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Abstract

We complete the computation of allQ-rational points on all the 64 maximal
Atkin-Lehner quotients X0(N)∗ such that the quotient is hyperelliptic. To achieve this,
we use a combination of various methods, namely the classical Chabauty–Coleman,
elliptic curve Chabauty, quadratic Chabauty, and the bielliptic quadratic Chabauty
method (from a forthcoming preprint of the fourth-named author) combined with the
Mordell-Weil sieve. Additionally, for square-free levels N, we classify allQ-rational points
as cusps, CM points (including their CM field and j-invariants) and exceptional ones. We
further indicate how to use this to compute theQ-rational points on all of their
modular coverings.

1 Introduction
Let N be a positive integer and let X0(N ) be the smooth compactification of the affine
modular curve Y0(N ) of level N . It is the moduli space parametrizing cyclic N -isogenies
between (generalized) elliptic curves. For every d dividing N such that gcd(d,N/d) = 1,
let wd denote the corresponding Atkin-Lehner involution on X0(N ). As explained in [33,
§I.2], the involution wd sends a point x ∈ Y0(N ) representing the isogeny ϕ : E → E′, to
the point representing the composite isogeny

E/ ker(ϕ)[d] → E/ ker(ϕ) ∼−→ E′ → E′/ ker(ϕ∨)[d].

By the valuative criterion for properness, the involution wd has a unique extension to
X0(N ).
Let W (N ) denote the group generated by all the Atkin-Lehner involutions on X0(N ).

Then W (N ) is isomorphic to (Z/2Z)ω(N ) where ω(N ) is the number of distinct prime
factors of N . The main object of study in this paper is the quotient curve X0(N )∗ :=
X0(N )/W (N ). We denote its Jacobian by J0(N )∗. We also use the notation X0(N )+ :=
X0(N )/wN . (Note that wN sends an isogeny to its dual.)
If a rational point on X0(N )∗ is the image of a cusp on X0(N ), we call it a cuspidal

point or simply a cusp. For every non-cuspidal rational point on X0(N )∗, its lifts in X0(N )
correspond to Q-curves defined over multi-quadratic extensions of Q [26]. Recall that a
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Q-curve is an elliptic curve defined overQ that is isogenous to all of its Galois conjugates.
If the Q-curves have complex multiplication, we will call the rational point a CM point.
Otherwise, we call it an exceptional point. Since every CM elliptic curve is aQ-curve, the
most interesting rational points on X0(N )∗ are the exceptional points corresponding to
non-CM Q-curves.
Mazur [45] called the problem of determining the rational points of Atkin-Lehner quo-

tients of X0(N ) an “extremely interesting diophantine question”. For example,Q-rational
points onX0(N )+ lift to points of degree 1 or 2 onX0(N ); for the computation of quadratic
points on X0(N ), see [17].
WhenX0(N )∗ has genus 0 or 1, the setsX0(N )∗(Q) of rational points were determined in

[32] who also gave explicit parametrization of the families ofQ-curves described by these
points. When N is a prime power, X0(N )∗ = X0(N )+, since wN is the only non-trivial
Atkin-Lehner involution. For N prime and genus(X0(N )∗) ∈ {2, 3}, the sets X0(N )∗(Q)
were computed in [5,11]. ForN prime and genus(X0(N )∗) ∈ {4, 5, 6}, the samewas carried
out by the first three authors andVishal Arul, Lea Beneish,Mingjie Chen, andBoyaWen in
[1]. ForN composite and genus(X0(N )+) ∈ {2, 3, 4, 5, 6}, the articles [3,4,31,47] complete
the determination of the sets X0(N )+(Q). These articles together verify a conjecture of
Galbraith [31] on the set of exceptional rational points on the curves X0(N )+ with genus
between 2 and 5. Together with these articles and the work of [13], in this paper, we finish
the determination of rational points on all hyperelliptic curves X0(N )∗.
The class of Q-curves is important because it is a mild generalization of the class of

elliptic curves over Q [27]. Analogous to the compatible system of �-adic Galois repre-
sentations associated to the Tate module of an elliptic curve, one naturally associates to a
Q-curve E, a compatible system of �-adic Galois representations

ρE,� : Gal(Q/Q) → Q
×GL2(Q�).

Ribet [52] conjectured that Q-curves are exactly all the elliptic curves over Q which are
quotients of the modular curves X1(N ). In other words, if E is a Q-curve, then the asso-
ciated representation ρE,� is the �-adic Galois representation attached to a cusp form on
�1(N ) for some N . Several partial results [28,35,36] for many classes of Q-curves were
obtained using Wiles’ modularity lifting theorems, until the proof of Serre’s conjecture
by Khare, Kisin, and Wintenberger [41] proved Ribet’s conjecture completely [38, Theo-
rem 7.2].
Finding the set X0(N )∗(Q) is an arithmetically interesting problem for any level N . But

for the purpose of studying non-CMQ-curves up to isogeny, the following result of Elkies
says that it is enough to look at exceptional rational points on X0(N )∗ for squarefree levels
N .

Theorem 1.1 ([26]) Let E be aQ-curve without complex multiplication. Then there exists
some square-free N > 0 such that E is geometrically isogenous to the Q-curves associated
to an exceptional rational point on X0(N )∗.

The following result due to Hasegawa classifies all the hyperelliptic Atkin-Lehner quo-
tients X0(N )∗.

Theorem 1.2 ([34, TheoremB]) There are 64 values ofN forwhichX0(N )∗ is hyperelliptic.
Of these, there are only 7 values of N for which X0(N )∗ is hyperelliptic with genus g ≥ 3,
namely N = 136, 171, 207, 252, 315 (g = 3), 176 (g = 4), and 279 (g = 5).
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Among the 57 levels N for which X0(N )∗ has genus 2, there are 39 square-free levels1

and 18 non-squarefree levels. The authors in [13] compute for a subset of these square-
free levels the set of rational points on X0(N )∗ using elliptic curve Chabauty. They also
compute the Q-curves corresponding to each non-cuspidal point in the set. The prime
levels N = 67, 73, 103, 107, 161, 167, 191 were approached using quadratic Chabauty in
[5] and [11]. We compute X0(N )∗(Q) for the remaining square-free levels 2

{133, 134, 146, 166, 177, 205, 206, 213, 221, 255, 266, 287, 299, 330} (1)

and the seven levels

{136, 171, 207, 252, 315, 176, 279} (2)

for which X0(N )∗ is hyperelliptic of genus g ≥ 3. For the square-free levels we also
compute the j-invariants of the Q-curves associated to non-cuspidal rational points. The
methods of [13], quadratic and bielliptic quadratic Chabauty, and recent work of Arul
and Müller [4] together determine X0(N )∗(Q) for all of the 18 non-squarefree levels N
as explained in Sect. 3.2. Thus, this completes the determination of rational points on all
hyperelliptic curves X0(N )∗. Together with the results in [1,4,5,11,13,18], we have the
following theorem.

Main Theorem LetN be such thatX0(N )∗ is hyperelliptic. Then the setX0(N )∗(Q) consists
only of points of ‘small’ height.
SupposeN is a square-free positive integer such that X0(N )∗ is hyperelliptic. ThenTable 6

classifies each rational point on X0(N )∗ as cusp, CM or exceptional. If X0(N )∗ has no
exceptional rational points, then N ∈ {67, 107, 146, 167, 205, 213, 390}. For each of the
remaining 32 levels N ∈ {73, 85, 93, 103, 106, 115, 122, 129, 133, 134, 154, 158, 161, 165,
166, 170, 177, 186, 191, 206, 209, 215, 221, 230, 255, 266, 285, 286, 287, 299, 330, 357},
there is at least one exceptional rational point.

Remark 1.3 For each of the 39 square-free levels when X0(N )∗ is hyperelliptic, Table 6 in
Appendix A gives more refined information about the rational points on X0(N )∗. It gives
the j-invariants of theQ-curves associated to all non-cuspidal rational points, and the CM
discriminants for all the CM points.

Remark 1.4 The boundedness conjecture of Elkies [26] predicts that there are only
finitely many positive integersN such that X0(N )∗ contains an exceptional rational point.
Although the main theorem of this paper says that exceptional rational points exist on
most of the hyperelliptic curves X0(N )∗ of squarefree level N , we observe from Table 6
that most of these exceptional points arise as the image of a cusp or CM point under
the hyperelliptic involution. The only curves that have an exceptional rational point not
arising in this way are X0(129)∗ and X0(286)∗. Furthermore, the curve X0(129)∗ has extra
automorphisms which in fact explain all the exceptional rational points on this curve.

