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Abstract. We show how the fine structure in shift-tail equivalence, appearing in the non-
commutative geometry of Cuntz—Krieger algebras developed by the first two listed authors,
has an analogue in a wide range of other Cuntz—Pimsner algebras. To illustrate this
structure, and where it appears, we produce an unbounded representative of the defining
extension of the Cuntz—Pimsner algebra constructed from a finitely generated projective
bi-Hilbertian module, extending work by the third listed author with Robertson and Sims.
As an application, our construction yields new spectral triples for Cuntz and Cuntz—
Krieger algebras and for Cuntz—Pimsner algebras associated to vector bundles twisted by
an equicontinuous *-automorphism.
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1. Introduction

In this paper we study the non-commutative geometry of Cuntz—Pimsner algebras. The
end product is an unbounded Kasparov module representing the defining extension which
reflects the dynamics encoded in the Cuntz—Pimsner algebra. In addition to the important



2 M. Goffeng et al

examples of Cuntz—Krieger algebras which arise from subshifts of finite type, Cuntz—
Pimsner algebras also include crossed products by Z, topological graph algebras and Exel
crossed products.

Pimsner’s construction [19] associates to a given bimodule E (or C*-correspondence)
over a C*-algebra A a new C*-algebra O, which is to be viewed as the crossed product
of A by E. This viewpoint is in line with the idea that an A-bimodule E is a generalization
of the notion of *-endomorphism, and a *-endomorphism of a commutative C*-algebra
corresponds to a continuous map of the underlying space. As such, bimodules can be
viewed as discrete-time dynamical systems over A. See [9] for a detailed discussion
supporting this point of view.

By construction, the Cuntz—Pimsner algebra Of associated with a finitely generated
projective Hilbert-bimodule E over a C*-algebra A is the quotient in its Toeplitz extension,
a short exact sequence of C*-algebras

0— KaA(Fg) = Tg — Og — 0. (1.1)

We call the extension (1.1) the defining extension of Of. Here T is the algebra of Toeplitz
operators on the Fock module Fr. The C*-algebra K4 (FEg) of A-compact operators
is Morita equivalent to A. For A nuclear, the extension (1.1) is semisplit and defines
a distinguished class [ext] € KK ! (OE, A); see [15]. Pimsner showed that the Toeplitz
algebra 7 is KK-equivalent to A, and six-term exact sequences relate the K -theory and
K -homology of Of with that of A through the Pimsner sequence (see [19, Theorem 4.8]).

The class of the defining extension [ext] of finitely generated projective bi-Hilbertian
modules satisfying an additional technical requirement was represented by a Kasparov
module in [22]. The work in [22] gives a starting point for studying the non-commutative
geometry of the corresponding Cuntz—Pimsner algebras, i.e. their spectral triples or more
generally unbounded Kasparov modules [2].

A detailed study of the non-commutative geometry of Cuntz—Krieger algebras Oy4
associated to a {0, 1} matrix A was presented in [12]. Using the groupoid model for these
algebras, a new ingredient in the form of a function on the groupoid was introduced and
used to construct unbounded Kasparov modules. In the present paper we utilize the fact
that Cuntz—Krieger algebras admit a Cuntz—Pimsner model over the commutative algebra
C(24), where Q24 is the underlying subshift of finite type (see [9, 23]) to emulate the
ideas in [12] for a wider class of Cuntz—Pimsner algebras. In particular, we show that the
non-commutative geometries that were described in [12] in fact arise from the extension
(1.1) associated to this particular model. Thus, a key idea in this paper is to place the
construction for Cuntz—Krieger algebras in [12] into the framework for Cuntz—Pimsner
algebras of [22].

Algebras that model discrete-time dynamical systems quite generally carry a dual circle
action. The case of bimodule dynamics is no different, and every Cuntz—Pimsner algebra
carries a canonical circle action inducing a Z-grading. While the Pimsner sequence in
KK-theory relates KK-groups of Of with the KK-groups of A, the Pimsner—Voiculescu
sequence in KK-theory relates KK-groups of Of with those of the core Cg (the fixed
point algebra for the circle action). The literature has mostly focussed on Kasparov cycles
associated with the core [4, 6, 11]. In fact, if we consider the Cg correspondence E ® 4 Cg
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we find that Ofgg ¢, = OF, so that
O - ICCE(FE(X)ACE) - 7—E®ACE - OE - O (12)

is exact [19]. The unbounded model for the Kasparov class of the exact sequence (1.2)
is well understood under mild technical assumptions (the spectral subspace condition [4])
and arises from the number operator constructed from the grading. See the discussion
in Remark 2.2 below. The case of Cuntz—Krieger algebras, and in particular the results of
[12, §3.4], show that it is impossible to describe non-trivial classes in K L©y) as Kasparov
products of the extension (1.2) with classes in K 0(Cy) by general methods. In contrast,
in Theorem 3.25 of the present paper we show that the surjective map K°(C(Q24)) —
K! (Oa) constructed in [12, Theorem 5.2.3 and Remark 5.2.6] is in fact the boundary map
in the Pimsner sequence arising from the model of Oa as a Cuntz—Pimsner algebra over
C(2a). This shows that the exact sequences associated to the two extensions (1.1) and
(1.2) behave very differently.

Our method employs a refined aspect of the dynamics, arising as part of the data of
shift—tail equivalence in the Cuntz—Krieger case, and gives further grading information
needed to assemble an unbounded Kasparov module splitting the extension (1.1) and
representing the class [ext] € KK!'(Og, A). This grading is defined on an important
module constructed from the algebra Of in [22]. The technical novelty of this paper
is that of a depth-kore operatort. The depth-kore operator « detects ‘depth’ relative to
the inductive limit structure of the core and provides the missing piece when assembling a
Dirac operator from the number operator associated with the circle action.

The technical setup for this paper is a finitely generated projective bi-Hilbertian
bimodule E over a unital C*-algebra A. That is, E is equipped with left and right A-
valued inner products 4 (+|-), (+|-) 4 both making E full, and for which the respective actions
are injective and adjointable, see [13]. We place additional technical assumptions on E
involving the asymptotic properties of the Jones—Watatani indices of the tensor powers
E®4k (see Assumption 1 in §2.2 and Assumption 2 in §3.2). These assumptions are
satisfied in a large class of examples, with no known counter-examples at the present
time. The examples for which the assumptions have been verified include Cuntz—Krieger
algebras in the model over the one-sided shift space, crossed products by Z and graph
C*-algebras of primitive graphs.

We let O denote the Cuntz—Pimsner algebra constructed from E, & : Op — A
the conditional expectation constructed in [22] assuming Assumption 1 and E,4 the
completion of Of as an A-Hilbert module in the conditional expectation ®,. Under
the Assumptions 1 and 2, we prove the following theorem. It appears as Theorem 3.19
below.

THEOREM 1. The (Of, A)-bimodule E 4 decomposes as a direct sum of finitely generated
projective A-modules:
1=D

r=zn

[1]
(1]

n,r
A -

T Kore is not only phonologically the same as core, as in gauge fixed point subalgebra, but also another name for
Persephone—queen of the Underworld.
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Here B = P, ,E4 for n €Z, r €N and a projection P,,= Py, = Pnz’r e KCA(BL).
The number operator ¢ := Zn’r n Py, , and the depth-kore operator k := Z,”(r —n)Py,
define self-adjoint regular operators on E 4 that commute on the common core given by
the algebraic direct sum. The operator

n, k=0,

Di=(c, k) = Z Vv, r—n)Py,, Y(n k)= { —(k+ |n|)  otherwise

makes (Og, B4, D) into an unbounded Kasparov module representing the class of the
Toeplitz extension [ext] € KK' (O, A).

The number operator ¢ and the depth-kore operator « are both canonically constructed
from E. There is however some freedom when choosing . This is discussed further in
Remarks 3.16 and 3.20. The cycle in Theorem 1 recovers the well-known number operator
construction when E is a self-Morita equivalence bimodule or SMEB (see Proposition 3.24
in §3.5.1), as well as the construction for Cuntz—Krieger algebras in [12], viewed as Cuntz—
Pimsner algebras over the maximal abelian subalgebra coming from a subshift of finite
type (§3.5.2). Theorem 1 sheds new light on some of the results obtained in [12].

An application of Theorem 1 is the following construction of a spectral triple for the
Cuntz-Pimsner algebra of a vector bundle. Such C*-algebras were previously considered
in [8, 24]. Let V — M be a complex vector bundle on a Riemannian manifold M and
a:C(M)— C(M) a %-automorphism induced from an isometric C!-diffeomorphism.
We define o E := I'(M, V) with the ordinary right C (M)-action and the left C (M )-action
defined from o« and denote the associated Cuntz—Pimsner algebra by O, g.

Consider a Dirac-type operator /) on a Clifford bundle S — M and the Hilbert space
H :=oEcm) ®cmy L*>(M, S). The operator D appearing in Theorem 1 and the Dirac-
type operator I} can be assembled to form a self-adjoint operator Dg on H. For more
details regarding the construction, see §4, in particular Lemma 4.2. The following result
appears as Theorem 4.3 below.

THEOREM 2. The triple (O g, H, DE) is a spectral triple for the Cuntz—Pimsner algebra
O, E representing the Kasparov product of the class of

0— Keany(Fue) = T,e —> Oyg — 0
in KK! (O, g, C(M)) with [P] € KK*(C(M), C).

In fact, the theorem remains true for ‘almost isometries’, namely C!-diffeomorphisms
inducing automorphisms « such that sup, ||[ D, ak(f)]|| < oo for each f € CL(M): see
Proposition 4.8. Spectral triples on the crossed product C (M) x Z of an equicontinuous
action, as studied in [3], arise as a special case.

