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Abstract. We study irreducible Smale spaces with totally disconnected stable sets and
their associated K -theoretic invariants. Such Smale spaces arise as Wieler solenoids, and
we restrict to those arising from open surjections. The paper follows three converging
tracks: one dynamical, one operator algebraic and one K-theoretic. Using Wieler’s
theorem, we characterize the unstable set of a finite set of periodic points as a locally
trivial fibre bundle with discrete fibres over a compact space. This characterization gives
us the tools to analyse an explicit groupoid Morita equivalence between the groupoids of
Deaconu—Renault and Putnam-Spielberg, extending results of Thomsen. The Deaconu—
Renault groupoid and the explicit Morita equivalence lead to a Cuntz—Pimsner model
for the stable Ruelle algebra. The K-theoretic invariants of Cuntz—Pimsner algebras are
then studied using the Cuntz—Pimsner extension, for which we construct an unbounded
representative. To elucidate the power of these constructions, we characterize the Kubo—
Martin—Schwinger (KMS) weights on the stable Ruelle algebra of a Wieler solenoid. We
conclude with several examples of Wieler solenoids, their associated algebras and spectral
triples.
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1. Introduction

Inspired by Williams [53], Wieler [52] recently proved that irreducible Smale spaces with
totally disconnected stable sets always arise as solenoids—inverse limits associated with
continuous surjections. Due to Wieler’s characterization of such spaces, we call them
Wieler solenoids. In view of [15], Wieler solenoids arising from an open surjection can
be studied by means of Cuntz—Pimsner algebras, a class of C*-algebras that provide a
different picture than the usual Smale space groupoid C*-algebras. The purpose of this
paper is to study the connection between Wieler solenoids defined from an open mapping
and Cuntz—Pimsner algebras. This connection allows us to improve our understanding of
the K-theoretic invariants of such Smale spaces. We do this by linking Putnam’s stable
Ruelle algebra [39, 43] with unbounded Kasparov theory on Cuntz—Pimsner algebras
studied by Adam Rennie and the second and third listed authors [19, 20].

Wieler’s classification result states that any irreducible Smale space with totally
disconnected stable sets can be written in the form of an inverse limit X =V & \% ... ,
where g : V — V is a continuous finite-to-one surjection satisfying two additional axioms,
which are weakened versions of g being locally expanding and open. For our construction,
g must be an open map, rather than the weakened version appearing in Wieler’s second
axiom. When g is open and satisfies Wieler’s first axiom, we show that g is a local
homeomorphism. We discuss several different assumptions on g in §3 and show that they
are all equivalent to the condition that g is an open map.

Our main results revolve around a systematic study of the C*-algebras associated
with Wieler solenoids arising from an open mapping. We arrive at our results through
combining dynamics, operator algebras and K-theoretic invariants. In particular, we
describe: (i) the global unstable set X“(P) as a locally trivial bundle over the base space
V; (ii) the stable Ruelle algebra as a Cuntz—Pimsner algebra; and (iii) the KK-theory of
the stable Ruelle algebra. An immediate consequence of the Cuntz—Pimsner model for the
stable Ruelle algebra is the complete classification of Kubo—Martin—Schwinger (KMS)
weights on the stable Ruelle algebra for the natural gauge dynamics of the Cuntz—Pimsner
algebra.

The structure of a Smale space naturally occurs in hyperbolic and symbolic dynamics;
see [14, 39-43, 47-49, 52, 54]. The study of Smale spaces through invariants of their C*-
algebras has been central to the theory since its very beginning. In [47], Ruelle introduced
C*-algebra theory into the study of Smale spaces and studied their non-commutative
dynamics using equilibrium (KMS) states. Continuing Ruelle’s programme, Putnam and
Spielberg [39, 43] showed that the stable and unstable Ruelle algebras are separable,
simple, stable, nuclear, purely infinite and satisfy the universal coefficient theorem (UCT).
It follows that K -theory is a complete invariant for the stable and unstable Ruelle algebras
using the Kirchberg—Phillips classification theorem [37]. The computation of K -theory for
these algebras is therefore of fundamental importance. One of our main results provides
a new method of computing K -theory for the stable Ruelle algebra of a Wieler solenoid
through a six-term exact sequence.

Invariants of the Smale spaces themselves led Putnam to define a homology theory
for Smale spaces [41]. Inspired by KK-theoretic correspondences, together with Brady
Killough, the first and fourth listed authors used Putnam’s homology theory to define
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dynamical correspondences for Smale spaces [16]. This paper is a first step towards
understanding dynamical correspondences from the point of view of KK-theory [23, 24].
The reason for taking this first step for Wieler solenoids is the presence of an explicit
Morita equivalence between the stable Ruelle algebra and a Cuntz—Pimsner algebra over
C(V). This allows us to describe the non-commutative geometry (unbounded KK-
theory [6, 13]; see also [30, 31]) and non-commutative dynamics (KMS weights [27, 28])
of the stable Ruelle algebra in an explicit way. Our motivation for doing so is to make the
Smale space origin clear and susceptible to generalization.

The dynamics of expanding continuous surjections g: V — V is well studied in the
literature [1, 15, 18, 20, 28, 34, 49, 51, 53, 54]. This fact guarantees us that the tools
we need are available. For instance, [49, Ch. 4.4] treated Smale spaces constructed from
expansive mappings with a dense set of periodic points; see more details in Remark 3.13
below. Although the starting point for the paper is [52], the inspiration for several results
describing the dynamical structure of Smale spaces with totally disconnected stable sets
comes from work of Thomsen; see [49]. In particular, one of our aims is to make explicit
the Morita equivalence obtained from [49, Remark 1.14, Lemma 4.16 and Theorem 4.19].
Such ideas first appeared in the context of subshifts of finite type in [14] and later in [10]
in the context of topologically mixing expanding maps. Since this paper is a first step
towards understanding the KK-theory of Smale spaces, we are careful to keep the paper
self-contained and all of our constructions in non-commutative geometry and dynamics
are explicit.

We now conclude the introduction with our main results and the organization of the
paper. In §2, we recall the relevant definitions of Smale spaces. Section 3 introduces
Wieler’s characterization of irreducible Smale spaces with totally disconnected stable
sets. In particular, Wieler showed that such Smale spaces (X, ¢) always arise from a
continuous surjection g : V — V of a compact Hausdorff space V in the sense that X
is the inverse limit X :=V £V & ... and ¢ : X — X the shift map. The following
is the main dynamical result of our paper, and appears as Theorem 3.12. This result
should be compared to the structural results of Hurder, Clark and Lukina on matchbox
manifolds [11, 12].

THEOREM 1. Suppose that (X, @) is an irreducible Wieler solenoid arising from an open
continuous surjection. Let P C X be a finite p-invariant set of periodic points and

X"(P) = {x € X :3pe P suchthar lim dy(¢™"(x), 9" (p)) = o}.
n—>oo

Then the projection map mwgy : X" (P) — V, (x9, X1, X2, . . .) — Xxo defines a covering map.
In particular, wo : X" (P) — V is a locally trivial bundle with discrete fibres.

In §4, we discuss Cuntz—Pimsner algebras associated with a continuous surjective
local homeomorphism, following [15]. This Cuntz—Pimsner algebra is isomorphic to
a Deaconu—Renault groupoid algebra. We conclude by relating our findings to Wieler
solenoids. Pavlov and Troitskii’s results on branched coverings [36] show that, if
gV — V satisfies Wieler’s axioms, it is necessary that g is a local homeomorphism in
order to have an associated Cuntz—Pimsner algebra.
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In §§5 and 6, we define an unbounded K-cycle representing the Cuntz—Pimsner
extension of O and show that it applies to the stable Ruelle algebra through an explicit
Morita equivalence. The following result combines Theorem 6.6 and Proposition 6.15 to
relate the stable Ruelle algebra C*(G* (P)) x Z with the Cuntz—Pimsner algebra Og; here
G*(P) denotes the stable groupoid of the Smale space.

THEOREM 2. Let (X, ¢) be an irreducible Wieler solenoid arising from an open mapping
g:V — V and suppose that P C X is a finite p-invariant set of periodic points. The
crossed product groupoid G*(P) X Z is groupoid Morita equivalent to the Deaconu—
Renault groupoid R g, which satisfies O = C*(Ry).

Moreover, the stable Ruelle algebra C*(G*(P)) X Z is itself isomorphic to a
Cuntz—Pimsner algebra Of, defined using the C(V)-Hilbert C*-module Heyy =
LZ(XM(P))C(V) and the bi-Hilbertian Kc(v)(%(v))-bimodule E:= %(V) ® E ®c(v)
H*.

To describe the K -theoretic invariants of C*(G*(P)) x Z, we make use of the Cuntz—
Pimsner extension for Og. The Cuntz—Pimsner extension describes C*(G* (P)) % Z in the
triangulated category K KT using C(V) (carrying the trivial action of the circle group T)
and [E] € KKE)T(C(V), C(V)) defined by equipping E with the T-action z - & := z&, for
ze T c Cand & € E. This allows us to compute K -theoretic invariants, T-equivariant or
not, from knowledge of E and C(V) alone. The form of the Cuntz—Pimsner extension
is determined by a distinguished class o € KKET(C*(G‘Y(P)) x Z, C(V)) that we now
describe by combining Theorems 5.10 and 6.21.

THEOREM 3. Let (X, @) be an irreducible Wieler solenoid arising from an open mapping
g:V >V, PCX a finite set of periodic points and let C*(G*(P)) x Z be the stable
Ruelle algebra. Then there is a six-term exact sequence

Ko(C(V))  —25 Ko(C(V)) —Bs Ko(CH(GH(P)) x Z)
aT la
Ki(CHG* (P) 1 Z) «Z K\(C(V)) <2 Ky(C(V))

Moreover, each connecting map is represented by an explicit unbounded Kasparov module.

We note that the element (1 € KK&T(C(V), C*(G*(P)) x Z) is induced from a stable
inclusion (cf. Corollary 6.13), the x-homomorphism 6 : C(V) — C(V, My (C)) is defined
from a partition of unity as in (5.5) and 9 € KKF(C*(GS(P)) X Z, C(V)) is explicitly
represented by the unbounded Kasparov module appearing in Theorem 6.21.

In fact, a more general statement is true: the C*-algebra C*(G*(P)) x Z fits into an
exact triangle with C(V'), as in Theorem 6.21. Using this description allows us to compute
K -theoretic invariants in the sense of Corollary 5.11. Since the K -theory computation is T-
equivariant, one can also use it to compute the K -theory of the stable algebra C*(G*(P));
see Remark 6.8. The fact that all KK-classes appearing in Theorem 3 are explicitly
represented by unbounded Kasparov modules makes the result suitable for computations.
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The stable Ruelle algebra C*(G*(P)) x Z carries a dual T-action, so we can study the
KMS weights of the associated R-action. In Corollary 7.6, we combine a result of Laca
and Neshveyev [27] and the Morita equivalence of Theorem 2 to prove the following.

THEOREM 4. Let (X, @) be an irreducible Wieler solenoid arising from an open mapping
g:V — V, P CX a finite set of periodic points and mo the map from Theorem 1. For
B > 0, there is a bijective correspondence between the measures |1 on 'V satisfying g*u =
ePu and KMSg weights on C*(G*(P)) X Z via p v+ ¢, where the KMSg weight ¢, is
defined on C.(G*(P) X Z) by

() = / Fx, 0, %) drg ).
XU(P)

The C*-algebra C*(G*(P)) x Z always admits at least one KMSg weight. If (V, g) is
mixing, there is a unique 8 > 0 for which there exists a KMSg weight and that KMSg
weight is unique.

Throughout the paper, n-solenoids feature as our running example. In addition, we
consider two other examples in §8. These include subshifts of finite type, where the
results in the present paper, together with previous results of the second and third listed
authors [19], prove that the K-homology of the stable and unstable Ruelle algebras is
exhausted by explicit #-summable spectral triples whose phases are finitely summable
Fredholm modules (see Theorem 8.1). We study self-similar groups in §8.2. The
construction of limit sets of regular self-similar groups provides a broad range of examples
fitting into the framework of the paper.

In §9, we study solenoids constructed from local diffeomorphisms g : M — M acting
conformally on a closed Riemannian manifold M. In this case, we can construct explicit
spectral triples on the stable Ruelle algebras that are not Kasparov products with the class
d in Theorem 3. These spectral triples are defined from an elliptic log-polyhomogeneous
pseudo-differential operator (in some cases acting on the GNS space of the KMS weight).

2. Smale spaces and their C*-algebras

In this section, we will recall some well-known facts about Smale spaces and their
associated C*-algebras; see [39, 41-43, 47, 49]. For a more detailed presentation, we
refer the reader to [41].

2.1. Smale spaces. A dynamical system (X, ¢) consists of a compact metric space X
and a continuous map ¢ : X — X. A Smale space is a dynamical system in which ¢ is a
homeomorphism and the space can be locally decomposed into the product of a coordinate
whose points get closer together under the map ¢ and a coordinate whose points get farther
apart under the map ¢. Ruelle axiomatized the notion of a Smale space with the following
definition.

Definition 2.1. ([41, p. 19], [48]) Suppose that X is a compact metric space and ¢ : X —
X is a homeomorphism. Consider the data (X, dyx, ¢, [-, -], A, €x), where ex > 0 and
0 < A < 1 are constants and

[',']:{(.x,y)exXX:dX(X,y)SEX}—)X, (x’)’)'_)[x’)’]
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X"(y,ex)
Xu(x,&‘x)

Xs(y7EX)

[y, x] Yy

Xs(fv,&‘x)

x [z, ]

FIGURE 1. The local coordinates of x, y € X and their bracket maps.

is a continuous mapping, called the bracket mapping. We say that (X, dx, ¢, [, -], X, €x)
is a Smale space if the following axioms hold:

Bl [x,x]=ux;

B2 [x, [y, z]] = [x, z] if both sides are defined;

B3 [[x, y], z] =[x, z] if both sides are defined;

B4  ¢[x, y] =[p(x), ¢(y)] if both sides are defined;

Cl1 forx, y € X such that [x, y] =y, we have dx (¢(x), ¢(y)) <A dx(x, y); and

C2 for x, y € X such that [x, y] = x, we have dX(gp’l(x), go’l(y)) <XAdx(x,y).

We denote a Smale space by (X, ¢); the other data is taken to be implicit.

To see that Ruelle’s axioms define a local product structure, for x € X and 0 < ¢ < ¢y,
define

X'(x,e):={yeX:dx(x,y)<e [y, x]=x} and
X*(x,e):={yeX:dx(x, y) <s, [x, y] =x}.

It follows that for y, y' € X*(x, ¢) we have dx(p(y), (")) <Adx(y,y). We call
X%(x, €) a local stable set of x. Similarly, for z, 7’ € X"“(x, &) we have dy(¢~!(2),
¢~ 1(z)) <1 dx(z, 2), and we call X*(x, &) a local unstable set of x. The local product
structure on a Smale space arises in the following way. For 0 < ¢ <ex and x € X, the
bracket mapping defines a mapping

[, 1: X%(x, &) x X"(x,¢) > X, 2.1

which is a homeomorphism onto an open neighbourhood of x (see [41, Proposition 2.1.8]).
We also note that if x, y € X with dy(x, y) <éex/2, then [x, y] is the unique
point X*(x, ex) N X“(y, ex) and [y, x] is the unique point X*(y, ex) N X*(x, €x); see
Figure 1. This fact implies that (X, dx, ¢, [, -], A, €x) is uniquely determined by (X,
dx, ¢) (up to changing ex and 1).
Given a Smale space (X, ¢) and x, y € X, we define equivalence relations by

x ~sy whenever dx(¢"(x), ¢"(y)) — 0as n — oo and

x ~yy whenever dx(¢ " (x), 9 "(y)) = 0asn — oo.