Remark 1.5 See Table 1 for the list of curves X0(N )∗ whose rational points were deter-
mined in previous works. See Table 2 for the exact list of curves X0(N )∗ whose rational
points are determined in this paper.

1There seems to be a typo in [13] regarding their number. They say that there are 36 square-free levels. They miss the
levels 166, 255, 330.
2citing forthcoming work [18]; note that our forthcoming work will allow us to compute the local heights away from p,
so we can use quadratic Chabauty here, too.
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We did not make major improvements to the existing algorithms. The main challenge
in our computations was to adapt the existing algorithms to our situations and to carefully
choose suitable parameters, e.g., the primes in the various Chabauty methods and in the
Mordell-Weil sieve, as well as the modulus in the Mordell-Weil sieve.
In Sects. 2.1 to 2.6, we give an overviewof the ingredients including the variousChabauty

methods and the Mordell-Weil sieve. We indicate in 2.7 how to compute the covering
morphisms

X0(N ) → X0(N )/W ′(N ) → X0(N )∗

for all subgroups W ′(N ) of W (N ), which allows one to compute the Q-rational points
on the coverings, too. In Sect. 2.8, we give the runtimes for intensive quadratic Chabauty
computations. In Sects. 3.1 and 3.2, we give details on the computations for the genus
2 curves X0(N )∗, with N squarefree and non-squarefree respectively. Sect. 4 contains
details of the computation for the curves X0(N )∗ of genus ≥ 3. Appendix A contains a
table giving refined information about the rational points on X0(N )∗ for squarefree levels,
as mentioned in the main theorem and Remark 1.3.

2 Methods and algorithms used
Most of our computations rely on extensions of Chabauty’s method and additional argu-
ments (e.g., a variation of Mordell-Weil sieve). In this section, we give an overview of the
methods used.
A curve over a field is called nice if it is smooth, projective, and geometrically integral.

Let C/Q be a nice curve of genus g ≥ 2 with Jacobian J whose Mordell-Weil group J (Q)
has rank r. For all flavors of Chabauty, assume that we have chosen a base point x0 ∈ C(Q)
to embed C into J . In all our cases, there is such an x0 because there is at least one Q-
rational cusp. If there were not one, then one could try to use the Mordell-Weil sieve to
prove that C(Q) is empty.
To compute the rank of the Jacobian of a modular curve (over Q), we use Magma’s

functionality to decompose the Jacobian into simple factors. For a simple modular abelian
variety A/Q, we can determine whether its rank r := rkA(Q) equals 0 or its dimension
using [33] and [39] in all our cases.

Theorem 2.1 (Gross–Zagier–Kolyvagin–Logachëv) Let A be a simple modular abelian
variety over Q of dimension g with algebraic rank r := rkA(Q) and analytic rank ran :=
ords=1L(A, s) ∈ {0, g}. Then r = ran, i.e., the BSD rank conjecture holds for A.

It is sufficient to check that ords=1L(f, s) ∈ {0, 1} for one of the newforms associated with
A [33, Corollary V.1.3]. One can either read off the analytic rank of f from the LMFDB
[44] or use modular symbols to decide whether L(f, 1) = 0; to prove that L′(f, 1) 	= 0, one
can use Dokchitser’s code [25] for computing special L-values.
We usedMagma [7] for our Chabauty computations of all flavors and Sage [57] to access

Liu’s genus2reduction from [42,43]. The code to reproduce our computations can
be found in the GitHub repository [2]. The log files were produced with Magma 2.26-10.
First we give an overview on the 27 levels N such that X0(N )∗(Q) was determined prior

(or concurrently) to this paper. N. B. the level 161 appears twice.
Now we give an overview on the 37 levels N discussed in this paper and methods we

used to determine X0(N )∗(Q).
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Table 1 Levels N and methods previously used to determine X0(N)∗(Q)

Method Levels N Reference

Elliptic curve Chabauty 85, 93, 106, 115, 122, 129, 154, 158, 161, 165, 170, 186,

209, 215, 230, 285, 286, 357, 390

[13]

Quadratic Chabauty 67, 73, 103 [5]

107, 161, 167, 191 [11]

125 [4]

Bielliptic quadratic Chabauty 166 [18]

Table 2 Levels N and methods we applied to determine X0(N)∗(Q)

Method Levels N

Classical Chabauty 88, 104, 112, 116, 117, 121, 135, 136, 153, 168, 171, 176, 180, 184, 198,

204, 276, 279, 284, 380

Exceptional isomorphisms 134, 146, 206, 266

Elliptic curve quotient 207, 252, 315

Elliptic curve Chabauty 147, 255, 330

Quadratic Chabauty 133, 177, 205, 213, 221, 287, 299

The code for all our computations is adapted from previous papers cited in the corre-
sponding subsections below.

2.1 The classical Chabauty–Colemanmethod

In cases where r < g , we often use the classical method of Chabauty–Coleman. A good
overview article on this method is [48] and details on a refinement of this method can be
found in [54].
Choose a prime p of good reduction for C . The set C(Q) is contained in the set

C(Qp)1 :=
{
x ∈ C(Qp) :

∫ x

x0
ω = 0

}
⊆ C(Qp)

given as the vanishing locus of specific power series given by Coleman integration of a
certain differential ω ∈ H0(CQp ,�1) � H0(JQp ,�1) with the property that

∫
[D] ω = 0 for

all [D] ∈ J (Q). For the construction and properties of the Coleman integral on curves, see
[24], and [6] for how to compute them on hyperelliptic curves. By linearity of the Coleman
integral, it is enough to check the vanishing of

∫
[D] ω for all [D] from a generating set of

a finite index subgroup of J (Q). The Chabauty condition r < g is used to construct a
non-zero such differential ω, which implies that C(Qp)1 and hence C(Q) is finite. (In fact,
it is enough that the Zp-rank of the p-adic closure of J (Q) in J (Qp) is less than g .) This is
because the integral will be non-zero and a non-zero power series has only finitely many
zeros on a 1-dimensional p-adic manifold.
It is crucial that one can compute the p-adic integral as a locally analytic function and

hence explicitly approximate the Chabauty set C(Qp)1. If all known Q-points coincide
with the p-adic approximations, then one has determined C(Q). If g = 2 and r = 1,
then we use a combination of Chabauty–Coleman and the Mordell-Weil sieve, which is
included in Magma. For g ≥ 3, we use the code of Balakrishnan and Tuitman in [22] to
perform explicit Coleman integration for smooth curves. It enables us to determine the
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points in C(Qp)1 precisely enough to check that this set consists exactly of the known
rational points.
The code assumes that the degree-0 divisors given by the difference of the known Q-

points of C generate a finite index subgroup of J (Q). For the levels N = 171, 176, the
Jacobian of the curveX0(N )∗ has rank 1, so we simply confirm that one divisor has infinite
order. For level N = 279, we check this by looking for at the reduction morphism to
J (F�) for small primes � of good reduction to prove that there are no non-trivial relations
between the divisor classes. For details, confer [56, Lemma 4].

2.2 Elliptic curve Chabauty

When the Chabauty condition is violated, elliptic curve Chabauty is a method that some-
times succeeds in computing C(Q) using a combination of descent (also called going-up
in [51, §5.5]) as described in [55, §1] and an analogue of the Chabauty–Coleman method
over number fields. This method is described in [12,19], and in [13]. We give a short
summary in the way we use it.
Assume that π : C → P1 is a finite morphism of degree 2 and that C is a hyperelliptic

curve of genus g = 2. Let α : C ′ → C be a twist of the pullback of the multiplication-by-2
morphism on J . (For the definition of a twist of a finite étale Galois covering, see [55,
§4].) Note that these are finite étale coverings with geometric Galois group (Z/2Z)4. One
has C(Q) = ⋃

α α
(
C ′(Q)

)
, where α runs over all such twists (“descent”). Hence we only

need to determine C ′(Q) for the finitely many curves C ′ such that C ′ has points locally
everywhere. These can be computed from the fake 2-Selmer set as described in [20] and
in Magma using TwoCoverDescent. Note that the genus of the coverings will grow,
so the Chabauty condition is more likely to be satisfied at the expense of increasing the
degree.
If C ′(Q) = ∅, we can use the Mordell-Weil sieve to prove C ′(Q) = ∅. If C ′(Q) 	= ∅, we

can compute C ′(Q) using the Chabauty method for an elliptic curve quotient over a finite
extension of Q. Since C ′ → C is Galois with Galois group (Z/2Z)4 (as is [2] : J → J ),
Jac(C ′) is isogenous to J × A with the Prym variety A := ∏15

i=1 Ei with elliptic curves Ei
overQ (one has 15 = 22g −1). These come equippedwith amorphismπ ′ : Ei → P1. Since
g = 2, every Z/2 cover of CQ will have an elliptic Prym variety, and A = ResK/QE ×Q Q

for some elliptic curve E over the étale algebra K of J [2] \ {0}. Now one can apply the
classical Chabauty–Coleman method to E if rkA(Q) = rkE(K ) < [K : Q] = dimA (note
that the dimension of a Jacobian of a curve equals the genus of that curve), together with
the information that the images of the Q-rational points on C ′ on E have image in P1(Q)
under π ′.
We have replaced an abelian variety over Q of dimension d by an elliptic curve over a