The contents of the paper are as follows. In §2, we recall the setup of [22]. In particular,
we recall the construction of the operator-valued weight &, : O — A used to define
the module 24 of Theorem 1. After recalling the motivating example of Cuntz—Krieger
algebras (from [12]) in §3.1, we proceed in §3 to construct the orthogonal decomposition
of B4 (§3.2), the depth-kore operator ¥ and the unbounded cycle (§3.4) appearing in
Theorem 1.
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In §3.5, we provide examples in the form of the above-mentioned SMEBs and Cuntz—
Krieger algebras. For the latter we use the construction of the Cuntz—Pimsner algebra of a
local homeomorphism from [9]. This clarifies some K -theoretic statements proved in [12].
In §3.5.3, we compare the dynamical approach for the Cuntz algebra Oy with the model
using the coefficient algebra C (the graph C*-algebra approach). Finally, in §4, we prove
Theorem 2.

2. The Kasparov module representing the extension class

In this section, we will recall the basic setup of [22]. We have a unital separable C*-algebra
A, and a bi-Hilbertian bimodule E over A which is finitely generated and projective for
both the right and left module structures. This means that E is a bimodule over A, carries
both left and right A-valued inner products 4(:|-), (-|-) 4 for each of which E is full, and
for which the respective actions are injective and adjointable. The two inner products
automatically yield equivalent norms (see, for instance, [22, Lemma 2.2]). We write 4 E
for E when we wish to emphasize its left module structure and E 4 for E when emphasizing
the right module structure.

2.1. Cuntz—Pimsner algebras. Regarding E as a right module with a left A-action (a
correspondence), we can construct the Cuntz—Pimsner algebra Of. This we do concretely
in the Fock representation. The algebraic Fock space is the algebraic direct sum

alg alg
alg ®ak _ ®k _ ®2
Fi=PE=PE*=A0E0E"a.
k>0 k>0

where the copy of A is the trivial A-correspondence. The Fock space F is the completion
of ]_-zlg as an A-Hilbert module. For v € }-zlg’ we define the creation operator 7, by the
formula

Tve1® - Qe)=vQe1 ® - Qe.

The expression T, extends to an adjointable operator on Fg. The C*-algebra generated
by the set of creation operators {7, : v € ]—'zlg } is the Toeplitz—Pimsner algebra Tg. It
is straightforward to show that 7g contains the compact endomorphisms K4 (FEg) as an
ideal. The defining extension for the Cuntz—Pimsner algebra Of is the following short
exact sequence:

0— KaA(Fg) > Tg — Og — 0. 2.1

Forv e ]-'zlg, we let S, denote the class of 7, in Of. If v € E®% we write |v]| := k. We
note that Pimsner’s general construction [19] uses an ideal that in general is larger than
KA(FEg). In our case, A acts from the left on E4 by compact endomorphisms, ensuring
that Pimsner’s ideal coincides with K4 (FEg).

Remark 2.1. The Fock module FF is not to be confused with the Fock space defined in the
context of Cuntz—Krieger algebras and used by Kaminker—Putnam [14]. The constructions
in [14] are related to KK-theoretic duality, whereas our aim is to represent a specific
extension class by an unbounded cycle.
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Remark 2.2. The formula z - SVSZ = z'”"“"S,,Sl’j extends to a U (1)-action on Of [19].
We denote the fixed point algebra for this action by Cg. The formula p(x) := |, v X dz
(where dz denotes the normalized Haar measure on U (1)) defines a conditional expectation
p: O — Cg. The generator of the circle action defines a closed operator N on the
completion X¢, of O as a Cg-Hilbert module in the inner product defined from p. Under
the spectral subspace assumption (see [4, Definition 2.2]), N is a self-adjoint, regular
operator with compact resolvent whose commutators with {S, : v € }'Zlg} are bounded. In
particular, (O, X¢,, N) defines an unbounded (O, Cg)-Kasparov module.

There is an equality Cg = A if and only if E can be given a left inner product making
it an SMEB [16, Proposition 5.18]. SMEBs are considered further in Example 2.12. This
case has been studied in [22] as well as in [11]. In general, Cg is substantially larger
than A and the generator of the circle action is insufficient for constructing an unbounded
(Og, A)-Kasparov module.

Example 2.3. (Local homeomorphisms) Let g : V — V be a local homeomorphism of a
compact space V. Associated with g, there is a transfer operator

L:C(V)>C(V), LHE):= Y. fO.
g(y)=x

We can define a bimodule structure £ = jgC(V)g+ on C(V) by

(afb)(x) =a(x) f(x)b(g(x)), a,beC(V), feE.

The two inner products on E are given by

(AlRew) =L(fif) and cw)(filf) = fife.

For more details, see [9]. As a source of examples, we will mainly be concerned with a
special case: the shift mapping on a subshift of finite type. The reason for this is that the
associated Cuntz—Pimsner algebra is a Cuntz—Krieger algebra, and as such it also admits a
model as a Cuntz—Pimsner algebra over a finite-dimensional C*-algebra. This will allow
us to compare and contrast our techniques relative to the choice of Cuntz—Pimsner model
rather than the isomorphism class of the Cuntz—Pimsner algebra.

Example 2.4. (Graph C*-algebras) Let G = (G°, G', r, d) be a finite directed graph. We
consider the finite-dimensional algebra A = C(GY) and the A-bimodule E = C(G') with
the bimodule structure

(afb)(g) =a(r(g)) f(g)b(d(g)), a,beA, fekE.

For e, f € E, the inner products are defined by
(elf)aw):= Y e(®)f(e) and alelHW):= Y  e(@)f(g).
s(g)=v r(g)=v

The associated Cuntz—Pimsner algebra coincides with the graph C*-algebra C*(G); see
[19, Example 2, p. 193].
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Example 2.5. (Cuntz—Krieger algebras) Assume that A := (a; j)f\f =1 isan N x N matrix
of 0’s and 1’s. We let O4 denote the associated Cuntz—Krieger algebra [7]. If A is the
edge adjacency matrix of a finite directed graph G, then O4 = C*(G). On the other hand,
letting (24, o) denote the associated one-sided subshift of finite type, O 4 coincides with
the Cuntz—Pimsner algebra associated with the local homeomorphism ¢ as in Example 2.3.
Yet another description is in terms of groupoids; O4 is isomorphic to the groupoid C*-
algebra of the groupoid

Ra:={(x,n,y)e Q4 xZ x Q4 : Ik >max{0, —n} with " *(x) = ¥ (y)} = Q4.
(2.2)
That is, R 4 consists of shift—tail equivalent pairs of points with a prescribed lag. The set
R 4 becomes a groupoid for the operation (x, n, y)(y, m, z) = (x, n + m, z) and can be
equipped with an étale topology (see [20, 21]).

A Cuntz—Krieger algebra O4 also has a graph C*-algebra model. However, we use
the convention that whenever referring to a Cuntz—Krieger algebra as a Cuntz—Pimsner
algebra we mean its model over C(£24). We distinguish it from its Cuntz—Pimsner model
as a graph C*-algebra.

2.2. The conditional expectation. A Kasparov module representing the class of the
extension (2.1) was constructed in [22]. Here we recall the salient points. For x and y
in a right Hilbert module, we denote the associated rank-one operator by Oy y := x(y, -).
We choose a frame (e,o)g=1 for E4. By a frame, we mean

N
> Ocpe, =1dg.
p=1

The frame (ep)g: | induces a frame for £ &k namely (e,)|p|=k, Where p is a multi-index
ande, =¢, ®---Qep,.

We use ideas from [13] to define an A-bilinear functional ®, : O — A. The details
of this construction can be found in [22, §3.2]. This functional will furnish us with an
A-valued inner product on Of. We define

Dy :End"/;(E®k) — A, O (T)= Z a(Teplep).
lpl=k
Here we use the notation End’ (E ®kY for the C*-algebra of A-linear adjointable operators
on E®F_ 1t follows from [13, Lemma 2.16] that ®; does not depend on the choice of frame.
We write efk := &y (Id gek). Since @y is independent of the choice of frame, so is ePr. Note
that e is a positive, central, invertible element of A. Therefore, B is a well-defined self-
adjoint central element in A. We extend the functional ®; to a mapping End’ (Fg) — A
by compressing along the orthogonally complemented submodule E®* C Fp.
Naively, we would like to define

O oo (T) =" kllngo @ (T)e Px  for suitable T € End*, (F). (2.3)

Indeed, ®(T)e P+ is easily shown to be bounded and some ‘generalized limit’ might
exist. In general, we cannot employ the theory of generalized limits as @, is not scalar
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valued. Following [22], we work under the following assumption guaranteeing that the
limit exists for 7 in a dense subspace of Tg.

Assumption 1. We assume that for every k € N, there is a § > 0 such that whenever v €
E® there exists a b € E® satisfying

le Prvefrt —5l=0(m™?%) asn— .

Example 2.6. (Assumption 1 and graph C*-algebras) Assumption 1 is non-trivial for
graph C*-algebras. It was verified in [22, Example 3.8] that a graph C*-algebra with
primitive vertex adjacency matrix satisfies Assumption 1. The Jones—Watatani indices of
a graph C*-algebra were computed in [22, Example 3.8] by means of its vertex adjacency
matrix A, as

= >" Al w)s, € A=C(G").

v,weGo

If G is the graph with N edges on one vertex, C*(G) = Oy and ePe = N¥. Ttis an open
problem to determine if all graph C*-algebras satisfy Assumption 1.