We denote the stable equivalence class of x € X by X*(x) and note that X*(x, ) C X®(x).
Similarly, we denote the unstable equivalence class of x € X by X*“(x). A locally compact



Wieler solenoids, Cuntz—Pimsner algebras and K -theory 7

Hausdorff topology on X*(x) is generated by the open sets
{(X*(y,e):yeX*(x),0 <& <ex}.

A similar topology is defined in the unstable case. The reader should note that the
topologies of X®(x) and X“(x) are in general different from the subspace topologies
coming from the inclusions into X.

Lastly, we are interested in dynamical systems with topological recurrence conditions.
In the following definition, we do not assume that (X, ¢) is a Smale space.

Definition 2.2. Suppose that (X, ¢) is a dynamical system. We say that (X, ¢) is:

(1) non-wandering if, for all x € X and all open sets U containing x, there exists N € N
such that ™V (U) N U # @;

(2) irreducible if, for all non-empty open sets U, V C X, there exists N € N such that
oV (U)YNV # @

(3) mixing if, for all non-empty open sets U, V C X, there exists N € N such that
e"(U)NV #@ foralln > N.

In the previous definition, it is clear that (3) = (2) = (1). In general, none of the
reverse directions hold.

2.2. C*-algebras of Smale spaces. The first C*-algebras associated to Smale spaces
were defined by Ruelle in [47]; Ruelle considered the homoclinic algebra. The C*-algebras
of interest in this paper are associated with the stable and unstable equivalence relations.
They are now called the stable and unstable algebras of a Smale space. Putnam [39]
showed that there are natural crossed product C*-algebras of the stable and unstable
algebras; he called them the stable and unstable Ruelle algebras. These algebras generalize
Cuntz—Krieger algebras in the sense that if the Smale space is a subshift of finite type, then
the stable Ruelle algebra is Morita equivalent to the Cuntz—Krieger algebra O4, where A
is the 0—1 matrix defining the subshift (see more in Example 4.1 and §8.1 below). All
of these algebras are defined using groupoids. However, in [39] the groupoids were not
étale. Putnam and Spielberg [43] showed that, up to Morita equivalence, one can take the
groupoids to be étale by restricting to an abstract transversal. We will use the construction
from [43].

Suppose that (X, ¢) is a Smale space. It is well known that the set of p-periodic points
in X is non-empty. This follows from the following two facts: the set of non-wandering
points in X is non-empty [48, Appendix A.2] and is equal to the closure of the set of
periodic points (see [48, §7.3] and [7, Lemma 3.8]). For a comprehensive treatment of
these results, see [42, Proposition 1.1.3 and Theorem 4.4.1]. In particular, if (X, ¢) is
non-wandering, then the periodic points are dense in X.

We choose a non-empty finite set of g-invariant periodic points P. We define X" (P) =
U pep X"(p) and endow this set with the locally compact and Hausdorff topology
generated by the set {X"(x, ) : x € X“(P), ¢ € (0, ex]}. The stable groupoid is defined
by

G'(P) ={(v,w)e X x X:v~;wand v, w € X¥(P)} (2.2)
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and has unit space X" (P). For the groupoid G*(P), the partial product operation is given
by (v, w)(w, z) := (v, z) and inversion is given by (v, w)~!:= (w, v). We construct a
basis for an étale topology on G*(P) as follows.

Suppose that v ~; w and choose N € N such that gpN(v) e X* (goN(w), ex/2). There
is a relatively open neighbourhood U of w such that @N (U) c x* (gaN (w), €x/2). This
means that [V (x), ¢V (v)] € X*(¢" (v), £x/2) is defined for all x € U. The map

hy:U— X, x> ¢ Ve, " )]

is a local homeomorphism with A}, (w) = v. More precisely, if we take § > 0 small enough
and U = X"(w, 8), then A} : X*(w, §) — X“(v, £x/2) is a homeomorphism onto its
image. The mapping /)y, depends on the choice of v and w, which we suppress from the
notation as they will be clear from the context. Using this, a base of local neighbourhoods
of (v, w) € G*(P) is given by the sets

Vi, w, N, U) :={(hjy(x),x):x e U C X"(w, ex/2)}, (2.3)
where N € N is such that goN w) e X* ((pN(w), €x/2) and the set U is relatively open with
N (U) c X*“(¢" (w), ex/2). With this topology, G*(P) is an étale groupoid.

We define the stable algebra C*(G* (P)) as the reduced groupoid C*-algebra associated
with G*(P). In the case that (X, ¢) is irreducible, it is shown in [43] that C*(G*(P))
is strongly Morita equivalent to C*(G*(Q)) for any other finite @-invariant set of
periodic points Q. The same is true in the non-wandering case provided both P and Q
intersect every irreducible component that arises in Smale’s decomposition theorem [41,
Theorem 2.1.13]. That is, for P large enough and X non-wandering, C*(G*(P)) is
independent of P up to stable isomorphism.

The map « := ¢ X ¢ induces an automorphism of the C*-algebra C*(G*(P)). The
stable Ruelle algebra is the crossed product C*(G*(P)) X4 Z. The stable Ruelle algebra,
as defined here, is strongly Morita equivalent to the stable Ruelle algebra originally defined
by Putnam in [39]. In [43], the Ruelle algebras were shown to be separable, stable, nuclear,
purely infinite and satisfy the UCT when (X, ¢) is irreducible and simple when (X, ¢) is
mixing. The discussion above carries over to the unstable algebra using the Smale space
(X, ¢~ ") equipped with the opposite bracket [x, Ylop := [y, x]. The unstable groupoid
with unit space X*(P) is denoted by G*(P).

3. Wieler solenoids

Irreducible Smale spaces with totally disconnected stable sets were recently characterized
by Wieler [52]. We outline the main results [52, Theorems A and B] in Wieler’s paper that
every continuous surjection g : V — V satisfying Wieler’s axioms defines a Smale space
with totally disconnected stable sets, and that all such irreducible Smale spaces arise in this
way. Assuming that g is open, we define a fibre bundle structure that will be used later in
the paper. The bundle structure is similar to a construction in [53] and related ideas appear
implicitly in [49].

Definition 3.1. Suppose that f is a map on a compact metric space Y. We say that f is
locally expanding if there exist constants § > 0 and A > 1 such that dy (x, y) < § implies

that dy (f(x), f(¥)) = A dy(x, y). We say that f is locally expanding for A > 1 within
distance &.
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Definition 3.2. [52, p. 2068] Suppose that V is a compact metric spaceand g : V — Visa
continuous surjection. We say that (V, g) satisfies Wieler’s axioms if there exist constants
B >0, K e Ny and y € (0, 1) such that the following hold.

Axiom 1. If v, w € V satisfy dy (v, w) < B, then

dv (g% (v), g¥w)) < yX dv (g™ v), &K (w)).

Axiom 2. Forallv eV ande¢ € (0, 8],

X (BEX ), &) C e (B, ye)).

Remark 3.3. As discussed in [52], Wieler’s axioms are weakenings of g being locally
expanding and open, respectively. Furthermore, note that [52, Lemma 3.4] shows that
Wieler’s Axiom 1 implies that g is finite-to-one. In fact, if g satisfies Wieler’s axioms
then on combining [52, Lemma 3.4] with [36, Theorem 2.9] it follows that the map g is a
branched covering if and only if g is open (see §4.3 below).

Suppose that V is a compact metric space and g : V — V is a continuous surjection.
We define

Xy = {()ien € VY1 v = g(vig1)} (3.1)

along with a map ¢, : Xy — Xy given by
g (vo, V1, ...) :=(g(o), vo, V1, ...) = (g(vo), gv1), g(v2), .. .). (3.2)

Definition 3.4. A Wieler solenoid is a dynamical system of the form (Xvy, ¢,) defined as
above from a pair (V, g) satisfying Wieler’s axioms (see Definition 3.2).

We often use juxtaposition to write (v, vi, v2, ...) =voviv2 - - - . Note that Xy is a
compact metric space when equipped with the following metric (see [52, p. 2071] for
details):

K
dx, (x,y) = Z y K sup;en v dy (Kigk, yier) forx, y € Xy. (3.3)
k=0

THEOREM 3.5. (Wieler [52, Theorems A and B])

(A) Suppose that (V, g) satisfies Wieler’s axioms. The associated Wieler solenoid
(Xv, @) is a Smale space with totally disconnected stable sets. If (V, g) is
irreducible, then (Xv, @,) is as well.

(B) Suppose that (X, ¢) is an irreducible Smale space with totally disconnected stable
sets. There exists an irreducible dynamical system (V, g) satisfying Wieler’s axioms
such that (X, @) is conjugate to the Wieler solenoid (Xv , ¢q).

Remark 3.6. Suppose that (V, g) satisfies Wieler’s axioms. It is unclear to the authors if
applying the construction in the proof of [52, Theorem B] (see Theorem 3.5(B) above) to
the irreducible Smale space (Xv, ¢g) reproduces (V, g) up to some suitable equivalence
relation.
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Suppose that (Xy, @,) is a Wieler solenoid. The projection maps 7y : X — V are
defined by i (vg, v1, . . .) := vr. We note that
mro @y =gom; and rrkO(pg_l = TTky1- (3.4)
It natural to consider stronger conditions than Wieler’s Axioms 1 and 2. For example,
one could assume that g satisfies Axiom 1 and is open, one could assume that g is locally
expanding and satisfies Axiom 2 or one could assume that g is locally expanding and
open. The next two results show that each of these strengthenings of Wieler’s axioms are
equivalent to g being a local homeomorphism with gX locally expanding.

LEMMA 3.7. Suppose that V is a compact metric space and g:V — V is an open
surjection satisfying Wieler’s Axiom 1. Then g is a local homeomorphism and g& .V — V

is locally expanding for y~X, where y € (0, 1) and K € N appear in Wieler’s axioms.

Proof. Let B >0, K e N; and y € (0, 1) be the fixed constants from Wieler’s axioms.
Suppose that gX is not locally expanding for y X For any n € N, there exist v,, w, € V
such that:

(1) dy(vy, wy) < 1/n;and

@) dy(vn, wn) > ¥ dy (g (wa), g% (wn)).

By compactness, {v,}nen has a limit point, which we denote by x. Also, let x’ denote a
pre-image of x under gX.

Take 0 <r < B/2. The mapping g is open, so gX(B,(x")) is an open set. We
can therefore choose N € N such that vy and wy are in gK(Br (x")). Since vy, wy €
g% (B, (x")), there are pre-images v’ and w’ in B, (x’) such that gX (v') = vy and gX (w') =
wy. By the triangle inequality, dy (v/, w’) < 2r < 8. Applying Wieler’s first axiom to v’
and w’ gives

dy (o, wy) =dv (" ), g¥ ) <y ¥ dv(g*¥ ), X ")
=yX dv (e ). g% wn)).
This is a contradiction to (2) above, so g is locally expanding. If gX is locally expanding,
then gX is locally injective, so g is locally injective. Since g is open and V is compact, it
follows that g is a local homeomorphism. O

LEMMA 3.8. Suppose that V is a compact metric space, g:V — V satisfies Wieler’s
Axiom 2 and g¥ is locally expanding. Then g is a local homeomorphism.

Proof. Since gk is locally expanding, it is locally injective. Thus, we need only show that
it is open. Standard results imply that we need only show that for each v € V and ¢ > 0,
there exists 8 > 0 such that B(gX (v), §) € gX(B(v, €)). We can assume that ¢ < 8 and
8% 1 B(ek (v).(e/) 18 injective. By Axiom 2,

e
gk (B (gK(v), ;)) < g’* (B, ¢)).
Since g5 | p(o& (1), (e/y) 18 injective, we have

B(gK(v), %) c gX (B, #)).

It follows that gX is open and hence that g is also open. O
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Remark 3.9. By combining Lemma 3.7 with [36, Theorem 2.9], we can conclude that
if g:V — V is a branched covering satisfying Wieler’s axioms, then g is open and,
by Lemma 3.7, a finite sheeted covering (i.e. a surjective local homeomorphism); cf.
Remark 3.3 and §4.3.

LEMMA 3.10. Suppose that V is a compact metric space and g:V — V is a locally
expanding continuous surjection satisfying Wieler’s axioms. Let K € Ny be the constant
in Wieler’s axioms and let 8 > 0 be such that (V, g&) is locally expanding within distance
268. Suppose that M is a multiple of K and x = xox1 ...,y =Yoy1 - - - € Xy satisfy:

(1) dx(x,y) <ex,and

(2) foreachm <M, dy (X, ym) <.

Then, for eachm < M, [x, Y] = Xm-

Proof. By assumption (1), [x, y] is defined. We use induction on m < M. For m =0,
the result follows from the definition of the bracket; see [52, Lemma 3.3] and the
discussion following its proof. Thus, we need to show that [x, y], = x,, assuming that
[x, ylm—1 = xm—1. The construction of the bracket in [52, proof of Lemma 3.3] implies
that dy ([x, y]m, Yym) < 8. Moreover, by assumption, dy (X, yn) <&, so the triangle
inequality implies that

dy ([x, yIm, xm) < 28. (3.5)

Using the induction hypothesis, we have
g (x ) = 857 (1x Yl = 857 o) = 85 o). (3.6)
Thus, combining (3.5) and (3.6) with g being locally expanding implies that
Jody (16, Yl xm) < dy (8" ([x, ylm). 8% (xm)) =0

We conclude that [x, ], = xp. O
Suppose that V is a compact metric space and g : V — V is a map. Define
V(N, &) :={(vo, v1, ..., vn) € VN1 g(v)) =v;_1 VI <i < N}.
Let nON denote the projection map (vo, v1, ..., Uy) > Vo.

LEMMA 3.11. Suppose that g:V — V is an onto mapping. Then g is a local
homeomorphism if and only if for each N > 0, the projection map rrév :V(N,g)—>V
is a finite-to-one covering map.

Proof. Take N > 0. The map g is a local homeomorphism if and only if gV is. The
space V (N, g) is homeomorphic to the graph of g in a way that is compatible with név .
In particular, név : V(N, g) — V is a local homeomorphism if and only if gV is a local
homeomorphism. O

THEOREM 3.12. Let (X, ¢) be an irreducible Wieler solenoid defined from an open
surjection g : V. — V. For any finite set of p-invariant periodic points P C X, the mapping
o : X“(P) — V is a covering map.
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Remark 3.13. A mapping g : V — V is called expanding in [49] if it is open, surjective and
there exists § > 0 such that dy (g" (x), g"(y)) <8 for all n implies that x = y. In the proof
of [49, Theorem 4.19], Thomsen gives the proof of a statement similar to Theorem 3.12
under the assumption that g is expanding and the set of periodic points in X is dense.

Proof of Theorem 3.12. We first show that 7y : X“(P) — V is surjective for any k. Using
(3.4), it suffices to prove that mp: X“(P) — V is surjective. Let v e V; since g is
surjective, pick x € X such that xo = v. Since X“(P) C X is dense, there exists y € X“(P)
such that dx (x, y) < ex. Then [x, y] € X*(P) and [x, y]o = xo = v by Lemma 3.10, so
[x, yle 75 ' ().