(possibly) larger field of degree d. One usually suspects thismethod towork if the degree of
K is large because the ranks of elliptic curves are expected to be small, assuming that one
can compute them. However, elliptic curve Chabauty often fails for algorithmic reasons.
Namely, if the étale algebraK has too large a degree, to perform the 2-descent to compute
A(Q), one would need to compute the class group of a number field of large degree. Such
a computation is infeasible, often even assuming GRH. In these cases we can use the
quadratic Chabauty method, see Sect. 2.3.
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We use this method to determine X0(N )∗(Q) for N = 147, 255 and 330. In Sect. 3.2 we
work out the caseN = 147 in more detail. Our computations were performed using code
written by [13].

2.3 Quadratic Chabauty

If the p-adic closure of the image of J (Q) ⊂ J (Qp) under log has rank g , the classical
Chabauty condition is violated. In this case, we can try to use quadratic Chabauty.
If the Néron-Severi rank ρ(J ) of J is larger than 1, then there exists a non-trivial Z ∈

Ker(NS(J ) → NS(C)) inducing a correspondence onC×QC . Balakrishnan,Dogra,Müller,
TuitmanandVonk in [8,10] explainhow to attach to any suchZ a locally analyticquadratic
Chabauty function

ρZ : C(Qp) → Qp

as follows: using Nekovář’s theory of p-adic heights [49], one can construct a global p-adic
height which decomposes as a sum of local height functions; for the latter, see [23]. The
quadratic Chabauty function ρZ is defined as the difference between the global p-adic
height and the local height for the chosen prime p. Their difference equals the sum of the
local heights away from p.
The local p-adic heights hv with v 	= p take only finitely many values on C(Qv), see [40].

Therefore, there exists a finite set ϒ ⊂ Qp, such that ρZ(x) ∈ ϒ for any x ∈ C(Q). As
described in [9], this set is often computable a priori by intersection theory.
Since ρZ has Zariski-dense image on every residue disk and is given by a convergent

power series, this implies that the set ofQp-rational points of C having values in ϒ under
ρZ is finite. As both C(Qp)2 and C(Q) are contained in that set, C(Q) is finite as well.
Since both ρZ and ϒ can be explicitly computed by [5,10,11], this makes the provable
determination of C(Qp)2 possible if the quadratic Chabauty condition r < g + ρ(J ) − 1
is satisfied. This works at least under the assumption that ρZ has no repeated roots;
otherwise, we get a finite superset. The issue is distinguishing between two p-adic roots
which are close together and one repeated root. If we do not know whether a root is
repeated or not, then there is no terminating process for determining the roots. Looking
at the p-adic approximations to a high enough precision, it is possible to prove that there
are no multiple roots if there are not, but it is not possible to prove that there is a multiple
root. As we work up to finite precision, we can say that we either have one point or two
which are close to each other.
The quadratic Chabauty condition holds for our curves since r = g and ρ(J ) = dim J

because J has real multiplication: There is an isomorphism NS(J ) ⊗ Q
∼−→ End(J )† ⊗ Q

with (−)† the Rosati involution associated to the canonical principal polarization of J [46,
Proposition 17.2]. Since J has real multiplication, the Rosati involution acts trivially on
End(J ) and End(J ) is a number field of degree equal to dim J .
The quadratic Chabauty algorithm in [10] is specific tomodular curves only when deter-

mining the nontrivial class Z, which is computed by the Hecke operator Tp (determined
by the Eichler-Shimura relation). The input consists of a plane affine patch of a modular
curve C/Q (satisfying certain technical properties) and a prime p of good reduction such
that the Hecke operator Tp generates End(J ) ⊗Z Q. To choose the primes p, we tried the
first primes satisfying this condition and picked those with which we could compute all



   87 Page 8 of 24 N. Adžaga et al. Res. Number Theory           (2022) 8:87 

the points using the Mordell-Weil sieve. The algorithm outputs a finite set of Qp-points
to some precision containing C(Qp)2.
In all our examples where we apply quadratic Chabauty, the set ϒ equals {0}. This is

because the stable reduction type at all primes of bad reduction computed with Liu’s
genus2reduction is the same as the one in [11, Example 5.19] with v = 23. Namely,
it is [I1-1-0] in the notation of [50], see p. 179 there for this case: The stable model has
special fiber a curve of genus 0 with exactly two double points and the given equation
defines a regular semistable model over Zv for all bad primes v. We prove regularity of
the given hyperelliptic model over Z in the singular points of the special fiber. We do this
by checking that the v-valuation of the constant term of the defining equation with the
coordinates of the singular point plugged in is 1.
The semistability can be checked by invokingMagma’sIsNode for all singular points of

the special fiber.Hence allQv-points lie on exactly one irreducible component of aminimal
regular model overZv , so by [11, Theorem 3.2], the height contribution at v is 0. Note that
all levelswhichweapply this to are odd, seeTable 4, and the functiongenus2reduction
computes regular semistable model at all primes v 	= 2. This function was developed in
[42] and [43], and can be called from Sage.
Before running the quadratic Chabauty algorithm on a hyperelliptic curve, we apply an

automorphism such that there are no Qp-rational points at infinity. In all our examples
we could find such an automorphism by trying matrices with small entries in GL2(Z).
If C : y2 = f (x) is hyperelliptic, the bad Qp-rational points for p > 2 are exactly

those in a residue disc of a Weierstraß point over Fp. We usually choose our quadratic
Chabauty prime(s) p such that there is no bad Qp-rational point. However, for the levels
N = 213, 287, 299, we had to choose the quadratic Chabauty prime(s) p such that there is
exactly one badQp-rational point because they had only 4 knownQ-rational points. This
would not be enough to solve for the global height pairing, so we had to compute local
heights at pmanually before running QCModAffine. This can currently be done only for
odd degree hyperelliptic curves, which have a Weierstraß point at infinity, and these are
bad. Forthcoming work of Gajović could be used to do the computations for even degree
hyperelliptic curves. However, by the argument described in Sect. 2.6, we could conclude
that this single bad Qp-rational point is not Q-rational.

2.4 Bielliptic quadratic Chabauty

There is a variant of quadratic Chabauty useful for bielliptic curves described in [8,14]
and being worked out with precision bounds and implemented by Francesca Bianchi and
the fourth author [18]. (The code to perform these computations will be published with
their paper.) This method is applicable for X0(166)∗ with bielliptic equation

y2 = x6 + 2x4 + 17x2 − 4.

(Note that the polynomial on the right hand side factors into two irreducible factors over
Q, but elliptic curve Chabauty fails for this curve.) This curve is not further discussed
in the current paper, but it will be part of a database of more than 400 bielliptic genus
2 curves from the LMFDB, whose rational points will be computed using this method.
In this case, r = g = 2, so the quadratic Chabauty condition is fulfilled. The bielliptic
quadratic Chabauty method is simpler as the algorithm makes use of the extra structure
which bielliptic genus 2 curves have, in particular the two quotient maps to elliptic curves
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of rank 1. Most of the computations are then delegated to the level of the two elliptic
curves.
We have not attempted to apply the standard quadratic Chabauty method here, as

the reduction type at the primes of bad reduction is more complicated, so the height
contribution at the bad primes might be non-zero.

