ

where fâg ¼ fa; 2nþ 1g with a ¼ 1;…; 2n.

E. 3-Sasakian manifolds

A (4nþ 3)-dimensional Riemannian manifold ðM; gÞ is
called 3-Sasakian if the metric cone ðCðMÞ; ~gÞ on M
is hyper-Kähler. The structure group of M then is
SpðnÞ ⊂ SOð4nþ 3Þ, and we let the index a run from 1
to 4n. Note that any 3-Sasakian manifold is Einstein and
can be endowed with three 1-forms ηα, three 2-forms ωα, a
3-form P and a 4-form Q with α ¼ 1, 2, 3 [1,2]. In a local
orthonormal co-frame feâg where fâg ¼ fa; 4nþ αg,
these forms can be written as

ηα ¼ −e4nþα; ð2:18Þ

ω1 ¼
Xn
j¼1

ðe4j−3 ∧ e4j þ e4j−2 ∧ e4j−1Þ; ð2:19Þ

ω2 ¼
Xn
j¼1

ð−e4j−3 ∧ e4j−1 þ e4j−2 ∧ e4jÞ; ð2:20Þ

ω3 ¼
Xn
j¼1

ðe4j−3 ∧ e4j−2 þ e4j−1 ∧ e4jÞ; ð2:21Þ

P ¼ 1

3

�X
α

ηα ∧ ωα þ η123
�

¼ −
1

3

�X
α

ωα ∧ e4nþα þ e4nþ1 ∧ e4nþ2 ∧ e4nþ3

�
;

ð2:22Þ

Q ¼ 1

6

X
α

ωα ∧ ωα: ð2:23Þ

The forms e4nþα and ωα satisfy the differential identities

3One usually omits the adjective “metric” and simply says
“cone”.

4This is one of several equivalent definitions of Sasakian
manifolds [2].
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de4nþα ¼ −εαβγe4nþβ ∧ e4nþγ − 2ωα; ð2:24Þ

dωα ¼ −2εαβγe4nþβ ∧ ωγ; ð2:25Þ

where ε is the Levi-Civita tensor. The torsion T of the
canonical spðnÞ-valued connection Γ on any 3-Sasakian
manifold takes the form (see e.g. [9])

Ta¼ 3

2
Pab̂ĉe

b̂ ∧ eĉ and Tα ¼ 3P4nþαb̂ ĉe
b̂ ∧ eĉ: ð2:26Þ

T is not totally antisymmetric for the Einstein metric onM.

F. KT structure on sine-cones

A well-known theorem [2] states that, if ðM; gÞ is a
k-dimensional Einstein manifold with Einstein constant
k − 1, then the sine-cone ðCðMÞ; ~gÞ over M with the
metric (2.10) for Λ ¼ 1 is Einstein with Einstein constant k.
Here we will show that the sine-cone over any Sasaki-
Einstein manifold is not only Einstein but also carries a
Kähler-torsion structure.
Consider the cylinder

CylðMÞ ¼ ðR ×M; gcylÞ with

gcyl ¼ δâ b̂e
â ⊗ eb̂ þ e2nþ2 ⊗ e2nþ2; ð2:27Þ

where fâg ¼ fa; 2nþ 1g with a ¼ 1;…; 2n, and compare
it to the sine-cone

M2nþ2 ≔ CΛðMÞ ¼ ðð0;ΛπÞ ×M; ~gÞ ð2:28Þ
parametrized via

e2nþ2¼ dτ¼ dφ
sinφ

; φ¼ r
Λ
; τ∈R; φ∈ ð0;πÞ:

ð2:29Þ

Then the local basis f~eâ; ~e2nþ2g on the latter is defined as

~eâ ¼Λsinφeâ and ~e2nþ2¼Λsinφe2nþ2¼ dr; ð2:30Þ
and its metric reads

~g ¼ δâ b̂ ~e
â ⊗ ~eb̂ þ ~e2nþ2 ⊗ ~e2nþ2: ð2:31Þ

Let us also introduce the 2-form

~ω ≔ Λ2sin2φðωþ e2nþ1 ∧ e2nþ2Þ; ð2:32Þ
where ω is the 2-form defined in (2.15) and obeying (2.16).
It is easy to check that

d ~ω ¼ 2

Λ
cosφ − 1

sinφ
~ω ∧ ~e2nþ2 ¼ −

2

Λ
tan

φ

2
~ω ∧ ~e2nþ2:

ð2:33Þ

The canonical almost complex structure J on M2nþ2 is
fixed by ~g and ~ω via (2.4)–(2.6) but with the range of j
extended to nþ 1.
Finally one can define the torsion

~T ≔ Jd ~ω ¼ −
2

Λ
tan

φ

2
~ω ∧ ~e2nþ1 ð2:34Þ

which is proportional to P from (2.15). Since ~T is of type
ð2; 1Þ þ ð1; 2Þ with respect to J, the almost complex
structure J is integrable, and we obtain a KT structure
on the sine-cone (2.28) over any Sasaki-Einstein manifold.