Lemma 3.7 implies that the map g is a local homeomorphism. By Lemma 3.11, it
suffices to prove that there exists an M € N such that 7y, : X*(P) — V is a covering map.
We take M and § > O as in the hypotheses of Lemma 3.10, such that § is also sufficiently
small so that if x, y € X satisfy dy (x,,, y) <8 for all m < M, then dx(x, y) < ex/4.
Note that we can take M and § such that M is a multiple of the constant K appearing in
Wieler’s axioms and that (V, g) is locally expanding for 24.

Using the fact that g is continuous and a short induction argument, we have that for
fixed v € V, there exists an open set U € V such that v € U and

dy (g¥(w1), g(w2)) <8 forany w;, wpeUandeachO<k <M.  (3.7)

In particular, for such an open set U, we have nﬂ_ll(U) C X5(x, ex) x X"(x, ex) for
X € n;ll(v), where we identify X*(x, ex) x X"(x, ex) with an open neighbourhood of
x in X using the bracket mapping as in equation (2.1). Suppose thatv e V andletU C V
be an open set satisfying (3.7). For any x € 7'[1;11 (v), define

Wy, (U) > U x (XP(x, ex) N X“(P)),  W,(2) = (Tm (), [, 2.

We first claim that W, is well defined. By the choice of U and M, the bracket [x, z]
is defined, and is an element of X*(x, ex) since [[x, z], x] = x by B1 and B3. Similarly,
[x, z] € X"(z, ex) C X*(P). Thus, ¥, (z) € U x (X*(x, ex) N X"“(P)).

Next we show that W, is independent of the choice of x € 711;11 (v) in its definition.
Suppose that x" € 711;11 (v). Then, by the choice of M, dx(x, x') < ex/4. Since x ~ x/,
we have [x, z] € X*(x/, ex). Using B2, we have the identity

[x, z] =[x, [x, 2]l = [/, z].

The mapping W, is therefore independent of the choice of x € 7[1;[1 (v).

That W, is continuous follows immediately, since the projection and bracket maps are
continuous. We now show that W, is one-to-one. Suppose that ¥, (z) = W, (7) for z, 7’ €
711;11 (U). Then, since 7wy (z) =y (z) and z € X*(Z/, €x), using B2 and B1 we have

7=z, 1=z, [x, 2Nl =z, [x, 2]l =z, 2] = 2.
Thus, W, is one-to-one. The set
F,:={y:y=[x, z] for some z € nﬁ}l(U)} C X(x, ex) N X" (P)

has the discrete topology because X°(x, ex) N X" (P) is discrete. We will show that the
map W, : n;ll (U) — U x F, is ahomeomorphism. We have shown that W, is one-to-one,
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onto and continuous. In fact, we have an explicit inverse. Let ¥, : U x F, — 711;,1 )
be defined by ¥, (w, y)) = [z, y], where 7z’ satisfies mp(z') = w € U and dy (z},, yn) <
8 < ex for each n < M. The existence of 7’ is guaranteed by (3.7).

We note that the bracket [7/, y] is well defined by the properties of U. Furthermore, if
both 7’ and z” satisfy 7y (z') = w = (z”), then 7”7 € X*(Z/, £x). Using B3, we compute

[, yl1=1", 2], yI =", y].

Hence, v, is well defined.

We show that ¥, is continuous. Since F, has the discrete topology and the topology
of local unstable sets coincides with the subspace topology, we need only show that given
gy > 0, there exists 8y > 0 such that if (w, y) and (W, y) arein U x F, withdy (w, @) <
3y, then

dx (¥ (w, y), ¥ (D, y)) =dx ([, y1, [Z', ¥ < ey,

where 7' satisfies the following: my(z') =w € U and dy(z),, y») <& < ex for each
n < M and 7’ satisfies the analogous condition.

Based on the definition of the metric on X, we need only show that there exists Sw >0
such that, for each n, dy ([Z, ylu, [Z/, ¥lx) < &y whenever dy (w, ) < §,,. We have that
[z/, ¥] and [Z/, y] are both in the local unstable set of y. It follows that there exists L > 0
such that for any n > L, dy (z),, Z,,) < &y . For small n, since g is a local homeomorphism,
7pm(Z) =w and 7y (Z) = W, there exists ‘§1/f > 0 such that

dy (z,,, 2,) < &y

for 0 <n < L. This completes the proof that ¥, is continuous.
To see that v, is the inverse of W,,, we first check that 747 ([z/, y]) = w. By construction,
dy(z), yn) <8 for0<n <M and dx (', y) < €x, so by Lemma 3.10 we have that

[z, ylm =2y = w,
as desired. Furthermore, using B2 and B1, we compute
(Yo o W) (2) =z, [x, zll =z, 2] = z.
Using B2, we deduce that
(Wy oY) (w, y) = (u ([, yD), [x, [2, y1D) = (w, [x, y]) = (w, y).
Here we have used the fact that y € X®(x, ex) to conclude that [x, y] = y. O

Example 3.14. There are several examples of open maps satisfying Wieler’s axioms. In
this example, we will introduce a particularly simple class, the n-solenoids. We take n €
7\ {—1, 0, 1} and consider V = §' := R/Z with the mapping g(x) =nx (mod 1). We
set the global Smale space constants to be ex = 1/2 and A = |n|~!. For the remainder of
this example, we will abuse notation and write nx for nx (mod 1). The space

X1 = {(x0, x1, X2, ...) :x; €[0, 1), x; —nx;y| € Z}

is a compact metric space with respect to the product metric

o0
dx gy ((x0, X1, %2, ), (Yo, V1, y2, - ) = Y inf{lxi — yi + k| :k € Z).
i=0
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We remark that this metric differs from that used in Wieler’s construction; see equation
(3.3). The dynamics ¢, from (3.2) is given by

@g(x0, X1, X2, .. .) = (nx0, X0, X1, X2, . .. ) = (X0, NX1, NX2, ...).

Suppose that x, y are in X ¢1 with dxsl (x, y) < ex. Lett = xo — yo; then the bracket map
is defined by
[, yIi= o+, y1 +n e, yo 0721, ).

With these definitions in hand, it is routine to verify the Smale space axioms. These details
can also be found in Putnam’s Smale space notes [42, §3.4].

More generally, any matrix A € My(Z) induces a mapping g : (SH? — (SH7.
The mapping g4 is a local homeomorphism exactly when det(A) #0 and g4 is a
homeomorphism when |det(A)| = 1. Moreover, if det(A) #0, g4 satisfies Wieler’s
axioms if and only if ||A~!|y,®) < 1. By [28, §2.2], the action of g4 on (S')? is an
example of the shift mapping acting on the limit space of a self-similar group. This
construction is discussed further in §8.2.

There are also examples that satisfy Wieler’s axioms where the relevant map is not
open, so our constructions do not apply to these examples. Examples 1 and 3 in [52]
are two such examples. An additional example is the Smale space associated with an
aperiodic substitution tiling; the details are in [3]. A Cuntz—Pimsner model for the stable
Ruelle algebra of an aperiodic substitution tiling is constructed in forthcoming work by
Peter Williamson. In the next section, we construct a Cuntz—Pimsner model over C (V) for
the stable Ruelle algebra of a Wieler solenoid defined from an open surjection g : V — V.
It is an interesting challenge to find K -theoretically relevant Cuntz—Pimsner models for
Ruelle algebras of more general Wieler solenoids or even more general Smale spaces.

4. Cuntz—Pimsner algebras and topological dynamics

In this section, we recall a construction from [15] of Cuntz—Pimsner models describing the
dynamics of a surjective local homeomorphism g : V — V. We discuss the limitations of
this assumption on g in §4.3, but emphasize that the results in this section do not need g to
satisfy Wieler’s axioms. For the general construction of Cuntz—Pimsner algebras, see [38].

4.1. The Cuntz—Pimsner algebra of a local homeomorphism.  Consider a compact space
V and a surjective local homeomorphism g:V — V. A map g*:C(V) —> C(V) is
defined by g*(a) :=a o g. We consider E := C(V) as a right Hilbert module over itself
via the action g* and the inner product

(€. m)e=£(En) where £&)(y) := Z §(2). 4.1)
g(@)=y

We equip E with the left action defined from the pointwise action. To emphasize this
dependence, we write E; = jgC(V)g+. For k > 0, there is a unitary isomorphism

k
Vg ! E?k =EQEQ - -QEg — idC(V)g*k, M- Qnt> l_[ g*(]_l)(nj).
j=1
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Here ij(V)g*k is equipped with the inner product (&, 77>idC(V)g*k = gk (én). We define
E®0 .= ,C (V)iq. An element & € E induces a Toeplitz operator

T E®* S E® @ Qm— @ ®--- @ m.

The following computation is immediate:

EMEm® - Qn, k>1,
TEm® - @k =\ (€ m)E, k=1,
0, k=0.

Under the collection of isomorphisms v, we have
Ty = vk+1Tgv,;1 HdC(V) gk = idC (V) gy, > Eg% (1)

and, for n € jgC (V) g#, we have

. £En), k>0,
0, k=0.

The Fock module of E is the C(V)-Hilbert module Fg := EBZiO idC(V)g*k. The
Toeplitz algebra Tg < End(. W) (FE) is the C*-algebra generated by the Toeplitz operators

{ fg : & € E} and the compact operators K¢ (v (Fg). The Cuntz—Pimsner algebra of E is
Og =T /Kcw)(FE).

If we equip E with the T-action z - & := z&, there is an induced T-action on Fr making
Fpg into a T-equivariant C(V)-Hilbert module for the trivial action on C(V). Then Tg
and K¢ (v)(FEg) are invariant under the adjoint action. We equip these C*-algebras and the
Cuntz—Pimsner algebra Of with the T-action induced from the adjoint action.

Example 4.1. In the special case of a subshift of finite type, the construction above
reproduces the associated Cuntz—Krieger algebra. Let A be an N x N matrix consisting
of zeros and ones. We consider the compact space

Qa ={Gienefl, ..., N}V Ay y,, = 1Vil,

which is equipped with the topology induced from the product topology. If A is
irreducible, then 24 is a Cantor set. The mapping o (s;);eN := (Si+1)ieN 1S a surjective
local homeomorphism. If we construct the C(€24)-module E from (24, o), we obtain the
Cuntz—Krieger algebra defined from the matrix A. To prove this, consider the elements
S; = Nxc,- mod Kcq,), where C; :={(s;)ien € R4 : 5o =i} is the clopen cylinder set
on words starting with i. A direct computation gives

N
SFSk =08 L(xc;) =ik y_ Aijxc; and S;St=xc;.
j=1

Hence, {Si},N: | satisfies the Cuntz—Krieger relations defined from A. This defines the
isomorphism O4 — Og.
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4.2. The Cuntz—Pimsner algebra of a topological graph. In this section, we consider
the Cuntz—Pimsner algebras of topological graphs, and make use of an étale groupoid
previously considered in [15, 44, 45]. Suppose that V is a compact topological space
and consider a closed subset GV x V. We set f(x, y)=y and o(x, y) =x for
(x, ¥) € G. This situation is a special case of the notion of a topological graph (see [15,
Definition 1.1]). Consider the one-sided sequence space

X4(G):= {(xi)ieN € ]_[ Vi(xi, xiy1) €GVie N}.
ieN
There is a shift mapping og : X1 (G) = X1(G), 04 (Xi)ieN := (Xi+1)ieN. We define the
set
Rg :=1{(x,n,y) € X1(G) x Z x X4(G) : Ik with 65+k(x) = ag(y)}.

We can make R¢ into a groupoid by defining
r(x,n,y):=x, dx,n,y):=y and (x,n, y)(y,m,z):=u,n+mz). (42)

With the additional assumption that ¢, 0 : G — V are surjective local homeomorphisms,
the groupoid Rg is topologized by the following basis. For k, ! € N and open subsets
Uy, Uy C X4(G) such that afﬂUl and oJlr|U2 are homeomorphisms with the same open
range, we declare the following set open:

U, k1, Up) = {(x, k—1,y) € Up x Z x Uy : 0k (x) = ok ()} (4.3)

This construction makes R¢ into an étale groupoid. Henceforth, we will always assume
that both ¢ and o are surjective local homeomorphisms.

Consider the C(V)-bimodule C(G) with left and right actions defined by o* and ¢*,
respectively. There is a transfer operator £g : C(G) — C(V) defined by

LE() = Y &, ).
(x,y)€g
We equip C(G) with the inner product (§, n)c(g) = £g (€n). Then [15, Proposition 3.3]

proves that
Oc(g) = C*(Rg),

whenever ¢ and o are surjective local homeomorphisms. This isomorphism is T-equiva-
riant for the T-action on C*(Rg) induced from the groupoid cocycle cg(x, n, y) :=n.
The situation from [15] fits into the theme of this paper through the graph

G :i={(x,gx)) eV xV:xeV} 4.4)

for the surjective local homeomorphism g : V — V considered in the previous subsection.
This satisfies all the conditions above and it is routine to show that E = C(G) as Hilbert
bimodules using the pullback along o0 : G — V. It is immediate from the definition that
there is a conjugacy between (X (Gg), og,) and (V, g), and that

Rg, Ry ={(x.n,y) €V x Z x V : Ik with g"* (x) = g* (»)}. (4.5)

We summarize the discussion above into the following result.
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THEOREM 4.2. Suppose that g : V — V is a surjective local homeomorphism defining
a s-monomorphism g* on C(V). Let Eq:=iqC(V)gx, and let Ry be as in equation
(4.5). The x-homomorphism C(V) — C*(R) defined from the diagonal inclusion and
the mapping

E(x), gx)=y, n=1,
0 otherwise

t:E— C* Ry 1(E)(x,n,y) = {

define a covariant representation that induces a T-equivariant isomorphism
g Op = C*(Ry).
Remark 4.3. The graph Qgp ={(g(x),x) e V x V:x € V} gives rise to a dynamics very
different from that of G,. Using (3.1), we have that X+(Q§p) = Xy. The C(V)-Hilbert
C*-module C (ggp) is unitarily equivalent to E°P:=,C(V)jq with the inner product
(£, n) gor = En. Moreover, the identification X +(Q§P) = Xy induces a conjugacy
(X4(Ge). ogw) = (Xv, ¢ ).
That is, oG is a homeomorphism. Hence, Rgop = Xy Xy Z as groupoids and,

by [15, Proposmon 3.3], there is a T-equivariant 1som0rph1sm OEop = C(Xv) Xy Z when
equipping C(Xy) X, Z with the dual T-action.

4.3. Wieler’s axioms and Cuntz—Pimsner algebras. Let us discuss the assumption of
g being a local homeomorphism. For the purposes of the present paper, the minimal
assumptions on g should not only ensure that Xy is a Smale space but also that there
is an associated Cuntz—Pimsner algebra. In view of Theorem 4.2, to use E := C(V)g+
it is necessary that E admits a right Hilbert C*-module structure. That is, the existence
of a right inner product with values in C (V) that is compatible with g. The question of
existence of such inner products was considered in detail by Pavlov and Troitsky [36] as
follows.

COROLLARY 4.4. [36, Theorems 1.1 and 2.9] Let g : V — V be a finite-to-one surjection.
Then the following are equivalent:

(1) E =C(V)gx admits a right C(V)-Hilbert C*-module structure;

(2) g isabranched covering in the sense of [36, Definition 2.4]; and

(3) gisopen.

Thus, we obtain a Cuntz—Pimsner model for C*(R,) using E only when g : V — V is
an open map. Since g also satisfies Wieler’s axioms, we obtain the following result using
Remark 3.9.