2.5 The Mordell-Weil sieve

The Mordell-Weil sieve was introduced in [21] based on an idea by Scharaschkin [53]. In
the way we use it, it is also described in [11, §3.4], and we are using their code, with minor
adaptations to our examples. Another referencewithmore details about theMordell-Weil
sieve is [5, §6.7].
For a finite set S of primes and an integerM > 1, consider the commutative diagram

C(Q) J (Q)/MJ (Q)

∏
�∈S

C(Q�)
∏
�∈S

J (Q�)/MJ (Q�)

α

β

with the horizontal maps induced by a Q-rational divisor class of degree 1. Assume that
one can compute J (Q) in terms of generators and relations, e.g., if the genus of C is 2 and
X(J/Q)[2] = 0 using Stoll’s MordellWeilGroupGenus2 in Magma (this function
often succeeds also if X(J/Q)[2] 	= 0, and outputs if its result is correct). Then one can
compute the maps α and β . If one wants to prove that C(Q) is empty, the aim is to find S
andM such that the images ofα and β are disjoint.More generally, the sieve can be used to
show that a given residue disc inC(Q�) does not contain aQ-rational point. Conjecturally,
for any curve one should be able to provably determine all Q-points on a curve [21, §2,
p. 4] and [55, Main Conjecture].
Wemap C(Q�) and J (Q�) to C(F�) and J (F�) via the reduction map for primes � of good

reduction (not necessarily prime toM). Its fibers are the residue discs.
We now give more details on how we use the sieve. Our finite set S consits of the

Mordell-Weil sieve primes � (“MWSprimes” for short). It contains as a subset thequadratic
Chabauty primes p (“QC primes” for short in Table 4).
Regarding the QC primes: To make the explanation easier, assume that J (Q) is torsion-

free. Let p be a QC prime, i.e., we have computed a set of residue discs of C(Qp) using
the quadratic Chabauty algorithm in Sect. 2.3, which contain theQ-points of C and such
that there is at most oneQ-point in each residue disc. Let P ∈ C(Qp) be a point which we
suspect is not a Q-rational point from our quadratic Chabauty computation, and that P
is given to some finite precision pn. If P were Q-rational, then there would exist integers
a1, . . . , ar such that

[P − x0] = a1P1 + · · · + arPr ∈ J (Q),

where [P−x0] ∈ J (Q) is the image ofP ∈ C(Q) under theAbel-Jacobimap and {P1, . . . , Pr}
is a generating set of J (Q). The strategy is to obtain a contradiction working modulo pn.
To this end, we compute a tuple (ã1, . . . , ãr) ∈ Z/pnZ satisfying ãi ≡ ai (mod pn) using
the linearity of Coleman integrals of holomorphic differentials (see [5, equation (48)]).
(Note that
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logJ : J (Qp)1 ⊗Zp Qp
∼−→ H0(JQp ,�

1)∗, [D] �→
(

ω �→
∫
[D]

ω

)

given by Coleman integrals is an isomorphism. Here, J (Qp)1 is the kernel of the reduction
of J (Qp) to J (Fp), and J (Qp)1 is of finite index in J (Qp).) This gives us a coset in pnJ (Q). To
prove that P is not Q-rational, it is enough to show that the image of the corresponding
coset of pnJ (Q) under α is not hit by β . (Note that since we are taking the quotient of J (F�)
byMJ (F�) for all � ∈ S, this will only give us information if there are MWS primes � with
p | #J (F�)/MJ (F�). Hence we take M to be divisible by pn.) Sometimes we combine this
information for several QC primes p with the Chinese remainder theorem.
Regarding the MWS primes: From our Chabauty computations we get residue discs in

C(Qp) that contain at most one Q-point. (This is the second way in which we use the
information from our quadratic Chabauty computation in the Mordell-Weil sieve.) For
the MWS primes � that are not QC primes, we compute C(F�) and also get residue discs
C(Q�). Some of these residue discs (obtained for QC primes and other MWS primes)
contain the knownQ-rational points. The other ones are called fake residue discs, and we
want to show that they do not contain aQ-rational point. To this end, we show that their
image under β is not hit by α. This can be decided because α and β are computable.
We first takeM to be the product of the QC primes p (or pn, but in all our computations

p is enough) and run the sieve. If this does prove that the known Q-points of C are all of
them, we multiply M by a small integer M′ such that the #(J (F�)/MJ (F�)) have common
factors for the MWS primes � ∈ S. We use the heuristics from [21, §3] to compute
appropriate MWS primes andM′.

2.6 ExcludingQ-rational points in Weierstraß discs

Assume that we know (from classical or quadratic Chabauty) that there is at most one
Q-rational point in the Qp-residue disc of a Weierstraß point over Fp, p odd and of good
reduction. Also assume that the Weierstraß point is not Q-rational. Then the number
of Q-rational points in the residue disc is even (because the orbits of an involution have
cardinality either 1 or 2, and orbit size 1 means that it is a fixed point), hence zero because
it is ≤ 1. (We thank Michael Stoll for this argument.)
Note that a power series which describes a regular differential at a Weierstraß point is

even, so it becomes odd after integrating. Hence the Chabauty bound for this disk will be
even. As theWeierstraß point is always a zero of the integral, one can improve the bound
by 1 if one knows that the point is not rational.
We use this argument to prove that the remaining bad Qp-rational point is not Q-

rational for X0(N )∗ and N = 213, 287, 299. Here we had to allow one bad Qp-rational
point because there were not enoughQ-rational points to solve for the height pairing and
to apply the algorithm for the computation of the local Coleman–Gross p-adic heights
at p. This algorithm, due to Balakrishnan and Besser, requires an odd degree Qp-model.
(Forthcoming work of Gajović will allow one to compute the local heights also for even
degree models.)

2.7 Computation of Atkin-Lehner quotients

If the maximal quotient X0(N )∗ has finitely many Q-rational points and we know them,
we can compute the Q-rational points on all coverings X0(N )/W ′(N ) for a subgroup
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W ′(N ) ofW (N ) if we know the quotient morphism. In principle, one could compute the
automorphism group ofX0(N ) overQ (or overFp and try to lift the automorphisms) using
Magma’s AutomorphismGroup and the quotient using CurveQuotient. However,
both functions turn out not to be very efficient for our values of N . Therefore we do the
following:
Assume that X0(N ) is of genus g ≥ 3 and not hyperelliptic. We compute the canonical

model ofX0(N ) inPg−1 as an intersection of quadrics by finding enough relations between
monomials of degree 2 of an integral basis of S2(�0(N )) until we get an irreducible 1-
dimensional scheme. (This is a well-known strategy, presented with more details in [16,
29].) Magma can compute the Atkin-Lehner operators as linear involutions on this basis.
We compute the common fixed space of Pg−1 by all Atkin-Lehner operators in a chosen
subgroup W ′(N ) of W (N ) by simultaneously diagonalizing them, so they are diagonal
with entries ±1 on their diagonal. Call this new basis (gi(q))

g
i=1.

To compute the quotient for a given subgroupW ′(N ) of the Atkin-Lehner involutions,
let (xi)

g
i=1 be the coordinates of the canonical embedding corresponding to (gi)

g
i=1. Let wq

act on xi with the same sign as it acts on gi. LetM be the set of all degree 2monomialsmi,j =
xixj fixed by all Atkin-Lehner operators in W ′(N ) and such that there is a wq ∈ W ′(N )
that does not fix gi or gj . Let J be the set of all i such that wqgi = gi for all wq ∈ W ′(N ).
Let ϕ : Pg−1 → P(2,...,2,1,...,1),

[x1 : . . . : xg ] �→ [m(x1, . . . , xg )(m ∈ M) : xj(j ∈ J )]

(image in the weighted projective space). Here the first coordinates with m ∈ M are
homogeneous of degree 2, and the last coordinates with j ∈ J are homogeneous of degree
1. Then by invariant theory, the quotient X0(N )/W ′(N ) is the image of the composition
X0(N ) ↪→ Pg−1 → P(2,...,2,1,...,1). (We thank John Voight for this idea.)
There is another method to get the quotient X0(N ) → X0(N )/W ′(N ) if the quotient is

hyperelliptic: Let g1(q), g2(q) ∈ Z�q� be (the q-expansions of) two independent cusp forms
with integral coefficients fixed by W ′(N ). Assume we know the genus g ′ of the quotient.
Then, as in [13],we compute a hyperelliptic equation y2 = f (x) of the quotient as a solution
to the linear equation system given by comparing coefficients in the hyperelliptic equation
withx(q) = g2(q)

g1(q) and y(q) = qx′(q) 1
g1(q) . Themorphism fromthe canonicalmodel ofX0(N )

to this hyperelliptic curve with weighted homogeneous coordinates [x : y : z] of degree
(1, g ′ + 1, 1) is given on the x-coordinate by the coordinate corresponding to g2 and on
the z-coordinate by the coordinate corresponding to g1. The y-coordinate is computed
(assuming g ′ = 2) by writing y(q)g1(q)3 as a homogeneous polynomial of degree g ′+1 = 3
in the (gi(q))i.
Since there are so many modular coverings, we actually computed the points only for

one of them as a proof of concept, namely X0(133) → X0(133)∗. It turns out that the 8
Q-rational points have 4Q-rational preimages. This agreeswithKenku’s computation [37,
Theorem 1] ofX0(N )(Q), implying thatX0(133)(Q) consists only of cusps. Our code in the
file Coverings/X0N_coverings.m on GitHub can be used to do these computations
for the other coverings.