G. Conical HKT structure

The sine-cone

M4nþ4 ¼ CΛðMÞ ¼ ðð0;ΛπÞ ×M; ~gÞ ð2:35Þ

over a (4nþ 3)-dimensional 3-Sasakian manifold ðM; gÞ
with a metric (2.10) is an Einstein manifold since ðM; gÞ
is Einstein. Since ðM; e4nþ3;ω3 þ e4nþ1 ∧ e4nþ2; gÞ is
Sasaki-Einstein, the previous subsection applies, and one
can introduce a KT structure on M4nþ4 by choosing the
2-form

~ω ≔ Λ2 sin2 φðω3 þ e4nþ1 ∧ e4nþ2 þ e4nþ3 ∧ e4nþ4Þ
ð2:36Þ

as in (2.32)–(2.34), where ω3 is defined by (2.21) and

e4nþ4 ¼ dτ; τ ¼ log

�
2
Λ
r0
tan

φ

2

�
; φ ¼ r

Λ
:

ð2:37Þ

Here feâ; e4nþ4g ¼ fea; e4nþα; e4nþ4gwith a ¼ 1;…; 4n is
a local basis of one-forms on the cylinder M × R with the
metric

gcyl ¼ δabea ⊗ eb þ δμνe4nþμ ⊗ e4nþν; ð2:38Þ

where we introduced the index set fμg ¼ fα; 4g. Recall
that eâ and ωα, defined in (2.18)–(2.21), satisfy the
identities (2.24) and (2.25).
We have

ωα ¼ 1

2
ωα
abe

a ∧ eb for a ¼ 1;…; 4n; ð2:39Þ

where the components ωα
ab of the 2-forms ωα can be read

off from (2.19)–(2.21). For later use we define three more
2-forms,

ωα⊥ ≔
1

2
ηαμνe4nþμ ∧ e4nþν; ð2:40Þ
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where ηαμν are the components of the ’t Hooft tensor,

ηαβγ ¼ εαβγ and ηαβ4 ¼ −ηα4β ¼ δαβ: ð2:41Þ

Using (2.39)–(2.41), we may introduce on M4nþ4 three
almost complex structures Jα with components

Jαab ¼ ωα
bcδ

ca and Jα4nþμ
4nþν ¼ ηανσδ

σμ: ð2:42Þ

It is not difficult to show that

JαJβ ¼ −δαβidþ εαβγJγ; ð2:43Þ

i.e. the three almost complex structures define a quater-
nionic structure on M4nþ4.
The 2-form ~ω in (2.36) is of type (1,1) with respect to J3.

Differentiating, we find

~T ¼ J3d ~ω ¼ −
2

Λ
tan

φ

2
~ω ∧ ~e4nþ3; ð2:44Þ

where we use local coframe fields

~ea ¼ Λ sinφea and ~e4nþμ ¼ Λ sinφe4nþμ ð2:45Þ

on M4nþ4 ¼ CΛðMÞ. Thus, M4nþ4 allows for a KT
structure.
In order to extend this to a HKT structure on M4nþ4, we

need three 2-forms

~ωα ¼ Λ2 sin2 φðf1ωα þ f2ωα⊥Þ; ð2:46Þ

where f1 ¼ f1ðφÞ and f2 ¼ f2ðφÞ are yet undefined real
functions, and ωα and ωα⊥ are given by (2.39) and (2.40),
respectively. Taking the exterior derivative of (2.46), we
obtain

d ~ωα ¼ Λ2sin2φ
n�

B1ω
α þ 1

2
B2ε

α
βγe

4nþβ ∧ e4nþγ
�

∧ e4nþ4 þ B3ε
α
βγe

4nþβ ∧ ωγ
o
; ð2:47Þ

where

B1 ¼ _f1 sinφþ 2f1 cosφ − 2f2; ð2:48Þ

B2 ¼ _f2 sinφþ 2f2 cosφ − 2f2; ð2:49Þ

B3 ¼ −2ðf1 − f2Þ; ð2:50Þ

and the overdot indicates a derivative with respect to φ. The
definitions of Jα imply that