PROPOSITION 4.5. Let g: V — V be a surjection satisfying Wieler’s axioms. Then the
following are equivalent:

(1) E=C(V)g+ admits a right C(V)-Hilbert C*-module structure;

(2) g isalocal homeomorphism; and

(3) g isopen.

Thus, the assumption that g is a local homeomorphism covers the study of Wieler
solenoids that admit a Cuntz—Pimsner model of the kind described in Theorem 4.2 (cf.
§6.3 on p. 30 below).
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5. The Cuntz—Pimsner extension as an unbounded Kasparov module

As in §4, we consider a surjective local homeomorphism g : V — V. Again, the results
in this section do not assume that g satisfies Wieler’s axioms. In this section, we study an
explicit unbounded representative for the boundary mapping in K K F(O E, C(V)) coming
from the T-equivariant short exact sequence

0—>KC(V)—>TE—> OE—>O (51)

The consequences in K -theory and K-homology will be studied in §5.3.

5.1. The «k-function. For a subshift of finite type, the groupoid R, encodes the
relation of shift—tail equivalence. The continuous cocycle c(x, n, y) :=n allows for a
decomposition of R into clopen subsets. In [19, Lemma 5.1.1], it was observed that this
decomposition can be further refined using the natural number k arising in the analogue of
(4.5). We now show that a decomposition of the groupoid R, as described in [19], exists
for a general local homeomorphism g : V — V.

Definition 5.1. For a surjective local homeomorphism g : V — V, we define k : Ry — Z
by
k(x,n,y):=min{k e N: g"*(x) =g ()}.

We also define ¢, : Rg — Z by
cR,(x, n, y) :==n.
It is implicitly understood in the definition of x that k 4+ n > 0, so that both sides of the
equation g”+k x)= gk (y) are well defined.

PROPOSITION 5.2. The functions k and cRr, from Definition 5.1 are locally constant and
continuous.

Proof. 1t suffices to prove that cg, and « are locally constant; then continuity follows
automatically. On an open set of the form U(Uy, k, I, Uz) € R, from the basis of the
topology in (4.3), we have that

K|M(U1,k,l,U2) =/ and cRg|u(U1’kaU2) —k—1.
Thus, « and cR, are locally constant. .

We often suppress the index from ¢, . Since « is locally constant, we can decompose
R into a disjoint union of clopen sets:

Ry = UHGZUkZ_nRgJ‘ where " := ¢! ({n}) N k™" ({k}). (5.2)

Define the C (V)-Hilbert C*-modules &,  := C(R;’k) C C:.(Ry). Weequip Ep  with the
T-action defined from c; that is, z - £ := "&£ for £ € E, x. Also, let Lz(’Rg)c(V) denote
the completion of C.(R,) as a C(V)-Hilbert C*-module in the inner product defined from
the expectation

0:Cc(Rg) = C(V), o(f)(x):= f(x,0,x). (5.3)
We then equip Lz(Rg)c(v) with the T-action defined from c; that is, (z - f)(x, n, y) :=
" f(x, n, y).
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Remark 5.3. Under the identification k = r — n, the notation Z, x aligns with the notation
used in [20] for the decomposition of a Cuntz—Pimsner algebra.

PROPOSITION 5.4. The modules &, are finitely generated projective C(V)-modules.
Moreover, the identification

E®"=ZC(V xg V xg -+ xg V) ZCe(RE) = Bo
defines a T-equivariant unitary isomorphism u, : E®" — &, 0.

Proof. 1t follows from Lemma 3.11 that Rg’k — V is a finite-to-one covering map, so
8n.k 1s a finitely generated projective C(V)-module. That u,, is a unitary operator follows
from a short computation. O

PROPOSITION 5.5. There is an orthogonal direct sum decomposition of T-equivariant
C(V)-Hilbert C*-modules

L*Rycvy =D D Enx-

neZ k>—n

Proof. 1t is immediate from equation (5.2) that Lz(Rg)C(V) coincides with the closed
linear span of E, x as n and k vary. The construction of the inner product shows that
elements of C.(R,) with disjoint supports are orthogonal; hence, 8, x L &,/ if n #n’
ork #k'. O

5.2. The unbounded representative. The functions ¢ and ¥ combine into an unbounded
KK-cycle in the same way as in [19]. Let T :={(n, k) € Z x N: k > —n}. We consider
the function

. k) n, k=0,
VT —=7Z, ¥, k):=
—|n| =k, k>0.

PROPOSITION 5.6. The closure of the operator Do :=(c, k) :Cc(Rg) — Cc(Ry)
defines a T-equivariant self-adjoint regular operator D : Dom(D) — Lz(Rg)C(V) with
compact resolvent and spectrum Z. The positive spectral projection of D coincides with
the projection onto @, En.o.

Proof. The operator (i & Do)~ : C, (Rg) — C:(Ry) is bijective and Dy is symmetric for
the inner product induced by the expectation (5.3); hence, its closure D is regular and
self-adjoint. Moreover, we can write

(D)= +yn k) pus,

n,k

where p, ; denotes the projection onto the finitely generated projective module &y, . Since
V(n, k) — oo as (n, k) — oo in T, it follows that (i & D)~! is the norm limit of finite-
rank operators. Moreover, ¥ (n, k) > 0 if and only if £k = 0 and the last statement in the
proposition follows. O
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Recall the notation ng : O — C*(Rg) for the isomorphism from Theorem 4.2.
Let Bg: O — Q(Fg) := End’g(v)(FE)/Kc(v)(FE) denote the T-equivariant Busby
invariant of the extension (5.1). For a Hilbert C*-module E, we let

q :Endz(v)(E) — Q(E) := End”g(v)(E)/Kc(v)(E)
denote the quotient mapping. Recall the definition of u,:E®' — &, from
Proposition 5.4.

PROPOSITION 5.7. The T-equivariant inner product preserving adjointable mapping u :=
Onenittn : FE — @52 Eno = L2(Rg)c(v) satisfies
BE=¢q o Ad(u) omg : O — Q(FE).

Proof. 1t suffices to prove that Sg(a) =q o Ad(u) o tg(a) forae C(V) U {fg mod K :
& € E} because this set generates Og. The equation is trivially satisfied for a € C (V). For
& € E, Theorem 4.2 shows that 7{5(72) =t¢. The element n € E® = C(V Xg - Xg V)
is mapped by u,, to the element

un(x, n, y) =n(x, g(x), ..., g1 (x), y).
‘We have
teun(x, n+ 1, y) = £n(gx), g2(x), ..., g"(x), ) = [u c) M, n+1, y).
Therefore, u*tzu = Ty and B (T;) = q o Ad(u) o wp(T5). O

THEOREM 5.8. Let g:V — V be a surjective local homeomorphism on a
compact space V. The T-equivariant unbounded K Ki-cycle (Lz(’Rg)c(v), D) for
(C*(Rg), C(V)) represents the extension (5.1) in KKF(OE,C(V)) under the
isomorphism wE.

Proof. By Proposition 5.6, (Lz(Rg)c(v), D) is a T-equivariant unbounded Kasparov
module if D has bounded commutators with a dense subalgebra of C*(Rg). We proceed
to show that for f € C(R;’O), the commutator

[D, f1:Cc(Rg) = Cc(Ry)

extends to a bounded operator on Lz(Rg)c(v). Since C¢(R,) is a core for D and C(Ré’o)
generates C.(R,) as a x-algebra, this suffices.
We compute

[D, flh(x,n, y)=(D(f *xh) — f * Dh)(x, n, y)
= Y W&y mDhzn—m,y)
(x,m,z)esupp f
— f,m, Yz, n—m, y)h(z,n—m, y)]
=W, n,y)—vEk),n—1,y)f(x, 1, gx)h(gx), n—1,y)
=W, n,y) —¥gx), n—1, y)(f *h)(x,n, y).
A standard computation shows that pointwise multiplication by a bounded function in
C»(R) defines an adjointable operator on LZ(Rg)c(V). Thus, it suffices to establish that
(x,n, y) > Yx,n,y) —P(gx),n—1,y) (5.4

is a bounded function. This follows from distinguishing the following four cases.
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(1) k(x,n,y)=«(gx),n—1,y)=0: in this case ¥ (x, n, y) — ¥ (gx),n —1,y) =
n—mn-1=1.

2) O0=«(x,n,y)<k(gx),n—1,y): x(x,n, y) =0 gives that n > 0 and g"(x) =y,
whereas k :=k(g(x), n — 1, y) > 0 means that gf(y) = ¢" " 1t*(g(x)) = ¢"* (x).
This contradicts the minimality of k(x, n, y) unless n =0, in which case it must
hold that k (g(x), n — 1, y) = 1. Then

Yx,n,y)—¢Y@Ex),n—1y)=n+|n—1+r(gx),n—1,y)=2.

3) O0=«(gx),n—1,y) <k(x,n,y): this case is void because x(g(x),n — 1,y) =0
gives that n —1>0 and g"(x) =y, whereas k:=«(x,n,y) >0 means that
g" T (x) = g*(y), which contradicts the minimality of k (x, n, y).

(4) min{k(x, n, y), k(g(x), n — 1, y)} > 0: in this case we compute

[V (x,n, y) =¥ (gx), n—1,y)|
=|=nl =k, n, y)+n =1+ Kk(gx), n =1, )]
14k, n,y) —k(gkx),n—1,y)[<2.

The last inequality follows from the observation that n 4«
(x,n,y)>0 and, if n +«(x,n,y) >0, then «(x,n,y)=«(gx),n—1,y) by
minimality considerations. If n 4+ «(x, n, y) =0, then n < 0 and it must hold that
k(gx),n—1,y)=«(x,n,y)+ 1.
Therefore, |¥(x, n, y) — ¥ (g(x),n—1,y)| <2 for all (x,n, y), and (5.4) defines a
bounded function.

One observes that Proposition 5.7 implies that the T-equivariant Busby invariant of
the extension (5.1) is unitarily equivalent to the Busby invariant associated with the T-
equivariant unbounded KKl—cycle (Lz(Rg)c(V), D) to Og. O

Remark 5.9. In the case that (V, g) is a subshift of finite type associated to a matrix A and
A is a finite A-admissible word, a family of unbounded cycles (C*(Ry), Lz(Rg)c(v), D)
was constructed in [19, Theorem 5.1.7]. The cycle in Theorem 5.8 recovers this
construction for A = o, the empty word. The proof that [D, f] is bounded is verbatim
the same as the proof of [19, Lemma 5.1.6] for A = o. Moreover, Theorem 5.8 can also be
obtained as a special case of [20, Theorem 2.19]. This is done by adapting the discussion
in [20, Examples 1.7 and 2.6 and §§2.3 and 2.5.2] to the case of a general surjective local
homeomorphism.

5.3. The Pimsner sequence and its consequences. The extension (5.1) plays an
important role in the computation of the K-theory and K-homology of Cuntz—Pimsner
algebras (see [20, 38]). The next theorem follows from Theorem 5.8 and results in
[38, §4]. The results in [38] are formulated in the non-equivariant setting, but the proofs
extend mutatis mutandis to the T-equivariant setting.
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THEOREM 5.10. Let g : V — V be a surjective local homeomorphism on a compact space
V. There is an exact triangle in the triangulated category K K™ :

C(V)

C(V)

(L2(Rg)cw). D] \ :
C*(Rg)

Here 1 € KKgT(C(V), C*(Ry)) is induced from the inclusion C(V) < C*(Rg) and
[Eql e KK&T(C(V), C(V)) from the bimodule E, equipped with the T-action z - § :=z§.

In practice, the theorem above is most useful to deduce six-term exact sequences in
KK-theory.

COROLLARY 5.11. For any separable C*-algebra B, we have the following two six-term
exact sequences:

! }ZJ [

KKy(B, C(V)) ———> KKy(B, C(V)) —— KKy(B, C*(R,))

—®[L2<Rg)c<V),D]T l—@[L%Rg)cw),DJ

KKi(B, C*(Ry) <“— KKi(B,C(V)) <=L kKB, C(V))

KKo(C*(Ry), B) —— KKo(C(V), B) 2L KKo(C(V), B)

[L2<Rg>c<v>,D]®—T J[L%Rg)cw),m@—

oF

1—[E,]
KK\(C(V),B) «—— KK|(C(V),B) «—— KK{(C*(Ry), B)
The same statement holds in T-equivariant KK-theory if B is a separable T — C*-algebra.

The next proposition is useful for computations with the sequences in Corollary 5.11;1t
is inspired by [18, §3]. We first introduce some notation. We choose a cover (U J) _,ofV

such that g|y; is injective for any j. Choose a subordinate partition of unity ( Xf) =1 Itis
well known that x; is a frame for E, and the right module mapping ‘

viEg—> COON, x> (ny, 0 )Y

is inner product preserving, i.e. v*v =idg,. More generally, whenever (e j)j.v:l is a frame
for E, we can define v as above. We denote the associated left representation by

0:C(V)—> C(V,My(C)), ar> vav*. (5.5)

PROPOSITION 5.12. Let [0] € KK&T(C(V), C(V)) denote the class associated with
the equivariant x-homomorphism 6 and t € KK&T((C, C) X R(T) X Z[t, t~1] the class
associated with the representation given by the inclusion T € C. Then

[Egl=1®c [0]€ KK (C(V), C(V)).
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Define (E, as the bimodule ¢«C(V)g+ or, equivalently, the trivial bimodule structure
associated with the right module structure on Eg. Then

[El ®cvy (851 =[Egl in KKJ(C(V), C(V)).

In particular, if E4 is free of rank r as a right module, then [E,] Qcv) [§*] =rt ®c
el

Proof. Let Egl denote the right module (1 — vv*)C (V)N equipped with the trivial left
action of C(V) and the trivial T-action. Let ¢C (V)N denote the right Hilbert module
C (V)N equipped with the left action defined from 6 and the trivial T-action. The
isometry v and the inclusion £ gl C C (V)N implement an equivariant unitary equivalence
of bimodules (17! ® E,) @ EgL = ¢C(V)N. The second statement follows immediately
from the first statement since v is C(V)-linear, so 6 (g*(a)) = vg*(a)v* = g(a)vv™. O

Remark 5.13. The applicable aspect of Corollary 5.11 is the computation of K-
theoretic invariants from the knowledge of the action of E, on KK-theory. The non-
equivariant version gives K -theoretic information about C*(R). The equivariant version
produces information about the fixed point algebra C* (Rg)T. This is of interest
below for the stable and unstable algebras of Smale spaces; see the discussion in
Remark 6.8. The K -theory of C* (Rg)T is computed using the Green—Julg theorem and the
Morita equivalence C*(Rg) 1 T ~p C *(Rg)T induces an isomorphism KE (C*(Ry)) =
K. (C* (Rg)T). Moreover, if C*(R,) is T-equivariantly Poincaré dual to a T — C*-algebra
D, then K,(D xT) = K;;H (C*(Rg)), where j is the dimension of the Poincaré duality.

Example 5.14. Let us do some computations on the equivariant K-theory and K-
homology of the solenoid associated with an expanding matrix A € My(Z) from
Example 3.14. This computation extends [18, Theorem 4.9]. We let g4 : (SHe — (shHd
denote the mapping associated with the expanding integer matrix A.

The module Eg, is free of rank |det(A)| as a right C((SH?)-module (see [18,
Lemma 2.6]). By Proposition 5.12,

[Eg\] ®c sty (5] =1det(A)]t ®c [1¢(siyay]  in KKT(C(SH?), C(SHD).