2.8 Runtimes andmemory usage

We record in Table 3 the runtimes and the memory usage on (one core of) an AMD ®

Ryzen Pro 3700U @2.30GHz with 13.6GB of RAM using Magma V2.26-10. All other
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Table 3 Runtimes and memory usage in the cases where we applied quadratic and elliptic curve
Chabauty, confer Table 4 for quadratic Chabauty

N runtime in seconds RAM used in MB

133 110 130

177 22 130

205 546 406

213 16822 225

221 80 130

287 1533 130

299 6669 3196

147 37 85

255 47 96

330 25 85

computations had negligible runtimes of less then 20 seconds. The biggest contributing
factor to the memory usage is the number of cosets to be sieved out in the Mordell-Weil
sieve step.

3 Genus 2 curves X0(N)∗
As mentioned in the introduction, thanks to the works of [5,11,13,34], the only genus 2
curves X0(N )∗ that remain to be studied are the following:
Case 1 (Square-free level): N ∈ {133, 134, 146, 166, 177, 205, 206, 213, 221, 255, 266, 287,
299, 330}
Case 2 (Non-squarefree level): N ∈ {88, 104, 112, 116, 117, 121, 125, 135, 147, 153, 168,
180, 184, 198, 204, 276, 284, 380}

3.1 Square-free levels

The curves of levels N = 134, 146, 206 can be addressed by observing the exceptional
isomorphisms

X0(2p)∗ ∼= X0(p)+ for p ∈ {67, 73, 103},
and X0(p)+(Q) for these p were computed in [5] and [11].
The set X0(166)∗(Q) is determined in [18] using bielliptic quadratic Chabauty over Q7

and the extra points are sieved out using the primes {107, 4211}. We compute X0(N )∗(Q)
for the levels N = 255 and 330 using elliptic curve Chabauty (their hyperelliptic polyno-
mials factor over Q as a product of a quadratic and a quartic polynomial).
We investigate the remaining cases using quadratic Chabauty. Note that X0(266)∗ ∼=

X0(133)∗, thus we are left with

N ∈ {133, 177, 205, 213, 221, 287, 299}.
In Table 4, we record the parameters used in the cases where we use quadratic Chabauty.
For all levels N in this table, we explain why there is exactly one cusp on X0(N )∗. The
number of cusps on X0(N ) is∑

d|N
ϕ(gcd(d,N/d)) =

∑
d|N

1 = 2ω(N ).
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Table 4 Data used to do the quadratic Chabauty computations and information on X0(N)∗(Q).
(MWS primes means the additional primes in the Mordell-Weil sieve compared to the QC primes.)

N QC primes MWS primes M′ #X0(N)∗(Q) #non-CM

133 5, 59 109, 131, 317, 509 1 8 2

177 5 19 1 6 1

205 17, 61, 71 ≤ 18457a 3 6 0

213 79b 59, 149, 211, 4177 1 4 0

221 29 3, 47 1 6 1

287 19, 29 3, 5 1 4 1

299 29, 37, 43 ≤ 929c 3 · 5 4 1
a 43, 71, 179, 359, 439, 617, 661, 967, 1033, 1997, 2063, 2213, 2381, 2753, 3373, 9579, 15083, 18457
b One can also use the QC primes 37, 43with MWS primes ≤ 23819 andM′ = 22 · 3 · 5 · 29.
c 7, 59, 89, 103, 137, 317, 443, 541, 787, 929

To get the curve X0(N )∗, we quotient X0(N ) by the full group W (N ) of order 2ω(N ). The
action of W (N ) on these cusps is transitive, so X0(N )∗ has exactly one cusp. We denote
this single cusp by ∞.
The quadratic Chabauty method is based on height computations. To use this method,

one has to compute the contributions at the primes of bad reductions. In the case of
a semistable reduction type with just one component, the contribution is trivial by [11,
Theorem 3.2]. Namely, the local heights away from p factor through the reduction graph,
which has only one vertex in this case. This is fortunately the case in all of the cases in
which we apply quadratic Chabauty (for N = 166, 255, 330 this does not hold, and we
approach these using bielliptic quadratic and elliptic curve Chabauty). Therefore, one can
run a quadratic Chabauty computation analogous to the one carried out for X0(67)+. We
conclude that theQ-rational points ofX0(N )∗(Q) forN in (1) are precisely those predicted
by Table 1 of [13].
To classify the rational points and compute corresponding j-invariants, we use the

method outlined in [13]. Denote by j(z) the usual j-function on X0(1). We find suitable
generators of the function field of X0(N )∗. Then we use them to express the symmetric
functions of the set {j(dz) : 1 ≤ d | N }, in terms of these generators. This is how we
find the j-invariants of the Q-curves associated to each non-cuspidal rational point on
X0(N )∗. Table 6 in the appendix lists these j-invariants when they lie in Q or a quadratic
number field, and the defining fields Q(j) otherwise. The minimal polynomials of all
these j-invariants are given in the file jinvs.log in our GitHub repository [2]. Table 6
also classifies the points of X0(N )∗ as CM points or exceptional points, and gives the
discriminant D of the order of the endomorphism ring when the point is CM.

3.2 Non-squarefree levels

Although only square-free levels N are considered in [13], the methods of elliptic curve
Chabauty and quadratic Chabauty work beyond this scope. Among the 18 non-squarefree
levelsN for whichX0(N )∗ has genus 2, we have that rk J0(N )∗(Q) ∈ {0, 1} for all except for
N = 147 andN = 125. Thus in those cases one can computeX0(N )∗(Q) using the classical
Chabauty method implemented in Magma. Recent work of Arul–Müller [4] verifies that
the known small rational points on X0(125)+ = X0(125)∗ are in fact all of them.
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ForN = 147, wemodified the code attached to [13], as it works to computeX0(147)∗(Q)
using elliptic curve Chabauty: An equation for X0(147)∗ is given by

y2 = f (x) = (x2 − x + 1)(x4 + x3 − 4x2 − 3x + 9).

We let K := Q[t]/(t4 + t3 − 4t2 − 3t + 9). Then over K the polynomial f (x) factorizes as

f (x) = L1(x)L2(x)Q1(x)Q2(x),

where the polynomials Li are linear, and the polynomials Qi are quadratic. Let E be
the elliptic curve y2 = Q1(x)Q2(x) over K . If (x0, y0) is in X0(147)∗(Q), then x0 is the
x-coordinate of a point on E(K ) or on one of its 3 twists we have to consider. We
computed these twists as in [20] and the corresponding rational points in Magma using
TwoCoverDescent. We conclude that X0(147)∗(Q) equals

X0(147)∗(Q) =
{
±∞, (0,±3), (1,±2), (−2,±7),

(
3
2
,±21

23

)
,
(

−5
3
,±154

33

)}
.

We handle the N = 255 and N = 330 cases similarly.
We now proceed with an example of how to compute the points on amodular covering,

simpler than the method described in Sect. 2.7: A model of X0(147)+ can be computed
in Magma, together with its automorphisms. Since there are only two, the non-trivial
automorphism of X0(147)+ defined over Q must be the projection of w3 = w49, and
hence we obtain an explicit map

X0(147)+ → X0(147)∗.

As we know X0(147)∗(Q), we can look at preimages of the points under the above map to
find that #X0(147)+(Q) = 4.
B. Banwait and F. Najman were the first to point out the need to compute Q-rational

points on X0(147)+ and X0(147)∗. Their forthcoming work with the fourth author [15]
determines all the cyclic isogenies of elliptic curves overQ(

√
213). Before considering this

number field, they examined Q(
√−5), and for this choice of number field they had to

consider the level N = 147.
For the following non-squarefree levels N with r ∈ {0, 1} we are using classical

Chabauty–Coleman: The rank 0 levels are N = 104, 117, 180, and 168, and the rank 1
levels are N = 88, 116, 121, 153, 184, 198, 380, 112, 135, 204, 276, and 284. Arul and
Müller [4] determined theQ-rational points on the curve X0(125)+ with rank r = 2 using
quadratic Chabauty.