Jαωβ ¼ ð−1Þ1þδαβωβ and ð2:51Þ

J1e4nþ1¼−e4nþ4; J2e4nþ1 ¼ e4nþ3; J3e4nþ1¼−e4nþ2;

J1e4nþ2¼−e4nþ3; J2e4nþ2 ¼−e4nþ4; J3e4nþ2¼ e4nþ1;

J1e4nþ3¼ e4nþ2; J2e4nþ3 ¼−e4nþ1; J3e4nþ3¼−e4nþ4;

Jαe4nþ4¼ e4nþα: ð2:52Þ

In [13] it has been proven that the HKT condition is
equivalent to

J1d ~ω1 ¼ J2d ~ω2 ¼ J3d ~ω3 ¼ ~T; ð2:53Þ

where ~T is the torsion of the spðnþ 1Þ-valued hyper-
Hermitian connection onM4nþ4. Using (2.51) and (2.52) as
well as demanding that ~T is proportional to P from (2.22),
we obtain from (2.53) the constraints

B1 ¼ B2 ¼ B3 ð2:54Þ

which are equivalent to the differential equations

_f sinφþ 2f cosφ ¼ 0 and

_f2 sinφþ 2f2ðcosφ − 1Þ þ 2f ¼ 0 for f ≔ f1 − f2:

ð2:55Þ

Solutions of these equations can be chosen in the form

f ¼ c
sin2φ

and f2 ¼
2c2
cos4 φ

2

þ c
sin2φ

⇒ f1 ¼
2c2
cos4 φ

2

þ 2c
sin2φ

; ð2:56Þ

where c and c2 are yet arbitrary constants of integration. In
the limit Λ → ∞ we would like our HKT space M4nþ4 to
coincide with the standard hyper-Kähler metric coneCðMÞ
with vanishing torsion ~T ¼ 0. This is achieved for

c ¼ c1
Λ3

; ð2:57Þ

where c1 is constant. Then for Λ → ∞ we get

~ωα → 2c2r2ðωα þ ωα⊥Þ ≕ ω̂α with dω̂α ¼ 0: ð2:58Þ

The metric on the HKT manifold M4nþ4 with three
Hermitian5 structures (2.46) takes the form

~g ¼ f1δab ~ea ⊗ ~eb þ f2δμν ~eμ ⊗ ~eν

¼ f2

�
f1
f2

δab ~ea ⊗ ~eb þ δμν ~eμ ⊗ ~eν
�
: ð2:59Þ

5Note that the conditions (2.53) imply the integrability of the
almost complex structures (2.42).
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It is conformally equivalent, with conformal factor f2,
to the metric on the sine-cone CΛðMÞ over a 3-Sasakian
manifold M. The simplest case occurs for the choice
c1 ¼ 0 when f1 ¼ f2.

III. INSTANTONS ON CONICAL KT AND
HKT MANIFOLDS

A. Instanton equations

Let Σ be a differential form of degree m − 4 on an m-
dimensional Riemannian manifold M, and let E be a
complex vector bundle over M endowed with a connection
A. The Σ-anti-self-duality (or instanton) equations are
defined as the first-order equations [21]

�F ¼ −Σ ∧ F ð3:1Þ

for the connection A with curvature F ¼ dAþA ∧ A.
Here � is the Hodge duality operator on M. Taking the
exterior derivative of (3.1) and using the Bianchi identity,
we obtain

d � F þA ∧ �F − ð−1Þm � F ∧ Aþ �H ∧ F ¼ 0;