We emphasize that the T-action on C ((SHY?) is trivial and 7 is the generator of the
representation ring R(T). The equivariant K-theory group K. (C((SH)?) = A*Z? @
Z[¢t, t~1] can be computed as a module over R(T) = Z[t, t~11. One easily verifies that
[g7]acts as A*A ® idz[m_q under this isomorphism, so [Eg, ] acts as B ® ¢, where

d d
B= QB Bje EB End(A/Z%)
=0 =0

satisfies B AN A=Nid Aizd- The matrix B is computed in [18, Proposition 4.6]. From
these considerations and Corollary 5.11, we then have

Kl (Op, )= @ coker(1 — Bjt : AMZ4 @ Z[t, 711 - A ZI @ Z[1, 171, (5.6)
Jjei+2Z
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This gives a new proof of the computation of K*(OEgA) in [18, Theorem 4.9] using
the Pimsner—Voiculescu sequence, i.e. a localization in the trivial T-representation.
For instance, if d=1 and A=neZ\{-1,0, 1}, then K&T(OE“) =Z[1/n] and
KF(OEgA) = 7Z with ¢ acting as 1/|n| in degree 0 and as sign(n) in degree 1.

Similarly, using the fact that 1 — BjT is injective for 0 < j < d (see [18, Proposition
4.6]) and Corollary 5.11, we compute that

YAS) @ coker(1l — BJ.T) for i even and det(A) > 1,
j<d, odd
Z& @D coker(l—B]) forioddanddet(A)> I,
Ki (OEgA) ~ ®j<d, even ; .
coker(1l — Bj ) for i even and det(A) < —1,
j<d,odd
& coker(l - B)) for i odd and det(A) < —1.
j<d, even

COROLLARY 5.15. Suppose that x € KK(C*(Ryg), B). The equation
x=[L*(Rg)cv). D1®cv)y. y€KK, 1(C(V),B)

admits a solution y if and only if 1*(x) =0 holds in K K.(C(V), B). The analogous T-
equivariant statement holds as well.

6. The Morita equivalence with the stable Ruelle algebra

The standing assumption in this section is that (V, g) is a pair satisfying Wieler’s axioms
such that the associated Smale space (X, ¢) is irreducible. Suppose that P is a finite ¢-
invariant set of periodic points of (X, ¢). Recall from §2.2 the stable groupoid G*(P), the
stable algebra C*(G* (P)) and the stable Ruelle algebra C*(G*(P)) x Z constructed from
(X, ¢). We will define a groupoid Morita equivalence G*(P) x Z ~ R, that will give rise
to a Morita equivalence C*(G*(P)) x Z ~p O using Theorem 4.2. We then proceed
to compute the product of the cycle in Theorem 5.8 with the Morita equivalence, using a
k-type function as in §5.

6.1. The topological space Z*(P). The étale groupoid G*(P) carries a continuous
action of the integers Z defined by o” : (x, y) — (9" (x), ¢"(y)) (the map o was defined
in §2.2). Recall the construction of crossed products of a groupoid with a group action.
Assume that G is an étale groupoid with a right action of a discrete group I". We can form
the crossed product groupoid G x ' with unit space G? by setting G x I' := G x I with
domain, range and inverse mappings

doxr (8. ¥) =dc(gy). roxr(g. v)i=rc(g) and (g.9) ':=(gy.y™ .
The composition is defined whenever d(g;y1) = r(g>) and is given by

(g1, v1) - (g2, ¥2) = (81(82V1_1)v Y1Y2).

Notation 6.1. For notational convenience and compatibility with R, (cf. (4.2)), we
identify the groupoid G*(P) x Z with the set of triples (x, n, y) with (x, o7 "*(y)) €
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G*(P) and n € Z. The range and domain maps in this model of G*(P) x Z are given
by r(x,n,y):=x and d(x, n, y) :=y, respectively. The composition is defined by
(x,n, y)(y,m,z2)=(x,n+m,z).
Definition 6.2. Similarly to Definition 5.1, we define the groupoid cocycle
cos(Pyxz G (P) XL — 7, cgspyxz(x,n,y) :=n.
The Z-grading on C*(G*(P) » Z) defined from cgs(pyxz coincides with the grading
coming from the crossed product structure C*(G*(P) x Z) = C*(G*(P)) X Z.
We define the space
Z:={(x, j,v) € X x Z x V : 3k such that g*/ (p(x)) = g*(v)}
and consider the subspace
Z4(P):={(x, j,vyeZ:xe X"(P)}C Z. (6.1)
We will provide a locally compact Hausdorff topology on Z*(P) below.

LEMMA 6.3. If (x, j, v) € Z¥(P) and y € X is such that wo(y) = v, then y ~¢ ¢/ (x).

Proof. Write x = (xg, x1, . . .) and observe that by definition of Z"(P) there exists k € N
such that g€*7 (xg) = gF(v). For yi, ya, ... € V such that y := (v, y1, . ..) € X, we have

M=, W, e ) =@ o), ).
Therefore, (pk ()o = (pk+/ (x)o. Using [52, Observation preceding Lemma 3.1] and a
short induction argument, we find that dy (¢" 1/ (x), " (y)) = y" % dx (¢* 7 (x), ¢* ()
for n > k. In particular, we deduce that

lim dx (9" (x), ¢" () =0,
n—o0
so that ¢/ (x) ~; y. O

To define a topology on Z"(P), we construct a neighbourhood basis of (x, j, v) €
Z“(P) as follows. By Lemma 6.3, (¢/(x),y) € G*(P) for any y e X“(P) with
mo(y) =v. Such a y always exists by Theorem 3.12. Take a local neighbourhood
V¥(p/ (x), y, N, U) € G*(P) of (¢/(x),y) as in equation (2.3), with the following
additional requirements:

(1) mo:U — mo(U) is a homeomorphism;

(2) gV is injective on mo(U);

() mo:@ T (h(U)) = mo(p~/ (', (U))) is a homeomorphism;

4)  gN*/ is injective on 7o (¢ ' iy, (U)).

Existence of sufficiently many such sets U also follows from Theorem 3.12. We declare

the following set to be an element in the basis of the topology of Z*(P):

Wi((x, j, v), N, U) = {(p~/ (X)), j, m0(y") € Z"(P) : (x', y') € V(9! (x), y, N, U)}.
(6.2)

Note that (¢~/(x'), j, mo(y")) € Z*(P) for all (x’,y') € V*(¢/(x), y, N,U) by the

following argument. We have [¢" (), ¢V (x)] € X* (9" (y'), £x/2). By Lemma 3.10,

it follows that

mo(le™ ), " (1) = o™ (V).

Then gV (1o (™7 (W3, (")) = mo([e™ V), @™ ()] = w0 (@™ () = gV (o (y)).
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PROPOSITION 6.4. The maps pr, : Z*(P) — X"“(P), (x, j,v)—>x, pgr:Z"(P)—>V,
(x, j,v)=>v and mo:Z"(P) = Ry (x, j,v) > (mo(x), j, v) are surjective local
homeomorphisms.

Proof. The statement for p; follows directly from the definition of the local
neighbourhoods of Z“(P). For pg, we know by Theorem 3.12 that mg: X*(P) —> V
is a covering map. Thus, for v €V, there exists x € X“(P) with mo(x) =v and
(x,0,v) e Z*(P). Then v=pgr(x,0,v), so pr is surjective too. For a local
neighbourhood W*((x, j, v), N, U) with U sufficiently small, we have that the open
set pr(W*((x, j, v), N, U)) = mo(U) is homeomorphic to U because of Theorem 3.12.
For the map mg, the local neighbourhoods in Z"(P) are defined in such a way that
W*((x, j, v), N, U) is homeomorphic to wo(W?*((x, j, v), N, U)), which proves the
statement. O

We now establish that the groupoids G*(P) » Z and R are Morita equivalent in the
sense of [32]. This implies that the groupoid C*-algebras C*(R) and C*(G*(P) x Z) are
strongly Morita equivalent. An equivalence of groupoids is implemented by a topological
space carrying appropriate left and right actions. We now show that the space Z“(P)
constructed above implements the desired Morita equivalence.

PROPOSITION 6.5. The map
$:Z"(P) = X"(P)gy Xr Rg :={(x, g) € X"(P) x Rq :m0(x) =r(g)}

given by (x, j, v) — (x, (mo(x), j, v)) is a homeomorphism, where the right-hand side
is equipped with the topology from the inclusion X" (P)z, X, Ry € X"(P) x Rg. In
particular, the actions

(G*(P) X ZL)g Xpy Z"(P) — Z"(P), (x,n,y)-(y, j,v)=(x,j+n,v),
Z"(P)pg Xr Rg — Z"(P), (x,j,v)-(v,n, w)=(x, j+n, w)

are well defined, free and proper.

The topology of Z“(P) is constructed in such a way that ¢ is a homeomorphism; the
inverse of ¢ is the continuous mapping ;‘1(x, (mo(x), j, v)) = (x, j, v). That the actions
are free and proper follows from a lengthier computation, which we omit. We deduce the
following theorem from Proposition 6.5.

THEOREM 6.6. Let (X, ¢) be an irreducible Wieler solenoid arising from an open
surjection g : V. — V and suppose that P C X is a finite p-invariant set of periodic points.
The space Z"(P) defines an étale groupoid Morita equivalence

G*(P) x Z~y Ry

that respects the cocycles cgs(pyxz (see Definition 6.2) and CR, (see Definition 5.1). In
particular, there is a T-equivariant Morita equivalence C*(G*(P)) X Z ~y Og.
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Remark  6.7. The (C*(G°(P)) xZ,C*(Rg)) Morita equivalence bimodule
LZ(Z”(P))C*(Rg) is defined from the étale Morita equivalence Z“(P) through the
C*(R,)-valued inner product (see [32, p. 12])

i Y nw)y = Y filx J,v) falx, j+n, w) (6.3)

(x,j,v)€Z"(P)

and gives a representation of C*(G*(P)) x Z on the space L2(Z”(P))C*(Rg) ®C*(Ry)
Lz(Rg)c(v). The latter space can be identified with the completion of C.(Z*(P)) in the
C(V)-valued inner product

(i, Y@= Y A& A, ). (6.4)

(x,j,v)€Z"(P)

For f1, f» € C.(Z"(P)), the sums on the right-hand side are finite. The C(V)-valued inner
product (6.4) on C.(Z"“(P)) can be realized by a convolution product C.(Z"(P)°P) x
Cc(Z"(P)) — C.(Rgy) composed with the conditional expectation ¢ on C.(Rg). We
use the notation L2(Z“(P))c (v := L*(Z*(P))c*R,) ®c+Ry L*(Rg)c(v). To avoid
notational confusion, we remark that L2(Z”(P))C(V) and L2(Z“(P))C*(Rg) are different
as vector spaces in general.

Remark 6.8. As a consequence of Theorem 6.6, there are isomorphisms
K (C*G*(P) = K[ (0Op) and K.(C*(G*(P)) x Z) = K.(Ok).

Both of these groups can be computed using Corollary 5.11. It was proven in [22] that
C*(G*(P)) X Z and C*(G"(P)) x Z are Poincaré dual (with dimension shift 1). In
particular, K,(C*(G*(P)) x Z) = K**1(C*(G*(P)) x Z) can also be computed using
Corollary 5.11; cf. Remark 5.13. If the Poincaré duality of [22] holds T-equivariantly,
then K.(C*(G*“(P))) = KEH(C*(GS(P)) X Z), which could also be computed using
Corollary 5.11.

6.2. A closer look at the bimodule C.(Z"(P)). We wish to compute the Kasparov
product of the bimodule induced by Z“(P) (see Theorem 6.6) with the T-equivariant
unbounded (Ofg, C(V))-cycle constructed in Theorem 5.8. To do so, we describe the
module LZ(Z”(P))C*(Rg) obtained by completing the space C.(Z"(P)) in the inner
product (6.3). The module has a fairly simple structure. This is due to the fibre product
structure of the space Z*(P) = X"“(P)y, X, Rg from Proposition 6.5. We also provide a
Cuntz—Pimsner model of C*(G*(P)) x Z along the way.

LEMMA 6.9. Assume that f € C.(Z"(P)) decomposes as a pointwise product f(z) =
f1(2) f2(z) with fi € C.(Z"(P)) and supp f; C W¥(z9, N, W), for some zg, N and W
(cf. equation (6.2)). Then there exist u € Co.(X"(P)) and v € C.(Rg) such that f(z) =
u(pr(z))v(mo(z)).

Proof. For W small enough, W*(z9, N, W) is homeomorphic to

U = pr(W*(zo, N, W)) = ¢ b3 (W)
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and to
V i=m0(W*(z0, N, W)) =U(mo(U), N, j, W).

For a reminder on the notation ¥/, see equation 4.3. Let ,og :U — W¥(z0, N, W) and pZ :
V — W¥(z, N, W) denote the inverse mappings. Define u := fj o ,ollf andv:=fro pZ
and extend to X“(P) and R, respectively, by declaring

suppu C U, suppv C V. (6.5)
In particular, both # and v have compact support. The identity
W’ (z0, N, W) = p, ' (U) Ny ' (V) (6.6)

holds because if (x, j, v) € p; (V) then x € V; = ¢/, (W) and if (x, j, v) € 7y ' (U)
then (mo(x), j, v) € U, so v € mo(W). This means that (x, j, v) € W¥(z9, N, U). The
other inclusion is obvious. Thus, we have that u (o, (2))v(7o(z)) # 0 implies that

zep N U)Nryg ' (V) = Wi (zo, N, W)
by (6.5) and (6.6). Then
u(pr (@) (mo(2) = f1(pY pL(2) fo (g m0(2)) = f1(2) f2(2) = f(2),

as desired. O

Remark 6.10. Note that because Z“(P) is locally compact and Hausdorff, the
decomposition f = f] f» assumed in Lemma 6.9 can always be achieved if f is supported
in a set of the form W*(zg, N, W). For our purposes, the above formulation of the lemma
suffices.

LEMMA 6.11. For f € C.(Z"(P)), there exist n € N and functions u; € C.(X"(P)) and
fi € Ce(Ry) such that f(z) =Y i_, ui(pr(2)) fi (7o (2)).

Proof. Let K :=supp f and choose a finite open cover of K sets of the form W; :=
WS (zi, Nj, Wy) fori =1, ..., N. Adding Wy :=Z"(P) \ K gives a finite open cover
of Z“(P). Let ( Xiz i_, be a partition of unity subordinate to (W;);_,, so

i=1

fO=)_X@Qf@=) x@x@fQ).

i=1 i=l1

The functions x; and x; f are supported in W;. By Lemma 6.9, there exist functions u; €
Co(X"(P)) and f; € C.(Rg) such that Xl.z(z)f(z) =u;pr(2) fi(mwo(z)). Thus, we have
f@) =31 ui(pr(2) fi(mo(2)). O

By Theorem 3.12, the map 7o : X“(P) — V is a covering map. As such, 7 induces a
conditional expectation

Tox 1 Ce(X“(P)) > C(V),  mouf():= Y f(x).

-1
xem,  (v)

We denote the C(V)-Hilbert C*-module completion of C.(X*(P)) by LZ(X”(P))C(V).
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PROPOSITION 6.12. Let (X, ¢) be an irreducible Wieler solenoid arising from an open
surjection g : V. — V and suppose that P C X is a finite p-invariant set of periodic points.
The mapping

pf ® 15 Ce(X“(P)) ®c(v) Ce(Ry) = Co(Z“(P)).  f®hr> pff-mgh  (6.7)
is a T-equivariant inner product preserving surjection. The mapping (6.7) induces a T-
equivariant unitary isomorphism of C*-modules

L*(X"“(P)cv) ®c(v) C*(Rg) = L*(Z*(P))cR,)-
Moreover, there exists a T-equivariant isomorphism of C*(R)-Hilbert C*-modules
H® C*(Rg) = LX(Z"(P))c*(R,)- (6.8)

for a separable Hilbert space H with a trivial T-action.