4 Hyperelliptic X0(N)∗ of genus≥ 3
Recall from Theorem 1.2 that the only levels N such that X0(N )∗ is hyperelliptic of genus
≥ 3 are N = 136, 171, 207, 252, 315, 176, and 279.
These 7 levels are addressed with the following methods:

• Chabauty–Coleman: 136 (Stoll’s bound Theorem 4.1), 171, 176, 279;
• a degree 2 map to a rank 0 elliptic curve quotient for 207, 252, 315;
• a covering collection technique for 176. (Note that this level appears twice.)

We provide some details below.
We use the following quantitative sharpening of Chabauty–Coleman by Stoll:
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Table 5 Data used to do the Chabauty–Coleman computations using the function
effective_chabauty from [22]

N g r p #X0(N)∗(Q)

171 3 1 5 6

176 4 1 3 5

279 5 2 5 6

Theorem 4.1 ([54, Corollary 6.7]) Let C be a nice curve of genus g ≥ 2. Let r be the rank
of its Jacobian over Q. Let p be a prime of good reduction for C. If r < g and p > 2r + 2,
then

#C(Q) ≤ #C(Fp) + 2r.

In Table 5 we list all curves for which we use the effective_chabauty function
from [22]. For these curves, we first verify that differences of rational points on the curve
generate a finite index subgroup of the Mordell-Weil group of the Jacobian. This is done
in the file Coleman/diff_of_ratpts.m in our GitHub repository [2]. We do not
need theMordell-Weil sieve step for these curves. These are the only curves for which we
actually need to compute a Chabauty function because the bound in Theorem 4.1 is not
sharp.
The other levels are approached as follows:
For X0(136)∗, we have g = 3 and r = 0. Using Theorem 4.1 with p = 3 we conclude

that #X0(136)∗(Q) = 4.
For N ∈ {207, 252, 315}, the curve X0(N )∗ has an explicit degree 2 map to an elliptic

curve of rank 0, so the rational points are computed as preimages.
For N = 176, in addition to the Chabauty–Coleman method presented in the table

above, one can also use a covering collection technique, as described below:
We have that the Jacobian of

X0(176)∗ : y2 = x(x3 − 2x2 + 2)(x3 − 4x + 4)(x3 + 2x2 − 2)

has rank 1 over Q. Let f1 = x(x3 − 2x2 + 2) and f2 = (x3 − 4x + 4)(x3 + 2x2 − 2), whose
resultant is 212. We then have to consider the following covering collection

Xd : y21 = df1(x), y22 = df2(x), d ∈ {±1,±2}.
Consider the curves

Yd : y2 = df2(x), d ∈ {±1,±2}.
The Jacobians of Y1 and Y−2 have rank 1 and those of Y−1 and Y2 have rank 0, so we can
use Chabauty and Chabauty0, respectively, in Magma to find all the rational points.
Then we can find all the rational points on the covering collection {Xd}, and then show
that #X0(176)∗(Q) = 5.
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Appendix A. Classification ofQ-rational points on hyperelliptic X0(N)∗ for N
squarefree
For each squarefree level N when the curve X0(N )∗ is hyperelliptic, Table 6 gives infor-
mation about all rational points on the curve. A lot of this data also appears in [13]. But as
mentioned earlier, that article does not contain information for the three levels 166, 255
and 330. Since this work completes the determination of rational points on all hyperellip-
ticX0(N )∗, we think that presenting information about all the hyperelliptic curvesX0(N )∗

of squarefree level N in a single place is valuable. Table 6 also corrects several typos in
the table given in [13]. When a j-invariant has degree greater than 2, the table only gives
the defining fields Q(j). For accessing the j-invariant itself, we refer the reader to the file
jinvs.log in our GitHub repository [2].
The prime factorization ofN is given below each level. An entry “new” below the prime

factorization signifies that this level has been done in this paper.
While we use several different models of the curves X0(N )∗ for carrying out the com-

putation of rational points, the data in the table corresponds to the model obtained in
Magma as
> X := SimplifiedModel(X0NQuotient(N, PrimeFactors(N)));

(Note thatN is assumed to be squarefree.) The model X is given by an equation y2 = f (x)
for a monic sextic polynomial f (x). The unique cusp of X0(N )∗ is one of the points at
infinity on X which we denote by ∞.
One can notice that several j-invariants appear in the table for multiple levels N . This

is explained by the Heegner points on X0(N ) associated to orders in imaginary quadratic
fields. For example, suppose O is an order in an imaginary quadratic field K with class
number 1. If all the primes dividing N are split or ramified in O, then there is an ideal
a ⊆ O of norm N and the elliptic curve C/O admits a cyclic N -isogeny to C/a. The
theory of Complex Multiplication says that the j-invariant of C/O is a rational integer.
Thus, given such a j-invariant, it appears as the j-invariant of a CM point on X0(N ) for all
levelsN satisfying the conditionmentioned above. Hence it also appears in our table as the
j-invariant of a CM point on X0(N )∗ for all these levels N . See [30, §3] for an explanation
of Q-points on X0(N )+ with CM.
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Table 6 Rational non-cuspidal points X0(N)∗(Q) \ {∞}, and the j-invariants and CM discriminants D
of the associatedQ-curves

N Point CM D j orQ(j)

67 ∞′ yes −11 −215

67 (−1,−7) yes −67 −215 33 53 113

(−1, 7) yes −28 33 53 173

(0,−3) yes −3 0

(0, 3) yes −27 −215 31 53

(1,−1) yes −7 −33 53

(1, 1) yes −8 26 53

(2,−1) yes −12 24 33 53

(2, 1) yes −43 −218 33 53

73 ∞′ yes −12 24 33 53

73 (0,−1) yes −4 26 33

(0, 1) yes −27 −215 31 53

(1,−1) yes −8 26 53

(1, 1) yes −19 −215 33

(2,−3) yes −16 23 33 113

(2, 3) yes −67 −215 33 53 113

( 32 ,
−5
8 ) no 20

(
2−263(−26670989 + 15471309

√−127)
)3

( 32 ,
5
8 ) yes −3 0

85 ∞′ yes −19 −215 33

5·17 (0,−5) yes −60 1(3(470 + 213
√
5))3(1 + 1

√
5)/2

(0, 5) yes −35 (16(−15 + 7
√
5))3

(1,−2) yes −4 26 33

(1, 2) yes −16 23 33 113

(2,−5) yes −15 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2

(2, 5) yes −115 (48(−785 + 351
√
5))3

( 32 ,
−17
8 ) no Q(

√
17,

√−95)

( 32 ,
17
8 ) yes −51 (48(5 − 1

√
17))3(−33 + 8

√
17)

(−4
3 , −425

27 ) yes −595 Q(
√
5,

√
17)

(−4
3 , 42527 ) no Q(

√−4295,
√−14603)

93 ∞′ yes −12 24 33 53

3·31 (−1,−3) yes −75 (48(69 − 31
√
5))3(0 + 1

√
5)

(−1, 3) yes −123 (480(8 − 1
√
41))3(−2049 + 320

√
41)

(0,−3) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(0, 3) yes −60 1(3(470 + 213
√
5))3(1 + 1

√
5)/2

(1,−1) yes, yes −3,−27 0,−215 31 53

(1, 1) yes −11 −215

(2,−3) yes −15 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2

(2, 3) yes −147 (240(225 − 49
√
21))3(−14 + 3

√
21)

( 32 ,
−9
8 ) no Q(

√−15,
√−327)

( 32 ,
9
8 ) yes −48 (15(21 + 13

√
3))3(5 + 3

√
3)

( 14 ,
−143
64 ) no Q(

√−23,
√−143)

( 14 ,
143
64 ) yes −3 0

103 ∞′ yes −67 −215 33 53 113

103 (0,−1) yes −27 −215 31 53

(0, 1) yes −43 −218 33 53

(1,−1) yes −11 −215

(1, 1) yes −12 24 33 53

(3,−19) yes −3 0
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N Point CM D j orQ(j)

(3, 19) no 19(48(1623826405 + 30228849
√
2885))3

106 ∞′ yes −7 −33 53

2·53 (−1,−4) yes −148 (60(2837 + 468
√
37))3

(−1, 4) yes −36 (4(21 + 20
√
3))3(7 + 4

√
3)

(0,−1) yes, yes −16,−4 23 33 113 , 26 33

(0, 1) yes −40 (6(65 + 27
√
5))3

(1,−2) yes −52 (30(31 + 9
√
13))3

(1, 2) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(2,−5) yes −4 26 33

(2, 5) yes −100 (6(2927 + 1323
√
5))3

( 12 ,
−5
8 ) yes, yes −28,−7 33 53 173 ,−33 53

( 12 ,
5
8 ) no Q(

√
33,

√−2167)