ð3:2Þ
where the 3-form H is defined by

�H ≔ dΣ: ð3:3Þ
The second-order equations (3.2) differ from the standard

Yang-Mills equations by the last term involving a 3-form
H, which can be identified with a totally antisymmetric
torsion on M. This torsion term naturally appears in string-
theory compactifications with fluxes [34]. For dΣ ¼ 0, the
torsion term vanishes and the instanton equations (3.1)
imply the ordinary Yang-Mills equations. The latter also
holds true when the instanton solution F satisfies dΣ ∧
F ¼ 0 as well, as e.g. on nearly Kähler 6-manifolds, nearly
parallel G2-manifolds and Sasakian manifolds [9].
The torsionful Yang-Mills equations (3.2) are the varia-

tional equations for the action

S ¼ −
Z
M
TrðF ∧ �F þ F ∧ F ∧ ΣÞ; ð3:4Þ

and the instanton equations (3.1) can be derived from this
action using a Bogomol’nyi argument. In the case of a
closed form Σ, the second term in (3.4) is topological and
the torsion (3.3) disappears from (3.2).
If a manifold is endowed with a 4-form Q, a natural

choice for the (m − 4)-form Σ in the instanton equa-
tions (3.1) will be its Hodge dual, Σ ∝ Q. Therefore, on
KT manifolds with m ¼ 2nþ 2 one should take

~QKT ¼ 1

2
~ω ∧ ~ω in � F ¼ − � ~QKT ∧ F : ð3:5Þ

On HKT manifolds there exist three 2-forms ~ωα, from
which one can build the 4-form

~QHKT ¼ 1

6
~ωα ∧ ~ωα in � F ¼ − � ~QHKT ∧ F : ð3:6Þ

B. Reduction to matrix equations

Recall that the instanton equations on the cone CðMÞ
over Sasaki-Einstein or 3-Sasakian manifolds M are
equivalent to the equations on the cylinder CylðMÞ [9]
with the metric

~g ¼ dτ2 þ g; ð3:7Þ

where g is the metric onM and τ is related with r by (2.11).
Let us denote by G and H the structure groups of the
canonical connection on CðMÞ and M, respectively. In
the KT case we have ðG;HÞ ¼ ðSUðnþ 1Þ; SUðnÞÞ, and in
the HKT case ðG;HÞ ¼ ðSpðnþ 1Þ, SpðnÞÞ. As a vector
space, the Lie algebra g ¼ LieG decomposes into h ¼
LieH and its orthogonal complement m,

g ¼ h ⊕ m: ð3:8Þ

The vector spacem can be identified with the linear span of
the orthonormal basis feâg on T�M.
In any given irreducible representation ρ of g, the

generators Ii of h and Iâ of m obeying the commutation
relations

½Ii; Ij� ¼ fkijIk; ½Ii; Iâ� ¼ fb̂iâIb̂ and

½Iâ; Ib̂� ¼ fi
â b̂
Ii þ fĉ

â b̂
Iĉ ð3:9Þ

act on a representation space V ≅ CN , i.e. ρ∶g → EndðVÞ.
Consider a complex vector bundle E → CylðMÞ such that
the fibers are copies of V. Since H is a closed subgroup of
G, it also acts on the fibres of E, but the restriction of our g-
representation ρ to the subalgebra h in general decomposes
into a direct sum of several irreducible h-representations,
with the corresponding invariant subspaces comprising V.
The canonical connection Γ on TM is always an

instanton [9,10]. On the bundle E, it induces the ρðhÞ-
valued connection (denoted by the same letter)

Γ ≔ ΓiIi: ð3:10Þ

Its curvature

R ¼ dΓþ Γ ∧ Γ ¼
�
dΓi þ 1

2
fijkΓj ∧ Γk

�
Ii ð3:11Þ

satisfies the instanton equations (3.1) [9,10].
Let us consider some matrix-valued functions XâðτÞ ∈

End ðVÞ and introduce on E a ρðgÞ-valued connection
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A ≔ Γþ Xâeâ: ð3:12Þ
For Xâ depending on all coordinates of CylðMÞ, this is the
general form of a connection on the bundle E → CylðMÞ.
Below, we shall impose independence of Xâ on the
coordinates of M and certain equivariance conditions,
which will reduce (3.1) to ordinary differential equations
for Xâ.
Recall that

deâ ¼ −Γâ
b̂
∧ eb̂ þ Tâ ¼ −Γifâ

ib̂
∧ eb̂ þ 1

2
Tâ
b̂ ĉ
eb̂ ∧ eĉ;

ð3:13Þ
where fâ

ib̂
are the structure constants from (3.9). From

(3.12) and (3.13) it follows that

F ¼ dAþA ∧ A ¼ Rþ 1

2
ð½Xâ; Xb̂� þ Tĉ

â b̂
XĉÞeâ ∧ eb̂

þ _Xâdτ ∧ eâ þ Γi ∧ eâð½Ii; Xâ� − fb̂iâXb̂Þ; ð3:14Þ
where R is given in (3.11) and _Xâ ≡ d

dτXâ. In [27] it was
shown that F solves the instanton equations (3.1) if the
following matrix equations hold:

½Ii; Xâ� ¼ fb̂iâXb̂; ð3:15Þ

½Xâ; Xb̂� þ Tĉ
â b̂
Xĉ ¼ Nĉ

â b̂
_Xĉ þ fi

â b̂
NiðτÞ: ð3:16Þ

Here Nĉ
â b̂

is some constant tensor which we shall specify
below for each case, andNi are some ρðhÞ-valued functions
defined by (3.16) after resolving the algebraic constraints
(3.15) and substituting their solutions Xâ into (3.16). For
Xâ satisfying (3.15) and (3.16), we have

F ¼Rþ1

2
Nifiâb̂e

â ∧ eb̂þ _Xâ

�
dτ∧ eâþ1

2
Nâ

b̂ĉ
eb̂ ∧ eĉ

�
;

ð3:17Þ

where the term with fi
â b̂

satisfies (3.1) all by itself (as does
R) due to the properties of the coset G=H, and the term
proportional to _Xâ solves (3.1) after the proper choice of
Nâ

b̂ ĉ
to be specified below.

C. Instantons on conical KT manifolds

Consider the sine-cone M2nþ2 ¼ CΛðMÞ over a Sasaki-
Einstein manifold M of dimension 2nþ 1. The geometry
of M and M2nþ2 has been discussed in Sec. II. In this
case, we have fâg ¼ fa; 2nþ 1g with a ¼ 1;…; 2n;
G ¼ SUðnþ 1Þ, H ¼ SUðnÞ and

suðnþ 1Þ ¼ suðnÞ ⊕ m: ð3:18Þ
The sine-cone M2nþ2 is conformally equivalent to the
cylinder CylðMÞ with the local basis 1-forms eâ and

e2nþ2. The group SO(2nþ 2) acts on the tangent spaces of
both CylðMÞ and CΛðMÞ. We have

soð2nþ 2Þ ¼ suðnþ 1Þ ⊕ uð1Þ ⊕ P; ð3:19Þ

so the space of antisymmetric ð2nþ 2Þ × ð2nþ 2Þ matri-
ces can be split into three mutually orthogonal subspaces,
which defines P. The suðnÞ subspace contains the first two
terms in (3.17), which are thus Σ-anti-self-dual. Using the
explicit form of the projector from soð2nþ 2Þ to suðnþ 1Þ
[17], one can show that the subspacem in (3.18) is spanned
by the 2-forms (regarded as antisymmetric matrices)

e2nþ1 ∧ e2nþ2 −
1

2n
ωabea ∧ eb and

ea ∧ e2nþ2 − Jabe
b ∧ e2nþ1; ð3:20Þ

which satisfy the instanton equations (3.1). Hereωab and Jab
are as defined in Sec. II. Hence, if we choose Nâ

b̂ ĉ
in such a

way that the last term in (3.17) becomes a linear combi-
nation of the 2-forms (3.20), then F from (3.17) will also
solve the instanton equations (3.1).
From (2.17), (2.29), (3.17) and (3.20) we finally obtain

Ta
b2nþ1 ¼ −

nþ 1

n
Jab ¼ −fab2nþ1 and

T2nþ1
ab ¼ 2Pab2nþ1 ¼ −2ωab ¼ −f2nþ1

ab ; ð3:21Þ

Na
b2nþ1 ¼ Jab ¼

n
nþ 1

fab2nþ1 and

N2nþ1
ab ¼ 1

n
ωab ¼

1

2n
f2nþ1
ab : ð3:22Þ

Substituting (3.21) and (3.22) into (3.15) and (3.16), we
arrive at

½Ii; Xa� ¼ fbiaXb and ½Ii; X2nþ1� ¼ 0; ð3:23Þ

½Xa; Xb� ¼ f2nþ1
ab

�
X2nþ1 þ

1

2n
_X2nþ1

�
þ fjabNjðτÞ;

ð3:24Þ

½X2nþ1; Xa� ¼ fb2nþ1a

�
Xb þ

n
nþ 1

_Xb

�
: ð3:25Þ

The task now is to find solutions to the above matrix
equations (3.23)–(3.25). The simplest choice is