Proof. To see that the map p; ® 7 is well defined, we first assume that f ® h is such
that 4 is supported in a basic open neighbourhood U (U1, k, N, U,) in R which lifts to a
basic open neighbourhood W*(z, N, V,) and f is supported in V| := pp (W*(z, N, V»)).
For such f ® h, we have that
supp o} (f) - 75 (h) C o' (Vi) Ny | (V2) = WPz, N, Va).

Therefore, the support of (p; ® 75)(f ® h) is compact. Using the balancing relation, a
partition of unity argument and Proposition 6.4, we have that arbitrary tensors f ® h can
be written as a sum f ® h = :_, fi ® h; for which each f; and h; satisfy the above
support requirements. Thus, the map p; ® 7} is well defined. Surjectivity follows from
Lemma 6.11. We prove preservation of the inner products:

(fi ® h1, f2®h2)(v, n, w)
=h * (f1, f2Yh2(v, n, w)
= > > =i, A AW~ j, w)

W) xemy ! (v)

=Y Y biAmhi G =] vpk e wihaGen = w)

(v, j,w) xen(;l(v)

= Y pifimghi(x, jov)p) fr e wihaCe n+ . w)
(x,j,v)€Z"(P)
= (p] fi - mgh1, pf fo - wyha) by equation (6.3).
The second statement of the proposition follows immediately. The locally trivial bundle
X" (P) gives rise to a Hilbert space bundle on V, which by Kuiper’s theorem is trivial. The
third statement of the theorem is similar, so that L2(X“(P))c(v) EHQC(V)as C(V)-
Hilbert C*-modules. O

COROLLARY 6.13. Let (X, ¢) be an irreducible Wieler solenoid arising from an open

surjection g : V. — V and suppose that P C X is a finite p-invariant set of periodic points.

The isomorphisms of Theorem 4.2 and (6.8) give rise to a T-equivariant x-isomorphism
C*(G*(P) ¥ Z =0 ®K,

where K denotes the C*-algebra of compact operators on a separable Hilbert space with
a trivial T-action.
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Remark 6.14. A result similar to Corollary 6.13 was proven in [49, Theorem 4.19] for the
fixed point algebra of the T-action assuming that g is expansive and the periodic points are
dense in V. An equivariant version of [49, Theorem 4.19] implies Corollary 6.13 under
these slightly stronger assumptions on g.

6.3. A Cuntz—Pimsner model for the stable Ruelle algebra. 1t is possible to construct
C*(G*(P)) x Z as a Cuntz—Pimsner algebra defined from a non-unital coefficient algebra.
We follow the terminology of [S]. For notational purposes, we write

Ky (P) :=Kcw) (L2 (X“(P)cv))-

Based on Proposition 6.12, we define E := L>(X"“(P))c(v) ® E ®c(vy L*(X*(P))*,
which is a Ky (P)-bi-Hilbertian bimodule with finite Jones—Watatani index. The Cuntz—
Pimsner algebra O over the coefficient algebra Ky (P) is therefore well defined. By
Theorems 4.2, 6.6 and 6.12, there are isomorphisms

C*(G*(P)) X Z=Kewr,) (L*(X“(P))cv) ® C*(Ry))
= L2(X"“(P))c(v) ® O ®c(vy LA (X" (P))*".

Under these isomorphisms, the obvious linear mapping E — L2(X”(P))C(V) ®
OE ®c(v) L?%(X*(P))* induces a linear mapping E— C*G*(P)) xZ. ltis readily
verified that this is a covariant representation as in [38, Theorem 3.12] producing a -
homomorphism 7 : Oz — C*(G*(P)) x Z. The mapping 7 is bijective and we deduce
the following result.

PROPOSITION 6.15. Let (X, ¢) be an irreducible Wieler solenoid arising from an open
surjection g : V. — V and suppose that P C X is a finite p-invariant set of periodic points.
The mapping 7 : O — C*(G*(P)) X Z is a *-isomorphism. In particular, E provides a
Cuntz—Pimsner model for the stable Ruelle algebra with coefficient algebra Ky (P) :=
Kew) (LHX“(P))cw))-

Remark 6.16. Theorem 6.6 and Proposition 6.15 are in a sense complementary. The
algebra Opf is defined using a unital coefficient algebra, making it easier to work with,
but it is only related to C*(G*(P)) x Z via a Morita equivalence. The algebra O 7 s
defined using a non-unital coefficient algebra (isomorphic to C(V, K)), but is explicitly
isomorphic to C*(G*(P)) X Z.

6.4. The k-function on Z"(P). To compute the Kasparov product of the cycle in
Theorem 5.8 with the Morita equivalence from Theorem 6.6 as an explicit unbounded
(C*(G*(P)) X Z, C(V))-cycle, we make use of a natural «-function defined on Z*(P).
To construct a self-adjoint regular operator on the module L2(Z “(P))c(v), we look at the
pullback of the function k : Ry — N through the map 7p. Consider the functions

kz(x, j, v) :=min{k > max{0, —j} : g/ (mo(x)) = " (W)}, cz(x, j,v) =
LEMMA 6.17. The functions kz and cz are locally constant and hence continuous.

Proof. For cz, this is an obvious fact. For «z, this follows from the observation that
kz =k o mo, where g : Z"(P) — Rg. O
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The operator
Dz =Y (c, kz) : Cc(Z"(P)) — Cc(Z"(P))

defines a self-adjoint regular operator on LZ(Z“(P))C(V). The tensor product
module LZ(Z”(P))C*(Rg) ®c+(Ry) L?>(Rg)c(v) can be identified with the module
LZ(Z”(P))C(V) studied in Proposition 6.12. On the dense subspace C.(Z*(P)) QC.(Ry)
C.(Ry), this identification is realized by the convolution product. We use the standard
notation

Ty : Ce(Rg) = Co(Z(P)) ®c.(Ry) Cc(Rg) = Ce(ZH¥(P)), f—>x@f=xxf
defined for elements x € C.(Z"(P)).

LEMMA 6.18. For x € C.(Z“(P)), the commutator
DzT. —TyD: C.(Rg) — Co(Z"(P))

extends to a bounded operator L2(Rg)c(v) — L2(Z”(P))c(v).

Proof. By Lemma 6.11 and Proposition 6.12, it suffices to prove the statement for elements
x = pj(u) - 7wy (v), withu € C.(X"(P)) and v € C:(Rg). Moreover, since

prw) - 75 (v) = py (u) - 75 (Ly *v) = py (u) - 75 (L) * v
and, for any x € C.(Z"(P)),

DzTewy — TesoD = (DzTy — T D) % v + Tx[D, v],
we can further reduce the proof to the case where x = pj (u) - 5 (1y). For such x and
f e Cc(Ry), we have
(DzT, = TxD) f (1, j, w)
=W, kz(@, j, w)) =¥ (j, k@o(), j, w))u(?) f(7o(?), j, w) =0,

as desired. O

Remark 6.19. The operator Dz can be constructed from D in other ways. One other
way is to choose a cover (Uj)ﬁ.v:] of V such that each mg : no_l(Uj) CX“(P)—Vis
trivializable, via a trivialization ;, say. Pick a partition of unity ( X]?);V:l subordinate
to (U j);vzl. Associated with the data (Uj, ¥;, x j)j.vzl there is an adjointable inner
product preserving C*(Rq)-linear mapping v : L2(Z“(P))C*(Rg) — 2(N) ® C*(Ry). A
short computation shows that Dz = v*(1 ® D)v on the dense submodule C.(Z"(P)) C
LZ(Z”(P))C(V). This is the usual connection construction [31], which implies
Lemma 6.18.

Yet another way uses Proposition 6.15 and the unbounded representative of the Cuntz—
Pimsner extension in the non-unital case from [5]. The argument in [20, §§2.3 and 2.5.2]
easily generalizes to show that Dy is the operator constructed in [S, Theorem 3.7].

We wish to show that (L2(Z“(P)c(v). Dz) is a KK{-cycle for (C*(G*(P)) x
Z,C(V)) and that it represents the Kasparov product of the Morita equivalence
L2(Z”(P)C*(Rg) with the cycle (Lz(Rg)c(v), D) constructed in Theorem 5.8. We begin
with a useful observation concerning the unbounded Kasparov product with a Morita
equivalence bimodule.
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PROPOSITION 6.20. Let E be a T-equivariant (A, B)-Morita equivalence bimodule and
(F, D) an odd T-equivariant unbounded Kasparov module for (B, C). Suppose that
Disa T-equivariant self-adjoint regular operator on E @p F and that X C E is a set
that generates E as a B-module, such that for all x € X the operators Ty : f > x Q f
satisfying

T,:Dom D —DomD and DT, —T:D:DomD — E ®p F (6.9)

extend to adjointable operators F — E Qg F. Then (E ®p F, D) is a T-equivariant
(A, B)-unbounded Kasparov module that represents the Kasparov product [(E, 0)] ®p
[(F, D)]in KK (A, O).

Proof. Since E is a Morita equivalence, A = K(E) and (E, 0) is an unbounded (A, B)-
Kasparov module. The argument in [31, Lemma 4.3] and (6.9) imply that (¢ ® (D +
H7Lis compact in E ®p F for all a € A. The operators T, T.*, with x, y € X, generate a
dense subalgebra of K(F) ® 1 = A ® 1. Since

[D, T T}1 = (DT — Tx D)Ty + T:(DT — Ty D)

is a bounded operator, (E ®p F, D) is an (A, C) unbounded Kasparov module. To prove
that this cycle represents the Kasparov product, we need to verify conditions (1)—(3) as
given in [25, Theorem 13]. Condition (1) is the statement of equation (6.9). Conditions
(2) and (3) are trivially satisfied for the product with the unbounded Kasparov module
(E, 0) from the left. O

The following result is an immediate consequence of Lemma 6.18 and Proposition 6.20.

THEOREM 6.21. Assume that (X, ¢) is an irreducible Wieler solenoid defined from an
open surjection g : V. — V. The pair (L2(Z”(P))C(V), Dyz) is a T-equivariant unbounded
Kasparov module for the pair (C*(G*°(P)) x Z, C(V)), which represents the Kasparov
product

[(L*(Z"(P))c+(Ry)» O] ®c+(Ry) [(L*(Re)c(v), D) € KK (CH(G' (P)) x Z, C(V)).
In particular, there is an exact triangle in the triangulated category K K™ of the form

1-[E,]
cV) Cc)

[L2(Z"(P))cvy. Dz] N\ ‘R

C*(G*(P) X Z

where 1p € I(KQ)T(C(V), C*(G*(P)) 1 Z) is defined from the inclusion C(V) — C*(Rg)
and Corollary 6.13.

Remark 6.22. From the computations in Example 5.14, using Remark 5.13, we can
compute the K-theory group K,(C*(G*(P))) for an expanding dilation matrix on (S 1yd
to be the expression of equation (5.6) (see p. 23).
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7. KMS weights on the stable Ruelle algebra
Cuntz—Pimsner algebras come equipped with a natural gauge action that extends to an
action of the real numbers. The analysis of equilibrium states (or KMS states) is then of
particular interest for these algebras. Such equilibrium states were first studied by Kubo,
Martin and Schwinger and a comprehensive study of KMS states is provided by Bratteli
and Robinson in [8].

Suppose that B is a C*-algebra and that o : R — Aut B is a strongly continuous action.
An element a € B is said to be o-analytic if the function 7 — o;(a) extends to an entire
function on C. For B € (0, oo}, a state ¢ on B is called a KMSg state if it satisfies

¢(ab) = ¢(boig(a)) (7.1)

for all analytic elements a, b € B. For B =0, the KMSg states are the o-invariant traces
on B. We often call (7.1) the KMSg condition.

Olesen and Pedersen [35] first studied KMS states for the periodic gauge action on the
Cuntz algebras Oy, where they discovered that there is a unique KMS state at inverse
temperature 8 =log N. Enomoto ef al [17] generalized this result to the Cuntz—Krieger
algebras O4 of an irreducible N x N matrix A. In this case, the unique KMS state
occurred at 8 = log p(A), where p(A) is the spectral radius of the matrix A, i.e. its Perron—
Frobenius eigenvalue. More recently, Laca and Neshveyev [27] studied KMS states of
Cuntz—Pimsner algebras and proved that KMS states arise as traces on the coefficient
algebra of the underlying Hilbert module. In so doing, [27] initialized a programme that is
directly related to our work in several situations, most notably for local homeomorphisms
in [1] and for self-similar groups in [28]. Similar results for expansive maps are also found
in Thomsen’s work [50] and in Kumjian and Renault’s work [26]. Note that a locally
expanding local homeomorphism is automatically expansive; compare Definition 3.1 with
the definition of expansive on [26, p. 2069].

In this section, we first consider the Cuntz—Pimsner algebra Of associated with a local
homeomorphism g : V — V satisfying Wieler’s axioms making the associated Wieler
solenoid irreducible, as described in §4. Recall that the Toeplitz algebra Tg is generated
by the Toeplitz operators {Tg :& € E}. Let S¢ be the image of TS in the Cuntz—Pimsner
algebra Of, which is then generated by {S: : £ € E}. We show that every KMS state for
the natural gauge action on Of gives rise to a KMS weight on the stable Ruelle algebra
C*(G*(P)) x Z through the isomorphism described in Proposition 6.15.

We let y : T — Aut Of denote the strongly continuous gauge action defined in §4.1.
The gauge action extends to a periodic action of the real line through the equation o; = y,i.
Thus, there is an action o : R — Aut Of defined on the generating set by o;(Sg) = el Se
for§ e E.

THEOREM 7.1. Suppose that g : V — V is an open surjection satisfying Wieler’s axioms
and OE is the associated Cuntz—Pimsner algebra generated by {Sg : & € E}. Leto : R —
Aut Og denote the strongly continuous action defined by 0,(Sg) = e't Sg¢ for & € E. Then
the following hold.

(1)  There is a bijective correspondence between tracial states T on C (V) satisfying

(&) =Pt (a) (7.2)
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and KMSg states on (Og,o0). Through the T-equivariant isomorphism Op =
C*(Ry), the bijection is given by T — w¢, where w. is defined on C.(Rg) by

e (f) = fv £, 0, v) du, (73)

such that p is the probability measure that T defines on V. There is always at least
one B > 0 and one tracial state Tt such that (7.2) holds.

(2) If (V, g) is mixing (Definition 2.2(3)), then there is a unique pair (t, B) satisfying
(7.2). That is, there is a unique B for which there exists a KMSg state of (Og, o)
and the KMSg state is unique. Moreover, forv eV,

£n+11
p=h(g)= lim log( o (v)), (7.4)

where h(g) is the topological entropy of (V, g).

Remark 7.2. Part (2) of Theorem 7.1 contains the statement that

£n+11
v lim log( (v))

n—00 oLn]

is a constant function on V that equals 8.

Remark 7.3. In part (1) of Theorem 7.1, we are only using that g is a local
homeomorphism. In part (2), we are only using that g is a mixing and locally expanding
local homeomorphism. We assume Wieler’s axioms at this point, since the applications
we have in mind are to Smale spaces.