107 ∞′ yes −8 26 53

107 (0,−1) yes −43 −218 33 53

(0, 1) yes −7 −33 53

(2,−1) yes −28 33 53 173

(2, 1) yes −67 −215 33 53 113

115 ∞′ yes −115 (48(−785 + 351
√
5))3

5·23 (1,−1) yes −11 −215

(1, 1) yes −19 −215 33

(2,−5) yes −15 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2

(2, 5) yes −235 (528(−8875 + 3969
√
5))3

( 12 ,
−5
8 ) yes −40 (6(65 + 27

√
5))3

( 12 ,
5
8 ) no Q(

√
65,

√−9087)

( 43 ,
−35
27 ) no Q(

√
10,

√−9278)

( 43 ,
35
27 ) yes −60 1(3(470 + 213

√
5))3(1 + 1

√
5)/2

122 ∞′ yes −36 (4(21 + 20
√
3))3(7 + 4

√
3)

2·61 (−1,−4) yes −100 (6(2927 + 1323
√
5))3

(−1, 4) yes −52 (30(31 + 9
√
13))3

(0,−1) yes, yes −16,−4 23 33 113 , 26 33

(0, 1) yes, yes −12,−3 24 33 53 , 0

(1,−2) yes −20 (2(25 + 13
√
5))3

(1, 2) yes −88 (60(155 + 108
√
2))3

( 32 ,
−37
8 ) no Q(

√−15,
√−951)

( 32 ,
37
8 ) yes −232 (30(140989 + 26163

√
29))3

( 23 ,
−37
27 ) no Q(

√−1598,
√−1739)

( 23 ,
37
27 ) yes −4 26 33

129 ∞′ yes −75 (48(69 − 31
√
5))3(0 + 1

√
5)

3·43 (−1,−3) yes −48 (15(21 + 13
√
3))3(5 + 3

√
3)

(−1, 3) yes −123 (480(8 − 1
√
41))3(−2049 + 320

√
41)

(0,−2) yes −8 26 53

(0, 2) yes −147 (240(−225 + 49
√
21))3(14 − 3

√
21)

(1,−1) yes −12 24 33 53

(1, 1) yes, yes −3,−27 0,−215 31 53

( 12 ,
−3
8 ) no Q(

√
57,

√−687)

( 12 ,
3
8 ) yes −51 (48(−5 + 1

√
17))3(33 − 8

√
17)

(−7
5 , −383

125 ) no Q(
√−1059,

√−135199)

(−7
5 , 383125 ) yes −3 0

( 7
12 ,

−383
1728 ) no Q(

√
85,

√−347)

( 7
12 ,

383
1728 ) no Q(

√−7,
√−444783)
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133 ∞′ no Q(
√
2,

√
69)

7·19 (0,−1) yes −19 −215 33

new (0, 1) yes −27 −215 31 53

(1,−1) yes −12 24 33 53

(1, 1) yes −91 (48(−227 + 63
√
13))3

( 35 ,
−83
125 ) no Q(

√−31,
√−3651)

( 35 ,
83
125 ) yes −3 0

134 ∞′ yes −52 (30(31 + 9
√
13))3

2·67 (−1,−3) yes −232 (30(140989 + 26163
√
29))3

new (−1, 3) yes −7 −33 53

(0,−1) yes, yes −12,−3 24 33 53 , 0

(0, 1) yes −20 (2(25 + 13
√
5))3

(1,−1) yes, yes −28,−7 33 53 173 ,−33 53

(1, 1) yes −8 26 53

(−1
2 , −7

8 ) yes −72 (20(49 + 12
√
6))3(49 + 20

√
6)

(−1
2 , 78 ) no Q(

√
113,

√−1271)

146 ∞′ yes, yes −12,−3 24 33 53 , 0

2·73 (−1,−1) yes −148 (60(2837 + 468
√
37))3

new (−1, 1) yes −36 (4(21 + 20
√
3))3(7 + 4

√
3)

(0,−1) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(0, 1) yes, yes −16,−4 23 33 113 , 26 33

(1,−3) yes −72 (20(49 + 12
√
6))3(49 + 20

√
6)

(1, 3) yes −8 26 53

(2,−5) yes −4 26 33

(2, 5) yes −100 (6(2927 + 1323
√
5))3

154 ∞′ yes −40 (6(65 + 27
√
5))3

2·7·11 (0,−2) yes −52 (30(31 + 9
√
13))3

(0, 2) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(1,−4) yes, yes −28,−7 33 53 173 ,−33 53

(1, 4) yes −7 −33 53

(2, 0) yes −84 Q(
√
3,

√
7)

(−3
2 , −77

8 ) yes −1540 Q(
√
5,

√
7,

√
11)

(−3
2 , 778 ) no Q(

√
185,

√
2849,

√−3367)

(−1
3 , −56

27 ) yes, yes −28,−112 33 53 173 , (15(2168 + 819
√
7))3

(−1
3 , 5627 ) no Q(

√
7,

√
55,

√−479)

(4,−22) yes −132 Q(
√
3,

√
11)

(4, 22) yes −1848 Q(
√
2,

√
33,

√
77)

158 ∞′ yes −7 −33 53

2·79 (0,−1) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(0, 1) yes, yes −12,−3 24 33 53 , 0

(2,−1) yes −148 (60(2837 + 468
√
37))3

(2, 1) yes −232 (30(140989 + 26163
√
29))3

( 12 ,
−1
8 ) yes, yes −28,−7 33 53 173 ,−33 53

( 12 ,
1
8 ) no Q(

√
1169,

√−1247)

161 ∞′ yes −7 −33 53

7·23 (−1,−7) yes −483 Q(
√
69,

√
161)

(−1, 7) yes −91 (48(−227 + 63
√
13))3

(1,−1) yes −19 −215 33

(1, 1) yes −115 (48(−785 + 351
√
5))3

(−1
2 , −35

8 ) yes −112 (15(2168 + 819
√
7))3
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(−1
2 , 358 ) no Q(

√−7,
√
32009)

(−1
4 , −209

64 ) no Q(
√
209,

√−1140391)

(−1
4 , 20964 ) yes −28 33 53 173

165 ∞′ yes −11 −215

3·5·11 (0,−3) yes −51 (48(−5 + 1
√
17))3(33 − 8

√
17)

(0, 3) yes −195 Q(
√
5,

√
13)

(1, 0) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(2,−5) yes −35 (16(−15 + 7
√
5))3

(2, 5) yes −435 Q(
√
5,

√
29)

(−1
2 , −15

8 ) yes −120 Q(
√
2,

√
5)

(−1
2 , 158 ) no Q(

√−159,
√
265,

√
18497)

(−3, 0) yes −1155 Q(
√
5,

√
33,

√
77)

( 23 ,
−55
27 ) no Q(

√−11,
√−47,

√
661)

( 23 ,
55
27 ) yes, yes −11,−99 −215 , (16(−77 + 15

√
33))3(1057 − 184

√
33)

( 52 ,
−99
8 ) no Q(

√−7,
√
33,

√
1441)

( 52 ,
99
8 ) yes −1320 Q(

√
5,

√
22,

√
33)

166 ∞′ yes −8 26 53

2·83 (0,−1) yes −20 (2(25 + 13
√
5))3

new (0, 1) yes −52 (30(31 + 9
√
13))3

(1,−2) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(1, 2) yes −88 (60(155 + 108
√
2))3

(−3,−10) no Q(
√
101,

√
2462)

(−3, 10) yes −232 (30(140989 + 26163
√
29))3

(−1
3 , −10

27 ) no Q(
√−7523,

√
545254)

(−1
3 , 1027 ) yes −72 (20(49 + 12

√
6))3(49 + 20

√
6)

167 ∞′ yes −43 −218 33 53

167 (−1,−1) yes −163 −218 33 53 233 293

(−1, 1) yes −67 −215 33 53 113

170 ∞′ yes −36 (4(21 + 20
√
3))3(7 + 4

√
3)

2·5·17 (−1,−2) yes −340 Q(
√
5,

√
17)

(−1, 2) yes, yes −16,−4 23 33 113 , 26 33

(0,−1) yes −15 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2

(0, 1) yes, yes −4,−100 26 33 , (6(2927 + 1323
√
5))3

(2,−5) yes, yes −15,−60 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2, 1(3(470 + 213

√
5))3(1 + 1

√
5)/2

(2, 5) yes −280 Q(
√
2,

√
5)

(−1
2 , −5

8 ) no Q(
√
17,

√
65,

√−247)

(−1
2 , 58 ) yes −120 Q(

√
2,

√
5)

( 53 ,
−38
27 ) yes −4 26 33

( 53 ,
38
27 ) no Q(

√−5,
√
19,

√
73)