Example 2.7. (Assumption 1 for Cuntz—Krieger algebras) Let us verify Assumption 1 for
Cuntz—Krieger algebras in the Cuntz—Pimsner model over C(£24) for an N x N matrix
A. We will choose a frame for E =igC(24))* as follows. A left frame is given by
the constant function 1 € E. To construct a right frame, choose a covering (U j)§’1= | such
thato|:U; — o(Uj)isa homeomorphism We also pick a subordinate partition of unity
(XZ)M | (i.e. supp(x;) € Uj and Z Xj = 1). For instance, with M = N the cylinder sets

Uj:={x=xox1x2---€Q4: x0=j}

will form a clopen cover and x? i = xu; is a subordinate partition of unity. We claim that
ej := x; defines a right frame. Indeed, for any f € E, the following identity holds:

[Z Xj (X, |f)cmA>}(x) = Z XL HEEN =Y D @XM

J o(y)=0(x)

= Z X f() = ),
J

where in the second last step we used the fact that o is injective on U;. For a multi-index
p of length r, we use the notation

-
Xp @) =[] %, (07" x).
j=1
A simple computation gives

M
=3 xp= H(Zx,%(a“(x)))=1.

lpl=k k=1
Therefore, Br = 0 for Cuntz—Krieger algebras and Assumption 1 is satisfied. We remark at
this point that the Jones—Watatani index is associated to the module and not the Cuntz—
Pimsner algebra constructed from the module. For a Cuntz—Krieger algebra, we see
enormous differences between the model over C(£24) and the model as a graph C*-
algebra.
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We assume that Assumption 1 holds for the remainder of the paper.

In [22], the reader can find further examples of Cuntz—Pimsner algebras for which
Assumption 1 holds. There are no known examples for which Assumption 1 does not
hold. When Assumption 1 holds, [22, Proposition 3.5] guarantees that the expression in
equation (2.3) is well defined on the x-algebra generated by the set of creation operators
{T,:ve f-j}lg}. Indeed, we can under Assumption 1 compute @, on the x-algebra

generated by {7}, : v € ]-'zlg}.

I,
LEMMA 2.8. For homogeneous elements (1, v € f;g, we have

Boo (T, TF) = lim 4 (ule Prveliivn), (2.4)
k— 00
In particular, if T is homogeneous of degree n, |n| > 0, then ®(T) =0.

Proof. 1t is proved in [22, Lemma 3.2] that for homogeneous u, v € ]-'zlg, we have
(T, Ty) = a(ulvefii)

whenever k > || = |v|. Therefore, assuming Assumption 1, we have

Poo(T T7) = lim (T, T1)e™ = lim 4 (ujvefi e = lim a(ule™ P vefi).

Now if T is of degree n, |n| >0, then T is a linear combination of elements of the
form T, T,} with || # |v| and therefore A(ule=PrvePi-ivly = 0 for all k, giving the desired
statement. O

By a positivity argument, the mapping @ is continuous in the C*-norm on the
x-algebra generated by {7, : v e ]-'21 £1. We extend by continuity to obtain a unital
positive A-bilinear functional ®, : Tr — A. The functional @, annihilates the compact
endomorphisms, and descends to a well-defined functional on the Cuntz—Pimsner algebra
Ofg. By an abuse of notation, we also denote this functional by &, : O — A. The reader
is referred to [22], and in particular [22, Proposition 3.5], for further details on ®,. Since
@ and e+ do not depend on the choice of frame, neither does ® .

In examples, the conditional expectation is computable. For instance, it was proven in
[22, Example 3.6] that for the graph G with N edges on one vertex, so A = C and E = CV,
with C*(G) = Of being the Cuntz algebra Oy, ®, coincides with the unique KMS state
for the gauge action on Oy, so

Do (8,8%) =8, , N~ IM. (2.5)
For a Cuntz—Krieger algebra, we can also compute ® .

Convention. Given a simple tensor v € F alg, withv =1 ® 1 ® - - - ® Vg, we will write
v=vo with v=1Q®--- Qv and V=v,,,41 ® - - - ® v, where m < k will either be
clear from context or specified.

LEMMA 2.9. Let A denote an N x N matrix of 0’s and 1’s, R s the associated groupoid
as in equation (2.2) and o : C*(R4) — C(R4) the conditional expectation associated
with the Cuntz—Pimsner model. For f € C.(R4), we have

Poo (/) (x) = f(x, 0, x).
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Proof. Tt suffices to prove that for f,, , € C.(R4) defined from an element S, S;;, where
W, Ve E® the identity @4 (S,S;)(x) = fy,»(x, 0, x) holds whenever k > [. We note that

al
for general homogeneous ., v € fgg,

pE)V*(y), ifn=|u| = [v]and o' (x) = o (y),

f s ()C, n, y) =
ey 0 otherwise.

Here we are using the fact that E®¥ = C(Q4) as linear spaces for any k to identify x and
v with functions. We denote the conjugate function by v* to avoid notational ambiguity
later. Let (e j)g”: | denote the frame from Example 2.7, associated with a partition of unity
subordinate to the cover (U;) ?”z 1~ Note that for p = (o1, 02, . . ., pr), we identify e, with
the function

ep(x) = xp(x).

We write
(S = D cian i ® (lep)c@yenles).
lpl=k

where |p| =1 = |v|. After some short computations, we see that

[ Z c@)(t® (V|ep)C(QA)ep|ep)](x)

lpl=k
=Y @ x 10" () xp(o (1)) xp (x)

lol=k

=Y @ x)e (@) xa (0! (@), (x)
lpl=k

=Y Y mEV XM xae! (), ()
lpl=k ol (x)=0!(y)

= D pEWFE)Xx) = p)v*(x) = fuu(x, 0, x).
lol=k

We used the injectivity of o on U; in the third equality. O

2.3. A bounded Kasparov module for [ext]. We equip O with the A-valued inner
product
(S1182) 4 := Po(S7S2),  S1, $2 € OF.

Completing O modulo the vectors of zero length (with respect to ®,) yields a right
A-Hilbert C*-module that we denote by E4. The module E4 carries a left action of O
given by extending the multiplication action of Of on itself.

Example 2.10. For a Cuntz—Krieger algebra defined from the N x N matrix A, Ec(qy)
coincides with the left regular representation L*(R A)c(qyu) of the groupoid model 04 =
C*(R4) by Lemma 2.9.

By considering the linear span of the image of the generators S,, v € F(P‘}lg , inside the
module 4, we obtain an isometrically embedded copy of the Fock space Fg. This fact
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follows from the identity S, S, = (1[v)4 in Og. We let Q be the projection on this copy
of the Fock space.

THEOREM 2.11. [22, Proposition 3.14] The tuple (Of, E4, 20 — 1) is an odd Kasparov
module representing the class of the extension [ext] defined in (2.1).

Example 2.12. A self-Morita equivalence bimodule (SMEB) E is a bimodule over A as
above whose left and right inner products satisfy the compatibility condition

nEma=a(ulé)n forallu, & nek.

Equivalently, E is equipped with a right inner product and there is an isomorphism
A = K A(E) defining the left inner product. In particular, E defines a Morita equivalence
A~y A. When E is a SMEB, @, : O — A coincides with the expectation p : O —
Cg discussed in Remark 2.2. Therefore,

-
nez

where E®InD — F&I" 1 general the module E 4 is more complicated, and this fact will

be captured by the depth-kore operator « (see below in §3.4).

For p, v e fz}g, we denote the image of the generator S, S} € Of in the module E 4
by [S.S;]1= W, .. Denote by E% the completion of the fixed point algebra Cg in the inner
product defined by the restriction of ®,. For n € Z, we let E”; denote the closed linear
span of {W,, ,, : || — |[v| =n} inside B 4.

LEMMA 2.13. Recall the unbounded Kasparov module (O, X¢,, N) from Remark 2.2.
The right A-module B 4 decomposes as a tensor product
24 = Xc, ®c, 2.

Consequently, for z € U(1), the prescription U, W, , = Zl"I_MWM,v defines a U(1)-

action on E4. The associated projections W, : E4 — B, onto the spectral subspaces

are adjointable and there is a direct sum decomposition

=~ =n
C‘A=®DA-

nez

Proof. Because the multiplication map Of ®¥8 Cr — Of has dense range in Of, we
only have to verify that the inner products coincide under this map. This follows by
computing, for |u;| = |v;i|, i =1, 2,
<S"‘IS;1 ® SﬂlS\fl’ Sty SEz ® SMZS:;)OZ@cE g9

= Doo(Sy, S}, 0(Sp, S, SQZSZZ)SMSITZ)

= Slar| =181 1 leal ~ 162l Poo (Suy Sy, Sy Sty Serr Spy Syia S,

= (Say Sh, Spuy Sy, 1Sy Sy Sun Sy 4
by Lemma 2.8. The statements on the U (1)-action and adjointability of the projections W,
now follow immediately. O
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3. An unbounded representative of the extension class

In this section, we will use ideas from [12] to define an unbounded operator on the module
E4. The issues of self-adjointness and regularity will be rendered trivial by defining our
operator in diagonal form. This relies on having an orthogonal decomposition of our
module into finitely generated projective submodules.

3.1. Brief review of the construction for Cuntz—Krieger algebras. ~ Before going into the
general construction, let us briefly recall how the orthogonal decomposition into finitely
generated projective submodules is constructed for Cuntz—Krieger algebras. This example
is explained in detail in [12]. The precise relation to the general construction appearing
below in §3.2 can be found in §3.3. The Cuntz—Krieger algebras are Cuntz—Pimsner
algebras, but the structure in which said decomposition becomes more transparent is in
the picture using the shift—tail equivalence groupoid R 4, defined in equation (2.2). To
decompose the left regular representation L?(R A)c(q,) into finitely generated projective
submodules, both of the parameters n and k have to be taken into account. For k >
max{0, —n}, we define the compact sets

RS ={(x, n, y) e Ra : 6" (x) = 6% (y) and
k = max{0, —n} or " ¥~ (x) £ ¥ (y)}. (3.1)

The modules C (R’A’k) are finitely generated projective C(24)-modules, and
@n,k C(R’/;’k) C C.(R4) gives a dense C(24)-submodule of O4. These modules are
orthogonal for the canonical C(24)-valued inner product on O4 (for support reasons).
The depth-kore operator k we seek should mimic the multiplication operator by the
function k4 € C(R4) defined by

K4 (x, n, y) :=min{k > max{0, —n} : " ¥ (x) = o* (y)}. (3.2)

The function k4 supplements the cocycle ¢ defined by c(x, n, y) =n to provide the
orthogonal decomposition of Lz(RA)C(QA) via R’:{k =c )N K;] (k). We now turn
to the case of more general Cuntz—Pimsner algebras and return to this example in §3.3.