Remark 7.4. The proof of [20, Lemma 1.9] extends to local homeomorphisms. This fact
shows that the conditional expectation ®, : O .~ C (V), constructed for a large class of
Cuntz—Pimsner algebras in [46], satisfies o (f)(x) := f(x, 0, x) for f € C.(R,). The
correspondence in Theorem 7.1 part (1) between tracial states T satisfying £*t =eft
and KMSg states on OEg is then implemented by 7 — 7 o ®,. In [46, §4], a related
correspondence was considered for a larger class of modules using an R-action defined
from the Jones—Watatani index. In the case under consideration in this paper, the Jones—
Watatani indices are 1 (cf. [20, Example 1.7]) and the R-action considered in [46, §4] is
trivial.

Proof of Theorem 7.1. We will apply [27, Theorems 2.1 and 2.5] and start by verifying the
hypothesis of said theorems. Since the gauge dynamics on E corresponds to the action of
scalars on C(V), the ‘positive-energy’ hypothesis of [27, Theorem 2.1] holds; the Arveson
spectrum Spy;(a) is equal to 1 for all @ € E. Thus, in our situation, combining [27,
Theorems 2.1 and 2.5] implies that v is a KMSg state on O if and only if there is a
tracial state T on C(V) such that 7(£(a)) = ef1(a) and, for £ € E®™ and n € E®",
Y (SeSD) = {eﬂmt“"’ Seen) =
0 ifn #£m.
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From this identity and the fact that t(£(a)) = ePz(a), we deduce that

VSeSh) = e P (L (7)) ifn=m _ Jr@t) ifn=m, a5)
0 ifn#m 0 ifn #m,
where we use the identification E®™ = C(V) as linear spaces. Since V is a compact
Hausdorff space, every tracial state T on C (V) is given by integrating against a probability
measure. From equation (7.5), we deduce that ¥ is a KMSg state on O if and only if
there is a probability measure p on V such that

Sin=elp (7.6)

and ¥ = w,, where w; is defined in equation (7.3).

The existence of probability measures @ on V satisfying (7.6) was taken up by Walters
in [81]. If g: V — V is expansive (locally expanding), [51, Corollary 2.3] implies that
there is at least one pair (u, B) satisfying (7.6). Since g is assumed to be a local
homeomorphism, it follows that (V, g) is locally expanding (see Remark 3.13) and
therefore (1) holds.

In the case that g : V — V is a locally expanding local homeomorphism satisfying the
weak specification condition, [51, Theorem 2.16(i)] implies that there is a unique pair
(u, B) on (V, g) such that (7.6) holds. In [26, Proposition 2.1], Kumjian and Renault
showed that the weak specification property is equivalent to the condition that (V, g) is
mixing. Moreover, [51, Theorem 2.16(iv)] shows that the unique value S satisfies (7.4).
Therefore, (2) holds as well. O

Before turning to the C*-algebra C*(G*(P)) x Z, we note the following result, which
follows from a short algebraic manipulation with matrix units.

PROPOSITION 7.5. Let K denote the C*-algebra of compact operators on a separable
Hilbert space with trivial R-action and tr the operator trace on K. If B is a unital R — C*-
algebra, then the mapping w — o ® tr defines a bijection between the KMSg states on B
and the KMSg weights on B ® K.

COROLLARY 7.6. Let (X, ¢) be an irreducible Wieler solenoid arising from an open
surjection g:V — V and suppose that P C X is a finite p-invariant set of periodic
points. There is a bijective correspondence between measures (L on V satisfying (7.6) and
KMSg weights on C*(G*(P)) x Z via ju +— ¢, where the KMSg weight ¢,, is defined on
C.(G*(P) X 7Z) via

() = f Fx, 0, %) d ).
Xt (P)

In particular, C*(G*(P)) x Z always admits a KMSg weight and, if (X, ¢) is mixing,
then there is a unique B > 0 for which there exists a KMSg weight and that KMSg weight
is unique.

Proof. Since mo : X"(P) — V is a covering (see Theorem 3.12), the measure 7§ is well
defined on X“(P). We choose a T-equivariant x-isomorphism

p:C*G(P) XL > 0 @K
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as in Corollary 6.13. By Proposition 7.5, there is a bijective correspondence between
KMSg states w on O and KMSg weights on C*(G*(P)) x Z givenby w — (v @ tr) o p.
Theorem 7.1 implies that any KMSg state on Of takes the form w,, where t € C(V)* is
defined from a probability measure u on V satisfying equation (7.6). Since tr is invariant
under unitary transformations and p is C(V)-bilinear, it follows from an argument in local
trivializations of 7 : X“(P) — V that for f € C.(G*(P) x Z) we have

(wr®tr)0p(f)=/[ Y. &0, X)} du(v)=/ [, 0, x) d (g ) (x).
v xen&l(v) X4(P)

From Theorem 7.1, we deduce that C*(G*(P)) x Z always admits a KMSg weight
and, if (V, g) is mixing, the KMSg weight is unique. The corollary now follows from [4,
Theorem 3.5.3], which says that if g : V — V is a continuous surjection, then g: V — V
is mixing if and only if ¢ : X — X is mixing. O

Remark 7.7. If V is an oriented manifold and 7 (a) = f v @ A o for a differential form o,
the condition £*7 = et is equivalent to g*w = efw.

8. Examples

In this section, we will consider examples of irreducible Wieler solenoids arising from an
open surjection g : V — V. In these examples, Theorem 6.21 enables computations of
explicit K -theoretic invariants and construction of concrete spectral triples.

8.1. Subshifts of finite type. The Smale spaces where both the stable and unstable
sets are totally disconnected are the subshifts of finite type. They were discussed in
Example 4.1. In this case, the stable and unstable Ruelle algebras can be treated on an
equal footing. Consider an N x N matrix A consisting of zeros and ones, and assume
that A is irreducible. The compact space €24 is defined in Example 4.1 and the associated
Wieler solenoid (Xgq,, ¢a) is conjugate to the two-sided shift

Sa={pjez €l ... NVt Ag v =1} @alx))jen = (xj41)jez.

As above, we chose a finite ¢4-invariant set P C X4 of periodic points. We write
Zy(P) :={(x, j,v) € B4 (P) X Z x Q4 : Tk, x4 j =v; VI > k}.

It follows from Theorem 6.6 that C *(G;(P)) X Z ~py O4 via the T-equivariant Morita
equivalence Z% (P). The K-theory and K-homology groups of the Cuntz—Krieger algebra
O4 are well known, and given by

ker(1 — A), *=0,

K*(04) = Kor1 (0 47) =
(0a) = K1 (O41) {coker(l—A), w=1.

Since 24 is totally disconnected, K ' (C(£24)) = 0 and the exact K -homology sequence in
Corollary 5.11 reduces to

0— K°(C*(G*(P) x 7)) > K°(C(Q4))

1=[Eg]l g 0 Ly s
—> K" (C(4)) > K (C*(G*(P) x Z)) — 0.
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In particular, the boundary map 0 is surjective, and the description of explicit
representatives of K'(04) =Z" /(1 — A)Z" in [19] shows that § is surjective already
when restricted to classes in K%(C(§24)) given by point evaluations of C(€24): each class
in K1(04) is given by a spectral triple obtained by localizing the unbounded Kasparov
module from Theorem 5.8 in a character of C(£24). We see that the same statement is true
for the stable Ruelle algebra of the two-sided shift. Let (e;) lN: | denote the standard basis
of ZN. We deduce the following result from [19, Theorem 5.2.3].

THEOREM 8.1. Let v € Q4 be a one-sided sequence starting in the letteri € {1, ..., N}.
Define the Hilbert space

Hy = 0(pg' (V) where pg'(v) = {(x, n) € B4(P) x Z: (x, n, v) € Z4(P)}.

We let C*(G*(P)) XZ act on H, via identifying H, with the localization of
LZ(Z”(P))C(V) inv € Q4. Consider the self-adjoint operator D, defined by

Dy f(x,n):=v(n, kz(x,n,v))f(x,n).

Then (C.(G*(P)) Xag Z, Hy, Dy) is a 0-summable spectral triple representing the
equivalence class e; mod (1 — A)ZY under the isomorphism KY(04) %ZN/(I —
A)ZN. The bounded Fredholm module (C.(G*(P)) Xalg Z, Hy, Dy|Dy| ™) is finitely
summable.

This provides an exhaustive explicit description of the odd K-homology of the stable
Ruelle algebra of a subshift of finite type. The group K°(C*(G*(P) x Z)) stands in stark
contrast; a description of even spectral triples on the stable Ruelle algebra is at this point
in time still elusive.

8.2. Self-similar groups.  Self-similar groups are a relatively new area of group theory.
They were discovered by Grigorchuk through his construction of a group with intermediate
growth that is amenable but not elementary amenable. Since then much of the abstract
theory has been developed by Nekrashevych [33].

In [34], Nekrashevych constructed a Smale space from a contracting and regular self-
similar group. In this section, we recast Nekrashevych’s result by showing that the limit
space of a contracting, regular self-similar group satisfies Wieler’s axioms and the shift
map is a local homeomorphism. The shift on the limit space of a self-similar group gives
rise to another Cuntz—Pimsner model for self-similar groups that generalizes the Cuntz—
Pimsner algebra O ¢ constructed by Nekrashevych in [34, §6.3]. We note that the results
of §8§5, 6 and 7 apply to this example. We obtain a plethora of Kasparov cycles, KMS
states on the Cuntz—Pimsner algebra O and KMS weights on the stable Ruelle algebra.
We also remark that all of these results generalize to Exel and Pardo’s self-similar groups
on graphs through the forthcoming paper [9].

A self-similar group (G, X) consists of a group G, a finite set X and a faithful action
of G on the set X* of finite words in X such that, for each g € G and x € X, there exist
y € X and h € G satisfying g - xw = y(h - w) for all w € X*. Faithfulness of the action
implies that the group element % is unique, so there is a map (g, x) — h and we call &
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the restriction of g to x and denote it by g|. Thus, the defining relation for a self-similar
group can be written

g-xv=_(g -x)(gly-w) forallwe X* (8.1)

A self-similar group is said to be contracting if there is a finite subset S C G such that for
every g € G, there exists n € N such that {g|, : |v| > n} C S. The (unique) smallest such
set is called the nucleus and is denoted by V.

We now briefly construct the limit space J; in the case that (G, X) is contracting; for
further details, see [33, §3.6]. The space of left infinite words with letters in X is denoted
X%, Two sequences . . . x3xpx] and . . . y3yoy; are said to be asymprotically equivalent
if there exists a sequence {g, ZO: | of nucleus elements such that g, - x, ... X1 = yy ... X1.
The limit space Jg is the quotient of X ~°° by the asymptotic equivalence relation, and
we let g : X~°° — J; denote the quotient map. The asymptotic equivalence relation is
invariant under the shift map o : X7°° — X~ given by o (... x3x2x]) =...X3X2, SO
o : Jc — Jg 1s a continuous surjection. That [J is a compact metric space is proved
in [33, Theorem 3.6.3] and in a more general framework in [9].

In [9], it is proved that (Jg, o) satisfies Wieler’s axioms in the generality of Exel
and Pardo’s self-similar graphs. The proofs require an additional assumption: a self-
similar group is said to be regular if for every g € G and x € X, either g - x # x or
g fixes x as well as all points in a clopen neighbourhood of x. In [34, Proposition 6.1],
Nekrashevych showed that (G, X) is regular if and only if 0 : Jg — Jg is a covering. We
now summarize the results of [9].

PROPOSITION 8.2. [9] Suppose that (G, X) is a contracting and regular self-similar
group with limit space Jg. Then o : Jg — Jg is a local homeomorphism that satisfies
Wieler’s axioms and the dynamical system (Jg, o) is mixing.

Let (X, ¢) be the mixing Wieler solenoid associated with (Jg, o). Since o : Jg —
Jc is a continuous open surjection satisfying Wieler’s axioms, there is a Cuntz—Pimsner
model for the stable Ruelle algebra of (X, ¢) by Proposition 6.15. Moreover, Corollary 7.6
implies that there is a unique KMS weight on the stable Ruelle algebra of a contracting
and regular self-similar group.

9. Solenoids constructed from covering maps on manifolds

In this section, we will consider the solenoid construction on a smooth closed manifold M.
The outcome will be a procedure to lift certain K-homology classes on M to the Cuntz—
Pimsner algebra constructed from M. The results are complementary to the constructions
in §§5 and 6 as they produce K-homology classes that are not factorizable over the Cuntz—
Pimsner extension in the sense of Corollary 5.15. In certain special cases, the Hilbert
space appearing in the spectral triple is the GNS space of the KMS weight. To elucidate
our results, we will run the details of M = S' in Example 3.14 in parallel to the general
construction. We show that for M = S', the K-homology classes we construct along with
the products with the Cuntz—Pimsner extension exhaust the K-homology of the stable
Ruelle algebra C*(G*(P)) % Z.
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We consider a closed manifold M and an n-fold smooth covering map g: M — M
acting conformally on a Riemannian metric #y; on M. That is, g*hy = Nhy for N €
C®(M, R.(). The function g satisfies Wieler’s axioms if N > 1 on M. We follow the
notation from the previous sections and write £(§)(x) :=)_ 2(y)=x E(y) for & e C(M).

Remark 9.1. Tt follows from Remark 7.7 that the volume measure dV, satisfies equation
(7.6) with 8 =(d/2) log(N) if N is constant. Specifically, if N is constant, then the
volume measure defines a KMSg state on Og, (as in Theorem 7.1) and a KMSg weight
on C*(G*(P)) x Z (as in Corollary 7.6).
Definition 9.2. Let S — M denote a hermitian vector bundle with hermitian metric hg
such that g lifts to S (in the sense that there is a unitary vector bundle isomorphism
gs : g*S — S giving rise to a unitary isomorphism gg y : Sg(;) — Sy for any y € M). We
define the transfer operator
L5:C(M, ) - C(M, S), LsE):= )Y g5 &
g(n)=x

The operator £g is C(M)-linear in the sense that £g(& - g*a) = Ls(£)a for any
aeC(M) and £ e C(M, S). Define the mapping Vj: L*(M, S) = L*(M, S) as the
composition of the pullback g* : L>(M, §) — L*(M, g*S) and the fibrewise action of gg.

PROPOSITION 9.3. Assume that M is a closed d-dimensional manifold with the data
specified above. The operator V := N¢/*n=12Vy is an isometry on L>(M, S) such that

1
VE=ggN~ =12 vav*=g*aVV* and V*aV = —£(a).
n

Proof. We first prove that V is an isometry. Let d V}, denote the volume density constructed
from h ;. Note that g* dVj, = N4/% dVj,. We have for fi, f>» € C(M, S) that

1
Vfi, Vs = /M (& f1. g 2)sNY2 vV

1
=_/ g (f1. fa)s dVi)
n Ju

={f1, 2)12m,5)-
Next, we prove the identity V*aV = (1/n)£(a). For fi1, fr € C(M, S), a similar
computation as above gives

1
(V¥aVfi, R)aams) =@V, Vi) 2w = . /M ag*((f1, f2)s dVp)

1 1
=- f L@){fi, LL)sdVy = <—L‘(a)f1, f2>
n Jy n

L2(M,S).
The identity VaV* = g*aV V* follows from the simple computation V(af) = g*a - Vf,
which holds fora e C(M), f € C(M, S).