XaðτÞ ¼ ψðτÞIa and X2nþ1ðτÞ ¼ χðτÞI2nþ1 ð3:26Þ

introducing two functions ψ and χ of τ, which is related
with r via (2.11). For this choice, the conditions (3.23) are
fulfilled, and we get Ni ¼ ψ2Ii. This reduces (3.24)–(3.25)
to the equations
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_ψ ¼ nþ 1

n
ψðχ − 1Þ ¼ −

∂W
∂ψ and

_χ ¼ 2nðψ2 − χÞ ¼ −λ2
∂W
∂χ ; ð3:27Þ

which agrees with (4.21) and (4.22) of [9] for the metric
cone. Here, λ ¼ 2n=

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
, and we introduced the flow

potential

Wðψ ; χÞ ¼ nþ 1

2n

�
ψ2 þ 1

2
χ2 − ψ2χ

�
ð3:28Þ

for the variables ψ and ~χ ¼ χ=λ, so that the second equation
in (3.27) reads _~χ ¼ −∂W=∂ ~χ. For an instanton solution, we
need ψ and χ to remain bounded for all τ ∈ R. This requires
the flow to start and end in a critical point ofW. Modulo the
obvious reflection symmetry ψ → −ψ, the critical points of
W are

the localminimum ðψ ; χÞ ¼ ð0; 0Þ and

the saddle point ðψ ; χÞ ¼ ð1; 1Þ; ð3:29Þ

and the flow trajectory connecting them is a separatrix for
the vector field ∇W. It is given by

2ψð1 − χÞdχ ¼ λ2ðχ − ψ2Þdψ ; ð3:30Þ

which admits analytic solutions only for

n ¼ 1∶ χ ¼ ψ and n → ∞∶ χ ¼ ψ2: ð3:31Þ

These and the numerical solutions for n ¼ 2, 4, 8 have been
plotted in Fig. 1 of [9]. Here, in our Fig. 1, we display the

equipotential lines of the flow potential W and for n ¼ 2
the corresponding streamlines. The unique bounded sol-
ution to (3.27) with τ defined by (2.11) yields a Yang-Mills
instanton after substituting Xa ¼ ψIa and X2nþ1 ¼ χI2nþ1

into (3.12) and (3.17).

D. Instantons on conical HKT manifolds

In Sec. II we have shown that, for M being 3-Sasakian
of dimension 4nþ 3, on M4nþ4 ¼ CΛðMÞ one can intro-
duce a HKT structure with a metric conformally equivalent
to the metric on the cylinder CylðMÞ. For this reason it
suffices to investigate the instanton equation (3.1) on
CylðMÞ. In the 3-Sasakian case, fâg ¼ fa; 4nþ αg with
a ¼ 1;…; 4n and α ¼ 1, 2, 3, and we have G ¼ Spðnþ 1Þ
and H ¼ SpðnÞ, i.e.

spðnþ 1Þ ¼ spðnÞ ⊕ m: ð3:32Þ

The group SOð4nþ 4Þ acts on tangent spaces of both
CylðMÞ and M4nþ4. One gets

soð4nþ 4Þ ¼ spðnþ 1Þ ⊕ spð1Þ ⊕ P0;

and the Σ-anti-self-dual 2-forms reside in the spðnþ 1Þ
subspace of the space of antisymmetric ð4nþ 4Þ × ð4nþ
4Þ matrices [17]. Now the first two terms in (3.17) sit in
spðnÞ ⊂ spðnþ 1Þ ⊂ soð4nþ 4Þ and, therefore, satisfy
the instanton equation (3.1). Employing the explicit form
of the projector from soð4nþ 4Þ to spðnþ 1Þ [17], one
can show that the 2-forms
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FIG. 1 (color online). Equipotential lines for Wðψ ; χÞ (left) and streamlines for n ¼ 2 (right).