3.2. Anorthogonal decomposition.  To construct a self-adjoint regular operator, we first
analyse the structure of the module E4. More precisely, we will construct a densely
defined operator « that tames the wild structure of F fs‘ C Ea.

Remark 3.1. Further motivation for the construction below can be found when comparing
to the SMEB case (cf. [22, Theorem 3.1] and Example 2.12). The negative spectral
subspace of E4 for the number operator in the SMEB case is given by the direct sum of all
powers of E. The right module structure on E comes from the left module structure on E.
For a SMEB, the change of module structure from E ®k 1o f®k is harmless, as the left and
right module structures are closely related. In the general case, the two module structures
are in principle (and in practice) quite different. Therefore, when mapping powers of E
into 24 by e — S, orthogonality is not preserved and no isometric property holds.

To construct x, we will add an additional assumption regarding the fine structure of
the operation v +— ¥ in Assumption 1. Under Assumption 1, we can define the operator



Shift—tail equivalence and the Cuntz—Pimsner extension 13

qi : E®F — E®k by

qev =D = lim e Pryefrr,
n—o00

The map Z(A) ® Z(A%) — End’(ES¥) NEnd’(AE®X) defined by (a1 ® a;")e =
ajear is an injective x-homomorphism into the algebra of left and right adjointable
operators on E®_ In view of this, the definition of q; immediately yields the following.

LEMMA 3.2. The operator qi : E®% — E®* does not depend on the choice of frame.

Moreover, qy is adjointable and positive with respect to both left and right inner products,
and in particular qy € Z(A) ® Z(A%®) C End’, (E§¥) N End’; (4 E®F).

Proof. The operator ®; and the element efx = & (1) are independent of choice of frame,
so therefore gy is independent of choice of frame. The fact that q; is adjointable follows
from the adjointability of the left and right actions of A, and the centrality of e®”. For
instance, when p, v € E®,

AOlge) = lim 4(vle Prpefri) = lim 4 (vefrt|pu)eFr
n—>oo n—0o0
= lim e P (vefr*|pu) = lim 4(e Prvefr+|n)
n—oo n—oo
= A(qev|p),

and the proof for the right inner product is similar. That q; € Z(A) ® Z(A°P) and is
positive is because it is the limit of positive operators in Z(A) ® Z(A°P). O

In addition to the fact that q; is a bimodule morphism, the q; are multiplicative in the
following sense. For i € E®", v € E®*,

qm+k(V ® H/) = lim C_ﬂ"]) X ’u)eﬂnfm—k
n—>0o0o

= lim efﬂn ve/gnfk ® eflgnfku/eﬂnfkfm — Clk(v) ® Om (M) (33)

n—oo

The conditional expectation @ applied to g in the tensor power E®¥ can be computed to
be 1 A-

Oiaklgar) = ) aldreplep) =lim Y alePrepefle,)
lpl=k lol=k

=lim Y e Prale, Qesle, ®es) =14 (3.4)
lol=k.lo |=n—k

Regardless of all these properties, we need to impose a further technical requirement on
the operators qi. To describe them better, we first prove a structural result of g assuming
that q; has closed range. Given an A-bimodule E and ¢ € Z(A), we say that c is central
for the bimodule structure if for all e € E the equality ce = ec holdsT.

LEMMA 3.3. Assume that the range of q is closed. Then qi has closed range for any k.
Consequently, there is an A-bilinear projection Py, on E®* such that q is invertible on the
range of Py and qx = qi Px. Furthermore:

T Note that a central element in A need not be central for the bimodule structure, e.g. in Example 2.3, a € C(V)
is central for the bimodule if and only if a 0 g = a.
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(a) if there exists cx € A such that cx Py = qi Py, then ¢y = & (Py)~ Y is invertible and
central in A;

(b) if c1 is given by left multiplication by an element in A which is central for the
bimodule structure, then cy is given by left multiplication by the central invertible
element c'l‘ € A for all k.

Proof. The assumption that q; has closed range guarantees that the range is
complemented, and E =ker(q;) ® im(qy) with M :=q; E a sub-bimodule. We let P;
denote the projection onto M, so P; commutes with A. An easy induction using equation
(3.3) shows that qi E®X = M®K. Since P; is also a bimodule map, the projection onto
M®* s easily seentobe P, = P1 ® P1 ® - - - ® P;, and P, commutes with A as well.

By definition, Pxqx = qx and thus q; = qi Px by taking adjoints. Moreover, from the
decomposition ker(qx) @ im (qx), we see that g is injective on im Py. It is surjective for
if x = Py y then there exists z such that x = Py = qxz = q Px2.

If there exists cx € A whose compression with Py coincides with qg, that is, qx =
Prcy P, = ci Py, then 14 = ¢ @i (Py), so D (Py) is invertible in A and ¢x = CDk(Pk)_l.
Moreover, q; commutes with both actions of A, so ¢k is central in A. This proves (a).

If ¢ is given by left multiplication by a, necessarily central, element in A, then ¢; =
(o} (Pl)_l. The assumption that c; is central for the bimodule structure, along with the
fact that q and P; are bimodule maps, gives

qr=ccPr=q1 ®~--®q1:c1P1®---®c1P1:c/1‘P1®---®P1 =lePk-
This proves (b). O

Remark 3.4. If we can write qx = cx Px = Prcy for an A-bilinear projection Py on E ®k
and a central invertible element c; € A, then it trivially holds that q has closed range.

Assumption 2. For any k, we can write qx = cx Py = Pxcy, where Py € Endj(E®k) isa
projection and ¢y is given by left multiplication by an element in A.

Remark 3.5. Tt follows from Lemma 3.3 that if a decomposition q; = ci Py of the kind in
Assumption 2 exists, it is unique and of a very specific form. Indeed, each ¢ is central in A,
invertible and ¢; = ®x(Py)~!. Lemma 3.3 allows one to check Assumption 2 in practice.
A sufficient condition for Assumption 2 to hold is that q; is closed with decomposition
q1 = c1 P for an element c; € A which is central for the bimodule structure on E. For
instance, if B; is central for the bimodule structure on E, ¢x = e B = e~kP1 is central for
the bimodule structure on E and P, = Idge«. We remark that it is unclear if the property
c1 € A suffices to guarantee that Assumption 2 holds.

Example 3.6. Graph C*-algebras defined from a primitive graph satisfy Assumption 2 by
[22, equation (3.7)]. Cuntz—Krieger algebras trivially satisfy Assumption 2 because ; =0
for all k in this case and q; = Id e« (see Example 2.7).

We assume that Assumption 2 holds for the remainder of the paper.

To simplify notation, we write P =), Py interpreted as a strict sum. We also write
q = By qx, which we interpret as a densely defined operator with domain }'“Z} £ We can
now turn to generating the direct sum decomposition of E4. We recall the notation W,, ,,
for the class of S, S in E4.
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1 -
LEMMA 3.7. For all homogeneous |, v € f;g, Wyv =W, pyin Ex.

Proof. We compute the module norm of the difference of [S,S;]= W, , and [S, S} 1=
W, pv and show that it is zero. Write k := |v|. Using equation (2.4) and the definition of
qx, we have
Wyw = WupvlWuy — Wy pv)a
= Qoo (Su (1) aSy — Spo (1) aSy — Su(ilw) aSp, + Spv (il aSp,)
= Al alqrv) — a(Pv(plp) alqev)

—aulw)ala Pv) + a(Pv(plp) alqr Pv) = 0. O
The next result shows that if {e1, e, ..., ex} is a frame for E as a right module, then
{Pxep)|p|=k is a frame for M®* = P, E®K and similarly for left frames { f1, f2, ..., fu}.

We just state the result for the left frame, as this is all we will require below.

LEMMA 3.8. Let fi,..., fu be a frame for the left module AE. Then with Pf, =
Pifp ® - ® Py f, we have forall u € E®*,

Do AWIPf) fo=Pu="Y " a(Pulf)fr=D a@lf)Pfr=Y a(ulPf,)Pf,.
lol=k lol=k lol=k lol=k 3.5)

Proof. We use Lemma 3.2 to compute
AP fo= Y a(Pulfo)f,=Pu,
lol=k lol=k

since { f,,} is a frame for £ ®k_ Finally,

Pu= P(Z A<u|fp>fp) = > aulfo) Pty
lol=k lol=k
since P is a bimodule map. Applying this identity to P(Pu) = Pu gives the last
expression. O

We want to build a frame for the module E 4. First, we identify the rank-one operators
we need. Recall the notational convention for simple tensors on page 9. We start with the
main computational step.

1 . S .
LEMMA 3.9. For u,v e ]-'zg, write n = || — |v|. For multi-indices p, o with |p| =
r, |o| =r — n, we have the following identities:

Wep APy a(@vlm) (le,)al Pfo) Pfos T = 114,
We, a(P(ilep) aep) | Pfo) Pfo r>ul.
(3.6)

W _ip

* Y
el P, CDOO(SC‘_U"/sz;, Se,,SMSu) =

Proof. We first treat the case r < || and compute
* *\ QX
We,,,c;,l‘/sz(, q)""(scﬁ/sza Sep SuSH) = Wep,c‘;l‘/sz(, @oo(Scl;l‘/sza (eplp)aSzSy)

= Wep. 2o oo (Sect b, eyl Sy



16 M. Goffeng et al

= lim We,,py, a(cg) Pfo(ep|p)ale”Pvefioi)
k— 00 =
by equation (2.4)
= We,,,Pf(,A(PfU (e,o|ﬁ)Aﬁ|C‘;]| qv)
= Wep,a(Pv a(qvim)(plep) alPfo) Pfo -

For r > ||, we can do a similar calculation:

Wep,C‘;VZPfo (boo(SC‘;l‘/ZPfa S:p SILSIT) = Wep»c‘;-1|/2PfU QJOO(SC‘;}/ZPfU S:ﬁ(eﬁlu)AS:‘)
=We,.Pfs cpoo(sc‘;“ Pf, Sj(l”eg)/\eﬁ)
= lim_ 4(cjy) Pfole™ v(nley) epe™ Py
(0.¢]
by equation (2.4)
= We,.pf, A(Pfs (sl A(Pfolcip|a(v(1tle,) aep))
= Wep, a(P(v(ulep)aep) | Pfo) Pfo>
establishing the desired formula. O

This puts us in a position to define the elements of the decomposing frame for the

module E4.