Finally, we compute V*. For f1, f, € C(M, S),

Vi, R2)r2.s) :f (& f1. N~n=12 £y g N2 qy,
M

=/ (fi, Ls(N~ =12 )y s d V. O
M
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Example 9.4. The prototypical example is the n-solenoid on M = S' from Example 3.14.
We return to this example throughout the section. In this example, M = S! =R/Z and
g(x):=nx (mod 1). We can take S to be the trivial line bundle on S and & 51 to be
the flat metric on ', so N =n? and Vf(x) = f(nx). An orthonormal basis for L>(S')
is given by er(x) :=exp(2mikx) for k € Z. In this case, the identity Vey = eg;, shows
straight away that V is an isometry. In this case, the transfer operator £ takes the form

n—1 x4+
2(a)(x)=2a< n’).

j=0

Here we identify functions on §' with periodic functions on R. On L2(S'), we have
Vi=n"lg,

Example 9.5. We consider a higher dimensional example mentioned towards the end
of Example 3.14. Consider a matrix A € M;(Z) with non-zero determinant and let
ga: (S l)d — (S l)d denote the associated smooth local homeomorphism. If AT A =N for
some N > 0, then g4 acts conformally on the flat metric on (S')? =R?/Z?. Let us give
some non-trivial examples of such matrices. For d =2, such a matrix takes the general

form
(xﬂ:y>’ 24y =N.
yFx

Asymptotically, the number of local homeomorphisms acting conformally on (S')? with
N < r? is determined by Gauss’ circle problem and behaves like 27772 as r — co. The
equation x> + y?> = N admits solutions if and only if the prime factors p|N with p =3
(mod 4) occur with even multiplicity in N. In dimension d = 3, the general form is

X1y121 x2+y242=N forj=1,2,3,
X2 ¥222 where { / 7/ Y .
X3 Y3 23 XjXk +yjvk +zjz2k =0 for j #k.

By Legendre’s three-square theorem, such a matrix exists only if N is not of the form
44 (8b + 7) for natural numbers a, b.

In this case, the Lebesgue measure m on (S 1yd satisfies gfgm = N%/2;p. Theorem 7.1
shows that the Lebesgue measure induces the unique KMS state on O Eqg, and,
by Corollary 7.6, the unique KMS weight on C*(G*(P)) x Z, both having inverse
temperature 8 = (d/2) log(N).

PROPOSITION 9.6. Let M be a d-dimensional manifold, g : M — M an n-fold smooth
covering map acting conformally on a metric hyy that lifts to the hermitian bundle S — M
and V the isometry on L%(M, S) constructed as in Proposition 9.3. Write Eg :=igC(M) ¢+
as in §4.1. The pointwise action of C(M) on L2(M, S) and the linear mapping ty : Eg —
B(L3(M, S)) given by a — \/naV define a x-representation wy : Og, — B(L3(M, S)).

Proof. It is an immediate consequence of Proposition 9.3 that ty defines a Toeplitz
representation of E; that is, conditions (1)—(3) of [38, Theorem 3.12] are satisfied. It
remains to prove that the Cuntz—Pimsner covariance condition (4) of [38, Theorem 3.12]
is satisfied. Thus, we need to show the following: after writing the action of
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acC(M) on E; as a§ = Z’}Ll ni{;, &)cw, for some n;, &; € Eg, we require that
a= ZT:] ty (n;)ty (§;)* as operators on L>(M, S).

As in the discussion preceding (5.5), consider a cover (U j);f‘zl C M of balls such that
glu; 1s injective. Take a partition of unity (ij)'}':] subordinate to (U ’;’zl, so that yx;
is a frame for Eg; that is, for any § € E; = C(M), we have & = Z’;lzl Xi (x> &)ewm.
So, we can write aé = Z’;-l:l nj{&j, E)cm), where nj =ay; and &; = x;. We fix this
decomposition for the remainder of the proof.

We now verify the Cuntz—Pimsner covariance condition. Consider an f € C(M, S).
Using Proposition 9.3, we write

[Z tv(n ,~>tv(s,)*f] (x) = n[z n,VV*sjf] x)

j=1 j=1

z['"

n de/4V0£SNd/4§jf:| (x)
j=1

Yo Y a@x N @ON )X (gsx g5y f )

Jj=1gx)=¢g()

Y al)xf () f(x) =a) f(x),
j=1

where the second last identity used the fact that g|y; is injective, so that

{y esupp(x;) : g(x) =g} = {x}
for x € supp(x;). O
Definition 9.7. Define the function signlog : R — R by

ionlog(x) 0, x =0,
signlog(x) :=
gnog sign(x) log |x], x #O.

We set $10g := signlog (D). For any ¢ > 0, there is a function [, € C®°(R) such that [, =
signlog on R\ ((—¢, 0) U (0, €)). We remark that for any & > 0 and m > 0, the function
[ is a Hormander symbol of order m on R. In fact, for any k € N. ¢, there is a Cy >0
(possibly depending on ¢ > 0) such that |8§ [ (x)| < Cr(1 + |x])~*. We note that ¢1og -
(o () € ¥~°°(M, S) for all & > 0. For & small enough, Dio = [ (1) if [ (0) = 0.

PROPOSITION 9.8. Let M be a closed Riemannian manifold, S — M a Clifford bundle
and Ip a Dirac operator acting on S. Then D\og is a self-adjoint operator and the inclusion

2
H*(M, S) € Dom(Diog) is compact for any s > 0, and e e s in the operator ideal
L@ (L2(M, S)) for any t > 0.

Proposition 9.8 follows from functional calculus for self-adjoint operators. To study
Dog further, we will make use of log-polyhomogeneous pseudo-differential operators.
Such operators are studied in detail in [29, §3]. In short, the log-polyhomogeneous pseudo-
differential operators form a bi-filtered algebra \Il’"'k(M , 9 <SN wnts (M S), where

s>0
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meR and k e N. A full symbol olf]““(A) of an operator A € wnk(pr8) in a local
coordinate chart U admits an asymptotic expansion

k
o (A, ) ~ Y a;x. &) log! I8,

Jj=0
where the elements a; are classical symbols of order m.

PROPOSITION 9.9. The operator Diog is a log-polyhomogeneous pseudo-differential
operator of order (0, 1) with leading order symbol cg (E)|§‘|;1 log |&|n, where cs denotes
the Clifford multiplication on S. In particular, for any s >0 and a € C®°(M), the
commutator [ Diog, al is a pseudo-differential operator of order —1 + s.

Proof. By [29, Proposition 3.4(2)], the log-polyhomogeneous pseudo-differential
operators form a bi-filtered algebra. Since P|P|~' e \IJEI(M , ) =w0%0M, ) has
principal symbol cg(§)I€],"!, we have that Do € WO (M, S) provided log |B| e
wOl(pM, S) with leading order symbol log |£],. It suffices to prove that log A €
WO-1(M, S) with leading order symbol log |£|2 for any Laplacian-type operator A on
S — M. This fact follows from [21, equation (6), p. 121].

It follows from the composition formulas for log-polyhomogeneous pseudo-differential
operators (see [29, Proposition 3.4.(2)]) that the leading order term in the symbol of
[Diog, a] is the Poisson bracket {cs(§)|§|;1 log |&|p, a}r+pm, which is of order (—1, 1).
Thus, [Diog, al € V~11(M, §) C w15, S) forall s > 0. o

COROLLARY 9.10. The spectral triple (C*° (M), L*(M, S), lDlog) satisfies:

(1) the class [C®(M), L*(M, S), Diog] coincides with [C*®°(M), L*(M, S), B] in
K«(M);

(2) (C®(M), L>(M, S), Diog) is O-summable;

(3) fora e C®(M), [Diog, al € LIT(L2(M, S)) for any s > 0, where d = dim(M).

Thus, [Diog, a] is not only bounded but even Schatten class and in particular it is a
compact operator.

Example 9.11. We return to the circle, with an eye towards solenoids (cf. Example 9.4).
We let I := (1/2mi)(d /dx) on L>(S") (with periodic boundary conditions). Then Pe; =
ker, so

0, k = Os
mlogek = i
sign(k) log |klex, k #O0.
In particular, with z € C oo(sh denoting the complex coordinate function x + exp(2wix),
log(2)eo, k=1,
Diog. zlex = 20k| + 1
[Prog. zlex sign(k) 10g<1 + 112|——:—1>€k+1, k#—1.

Since log(1 + 1) = — 302 | (=1)¥ /k for |t] < 1, [Piog, 2] € W' (S") (see [2]). This gives
us a proof of a refinement of the commutator property in Proposition 9.9(3) for S!. Any a €
C*°(S') admits an expansion a =) ;. arz* for a rapidly decreasing sequence (ax)kcz,
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$0 [Diog, al € w1(S1). We remark that if dim(M) > 1, the property [Diog, al € w=l(M)
for all a € C*° (M) fails.

PROPOSITION 9.12. Let M be a d-dimensional manifold, g : M — M an n-fold smooth
covering map acting conformally on a metric hyy that lifts to a Clifford bundle S — M and
V the isometry on L*>(M, S) constructed as in Proposition 9.3. Assume that gs : g*S — S
is Clifford linear. If ID is a Dirac operator on S, the operator [Diog, V1 admits a bounded
extension to Lz(M, S).

Proof. By Proposition 9.9, [lDlog, V] is bounded if and only if [Dlog, Vo] is bounded. It
in fact suffices to prove that x[Diog, Volx' is bounded for any x, x' € C>°(M) that are
supported in balls U, U’ € M and such that g|y- is injective and g(U") C U. Since Dlog
is a log-polyhomogeneous pseudo-differential operator by Proposition 9.9, the change of
coordinates formula for such (see [29, Proposition 3.5]) implies that X[wloga Volx' is a
Fourier integral operator with log-polyhomogeneous symbol of order (0, —1). In fact, the
leading order term in the symbol of x [lDlog, Volx' is of order (0, 0), since

cs(Dg'€)|Dg'el;,  log |Dg gl — cs(©)|E1;, ' log |&], = Ses(®)IE], " log N.

In this identity, we use that cs(£)|€| ™! is invariant under conformal changes of metric and
that |Dg'&|, = N'/?|£|;,. This computation shows that x[Diog, Volx' is a Fourier integral
operator of order 0 and hence is bounded. O

Example 9.13. We return to the example of solenoids on S! from Examples 9.4 and 9.11.
In this case, we have

k=0,

[Piog, Vlex =1’
o sign(k) log |nlenx, k #O.

SO? ”[Dlog» V]”B(LZ(sl)) = IOg |}’l|

THEOREM 9.14. Let M be a d-dimensional manifold, g: M — M an n-fold smooth
covering map acting conformally on a metric hy that lifts to a Clifford bundle
S— M, D a Dirac operator on S and my : Og, —> B(L2(M, S)) the representation
from Proposition 9.6. Assume that gs:g*S — S is Clifford linear. We let AC Og,
denote the dense pre-image of the %-algebra generated by C°(M) and V under my.
The data (A, LZ(M, S), ID]Og) is a spectral triple for OEg such that, under the inclusion
t:C(M) — OEg,

CLA, LA(M, S), Diogl = [C®(M), L*(M, S), B] € Ky(M).
The following corollary is immediate from Theorem 9.14 and Corollary 5.15.

COROLLARY 9.15. The class [A, L*(M, S), ﬂlog] € K*(OEg) is in the image of the
Cuntz—Pimsner mapping K**1(C(M)) — K*(Og,) ifand only if [S] = 0 in the K -theory
group of (graded) Clifford bundles.

Example 9.16. Let us consider the K-homological consequences of the constructions in
the solenoid example (see Examples 9.4, 9.11 and 9.13). We assume that n > 1 to ensure
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that g is oriented and lifts to the spinor bundle. By combining the K -theory computations
in [54, Proposition 4.3] with the duality results of Jerry Kaminker, Ian Putnam and
the fourth listed author [22] (see [54, p. 293]), one computes that K 0(OEg) =7 and
K'Y (Og ) =72 ® Z/(n — 1)Z. Another approach relating these K-homology groups with
the K -homology of S is to use Corollary 5.11 giving rise to the six-term exact sequences

]

KO%0p,) —S KO(C(s) 25 KOc(s")

[L2<Rg)c<v>,D]®—T l[LZ(Rg)cm,D]@— ©.1)

1 1y JTUEd 1 - 1
K'(C(8Y)) «—— K'(C($)) «—— K (Og)

Some short computations show that the diagrams

1-[Eg] 1-[Eg]

Ko(C(sh) —— K%C(Sh) K'(C(sh) — K'(C(Sh)
| oo I
1—n 0
Z —_— Z Z —_— Z
commute. Using these diagrams, the diagram (9.1) collapses to
K%Og,) —— 7 5 1z
[Lz(Rg)C(V)wD]®_T l[Lz(Rg)C(V),D](@—
z 7z S K'(0g)

The generator of the upper right corner is a character evg : C(S') — C for a 6 € R/Z. 1t
follows that K'(O E,) is generated by any pre-image x of the fundamental class [S =
[L2(S"), B] € K'(C(SY)) and the product [L2(R,)c(v). D] ®¢(st) [eva]. Clearly, such
an x is of infinite order and [Lz(Rg)c(v), D] ®c(sh [evg] is of order n — 1. By
Theorem 9.14, x can be taken to be represented by the spectral triple (A, L*(S1), Drog)
for OEg. The (n — 1)-torsion class given by the product [LZ(T\’,g)C(V), D] ®c (s [evg] is
represented by the spectral triple (A, LZ(Rg) ®evy C, D Qey, 1). Note that L2(Rg) Revy
C = ¢%(Vy), where the discrete set V is given by

1
Vo={(x, )eS' xZ:(x, j,0) eRg}EZ[—}/Z.
n
For f € c.(Vy), the operator D ®ey, 1 can be described by

(D ®evy D f(x, )=V (n, k(x, j, 0)f(x, )).

It is an interesting problem to compute the product [L2(Rg)c( sty D1 ®cs1y [S 111in order
to find the generator of K o0 Ep)-

We now turn to describing a representative of the Kasparov product of the class in
Theorem 9.14 with the Morita equivalence in Theorem 6.6. Our geometric setup presents
us with a natural candidate for this product, for which we can check the sufficient
conditions in Kucerovsky’s theorem [25, Theorem 13].
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As above, we define X := X and let P C X be a finite ¢-invariant set of periodic
points. Since g : X“(P) — M is a local homeomorphism, we can equip X“(P), G*(P)
and Z"(P) with smooth structures compatible with the groupoid operations. Since g lifts
to a unitary action on S, we can integrate the action of the groupoid G*(P) on X“(P) to
an action of C*(G*(P)) x Z on L*(X"(P), 7y (S)), where X" (P) is equipped with the
measure defined from the metric Xu(P) 1= né"h - The isomorphism

L*(X"(P), 7(8)) = L*(Z"(P))c+(Ry) ®c+(Ry) L (M, S)

induced from Proposition 6.12 is compatible with the left C*(G*(P)) x Z-action. We
have that go*ﬁxu(p) = ng(N)fzxu(p). Let b denote the lift of Ip to X“(P); it is a Dirac
operator on 7 (S) — X"“(P). Using the proof of Proposition 9.9 and the fact that X" (P)
is a complete manifold of bounded geometry, we can deduce that bmg is a self-adjoint
log-polyhomogeneous pseudo-differential operator on X*(P).

PROPOSITION 9.17. Let M, g, hy, S and ID be as in Theorem 9.14. Assume that
g:V — V is an irreducible open surjection satisfying Wieler’s axioms. The data
(CP(G*(P)) XNag Z, L2(X"“(P), 75(S)), lblog) is a spectral triple for C*(G*(P)) X Z
representing the product of the class in Theorem 9.14 with the Morita equivalence in
Theorem 6.6.
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