177 ∞′ yes −11 −215

3·59 (0,−1) yes −8 26 53

new (0, 1) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

( 32 ,
−17
8 ) no Q(

√−23,
√
2881)

( 32 ,
17
8 ) yes −267 (240(−625 + 53

√
89))3(500001 − 53000

√
89)

186 ∞′ yes, yes −12,−3 24 33 53 , 0

2·3·31 (−1,−3) yes −228 Q(
√
3,

√
19)

(−1, 3) yes −84 Q(
√
3,

√
7)

(0,−1) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(0, 1) yes −15 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2
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(1,−3) yes −120 Q(
√
2,

√
5)

(1, 3) yes −168 Q(
√
6,

√
14)

(2,−9) yes, yes −15,−60 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2, 1(3(470 + 213

√
5))3(1 + 1

√
5)/2

(2, 9) yes −708 Q(
√
3,

√
59)

(−1
2 , −3

8 ) yes, yes −12,−48 24 33 53 , (15(21 + 13
√
3))3(5 + 3

√
3)

(−1
2 , 38 ) no Q(

√
1257,

√−2095,
√
24721)

(−4
3 , −143

27 ) yes −372 Q(
√
3,

√
31)

(−4
3 , 14327 ) no Q(

√
37,

√−143,
√
2077)

191 ∞′ yes −19 −215 33

191 (0,−1) yes −7 −33 53

(0, 1) yes −11 −215

(2,−11) yes −28 33 53 173

(2, 11) no ja0
205 ∞′ yes −115 (48(−785 + 351

√
5))3

5·41 (0,−1) yes −40 (6(65 + 27
√
5))3

new (0, 1) yes −16 23 33 113

(−2,−7) yes −1435 Q(
√
5,

√
41)

(−2, 7) yes −4 26 33

206 ∞′ yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

2·103 (−1,−1) yes −88 (60(155 + 108
√
2))3

new (−1, 1) yes, yes −12,−3 24 33 53 , 0

(0,−1) yes −20 (2(25 + 13
√
5))3

(0, 1) yes −40 (6(65 + 27
√
5))3

( 12 ,
−19
8 ) no Q(

√
193,

√−27119)

( 12 ,
19
8 ) yes −148 (60(2837 + 468

√
37))3

209 ∞′ yes −8 26 53

11·19 (0,−2) yes −88 (60(155 + 108
√
2))3

(0, 2) yes −19 −215 33

(−1
2 , −19

8 ) yes −627 Q(
√
33,

√
209)

(−1
2 , 198 ) no Q(

√−323551,
√
902537)

213 ∞′ yes −51 (48(5 − 1
√
17))3(−33 + 8

√
17)

3·71 (1,−1) yes −11 −215

new (1, 1) yes −123 (480(8 − 1
√
41))3(−2049 + 320

√
41)

215 ∞′ no Q(
√
2,

√
47645)

5·43 (1,−1) yes −19 −215 33

(1, 1) yes −235 (528(−8875 + 3969
√
5))3

(2,−10) yes −115 (48(−785 + 351
√
5))3

(2, 10) no Q(
√
85,

√
11623937)

221 ∞′ yes −16 23 33 113

13·17 (0,−1) yes −51 (48(5 − 1
√
17))3(−33 + 8

√
17)

new (0, 1) yes −43 −218 33 53

( 12 ,
−9
8 ) yes −4 26 33

( 12 ,
9
8 ) no Q(

√
1081,

√−779263)

230 ∞′ yes −40 (6(65 + 27
√
5))3

2·5·23 (0,−1) yes −15 1(3(5 − 4
√
5))3(−3 + 1

√
5)/2

(0, 1) yes −20 (2(25 + 13
√
5))3

(1,−5) yes −120 Q(
√
2,

√
5)

(1, 5) yes −520 Q(
√
5,

√
13)

(−2,−5) yes −1380 Q(
√
3,

√
5,

√
23)

(−2, 5) yes, yes −15,−60 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2, 1(3(470 + 213

√
5))3(1 + 1

√
5)/2
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(3,−35) yes −180 Q(
√
3,

√
5)

(3, 35) no Q(
√
685,

√
19043,

√
19317)

255 ∞′ yes −795 Q(
√
5,

√
53)

3·5·17 (−1,−2) yes −15 1(3(5 − 4
√
5))3(−3 + 1

√
5)/2

new (−1, 2) yes −240 Q(
√
3,

√
5)

(0,−1) yes −35 (16(−15 + 7
√
5))3

(0, 1) yes −51 (48(−5 + 1
√
17))3(33 − 8

√
17)

(−2,−5) yes −3315 Q(
√
5,

√
13,

√
17)

(−2, 5) yes −120 Q(
√
2,

√
5)

( 12 ,
−5
8 ) yes −195 Q(

√
5,

√
13)

( 12 ,
5
8 ) no Q(

√−15,
√−87,

√−3783)

( 35 ,
−38
125 ) no Q(

√
19,

√−6931,
√
1330349)

( 35 ,
38
125 ) yes −60 1(3(470 + 213

√
5))3(1 + 1

√
5)/2

266 ∞′ yes −52 (30(31 + 9
√
13))3

2·7·19 (−1,−1) yes, yes −12,−3 24 33 53 , 0

new (−1, 1) yes −84 Q(
√
3,

√
7)

(0,−1) yes −40 (6(65 + 27
√
5))3

(0, 1) yes −280 Q(
√
2,

√
5)

(−5
2 , −83

8 ) yes −532 Q(
√
7,

√
19)

(−5
2 , 838 ) no Q(

√
105,

√−415,
√
1041)

285 ∞′ yes −51 (48(−5 + 1
√
17))3(33 − 8

√
17)

3·5·19 (−1,−4) yes −60 1(3(470 + 213
√
5))3(1 + 1

√
5)/2

(−1, 4) yes −15 1(3(−5 + 4
√
5))3(3 − 1

√
5)/2

(0, 0) yes, yes −3,−75 0, (48(69 − 31
√
5))3(0 + 1

√
5)

(3,−24) yes −240 Q(
√
3,

√
5)

(3, 24) no Q(
√
3,

√
95,

√
60197)

(−3
2 , −57

8 ) yes −1995 Q(
√
5,

√
21,

√
57)

(−3
2 , 578 ) no Q(

√
57,

√−79,
√
11985)

286 ∞′ yes −40 (6(65 + 27
√
5))3

2·11·13 (−1,−4) yes −88 (60(155 + 108
√
2))3

(−1, 4) yes −52 (30(31 + 9
√
13))3

( 52 ,
−143
8 ) no Q(

√−407,
√
1841,

√−3367)

( 52 ,
143
8 ) no Q(

√
39,

√
231,

√
168917)

287 ∞′ yes −91 (48(−227 + 63
√
13))3

7·41 (−2,−9) no Q(
√
8321,

√
349013)

new (−2, 9) yes −1435 Q(
√
5,

√
41)

299 ∞′ yes −91 (48(−227 + 63
√
13))3

13·23 (−1
2 , −1

8 ) no Q(
√
1513,

√−3325543)

new (−1
2 , 18 ) yes −43 −218 33 53

330 ∞′ yes −120 Q(
√
2,

√
5)

2·3·5·11 (−1,−4) yes −660 Q(
√
3,

√
5,

√
11)

new (−1, 4) yes −24 (12(5 + 2
√
2))3(3 + 2

√
2)

(0,−3) yes −84 Q(
√
3,

√
7)

(0, 3) yes −420 Q(
√
3,

√
5,

√
7)

( 78 ,
−3497
512 ) no Q(

√−95,
√
3497,

√−20895,
√−33807)

( 78 ,
3497
512 ) yes −1320 Q(

√
5,

√
6,

√
22)

357 ∞′ yes −168 Q(
√
6,

√
14)

3·7·17 (2,−14) yes −35 (16(−15 + 7
√
5))3

(2, 14) no Q(
√
21,

√
293,

√
89997)
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390 ∞′ yes −5460 Q(
√
3,

√
5,

√
7,

√
13)

2·3·5·13 (0,−1) yes −420 Q(
√
3,

√
5,

√
7)

(0, 1) yes −120 Q(
√
2,

√
5)

(1,−2) yes, yes −4,−36 26 33 , (4(21 + 20
√
3))3(7 + 4

√
3)

(1, 2) yes −660 Q(
√
3,

√
5,

√
11)

a j0 =
(

480
1912 (7725788647437 + 95942438

√
2036079533)

)3 · (724537954586714121 + 16056976492100
√
2036079533)
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