LEMMA 3.10. Forn € Z and r > max{0, n}, we define

Qn,r = Z ®W ~12 W _ip

/ ’ .
ep,c Pfo ep,c Pfo
lpl=lo|=n, |p|=r lel Il
We have the identity

Wi a@iqw).pvs 7 = lul,

Qn,rW/L,v = 8|,u|f|v|,n
WM,P\M r 2 |l‘l’|7

where || = r. In particular, Q. , does not depend on the choice of frames.

Proof. In the interests of avoiding at least one subscript, we write P generically for the
projection onto M®* = P, E®K and similarly q for qz. We have

Z ®Wep.c‘;l‘/2PfU ,Wfp’tﬂ,l‘/szo W/L,U
lpl—lo|=n, |p|=r
= |~ pvl.n Z Wep)cl;l‘/z,,fg <I>oo(SC‘;}/sza Se,SuSy)
lpl—lo|=n, |p|=r
Wep 4Py a(avim) (lep) al Pfo) Pfos T = |14]
= 8|ul—|vl.n Z by equation (3.6),

PIEITI= RIS We, s (PwulepaenPrPfrs T2 11,

We, (e, aaGriqm), Py, T = |p| by equation (3.5),
=Sjui—tuln Y, 4.

lol=r Wep’PV(M‘eﬂ)APeﬁ’ r=ul,
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Wiaiaw). Py, r < |u| where |u| =r,
= S|~ pvl.n
lp|=r Wep,Pv(Meg)APe;a r>ul,
_s WyaGlaqm.pvs 1 < || where [u| =T,
= Oul=vl,n -

[/L,PV’ "2|P«|

In the last step, we are using W, , = W, p, (see Lemma 3.7) to find that

Z We,.Pvule,) s Pey = Z We, v(ulep)aes = Z SepSe; Wo,v(ule,) a
lpl=r lpl=r lpl=r

= > We, v(ulep)a

lp|=Ipl
=) We,eoliyan = Wi
lp|=Ipl
= Wu,Pv-

Our computation of Q, W, , gives a result that does not depend on the choice of frame;
therefore, O, , does not depend on the choice of frame. O

With the collection of rank-one operators from Lemma 3.10 in hand, we can construct
our orthogonal decomposition.

PROPOSITION 3.11. For n € Z and r > max{0, n}, the operators Qn , from Lemma 3.10
have the strict limit

lim Q,,=WV,.

r—0o0

In particular, we have

00
Qn,max{O,n} + Z (Qn,r+1 - Qn,r) = “I"n,

r=max{0,n}
again strictly. Finally, the operators
P . — {Qn,r — Onyr—1, r>max{0, n},
" Qn,max{O,n}a r = max{0, n}

define a family of pairwise orthogonal finite rank projections which sum (strictly) to the
identity on B . The family of projections Py, , does not depend on the choice of frame.

Proof. 1t follows from Lemma 3.10 that each Q,, is bounded, self-adjoint and
idempotent, and thus || Q, || < 1. Since for r > || we have

Z ®Wep.c*l/2Pf,,’We W2p Wy =W Wy o,
lol=lol=n. lo|=r ! P
the strict convergence statements follow now because the sequence Q , is uniformly
bounded and the set (W, , : u, v € }"zlg } spans a dense submodule.
The second statement follows from the first by a telescoping argument. We are left
with the third statement, and we begin by showing that the P, , are in fact projections.
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Since P, , is a difference of self-adjoints, P, , is self-adjoint. As mentioned above, for
Py max{0,n) = Qn,o it follows directly from Lemma 3.10 that P, max(0,,) is idempotent. We
now turn to the generic case r > max{0, n}.

To reduce the number of subscripts, we drop the subscript on q. Using the computations
in Lemma 3.10, we have

Wﬁ,.HA(ﬁrHMWH)’ﬂrH - W&,A(ﬁr‘qv)’ﬁr’ lwl>r+1,
: Il <r,
(3.7)
where M, is the initial segment of length r, and " has length |u| —r. Now this
computation shows that

Pn,r+l WM,V = 8|M|—|v|,n

Pn,rHWg,.A(ﬁ’qu’)»&r =0
and that with u = /Lr,u,_Hﬁ’H,
Pyt W&H—IA(EH—I g7 1), Py, 4,

=W @ a7 ).y, T Wi A a GO 1@ ) 500, Py,
= WEVHA(H’HMV’“),Q,H - Wg,A(ﬁ’IqU’%&r
= n,r+qu,u, (3.8)

whence Pnzr 41 = Pnr+1. The projection property of P, implies, by a standard
algebraic computation, that O, Qpn.r—1 = Qn.r—1Qn.r = Qn.r—1, and by induction for
s <r, QnrQns = QOns. The pairwise orthogonality of the P, , is now immediate. O

3.3. Examples of the orthogonal decomposition. ~We will in this subsection compute
some examples of the orthogonal decomposition defined from the projections in
Lemma 3.11. First we consider Cuntz—Krieger algebras.

LEMMA 3.12. Let A denote an N x N matrix of 0’s and 1’s and R4 the associated
groupoid as in equation (2.2) decomposed as in equation (3.1). Under the isomorphism
Ecn = LXRa) @)

CRY) = PuntkBe@y.

as Hilbert C*-modules.

Proof. For support reasons, LZ(RA)C(Q ) =@n,k C(R’:{k) is an orthogonal decom-
position. Therefore, the theorem follows if we can prove that P, .4« f = f for f €
C(REY).

To shorten notation, we write W, ; = W, 10 j—these are the elements appearing in
On,r (see Lemma 3.10; cf. Example 2.7). We can identify W, ; with functions given by

Xp(x), ifn=1p| = jandoll(x) =a/(y),

W, i(x,n,y)=
ol Y {O otherwise.
For f € C(’R'Xk) C C¢(R4), we compute that

Wi DreroM= Y. Woj@nnf@ny= Y x@fGny).

(z,n,y)ER A ol (y)=clPl(z)
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This can be combined into

OQurfx.n.y)= Y Wy @ n )Wy oy

lol=j=n.lpl=r
> D XWX fa.n,y) forad(y)=o"(x),
= { lpl—j=n,|pl=r ¢i(y)=0lrl(z)
0 otherwise,
) > %@x@fGny) forol(y) =o' ).

= § lol=j=n.lpl=r ok (y)=0"tk(z)

0 otherwise.

In the last identity we used the fact that on the support of f, ka(z,n,y) =k. If k=0,
then r =n > 0 and j = 0. The injectivity of o on U; implies that

Qn,nf(xa Vl, y) = Pn,nf(x’ }’l, y) Zf(-xv I’l, )’)

When considering k > 0, we write

Pn,r-Hf(xv n, )7) = Qn,r+1f(xv n, )’) - Qn,rf(x’ n, y)

= Z Z Xp(x)Xp(Z)f(Z, n, y)SU_H-I(y):(,rH(x)
lpl—j=n, |p|=r+1 gk(y)=cntk(z)
B Z Z Xp () X0(2) f(z, 1, ¥)85) (=07 (x)-

lpl=j=n, |pl=r ok(y)=c"1k(z)
3.9)

Again using the injectivity of o on Uj, Py ,y1f(x,n,y) = f(x,n,y) follows from
equation (3.9) using a case-by-case analysis. O

We turn to the case of the Cuntz algebra. The case of a general graph C*-algebra is
combinatorially complicated, especially in light of the discussion in Example 2.6.

LEMMA 3.13. The GNS representation L*(Oy) of the Cuntz algebra Oy associated with
the KMS state coincides with Ec defined from Oy = O¢n. Moreover, L2(0y) can be
decomposed into orthogonal finite-dimensional subspaces given by
,Hn‘k = Pn,n+k E(C
span{NW;,; — Wy, 8 j: [vl=k—1,

| —Ivl=n,i,j=1,...,N}, n+k, k>0,
span{Wp ¢ || = n), k=0,
span{Wy , : |v| = n}, n+k=0.

Proof. 1t follows from construction that

WyuwdzoN =, r < ul,
OnrWisw = 8juj—tuln § 50 " -
n,r ¥t p,v [ul=v],n Wu,,v» rZ'M'
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Here we use the convention |x| = r as in Lemma 3.10. From this, it follows that the space
where (c, k) = (n, 0) and (c, ) = (n, —n) is exactly H, o and H, _,, respectively. We
also have the identity

Pn,r+le,,u = Qn,r+lwu v Qn r
N~ “"(NW Sgret g+t — Wy v 8 wr), 1 <|ul,

1’ Y1 K,

=0|u|—
ul=lvln
Wll.,\)a r>|ul.

From this computation, we conclude that the space where (c, k) = (n, k) is exactly H,
forn +k, k> 0. O

3.4. The depth-kore operator and the unbounded Kasparov module. We fix the

decomposition
Ea= & PurEa (3.10)

neZ r>max{0,n}

established in the last section. We consider the following A-linear operators defined on the
. alg — - .
algebraic sum P, <, P, Ea S Ea:

K()—Z(r P,, and 00:=Zn\11,,.

n

Both «¢ and ¢ are closable. We define « and c as the closures of kg and cp, respectively.
We call « the depth-kore operator. The following proposition is immediate from the
construction.