BUNK et al. PHYSICAL REVIEW D 90, 065028 (2014)

065028-8



f2η̄αμνe4nþμ ∧ e4nþν

¼ f2ðεαβγe4nþβ ∧ e4nþγ − 2e4nþα ∧ e4nþ4Þ and

ðf1f2Þ1=2ðea ∧ e4nþ4 þ Jαab eb ∧ e4nþαÞ ð3:33Þ

are Σ-anti-self-dual and form a basis of the subspace m in
(3.32). Here e4nþ4 ¼ dτ, and Jαab as well as the functions
f1; f2 have been defined in Sec. II. From (2.26), (3.17) and
(3.33) it follows that the nonvanishing components are
given by

T4nþα
ab ¼ −f4nþα

ab ; Tb
a 4nþβ ¼ −fba 4nþβ and

T4nþα
4nþβ 4nþγ ¼ −f4nþα

4nþβ 4nþγ; ð3:34Þ

Na
b 4nþα ¼ −Jαab ¼ −ωα

ab ¼ fab 4nþα;

N4nþα
4nþβ 4nþγ ¼ εαβγ ¼

1

2
f4nþα
4nþβ 4nþγ: ð3:35Þ

Substituting (3.34) and (3.35) into (3.15) and (3.16), we
arrive at

½Ii; Xa� ¼ fbiaXb and ½Ii; X4nþα� ¼ 0; ð3:36Þ

½Xa; Xb� ¼ f4nþα
ab X4nþα þ fiabNi; ð3:37Þ

½Xa; X4nþβ� ¼ fba 4nþβðXb þ _XbÞ; ð3:38Þ

½X4nþα; X4nþβ� ¼ f4nþγ
4nþα 4nþβ

�
X4nþγ þ

1

2
_X4nþγ

�
; ð3:39Þ

again independent of the functions f1 and f2. If we choose
the simplest ansatz

XaðτÞ ¼ ψðτÞIa and X4nþαðτÞ ¼ χðτÞI4nþα; ð3:40Þ
then (3.36) will be satisfied identically. From (3.37) we
obtain Ni ¼ ψ2Ii, and (3.38) and (3.39) reduce to

_ψ ¼ ψðχ − 1Þ and _χ ¼ 2χðχ − 1Þ aswell as χ ¼ ψ2;

ð3:41Þ

which is the n → ∞ limit of (3.27) and coincides with
(4.31)–(4.33) of [9] for the metric cone. The equations
decouple to

_ψ ¼ ψðψ þ 1Þðψ − 1Þ and _χ ¼ 2χðχ − 1Þ; ð3:42Þ
whose only bounded solution is

χ ¼ ψ2 ¼ 1

2
ð1 − tanhðτ − τ0ÞÞ: ð3:43Þ

Substituting Xa ¼ ψIa and X4nþα ¼ χI4nþα into (3.12) and
(3.17), one obtains Yang-Mills instanton configurations on
the HKT manifold M4nþ4 after using (2.11) and the
relations (2.45) between the co-frame fields on M4nþ4

and the cylinder. More general instanton solutions may be
obtained by considering more general ansätze for the
matrices Xâ.

IV. CONCLUSIONS

A Killing spinor on a Riemannian manifold M is a
spinor field ϵ obeying the equation ∇âϵ ¼ iλγâϵ, where ∇â
is the spinor covariant derivative, γâ are Clifford γ-matrices
and λ is a constant. Manifolds with real Killing spinors
often occur in string-theory compactifications. All these
manifolds feature connections with non-vanishing torsion
and admit a non-integrable H-structure, i.e. a reduction of
the structure group SO(m) of the tangent bundle TM to
H ⊂ SOðmÞ. The metric cone CðMÞ over any such
manifold M has a special (reduced) holonomy group G ⊂
SOðmþ 1Þ and a Killing spinor ϵ with λ ¼ 0 (called
parallel spinor). These manifolds were classified in [35],
and, besides the round spheres, they are the

(i) nearly Kähler 6-manifolds, with H ¼ SUð3Þ and
G ¼ G2

(ii) nearly parallel 7-manifolds, with H ¼ G2 and
G ¼ Spinð7Þ

(iii) Sasaki-Einstein (2nþ 1)-manifolds, with H ¼
SUðnÞ and G ¼ SUðnþ 1Þ

(iv) 3-Sasakian (4nþ 3)-manifolds, with H ¼ SpðnÞ
and G ¼ Spðnþ 1Þ.

Instantons on metric cones CðMÞ over the above
manifolds M were described in [9,23,24,27]. Instantons
on sine-cones over nearly Kähler 6-manifolds and nearly
parallel 7-manifolds with G2-structure were investigated in
[26]. Here, we completed this study by describing Yang-
Mills instantons on sine-cones over Sasaki-Einstein and 3-
Sasakian manifolds. In [9,10] instantons on metric cones
were extended to brane-type solutions of heterotic super-
gravity. It would be of interest to perform a similar lift of
instantons on sine-cones.
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