PROPOSITION 3.14. The operators ¢ and k are self-adjoint and regular operators on
E4 such that ¢ + k >0 on Dom(c) N Dom(k). They commute on the common core
Dom(ck) = Dom(kc).

Definition 3.15. (cf. [12, equation (5.37)]) For k > max{0, —n}, we define the function
Y :Z x N— Zby
k=0,

v k) = { (k +|n|) otherwise.

We define D := v (c, k) = Zn,r Y (n, r —n) Py, as a densely defined operator on E4.

Remark 3.16. We remark that D does not depend on the choice of frame. However, there
is freedom in the choice of the function ¥ used to assemble D from ¢ and «. We will
see below that the bounded commutator calculation boils down to some relatively simple
estimates. This gives us some freedom in choosing the function . There are reasons for
preferring the definitions

k=0,
v k= { 3(k+n+2jn]) otherwise,
k=0,
o= { 2(k+ |n])  otherwise.

The main reason is that these definitions restrict to the number operator in the SMEB case,
since then k = max{0, —n} always (see more in §3.5.1).
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LEMMA 3.17. The projection onto the isometric copy of the Fock space in B 4 is given by

00
0= Z Pn,n-
n=0

Proof. Thisisjustr =n<<r=n>0. O

LEMMA 3.18. For all homogeneous ., o, B € ]-'alg, n € Z, we have

1% , r=0,
Sy Py Wa g = Ontiul.r+ul Wina p

Potiplr+iunl Woa g 7> 0.
Proof. 1t is straightforward to check the corresponding relations for the Q,, ,, from which
the statement of the lemma follows immediately. O

THEOREM 3.19. The data (Of, E4, D) defines an odd unbounded Kasparov module
which represents the class of the extension

in KK'(OF, A).

Proof. Since D is given in diagonal form with finitely generated projective eigenspaces,
the proof of self-adjointness and regularity is straightforward. The range of each P, , is
finitely generated, and the function v is unbounded with value £(r —n + |n|) on P, , E4,
and so (1 +D?)~1/2 is compact. The non-negative spectral projection of D is precisely
the projection onto the isometric copy of the Fock module in 4 by Lemma 3.17, and so
if (Og, E4, D) is an unbounded Kasparov module, its class represents the extension.

The only remaining thing to prove is that we have bounded commutators. Let i, o, 8 €
]—"Z}g be homogeneous and consider the generator S;, € Of. By Lemma 3.18, we have the
computation

DS Wa. g — SuDWy g
= Z Y(n,r— n)Pn,rW;wt,ﬁ - Spt Z Y(m, s — m)Pm,sWa,ﬁ

r>0,n s>0,m

+ > Y, =) PaoWyap = Su Y ¥r(m, —m) PuoWap
n m

=3 Y@ r =Py Waap— Y W0m, s —m) Pugipg.stiul Woap

r>0,n s>0,m

+ Y Y —n)QnoWaap — D W (m, —m) Qi it ) Wya

= Z Wm+|pl, s —m) — ¥ (m, s —m)) Putip) s+l Waa, g (3.11)

s>0,m

|
+ Z (1;0(”, _n)(Qn,O - Qn+|,u|,|u|) + Z Y, r— n)Pn,rW,uot,[})~

n<|ul r=1

(3.12)
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A case-by-case check shows the identity

|l m=0,s=m,
~lnl, mz0,s>m,
m+ , § —m) — nm,s —nmj=
¥ ( |l ) —¥( ) —|p| +2lm|, m<O0,m+|u|l>0,
Il m<0,m+|u| <O0.

Therefore, the first sum (3.11) of the commutator defines a bounded operator. For the
second two sums (3.12), observe that since 1 <r < |u|and r — n > 0, it suffices to address
the case n < 0, in which case r — n > 0 and thus ¥ (n, r — n) = 2n — r always. For fixed
n < 0, we can compute

el
(1#(”, _n)(Qn,O - Qn+|,u|,|u|) + Z Y, r— n)Pn,r)W/ux,ﬂ

r=1

|l
= (Zn(Qn,O - Qn+|,u|,|/4|) + Z(Z” - r)Pn,r> W,uot,f}

r=1

|l 1l
= - Z rPn,r Wua,ﬁ + 2”(Qn,0 - Qn+|,u|,|/4| + Z Pn,r)W/wz,ﬁ

r=1 r=1

el
=— Z Py Wya,g-
r=1

Thus, the second two sums (3.12) define a bounded operator. O

Remark 3.20. We see that the crucial properties of  for proving that [D, §,,] is bounded
are that ¢ satisfies: for every / > 0, there is a constant C; > 0 such that

[Wwmn+1,k)y—vn k) <C; forall(n,k)eZxN,n+k>0; and
for every r > 0, there is a constant C, such that
lYv(n, —n) — Y (n,r —n)| <C, forallneZ\N.

Remark 3.21. An unbounded representative [D] of the extension class allows one to use
the explicit lift [5] to the mapping cone of the inclusion A < Opf described in [5].
This lift allows a concrete comparison, on the level of cycles, of the exact sequences
determined by the defining extension of a Cuntz—Pimsner algebra and the mapping cone
exact sequence of A < Op. This comparison is described in [1].

Remark 3.22. The construction of the unbounded Kasparov module is independent of the
choices of left and right frames. It does however depend heavily on the choices of left and
right inner products on the module E. In certain cases (see the discussion of SMEBs and
vector bundles below), there is an obvious choice of left inner product, but of course not
the only possible choice. In general the left inner product is part of the data that goes into
the construction.

3.5. Examples of unbounded Kasparov modules and spectral triples.  In this subsection,
we will compute examples and compare to the existing works in the literature.
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3.5.1. Self-Morita equivalence bimodules. For a SMEB, the depth-kore operator «
takes a simple form (cf. Example 2.12).

PROPOSITION 3.23. Suppose that E is a SMEB. The following mapping defines a unitary
isomorphism of A-modules:

W @), lul =,

W, B —> E®", W, -
A(ny, [ul < v,

. . . . . . =®
where | 4| = n in the first line, |v| = —n in the second line and in the same line v € E il

denotes the image of v under the anti-linear mapping E®" — £

The proof of the previous proposition follows from the proof of [22, Theorem 3.1].
From Proposition 3.23, we deduce the structure of the operators P,, from
Proposition 3.11. We pick a right frame (e,-)lN: , asin §2 and take f; = e; as a left frame.
Using the isomorphism of Proposition 3.11, we have that

E ®ng,l5WBg‘l’ V:I’IZO,

jo1=n W,, r=nx0,
Pn,r = Z ®W1,ea,Wl,ea9 VZO, n <O’ = \Ijru r:O,n <O’
lo|=n 0 otherwise.
0 otherwise

We sum up the consequences for « in a proposition.

PROPOSITION 3.24. If E is a SMEB, then

- . |1
k=) Inln = (el = o).

n<0

In particular, for  and D as in Remark 3.16, we get D = c, the usual number operator.

3.5.2. The depth-kore operator k for Cuntz—Krieger algebras. In [12, Theorem 5.1.7],
a family of unbounded bivariant (04, C(24))-cycles (Ogy, Lz(RA)C(QA), D),
parameterized by A in the set of finite A-admissible words was constructed. We let o
denote the empty word. It was shown that the mapping K°(C(24)) — K'(04) defined
by taking the Kasparov product with the cycle (L2(RA)C(Q ) Do)) is surjective. We
now give a different perspective on this cycle and identify its class. The case of general
surjective local homeomorphisms is dealt with in the context of Smale spaces in work by
the first two listed authors with Deeley and Whittaker [10].

THEOREM 3.25. Let 0 : Q24 — Q24 be a subshift of finite type and E =1qC(24)s+
the associated C*-bimodule. ~ Under the isomorphism Ecq,) = LZ(RA)C(QA), the
unbounded cycle (Og, Bc(q,), D) constructed in Theorem 3.19 coincides with the
unbounded cycle (O 4, LZ(RA)C(Q s Do) constructed in [12, Theorem 5.1.7] for Cuntz—
Krieger algebras.
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The theorem is immediate from the following proposition describing the depth-kore
operator. The proposition in turn follows from Lemma 3.12. Recall the function x4 €
C (R 4) from equation (3.2).

—

PROPOSITION 3.26. Under the isomorphism E4 ELZ(RA)C<QA), the operator k of
Proposition 3.14 satisfies C.(R4) C Dom(k) and, for f € C.(Ra),
[k f1(x, n, y) =ka(x,n, y) f(x,n,y).

As a consequence of Theorem 3.25, we see that the cycle (Oy, LZ(RA)C(QA), D)
represents the extension

0— Kc@y(Fa) = Ta— 04—0

obtained from E =qC(24)s+ and the isomorphism O4 = Of. Here F4 denotes the
Fock module constructed from E =14C(24)s+. In particular, the unbounded cycle
(Og4, LZ(RA)C(QA), D,) constructed in [12, Theorem 5.1.7] represents the boundary
maps in the associated Pimsner six-term exact sequence in K -homology:

K%(04) KOC(Q4) ——E — KO(C(Q4))
][Do] l[DO] (3.13)

K'(C@u) ~—E  KN(C(Q4) =~ K (04)

Here [E] € KKo(C(24), C(24)) denotes the class associated with the bimodule E
represented by the (unbounded) Kasparov module (C(24), E, 0). The six-term exact
sequence (3.13) is an example of a Pimsner sequence in KK-theory; for further details,
see [19].

Because 4 is a compact totally disconnected space, we can compute K ' (C(£24)) = 0.
Thus, the sequence (3.13) reduces to

0— K%0,4) — KO(C4)) L k0 22 k'(04) — 0. (3.14)

. . L D,
We arrive at a conceptual explanation for the surjectivity of the map K°(C(Q4)) LN

K'(04) (cf. [12, Remark 5.2.6]). In general, the simple structure of (3.14) cannot
be obtained from the Pimsner—Voiculescu sequence. The universal coefficient theorem
implies that K9(C(Q24)) = Hom(C(Q24, Z), Z) and [ E] acts as £*. This gives yet another
proof of the fact that K1 (04) =ZN /(1 — A)ZV.

3.5.3. The two models for Oy. The odd spectral triples on O4 constructed in [12,
Theorem 5.2.3] are supported on the fibres of the groupoid R4. A consequence of
Theorem 3.25 is that these Hilbert spaces are localizations of the module Ec(q,). For
the Cuntz algebra Oy viewed as a Cuntz—Pimsner algebra over C, the method of §3.4 will
produce a spectral triple. In view of equation (2.5), this spectral triple will be defined on
the GNS space LZ(ON) associated to the KMS state. In [12], the construction of such
spectral triples was left as an open problem. We will compare the two approaches in this
subsection. Recall the decomposition LZ(ON) = @n,k Hp ik from Lemma 3.13.
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THEOREM 3.27. There is a self-adjoint operator D on L*(Oy) defined by Dl =
Y (n, k) such that (Oy, L2(0pN), D) is a 0-summable spectral triple on Oy whose class
generates KY(Op).

Proof. The exactness of the Pimsner sequence

_ DR
0— K°0x) — K°C) =X k) "2 k' (on) — 0

and Theorem 3.19 imply that the class of (Oy, L2(0pN), D) generates KY(Oy). The 6-

summability of (Oy, Lz(ON), D) follows from the fact that the dimensions of H,,  grow

exponentially, and the sequence ¥ (n, k) grows linearly. O

Remark 3.28. We remark that by the same argument as in the proof of [12, Theorem 5.2.3],
the bounded Fredholm module (Oy, L2(Oy), D|D|_1) is p-summable for any p > 0.

Following §3.5.2, let (Oy, B89N DSV ) denote the unbounded Kasparov module that
defines the Pimsner extension for Oy over C(2y), i.e. a class in KK (Oy, C(2y)). For
x € Qpy,welete, : C(2y) — C denote the point evaluation at x. We deduce the following
result from [12, Theorem 5.2.3].

COROLLARY 3.29. For points x € 2y, the localizations
(On, BN, DY) := (O, E™Y ®, C, D @, 1)
define the same class in K'(Oy). Moreover, we have
[(On, L*(ON), D)1 =[(ON, E®N, D) @cy) [&x] inK'(On).  (3.15)

It can be shown that it is not possible to perform a factorization as in equation (3.15) at
the level of unbounded cycles.

4. The Cuntz—Pimsner algebra of a vector bundle on a closed manifold

Our final example is a construction of spectral triples for Cuntz—Pimsner algebras of
vector bundles on a closed manifold. Let M denote a closed Riemannian manifold
equipped with an N-dimensional Hermitian vector bundle V — M and ¢ : M — M an
isometric C l-diffeomorphism. We denote the induced map by « := ¢* : C(M) — C(M)
and consider the space of continuous sections  E := I'(M, V) as a Hilbert bimodule , E
via (a- f-b)(x) =a(a)(x) f(x)b(x). The right C(M)-valued inner product is induced
from the Hermitian structure on V and the left C(M)-valued inner product is defined
through

con(f1g) :==a (gl Hcmn)-

Because of the close relationship between the left and right inner products, we will express
all formulae using only the right inner product, which will be denoted, unlabelled, by (-|-).
Labelled inner products will be used only when necessary.

To work with the module  Ecyy, we fix a right frame (ey), for  E as follows.
Consider a finite open cover (U; Iﬂi | over which V is trivialized by 7; : V|y, — U; x CN.

Choose C!-functions x; such that ( X,-2 f‘i | is a partition of unity subordinate to (U,-)f‘i 1
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..........

orthonormal basis of C!-sections over each Uj;.
The frame (e, ), is simultaneously a left and a right frame for , E, since

Z cm(eler)en = Z a~((erle)can) - e = Z exerle)cany =e, e€qE.
x 2 a

As in the case of the Cuntz algebra Oy, we have ePx = N* which is central for the
bimodule structure of E. Thus, it follows that Assumptions 1 and 2 are satisfied (see
Remark 3.5). Moreover, the projections Py are all equal to 1 and ¢ = N .

4.1. The product operator. ~We will now construct a spectral triple on O, g. Let ) =
Dy denote an odd Dirac-type operator acting on a graded Clifford bundle § — M. We
note that it is no restriction to assume that S is graded, as our construction commutes
with a formal suspension. The module o Ec(y) decomposes as a direct sum o Ec(m) =
D,.» « E¢ y of finitely generated projective C (M) modules o E(:(,, and we denote the
associated vector bundles by  8};" — M and the full field of Hilbert spaces by o Ev — M.
We consider the graded Hilbert space

H:=oEcun Qcony LM, S) = @ L*(M, «Ey ®9).
r>n
The C*-algebra O, g acts on H via its adjointable action on  Ec(ur). The densely defined
operator D on B¢y and the grading operator y on S induce a densely defined self-adjoint
operator D on H. The domain of D is clearly

Dom(D) : = {f = (furdnzr €D LM oEY ®5):

r=n

20+ 1D 20w sy < oo},
n>r
and D(fu,r)n=r == (D Q@ V) (fuInz=r = Y, n —71) fur)nzr

To construct a connection on the module 4 Ec(ar), we observe that by Lemma 3.10,
a frame for Q, ,8cm) is given by {N(””WW%,%}|p|:r,|g|:,_n. For notational
convenience, we will write W, , := ep.eo for multi-indices p, o. The single indices ¢
and XA will be used in the same way.

LEMMA 4.1. The collection of vectors

N2y o, ol =0,
Xpo =1 Wy, lo| =0,
NIVZW, o — NIlP2=1g =Pl ey ey YW o, |pl>0and|o| >0
is a frame for o Ecm). Indeed, for fixed r and n, (xy 6)|p|=r,|p|—|o|=n fOrms a frame for
—n,r
aBC oy
Proof. The projections P, , < O, , are mutually orthogonal and thus the frame y, , =
N(r_”)/ZWep,eU for Oy ra Ec(m) yields a frame for P, .o Ec(m) by computing x, 5 1=
Py ryp.o for [pl=r,|o|=r —n. We distinguish the three cases |p| =0, |o| =0 and
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min{|p|, |o|} > 0. Since P, = Qn0, we find that xy, = yy, = N°//>?Wy,,. For
lo| =0, we have that Q, ,_1W, g =0 and thus in this case x, s =y, as well. The
generic case follows from a straightforward application of Lemma 3.10:

Qn,rlelo’l/sz,(T — Qn,r71N|a|/2Wep,e(, = ngl/szgC(Mﬂfpm‘qerrw)’fg
— Nlol2w

— nlol/2=1_,—lpl
eﬁofl(Nfle{,lo‘ |epw),el =N o (e(rk,\ |ep‘p‘)W£,g,

where |p| =r > 0. The formula for the frame now follows readily. O

—n,r

Denote by « B¢y the C'(M)-submodule of E'é’(rM) generated by x,, as in
Lemma 4.1 with |[p| =r and |o| =r — n. The frame induces a connection V" on each

finite projective module o E'élr M)’ The connections V™" allow us to define twisted Dirac

operators Ty, := 1 Qynr ) on 4 E’:/’r ® §. We let T denote the densely defined operator
on ‘H with domain

Dom(T)

. _ 2 =n,r . 2
= {f = (nrdnzr €D LM 0BV ®8): 3 W Tor fur 2,21 es) < oo},

r>n n>r
defined by T(fu,rdnzr = o frordnzr-

LEMMA 4.2. The operators D and T are self-adjoint and anti-commute with each other
on their common core

alg alg
L =n,r
Xi= (@WCI(MQ & Dom b.
n,r CI(M)

Moreover, Dg := D + T is a self-adjoint operator Dg with compact resolvent.

Proof. 1tis clear from their definitions that X is a common core for D and 7. Both 7" and
D respect the decomposition H = @,.,, L>(M, 4E}" ® S) in the sense that

r=n
alg alg
. omnr =n,r 2
D, T : B, X Dom B — o B, Q) L*wM. ).
cl(M) cl(m)

In fact, D maps X into itself whereas T maps X into Dom D. Therefore, the anti-
commutator DT + T D is defined on X and is easily seen to vanish there. It then follows
that the sum Dg := D + T is closed and D + T is an essentially self-adjoint operator on
the initial domain X [18, Theorem 6.1.8]. The resolvent of D% can be written as

(1+DH)~ ' = @(1 +ym,n—r?+TH)7h

r=n

Foreachn, r, (1 4+ ¥ (n,n —r)* + T2,)~" is compact with
IA+y@mn—r?+T:) N <A+y@mn—rH""—0.

Therefore, (1 + D%)_l is compact. O
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In the sequel, we will show that the commutators [Dg, S, ® 1] for n € (M, V) are
bounded. From Lemma 4.2, and by checking the conditions of [17, Theorem 13], we then
deduce the following theorem.

THEOREM 4.3. Let V. — M be a Hermitian vector bundle on a closed manifold, ¢ : M —
M an isometric C'-diffeomorphism, D the operator constructed from a Dirac operator
on M as in Lemma 4.2 and A the dense x-subalgebra of O, g generated by S, with n €
r! (M, V). The triple (A, H, Dg) is a spectral triple for the Cuntz—Pimsner algebra O
representing the Kasparov product of the class of

0= Keemy(Fop) = T, — O,g—0

in KK! (O,g, C(M)) with [IP] € KK*(C(M), C). The statements remain true if ¢
is a Cl-diffeomorphism such that for all ae€ A there exists C,>0 such that
supy (112, " (@)]]| < Ca.

4.2. Proof of Theorem 4.3. We turn to the proof of Theorem 4.3 by proving
boundedness of the commutators [Dg, S, ® 1] for n € (M, V). In the special case
when the isometric diffeomorphism ¢ is the identity, boundedness of the commutators
[Dg, Sy ® 1] can be proved by a quick geometric argument. We prove the general case of a
general isometric C!-diffeomorphism ¢ : M — M directly using the frame in Lemma 4.1.
To this end, we first establish some algebraic relations describing the interaction of the
algebra C (M) and the operators S,, with the global frame x, , constructed in Lemma 4.1.

LEMMA 4.4. Fora € C(M), we have the identity ax, = xp,oa‘/""”‘ (a).
Proof. The relation is obtained from the corresponding relations for S, , by writing
aWp,a = aSp,a Wy = Sp,aalp‘_lal(a)wﬂ,ﬂ = Sp,a WQ),Q)alpl_lal(a) = Wp,aalpl_‘a‘(a)a

and then using that |p| — |o| = |p| — |a|, so that the relation passes to the x, , in all
cases. O

LEMMA 4.5. For |t| = 1, we have the relations

{xw + N e eo,, le)xae, 1ol =0,
Se,Xp,0 =

Xip,05 lp] >0,
—-1/2
N~xg.61, | =0.
* _ -1
Setxﬁ,ﬂ = (etlep)xﬂ,ﬂ - N (eo\g||ep)xﬂ,gu lol =1,
(eclep ) xz,0 lol > 1,

with the convention that ey, = 0.
Proof. For the operator S,,, the action on x,, , for |p| > 0 is straightforward to check. For
|p| =0, we compute
SeXp.o = Se,NI12Wy » = NV2w, ,
= NPIPW, o — N2 o™ e, le) Wi o + N17V2 7 (e, le) Wy o

-1/2 -1
=X, +N 12y (€0, 1€) X0 5 -
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For Sjl, the relations for |p| =0 and |p| > 1 are straightforward to check. For |p| = 1, we
compute

Sixpo=St(NV2W, o — NITVZ Ve, le,) Wy o)
= N1 (elep)Wy.o — N> (eo, le,) Wi o
= (elep)xp.o — N7 (€o, l€p) X001
as claimed. O
LEMMA 4.6. The following relations hold:
(D) Yzt Yoo esle) = xyp o for all p;

Q) Y=t ora” 7 een) = xp.00
3 ZW:l x}L,U)L=0~

Proof. The identities all rely on the frame relation. For (1) and |p| > O,

_ 2 _
E x)\p,aa‘p‘ |0|(6A|el) = E Nlal/ W)\p,aa‘pl ‘U‘(eﬂet)
[Al=1 |A|=1
2-1 —|pl-1 -
— Nlol/2=1,=lpl (ema||e)\)W)L£,ga|£| Igl(eﬂfz)

ol/2 ol/2—1_,—|p|—1
:Nl I/ th,o _Nl I/ o lol (eU‘J‘|e)L)WLB,Q:xip,O'

and, for |p| =0,
3 xoa el = 3 N2W, a6 e
[A=1 [A|=1

— Nlol/2=1,~1 (€oy |ek)WQ),gailgl(5A|et)

=NPW, o = > N2 o™ (eg, lea) (erle) Wy o
[x]=1

=NI"1PW, o — NP2 1o~ (eg, l€)) Wio = X0

Identity (2) relies on similar considerations, observing that

“lol-1
Z X@, 000 ol (elen) = Z X@,ox(exle) = X@,01-

[x=1 IAl=1

For (3), we also use a-invariance of the Jones—Watatani index:

S wr = 3 N2, N2 g e Wi

[Al=1 [Al=1
_ N("“)/Z(Z ka) _ N<|a|—1)/2a—1<z (e“ek)) Wi
IA=1 IA=1
— N(\U\-‘rl)/ZW@)a _ N(lal_l)ﬂNW@’U =0. 0O

For C'(M, V) C E, the C'(M)-submodule of C!-sections of V, the tensor products
C'(M, V)® are understood to be algebraic tensor products balanced over the
action of C'(M) through «. It is then automatic that for f, g € C'(M, V)®* | we have
(flg) e CH(M).
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LEMMA 4.7. For|i|=1,peCY(M, V)®H v ecl(M, V)®" and &€ € Dom I, we have
the identity

(7, SL’L ® I]WM,V ®&= Z Z Xip,0 ® [m’ “lpl_‘a‘(€A|ez)](xp,cr|Wu,u)s
[A|=1|p|>0,0

+ Y N xye @ 1B, a7V (e, 1)1 (oo | Wy )E

+ YY) o @D, a7 enle)] (g0 | Wy )E

Al=1 o
— N"'%0 @ B, a7 Nerleo, ) po| W) (41)
Proof. Welet[T, S, ® 1] acton W, , and compute
[T, S, ®1W,,®E&
=Y Xp.o ® D(S}xp.0IWu)E = SeXp.o ® B(xpo|Wy)E

p,0
= Y X0 @ DB(Sixp0 W) ®F (4.2)
lp|>1,0
+ Y0 do @ B(S X0 | Wpi)E (4.3)
=1 o
+ )Xo ® B(SExp.0|Wy)E (4.4)
(e
— Y SeXpo @ B(xpo| W)k (4.5)
Ip|>0,0
— Y SeXpo ® Blxpo | W)k, (4.6)
(e

We proceed with (4.2), using Lemmas 4.5 and 4.6(1) with n = |p| — |o|:
@)=Y Y xipo ® B(elen)xp.o| Wy )é

[A[=1|p|>0,0

=2 Y X @B, " (erle)](xp 0| Wy 0)E

[Al=1p[>0,0

+ Z Z xkp,aall(ek|et)®¢(xp,a|wu,u)$

[X]=1 |p|>0,0

=D ) X @B, " (erle)](xp 0 |Wy0)E

[Al=1|p[>0,0

+ Z xlp,o’®m(xp,0|wﬂ,v)€

[p|>0,0
= Y Xpe @D, & (erle)] (0| Wy n)E — (4.5,
[Al=1|p|>0,0
from which we see that (4.2) and (4.5) add up to
D7D xipe @B, 17N es]e)] () 0 Wy )E 4.7)

[Al=11p]>0,0
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We proceed with (4.6) using Lemmas 4.4, 4.5 and 4.6(2):
Z _Se,xw,a ® D(x(/),ﬂwu,v)s
(e

=Y X0 ® Do Wu)E — N™2a™ (eo, le)xpg ® Blxg.q|Wp)E
o

=Y X0 @ B0 Wu)E — N2y 5 @ Blapoa™ N (elleq, )Wy )E
o

+ N xy0 @ (B, a1 (e, le) ] (.0 | Wy )&
=Y X0 ® B0 Wu ) — N7 2xg5 @ B oWy 0)E (4.8)
o

+N"xy 0 @ 1B, @717 e,y le)] (o0 | Wi 0§ 4.9)
Next, we turn to (4.3), again applying Lemma 4.5:

43)=>" 3 x1.0 ® B((elen)xp.o|Win)E

IA=1 o
= Y D N w0 ® B((€o len)Xpol Wi )E
=1 o
=YY xoaNesle) ® Blxg.o|Win)é
=1 o
— Y D N oa N erlen,) ® Blxp o Wy )€ (4.10)
=1 o
+ 30 w0 @D a1 (erle) (o | Wiin)E
Al=1 o
— Y Y N @B, a N (erlen, N (xp o Wa ). (4.11)
Al=1 o

Considering (4.10) and applying Lemma 4.6(1), (2) and (3), we find
410)=) X0 ® Do W6 =Y Y N7'x5 05 @ D00 Wyin)E
o

o |x=1

=Y X0 ® Dlxgo| Wi (4.12)

Lastly, we compute (4.4):
G4 = xp0 @ B(Sixpo W) =D N 2xp0 ® Blxpol Wy )§. (4.13)
o

Now we see that (4.8), (4.12) and (4.13) add up to 0. Thus, we are left with (4.7), (4.9)
and (4.11), which together yield the expression (4.1). O

From Lemma 4.7, we deduce the following proposition, providing a proof of
Theorem 4.3.

PROPOSITION 4.8. For || =1, the operator S., ® 1 maps the core X described in
Lemma 4.2 into Dom Dg. Moreover, if ¢ : M — M is a Cl-isometric diffeomorphism
or more generally for each a € C' (M) we have supy, |[[ D, a*(a)]|| < Cq (cf. [3]), then
the commutator [Dg, S, ® 1] extends to a bounded operator.
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Proof. Itis clear that S,, maps X into itself. For the commutator, observe that
[DE. Se, ® 11=1[D, Se, @ 11 + [T, S, @ 1],

and [D, S., ® 1] is bounded by construction. For [T, S,, ® 1], we use Lemma 4.7 and
analyse the four terms in equation (4.1). All terms can be shown to be bounded by a
similar method. For instance, consider

Wiv®E> Y D" Xpe ® D, a1 (es1e)1(xp.0 | Wy )E. (4.14)

[Al=1|p]>0,0

Consider the partial isometry

V:(@ﬂ’é’&m) ®can L*(M, )~ P LM, 9),

r.n |p|>0,0

W/t,v ®&— ((xp,crlwu,v)%‘)p,a’
and the map M, defined through M, := diag, ,(M;""), where

MM P LA s - &b L*(M, S),

lol=r,lo|=r—n lpl=r+1,|o|=r—n
(MM7€), 0 = (D, a'”171717 e, le)DE5 6.

The operator in equation (4.14) then coincides with the composition V*M, V. It thus
suffices to show that sup, , [[M""|| < oo, which follows from the assumption that
supy, [[[B, a*(a)]|| < C, for each a and the fact that the frame e; has finitely many
elements. Thus, (4.14) defines a bounded operator. The other summands in equation
(4.1) can be shown to be bounded by a similar argument. O
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